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Ill  my  late  father's  Will  no  instructions  were  left  as 
to  the  publication  of  bis  Writings,  nor  specially  as  to 
that  of  the  Elements  of  Qqaternions,"  which,  but 
for  his  late  fatal  illness,  would  have  been  before  now, 

in  all  their  conipl«jtciu'Ss,  in  thu  hands  of  the  Pubhc. 

My  brother,  the  Kev.  A.  H.  Hamilton,  who  was 
named  Executor,  being  too  much  engaged  in  his  de* 
Ileal  duties  to  undertake  the  publication,  deputed  this 
task  to  me. 

It  was  then  for  me  to  consider  how  I  could  best 
fulfil  my  triple  duty  in  this  matter — First,  and  chiefly, 
to  the  dead ;  secondly,  to  the  present  public ;  and, 
thirdly,  to  succeeding  generations.  I  came  to  the  con- 
clu^oQ  that  my  duty  was  to  publish  the  work  as  I  found 
it,  adding  merely  proof  sheets,  partially  corrected  by 
my  late  father  and  from  which  I  removed  a  few  typo- 
graphical errors,  and  editing  only  in  the  literal  sense 
of  giving  forth. 

bhortly  before  my  lather  s  death,  1  had  several  con- 
versations with  him  on  the  subject  of  the  ELBBfENTs/' 
In  these  he  spoke  of  anticipated  applications  of  Qua- 
ternions to  Electricity,  and  to  all  questions  in  which 
the  idea  of  Polarity  is  involved — ^applications  which 
he  never  in  his  own  lifetime  expected  to  be  able  fully 
to  develope,  bows  to  be  reserved  for  the  hands  of 
another  Ulysses.  He  also  discussed  a  good  deal  the 
nature  of  his  own  forthcoming  Preiace ;  and  I  may 
intimate,  that  after  dealing  with  its  more  important 
tojpics,  he  intended  to  advert  to  the  great  labour  whiuli 
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the  writing  of  the    ELBMBirrs''  had  cost  hitn — labour 

both  mental  and  mechanical;  as,  besides  a  mass  of 
subsidiary  and  unprinted  calculations,  he  wrote  out 
all  the  manuscript,  and  corrected  the  proof  sheets, 
without  assistance. 

And  here  I  must  gratefully  acknowledge  the  ge- 
nerous act  of  the  Board  of  Trinity  College,  Dublin,  in 
rdieving  us  of  the  remaining  pecuniary  liability,  and 
thus  incurring  the  main  expense,  of  the  publication  of 
this  volume.  The  announcement  of  their  intention  to 
do  so,  gratifying  as  it  was*  surprised  me  the  less,  when 
I  remembered  that  they  had,  after  the  publication  of 
my  father's  former  book,  Lectures  on  Quaternions," 
defrayed  its  entire  cost ;  an  extension  of  their  liberality 
beyond  what  was  recorded  by  him  at  the  end  of  his 
Preface  to  the  Lectures,''  which  doubtless  he  would 
have  acknowledged,  had  he  lived  to  complete  the  Pre- 
face of  the  "  Elements." 

He  intended  also,  I  know,  to  ex^iress  his  sense  of 
the  care  bestowed  upon  tlie  typographical  correctness 
of  this  volume  by  Mr.  M.  li.  Gill  of  the  University 
Press,  and  upon  the  delineation  of  the  figures  by  the 
Engraver,  Mr.  Oldham. 

I  annex  the  commencement  of  a  Preface,  left  in  ma- 
nuscript by  my  father,  and  which  he  might  possibly 
have  modified  or  rewritten.  Believing  that  1  have 
thus  best  fulfilled -my  part  as  trustee  of  the  unpub- 
lished "Elements,"  I  now  place  them  in  the  hands  of 
the  scientific  public 

WiLUAM  Edwin  Hamilton. 

Januarjf  Ut,  1866. 
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PREFACE.* 


[1.]  The  volume  now  submitted  to  the  public  is  founded  on 
the  same  principles  as  the  "  Lectubes,"^'^  which  were  pub- 
liahed  on  the  same  subject  about  ten  yean  ago :  but  the  phui 
adopted  is  entiiely  new,  and  the  present  work  can  in  no  sense 
be  considered  as  a  second  edition  of  that  former  one.  The 
Table  of  Contents,  by  collecting  into  one  view  the  headings  of 
the  various  Chapters  and  Scctionsi  may  suf&ce  to  give,  to 
readers  already  acquainted  with  the  subjecti  a  notion  of  the 
course  pursued :  but  it  seems  proper  to  offer  here  a  few  intro- 
ductory remarks,  especially  as  regards  the  method  of  expo- 
sition, which  it  has  been  thought  convenient  on  this  occasion 
to  adopt. 

[2.]  The  present  treatise  is  divided  into  Three  Books,  each 
designed  to  develope  one  guiding  conception  or^vicw,  and  to 

illustrate  it  by  a  suihcieutbut  not  excessive  number  of  exam- 
ples or  applications.  The  First  Book  relates  to  the  Coticep- 
iion  of  a  Vector^  considered  as  a  directed  right  line,  in  space  of 
three  dimensions.  The  Second  Book  introduces  a  First  Con* 
eepHon  of  a  QtUOermon^  considered  as  the  QtioHent  of  two  9ueh 
Vectors.  And  the  Third  Book  treats  of  Products  and  Powers 
of  Vectors^  regarded  as  constituting  a  Second  Principal  Form 
of  the  Caneqition  of  QuaUmionB  in  Geometry. 

#  •  «       .   •  •  • 

•  •*««# 


*  This  fragment,  bj  the  Author,  found  in  one  of  his  manuscript  books 
bj  the  Editor. 
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*  This  (Tft^pHfTOwy  be  referred  to,  as  I.  i. ;  the  next  as  L  u. ;  UieflntChap* 
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Section  3. — On  the  Amplitudes  of  Quatcruiona  iu  a  given 
Plane ;  and  on  Trigonometrical  Expressions  for  such 
Quaternions,  and  for  their  PowerH;,  251-257 

Section  4. — On  the  Ponential  and  Logaritlim  of  a  Quator- 
nion  ;  and  on  Powers  of  Quaternions,  witli  Uuatemions 
for  their  Exponents,   267-264 

Sjiciioii  5.^0n.  Ifinite  (or  Polynomial)  Equations  of  Alge- 
braic Form,  involving  Complanar  Quaternions ;  and  on 
the  Existence  of  n  Heal  Quatemion  Eoote,  of  any  soch 
Equation  of  the     Degree,  266-275 

Sicmm  6.— On  the  n*  -  n  Imaginary  (or  Symbolical) 
Boots  of  a  Qnatemion  Equation  of  tiie  Degree,  with 
CoeiBcients  of  the  kind  considered  in  the  foregoing 
Seetion,  275-279 

Sncnoir  7. — On  the  Beciprocal  of  a  Vector,  and  on  Har- 
monic Means  of  Vectcm ;  with  Bemarks  on  the  Anhar- 
monic  Quaternion  of  a  Group  of  Pour  Points,  and  on 
Conditions  of  Concircularity,   279-285 

In  this  last  Section  (II.  ii.  7)  the  short  first  Article  258,  and  the 
following  Art.  '2')9,  as  far  as  the  formula  VIII.  in  p.  280,  should  bo 
read,  as  a  prcparaliou  for  the  Third  Book,  to  which  the  Student  may 
next  proceed. 

CHAPTEK  III. 
07  musAXL  auATBBHioirs,  on  QxronBiiTS  or  tbotobs  nr 

^     SPACE :  Aim  ISPBOIALLT  OV  THE  ASSOaATIYB  PUNCHXB 

OF  JIUXIIPIJCATIOV  OP  SVCH  QITATBBiaOirS,  .     .     .     .     .  286-300 

This  Chapter  may  be  omitted,  in  a  flnt  perusal. 

SionoK  1.— On  some  EnunoiationB  of  the  AssociatiTe  Pro- 
perty, or  Principle,  of  Multiplication  of  Diplanar  Qua- 
ternions,   286-293 

8ECTI0N  2. — On  some  Geometrical  Proofs  of  the  Assofinlive 
Property  of  Multiplication  of  Quaternions,  whicli  are 
independent  of  the  Distributive  Prineiple,    •    .    ,    .  293-297 

SECTION  3. — On  some  Additional  i:  onnuhc,    .     .     *    .  297-300 
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ON  QUATERNIONS,  CONSIDERED  AS  PEODUCTS  OR 
POWERS  OF  VECTORS;  AND  OK  SOKB  APPUCA- 

TiONS  OF  QUATERNIONS,  801  to  the  end. 

GHAPTEB  I. 

ox  TttE  INTEKPEETATION  OF  A  rRODUCT  OF  TEf  TORS,  OA  POWXB 

OF  A  TSCtOR,  A6  A  QJJAT^RSIOK,      .    •     .  301-390 

Tlie  first  six  Sections  of  tihii  GhapCer        to  bt  ftid,  etcn  in  a 
first  perusal  of  the  wcA, 

SscTioN  1. — On  a  First  Method  of  Inteipretmg  a  Product 

of  Two  Vectors  as  a  Quaternion,   301-303 

SscTioN  2. — On  aome  Consequences  of  the  foregoing  Inter- 
pretation,   303-308 

This  Jlrsi  inUrpretation  treats  the  product  /3  .a,  as  equal  to  the 
qmtitnt  /3  :  a  ' ;  where  a'*  (or  Ra)  is  the  preyionsly  dcflucd  Reciprocal 
(II.  ii.  7)  of  the  vector  a,  namely  a  tecond  vector^  which  has  an  in- 
rerte  length,  and  an  opposite  direction.  Multiplication  of  Vectors  is 
thtu  proved  to  be  (like  that  of  Quatemioua)  a  Distributive,  but  not 
generally  a  Qmmutative  OptroHon,  The  Square  of  a  Vector  is  shown 
to  be  always  a  Negativ  AmIst,  namdj  the  negative  of  the  tfMfv  of 
tiielMSfr  of  fhatTeotor,  or  of  the  nawiiiryhich  oipreisci  its  fayM/ 
and  some  geometrical  a^tUcationa  of  this  fertile  principle,  to  tpktr$$f 
&c,  arc  given.  The  iM»  of  the  Jtight  Part  of  a  FrodtutofTwo  Co- 
initiai  Vectort,  OA,  OB,  in  proved  to  be  a  right  line,  perpendicular  to 

r!"hr  of  the  Triangle  oab,  and  representing  by  its  length  the 
//(/wi/'  ^/^fi/ of  that  triangle;  while  the  Jlotniim  round  this  /mlcjr, 
from  the  Multiplier  to  the  Multiplicand,  is  positive.  This  right  part, 
or  vector  part,  Va/3,  of  the  pn&ut  vmiiAu,  when  the  Jkefon  sw 
pmOtl  (to  one  eonunon  line);  and  the  MiKsr  part,  Sa/3,  when  th«y 


SxcnoN  3. — On  a  Second  Method  of  arriving  at  the  same 

Interpretation,  of  a  Binary  Product  of  Vectors,  .    .    .  308-310 

Sbgtiok  4. — On  the  Symbolical  Identification  of  a  Right 
Quaternion  with  its  ova\  Index :  and  on  the  Construc- 
tioa  of  a  Product  of  Two  Bectangular  Lmee,  by  a  Third 
Lme,  rectangular  to  both,  810-813 

Siozioy  5^ — On  some  Simplifioationa  of  Notation^  or  of 
fizpceenon,  lesnlting  fh>m  this  Identification;  and  on 
the  Conception  of  an  Unit-Line  as  a  Bight  Yeisor,    .  318-316 
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In  this  second  interprettitiouy  which  is  found  to  agree  in  nil  its  re- 
sults with  the  first,  but  is  better  adapted  to  an  extension  of  the  theory, 
as  in  the  following  Suctions,  to  Umary  produeU  of  vectors,  a  product 
rfHP0  M«f0r»  it  tntM  at  tbe  pirodiifit  of  fha  two  ri^ht  guatmUoiUf  of 
whieh  tboM  Tooten  an  tha  Mim  (11.  i  5)*  >>  thown  that^  on 
iSbB  MOie  plan,  tfaa  Ami      AmIst  mid  a  Vator  S§  a  Quattrniom, 

Sectiox  G. — On  the  IntLTpretatioii  of  a  Product  of  Three 

or  more  Vectors  as  a  Quatenuon,  316-330 

Tliis  interpretation  is  effected  by  tha  auhstitution,  as  in  recent 
Sectionii  oiJSi^ht  QuatemioM  for  Vtdorty  without  change  ot order  ot 

the  factors.  Multiplieation  of  IVftor*,  like  that  of  Quatcmiong,  is 
thii.^  proved  to  be  an  As9ociative  Operation,  A  vector,  generally,  ia 
reduced  to  the  Standard  Trinomial  Jbrm, 

p  =  w'+>y+As;  (C) 

in  which  i,^,  k  are  the  peculiar  symbols  alrt  udy  considered  (11-  i- 
10),  but  are  regarded  notr  as  denoting  Three  Rectangular  Vector'UnUSj 
while  the  three  scalars  x,  y,  z  are  simply  rectangular  co-ordinatfs  ;  from 
the  known  theory  of  which  last,  illustrations  of  retjuli^  are  derived. 
Tha  8«alar  of  th$  liroimt  ofTkrmcMiM  VtHort^  oa,  ob,  oc,  it  found 
to  laprewnt,  witha«^depandingontliailirwe^^ar0lal<0^ 
Foftawt^f  rt<  JWaflWy^mdertlioia  three  linca;  ao  thai  it  aa- 
mmAm  whan  they  are  complanar.  Oomtructione  arc  given  alao  tor  pro- 
duett  ^tuecmive  nde$  of  trimglm^  and  other  elo$ed polygona^  inscribed 
in  eirclr»,  or  in  spheres  ;  for  example,  a  charactn-istie  property  of  th$ 
circle  is  contained  in  the  theori  m,  tliat  the  product  of  the  four  suc- 
cessive sides  of  an  iti^crilxd  qtuuii  ilateral  is  a  scalar  :  and  an  equally 
eharacterietic  (but  less  obvious)  property  of  the  spliere  is  included  in 
this  otiiar  thaoMm,  that  tiie  prodnat  of  tho/t^  succeaaive  sidee  of  an 
fawrflaf  fmiek§  ptnU^m  is  equal  to  a  tmipmiiitU  vMlar,  diawn  Ikon 
thapolntatwhiohtbapantagoa  (or  «Mb).  Soflwganenl.Ar- 
aiHl«  of  JVaMf/braialwa  of  Vector  Stprmimtt  ara  i^yen,  wiUi  which 
a  atodent  ought  to  render  himself  very  familtarf  aa  they  are  of  con- 
tinual occurrence  in  the  practice  of  thia  Calculus ;  aqiaoiaUy  the  four 


formulse  (ppw  816,  817)  : 

V.yV/^a-aS/Jy-^Sya;  (D) 

Vy/3a  =  a  S^i  y  -  /3Sy a  +  r Sa^ ;  (E) 

pSa/Sy^^  aS.^yp  + /3Syap  +  ySa/3p;  (F) 

pSafSy  =  V/3)  Sujj  i  VyaS/3p  +  Va^Syp  ;  (G) 


in  which  a,  /3,  y,  p  ore  a»y  four  veetort^  while  S  and  V  are  sigris  of 
the  operationa  of  taking  separately  the  tMfor  and  teetor  purls  oi  u  qua- 
tarniaa.  Oa  tha  whola^  thia  Section  (III.  L  6)  must  be  oonsidetad 
to  ha  (aa  lagarda  dia  present  expcaitioo)  an  important  oiia;  and  if 
it  have  been  read  with  care,  after  a  pemsal  of  tha  portiona  proviooaly 
indicated,  no  difficulty  will  be  czperienoad  in  paasing  to  any  subse- 
quent application*  of  Quaternions,  in  tha  present  or  any  other  work. 
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Skctiov  7 — On  the  Fourth  Pioportiooal  to  Xhtee  IMpIaiuur 

Vectors,   331-349 

Sr.rTTos  8. — On  an  Equivalent  Inteqm'tation  of  tlip  Fourth 
Proportional  to  Three  Diplanur  Yector8»  deduced  from 
the  fxinciples  of  the  Second  Book,   349-361 

Qmeaom  9. — On  a  Third  Method  of  interpretiiig  a  Product 
or  FnnctioQ  of  Vecton  as  a  Quatenuon;  and  on  Ihe 
Contistency  of  the  Besulta  of  the  Inteipretation  so  oh- 
tainedy  with  tiioee  which  have  been  deduced  from  the 
two  preceding  Methods  of  the  present  Book,     •   •  •  361-364 

ThcAu  tlirec  Sections  may  be  passed  over,  in  a  first  reading.  They 
T******j  howeteCf  IheonnBS  Teipwiting'  compctititu  cf  mmmmAw  tttt^ 
l«Mt(pp.3S4yt8S»MeiilMpw840);  cspwioM  fcr  the  mmi  wns 

dw  lyfa  wfm  qfuatentitm  product y  with  an  extenAioii,1)j  limits,  to  the 
aemiarea  of  a  spherical  figure  bounded  by  a  clontd  rt/rrr,  or  to  hxilf  the 
opening  of  an  arbitrary  com  (pp.  310,  311) ;  a  construction  (pp.  35S- 
360),  for  a  series  of  tpherUal  parcUUlogramH,  so  called  from  a  partial 
anaioffjf  to  parallelograms  in  a  plane  ;  a  theorem  (p.  3G1),  connecting 
a  certain  syetem  of  mtch  (apherical)  paralldograau  widi  the /mi  of  a 
tflktri€0i»mkt  inaoribed  inaoertauiqiuiidrUatenl;  end  the  OMieq^ 
Urn  (pp.  8€S,  881)  of  a  Bmtih  Unit  Ai  Spue  (h,  or  -f  t)»  which  it  of 
a  ewfar  rather  than  a  vector  cluuracter,  as  edmitting  merely  of  tlumg$ 
of  ttffti,  through  nvofBal  of  an  ordrr  n  f  rotation^  although  it  presents 
it^lf  in  this  theory  as  the  itar/A  TngHMrtiameU  {(f'^i)  to  TkmMttt* 
mHjfuUur  I'tctor  Vkits. 

Bacnov  10, — On  the  Inteipretaiaon  of  a  Power  of  aTeetor 

as  a  QuatemioDy   864-384 

It  mtf  be  wen  Co  read  this  Section  (IIL  i  10),  especially  for 
the  BMpmmfUi  OmMximm  which  it  estaUishee,  between  QtuOtnAm 
•ad  SfkmMi  H'ljpwiMWMfrjf,  or  rather  iWjyewsKlfy,  hy  a  ipeeiea  of 
fjfasiisit  ^  MoitT^t  theorem,  from  the  platttto  ^nms^  or  to  tbe  tpkem. 

For  example,  there  is  given  (in  p.  381)  an  equation  of  six  termSj 
■which  holfl"^  f?ood  for  errry  ftphcriral  pniMz/on,  and  ia  deduced  in  this 
way  from  :ui  extc^tded  ejrpom»futf  Jonnnlii.  The  calculatiims  in  the 
sub-artick-ji  to  Art.  312  (pp.  376-370)  may  however  be  passed  over; 
and  perhaps  Art  3X5,  with  its  sub-articles  (pp.  383,  384).  But  Art 
$14,aiidita8ab-aitides,  pp.  M1-88S,  ahoold  be  raad,  on  aeoaeat  of 
the  fjfmmiimifirm  wbich  Hiey  ooatain,  of  eqnatioaa  of  the  «frd^ 
4Kfm^  l9gmr%ikmAe  y»als  (efawnlar  and  el^tia),  hOi^  aadsarwaeir^ 

Bnonmr  11* — On  Powen  and  Logaiithms  of  Biplanar  Qn»- 

temiona ;  with  some  Additional  Fonnute,  •  •  •  •  .  384-390 

c 
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It  may  sufiice  to  read  Art  816,  and  iti  iini  dem  mb-ntiolM, 
;p.8M-886.  In  Ois  8ectioI^  the  tdoptod  I^yoriMNH  V,  of  a 
tenion    is  the  «iM|itel  root,  ^^etibB  tranMendental  eqution, 

l  +    +  y +  ^  +  = 

and  ita  ezpreiiion  is  Ibond  to  be, 

l^«lTy  +  z  ^.TIVj,  (H) 

in  which  T  and  U  arc  the  signs  of  ti^isor  and  tcrsor,  wliile  Z.^  ia  the 
afiffle  of  y,  supposed  usually  to  bo  between  0  end  w.  Suoli  lyoriSCAiiit 
aro  found  to  be  often  usefiU  in  thie  Calculus,  dthough  they  do  not^M*- 
rOfy  poaaoea  the  elementary  property,  that  the  mm  of  the  kguithms 
of  two  qnatenione  is  eqnal  tothe  logtrithm  of  their  j»fMftf0<  thia  ap- 
parait  peradOK,  or  at  Icart  dmtttion  from  orHiuary  aigehraie  ruU», 
arising  necessarily  from  the  correspoiidinj;  property  of  quafemion 
multiplication,  which  has  been  already  po<  n  to  hp  not  nenertdly  a  wwn- 
mutative  operatif>n  {q^q"  not  =  q"q\  unles.-*  t/  and  q"  be  amplanar). 
And  here,  porhapa,  aatudent  might  consider  Jirtt  perwal  of  thia 
work  as  ckuetk* 


CHAFTEJi  II. 

ON  DIFFKRENTI.VLS  AND  MTKIOMIKHTB  OF  FITKCTIOVS  OFUVAr 
TERN  tons;  and  oy  some  APPLICATIOKS  OF  QXTATEBKIOHS 
TO  OEOMtriHlCU.  AND  PHYSICAL  UUESTIOKS,  .     .     .     .     .  891-495 

It  baa  been  already  said,  that  this  Chapter  may  he  omitted  in  a 
lirst  perusal  of  the  work. 

Section  1. — On  the  Deliiiition  of  Simultaneous  Differen- 
tials,   391-393 


♦If  ho  should  choose  to  proceed  to  the  DifcrnHiaJ  CalcuUta  of  Quaternions  in 
the  next  Chapter  (III.  ii.)?  and  to  the  Geomttrical  and  other  Applications  in  the 
third  Chapter  (III.  iii.)  of  the  present  Book,  it  might  bo  useful  to  read  at  this 
stage  the  last  Section  (I.  iii.  7)  of  the  First  Book,  whioh  treats  of  DifttmHab  ^ 
V$oior$  (pp.  98-102);  and  perhaps  the  omitted  parts  of  the  Seetion  II.  i.  18, 
namely  Articles  218-280,  with  their  suharticles  (pp.  214-288),  which  relate^ 
other  things,  to  a  (biutrueUon  cf  the  EUip9oid,  suggested  by  the  present 
Cslculufl.  But  the  writer  will  now  abstain  ftom.  making  any  further  snggealions 
of  this  kind,  after  having  indicated  as  above  what  appeared  to  him  a  minmum 
course  of  study,  amounting  to  rather  less  than  200  pages  (or  parts  of  pages) 
of  thin  Volnmc,  which  will  ho  recapitulated  for  the  convenience  of  the  student 
at  the  end  of  the  preaeui  Table. 
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894-898 


la  tlwviawlMn  adopted  (oomp.  I.  iii.  7),  diff$rmtmU  are  not  n*- 
tmmUjf,iMt9m§mmiaihmma,  Bntit  {•■bowaaftaliitHr  ttags 
(Art  401,  ppb  6Se-^0)k  that  thapriadplM  of  thk  (Ueolagafl^  aa^ 
whenerer  any  advantage  may  be  theroby  gained,  to  traat  ^<|»p-i*8«if 
as  inpiikMmmUs  and  to  to  aMU^^  aa/wifartba,  at  lotit  in  Buoiy  ap- 
plications. 

Sacnov  8. — On  some  general  Consequences  of  the  Defini- 

 398-409 

Partial  differ cutiali  and  d«r¥pmH999  w*%  introdvoed;  and  diftmn* 
tiala  of  juticdom  of  fmtdionM. 

Saencnr  4.-.^Bxa]nplea  of  Qnateniion  DifRBrentiation,  .   .  409-41*9 

One  of  the  most  important  ruks  is,  to  dificrentiatiet2iey<Mlpr«of  a 
quatemioa  produ€tf  tn  atu  ;  thus  (by  p.  405), 

d.^/sd^.Z  +  A/.d/.  (T) 
The  formula  (p.  399),      d.y-«  =  -y  'dy.j"',  (J) 

for  the  ditFurcntial  ol"  the  ru  iprocal  of  u  quaternion  ( or  veotor),  is  alio 
very  often  useful;  and  so  are  the  equations  (p.  413), 


q  being  any  qnatemion,  and  a  any  constant  vector-unit,  while  t  is  a 
▼ariaUe  MMlac.  It  is  important  to  remember  (comp.  111.  i  ii),  tbat 
we  hava  aef  in  tfiMlirate  tbe  aiiMl  oqaalian. 


9 


wdtu  q  azid     be  complanar  ;  and  therefore  that  wc  imvu  ttot  getitraUy^ 


if  p  be  a  variable  vector  ;  although  we  Aarf,  in  this  Calculus,  the 
•carcely  less  simple  equation,  which  is  useful  in  qu^tiona  respecting 


if  a  be  aayoonatant  Teotor,  and  if  the  jrfamof  a  aadpha^iN»(flV 
**rMtant} 


SiCTioif  5. — On  Successive  Diflercntiais  and  Developmenta, 


of  Functions  of  Quatemiona, 


420-436 
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Id  Oit  SaeClon  principles  tte  ettaUidied  (pp.  4SS~tt6)y  retpeet- 

lopment  (pp^  4S7»  428)  ii  Mrignedf  tmahgmu*  to  Taylor'$  Sertt*, 
■nd  like  it  capable  of  being  condiely  azpreascd  by  the  tymbelimt 
equation,  1  4  ^  =  i'*  (p-  -132).  As  an  rTnmplc  of  paitial  and  iOipeea- 
aiTe  difliBreotiatioB,  the  expression  (pp.  432,  438)^ 

which  may  reprpsont  ant/  rerior,  is  opcnted  on  ;  and  an  application 
is  made,  by  means  of  dffimte  inUgrattOH  (pp.  434,  435),  to  deduce  tho 
known  area  and  volume  of  a  sphere,  or  ot  ixirtions  thereof;  tof^cthrr 
with  the  theorem,  that  the  vector  mm  of  the  directed  elemmts  ol  a 
ipktrkatgwimt ia ttro :  each «lmMR<^««f/a0a being rcprcaentadhfia 
jmoari  nwrnulj  pgoportiopal  to  tha  elemeatary  aga%  and  cotmpond- 
tng  in  hydgoatatica  to  H^pmmrtof^JImd  on  that  alamant. 

Section  6. — On  the  Differentiadon  of  Implicit  Functions 
'  of  Quatomions ;  and  on  the  General  Inversioa  of  a  Li- 


near Function,  of  a  Vector  or  a  Uuatemion :  with 

eome  oonneoted  Investigations,  ...  *  436-496 

In  Ihia  Saotion  it  ia  abown,  among  oth«r  tliinga,  that  a  Lkmt 
and  Factor gywfcl,  f»  ^Opttaiimm^  FMor,  ^ aatiallaa (pw  448) a 
4!yHiM<9  Slid  CMm  ISpMliPN,  of  the  fimn, 

O-iM-a^f -(-MV-f*;  (N) 
wliflnoa  mf'^^nf^      +      ^,  (IT) 

=  amth<r  symbol  of  liiwar  operation,  which  it  ia  ahown  how  to  de- 
duce otherwiaa  ftom  ^,  as  waUaa  tha  tiiree  scalar  oouatants,  ««,  m\  m\ 
Tha  oonoaded  ^O^OniMl  miMa  (pp.  460,  461X 

jraiai-(>«i'a-|>aiVi+c*"0,  (0) 


is  found  to  have  important  appltcationa ;  and  it  is  proyedf  (pp.  460, 
46S) that  if  8Xf^«=  Sp^X,  independantiy  of  Xaad in  whioh  oaae 
the  Ainalioa  f  ia  aaidto  be  ai{f-«N|^iya<«p  than  thia  bat  enUohasiAm 
faalmli^aiy^aii  whi]e^intheaameoaae,tfaeM0l0r«|tartiafi| 

Vp^p  =  <^  (P) 

ia  astiallad  hy  a  ayalem  of  X*n$  JUtU  mi  SeeUmftdar  IHmUtiu  : 
namely  (oompaie  pp.  468, 469,  and  the  8eetioa  IIL  iiL  7),  thoae  of 

the  MMV  of  a  (bioonoydie)  ^alm  of  sM^^SMaa  of  the  mond  anCr,  n- 
iiriMMintinil  bT  tiie  toidut  anna  fiVia 


•  At  a  later  stage  (Art  375,  pp.  509,  610),  n  nen  1 1  nictation  of  Taykn^t 
Theorem  is  given,  with  a  new  proof  but  still  in  a  form  mlapti  <1  to  (pi  itfniion<». 

t  A  simplified  proof,  of  some  of  the  cliief  results  lor  this  impv)it4int  case  of 
»cif- corrugation^  is  given  at  a  later  stage,  in  the  few  first  subarticlcs  to  Art.  Hi 
(pp.  698,  699). 
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Bpfp  =  Cp»  4  C\  in  which  C  and  C  are  conatants.  (Q) 

CoMM  arc  discussed ;  and  genfral  formt  (called  cyclic,  rectangular, 
focal,  bifocal,  &c.,  from  their  chief  geometrical  uses)  are  assigned, 
for  the  rector  and  scalar  functions  and  Sp^p  :  one  useful  pair  of 
such  (rydic^  forms  being,  with  real  and  constant  values  of  X, 

f  P  =  i^P  +  VXp/i,       Sp^p  =  gpi  +  SXp/ip.  (R) 

And  finally  it  is  shown  (pp.  491,  492)  that  if  be  a  linear  and  qua- 
ttTHion  function  of  a  quaternion^  g,  then  the  Symbol  of  Operation,  f 
satisfies  a  certain  Symbolic  and  Biquadratic  Equation,  analogous  to  the 
tudie  equation  in  f ,  and  capable  of  similar  applications. 


CHAPTER  III. 

OS  SOME  ADDITIONAL  APPLICATIONS  OF  QUATERNIONS,  WTTH 

80MK  CONCLUDING  REMARKS,       .      .     495  tO  thc  did. 

This  Chapter,  like  the  one  preceding  it,  may  be  omitted  in  a  first 
perusal  of  the  Volume,  as  has  indeed  been  already  remarked. 

Section  1. — Remarks  Introductory  to  this  Concluding 


Section  2  On  Tangents  and  Normal  Planes  to  Curves  in 

496- 

-501 

Section  3. — On  NormfJs  and  Tangent  Planes  to  Surfaces, 

501- 

-510 

Section  4. — On  Osculating  Planes,  and  Absolute  Normals, 

511- 

-515 

Section  5. — On  Geodetic  Lines,  and  Families  of  Surfaces, 

515- 

-531 

In  these  Sections,  dp  usually  denotes  a  tangent  to  a  eurre,  and  v 
a  normal  to  a  surface.  Some  of  thc  theorems  or  constructions  may 
perhaps  be  new  ;  for  instance,  those  connected  with  the  cme  of  paral- 
leh  (pp.  498,  513,  &c.)  to  the  tangents  to  a  curve  of  double  curvature  ; 
and  possibly  thc  theorem  (p.  525),  respecting  reciprocal  curve*  in 
tpaec  :  at  least,  thc  deductions  here  given  of  these  results  may  aerre 
as  eiemplifications  of  the  Calculus  employed.  In  treating  of  Families 
of  Surfaces  by  quaternions,  a  sort  of  aualogue  (pp.  529,  o30)  to  the  for- 
mation and  integration  of  Partial  liifftrcutial  Equations  presents 
itself;  as  indeed  it  had  done,  on  a  similar  occasion,  in  the  Lectures 
(P-  574). 

Section  6. — On  Osculating  Circles  and  Spheres,  to  Cunrcs 

in  Space;  with  some  connected  Constructions,  .    .    .  531-630 

The  analysis,  however  condensed,  of  this  long  Section  (TIT.  iii.  6), 
cannot  conveniently  be  performed  otherwise  than  under  the  heads  of 
the  respective  Articles  (389-101)  which  compose  it:  each  Article 
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being  followed  by  several  subarticles,  which  form  with  it  a  sort  of 
Series* 

ARTiCLn  389  Osculating  Circle  de/iticd,  as  the  limit  of  a  circle, 

which  touches  a  given  nin  e  (plane  or  of  double  curvature)  at  a  airen 
point  p,  and  cuts  the  cnrve  at  a  near  point  g  (see  Fig.  77,  p.  511). 
Deduction  and  interpretation  of  general  expressions  for  the  vector  c 
of  the  centre  k  of  the  circle  so  defined.  The  reciprocal  of  the  radius 
KP  being  called  the  vector  of  curvature,  we  have  generally, 

Vector  of  Curvature  =  (p  -  *)  » =         =  T"  =       J  (S) 

l(lp      dp  dp 

and  if  the  are  {s)  of  the  curve  be  made  the  independent  variable,  then 

d'p 

Vector  of  Curvature  =  p"  =  D,«p  =  -  A  (S') 

da' 


Pag^es. 


locus  of  centres  of  curvature  of  helix,  plane  evolutc  of  plane  ellipse. 

531- 

535 

AuTiCLE  390 — Abridged  general  calculations ;  return  from  (S') 

635^ 

536 

Article  301. — Centre  determined  by  three  scalar  equations  ; 

5,37 

638, 

539 

Articlr  393. — Intersection  (or  intersections)  of  a  circle  with  a 

689- 

541 

Article  394. — Intersection  (or  intersections)  of  a  spherical  airve 

with  a  small  circle  osculating  thereto ;  example,  spherical  conic  ;  eon- 

Btructions  for  the  spherical  centre  (or  pole)  of  the  circle  osculating  to 

such  a  curve,  and  for  the  point  of  intersection  above  mentioned,    .  . 

511- 

549 

Article  395 — Oscnlating  Sphere,  to  a  cur^•o  of  double  ciir^'aturc, 
defined  as  the  limit  of  a  sphere,  which  contains  the  osculating  circle  to 
the  curve  at  a  given  point  v,  and  cuts  the  same  curve  at  a  mar  }x>int 
Q  (comp.  Art.  380).  The  centre  8,  of  the  flpherc  so  found,  is  (aa  usual) 
the  point  in  which  the  }>olar  axis  (Art.  391)  touches  the  cmp-cdge  of 
the  polar  developable.  Other  general  couijtructiou  for  the  same  centre 
(p.  551,  comp.  p.  573).  Geucral  expressions  for  the  vector,  a  —  os, 
and  for  the  radius,  it  =  jp ;  J?  '  ig  the  spherical  curvature  (comp.  Art. 
897).  Condition  of  Sphericity  (5=1),  and  Coefficient  of  Non-xphcricity 
(S  -  1),  for  a  curve  in  space.  When  this  \a»t  coefScicnt  is  positive 
(as  it  is  for  the  helix),  the  curvt;  lies  on f side  the  sphere,  at  least  in  the 
neighbourhood  of  the  point  of  osculation,  549-553 

Article  39«j. — Notations  r,  r,  .  .  for  D,p,  D«^p,  &c. ;  properties 
of  a  curve  depending  on  the  square  («')  of  its  arc,  measured  from  a 
given  point  r  ;  r  =  unit-tangent,  r'^  vector  of  atrvatnre,  r  '  =  Tr'  =  cur- 
vature (or  first  curvature,  comp.  Art-  397),  v  =  rr'  =  binormal ;  the 


*  A  Table  of  initial  Pages  of  all  the  Articles  will  bo  elsewhere  given,  which  will 
much  facilitate  reference. 
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thrtf  pUne^,  respectively  perpendicular  to  r,  r*,  v,  are  the  ticrmat 
plw,  the  rectifying  platw^  and  the  ofculating  plane ;  general  theory 
of  matiant  lines  and  planes,  rector  of  rotation^  axi»  ofdiaplaeetnent,  oscu- 
lating screw  sur/aee  ;  condition  of  (jUi  elopability  of  nurface  qfnnanants,  554—559 

Article  897. — Pmpcrtics  de  pending  on  the  cule  of  the  are  ; 
Radius  r  (denoted  here,  for  diBtinction,  by  a  reman  letter),  and  Vector 
r'r,  of  Second  Curvature  ;  this  radius  r  may  be  cither  positive  or  ne- 
gative  (whcreag  the  radiua  r  of  ^first  curvature  is  always  treated  aa 
positive),  and  its  reciprocal  r  '  may  bo  thus  expressed  (pp.  563,  659), 

Second  Curvature*  =  r' '  =  S             (T),  or.  r  '  =  S  (T') 
 >  dpd-p  rr^  — 

the  independent  variable  boin^;  the  arc  in  (T*),  while  it  is  arbitrary  in 
(T) :  but  quaternions  supply  a  vast  variety  of  other  expressions  for  this 
important  scalar  (see,  for  instance,  the  Taile  in  pp.  574,  575).  We 
hare  also  (by  p.  560,  comp.  Arts.  389,  395,  396), 

Vector  of  Spherical  Curvature  =  8P">  =  (p  -  ff)"'  =  &c.,  (U) 

= projection  of  vector  (r')  of  (simple  or  first)  curvature,  on  radius  (It) 

of  osculating  sphere  :  and  if  p  and  P  denote  the  linear  and  ar*gular 
elevations,  of  the  centre  (s)  of  this  sphere  above  the  osculating  plane, 
then  (by  same  page  560), 

j>  =  r tan P=  i? sin  P=  r'r  =  rD,r.  (V) 
Again  (pp.  560,  561),  if  wo  write  (comp.  Art.  396), 

X  =  V  —  =rir  +  rr  =  Vector  of  Second  Curvature  plus  Jiinormal,  (V) 
 T  — 

this  line  X  may  be  called  the  Rectifying  Vector ;  and  if  H  denote  tho 
inelination  (considered  first  by  Lancret^,  of  this  rectifying  line  (\)  to 
the  tangent  (r)  to  the  curve,  then 

tan  if=»^-'tanP=»^'r.  (X*) 

Knr.icn  right  cone  with  rectifying  lino  for  its  axis,  and  with  II  for  ita 
temiangle,  which  osculates  at  P  to  the  dcrelojMible  locus  of  tangents  to 
the  curve  (or  by  p.  568  to  the  cone  of  parallels  already  mentioned) ; 
Wftr  right  cone,  with  a  neic  acinianglc,  C,  connected  with  H  by  the 
relation  (p.  562), 

tan  C=  ^  tan  B,  (V) 
which  osculates  to  the  cone  of  chords,  drawn  from  the  given  point  v 


•  In  this  Article,  or  Series,  397,  and  indeed  also  in  396  and  398,  several  re- 
ferences are  given  to  a  very  interesting  Memoir  by  M.  de  Saint-Venant,  "  Sur 
let  lignes  cout  bes  non  planes  :"  in  which,  however,  that  able  writer  oA/irc^^  to  such 
known  phrasea  aa  second  e><rvature,  torsioti,  &c.,  and  proposes  in  their  stead  a  new 
name  ^^cambrure,"  which  it  has  not  been  thought  necessary  here  to  adopt. 
{Journal  de  r Ecole  Polyiechnique,  Cahicr  xxx  ) 
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to  other  points  Q  of  the  given  curve.  Other  osctilatin^  <v»!ff,  njUnd^  rs, 
keluty  and  jmraMa  ;  this  last  being  (pp.  i>62,  666)  the  parabola  which 
c$cuJah  s  in  th<  projt  ctiuH  of  the  mrvt,  on  it*  otcn  osculating  ptaM. 
viation  of  curi  e^  at  any  near  point  a,  ftom  tiie  oicnlating  drA  tt  F, 
decomposed  (p.  566)  into  two  nttrnfulmr  imrigtimi,  from  otenhtiag 
Mix  and  purMm,  AddilMDol  kmAm  (p.  67«),  fir  liio  gononl 
theoff  of  rwonwifi  (Ait  S96) ;  com  of  normally  cmanant  line*,  or  of 
tmigmtinUf  ooumtnt  pia$te$.    General  auxiliary  gpherical  curve  (pp. 
676-578,  comp.  p.  615)  ;  new  proof  of  the  second  expression  ( V)  for 
tan      and  of  the  theorem  that  if  this  ratio  of  cun  atures  be  constant, 
the  proposed  curve  is  a  geodt  ttc  on  a  cylinder :  new  proof  that  if  «a«h 
curvature  (r'S  r»)  be  eomtatUf  the  cylindtt  is  rigAt,  tad  thonftn 
the  curve  a  helix^   

Aanoui  898.— ftoportin  of  a  enm  in  spMO,  dopondiiig  on  Hw 
>birl*oadJ|^j»«w«  («*,»»)  of  its  ........ 

This  Arui  888  ii  lO  much,  longer  than  any  other  in  the  Volume, 
and  it  fiq^pOied  to  contain  so  much  original  matt*  r,  that  it  seems 
necessary  here  to  subdivide  the  analysis  under  several  separate  heads^ 
lettered  as  (a),  (b),  (c),  kc 

(«).  Neglecting  «*,  we  may  write  (p.  578,  comp.  Art  396), 

or  (oomp.  p.  687),    At«^+<fer+firr*4  vk,  (WO 

with  expressions  (p.  '>»S)  fiir  the  9Be0eim»(»  (or  M-oniiii«lM)  «i,  y.,  «i» 
intemsofr', f^,  r,  z',  ands;  If be  taken  into  aooonnt,  it 
eonea  aeoeaaary  to  add  to  tiie  eq^teaaian  (W)  fbe  tenn,  rhi^i 
wifli  ooneaponding  additions  to  the  sealer  coeiScicnts  in  (W7,  intro- 
duoing  r"  and  r" :  the  laws  for  ibnning  which  additional  terms,  and 
fyr  extending  them  to  higher  powers  ot  the  aro^  are  assigned  in  a 
inbsequent  Series  (309,  pp.  612,  G17). 

(6).  Analogous  expressions  for  r",  v",  c",  X',  ,  and  p\  R,  F\  1I\ 
to  serve  in  questions  in  which  is  neglected,  are  assigned  (in  p.  579) ; 
t"  v',  «',  X,  a,  and  />,  iZ,  i*,  if,  having  been  previously  expressed  (in 
Soiea  897);  while  r**,  y"*,  X",  fte.  enter  into  investigationa 
wluektakeaeooontofs*:  tiieaios  being  treated  aaUwindqpendent 
ipariaUe  in  aU  lAcis  derivations. 

(e).  One  of  the  chief  results  of  the  present  Series  (398),  is  the 
introduction  (p.  581,  &c)  of  a  tfir  auxiliary  angle,  J,  <nialogom  in 
several  respects  to  the  knoun  anyle  II  (397),  but  belonging  to  a 
higher  order  of  theorems,  respecting  curves  in  epaee  :  because  the  new 
angle  J  depends  on  'Ctxa  fourth  (and  lower)  powers  of  the  arc  «,  wbUe 
Lanorelf a  angle  B.  depends  only  on  (including  and  In  fiuiC^ 
wbile  tan  JTia  repreaeated  by  the  e^raaaioBB  (y*)i  whereof  one  ia 
/"I  tan  J*,  tan  /admits  (with  many  tranafofmationa)  of  the  Allowing 
anakgoos  expreaaion  (p.  681), 

tan/>Bjr-itanP;  (X) 
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B*  depends*  by  (b')  on  «*,  while  r  and  P depend  (397)  en  no 
pcrv«sr  Uxan.  «*. 

To  Jp^re  a  more  distixict  gtometruMi  tneatnttg  to  this  new  angle 
J,  llici  on  he  caaily  gathered  from  such  a  formTiIa  as  (X),  respecting 
^i^aeb  it  may  he  observed^  in  pasaing,  that  /  ia  in  genfral  more  simply 
ftdLac^ihy  eYpresaions  for  its  cotangent  (pp.  581,  588),  than  for  ita 
taaggnt,       uto  to  conceive  that,  at  each  point  P  of  any  propoacd 
nrrt  erf  donhLe  cqrrature,  there  ia  drawn  a  tangmt  plant  to  the  tphfret 
TkiA  &»cWtt<«»  (395)  to  the  cuttc  at  that  point ;  and  that  then  the 
'v^k'^t  of  ill  these  planet  ia  determined,  which  envelope  (for  reasona 
iitcrrarda  more  fully  explained)  ia  called  here  (p,  681)  the  "  C&- 
ewmtcribid  Devtlopable  f  being  a  surface  ano/o^OMj  to  the  "  Rectifying 
Itrrdspabie"  of  Lancret,  but  belonging  (c)  to  a  higher  order  of  qucs- 
tiiq— ,    And  then,  as  the  knotcn  angle  H  dcnotea  (397)  the  itulittm- 
tien.  guitalily  measured,  of  the  rectifying  line  (X),  which  is  a  gewrtj- 
irtr  of  the  rectifying  developable,  to  the  txitujcnt  (r)  to  the  eurxe  ;  »o 
the  nttc  angle  /  represents  the  inclinatioa  of  a  generating  line  (^),  of 
what  hag  jnat  been  called  the  dr^nucribed  developable,  to  the  *am4 
tangent  (t),  measured  likewise  in  a  defined  direction  (p.  581),  but 
ia  the  tangont  plane  to  the  sphere.    It  may  be  noted  as  another  ana- 
logy (p.  •3S2),  that  while  ^ia  a  right  angle  for  &  plane  curve,  so  / 
is  right  when  the  curve  is  spherical.    For  the  helix  (p.  685),  the  an- 
gles H  and  /  are  equal ;  and  the  rectifying  and  circimiscnbcd  deve- 
Upahle*  coincide^  with  each  other  and  with  the  right  cylinder ^  on 
which  the  helix  is  a  geodetic  Hue. 

(f ).  If  the  recent  lino  ^  be  measured  from  the  given  point  p,  in 
a  suitable  direction  (as  contrasted  with  the  opposite),  and  with  a  suit- 
able  IcD^h,  it  becomes  what  may  be  called  (oomp.  39G)  the  Vector  of 
Rciaticn  of  tfte  Tangent  Plane  (d)  to  the  Osculating  Sphere  ;  and  tlien 
it  s&tijiies,  among  others,  the  equations  (pp.  57D,  581,  comp.  (V)), 

^  =  V^,    T^=ir'co3cc/;  (XQ 

this  last  being  an  expression  for  the  velocity  of  rotation  of  the  plane 
just  mentioned,  or  of  its  normal,  namely  the  spherical  radius  JR,  if  the 
'gteen  curve  he  conceived  to  bo  described  by  a  point  moving  with  a  con- 


*  In  other  words,  the  calcxilation  of  and  P  introduces  no  differentials 
higher  than  the  third  order  ;  but  that  of  R  requires  the  fourth  order  of  differen- 
tials. In  the  language  of  modem  geometry,  the  fonner  can  be  determined  by 
the  consideration  of  four  consecutive  points  of  the  curve,  or  by  that  of  two  conscctt- 
Ur*  otcvlating  circles  ;  but  the  latter  requires  the  consideration  of  two  consecu- 
tive oteulaiing  spheres,  and  therefore  of  Jtte  consecutive  points  of  the  curve  (sup- 
posed to  be  one  of  double  curvatiu^).  Other  investigations,  in  the  present  and 
immediately  fuUowing  Series  (398,  399),  especially  those  connected  with  what 
we  shall  shortly  call  the  O^rulitdng  Twisted  Cubic,  will  l>e  found  to  involve  the 
eongi deration  of  six  consecutive  points  of  a  curve. 
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KtmUvtheityy  assumed  =  1.  And  if  wo  denote  by  v  the  point  in  which 
the  given  radius  R  or  rs  is  nearest  to  a  consecutive  radius  of  the  same 
kind,  or  to  the  radius  of  a  consecutive  osculating  tphtre^  then  thia  point  ▼ 
divides  the  line  ps  internally,  into  wyiiiiiilf  irllSoh  may  (llltiin^ 
thus  expressed  (pp.  5S0,  581), 

Bat  thflie  and  other  coimeetod  results,  depending  on  s\  have  their 
known  analogues  (with  J  for  /,  and  r  for  J?),  in  that  earlier  theory 
(c)  which  introduces  only  (besides  and  :  and  they  are  all  in- 
cluded in  the  general  theory  otemanant  lines  and  planes  (396,  397),  of 
which  some  new  geometxiod.  Ohutvitioiii  ^p.  588-584)  anluit 
giren. 

(/).  Hewiiaili«yioil»»(=jr>M'-ooi/BeoP«ft«.),  =  «#- 
keU^  ^fwntrw  •  ot  ueniatmg  sphere,  if  the  velocity  of  the  point  f  of 
ih»  0ivm  curve  be  taken  as  uniti/  (e) ;  m  vanishes  with  cot  7,  and 
(eomp.  896)  the  coefficient  .V-  1  (=t»rr-»)  of  non- sphericity,  for  the 
case  of  a  spherical  curve  (p.  684).  Arcs,  first  and  second  curvatures, 
and  rectifying  planes  and  lines,  of  the  cusp-edges  of  the  polar  and 
rectifying*  developables ;  these  can  all  be  expressed  without  going 
beyond  s^f  and  tome  withoat  nnng  any  higher  power  fhm  f%  or  dilEt* 
imtiab  of  Hia  ordart  oorrMponding;  fi«>Mr,  and  n  e  nr,  an  tiM 
ttat&r  fMlfo*  of  flnt  and  aeoond  eur^atore  of  fhaJNiMr  enap-adgo^  ri 
beingiMsttAwirhen  Mcloorve  turns  its  eoneavity  at  8  towards  the 
fktm  curve  at  p  :  determination  of  the  point  b,  in  which  the  latter 
cusp-edge  is  touohad  by  the  xeetifying  line  X  to  the  ori^iuial  cnrre 
(pp.  584-687). 

(j).  Equation  with  one  arbitrary  constant  (p.  587),  of  a  cone  of 
the  second  order,  which  has  its  vertex  at  the  given  point  p,  and  has 
contact  of  the  third  order  (or/oMT^iA  eonUet)  witb  the  mm  o/eitrA 
(397)  from  that  point ;  equation  (pi  590)  of  a  eiflMer  of  the  aeoond 
Older,  whidihaa  an  arbitrary  line  vm  horn  f  aa  one  HAf  and  haa 
oontaot  of  the  fiurth  order  (or  Jke-point  contact^  with  the  curve  at  p ; 
the  constant  above  mentioned  can  be  so  determined,  that  the  right  line 
PB  shall  bo  a  side  of  the  cone  also,  and  therefore  a  pari  of  the  inlersee* 
tion  of  cone  and  cylinder ;  and  tbcn  the  rcmahiinij  or  nirvilinear 
jper<,  of  the  complete  intersection  of  those  two  surfaces  of  the  second 


e  The  rectifying  plane^  of  the  cusp-edge  of  the  rectifying  developable,  is  the 
plane  of  X  and  f^,  of  which  the  finnniht  LIV*.  inp.  587  ia  the  equation;  andtiie 
rectifyitig  line  an,  of  the  aame  ousp-edge^  MfMete  ik$  abtelbtU  mmti  fx  to  tiie 
g^ven  ounre,  or  the  raiim  (r)  of  jflnt  enrrataie,  in  the  point  b  in  which  tint 
ladiua  is  nearest  (e)  to  a  eoneecutive  radius  of  the  same  kind.  But  this  last  theo- 
rem, which  is  here  dedooed  by  quaternions,  had  been  previously  arrived  at  by 
M.  de  Saint-Venant  (comp.  Uic  Note  to  p.  xv.),  throu^  an  entirely  diffimnt 
uialysisy  ooofirmed  by  geometrical  considerations. 


^  J  .i^cd  by  Googl 
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•iB,it(kif  InonioEiBaiste)  a  nmk*  mm  ^ik$  mri  tnhr, 
siikift  ift  MAr  cdM*  a  ^gUted  Cubic :  and  thii  hut  cmm,  In 

^otu  of  lis  constroction  above  deacribed,  and  whilsTer  the  af* 
Bcaed  direction  of  llic  auxiliary  line  pk  mar  be,  has  eoniact  of  the 
fmrXK  t^ier  (^or  Jii<-po%nt  coniacf)  u.  ilh  the  giten  eurvt  doubld  CUT- 
ril3Pe  it  p  (j>p.  587-500,  comp.  pp.  663,  572). 

Delenuinalioii  (p.  590)  of  the  c<m*Utnt  ia  the  equation  of  tho 
mt(j),9o  tei  tiUt  eoM  aiaj  lim  «mM  of  the  /Mra  wvib-  (or 
fm  mit  nnfarQ  wiA  tba  <wm  ^ekeri$ flwm  gj  ttieeoiMfhaiiSNuid 
■■J  he  ealkd  tiie  (hmUmim^  Ohligm  (km  (pomp.  897)»  of  the  aacond 
«kr»  tatiiaft  eoofi  of  chordB  ;  and  the  coefficients  of  its  equation  in- 
Totre  only  r,  r,  r*,  r',  r",  r",  but  ttot  r  ",  although  this  loat  deriratiye 
i»  of  no  biebc  r  order  than  r",  since  c  arh  depends  only  on  *5  (and  lower 
poi»t!rs),  or  introduoea  only  ,fi/f^^  dttf'ercntiah.    Again,  the  cylinder 
(j)  ▼ill  have  contact  of  the        order  (or  six-point  contact^  with  the 
gtren  curv4  at  p,  ii  the  line      which  ia  bj  construction  a  »%tU  of  that 
ajinier,  and  baa  hxtherto  bad  an  mrbUrwrf  Hr^etimj  be  «mw  obliged 
t»baaiiA»of  aoMtim«i(M»«fiM^  of  wbidl^«qvatio■l(pb690)ill- 
vah••MeoMl■lte]lotold7R/l^f^I^,  Ukatbatoflbaa^^  ^ 
joik  latcnnincd,  but  ate       The  fwa  «9m/«  last  mentioned  have  the 
UKl§mi  (r)  to  the  giren  cnnre  for  a  common  side^f  but  they  have  also 
ilrrf  '>ther  common  «i<lf3,  whereof  one  at  least  is  real,  since  they  nro 
aaai^fed  by  a  cubic  eqiuttion  (same  p.  690)  ;  and  by  taking  tftis  .%idc 
for  the  line  pe  in  (^),  there  results  a  netc  cijUmLr  uf  tlie  necond  order, 
whidi  euts  the  o$cidatmg  oblique  cone^  partly  iu  that  right  line  fb  itself, 
mk  j^artly  m  d  gmtkt  mtm  id tbe  lAInf  anCnri  wbicbit  ia  propoiodto 
cdLanOMMiy  IWM  OiN*  (compi  agyn  C^)X  beoatiwitbM«M- 

M^lft«;|^«fiAr(cr«<»#0AilMfil00O*^  ^  9^        «t  ^ 

(pp.  590,  591). 

(i).  /n  general^  and  independently  of  any  question  of  otetdeUiim, 
a  rirutfi/  CWic  (j\  if  passing  through  tho  origin  o,  may  be  npiO* 
suited  by  an  J  (Hie  of  tlie  wetor  eguation*  (pp.  582,  593), 

•  By  Dr.  Salmon,  in  his  excellent  Treatise  on  Analytic  Geometry  of  Three 
LimemeioHt  (Dublin,  1862),  which  is  several  timca  cited  in  tho  Notes  to  this  final 
Chapter  (III.  iii.)  of  these  Elements.  The  gauche  curves,  above  mentioned,  hare 
betn  studied  with  much  succtss,  of  late  years,  by  M.  Chasles,  Sig.  Cremona,  and 
other  gieomettrs  ;  but  their  existence,  and  some  of  their  leading  properties,  ap- 
pear to  have  been  tirst  perccivetl  and  published  by  Prof.  Mobius  (see  hia  JKary- 
mbrie  Calculuif  Leipzig,  1827,  pp.  114-122,  especially  p.  117). 

t  n«PfN^bowoTer,«0Mitecsaf«s(p.6l4),maoaj«te 
faftiifiw  {nin  or  Ima^aaxy)  of  thoao  hto  asMf^  wbiebbofo  ft  tmmmwrttt 
Ml  are  it^octiTelj  oftbe  tecoful  and  third  orders  (or  degrees).  Additional  light 
viD  be  tluown  on  this  whole  subj  ect,  in  the  following  Series  ( 3 99 )  ;  in  which  alao 
dvillbedwvil  that  there  is  only  one  osculating  twisted  cubic,  at  a  given  point, 
to  s  giren  curve  of  double  curvature ;  and  that  this  cubic  curve  am  be  determined, 
mi0  amy  cubic  or  other  equation. 
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Yap  +  Ypfp^O,       (Y);       or    (^  +  o)p  =  a,  (Y') 
or   p  =  (0.fc)-»a,    (YQ;    or   Vap -H  pVyp  +  VpVXp/i  =  0,  pfQ 

in  which  a,  y,  X,  ^  are  real  and  constant  teetora^  but  g  ia  a  variable  sca- 
lar ;  vhile  denotca  (comp.  the  Section  III,  ii.  0,  or  pp.  xiL,  xiii.)  a 
linear  and  vsetor  function,  which  is  here  generally  not  self-conjugate, 
of  the  variable  vector  p  of  the  cubic  curve.  The  number  of  the  scalar 
constants,  in  the  form  (Y*"),  or  in  any  other  form  of  the  equation,  ia 
foiind  to  bo  <m  (p.  693),  with  the  foregoing  supposition  that  the  curve 
paaaea  through  the  origin,  a  restriction  which  it  ia  easy  to  remove. 
The  curve  (Y)  is  cut,  as  it  ought  to  bo,  in  three  points  (real  or  imagi- 
nQiy\  by  an  arbitrary  secant  plane  ;  and  ita  three  asymptotes  (real  or 
imaginary)  have  the  directions  of  the  three  vector  roots  /3  (see  again 
the  kst  cited  Section)  of  the  eq\iation  (aame  p.  693), 

V/3»/3  =  0:  (Z) 

so  that  by  (P),  p.  xii.,  these  three  asymptotes  compose  a  real  and  rect- 
angular system,  for  the  case  of  sclf-conjngation  of  the  function  ^ 
in(Y). 

(y).  Deviation  of  a  near  point  r,  of  the  given  curve,  from  the  sphere 
(395)  which  osculates  at  tiie  given  point  r ;  this  deviation  (by  p.  593, 
comp.  pp.  553,  584)  ia 

it  is  ultimately  equal  (p.  595)  to  the  quarter  of  the  deviation  (397) 
of  the  aame  near  point  Pi  from  the  osculating  circle  at  f,  multiplied  by 
the  sine  of  the  small  angle  bps,,  which  the  small  arc  as,  of  the  locus  of 
the  spheric  centre  s  (or  of  the  cusp-edge  of  the  polar  dcvclopabk)  sub- 
tends at  the  sante  point  p  ;  and  it  has  an  outward  ot  an  inward  direc- 
tion, according  as  this  last  arc  ia  concave  or  convex  (/)  at  a,  towards  the 
given  curve  at  p  (pp.  585,  595).  It  is  also  ultimately  equal  (p.  596) 
to  the  deviation  ps.  —  p«s^  of  the  given  point  p  from  the  near  sphere, 
which  osculates  at  the  near  point  P,;  and  likewise  (p.  597)  to  the  com- 
patient,  in  the  direction  of  sp,  of  the  deviation  of  that  near  point  from 
the  osculating  circle  at  p,  measured  in  a  direction  parullLl  \x>  tlie  nor- 
mal plane  at  that  point,  if  this  last  deviation  be  now  expressed  to  the 
accuracy  fourth  order :  whereas  it  has  hit lierto  been  cont^idcred 

sufficient  to  dcvclope  this  deviation  from  the  onciilatiug  dnle  (397)  aa 
far  as  the  third  order  (or  third  dimension  of  s)  ;  and  therefore  to  treat 
it  aa  having  a  direction,  tangential  to  the  osculating  sphere  (comp. 
pp.  566.  594y 

{k).  The  deviation  (AQ  ia  alao  equal  to  the  third  part  (p.  698)  of 

the  deviation  of  the  near  point  p,  from  the  given  circle  (which  osculatea 
at  p),  if  measured  in  the  near  normal  plane  (at  i>,),  and  decomposed  in 
the  direction  of  the  radius  Ji,  of  the  near  sphere  ;  or  to  the  third  part 
(with  direction  preserved)  of  the  deviation  of  the  new  near  point  in 
%  hich  the  given  circle  is  eut  by  the  near  plane, /rom  the  near  sphere :  or 
finally  to  the  third  part  (aa  before,  and  still  with  an  unchanged  dircc- 
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^ )  o!  tbft  dcrUtum  from  the  gwen  Bphtn,  of  that  other  fum'  point 
^la^Wii  tiife  wear  eirele  CoscuUting  at  p.)  is  cut  by  the  given  nornuU 
^  ^»*'  ^\  Mid  which  ia  found  to  satisfy  the  equation, 

ec  =  3sPf  -  2ip.  (Bj) 

Gtomefrieal  tXfnntxions  (p.  599)  between  these  various  results  (j)  (k^ 
iHastiated  by  a  diagram  (Fig.  83). 

(0-  The  Surf  act,  which  is  the  Locu*  of  the  Oseuiating  CireU  to 
«  girea  curve  in  space,  may  be  represented  rigorously  by  the  vretor 
fxpnttion  (p.  600), 

«  =  p.  +  r,r,  sin  M  +  r,«r/  vers  u ;  (C ,) 

'7.  "  independent  scakr  variables,  whereof  #  ia 

(as  before)  tJie  arc  pp«  of  the  giren  curve,  but  vi  not  no^c  treated  Z 

r*!^  1  r V  ^^""1^ ''''  ^""^  ''''^^^  suitettdtd  at  the  centre  K,  of 

!tl  '^^^^'^  c»>«-/^,  measured  from  its  point  ofoscula- 

! TtTr  v^^'  ^perfieial  iocus  (comp.  892)  may  bo  rep^ 

Ktite,!  jj^bv  the  vector  equation  (p.  611),  involving  app^r<n//v  only 
^•'.^  sTakr  variable 

m  yhich  r,  =  r,r/^  and  w=i.;„u  =  tho  vector  of  an  arbitrary  point 
V ''^^^^  J^'^g^^^  method  (p.  501).  of  the  Section  IIlTm: 

tvT!Tv^,V,^^  ""^"""^  ^""^^'^  ^^0'  proposed  point 

!^?v         the  flirection  of  a,., ,  -  (t,  ;  that  is  (p.  600),  the  dh^cti^ 

Z^l^y.^.^AT^'L^^''  "^^."^^  contains  the  circle  through  that 

^mt,  &i,J      the  <g;/^/>o,;,f  rf  o.culatiou  p,  to  the  given  curve.  Tho 

. -"T  '"^  f'rf/^  is  therefore  found,  by  this  little  calculation 

Vt^'Tr'"''^^'  ^.  ^^"""^  ^^""^  thc^»,T^jp^  of  the  0»CHlat. 
t..y  as  was  to  be  expected  from  geometrical  considerations 
Ccoap.  the  Note  to  p.  600).  

th  ^u^.:^s!^  "f"''  "T*^  "^^^'^  ^'""^  ^  ^'^  (^'^  "  <^  »f 
rpl!       ^"^^.^I  (0.  °>a<^c  by  the  normal  plane  to  the  given 

ZT^!^  ^  '  T'^^  °  ^''^  ^^"^  projoction  of  c  on  the  tangent  at  v  to  thi-. 
dMit  l!^^' J^^*^^  tangent  r-p  has  a  direction  perpendicular  to  tlic  rn- 
rg!'",'";^^^"'^^^'^**^"^  «P^^ro  at  P  (see  again  Fig.  83,  in  p. 

wbile  the  ordinate  DC  ia  paralhl  to  that  radius,  then  (attcndio- 
^^^y  to  priiicipul  terms,  pp.  oU8,  599)  we  have  the  expressions.  ^ 

^^  =  6;Tr^'nV-p),  ^<^=g;^^I^(— V),  (EO 
»P<i  therefore  ultimately  (p.  GOO), 

ihtV   81  nV^rC<T-p) 

pfl*     32  ~  ^^"^^  '»  (Fi) 

fr«n  which  it  foUows  that  p  is  a  eingt^lar  point  of  tho  w^f io«  hero 
coQffldercd,  bat  not  a  cwtp  of  that  section,  although  tho  curvature 
at  p  IS  infinite :  the  ordinate  no  varying  ultimately  as  tho  j5OTr<fr 
'^th  exponent  f  of  the  ahsciesa  pd.    Gonfrnft  (pp.  600,  601),  of  this 
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section,  -with  that  of  the  developable  Locus  of  Tangmtt^  made  by  the 
samo  normal  plane  at  p  to  the  given  curve ;  the  vectors  analogoua  to 
PD  and  DC  are  ih  this  case  nearly  equal  to  -  |**r'  and  —  i»'r''v ;  so 
that  the  latter  varies  ultimately  as  the  power  \  of  the  former,  and  the 
point  p  is  (as  it  is  known  to  be)  a  eusp  of  this  last  section. 

(n).  A  given  Curve  of  double  curvature  is  therefore  geturally  a 
Singuiar  Line  601),  although  not  a  cusp-edge^  upon  that  Surface  (f), 
which  is  at  once  the  Locus  of  its  osculating  Circle,  and  the  Envelope 
of  its  osculating  Sphere :  and  the  new  developable  surface  (d),  as  being 
circumscribed  to  this  superficial  locus  (or  envelope^  so  as  to  touch  it 
along  this  singular  line  (p.  612),  may  naturally  bo  called,  as  above, 
the  Circumscribed  Developable  (p.  581). 

(o).  Additional  light  may  be  thrown  on  this  whole  theory  of  the 
singular  line  (n),  by  considering  (pp.  601-611)  a  problem  which  was 
discussed  by  Monge,  in  two  distinct  Sections  (xxii.  xxvi.)  of  his  wcll« 
known  Analyse  (comp.  the  Notes  to  pp.  602,  603,  609,  610  of  these 
Elements')  ;  namely,  to  determine  the  envelope  of  a  sphere  with  varying 
radius  It,  whereof  the  centre  b  traverses  a  given  atrve  in  space  ;  or 
briefly,  to  find  the  Envelope  of  a  Sphere  with  One  varying  Parameter 
(comp.  p.  624) :  especially  for  the  Case  of  Coincidence  (p.  603,  &c.),  of 
what  are  usually  two  distinct  branches  (p.  602)  of  a  certain  Charac- 
teristic Curve  (or  arete  de  rebroussemcnt),  namely  the  curvilinear  cfice- 
lope  (real  or  imaginary)  of  all  the  circles,  along  which  the  superficial 
envelope  of  the  spheres  is  touched  by  those  spheres  themselves. 

(/>).  Quaternion  forms  (pp.  603,  604)  of  the  cofidition  of  coinci' 
dence  (o)  ;  one  of  these  can  be  at  once  translated  into  Monge's  eg^io- 
tion  of  cottdition  (p.  603),  or  into  an  equation  slightly  more  general, 
as  leaving  the  independent  variable  arbitrary ;  but  a  simpler  and 
more  easily  interprctable  form  is  the  following  (p.  604), 

n  dr=i7?Ji?,  (Gi) 

in  which  r  is  the  radius  of  the  circle  of  contact,  of  a  sphere  with  its 
envelope  (o),  while  ri  is  the  radius  of  (first)  curvature  of  the  dirve  (s), 
which  is  the  locus  of  the  centre  s  of  the  sphere. 

(y).  The  singular  line  into  which  the  two  branches  of  the  curvi- 
linear envelope  are  fused,  when  this  condition  is  satisfied,  is  in  general 
an  orthogonal  trajectory  (p.  607)  to  the  oscttleUing  planes  of  the  curve 
(s) ;  that  curve,  which  is  now  the  given  one,  is  therefore  (comp.  391, 
395)  the  cusp-edge  (p.  607)  of  the  polar  developable,  corresponding  to 
the  singular  line  just  mentioned,  or  to  what  may  be  called  the  curve 
(p),  which  was  formerly  the  given  curve.  In  this  way  there  arise 
many  verifications  of  formula)  (pp.  607,  608) ;  for  example,  the 
equation  (Gj)  is  easily  shown  to  be  consistent  with  the  results  of  (/). 

(r).  With  the  geometrical  hints  thus  gained  from  interpretation 
of  quaternion  results,  there  is  now  no  diflSculty  in  assigning  the  Com~ 
plete  and  General  Integral  of  the  Eguaiion  of  Condition  (p),  which  was 
presented  by  Monge  under  the  form  (comp.  p.  603)  of  a  non-linear 
differential  equation  of  the  second  order,  involviny  three  variables 
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(•  V,  t)  considered  as  f  uticfion^  of  a  fourth  (a),  namely  the  eo-or- 
imaiei  cf  the  centre  oi"  tiic  sphere^  regarded  as  varying  trtfh  the  ra- 
iw,  Vut  irVAch  doe«  not  appear  to  have  been  cither  intt-jmtxi  or 
*:MFj/reiti  t>y  that  illustxious  analyst.    The  general  integral 
innd  froaentB  itaelf  at  &rat  ia  a  qumtnmien  fmm  (p.  609),  but  I*  Miilj 
taMi*d  (p.  610)  into  Uia  xmatiX  language  of  taalyili.  A  Im  f#> 
■nIMiyril  Is  tlao  mbcjuc^  nd  iti  geometrinl  rfgnifliiitioo  csIup 
¥M,ttnmriBsto  AesMlbrvlnch  the  tN^Mter  Mm  IttdjcooiU 
kmti  reduces  itseilf  to  a  tin^ulm'  point  (pp.  610,  611). 

Among  tKe  rtrificaiionn  (^q)  of  this  whole  theory,  it  is  ?ihown 
(pp.  60^,  6f*'> )  that  although,  when  the  t%co  l>raneke$(o)  of  the  general 
nrriZuitrir  tni  r/o;^  of  the  circUs  of  the  system  are  rtal  and  dtUinety 
hrcnch  U  a  ctup-edffe  (or  arr/^  if^  rebrouascmentj  aa  Mongc  per- 
edTcd  it  to  be),  upon  the  n^perJUM  mvtlope  ot      tphtrHf  yet  lathe 
Ml  ef  fimim  Cp)        wtfUml  thmttlmr  ia  ImI  (m  wis  likewiio 
•MK  %7  Monce*):  and  «hrt  IAm  a  MdliM     IA«  »mf90§t  made  V7 
a  MPiMlpiMf  to  fhe  mmpiftr  Hit,  has  preoiMly  the  firm  (m},  ex- 
ftmmd  hf  like  equation  (Pi).   In  aliorti  the  result  is  m  many  ways 
eoainMda  by  calculation  and  by  geometry,  that  when  the  condition  of 
n^r,ridmet  ( p)  is  sati«fiod,  the  Surface  is,  as  in  («),  at  once  the  Enve- 
M;»»*r  0/  tK*  oiculifi'.q  Sphere  and  the  Locu$  of  the  oteulattng  CircU,  to 
tk^  6t»f  H^ar  LiM  on  itaelf,  into  which  by  (jf)  the  tteo  Inranehf  (0) 
cf  its  gmtral  «mp-*dge  are  f%ued» 

Ct>  OdMT  applictluns  of  praoediiig  fimmito  nlg^i  bo  giton ; 
%m  iiwlonco,  fhe  fimmila  lisr  c'  cgaabloe  ne  to  airign  geoeni  ox- 
y  Miiiii  (p.  611)  far  tto  fliwfry  end  fwlito  of  fhe  df«^  wbieh  «m»- 
loAce  at  X  to  fhe  ^oom  0/  the  emtrt  ^  ike  otculating  etrcle^  to  a  givaQ 
in  tpace :  with  an  elementary  verifleation,  for  the  case  of  the 
pians  ttoluU  of  the  plan/  <ro/'f^  of  ft  plane  curve.  But  it  U  time  to  con- 
clude this  long  analysis,  which  however  could  scarcely  have  been 
i&m:h  abridged,  of  the  results  of  St-ries  398,  and  to  pass  to  a  more 
biicf  ioootmt  of  the  iuTcstigationa  in  the  following  Series. 

^snos  tM^Additumal  general  investigationa,  respecting  that 
9mik$  mm  of  tibe  thkd  vHkr  (or  degree),  wbidi  hae  been  above 
cdUaaiMblMy  2lp«M(ll«M0(898,(A)),to  isy  piopoaed  earn 
fl^dooble  enrrataro;  with  applieationa  to  the  eaae^  wheie  fhe  gireii 

cam  is  a  htUs,  618-621 

(3).  In  general  (p.  614),  the  tangent  pt  to  the  ^vcn  currc  is  a 
iidt  o{  the  cubie  cone  Z^^.  (  ''V,  '■''f  tangent  plane  to  that  cone 
('":),  ilonsr  that  aide,  being  the  osculating  plane  (/')  to  the  cun  e,  and 
tbvrelore  luuchinc:  also,  along  the  6ame  side,  the  osculating  olligue  cone 
(Pi)  of  the  Hi  ori'J  ordctf  to  the        of  chords  (397)  from  p  ;  while  the 
Mier  tangent  plane  to  the  cnbio  cone  (C^)  crouet  that/ri^  plane  (P), 
m  Htm  §uaAM  mm  jfj),  at  an  angk  ttf irbinb  the  frifnnmnotrin  inrfiTt 


•Compete  the  lint  Koto  to  p.  609  of  theae  JBKreim£». 
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pent  (\t^  ia  equal  to  half  ths  differential  of  the  ratiiut  (r)  of  second 
curvature,  dkidtd  by  the  differential  of  iU  are  («).  And  the  <Ar«f 
eommon  sides,  rs,  pb',  fs  ",  of  these  two  mum,  whioliftBtttt  wban  At 
imgrnt  rt  is  §ariiiM,  lad  of  whidi  «w  at  least  must  be  rttl,  am  the 
jPsrtiflMvfluooi^tibe  gira  poiat  v  to  tlie  fl^rv^  (t)) 
to  the  ganeheeuTfe  eoagliti  being  also  mdM  of  «Am  ftudirit  lyMs- 
ifi!-r«,  say  (J^,  (X'Oi  (^"a)*  whioh  contain  thow  asymptotes  as  other 
sides  (or  generating  lines) :  and  of  which  each  c(mtam§  tk$  i¥fi$Ud 
cubic  sought,  and  is  cut  in  it  hy  the  quadrie  amc  (Ci). 

(i).  On  applying  this  First  Mrthod  to  the  c  i>c  of  a  given  hxlix,  it 
is  found  (p.  G14)  that  the  gcmrai  cubic  cotie  (63)  breaks  up  into  the 
aystem  of  a  nac  quadric  cone,  (C^'),  and  a  new  plam  (i")  ;  whioh  la^ 
ter  is  tiie  rectifying  pUme  (396)  of  the  bdiz,  or  the  iem^tnt pUm  at  9 
to  the       tyWmfir,  wSunon  that  given  onrve  Is  tiaoed.  The  two 

the  langent  rr,  and  ha?e  m  Mh^r  real  temmm  tUt :  whence  two  of 
the  sought  a»jfmptot$tf  and  two  of  the  corresponding  cylinders  (a),  are 
in  this  case  imaginary,  although  they  can  stiU  be  xnci  in  calculation 
(pp.  614,  616,  CI 7).  But  the  plane  (P^  atts  the  cone  {C\\  not  only 
in  the  tangent  rr,  but  also  in  a  second  recU  side  \  u,  to  which  the  real 
asymptote  is  parallel  (a) ;  and  whioh  is  at  the  same  time  a  *id*  of  a 

pudm  t^lmiitr  (Xs),  which  has  that  asymptote  fat  emtktr  aUk 
(p.  617)|  and  mmIoAm  M#  twitUiciiHo :  this  gaoehe  oiure  being  thos 
the  MTviMMer  ptri  (p^  615)  of  the  iHUrmtim  of  flie  msI  mm 
with  the  rfrt/  cylinder  (/^). 

(«).  Transformations  and  verificationa  of  this  result ;  fractional  ex- 
pnssions  (p.  616),  for  the  co-ordinates  of  the  twisted  (  uhic  ;  expres- 
sion (p.  615)  for  the  deriadi'n  of  the  helix  irom.  that  osculaliiuj  curve, 
which  deviation  is  diuctctl  inwards,  and  is  of  the  sixth  order  :  the 
least  distance,  between  the  tangent  pt  and  the  real  asymptote,  is  a  right 

]ineFB,whidiis«itfiis<«nM//y  Cp-  617)  by  thee«j»of  theryA^fyMi- 
dlfr  (^)iin  a  point  ▲  SQflb  that  pa  is  to  ab  as  iJurm  to  smmm. 

(lO-  The  tint  Mithoi  (a),  whioh  hadbeen  establiihedin  tfaeprs- 
eeding  Series  (308),  succeeds  then  for  the  case  of  the  helix,  with  afiwi- 
'  litj  whioh  arises  diicfly  from  the  circumstsnoe  that  for  this  case 
iStOi  fmeral  cubic  cone  (C;)  breaks  up  into  two  separate  loci,  whereof 
one  is  a  plaitc  ( P').  ]!ut  //>  •'  ;//'/  tlie  foregoing  metliod  requires,  as  in 
398,  (/»))>  ^^''lution  of  a  cubic iquatH'H  :  an  inconveiuenec  which  ia 
completely  uvuided,  by  the  employment  of  a  Second  Gmerai  Method, 
aafidlowb 

(«).  This^MMMfJr«lMoonsistsintaldng,fora«wwNr^ofthe 
ptmek$  MCuMrig  aoog^t,  a  certain  CM0  Bmtfam  (^),  of  whicb 
every  point  Is  the  ewMt*  of  a  qnadrio  smm^  having  «»^wtiil  mm* 


*  It  is  known  that  the  /oci<«  of  the  vertex  of  a  quadric  cmc,  which  passes 
through  six  given  point*  of  space^  a,  o,  c,  d,  s,  f,  whereof  no  four  are  in  one 
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torf  Ttth  the  giTcm  CTirTe  at  p  :  so  that  thia  itetc  turfact  ia  cat  by  the 
fk«  *t  tfijUiiy,  in  the  tarns  <nc&>'<  curve  m  the  cu6ic  ooru  (C^)«    It  ia 
(p  620^  to  be  a  Ruled  Surface^  with  the  tangent  ft  for  a  Sim- 
5iil?y  L«>< ;  ajid  when  thia  right  lin*  U  »$t  atide,  the  ranamim^  (that 

is,  tLs  fvrrtitHgar')  part  of  the  ipterscction  of  the  tico  loci,  (C^)  and 
M  the  Q*gW<rttn<y  rMyi»<e<<  aonght :  which  gauche  otctUatnx 

g  thtu  compUiely  and  gensraUy  detennimd,  without  any  such  difficulty 
CI  syparewt  rgri<<y^  as  might  be  auppoaed  to  attend  the  solation  of  a 
fJ^Jt  tq^tian  r  fT),  and  with  new  Tcrificationa  for  the  caae  of  the  htlix 

l>  en ). 

lynci^  400. — On  Involutea  and  EYoIutea  in  Space,  ....  621-626 
The  Tiaual  pointa  of  Monge'a  theory  are  deduced  from  the  two 
fi^'iiiagntal  quaternion  equationa  (p.  621), 

8(«r-p)p'  =  0,    V(,r-p)a'=0,  (H,) 

in  which  p  and  a  are  corresponding  Tec  tors  of  involute  and  evolute ; 
together  with  a  theorem  of  Prof.  De  Morgan  (p.  622),  respecting  the 
caae  when  the  involute  is  a  gpherical  curve. 

(i) .  An  wt^lmU  in  tpaee  ia  generally  the  cm/y  real  part  (p.  624)  of 
the  e»9dopt  of  a  certain  variable  tphere  (comp.  398),  which  haa  ita 
taUrt  on  the  tvoluif,  while  its  raditu  M  ia  the  variable  intercept  be- 
tween, the  two  curvea :  but  becauae  we  have  htre  the  relation  (p.  622, 
comp.  p.  602), 

Jr»  +  <T^  =  0,  (HO 

the  eirtU*  of  ccntaei  (398,  (o))  reduce  themaelvea  each  to  a  poittt  (or 
nther  to  a  pair  of  imaginary  right  linet,  intersecting  in  a  real  point), 
aad  the  preceding  theory  (398),  of  envelopes  of  spheres  with  one 
■'Toying  parameter,  undergoes  important  modifications  in  its  results, 
the  conditioDs  of  the  application  being  different.  In  particular,  the 
mp^vu  is  indeed,  as  the  equationa  (Hi)  express,  an  orthogonal  tr»- 
j€cUr)f  to  the  tangent*  of  the  ttolut4  ;  but  not  to  the  09eulaimg  planet 


plane,  ia  generally  a  Surf  ace,  aay  (5i),  of  the  Fourth  Begret :  in  fact,  it  ia  CT(<  by 
the  plane  of  the  triangle  Aitc  in  a  system  of  four  right  lines,  whereof  three  are 
the  aides  of  that  triangle,  and  the  foorth  is  the  intersection  of  the  two  plant^a, 
ABC  and  DEP.    If  then  we  investigate  the  intersection  of  this  surface  {Sj)  with 
the  qmdric  eone,  (a.bcdef),  or  say  (Cb)>  which  has  a  for  vertex,  and  passes 
through  the  five  other  given  points,  we  might  cipcct  to  find  (in  Mme  tense)  a 
curve  of  the  eighth  degree.  But  when  we  set  aside  the  Jive  right  line*,  ab,  ac,  ad, 
AH,  AP,  which  are  eommon  to  the  two  surfaces  here  considered,  we  find  that  the 
(remaining  or)  mn  ilineor  part  of  the  complete  interteetion  is  reduced  to  a  ettrvt 
of  the  third  degree,  which  is  precisely  tho  twisted  cubic  through  the  six  given  points. 
In  applying  this  general  (and  perhaps  new)  method,  to  the  problem  of  the  osrv- 
twisted  cubic  to  a  curve,  the  osculatingj^teiw  to  that  curve  may  he  exeluded, 
aa  foreign  to  the  question  :  and  then  the  quartic  surface  (JSi)  ia  reduced  to  the 
e^  surface  (5$),  above  described. 

e 
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of  that  curve,  as  the  singular  line  (398,  (?))  of  tho  former  envelope 
%ctUf  to  thoee  of  the  curve  which  wus  the  iocu$  of  the  MNlrw  of  tiia 
^JbrMbtfim  oouidflred,  wlwa  a  oerteiB  MN^ttdM  ^tomtUmm  (or 
of  /MKm,  898,       vu  aatidled. 

OirwiAM ifkedegn^ 9fmM» (p.  696);  ilr,  Pi,  1%  tad 

ti,  S2i .  •  be  «0mvwHlNV  />oin^  of  involute  and  etolnto^  and  if  wo 
^mw  right  linea  STi,  bTi,  . .  in  the  directions  of  SiPi,  sai^j,  •  •  and  with 
a  common  length  =  gp,  the  tpherical  curve  riiXa  . .  will  have  contact 

the  second  order  at  P,  tcith  the  involute  vv\V2  •  •  (pp.  625,  62C). 
Articlb  401. — Calculations  abndgtHl,  by  the  treatment  of  qtmitT' 
nion  differmtiai*  (which  have  hitherto  been  fniUy  comp.  p.  xi.)  « 
%MitMiMili  ;*  new  dednotuni  of  atmUning  plam^  cireU,  end  tpAin, 
with  the  nOor  tfuaOm  (898)  of  tlie  drole ;  end  of  tbe  flset  end  ee- 
oond  wreeftiTM  ofmaerw  ieyeen^   686-880 

Sboiiov  7. — On  Surfooes  of  the  Second  Order;  and  on 

Cnrvfttmea  of  Sui^Boea,   630-706 

AsnoLB  498.— Mmneeeto  eome  eqaatione  of  Am/mm^  ineadier 

parte  of  fho  Yolnme,   680, 831 

AainoLn  408. — Qoeteniion  oqvatione  of  the  Spk§rt  (ps  <s  _  i ,  &c. 681-638 
In  some  of  these  equations,  fbe  notation  N  for  nerei  ie  enqpkjed 
(oomp.  the  Section  II.  i.  0). 

Abticle  404. — Quaternion  equations  of  tho  ^//i/woir/,  ....  688-686 
One  of  the  simpleet  of  those  forms  is  (j  p.  307,  635)  the  equation, 

T(«P  +  p«)-ic»-»S  (Ii) 


*  Althoogb,  for  the  eeke  of  biefitj,  end  even  of  olearaeee,  eooie  pliram  have 
been  need  in  the  foregoing  enelyeie  ef  the  Seriee  898  end  889,  eoeh  ee>Mr-<MCr 
or  jiee  tide  contact  between  wnes,  and  fve^-pomt  or  nx-point  contact  between 
eurveif  or  between  a  rune  and  a  stfrftrn-,  which  are  borrowed  from  the  doctrine 
of  consecutive  pointf^  and  /u/i^s,  and  therefore  from  that  of  in^nitesimah  ;  with  a 
few  other  cxpn  &di>jns  of  modern  geometry,  such  as  the  plane  at  infiniti/.  Sec. ; 
yet  the  reasonings  in  the  text  of  theso  EUnuntt  have  all  been  rigorously  reduced^ 
WO  far,  or  are  all  obrioiiBly  reducible,  to  the  fundamental  conception  of  Limit*  : 
eompere  the  d^/biiiiom  of  the  0M<M«y  nnh  end  ipktr«f  assigned  hi  Axtidee 
889, 898.  The  objeet  of  Art  401  Ie  to  meke  it  Tieible  how,  without  ■W!^i?niiig 
eoeh  vUtimat*  rtfirmet  to  limit$,  it  ie  poeeiUe  to  aMdg$  cateulationf  in  eeveial 
oeeee,  by  treating  (at  this  stage)  the  Mfermfi'^l  symbols,  dp,  d*p,  &c.,  as  if 
they  represented  infinitely  small  difference*,  Ap,  A'p,  kc. ;  without  taking  the 
trouble  to  u-rit<:  these  latter  symbols  ^/irst,  as  denoting  Ji/iitc  dijfnmets,  in  the 
rigorous  stattnient  of  a  problem,  of  which  statement  it  is  not  uhvays  easy  to  nssig^n 
the  proper  form,  for  the  case  of  points),  &c.,  at ^nite  distances  :  and  then  bavmg 
the  edilitiiwiel  trouble  of  rMMHy  tbe  eomplez  ezpieeeione  eofound  to  fimp^ fmm^ 
in  whieh  UprmOUtU  eheU  flnelly  appear.  In  ehoi^  it  ie  ihown  that  in  QHuttr^ 
nkm^  ae  in  otber  parte  of  imalyni^  the  Hgmt  ^  lUmiu  een  be  oomblned  with 
theAMTi^  ^u^fiiUtmimtat. 
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.IMA  m  mre  real  and  constant  Tecton,  in  the  directum!  of 
Tlda /brm  QIi)  is  iwtitmrtfity  eomnected  witii,  tad 
. to«acs«*^         CbiMlnwfHW  p/O* MN^mi (IL  i  18), 
^  — aa  el  %,  Piaemlri'e  gjp*<r>  and  a  IMM  (p.  917,  ooiiq>.  Fig.  68, 
>1MI),  vHr  Vi  was  among  the  mrtimt  §mmtkictd  ruulU  of  the  Qua- 
Vrrd-n;.  The  f  Ar€«  MmteM,  «,  ^  4^  an  Bipfweil  (ooatp.  p.  280)  in 
Ion  <^  i»  c  aa  ioUowa  : 

aaTt-t-Tc;   ^^fo^^)'  '"Tt-Ta;  (Ii*) 

^«  <iA  >t  =  T(i- *).  (Ii") 

Aslti  LE  405. — General  Central  Surfaa  of  the  Second  Oritr  (or 

ceatT^  quadric),  SpOp  =/p=l,   6d6-638 

ARTICLE       — General  Cone  of  the  Sec<md  Order  (or  quadric  cone), 

5f^=/p=0  •   .    .  638-648 

4incCB  497.— J^^Wirf  Am  of  the  equation  of  a  MaM  favt  imn- 
MiiRri  fair^SMtof  tlieeeooncl  order:  wi^  tone  qnatenion  tannlMi 

iriadxicr  to  Confoeai  Surface*^   648«-4 

(j>  The  HfH&lfarm  heia  adopted  (oemp.  the  Sootion  IIL  ii.  6) 
ia  the  equation, 

Cfp^i^y  -  2^p8aV+ (8a»«+(l  -^)p«  =  C;  (Ji) 

^awluel^  Cb(^-1)  («-(-SaaOI>.  (JO 

«,  a*  are  two  (real)  >bMl  umi4ine$,  oammm  to  the  ▼hole  lyiCfei  of 
annfoeah ;  the  (reel  end  positive)  scalar  /  is  also  constant  tor  that  §70- 
t«tn  :  l>ut  the  scalar  e  raries,  in  passing  from  surface  to  surface,  and 
may  be  regrirde<i  m  a  parameter,  of  which  thu  value  serves  to  dittm* 
f*u*k  one  confcn  al,  say  (/),  from  another  (pp.  643,  G44). 

(♦).  The  $quin  e^  (p.  G44)  of  the  three  scalar  aetniujc^s  (real  or  ima- 
f),  aminged  in  algebraically  descending  order,  are, 

«»=C«tl)/3,    i2=(^-f-Saa')/2,    c^  =  ie-l)Pi  (Ki) 

Lhe  three  wcic^  s^miaxes  corresponding  are, 

aU(a+a'),    iUVaa',    cU(a-a').  (Mi) 

(<■)•  Ii^c(an<fu/ar,  unifocal,  and  forms  (pp.  G  i  l,  C 48,  050), 

of  tijo  !^::lJar  funr-tion  fp,  to  each  of  which  corresponds  a  form  of  the 
vector  tunction  pp  ;  deduction,  by  a  new  analysis,  of  several  known 
theorems*  (pp.  644,  645,  648,  652,  653)  respecting  eottfocal  surfaces, 


*  For  example,  it  is  proved  by  qimteminns  (pp.  652,  (i53),  that  the  foeal 
lin/f  <){  the  focal  cone,  which  has  any  pro{>oAed  point  P  for  vt  rti  x,  and  rests  on 
tiie  l-cal  hyperbola,  vlvq  ijeneratin/j  /♦//rj*  of  the  sinqk-shected  hi/jx  i  '>{'b>ifl  (t\^  ihc 
givto  confocal  syHtem),  which  passes  through  that  point :  aiul  an  extension  of 
tliis  result,  to  the  focal  Hnee  of  any  cone  cirmmur^td  to  a  confocal,  is  deduced 
(jraiimilar  aaaljaia,  in  a  aubaeqnant  Seiiea  (408,  p.  666).  Bot  anch  known 
thftmiim  napecfing  eonfoeala  can  onlj  be  alluded  to,  in  tfaeae  Contenta. 
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and  their  foeal  eoniet ;  the  lines  a,  a'  are  <uymptot«»  to  the  foeal  htf- 
perbola  (p.  647),  whatever  the  ttpecies  of  the  surface  may  be :  refe- 
rences (in  Notes  to  pp.  648,  649)  to  tbo  Lecture**  for  the  focal  tllipte 
of  the  Ellipsoid,  and  for  several  different  gencratioM  of  this  last  sur- 
face. 

((f).  Oeneral  Exponentiai  TroHs/ormation  (p.  651),  of  the  equation 
of  any  central  quadric; 

p=xa  +  yVa*j3,  (NQ,  with  x^fa  -f  yVUVaa  =  1,  (NiQ 

this  auxiliary  vector  /3  is  constant,  for  any  <m«  confocal  (^)  ;  the  expo- 
nent, t,  in  (Ni),  is  an  arbitrary  or  variable  scalar  ;  and  the  coefficients, 
x  and  y,  are  two  other  scalar  variables,  which  are  however  connected 
with  each  other  by  the  relation  (Ni*). 

(e).  If  Q.nj  fixed  valttc  be  assigned  to  t,  the  equation  (Ni)  then  re- 
presents the  section  made  by  a  plane  through  a  (p.  651),  which  sec- 
tion is  an  ellipse  if  the  surface  be  an  ellipsoid,  but  an  hyperbola  for 
either  hyperboloid  ;  and  the  cutting  plane  makes  with  the  focal  plane 
of  a,  a,  or  with  the  plane  of  the  focal  hjTKjrbola,  an  angle  =  \tir. 

(/).  If,  on  the  other  hand,  we  allow  t  to  vary,  but  assign  to 
X  and  y  any  constant  values  consistent  with  (N/),  the  equation  (Ni) 
then  represents  an  ellipse  (p.  651),  whatever  the  species  of  the  surface 
may  be ;  x  represents  the  distance  of  its  centre  from  the  centre  o  of  tlie 
surface,  measured  along  the  foeal  line  a ;  y  ia  the  radius  of  a  right 
cylinder,  with  a  for  its  axis,  of  which  the  ellipse  is  a  section,  or  tho 
radius  of  a  circle  in  a  piano  perpendicular  to  a,  into  which  that  ellipse 
can  be  orthogonally  projected :  and  the  angle  \t'iT  is  now  the  excentrie 
anotnaly.  Such  elliptic  sections  of  a  central  quadric  may  be  otherwiso 
obtained  from  tho  unifocal  form  (c)  of  the  equation  of  the  surfaco  ; 
they  are,  in  some  points  of  view,  almost  as  interesting  as  the  known 
circular  sections  :  and  it  is  proposed  (p.  640)  to  call  them  Centro- 
Foeal  Ellipses. 

(g).  And  it  ia  obvious  that,  by  interchanging  the  two  focal  lines 
a,  a'  in  (if),  a  Second  Exponential  Transformation  is  obtained,  with  a 
Second  System  of  centro- focal  ellipses,  whereof  the  proposed  surf  ace  is 
the  loctis,  as  well  as  of  the  Jirst  system  (/),  but  which  have  their 
centres  on  the  line  a',  and  are  projected  into  circles,  on  a  plane  per- 
pendicular to  this  latter  line  (p.  C  ID). 

(A).  Equation  of  Confocals  (p.  652), 

\v,ipv^  =  Vf^.v.  (Oi) 

Article  408. — On  Circumscribed  Quadric  Cones;  and  on  the 
UmbiUcs  of  a  central  quadric,  653-  663 


*  lectures  on  Quaternions  (by  the  present  author),  Dublin,  llodgcs  and 
Smith.  1853. 


£({tta£icmA  Cp.  6  !»3  )  of  CkmJm^mU  J^autUf  wad  of  (X^fugaU  Di- 
vitk  respect  to  the  sorfoce/p  =  1, 

/O,  p;=l,     CPO,  and/Co.  o)  =  0;  (Pj*) 
GMlflcty  of  the  some  surface  with  the  ri^ki  lm$  n\ 

tkis^rttet  is  also  ft  fortn  of  the  eqvatioo  of  the  Obne^  witb  vwlex  at 

V,  ■•Hcii  t«  rirr%rm*rrih<d  to  the  same  quadric  (/p  =  1), 

Tbft  ^^nY**^*^^  ^        transformed  (p.  654), 

%  scalar  function,  connected  with  /  by  certain  relations  of 
r^r  '^>n'y  (oomp.  p.  483)  .  and  a  aimpLe  §€om$tricml  int€rpr*tatiou 
**y  lit  iialgTied,  fur  thL*  last  ei^uation. 

{iy  The  Rrriprof&l  Cone^  or  Cbw^  of  Xormais  c  at  p'  to  thecircum- 
■dbed  eone  (Ui)  or  maj  be  repr^CBted  (p.  655)  by  tih»  TOJ 

mm^  eqoatMNi, 

vkidi  likewise  admits  of  an  extremely  simple  interpretatioii. 

efter  kam  ngnKli  an  «aif  MoaequnioeaAf  ttw  pnaant  utiyiia ; 
hr  tnimpia  (pfi.  M8»  669),  the  flona  aupwiMMtiliad  to  tnj  amc&oa  of 

the  system,  from  any  point  of  eitAsr  of  the  two  real  focal  curves,  is  a 
ame  o  f  resolution  (real  or  imaginary)  :  bat  A  aimilar  conclusion  holda 
px^i,  wlien  the  r^r^/'x  is  on  the  third  (or  tmtufwat  'i)  f  xal,  and  even 
tn->n-'  irencnilly  (p.  663),  whon  that  vertex  i-^  am/  />'yj'/(C  of  the  (known 
and  imaginarT)  fl^telopabU  ou  il^pt  ot  tliu  amtomi  system. 

(yy  A  centxai  quadric  has  in  general  Twelvt  Umbilics  (p.  659% 
vWaaf  only  /our  (at  most)  can  be  r§ai^  and  which  are  its  tnUracetion* 

^nA^lkmfmiemrm:  Mid1hiemi»dMpcimUtnTBiiged,  three  by 

Own  »      iw^sry  nf  A<  Mm  (p.  <M),  wfaleh  mUnut  tki 

«<  MMNr*  «ad  whidi  H  ia  propoad  to  eaU  tfao  Sigkt  UmMi^  - 

^rnfn'fis  of  the  surface. 

(/).  These  (imaginary)  utnbiliear  ff*mrairie$$  of  a  quadric  are 

f.und  to  possess  "several  interesting  properties  e^p^oinlly  in  relation 
th(:  lirn^  >,f  curt  aturt' :  and  their  locus,  for  a.  von /"(m!  s;/ifttn,  is  a 

diTtiopnUe  sur/ac€  (p.  663),  namely  the  known  envelope  {d)  of  that 

syttem. 

jIkiclb  409.<--O(todelie  lanes  on  CMti^ 
Order,   664-667 

(«>  Oaelbfm  c/tlhBfitmrai  diffareatial  tprntkn  ^ftoi$Uet  on 
•a  mrtUrmy  mmfmm  being,  by  III.  liL  £  (pu  616), 

y»d«^sO,  (Ri)^  if  Tdp«oontt,  (RO 
Ihii  ia  ahowB  (p.  664)  to  oondnci,  ftx  eentral  qoadrica,  to  the  first 
intagral. 

/^•i)^«Ti^>/Udp«Aa  const;  (Si) 
vkere  Pia  the perpmiMUKr Jnm      ettUn  o  oaib9lmiftH$flM», 
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and  i>  is  the  (real  or  imaginary)  mnidiamettr  of  Ihe  snrfacei  wlddk 
ia  panM  ta  iht  UmguU  (dp)  to  tha  enm.  The  known  eqvatioii 
of  Joaohimital,  P.H  »  oonat,  ia  ihaiofere  prored  aiiev;  thia  laat 
MMflaiM;  however,  being  by  no  meana  neoeaaaiily 
be  fiol  an  liUpmid. 

{b).  Deduction  (p.  666)  of  a  theorem  of  M.  Chaslea,  that  the  tm- 
gents  to  a  gtodetic,  on  any  one  central  quadric  (<),  totich  alao  ft  oommon 
tai{foeal  (O  i  ^  of  an  integral  (p<  666)  of  the  form, 

ti  ain*  #1 4  «aeoa*  oonat.,  (Si') 

whioh  Bgreea  witii  one  of  M.  Lionville. 

(«>  Without  the  leatrietion  (Ri*),  tiie  dilfeiential  of  the  aealar  k 
in  (Si)  may  be  thna  deoompoaed  into  faetota  (p.  666), 

dA»d.P42H«88ydydri.8vdA-td>^;  (BO 

but,  by  the  lately  dted  Section  (IIL  iiL  6,  p.  616),  the  diffarential 
equation  of  the  aiwiMl  enlir, 

BvdpdV«0,  (RO 

with  an  arbitrary  acalar  TariaUe,  repreeenta  IhBgtodtUe  Hum  on  m^f 
mufM  :  the  theorem  (•)  ia  therefore  in  this  way  reproduced. 

(d).  But  wc  sec,  at  the  same  time,  by  (Si"),  that  the  quantity  A, 

or  P.D  —  h-^,  is  constant,  uot  onli/ {or  the  ffeodeti'cs  on  a  r-'ntral  qundric, 
but  also  for  a  certain  ofhrr  sef  of  <nirveH,  detenniiicd  liy  the  differen- 
tial equation  of  the  Jhs(  o/  A  r,  Si  Jjdp  =  0,  which  will  be  seen,  in  the 
next  Series,  to  represent  the  i'ncs  oj  cun  atuir. 

Article  4 1 0. — On  Lines  of  Curvature  generally ;  and  in  particu- 


lar on  auoh  Ixnea,  for  the  oaae  of  a  Central  Quadric,   667*674 

(e>  The  diibrential  equation  (oomp.  469,  (d))b 

Svd^dp  =  0,  (T,) 

represents  (p.  6G7)  X\\g  Lines  of  Oirvniiirr^  M\yon  an  arbiirarjf  tUf/aot  J 
because  it  is  a  limiting J'orm  of  this  other  equation, 

SvAvApeO,  (T|') 


which  ia  the  eoniiikn  ^inUirmHon  (orof  paxalleliaaiX  oftheneraMCi 
drawn  at  the  extramitiea  of  the  two  yeetora  p  and  p  ^  Ap. 

(Jb).  The  normal  VOf^r  y,  in  the  equation  (T|),  may  be  multiplied 

(pp.  673,  700)  by  any  constant  or  variable  scalar  m,  without  any  real 
change  in  that  equation ;  but  in  this  whole  theory,  of  the  treatment 
of  Cunatu)r<(  of  Surfnees  by  Quaternions,  it  is  advantageous  to  con- 
sider the  exprcdsiou  St-dp  aa  denoting  the  exact  dijf'ttttttial  of  some 
Bcalar  fmciion  of  p ;  for  then  (by  pp.  486, 487)  we  shall  have  an  equa- 
tion of  the  form, 

dv  =  <pdp  =  a  iiiij-ojiijmjate  function  of  dp,  (Ui) 

which  usually  involvca  p  alao.  For  inatanoe,  we  may  write  generally 
(p.  669,  comp.  (B),  p^  ziii), 

dv«^+VAdp^;  (UiO 


X 
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theacalar^,  and  the  vectors  X.  /i  being  rntiy  nd  beingfwm  mtli/i*  ftmo- 
tkos  of  p,  but  not  involving  dp. 

(r).  This  being  xmderstood,  the  ttrof  directiom  of  the  tangent  dp, 
vhicb  satiiify  at  once  the  general  equation  (Ti)  of  the  lines  of  curva- 
taze,  and  the  differential  equation  Si^d^  »  0  of  the  sur&ce,  are  eaaily 
fiiQBd  to  bo  npnwiitod  Ivj  tfaa  two  vwtor  6]ipiMtioiw  (p«  669)^ 

UVvX±UVv/i;  (Tr) 

thej  are  therefore  {ronorallj  netangmlmr  to  e*oh  othtft  as  they  hATO 

long  been  known  to 

(^).  The  surfact  i7«f7/' i  >  inainiiig  still  quite  arbitrary^  it  is  found 
useful  to  introduce;  the  coucepUou  of  an  AtucUitiry  Surface  of  the  8*^ 
mud  Onbr  ^  $70),  of  vhioh  tho  vsriaUe  vwtor  it  p  +  p',  twl  tlw 

nvMtunia,       spVp'-fp-i+s^V-i.  (ur) 

«r  oMne  gMioitllj  «  oooflt ;  and  it  is  ptopoted  to  mH  liUiiiQiftm,  of 
which  the  em<rr  ia  «t  the  given  point  the  Mme  Smfaeey  partly 
becaoae  its  tlmmtfral  mtion,  made  by  the  tangent  plant  to  the  y»r«fi 

surface  at  p.  if  n  certain  Index  Curve  (p.  6G8),  which  may  be  eonsi-  « 
dcrid  to  coincide  with  the  known  **  indtcatrtce"  of  Dupin. 

(f ).  The  expressions  (Ti")  show  (p.  670),  that  whatever  the  gtini 
surface  may  be,  the  tangent*  to  the  lines  of  cur\'aturo  bisect  the  amjks 
fluned  by  tfw  fnm  <it1hB  two  cyclic  plmm  ciUba  IMne  Smfm  {d), 
OB  die  iMjffNl  ptmn  to  die  given  snrftoe ;  these  two  taogento  bafo 
slso  (aa  WB8  aeon  by  Diifdn)  the  direettons  of  the  cast  of  the  Inits 
Curve  Q».  668) ;  and  they  are  distinguished  (as  he  likewise  saw)  from 
all  «tktr  tasgenta  to  the  given  surface,  at  the  given  point  p,  by  the 
condition  that  each  is  perpendictdar  to  its  oxen  eonjuo'ite,  with  rr-speet  ^ 
to  that  indicating  curve:  the  equation  of  such  cotijiHjndon,  ot  two 
tangents  r  and     being  in  the  present  notation  (ace  again  p.  GG8), 

(/).  New  proof  (pb  669)  of  another  Ibeocom  of  Dnpin,  namely 

that  if  a  deteibfMe  he  ciremtteribki  to  utrfaee,  along  any  emv* 
thereon,  its  generating  line*  arc  everywhere  eotifugate,  aa  tangents  to 
the  surface,  to  the  corresponding  tangents  (a  the  curve. 

(y).  Case  of  a  central  quadric  ;  new  proof  (p.  C71)  of  still  another 
theorem  of  Dupin,  namely  that  the  curve  of  orthooonal  intersection 
(p.  C46),  of  two  confoccd  turfaces^  is  a  line  of  curvature  uu  eaeh. 

(A).  The  system  of  the  eight  wnMN^  ^WMrwer^  (408,  (0)>  of  a 
esntrsl  qnadrio»  is  the  iampituay  mntoptoiUM  Imm  of  eunatw  on 
that  onrlhoeCp^  671);  and  Ma4  snob  |WMmli^  ia  tlwC^an  Aii«y6i«ry 


•  For  the  eaae  of  a  centrpt  fuo4rl«f    X,    are  mnttanU, 
t  GtmraUf  two  ;  but  in  some  cases  more.    It  will  soon  be  ssen,  that  throo 
^ountOMfO  pass  through  an  umMic  of  a  quadric 
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line  of  curvature  theroon  :  bo  that  through  each  of  tho  ttcelve  utnhHics 
(see  again  408,  (^))  there  pass  (?iree  linrt  of  curvature  (comp.  p.  677), 
whereof  however  only  on#,  at  moHt,  can  be  real :  namely  tuo  genera- 
trices, and  a  principal  tection  of  the  surface.  These  last  results,  which 
are  perhaps  new,  will  bo  illustrated,  and  otherwise  proved,  in  the 
following  Series  (411). 

Article  411. — Additional  illustrations  and  confirmations  of  tho 
foregoing  theory,  for  the  case  of  a  Central*  Quadrie  ;  and  especially 
of  the  theorem  respecting  the  Three  Line*  of  Curvature  through  an 
XJmhUiey  whereof  two  are  always  imaginary  and  rectilinear,  ....  674—679 

(fl).  The  general  equation  of  condition  (Ti'),  or  Svi&vAp  =  0,  for 
the  intersection  of  two  finitely  distant  normok,  may  be  easily  tran&- 
forroed  for  the  case  of  a  quadrie,  so  as  to  express  (p.  675),  that  when 
the  normals  at  p  and  p'  intereect  (or  are  parallel),  the  chord  pp'  is  p«r- 
pendicuhir  to  its  own  polar. 

(If).  Under  the  same  conditions,  if  tho  point  p  be  given,  tho  hette 
of  the  chord  pp'  ia  unuUly  (p.  676)  a  quadrie  cone,  say  (C) ;  and  there- 
fore the  locus  of  tho  point  v'  is  usually  a  quartic  curve,  with  p  for  a 
double  poinf,  whereat  two  branches  of  the  curve  cut  each  other  at  right 
angles,  and  touch  the  two  line*  of  curvature. 

(c).  If  the  point  p  be  one  of  &  principal  section  of  the  given  surface, 
but  not  an  umbilic,  the  cone  (C)  breaks  up  into  a />oi'r  of  planes,  whereof 
One,  say  (P),  is  tho  plane  of  the  section,  and  the  othtr,  ia  perpen- 
dicular thereto,  and  is  not  tangential  to  the  surface ;  and  thus  the 
quartic  {h)  breaks  up  into  a  pair  of  cotiics  tlirough  p,  whereof  one  ia 
the  principal  section  it-self,  and  the  other  ia  peri)endicular  to  it. 

(rf).  But  if  the  given  point  p  be  an  umbilic,  the  second  plane  {!*') 
becony)8  a  tangent  plane  to  the  surface ;  and  the  secotid  conic  (e)  breaks 
up,  at  tho  same  time,  into  a  pair  of  imaginary^  right  lines,  namely 
the  two  umbilicar  generatrices  through  p  (pp.  676,  678,  679). 

(#).  It  foUows  that  the  normal  pn  at  a  real  umbilic  p  (of  an  ellip- 
Boid,  or  a  double-sheeted  hypcrboloid)  is  not  -intersected  by  any  other 
real  normal,  except  those  which  arc  in  the  samt  principal  section  ;  but 
that  this  real  normal  pn  u  intersected,  in  an  imaginary  setise,  by  alt 
the  normals  p'n',  which  are  drawn  at  points  p'  of  either  of  the  two  ima- 
ginary generatrices  through  the  real  umbilic  p  ;  so  that  each  of  these 


*  Many,  indeed  most,  of  the  results  apply,  without  modification,  to  the  case  of 
the  Paraboloids  ;  and  the  rest  can  easily  be  adapted  to  this  latter  case,  by  the  con- 
sideration of  infinitely  distant  points.  "We  shall  therefore  often,  for  conciseness, 
omit  the  term  central,  and  simply  speak  of  quadrie*,  or  surfaces  of  the  second 
order. 

t  It  is  well  known  that  the  single- sheeted  hypcrboloid,  which  (alone  of 
central  quadrics)  has  real  generating  lines,  has  at  the  some  time  no  real  umbilies 
(comp.  pp.  661,  662). 
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mafiman/  right  Imf  la  aoen  anew  to  be  a  /i'«m*  of  turvnture^  on  the  sur- 
istt  (^cocp.  410,  {KSh  ^lecsiusc  all  Uie  normalfl  p'h',  at  points  of  thU 

^  sit  atuited  m  one  eotnmon  (^ittM^inary)  normal  planr  (p.  676)  ; 

cd  u  Woire,  there  are  thus  <Arf«  /tM««  of  carrature  through  an  mm- 

CO-  TLfcic  geometrical  results  are  in  various  ways  dcdudblc  from 
alrTthtion  Yith  qixatemions ;  for  example,  a  iorva.  of  the  equation  of 
tsr  of  curvature  on  a  quadric  is  seen  (p.  677)  to  become  an 
^itntUm  at  an  nmbilic  (v  H  X) :  while  the  differential  of  that  equation 
^HriQ  up  into  two  factors^  whereof  one  represents  the  tangent  to  the 
f^mdpal  Hcticn^  whilo  the  other  (SXd'p  =  0)  assigns  the  directions  of 

is).  The  equation  of  the  eone  (C),  which  has  already  presented 
rticif  i&  a  certain  loctu  of  chords  (J>\  admits  of  many  quaternion 
^yHnWomanons ;  for  instance  (see  p.  C75),  it  may  be  written  thus, 

SgpAp  Sa'pAp 

p  bdng  the  vector  of  the  vertex  p,  and  p  +  Ap  that  of  any  other  point 
p*  of  the  cone  ;  while  a,  a'  are  still,  as  in  407,  («),  two  real  fooal  linet, 
ot  which,  the  length*  arc  here  arbitrary^  but  of  which  the  direelions 
ST»:  eonstant,  as  before,  for  a  whole  coti  focal  ayatenu 

(A).  This  cone  (0»  or  0  >)»  ^       the  loetu  (p.  078)  of  a  system 


*  It  might  be  natural  to  suppose,  from  the  known  general  theory  (410,  (c)) 
of  the  ttro  rectangular  directions,  that  eaeh  such  generatrix  rr'  is  crossed  pcrpendi- 
eiUarly,  at  every  one  of  its  fton-utnbilicar  points  p',  by  a  second  (and  diatiuctt 
xLthough  imaginary)  line  of  curvature.  But  it  is  an  almost  equally  well  known 
and  reetired  result  of  modem  geometry,  paradoxical  as  it  must  at  first  appear,  that 
v\en  a  right  line  i>  directed  to  the  circle  at  iujintfy,  aa  (by  408,  (<))  the  gene- 
ratricea  in  question  arc,  then  this  imaginary  line  is  everywhere  perpendicular  to 
itfti/.   Compare  the  Notes  to  pages  459,  672.    Quaternions  are  not  at  all  rc- 
q>omib1c  for  the  introduction  of  this  principle  into  geometry,  but  they  recognise 
and  employ  it,  under  the  following  very  eimple  form  :  tlxat  if  a  non-evancsccnt 
Ttetor  he  directed  to  the  circle  at  infinity,  it  is  an  imaginary  value  of  the  symbol  O 
(comp.  pp.  300,  459,  062,  671,  672) ;  and  conversely,  that  uheu  this  last  symbol 
rtjmsents  a  rector  urhieh  is  not  nuU^  the  vector  thus  denoted  is  an  imaginary  line, 
which  cuts  that  circle.    It  may  be  noted  here,  that  such  is  the  case  with  the  reci- 
proetl  polar  of  erery  chord  of  a  qmdriCy  connecting  any  tuo  umhilics  which  are  not 
M  one  principal  plane ;  and  that  thus  the  quadratic  equation  (XXI.,  in  p  609) 
from  which  the  tico  direction.^  (410,  (c))  can  mtudly  be  derived,  becomes  an  iden- 
tity foT  erery  umbilic,  real  or  imaginary' :  as  it  ought  to  do,  for  consistency  with 
the  foregoing  theory  of  the  three  lines  through  that  unibilic.    And  aa  an  addi- 
tional illustration  of  the  coincidence  of  directions  of  the  lines  of  curvature  nt  any 
Hfjn-umhilicar  point  p'  of  an  umbilicar  generatrix,  it  may  be  added  that  the  cotw 
cf  chords  iC)y  in  411,  (^),  Is  found  to  touch  the  quadric  along  (hat  ffcneratrijc, 
whgn  its  vertex  is  at  any  >uch  point  r'. 
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of  thrt€  rectangular  lima  ;  and  if  it  be  cut  by  any  plane  perpendicular 
to  a  side,  and  not  paaaing  through  the  vertex,  the  seettGn  is  an  equilO' 
ieral  hypn  hola, 

(Q.  The  same  cone  (C)  baa,  for  three  of  ita  tides  vt\  the  normal* 
(p.  677)  to  the  three  eon/ocals  (p.  644)  of  a  given  Byetem  which  pass 
through  its  vertex  p  ;  and  therefore  also,  by  410,  (^),  the  tangent » 
to  the  three  lines  of  etirtature  through  that  point,  which  arc  the  inter- 
Hctiom  of  those  three  confocals. 

(y).  And  because  ita  equation  (V i)  docs  not  involve  the  constant 
7,  of  407,  (g),  (ft).,  wo  arrive  at  the  following  theorem  (p.  678)  : — If 
ineUfinitely  many  quadriet,  with  a  commoti  centre  o,  have  their  asymp* 
totic  cones  bteon/ocal,  and  pass  through  a  common  point  p,  their  normals 
at  that  point  have  a  quadrie  cone  (C)  for  their  locus. 

Abticle  412. — On  Centres  of  Curvature  of  Surfaces,    ....  679-689 

(o).  If  <T  be  the  vector  of  the  centre  s  of  curvature  of  a  normal 
section  of  an  arbitrary  surface^  which  touches  one  of  the  two  lines  of 
curvature  thereon,  at  any  given  point  r,  we  have  the  two  fundamental 
equations  (p.  679), 

<T  =  p-h  jgUv,   C^O,   and   jg  'dp  4- dU»  =  0  ;  (Wi') 

shcncfi 

VdpdUy^O,    (WQ,    and  ^^  +  8^  =  0;  (WQ 

It  'dp 

the  equation  (W  i"^  being  a  new  form  of  the  general  difTcrcntiol  equa- 
tion of  the  lines  of  curvature. 

{b).  Deduction  (pp.  680,  681,  &c)  of  some  known  theorems  from 
these  equations;  and  of  some  which  introduce  the  new  and  general 
conception  of  the  Index  Surface  (410,  (rf)),  as  well  as  that  of  the 
kno^Ti  Index  Curve. 

(c).  Introducing  the  auxiliary  scalar  (p.  682), 

in  which  r  (!|  dp)  is  a  tangent  to  a  line  of  curvature,  while  dv  =  ^dp, 
as  in  (Ui),  the  two  values  of  r,  which  answer  to  the  two  rectangular 
directions  (Ti")  in  410,  (<?),are  given  (p.  680)  by  the  expression, 

r  =  -  ^  -  TX^  .  cos  (Z       ^  — ).  (X'l) 

^  A*. 

in  which  g,  X,  /i  are,  for  any  given  point  p,  the  constants  in  the  equa- 
tion (Ui")  of  the  index  surface;  the  difference  of  the  tico  curvatures 
if"!  therefore  vanishes  at  an  umiilic  of  the  given  surface,  whatever  the 
form  of  that  surface  may  be :  that  is,  at  a  point,  where  v  U  X  or  ||  /i, 
and  where  consequently  the  index  curve  is  a  circle. 

(rf).  At  any  other  point  p  of  the  given  surface,  which  is  as  yet  en- 
tirely  arbitrary,  the  values  of  r  may  be  thus  expressed  (p.  681), 

n  =  ai-',  r2=aa  »,  (Xp 

ai,  as  being  the  scalar  semiaxes  (real  or  imaginary)  of  tho  index  curve 
(defined,  comp.  410,  (rf),  by  the  equations  Sp'^p'  =  1,  Svp'  =  0). 
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(e).  The  quadratic  equation^  of  vhioh  ri  and  ri,  or  the  inweru 
$quart»  of  the  two  last  smiiaxes,  are  the  rooU^  may  be  written  (p.  683) 
mider  the  tymbolicai  form, 

Sv-»(^  +  r)-»v  =  0;  (Y,) 

vhich  may  be  developed  (same  page)  into  thia  other  form, 

r^-f  rSv-ixv-irSv-'  i>v^O,  (Y'l) 

the  linear  and  vector  functiona,  <f»  and  y,  being  derived  from  the  func- 
tion ^,  on  the  plan  of  the  Section  III,  ii.  6  (pp.  440,  443). 

(/).  Hence,  gmcralhj,  the  product  of  the  ttco  eurvaturet  of  a  $ur- 
fact  ia  expressed  (same  p.  683)  by  the  formula, 

■gj-iiZa-^  =  n  r,  T»-«  =- 8  —  4^  — ;  (Zi) 

  V       V  — 

▼hich  will  bo  found  useful  in  the  following  series  (418),  in  connexion 
with  the  theory  of  the  Meaturt  of  Curvature. 

(j).  The  given  surface  being  still  quite  general,  if  we  write 
(p.  686). 

r  =  Udp,  r'  =  U  (vdp),  ( Aa),  and  therefore  rr'  =  Uv,  '  (A'Q 
so  that  T  and  r'  ore  unit  tangents  to  the  lines  of  curvature,  it  is  easily 

proved  that 

dr  «=rSrdr,  (Ba).  or  that  Vrdr'aQ;  (Bj) 

this  gcucral  parallelism  of  dr  to  r  being  geometrically  explained,  by 
observing  that  a  line  of  curvature  ofi  any  surface  is,  at  the  same  time, 
a  line  of  curvature  on  the  dtvelopabU  normal  iurface,  which  rests  upon 
that  Um^  and  to  which  r  or  vt  is  normal^  if  r  bu  tangential  to  the 
line. 

(/«).  If  the  vector  of  curvature  (389)  of  a  lino  of  curvature  be 
projected  ott  the  normal  v  to  the  given  surface,  the  projection 
(p.  686)  is  the  vector  of  curvature  of  the  nomtal  section  of  that  sur- 
face, which  has  the  same  tangent  r ;  but  this  result,  and  an  analo- 
gous one  (same  page)  for  the  developable  normal  surface  (y),  are 
virtually  included  in  Meusnier's  theorem,  which  will  be  proved  by 
({uatemions  in  Series  414. 

if).  The  vector  <t  of  a  centre  s  of  curvature  of  the  given  surface, 
answering  to  a  given  point  p  thereon,  may  (by  (Wj)  and  (Xj))  be  ex- 
pressed by  the  equation, 

(T=p  +  r-iv;  (Ca) 

which  may  be  regarded  also  as  a  general  form  of  the  Vector  Equation 
of  the  Surface  of  Oentres,  or  of  the  locus  of  the  centre  8 ;  the  vari- 
able vector  p  of  the  point  p  of  the  given  surface  being  supposed  (p.  601) 
to  be  expressed  as  a  vector  function  of  two  independent  and  scalar 
variables,  whereof  therefore  v,  r,  and  a  become  also  functions, 
although  the  two  last  involve  an  ambiguous  sign,  on  account  of  tho 
Two  Sheets  of  the  surface  of  centres. 

{j  ).  Tho  normal  at  s,  to  what  may  be  colled  the  First  Sheet,  has 
the  direction  of  the  tangent  r  to  what  may  (on  tho  same  plan)  bo 
called  the  First  Line  of  Oun  nture  at  r ;  and  the  vector  v  of  the  point 
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ccrraiponding  to  6,  on  tho  corrcaponding  of  tho  H^iprodal  (comp. 
pp.  607,  508)  ofth€  St*rf««e  of  Centre*,  haa  (by  p.  C84)  the  exprea- 
sioD. 

t;  =  rCSpr)->;  (Da) 

which  may  also  bo  considered  (comp.  (0)  to  bo  a  form  of  the  Vettor 
Equation  of  that  JicciproMl  Surface. 

(A-).  The  vector  v  satisfies  generally  (l)y  same  page)  the  equations 
of  reciprocity, 

Suff  =  Sffi;  =  1,    Si>^(T  =  0,    Sggu  =  0,  (Da) 

l9,  $v  denoting  any  infinitesimal  variations  of  tho  vectors  <r  and  v, 
consistent  with  the  equations  of  the  surface  of  centres  audits  recipro- 
cal, or  any  linear  and  vector  clemmta  of  those  two  surfaces,  at  two 
corresponding  points  ;  we  have  also  the  relations  (pp.  684,  685), 

Spt;  =  l,    Svi;  =  0,    Siwfv  =  0.  (Dj") 

(Q.  The  equation  St>  (»  -  p)  =  0,  or  more  simply, 

Svu>=  1,  (Ea) 

in  which  m  is  fl  variable  vector,  represents  (p.  684)  tho  normal  plane 
to  the  Jirst  line  Q')  of  curs^aturc  at  r ;  or  the  tangent  plane  at  8  to  the 
first  sheet  of  the  surface  of  centres  :  or  finally,  the  tangent  plane  to 
that  developable  normal  surface  (y),  which  rests  upon  the  second  line  of 
curvature,  and  touches  the  first  sheet  along  a  certain  curve,  whereof  we 
shall  shortly  meet  with  an  example.    And  if  v  bo  regarded,  comp.  (t), 

n  v(;ctor  function  of  tu  o  scalar  variables,  tlic  cm  dope  of  the  variable 
plattc  (Ea)  is  a  sheet  of  the  surface  of  centres  ;  or  rather,  on  account  of 
the  ambiguous  sign  (i),  it  is  that  surface  of  ccntrca  itself:  while,  in 
like  manner,  tho  reeiprocal  surface  (j)  is  the  envelope  of  this  ot/ur 
plan&k 

^ —  S<ra>=^l.  (E-/) 

Cm).  The  equations  (WQ,  (Wi')  give  (comp.  the  Note  to  p.  684), 

diy^di?.Uv;  (F?} 

combining  which  with  (Ca),  we  see  that  tho  equations  (Hi)  of  p.  xxv. 
are  satisfied,  when  the  derived  vectors  p'  and  <t'  are  changed  to  the  cor- 
responding diflbrcntials,  dp  and  d<T.  The  known  theorem  (of  Monge), 
that  each  Line  of  Curvature  is  generally  an  involute,  with  tho  corre- 
sponding Qnre  of  Centres  for  one  of  its  cvolutes  (100),  is  thereforo  in 
this  way  reproduced :  and  the  connected  theorem  (also  of  Mongo), 
that  this  cvolute  is  a  ge^ktie  on  its  oxen  sheet  of  the  surface  of  centres, 
follows  easily  from  what  precedes. 

(w).  In  the  foregoing  paragraphs  of  this  analysis,  the  given  sur- 
face has  throughout  been  arbitrary,  or  general,  as  stated  in  (<f)  and 
(^g).  But  if  we  now  consider  specially  the  case  of  a  central  quadrie, 
several  less  general  but  interesting  results  arise,  whereof  many,  but 
perhaps  not  all,  are  known  ;  and  of  which  some  may  bt  mentioned 
hero- 


COJITEMTS.  ZXXTU 

(o).  Snppoting,  then,  that  not  only  di'  =  ^p,  but  al.^o  r  =  ^f>,  and 
Spy  r^  fp  =  1,  tlic  Jtiikx  Surface  (410,  (</))  bccomea  simply  (p.  G70)  tlio 
gn  cn  surface,  with  ita  utUn  tratuporUU  from  o  to  p  ,  whence  many 
simplificatiuxiia  iollow. 

(//).  For  ceunpli^  fhe  mmimm  ai,  aa  of  tiM  Mir  «Nrit  tn  mm 
equal  (p.  681)  to  the  mniaiw  of  tiw  iffawalw/iwHwi  cf  the  girea 
nifteef  aadel^aplBiwpariUaltotiiAtaiifaiiiplaiMi  udTvi%as 
in  409,  the  ruiprocal  P-^  of  the  jHrpendiculart  from  the  Mntnon  tUi 
latter  plane  ;  whence  (by  (Xi)  and  Xi')}  thMe  Jaunm  immiWihilii 
Sot  the  two*  cumatares  result : 

Cl).  Oenoa^  ly  («),  If  a  iwie  nnftoe  he  ArM  frooi  e^wMi  eoi- 
tiilqiiadrie(of  emr^Mvaii),  aa  the  towii  ^<ii<  egfrwwittiM  ^  warweli, 
ended  at  the  centre,  to  p^anc^  of  diametral  ucium§  of  the  ^ven 
imftee,  each  tuch  normal  (when  real)  having  the  Ungth  of  on«  of  the 
Hm!ar's  of  that  Sictiov,  the  r^iMlMii  ^  tkk  MMP  JUf^/boff  edmitS 
(p.  6fi3)  of  being  written  thus : 

(r).  trndertfao  condltioiie  {0%1hitta[prm^{Ct^fn9f^tfe§(^964£) 
tiie  two  eoovene  Ibniii^ 

wheooe  (pp.  684, 689), 

and  tedbfe  (p.  688),  by  (d),  (^X  aodVf  fhelheajCiOT)  cfoon- 

fecalanifheM^  H 

if  ^2  be  fooBed  from  ^  by  ehaaging  the  scmiaxcs  abe  to  eilM;  H 

being  understood  that  the  given  quadric  {abc)  ia  cut  by  the  two  confo- 

cab  C'li^nfi)  and  (a^^i),  in  the  ^rj<  ami  wowl  Uttcs  ofcur>'aturo 
through  the  given  point  r  .  and  that  oi  is  here  the  vector  of  that  Jirat 
crrJn  s  of  nirvature,  which  answers  to  frst  line  (comp.  (y).  Of 
course,  on  the  same  plan,  wc  have  the  analogous  expression, 


*  Throughout  the  present  Scries  412,  vo  attend  only  (comp.  (a))  to  the  oarfa- 
tuzes  of  the  two  normal  sections  of  a  surface,  which  have  the  directions  of  the  ttpo 
/wi«  of  curvature  :  these  bcins"  in  fact  what  are  always  regarded  as  the  firoprinci- 
pttl  mrvaturti  (or  simply  as  ih*:  two  ciin  atures)  of  the  turfnec.  But,  iu  a  shortly 
subsequent  Scries  (11-1),  the  more  general  cose  will  be  considerod,  of  the  curva- 
ture of  any  uetionf  normal  or  oblique. 

t  Whuk  the  gkm  mtftee  is  an  «0i|Mo£dt  the  dSirMaiulboe  iethe  oelebrated 
Wme SmfamtiTnmA:  irbieh thna haa (Hs)lbr a tymMiealfofm  of ita eqiia> 
tioB.  WhealSiegifenaarteiaan  AigsMioM^ 

NM^'jiisry,  the  (aoakr  and  now  podttre)  square,  of  the  (iasagiaary)  wsreiey  oreeted, 
ii  itiU  to  he  made  equal  to  the  tqiMr*  of  that  aemiaui. 
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for  tho  vector  of  the  »eeond  centre. 

(s).  These  expressions  for  ai,  02  include  (p.  689)  a  theorem  of  Dr. 
Salmon,  namely  that  tho  centres  of  curvature  of  a  given  quodric  at  a 

given  iK)int  are  the  polts  of  the  tangent  plane,  with  respect  to  the  two 
confocals  through  that  point ;  and  either  of  them  may  be  regarded, 
by  admission  of  an  ambiguous  sign  (comp.  (t)),  as  a  new  Vector  Form* 
of  tho  EquatUyti  of  the  Surface  of  Centres^  for  the  case  (0)  of  a  given 
central  quadric. 

(t).  In  connexion  with  the  same  expressions  for  <ri,  ffj,  it  may  be 
observed  that  if  ri,  r2  be  the  corresponding  values  of  the  auxiliary 
scalar  r  in  (c),  and  if  r,  t  still  denote  the  unit  tangents  (g)  to  the 
first  and  second  lines  of  curvature,  while  abe,  aibiCu  and  <Ta^g»  retain 
their  recent  significations  (r),  then  (comp.  pp.  686,  687,  see  also  p. 
652), 

n  =/r  .= /Udp  =  (a^  -  (7.,2)-»  =  &c.,  (LO 

and  r2  =  fr'  =  fUvdp  =  (a»  -  flt»)  '  =  &c. ;  (W) 

this  association  of  ri  and  <ti  with  02,  &c.,  and  of  r2  and  (T2  with  oi, 
&c.,  arising  from  the  circumstance  that  the  tangents  r  and  have  re- 
spectively tho  directions  of  the  ttonnals  vj  and  vi,  to  the  two  confocal 
surfaces,  (02*2^1)  and  (fliiici). 

(m).  By  the  properties  of  such  surfaces,  the  scalar  here  called  r2  is 
therefore  constant,  in  the  whole  extent  of  a^rst  line  of  cun-aturo ; 
and  the  same  constancy  of  rj,  or  tho  equation, 

dfVvt\p  =  0,  (Mj) 

may  in  various  ways  be  proved  by  quaternions  (p.  687). 

(»).  Writing  simply  r  and  r'  for  ri  and  rj,  so  that  is  constant, 
but  r  variable,  for  a  first  line  of  cur>'aturc,  while  conversely  r  is  con- 
stant and  r'  variable  for  a  second  line,  it  is  found  (pp.  684,  685,  586). 
that  tho  scalar  equation  of  the  surface  of  centres  (1)  may  be  regarded 
as  the  result  of  the  elimination  of  r-'  between  the  two  equations, 

l=S.«T(l  +  r-V)-V<'.  and   0  =  S.(r  (1+r  «^)  V<';  (^0 

whereof  tho  latter  is  tho  derivative  of  the  former,  with  respect  to  the 
scalar  r  K  It  follows  (comp.  p.  688),  that  the  Firai  Sheet  of  the  Sur- 
face of  Centres  is  touched  by  an  Auxiliary  Quadric  (Xa);  along  a  Quariic 
Curve  (N;)  (N/),  which  curve  is  the  Locus  of  the  Cadres  of  First  Cur- 
vature, for  all  the  points  of  a  Line  of  Second  Curvature  ;  the  same 
sheet  being  also  touched  (sec  again  p.  688),  along  tho  same  curve,  by 
the  developable  nornutl  surface  (/),  which  rests  on  the  same  second  line  : 
with  permission  to  interchange  the  words,  ^rst  and  sccotid,  through- 
out the  whole  of  this  enunciation. 

(tp).  The  given  surface  being  still  a  central  quadric  (0),  tho  vec- 
tors  p,  (T,  V  can  bo  expressed  as  functions  of  v  (comp.  {j)  {k)  (/)), 
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•  Dr.  Salmon's  result,  that  this  surface  of  centres  is  of  the  tueJfih  degrte,m&j 
be  easily  deduced  from  this  form. 
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snd  conTcracly  the  latter  can  be  expressed  aa  a  function  of  any  one  of 
tbe  former  ;  ve  have,  for  example,  the  reciprocal  equations  (p.  686), 
<T=  (1  ^r  i^)>  0-<Ti,    (0;),    and  «  =    +  0<t;  (0,') 

from  "which  last  the  formula  (Nj)  may  be  obtained  anew,  by  observ- 
ing (k)  Uiat  Satf  =  1.  Hence  al^,  bj  (r),  we  caa  infer  the  czpro»- 
siona,* 

p=(^^-i-\.t-i)v  =  ^2-^v,  (P.),  andi;  =  ^p=i/2;  (Pa*) 

and  in  fact  it  is  easy  to  see  otherwise  (comp.  p,  645),  that  r|v, 
and  Spv2  =  1  =  Spr,  whence  V3=  v  as  hc-fore. 

(*).  More  fully,  the  two  thceia  of  the  reciprocal  (>  )  of  the  surface 
«f  trntStm  nqr  biive  tfwir  separate  v»dior  equations  written  thus, 

»!  =    p  =        t;2  =  ^ip  =  vi ;  (Pa") 

and  the  tealar  equationf  of  this  reeiproeal  surface  itacif,  considered 
u  including  both  sheets,  may  (by  page  685)  be  thus  wiitten,  the  Amo- 
tions/and    being  rekted  aa  in  408,  (^), 

with  sercral  eqniyalent  forms ;  one  way  of  obtaining  this  «qiiattoil 
bdag  the  riimimtinn  of  r  between  the  two  folio  wing  (wune  p,  685): 

(y).  The  two  last  eqiialioiiiaiayalw  be  written  11^ 

1,  (Bfl),  and/Uvi a>r,  (B|) 
iB  vUeli  (eomp.  ppb  085, 680), 

Jiv  -  8      -1  w  =  St/  (^)- 1  +r  > )  V  ;  (R/) 
•ad  accordingly  (comp.  pp.  483,  646),  we  have  Java^i^J^  1,  and 

For«lftM^Ma0fitf«ifrMftfivoiitlMgmiiia^^ 
riiawMflwr^ttbtfaw;  tndilMathe  two  ocfostioiui  (Q»').  W).  « 

repMNot  jointly  (eowpw  tho  slightly  diflbrant  emmeiatioik 
in  p.  668)  a  certain  ^mai^i^;  CMm,m  wliidithe  9HflMf««^p»«0«l(S«), 
of  the  aecond  eonfocal  (m  ij  «,),  mi^rsMff  f  A*  /r#<  iJuei  (y)  of  the  JJc- 
ctprocaJ  Surface  (Q^)  ;  this  quartic  cunre,  bt-inp;  at  the  same  time  the 
intereection  of  the  quadric  %urfaec  (Q/)  or(Rj),  w  ith  the  quadriccwM 
(Qa")  or  (Bs'),  which  ia  biconcifeiic  with  the  given  quadrie,/p  =  1. 


•  The  equation  v  ~  vj,  =  the  normal  to  the  eonfocal  (<T2  h  ci)  at  r,  is  not  ac- 
tually given  in  the  text  of  Scries  412 ;  but  it  is  easily  deduced,  as  above,  from 
tfao  finnaiB  nia  aetiuiai  of  thai  Seriflsu 

t  The  eqiwfioii  (Qi)  is  one  of  flkeybintA  degree  ;  and,  when  ei^a&ded  by  oo* 
^KtSaaim,  it  tgneo  peiifocily  with  Uiit  wUeh  wm  ih«t  assigned  by  Sr.  Booth 
(see  a  Note  to  p.  685),  for  ^  JknjfmtialJBqimiim  of  the  Surfiut  «f  CnUm  of  a 
fvdric^  or     the  Catteaian  equation  of  the  JiEp0^»^^ 
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Article  413. — On  the  Meaauro  of  Curvaturo  of  a  Surface.    ■    .    689- C93. 

The  object  of  this  short  Series  4 1 3  is  the  deduction  by  quaternions, 
somewhat  more  briefly  and  perhaps  more  clearly  than  in  the  Leeturcty 
of  the  principal  results  of  Gauss  (comp.  Note  to  p.  C90),  respecting 
the  Measure  of  Curvature  of  a  Surfaee,  and  questions  therewith  oon- 
ncctcd. 

(o).  Let  p,  Pi,  Pa  be  any  three  near  points  on  a  given  but  arbitrary 
tHrfacc,  and  n,  Ri,  Rathe  three  corresponding  poiuts  (neat  to  eacfi  other) 
on  the  unit  sphere,  which  are  determined  by  the  parallelism  of  the  radii 
QRt  ORi,  ORa  to  the  normals  py,  PiXi,  Pa  Na ;  then  the  areas  of  the  tu>o 
Sfnall  triangles  thus  formed  will  bear  to  each  other  tho  Hltimate  ratio 
p.  690), 

 AiTiPa        Xdpfp  y  ^  y-*  ™ 

whence,  with  Gaoss's  definition  of  the  measure  of  curvature j  as  tho 
ultimate  ratio  of  corresponding  areas  on  surface  and  sphere,  we  haye,  by 
the  formula  (Zi)  in  412,  (/),  his  fundamental  theorem^ 

Measure  of  Curvature  =  .gi  '  .Ra  (Sa  ) 

g  Product  of  the  two  Principal  Curvatures  of  Sections. 

(b)  .  If  the  vector  p  of  tho  surface  bo  considered  as  a  function  of 
two  scalar  variables,  t  and  »,  and  if  derivations  with  respect  to  these 
bo  denoted  by  upper  and  lower  accents,  this  general  transformation 
results  (p.  691), 

Measure  of  Curvature  =  S— S  —  -  fs  —  \  ,  (Ta) 
 "  V      V     \     V  )  — ^ 

in  which  v  =  Vp'p, ;  (Ta') 

with  a  verification  for  the  notation  pqrst  of  Mongo. 

(c)  .  The  square  of  a  linear  element  d*,  of  the  given  but  arbitrary 
surface,  may  be  expressed  (p.  691)  as  follows : 

d*a  =  (Tdp2  =)  »d£i  +  2/dMM  +  ^dw' ;  (Uj) 

and  with  tho  recent  use  (b)  of  accents,  the  measure  (Ta)  is  proved 
(same  page)  to  be  an  explicit  function  of  the  ten  soalars, 

f,f,ff;    (\f,9'\    (,^f,^9.\    and    (.rVl^f'*  (^2') 

the  form  of  this  function  (p.  692)  agreeing,  in  all  its  details,  with  tho 
corresponding  expression  assigned  by  Gauss.  • 

{d).  Hence  follow  at  once  (p.  692)  two  of  the  most  important 
results  of  that  great  mathematician  on  this  subject;  namely,  that 
every  Deformation  of  a  Surface,  consistent  with  the  conception  of  it  as 
an  infinitely  thin  and  flexible  but  inextcntible  solid,  leaves  unaltered, 


*  References  are  given,  in  Notes  to  pp.  690,  &c.  of  the  present  Series  413, 
to  the  pages  of  Gauss's  beautiful  Memoir,  "  Disguinitioncs  gmcralcs  circ^  Si^rf- 
cies  Cuiras,"  as  reprinted  in  the  Additions  to  Liouvillo's  Mongc. 
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Is '■^  Mtfitvrt  o  f  Curvat*tr'€  at  any  Pviut,  and  I  hid,  the  Total 
Cwraiarr  '  f  any  Area  :  ^lia  last  being  the  area  of  the  ecrt  retpondittg 
jfrftitft      of  tlbc  vnii-*phcre. 
'.').  By  a.  smlable  ckoice  of  i  and  m,  as  certain  ffcodetic  co-ordinatet, 
tx^r^Wiou  (^U>)  may  be  reduced  (p.  692)  to  the  foUowiog, 

^>!gr»  f  ig  tbc  Ungilt  of  a  geodetic  arc  ap,  from  a  fijtcd  point  a  to  a 
TL^_ble  point  p  of  the  surface,  and  u  is  the  angle  jia.p  which  this 

 *  ;   ^ 

a%l5  arc  makers  •with  a  fixed  geodetic  ab  :  so  that  in  the  immediate 
Sfc^ixb:>arhood  of  a,  wc  have  n  =  t,  and  n  =  Dff<  =  1. 

(JT).  The  general  expreggion  (c)  for  the  measttre  of  curvature  takes 


t};^  th^e  Tery  simx'^<^  form  (p.  692), 

»ad  ire  bare  (comp.  (<Q)  the  eqaation  (p.  693),  * 
Tcital  Currature  of  Area  apq  =      -  Jw'dM;  (V./) 


tLis  erfa  b^^ing  boxinded  by  two  gtodeties,  ap  and  aq,  which  make  with 
e»c!i  other  an  angle  =  Am,  and  by  an  arc  pq  of  an  arbitrary  curve  on 
ti :  given  surface,  for  which  and  therefore  «',  may  he  conceived  to 
l-e  a  givon  function  of  u. 

(j).  If  this  arc  pq  be  itKlf  a  geodetic,  and  if  wo  denote  by  v  the 
T-ri::ble  angle  which  it  makes  at  p  with  ap  prolonged,  so  that  tan  v 
=  noi :  d/,  it  is  found  that  dp=  -  w'dw;  and  thxis  the  equation  (Va*) 
eoodnct*  (p.  693)  to  another  vcrj'  remarkable  and  general  theorem  of 
(rauia,  for  an  arbitrary  attrfacc,  which  may  be  thus  expressed, 

Tcial  Cvrrature  of  a  Geodtiie  Triangle  abc  =  a+b-}-c  —  it,  (A^j") 

=  what  may  be  called  the  Spheroidal  Excess  of  that  triangle,  the  total 
area  (4t)  of  the  unit-sphere  being  represented  by  eight  right  angles  : 
witi  uitmionA  to  Ge<Hietic  PolygottSy  and  modijicntions  for  the  case  of 
what  may  on  the  same  plan  be  called  the  Spheroidal  Ihfeet,  when  the 
fu-o  currature^  of  the  surface  are  oppositely  direcle<l. 

AfcTTCLE  414. — On  Curvatures  of  Sections  (Normal  and  Oblique) 

of  Surfaces :  and  on  Geodetic  Curvatures   694—698 

(a).  The  curvatures  considered  in  the  two  preceding  Series  hay- 
ing been  thojie  of  the  principal  normal  sect  ions  of  a  surface,  the  present 
Scrift  414  treats  briefly  the  more  general  case,  where  the  section  is 
nia.]i;  by  an  arbitrary  plane,  Huch  as  the  osculating  plane  at  p  to  an 
arbitrari/  curve  upon  the  surface. 

{h).  The  xfctor  of  curvature  (389)  of  any  hucIi  curve  or  section 
bricg  (o  —  c)-'  =  D,^p,  its  uormal  and  tangential  componnits  arc  found 
t )  be  (p.  694), 

-  (t)  » ^  y-  'S  ^  =  (p  -  g|)  '  cos^  V  \  {p-  <T.)''  i^in»  r,  (Wa) 

and  v-'dp-'Svdp->dV;  (Wg) 

the  former  component  being  the  Veetor  of  Normal  Curvature  of  the 

g 
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Surface,  for  the  direction  of  the  tangent  to  the  curve  :  and  the  latter 
being  the  Vector  of  Geodetic  Curvature  of  the  same  Curve  (or  section). 

(<»).  In  the  foregoing  expressions,  a  and  5  are  the  vectors  of  the 
points  8  and  x,  in  which  the  axis  of  the  osculating  circle  to  the  curve 
intersects  respectively  the  normal  and  the  tangent  plane  to  the  aur- 
face  (p.  694) ;  s  is  also  the  centre  of  the  sphere,  which  osculates  to 
the  surface  in  the  direction  dp  of  the  tangent ;  ai,  are  the  vectors 
of  the  tico  centres  Si,  S;,  of  curvature  of  the  surface,  considered  in  Sc- 
ries ^2,  which  are  at  the  same  time  the  centres  of  the  two  osculating 
spheres,  of  which  the  curvatures  arc  (algebraically)  the  greatest  and 
least :  and  t'  is  the  angle  at  which  the  curve  here  considered  crosses 
the  Jtrst  line  of  curvature. 

The  equation  (Wa)  contains  a  theorem  of  Euler,  under  the 
form  (p.  695), 

J^ '  =  jgr '  CPS'  V  +      >  sin*  v  ;  (AVa") 

it  contains  also  Mcusnier's  theorem  (same  page),  under  the  form 
(comp.  412,  (A))  that  the  vector  of  normal  cun  ature  {b)  of  a  surface, 
for  any  given  direction,  is  the  projection  on  the  normal  r,  of  the  vector 
of  oblique  curvature,  whatever  the  inclination  of  the  plane  of  the  sec- 
tion to  the  tangent  plane  may  be. 

(e).  The  expression  (Wj'),  for  the  rector  of  geodetic  curvature,  ad- 
mits  (p.  697)  of  various  transformations,  with  corresponding  expres- 
sions for  the  radius  T(p  —  g)  of  geodetic  curvature,  which  is  also  the 
radius  of  platie  curvature  of  the  developed  curve,  when  the  developable 
circumscribed  to  the  given  surface  along  the  given  curve  is  unfolded 
into  a  plane :  and  when  this  radius  is  constant,  so  that  the  developed 
curve  is  a  circle,  or  part  of  one,  it  is  proposed  (p.  698)  to  call  the  given 
curve  fiBidonia  (as  in  the  Lectures),  from  its  possession  of  a  certain  iso- 
perimetrieal  property,  which  was  first  considered  by  M.  Dolaunay, 
and  is  rcprcsontod  in  quaternions  by  the  formula  (p.  697), 

^JS(Ul'.dp^p)  +  f^JTdp  =  0;  (Xa) 
or  <r'd/)  =  V(Uv .  dUdp),  (X'a) 

by  the  rules  of  what  may  be  caUed  the  Calculus  of  Variations  in  Qua" 
ternions  :  e  being  a  constant,  which  represents  generally  (p.  698) 
the  radius  of  the  developed  circle,  and  becomes  infinite  for  geodetic 
lines,  which  are  thus  included  as  a  case  of  Didonias. 

Article  41 5. — Supplementary  Remarks,   698-706 

(o).  Simplified  proof  (referred  to  in  a  Note  to  p.  xii),  of  the  gene- 
ral  existence  of  a  system  oi  three  real  and  rectangular  directions,  which 
satisfy  the  vector  equation  Vp^p  =  0,  (P),  when  ^  is  a  linear,  vector, 
and  self'Cot{jugate  function  ;  and  of  a  system  of  three  real  roots  of  the 
cubic  equation  M^Q  (p.  xii),  under  the  same  condition  (pp.  698^ 
100), 

{h).  It  may  happen  (p.  701)  that  the  differential  equation, 

Si'dit)  =  0.  (\.\ 
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ii  inteffrable,  or  represents  a  ty$tem  of  surfacet,  without  the  erpresaion 
Svdp  being  an  exact  differcntialy  as  it  was  in  410,  (b).  In  this  case, 
there  exists  some  scalar  factor^  n,  such  that  S/ifdp  i»  the  exact  diffe- 
rential of  a  scalar  function  of  p,  without  the  assumption  that  this  rec- 
tor  p  is  ittelf  a  function  of  a  scalar  variable ,  t ;  and  then  if  wc  write 
(pp.  701,  702,  comp.  p.  xxx), 

di'  =  ^dp,    d.«v  =  ^dp,  (Yj') 

this  ncic  vector  function  6  will  be  »elf-cot\jugate,  although  the  function 
^  is  not  such  noxc,  as  it  tea*  in  the  equation  (TJi). 

(c).  In  this  manner  it  is  found  (p.  702),  that  the  Conditioti*  ofln- 
tt^ahiUty  of  the  equation  (Yg)  is  cxprcaseJ  by  the  very  simple  for- 
mula, 

Syv  =  0;  

in  which  y  is  a  vector  function  of  p,  not  generally  linear,  and  deduced 
from  f  on  the  plan  of  the  Section  Ill.Ji.  6  (p.  442),  by  the  relation, 

^p-fdp  =  2V7dp;  (TO 
f'  being  the  eot^jugate  of  ^,  but  not  here  equal  to  it. 

{d).  Connexions  (pp.  702,  703)  of  the  Mixed  Transformations  in 
the  last  cited  Section,  with  the  known  Modular  and  Umbilicar  Oene- 
rations  of  a  surface  of  the  second  order. 

(f).  The  equation  (p.  704), 

T(p-V./3VYa)  =  T(a-V.yV/3p),  (Z^ 

in  which  a,  /3,  y  arc  any  three  rector  constants,  represents  a  central 

quadn'c,  and  appears  to  offer  a  new  modi  of  general  ionf  of  such  a  aur- 
face,  on  which  there  is  not  room  to  enter,  at  this  late  stage  of  the 
work. 

(/).  The  vector  of  the  centre  of  the  quadric,  represented  by  the 
equation  /p  —  2S«p  =  const.,  with  fp  =  Sp<ftpy  is  generally  K=0''t 
—  m'^^t  (p.  704) ;  case  oi paraboloids^  and  of  cylinders. 

is).  The  equation  (p.  705), 

Sgpq'pq'p  +  Sp0p  +  Syp  +  C  =  0,  (Z2') 

represents  the  general  surface  of  the  third  degree,  or  briefly  the  General 
Cubic  Surface  ;  C  being  a  constant  scalar,  y  a  constant  vector,  and 

q^'  three  constant  quaternions,  while  ^p  is  here  again  a  linear, 
vector,  and  self-conjugate  function  of  p. 

(A).  The  General  Cubic  Cone,  with  its  vertex  at  the  origin,  is  thus 
represented  in  quaternions  by  the  monomial  equation  (same  page). 


*  It  is  shown,  in  a  Note  to  p.  702,  that  this  monomial  equation  (Y'j)  be- 
comes, when  expanded,  the  known  equation  of  six  terms,  which  expresses  the  con- 
dition of  integrability  of  the  differential  equation  jnix  +  qdy  +  rdz  =  0. 

t  In  a  Note  to  p.  649  (already  mentioned  in  p.  xxviii),  the  re^ider  will  find 
references  to  the  Lectures,  for  several  different  generations  of  the  ellipsoid,  derived 
from  quaternion  forms  of  its  equation. 
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Sqpq'pq'p  =  0.  (Zj") 

(i).  Srrctc  Surface,  Screw  Sccliotii  (p.  705)  ;  Sltnc  Centre  of  SKew 
Arch,  with  illuatration  by  a  diagram  (Fig.  85,  p.  700). 

Section  8. — On  a  few  Specimens  of  Physical  Applications 

of  Quaternions,  with  some  Concluding  llemarks,  707  to  the  end. 

Article  416.— On  tlio  Statics  of  a  RiKid  Body,   707-709 

(fl).  Equatioft  o  f  Equilibrium, 

\yY.^^%\ali\  (As) 

each  g  ia  a  recior  of  application  ;  /3  the  corresponding  rcctoi-  of  applied 
force;  y  an  arbitrary  vector:  and  this  one  quaternion  formula  (A3) 
ia  equivalent  to  the  system  of  the  iix  usual  scalar  equations 
(A  =  0,  r=  0,  Zr^  0,  X  =  0,     =  0,  0). 

(^.)  When     S(:i:.3.i:Va/3)  =  0,    (BQ,    butwo<    S/3  =  0,  (Cj) 

the  applied  forcos  have  an  unique  resultant  =  Sy3,  which  acta  along 
the  Unc  whereof  (Aj)  La  then  the  equation,  with  y  for  its  variable 

VOOtOT. 

(p).  When  the  condition  (C3)  is  satisfied,  the  forces  compound 
themselves  gcnenilly  into  one  couple,  of  wliichthe  ajris  =  lYafi,  what- 
ever may  be  the  position  of  the  assumed  origin  o  of  vectors. 

(rf).  "When      2Vo/3  ^  0,    (D3),    with  or  without  (C), 

the  forces  have  no  tendency  to  turn  the  body  round  f^at  point  o  ;  and 
when  the  equation  (A3)  holds  good,  as  in  («),  for  .m  arhitrary  vector 
■y,  the  forces  do  not  tend  to  produce  a  rotation*  round  <i»y  point  c, 
so  that  they  completely  bitlance  each  other,  as  before,  aud  both  the 
conditions  (C3)  and  (D3)  are  satusficd. 

(«').  In  the  general  case,  when  neither  (C3)  nor  (Dj)  is  patisfied,  if  7 
be  an  auxiliary  gwitertiion,  such  that 

ry  V/3  =   (E3} 

then  \g  ia  the  rector  perpendicular  from  the  origin,  on  the  central 
axis  of  the  system  ;  and  if  c  -  Sy,  then  r2/3  represents,  both  in  quan- 
tity and  in  direction,  the  (1x1$  of  the  rcntnd  Ciuple. 

(/).  If  Q  be  another  auxiliary  (]uatemion,  buch  that 

with  T2/3  >  0,  then  SQ  =  f  -  central  momeut  divided  by  total  force  ; 


*  It  is  easy  to  prove  that  the  viomoit  of  the  force  (3,  acting  at  the  end  of  the 
vector  a  from  o,  and  eftiniatcd  with  respect  to  any  unit-line  1  from  the  same  ori- 
gin, or  the  energy  with  w  hich  the  fnivc  so  acting  tends  to  cause  the  body  to  turn 
round  that  line  1,  rcgardi-d  as  a  fixed  axin,  is  represe  nted  by  the  scalar,  -  Sio/3,  or 
Si  'a/S;  so  that  when  tlie  condition  (D.i)  is  satisfied,  the  applied  forces  have  no 
tendency  to  produce  rotation  n)uud  any  axis  through  the  origin  :  which  origin 
becomes  an  arbitrary  point     when  the  equation  of  equilibrium  (.\3)  holds  good. 
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aad  \Q  is  the  rector  7  of  a  pomt  c  u/}^n  ffie  centfil  axi»  whi(  h  docs 
notvarr  the  ori^n  o,  and  which  tliLTcare  reasons  for  con-siJeriiig 
&*  tie  (>  .ift-al  PhtHt  of  tho  system,  or  as  the  tjeneral  eentrt  of  appli€d 
fwtt$ :  in  £jct,  for  the  •/ pvMdimn^  this  point  c  ooiBflidw  with 
Vint  k  maUf  ctUfld  tilt  «a*ra  of  pmllel  ibcM^ 

{§),  CoBOtptioBi  tf  tht  ToUi  Mmmi  regwdea  at  Mng  |»> 
a>wgy  >  qtm(«mkm»  andof  Iht  rtftolI>iif^~Zd/9ii  considerBdat 
» ico/or  to  wbich  that  qiutaniott  with  its  sign  changed  rcducea^itaelf 
for  the  case  of  etjuilibrium  (a),  and  ol  wlkich  tka  Ttlnt  it  in  that 


cue  independent  o  f  the  oriqiu  of  vectors, 
(A).  FrineifiUo/  VirUtai  ydocUie^y 

vS;?c^a-0,  (Oa) 

AfiTicxB  417. — On  the  Dynamics  of  a  Rigid  Body,  .....  709-713 
(«).  QtntrtU  Eqttation  of  Ihjnawirx, 

SiNSCI><*a~O'a«0;  (H») 


the  vector  C  repnaenting  the  acc  (  lerating  force,  or  m{  tha  ffioviag 
force,  acting  on  a  particle  m  of  which  the  vector  at  the  time  Ms  a  ; 
and  ca  bcin?  any  infinitesimal  variation  of  this  last  vrcttir,  peomctri- 
CiiUy  c-mp  tihle  with  th»;  connexions  between  the  porta  of  the 
lystem,  which  need  not  here  be  a  rigid  one. 

(^).  For  the  case  of  a  free  »jfatemf  we  may  change  each  Sa  ioi  +  Via, 
i  and  I  being  any  two  iofiniteaimal  Ttotora,  which  do  not  chaogo  in 
paaiag  tcm  one  fortiolt  m  to  anothtr ;  and  thna  tha  general  equa- 
tion (Bi)  fbniiliaa  two  geneial  veetor  eqnationa,  namefy, 

vhidi  eontaitt  le^eetlTely  ^  law  of  (he  moHon  0/  ih»  tmir$  of 
fnriijf,  and  tlie  law  of  de$erip(iM  ^fmren, 

(e).  If  n  koiif  be  aupposed  to  be  a&d  to  have  ti  fixed  point 
<S  tiien  onlj  the  e^natioii      need  be  felained ;  and  we  Bay  write, 

Dta  =  Vm,  (Kt) 
I  being  here  a ./Imlfo  rector,  namely  the  Vector  Axis  of  Imtantaneous 
liofaf-'.H  :  Ua  rrrxor  Vi  denolint;  the  dirertion  of  thrtt  axi«,  and  ita 
itiWfr  Ti  reprcacntiag  the  angular  vtleeitff  of  the  body  about  it,  at  the 
time  t. 

{<f).  When  the  forces  vanish,  or  balance  each  other,  or  compound 
IhcmK-IrL-s  into  a  single  force  acting  at  the  fixed  point,  as  for  the  case 
eft  heavy  body  turning  freely  aboQt  its  centre  of  gravity,  then 

rjiiVo|  =  0,    (L3) ;    and  if  M-e  write,    0e  =»  3!»iaVa«,  (M3) 

■0  that  f  again  denotes  a  linear,  vector,  and  self-conjugate  lunclioo, 
we  thaU  have  the  eqoationfl, 

fD»ixV,^j«0,  (Na);  0i+y  =  O,  (0,)  i  S»^»  =  A^;  (P») 
Whence         Biy  +  A>=0,    (Q,),      end      fDicsViy;  (Ka) 

the  vector  7  being  what  wo  may  call  the  ComUmt  of  Areas,  and  the 
^•lar  A*  being  the  Conetemt  ofUeing  Feree, 


^  J  .i^cd  by  Google 
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(c).  One  of  PuiiKSDt's  rcprc'sentationa  of  the  nio(i/j>t  of  a  hody^  under 
the  circumstances  iaat  supposed,  is  thus  reproduced  under  the  form, 
that  the  Ellipsoid  of  Living  Force  (Pj),  with  its  centre  at  the  Jijced 
point  Of  rottivitkMUffUfUit^aaibdJlMipUMe  (QU),  which  is  panM 
to  (k$  Pimt*  qfArttu  (Sty  =  0) ;  the  yamble  $$midiamft»r  of  omUut^ 
heing  the  vMlsr-Mit  (0)  of  mttmtimmnu  rotefiMi  of  the  body. 

(/).  The  Moment  of  Inertia^  with  respect  to  anyuxU  « through  0^ 
is  equal  to  the  living  force  (/<•)  divided  by  the  square  (Ti*)  of  the 
sfmulifn.iffcr  of  the  elUpmid  (P5),  which  has  the  direction  of  thfit  axis ; 
and  hence  may  be  dcrtvod,  with  the  help  of  the  first  gtntral  construc- 
tion of  an  ellipsoid,  suggested  by  quaternions,  a  simple  geometrical 
representation  (p.  711)  of  the  square-root  of  the  moment  of  inertia 
of  a  body,  witii  reopeot  to  any  axis  ad  passing  through  a  given  point 
A,  ai  a  certain r^A<  iiM  ^  ifcD^SIj  with  the  help  of  twooiher 
points  B  and  which  are  likewise  fixed  in  the  body,  bat  may  be 
choeen  in  more  ways  than  one. 

(g),  A  SMM  of  tiie  seoond  d^greoi 

8«v=0,    (S3),   withvey'^.--^:^'!,  (T3) 

in  fixed  in  the  body^  but  rolls  in  space  on  that  other  cmie^  wh'u  h  is  the 
locus  of  the  instantaneous  aiis  1;  and  thus  a.  second  npriMniation.^ 
proposed  by  Poiusot,  is  found  for  ihc  motion  of  the  body,  as  the  rolling 
of  ono  00m  om  trnUhor, 

(A).  Some  of  Mao  CoIlagVs  tesnltsy  respecting  the  motion  here 
considered,  are  obtained  with  eqnsl  case  by  the  same  quaternion 
anslysis ;  for  example,  the  line  y,  although  fxed  in  space,  describes 
in  the  body  an  easily  assigned  OBmoftko  ooooitd  eUgroo  (p.  712)^  which 
cuts  the  roc^^roceU  tilipooid, 

in  a  certain  sphtro-conic :  and  the  cone  of  normals  to  the  last  men- 
tioned cone  (or  the  locus  of  the  line toUoonthoj^am  tf  uroao 

(S.y  =  0). 

(/).  The  T/trce  (rnuripul)  Axes  of  Inerlia  oi  the  IkkIv,  for  the 
given  point  o,  have  the  dtrcdions  (p.  712)  of  the  t/irfc  yi-<  t<iiiijnlar  and 
vector  roots  (comp.  (P),  p.  xii.,  and  the  paragraph  415,  {a),  p.  xlii.) 
of  the  equation 

\i^t  =  0,   (Af's),   because,  for  each,  D<i  =  0 ;  (VV) 

and  if  C  denote  the  three  Principal  Moments  of  inertia  corre« 
Bponding,  thou  the  s>/mf>oh'iytl  Cubio  in  ^  (oomp.  the  formula  (N)  in 
page  xix.)  may  be  thus  written, 

(♦4Jl)  (^  +  <7)-0.  (Va) 

(J).  Passage  (p.  713),  from  momenta  referred  to  axes  passing 
through  a  given  point  o,  to  those  whidi  oorrsflpmkl  to  lespeotively 
parallel  axes,  through  any  other  point  Q  of  the  body. 
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Abticlk  418. — On  the  motions  of  a  System  of  Bodies,  considered 
as  free  particles  m,  w',  .  .  which  attract  each  other  according  to  the 

law  of  the  Inverse  Square  713-717 

(a).  Equation  of  motion  of  the  system, 

3:mSDr»a^a  +  ^P=  0,    (X3),    if  P=  Sww'T  (a  -  a')  ' ;  (Y3) 

a  is  the  vector,  at  the  time  t,  of  the  mass  or  particle  m  ;  P  is  the  po- 
tent ial  (or  force- function) ;  and  the  infinitesimal  variations  ia  are  ar« 
bitrary. 

(&).  Extension  of  the  notation  of  dcrivatirety 

(c)  .  The  differential  equations  of  motion  of  the  separate  masses 

M,  ■  .  become  thus,  • 

fwDi'a -|-DaP=0,  .  .  ;  (A4) 

and  the  laws  of  the  centre  of  gravity,  of  areas,  and  of  living  force, 
are  obtained  under  the  forms, 

2:wD<a  =  /3,    (BQ;    S:mVaD<a  =  Y;  (C^} 

and  T=  -  ^^Im  (Dra)«=  P+  IT;  (D4) 

fi,  y  being  two  vector  constants,  and  R  a  scalar  constant 

(d)  .  Writing, 

P=|^*  (P+  T)  dt,    (E4),    and  V=  j*^  2 Tdf  =  P  +  tif,  (F4) 

F  may  be  called  the  Principal*  Function,  and  F  the  Charactcristtc 
Function,  of  the  motion  of  the  system ;  each  depending  on  the  final 
vector  $  of  position,  a,  a',  .  .  and  on  the  initial  vectors,  ctq,  a'p,  . .  ;  but 
F  depending  also  (explicitly')  on  the  time,  t,  while  V  (=  the  Action') 
depends  instead  on  the  constant  IT  of  living  force,  in  addition  to  those 
final  and  initial  vectors :  the  nuuse*  iw,  m',  .  .  being  supposed  to  bo 
known,  or  constant. 

(f).  We  are  led  thus  to  equations  of  the  forms, 

wD«a4-DaP=0,  .  .   (G«);   -wDpa  +  Da„P=  0, .  .   (HQ  ; 

whereof  the  system  (Gt)  contains  what  may  bo  called  the  Inlcnnc- 
diafc  Inirprals,  while  the  system  (II4)  contains  the  Final  Integrals, 
of  the  diflcrcntial  Equations  of  Motion  (At). 

(/).  In  like  manner  we  find  equations  of  the  forms, 

Dar=-OTD«a,  .  .  (Ji);  D„^F=  wDoa,  .  .  (K,);  D^J'^r;  (L4) 

the  intermediate  integrals  (?)  being  here  the  result  of  the  elimination 


*  References  are  given  to  two  Essays  by  the  present  writer,  "  On  a  General 
Method  in  Dynamics,**  in  the  Philosophical  Transactions  for  1834  and  1835,  in 
which  the^rffOM  (V),  and  a  certain  other  function  (S),  which  is  here  denoted  by  P, 
were  called,  as  above,  the  Characteristic  and  Principal  Functions.  But  the  ana- 
lysis here  used,  as  being  founded  on  the  Calculus  of  Quaternions,  is  altogether 
unlike  the  analysis  which  was  employed  in  those  former  Essays. 
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of  //,  between  the  system  (J,)  an<l  the  equation  (L4) ;  and  the  fitifll 
intuji  ah,  of  the  same  system  of  diftiTeiitial  equations  (A^),  being  now 
(theoretically)  obtained,  by  eliminating  the  same  constant  II  between 
(K4)  and  (1^). 

{gy.  The  ftmofeioos^and  Tare oUiged  to  saiiafy  certain  iWuil 
JDijfbrmtiai  SgwOiom  m  Qiuttmtioiu,  of  whieh  tboae  relative  to  the 
final  rectoTs  a,  a%,*an  tiie  followmg, 

(D,/')-i2m  i(D„iO^=P,  (M4);  l2«-l(D„r)i+P+ir«0;  (N|) 

and  they  are  subject  to  eertain  frfometrical  conditions,  from  wliich 
tan  be  deduced,  in  a  new  way,  and  as  new  vcrilieationtf,  liie  law  of  mo- 
tion of  the  centre  of  gravity,  and  the  law  of  deaoriptioii  of  awai. 

(ky.  General  approoimato  expresaoos  (p.  717)  for  the  faaottona 
J^and  r,  and  for  their  deriratiTea  f  and  for  the  caae  of  atAerf  m»- 
liMi  of  the  i^itSDi. 

Autiolb  419.— On  the  Relative  Motion  of  a  Binary  System ;  and 
on  the  Law  of  the  Circular  Hodograph,  7l7<7dd 

(fl).  The  vector  of  oTio  body  from  the  other  beinc:  n.  and  tlic  dig- 
tnuce  b  in*?  r  T«),  v.  hile  the  sum  of  tlic  masses  is  J/,  the  differen- 
tial equation  of  the  relative  motion  is,  with  the  law  ol  the  inverse 
square, 

D  being  here  used  as  a  characteristic  of  derivation,  with  respect  to  the 
time  I. 

(d).  As  a  first  integral,  whidi  holds  good  also  for  any  etft«r  Anp 
of  cmtraiforetf  we  haye 

VaDa  =  ^  =  a  constant  Tootor ;  (P4) 

which  includes  the  two  osual  laws,  of  the  constant  plane  (-^  /3),  and 

of  the  eMMteni  atm;          ^1  a  |T/3  y 

(«).  Writing  r  as  Da  -vector  of  relative  velociti/,  and  conceiving  this 
new  Toctor  r  to  he  drawn  from  that  one  of  the  two  bodies  which  is 
here  sdeoted  fi>r  the  origin  o,  the  locns  of  the  extremities  of  the  Tsetor 
r  is  (by  earlier  definitions)  the  Hodograph  qf  the  SgUtive  Motum  ; 
and  this  hodograph  is  proved  to  be,  for  ihBLm»qfth$Iiwerso  Squan, 
a  Circle. 

(d)  .  In  liict,  it  is_  shown  (p.  720),  that  for  any /flir  of  central  force, 
the  radius  of  cun  atHrc  of  the  hodograph  is  equal  to  the  force,  multi- 
plied into  the  ^^quare  of  the  distance,  and  divided  by  the  doubled  arcal 
vt  bu  ify;  or  by  thu  constant  paiulhloffrain  r,  under  th*^  Tectors  (o 
and  t)  oi position  and  velocity^  or  of  the  orhit  and  the  hi.-duijmph. 

(e)  .  It  follows  then,  conversely,  that  the  law  of  the  inverse  square 
is  the  oufy  law  which  xenders  the  hodograph  generally  a  einh;  so 
that  the  law  of  natore  may  be  charaeteiiaed,  as  the  Zaw  ofiht  CirctOar 
Sniograph:  from  whieh  latter  law,  however,  it  is  eaay  to  deduce 
the/mw  of  the  Orbits  as  a  conk  section  with  a  focm  at  0. 
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(JV  11  xke  mntyar-ameter  of  tixv8  fkrM  he  denoted,  aa  uaual,  by 
tittAii  X\>e  Oxo  radiiu  of  ttie  hodograph^  then  (p.  719). 

h  =  Mc-^  =  ry'  =  (Jfp-Qt.  (Q4) 

ff'V  The  orbital  txccntrictty  e  ia  alao  the  hodographic  excentri- 
cy.  in  tlie  aeia&e  that  is  the  diatance  of  the  centre  h  of  the  hodo- 
01^  from  llio  point  o  which  is  here  treated  aa  the  centre  of  force* 
(ty  Tbc  orbit  is  an  elUp9€y  when  the  point  o  is  interior  to  the 
fcafegraphic  circle  (g  <  1)  ;  it  is  a  parahola,  when  oison  the  circum- 
ftr*v4  of  that  circle  (e  =  1)  ;  and  it  ia  an  hyperbola^  when  o  ia  an  ea?- 
ttruff  point  C<  >         And  in  all  these  caaes,  if  we  writo 

a=j>(l-r«)-»=M'(l-^)-',  (R4) 

fee  ooastant  a  will  have  ita  usnal  signification,  relatively  to  the 
«^ 

(t).  The  qnantity  i/V-'  being  hero  called  the  Potential,  and  de- 
ect&i  by  F,  ggometrical  eotiMtructions  for  this  quantity  F  arc  assigned, 
wiih  the  help  of  the  hodograph  (p.  723)  ;  and  for  the  harmotiic  mean, 
2U{r  ~  r')-\  between  the  two  poteniiai$,  P  and  P*,  which  answer  to 
tLe  extronitiea  t,  t'  of  any  proposed  chord  of  that  circle :  all  which 
coBstractiona  arc  illustrated  by  a  new  diagram  (Fig.  86). 

(j\  If  r  be  the  pole  of  the  chord  tt'  ;  m,  m'  the  pointa  in  which 
thfe  linfc  OTi  cuts  the  circle  ;  l  the  middle  point,  and  n  the  pole,  of  tho 
&nf  ehcrd  HM*,  one  secant  from  which  laat  pole  is  thus  tho  lino  ntt'  ; 
V  the  intersection  of  ihit  secant  with  the  chord  mm',  or  tho  harmonic 
emjugite  of  the  point  u,  with  respect  to  the  same  chord ;  and  nt,t/ 
any  r>4»  fcant  from  n,  while  v,  (on  the  lino  or)  is  the  polo  of  tho 
isror  thord  tt'  :  then  the  tttfo  tmaJl  arcs,  t,t  and  t't/,  of  tho  hodo- 
graph, intercepted  between  ihe$e  ttco  teeants,  are  proved  to  be  ulti- 
natelr  proportional  to  the  two  potentials,  F  and  F'\  or  to  tho  two 
wii^aUt  TV,  t'v',  namely  the  perpendiculars  let  fall  from  t  and  x,  on 
what  may  here  be  called  the  hodographic  axis  ln.  Also,  tho  harmonic 
fncam  between  these  two  ordinatcs  is  obviously  (by  the  construction) 
the  line  u'l  ;  while  ut,  ut*,  and  u,t,,  vjf  are  /our  tangents  to  the 
to'l  ^gniph,  80  that  this  circle  is  cut  orthogonally,  in  the  two  pairs  of 
poisUs,  T,  t'  and     t/,  by  ttco  other  circles,  which  have  the  two  near 
points  r,     for  their  centres  (pp.  724,  726). 

(i).  In  general,  for  any  motion  of  a  point  (absolute  or  relative,  in 
one  plane  or  in  space,  for  example,  in  the  motion  of  tho  centre  of  tho 
f^oon  about  that  of  the  carthj  Tinder  the  perturbations  produced  by  tho 
attractions  of  the  sun  and  planets),  with  a  {or  the  variable  tw^or  (418) 
of  position  of  the  point,  tho  time  dt  which  corrosponda  to  any  vector- 
tUmtnt  dBa  of  the  hodograph,  or  what  may  bo  called  tho  time  of  ^o- 
dograpkically  describing  that  clement,  ia  the  quotient  obtained  by 
dicing  the  same  element  of  the  hodograph,  by  the  vector  of  accflera- 
tion  D*a  in  tho  orbit ;  because  wo  may  write  genernlhj  (p.  724), 

dDn  ,      TdDa  ,      -  ,0  ^ 

or    d/-.--— ,    if   d/>0.  (S«) 

h 


1  GOMT^NTS. 

FigM. 

(/)•  For  tho  law  of  tho  mmn  •quan  (oomp.  (a)  and  (0)>  the 
mMfure  of  the>brM  ib, 

TD«a  =  Jfr  5  =  Jf  ipi ;  (TO 

the  <»m«  d/,  d^*,  of  hodographically  describing  the  small  circular 
arc*  T,T  and  t't/  of  tho  hodograph,  hcing  found  by  multiplying  the 
lengths  O  )  two  ant  \j  thuwiMi,  aaddifiding  eaohprodiuA 

by  the  afiian  of  iha  potential  oonMpondingi  aratherafino  imtrklji 
9M  thole  Iwe  pofmHalMt  P>  or  dineUff  aa  the  iNMaiMM^  r,  i^,  in  fho 
erMT.- 10  that  we  h«fo  the  proportion, 

dl:df:d<+drBr:r':r+r'.  (UO 

(m).  If  wo  aoppoaetiuit  flie  mnmi^  Jf,  and  tiiejW^gtiifa  o^  ii»  ii» 

V,  V,  upon  the  chord  mm'  are  ^hw*,  or  consUmt,  but  that  the  ra- 
ifiM,  A,  of  tho  hodoffraph,  or  the  porition  of  the  emtr*  h  on  tho  hodo- 
grnphic  axis  ln,  is  altered,  it  is  found  in  this  way  (p.  725)  that 
although  tho  (tco  elcnienls  of  time ,  d/?,  d/',  ieparaiely  vaty,  yet  their 
«um  remains  unchanged :  from  which  it  follows,  that  even  if  the  (too 
circular  are*^  tj,  t  t,',  he  not  emails  but  still  intercepted  )  between 
tm  mtmH  ftom  the  pok  h  of  the/w^aHerif  idi*t  flio  siaw  (say, 
AOoftheliMfiMitk«mC9»iMdM^lA#r0^  A. 

(fi).  AndheooeinaybedednoedCp.  726Xhjai9paaing«H«ieoant 
tobeoome  a  iatigent,  this  Theorem  of  Eodogn^f^  JwaHiwItlw,  which 
was  commnnieatcd  without  demoustration,  seveml  years  a<3;o,  to  the 
Royal  Irish  Academy,*  and  has  since  been  treated  as  a  subject  of 
investigation  by  several  able  writers  : 

Jf  iivo  Circular  hodograpla^  having  a  common  chord,  which  pam^ 
tknughf  or  tmit  ttwinb,  «  cnmon  mUrc  of  fore$y  be  cut  pcrpendie^ 
ler^  ^  a1kM9irti$tii»  iknu  of  hodographically  rfiWBri'WHy  tt»  itUcT' 

(o).  This  common  time  can  eaiOj  be  oipieaaed  (p.  786),  under  the 
form  of  the  definite  integral, 

5'^  Jo  (1 -^^costf)"  ^  ' 

2g  hcing  the  length  of  the  fixed  chord  mm'  ;  e'  the  quotient  lo  :  lm, 
whichrcducositself  to  -  1  when  o  is  at  m',  that  is  for  the  cn^e  of  n  pa- 
rabolic orbit ;  e  lying  let  ween  ±^  1  for  an  ellipse^  and  outside  those  limits 
for  an  hyperbola,  but  being,  in  all  these  oases,  comtant ;  while  w  is  a 
oerlain  ansiliaiy  angle,  of  which  the  sine  »=  Ox ;  uX  (p.  727),  or 
= 4  (r  +  r')-i,  if  «  denote  the  length  of  the  chord  cf  the  orHt,  cor- 
rc$pomUmg  to  Hie  chord  Tt'ai^hodcgr^;  andtfTariesfiromOtoir, 
when  the  whole  periodic  time  2wn~i  for  a  closed  orbit  is  to  bo  computed : 
with  the  verificition,  that  the  integral  (V4)  gives,  in  this  last  case, 

lf=fl*«*,  ts  usual.  (Wi) 


*  Seethe  Jhromdmgi  of  the  16th  of  March,  1847.  It  is  understood  that  the 
common  centre  o  ot force  is  occupied  by  a  common  mate,  M. 
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Cp).  By  examining  tho  gcnoral  composition  of  the  definite  into- 
gnd  (V 4),  or  by  more  purely  geometrical  conaderationB,  which  are 
illostratcd  by  Fig.  87,  it  is  found  that,  wiUi  the  law  of  tho  inverse 
square,  the  timt  t  of  describing  an  are  pp'  of  the  orbit  (closed  or  tin- 
dosed)  is  a  fHHction  (p.  729)  of  the  three  ratioi^ 

^*     r+r"      I,  . 

Ml  a   '    r  +  r  "  ^ 

and  therefore  simply  a  function  of  the  chord  («,  or  pp')  of  the  orbit, 
and  of  the  »um  of  the  distances  (r  +  r',  or  op  +  op')  when  M  and  a  are 
given  :  which  is  a  form  of  the  Theorem  of  Lambert. 

{fl).  The  same  important  theorem  may  bo  otherwise  deduced, 
through  a  quite  different  analysis,  by  an  employment  of  partial  deri" 
raiicesj  and  of  partial  differential  equations  in  quaternions,  which  is 
analogous  to  that  used  in  a  recent  investigation  (418),  respecting  tho  * 
motions  of  an  attracting  system  of  any  number  of  bodies,  m,  m , 

(r).  "Writing  now  (comp.  p.  xlvii)  the  following  expression  for  tho 
relative  living  force,  or  for  the  mau  (if  =  m  +  m*),  multiplied  into  the 
«^iMr«  of  the  relative  velocity  (TDa), 

2J=-i/'Da>=2(P+Jff)  =  J/'(2r-«-a-i);  (Y*) 

introducing  the  t%oo  new  integrals  (p.  729), 

i^=j*(Pi  r)df,    (ZQ.    and    V=^^2m  =  F^tn,  (Aft) 

which  have  thus  (comp.  (E^)  and  (F^))  the  sanu  forms  as  before,  but 
with  different  (although  analogous)  significations,  and  may  still  bo 
called  the  Principal  and  Characteristic  Fu fictions  of  the  motion ;  and 
denoting  by  a,  a'  (instead  of  ap,  a)  the  initial  and  ^nal  vectors  of po- 
tition,  or  of  the  orbit,  while  r,  r'  are  the  two  distances,  and  r,  t'  tho 
two  corresponding  vectors  of  reloeity,  or  of  tho  hodograph  :  it  is  foxmd 
that  when  JIf  is  given,  F  may  be  treated  as  a  function  of  a,  a',  t,  or 
of  r,  r,  s,  t,  and  T'  as  a  function  of  a,  a,  a,  or  of  r,  r,  s,  and  H;  and 
that  their  partial  derivatives,  in  the  first  view  of  these  two  functions, 
are  (p.  729), 

D^i^=Dar=r.  (Ba);  Da^F=  Da>  r=  -  r' ;  (C») 
{Ji,)F^-U,    (D5);    and   D^r  =  ^D«r=<;  (E^) 

while,  in  the  second  view  of  tho  same  functions,  they  satisfy  tho  ttoo 
partial  differential  equations  (p.  730), 

JirF=Jir'F,    (Fa),    and   Drr=D/r;  (G5) 

along  with  two  other  equations  of  the  same  kind,  but  of  tho  second 
degree,  for  each  of  tho  functions  here  considered,  which  are  analogous 
to  those  mentioned  in  p.  xlviii. 

(«).  Tho  equations  (Fa)  (G5)  express,  that  tho  two  distances^  r 
and  1^,  enter  into  each  of  the  two  functions  only  by  their  sum  ;  so  that, 
if  M  be  still  treated  as  given,  F  may  be  regarded  as  a  function  of  the 
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thm  qnantitief",  r  +  r,  $,  and  t ;  while  F,  and  therefore  also  t  by 
(Ej),  is  found  in  like  manner  to  be  a  function  of  the  thret  scalara, 
r  -I-  >•',  *,  and  a :  which  last  result  respecting  the  time  agrees  with 
and  famishes  a  wfM?  proof  of  Ltmbtrft  Theorem. 
(0.  The  thru  paiiW  dUftnBliil  equations  (r)  in  FoondnoC^  by 
merely  algebrmMi  oombinations,  to  ez^rasaiona  for  iho  three  partial 
derivati^  DrF,  Dr'  rCeDrF),  and  D.r?  and  thus,  with  the  help 
of  (Ba),  to  iwomw  definite  integrals*  (p.  731),  which  express  respec- 
tively the  Action  and  the  Time,  in  lli-  rf/aftro  »io<w»»  <if  a  binary 
9^$(m  here  oonudered,  naniely,  the  two  following : 

wbereof  the  latter  is  not  to  be  extended,  without  modifioataon,  be- 
j0lld  the  limits  within  which  the  radical  is  finite. 

Articlb  120— On  the  determination  of  the  Distance  of  a  Comet, 
or  new  Planet,  from  the  Earth,   733,  7 3i 

(a)  .  The  masses  of  earth  and  comet  being  neglected,  and  the  mass 
of  the  biin  being  denoted  by  Jf,  let  r  and  to  denote  the  distanoes  of 
earth  and  comet  from  son,  and  a  their  diatanoe  from  each  other^  while 
a  is  the  heliocentiio  yeotor  of  the  earth  (Ta  «  r),  known  by  the  Iheoty 
of  the  eon,  and  p  is  the  unit^veetor,  determined  by  obierration»  which 
ia  directed  from  the  earth  to  the  oomot  Then  it  is  easily  proved  by 
qualeniions,  that  we  have  the  equation  (p.  784), 

^Ui  «i«#e  +  a^-t»8a^;  (Ks) 

eliminating  w  between  these  two  formnln,  clearing  of  fractions,  and 
dividing  by  «,  weaie  thecefoio  conducted  in  this  way  to  an  algcbrai- 
oal  99iiMiim  ifUf  ttimth  digrm^  whereof  om  root  ia  the  ootighi  dU' 

(b)  .  The  final  equation,  thus  obtained,  differs  only  by  its  not:ition, 
and  by  the  facility  of  its  dcihiclion,  from  that  assigned  for  the  eiinio 
purpose  in  the  Mecaniqm  Celeste  ;  and  the  ndc  ufLnplnco  there  givtn, 
for  determining,  by  inspection  of  a  oeleatiol  glob*,  which  of  the  two 


•  Beforoncos  arc  given  to  the  Firtt  JSssayf  &c.,  by  the  present  writer  (comp. 
the  Note  to  p.  xlvii.),  in  which  were  aaaig;ned  integrals,  sabstantially  cqaivalsnt 
to  (n»}  and  (U),  but  deduced  by  a  quite  dilEnent  analysis.  It  has  leoenlly  been 
lomaikedto  him,  by  his  friend  IVofiBssor  Tait  of  Edinburgh,  thatt  wbik  the  arra 
deacribed,  with  Hewt<Hi's  Law,  about  l^e/vtt  foem  id  an  orbit,  htis  long  bsm 
known  to  be  proportional  to  the  time  corresponding,  so  the  oron  Mkovi  ih»  mftff 
fntm  represents  (or  is  proportional  to)  the  action. 
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bodies  (earth  and  comet)  it  the  maret  to  tA^tun^  reeulta  at  sight  from 
the  fonnula  (J5). 

A&TicLE  421. — On  the  Development  of  the  Disturbing  Force  of 
I3be  Ban  on  thA  Moon;  m  of  one  Planet  on  another,  vhioh  ia  nearer 
Umb  itadf  to  the  81m,  7M-7Se 

(«>  Leta,  «hetfaogeooenMoTiotonofmoon«ndawi;  r(aT«), 
and  «(=  T9%  their  geoeentric  distaneea ;  Jf  the  sum  of  the  masses  of 
earth  and  moon ;  8  the  mass  of  tlie  mn  ;  and  D  (as  in  recent  Series) 
ihc  mark  of  derivation  with  respect  to  \h(^  time  :  then  the  dijfitrmUM 
tguaiioH  of  the.  diiturbtd  tnotion  of  tl<  ihdou  ab<r"t  the  t  art/t  i%, 

D«a=Jr^o4-rj,    (L5)'    if    <pa  =  >p((t)  =  a^Ta\  (M5) 
and       t}  =  Vector  of  Diiiurbing  Force  =  6'(^<r  -  ^  (<t  —  aj) ;  (N^) 

^  denoting  hero  a  rccfor  fnucfion,  Xnii  not  a  linear  one. 

(A).  If  we  ncgleet  rj,  the  equatiuu  (I.-,)  reduc  es  itstlf  to  the  form 
D^  =  M<^a ;  which  contains  (comp.  (O^)  the  laws  of  unditturbed 

(«).  HwederclopethediatiiihuigTeotor  9,  according  to  aaoend- 
iog  powers  of  tiie  qootiomt  r :  «^  of  the  dutances  of  nioon  and  eon  from 
the  earth,  we  obtain  an  infimte  $erie»  of  termi,  each  representing  a 
JMUgrrn^    partial  iiHurim^  forces  which  may  be  thus  denoted, 

Vt^Vitl-i-Vtyt*   9l*9s»l-l'V9iS+i|l»li»  A<bi  (P») 

theae  partial  fixreea  ktmtuing  in  imnnAst,  but  immitJiii^f  m  intensity, 
inthepaflaageftoatanyoaegroaptothefellowing;  and  being  con- 
nected with  each  other,  wUhkk  any  sodi  group,  by  simple  MMNwrtiMl 

miMt  and  attgtUar  relations. 

(<f).  For  example,  the  tuo  f&rees  171,1,  of  the  first  group 
are^  rigorously,  prop  >rtMr.ul  to  the  numbers  1  and  3  ;  tln^  *hrce  forces 
V»»i»'72?i'  Ij-a '-•1  the  stro/u/ group  are  as  the  nninbeis  1,  2,  b  \  and 
the  four  forces  of  the  third  grou^  arc  proportional  to  6,  9,  15,  35  : 
while  the  separate  wliwWtiifS  of  Hk^  JIni  forcee^  in  these  three  first 
groups^  hare  the  expressioiis, 

,  (f).  All  these  partial  forces  are  conceived  to  act  at  the  moon  ;  but 
their  directions  may  be  n  presented  by  the  rcppcctively  para! f, I  ti/,if. 
lines  U171, 1,  &c.,  drawn  from  ihc  earthy  and  termmuUug  on  a  great 
eirele  of  the  edMiki  ephern  (supposed  here  to  hare  its  radina  equal  to 
onity),  which  paaaea  tkrongh  tlkgeoemirifi  (or  eifparent")  pUteee^  0 
and  ji^  of  the  am  and  moon  fa  the  keu9mu» 

(/).  Denoting  fhim  the  ^«oMM<ri;0stm;^liM0]^  of ffi00fillrw 
(in  the  fXeme  of  th'  thrf^  bodies)  by  +  9\  and  by  0 1,  0j,  and  Dj, 
what  may  be  called  (wo  f'-fifious  f^ois.  and  three Jictitious  moons, 
of  which  the  correspondiDg  eloDgatioos  irom  0,  in  the  tame  great 
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circle,  are  +  19,  -  20,  and  -  0,  f  39,  -  89,  as  illustrated  by  Fig.  88 
(p.  785);  it  is  found  that  the  direction*  of  tho  ivoofvtcu  cithejtni 
pw^  tie  ropr«flented  by  the  <im  rtM  of  thia  m^Mird^  irliidL  temi- 
nateia^aiidl^i;  thotoof  Uie  Mm  IbtOMoftlwMMMfgioiipibylhe 
fhnendiito  0i,  0,  tad  0»;  andthoMof  tbe/^fofON  oIUm 
fhlid  graup^  by  ibo  ndii  to  Ds,  9,  Dif  and  Di ;  with  facilities  for  eX" 
tending  all  these  results  (with  the  nqiuaite  modifications),  to  tho 
fourth  nnd  sub$equent  groups,  by  the  s^'m*"  qimfrrtnon  nmh/ns. 

(g).  And  it  is  important  to  observe,  that  jio  supposition  is  here 
made  respecting  any  smallmss  oi  exccntricities  or  inrluiadons  (p.  73G)  ; 
so  that  fl//  the  formula  apply,  wnth  tho  necessary  changes  oigcocm- 
trie  to  Miocentric  vectors,  &c.,  to  ^hop0rtmU*iom  of  tk$  MoMm  « 
«0NM<cMlA««iHi,  pioduoed  by  the  eMnote  •  J*<M,  ▼hibh  ia 
(at  tlie  time)  Morf  ilMlan^  than  the  ooDMt  ftm  fbe  aim 

A&nouB  422.~0&  Freaoel's  WeTe»   786-756 

(a).  If  p  and  fi  be  two  caneqponding  vectors,  of  rag-vchcitg  and 
ww(h*lotcM*»,  or  briefly  .A^and  JiMfer,  in  a  biaxal  crystal,  the  velo- 
city of  lipht  in  a  vacuum  boinp:  unity  ;  and  if  and  ^/i  bo  any  infi- 
nitesimal tariations  of  tlu'so  two  vectors,  consistent  with  tho  (equa- 
tions (supposed  to  be  as  yet  unknown),  of  the  IF tive  (or  ivave- surface), 
and  its  reciprocal,  ihe  Index- Surface  (or  surface  of  u-ave- slowness)  :  wo 
hare  then  first  tlie  ftindamental  SfuaUoito  of  Reciprocity  (comp.  p. 
417), 

8^p  — 1,  (E»)j      8/i»|9-0,  (S»);      Spe^iaO^  (Ts) 

whioh  MO  indepeadent  of  any  hypotheda  raspocting  the  wibnAwm  ot 
the  other, 

(3).  If  ^p  be  next  regarded  as  a  displacement  (or  vibration),  tm' 

gential  to  the  trave,  and  if  denote  the  elastic  force  resulting,  there 
exists  then,  on  Fresncl's  principles,  a  rtlation  between  these  two  small 
vectors ;  which  relation  may  (with  our  notations)  be  expressed  by 
either  of  the  two  following  ecjuations, 

^t  =  ^->^p,    (Uj),   or   ^p  =  ^^i;  (Vfi) 

the  function  ^  being  of  that  linear,  vector,  and  self-coi^tigo^  kindi 
which  has  been  frequently  employed  in  these  Elements. 

(<•).  The  fundamental  connexion,  between  tho  functional  symbol 
^,  and  the  optical  constants  abc  of  the  crystal,  is  expressed  (p.  74!, 
comp.  the  foruiuia  (Wa)  in  p.  xlvi)  by  tho  symbolic  and  cubic  c^ua- 

tiOHf 

of  whioh  an  eztenaiTe  nae  ia  made  in  the  pceaent  Seiiaa. 

(41).  The  nommt  oompotmUf  |i~i8/i^t,  of  the  eUatio  feme  ia  la- 
tfot/tHioo  in  Fxeanel'a  theory,  on  aeoonnt  of  the  anppoeed  imompmd- 
hilityoftho  other;  onA  1h6  ttn^oniM  oomponent^  ^-^Ip-fs-^Snff,  is 
(in  the  aame  theoiy,  and  with  proaent  notationa)  to  be  equeted  to 
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ir^p,  for  the  propagation  of  a  rectilinear  vibratioth  (p.  737);  wc  ob- 
tain then  thuBi  for  nioh  a  Tibratioii  w  tamgmUM  ditfU^umU,  ift  ^ 

and  therefore  by       the  equation, 

!■  •  SjfnAeiiMi  JbfM  oftho  loahr  J^fiMljiM^lAf  JuAi^AMr- 
/mm^  snd  buij  be  tliiw  tnaaibniied, 

l«S;.(/.«-^)->,l.  (Z») 

(#).  The  Wavt-Snrfaee,  aa  being  the  reciprocal  (a)  of  the  in^jr- 
nafmei       is  easily  found  (p.  738)  to  be  represented  by  this  other 


Os^Sp  '(^j-p  o-'p-';  (Ae) 

W  l«SpO>«-^-i)-«p.  (Be) 

(y).  In  such  tranaitions,  from  one  of  these  reciprocal  surfaces  to 
the  other,  it  is  found  convenient  to  introduce  tun  amiliarff  vectors^ 
«  nd  m(=  namely  tiie  linee  ov  and  ow  of  Fig.  89 ;  hoik  d»wa 
from  tiie  mmmm  mmItw  o  of  fhe  two  nirlSMMe;  hat  v  tarmhiatiiig 
788)  on  the  Uutffeni  plm$u  to  the  t0«M^  and  heSsg  jvorolM  tothe  diieo- 
tion  of  the  elastic  force  it ;  whereas  u  terminates  (p.  739)  on  the  tan- 
gent plane  to  the  index- surf act^  and  is  panllel  to  the  dUptacmmt  9p, 

(jf)»  Bendea  the  relation, 

UmfW,    or    Vmf-ki,  (G») 

eomioeting  tha  twonevTeeton  (/)  with  Huh  othtt,  they  an  ooB- 
aeeled  vitb  p  and  fi  hy  the  eqnationa  (pfiw  788|  789)» 

S;it;  =  -1,  (Ds);  Spu  =  0;  (Ee) 
8p»«-l,    (Fo);       S;i«  =  0;  fOe) 

and  generally  (p.  739),  the  following  Itule  of  (he  Inttrchangca  holda 
good :  In  any  formula  involving  p,  /i,  v,  w,  and  0,  or  some  of  them, 
itis  peimitted  to  $xthange  p  with  ft,  v  with  *»,  and  f  with  f  ~> ;  pro- 
•luiMf  that  we  at  tiie  same  time  interohange  9p  witii  ^t,  hat  ifolfww^ 
raUi^  9/1  with  ^p,  when  theae  Tviatioiu^  or  toy  of  them  oeoor* 
(A).  We  httve  alao  the  xelationa  (pp.  789, 740>| 

-piairlVv/te/c-t-iri;  (HO 
-|r»«^Vs»pasp  +  «r'»;  (Is) 


*  This  appnreTit  exception  arises  (pp.  739,  740)  from  the  circumstance,  that 
cp  and  ^(  have  their  directions  fjatn-albj  fixoi^  in  tliis  wliole  investigation 
(although  subject  to  a  common  reversal  by  ±),  when  p  iind  /x  arc  given  ;  whereas 
cft  continues  to  bo  used,  as  in  (o),  to  denote  any  infiniUtimal  vectory  (angcntit^  to 
|A#  Mnr-sM/eer  at  the  CBid  of  ^. 
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vith  othera  eaaily  deduced,  which  may  all  bo  illustrated  by  tho  abovc- 
citcd  Fig.  89. 

(t).  Among  such  deductiona,  tlio  following  oquationfl  (p.  740) 
may  be  mentioned, 

(Y vif>vy  +  Svpv  =  0,    (Jg);      (Vfai^-'w)»  f  Sw^-'<j=Q;  (Ke) 

which  Bhow  that  the  Locu4  of  each  of  the  iwo  Auxiliary  Points,  v  and 
w,  wherein  the  two  vectora  v  and  a>  terminate  (/),  w  a  Surface  of 
the  Fourth  Degree,  or  briefly,  a  Qnartic  Surface  ;  of  which  ttco  lociihc 
constructions  may  be  connected  (aa  stated  in  p.  741)  with  those  of  tho 
two  reciprocal  elliptoidsy 

Sp0p=l,    (L.),    and    Sp^ygl;  (M«) 

p  denoting,  for  each,  an  arbitrary  semidiamcter. 

(j).  It  ia,  however,  a  much  more  interesting  use  of  these  two 
ellipsoids,  of  which  (by  (Wj),  &c.)  the  scalar  semiaxcs  arc  a,  b,  e  for 
the ^rst,  and  <x  for  tho  second,  to  observe  that  they  may  bo 

employed  (pp.  738,  739)  for  the  Constructions  of  the  Wave  and  the 
Index- Surface,  respectively,  by  a  very  simple  rule,  which  (at  least  for 
tho  ^rst  of  these  two  reciprocal  surfaces  (o))  was  assigned  by  Fres- 
ncl  himself. 

(X-).  In  fact,  on  comparing  the  symbolical  form  (Ao)  of  tho  equa- 
tion of  the  Wave,  with  tho  form  (Ha)  in  p.  xxxvii,  or  with  the  equa- 
tion 412,  XLI.,  in  p.  683,  we  derive  at  once  Fresncrs  Construction  : 
namely,  that  if  tho  ellipsoid  (abc)  be  cut,  by  an  arbitrary  plane 
through  ita  centre,  and  if  j>erpendiculars  to  that  plane  be  erected  at 
that  central  i)oint,  which  shall  have  the  lengths  of  the  scmiaxes  of 
tho  section,  then  the  locus  of  the  extremities,  of  the  perpendiculars  so 
erected,  will  be  the  sought  Wave-Surface. 

(/).  A  precisely  similar  construction  applies,  to  the  derivation  of 
the  Index-Surface  from  the  ellipsoid  (a  'i  'r')  :  and  thus  the  two 
auxiliary  surfaces,  (Lg)  and  (Ms),  may  bo  briefly  called  the  Oetierat- 
ing  Ellipsoi<l,  and  the  Reciprocal  Ellipsoid. 

(w).  Tho  cubic  (W5)  in  ^  enables  us  easily  to  express  (p.  741)  the 
inverse  function  (jp  +  f)',  where  e  ia  any  scalar  ;  and  thus,  by  chang- 
ing eio  —  g-\  &o.,  new  forms  of  the  equation  (Ac)  of  the  wave  are 
obtained,  whereof  one  is, 

0  =  (^>-V)'  +  (/()»  +  a«  +  4«  +  c')  Sp^-  'p  -  a^bicf*  \  (NO 

with  an  analogous  equation  in  /i  (comp.  the  rtde  in  (^)),  to  represent 
the  index-surface  :  so  that  each  of  these  two  surfaces  ia  of  the  fourth 
degree,  a.s  indeed  Ls  otherwise  known. 

(«).  If  either  Spf-^p  or  p'  be  treated  as  constant  in  (Ne),  tho 
degree  of  that  equation  ia  depressed  from  the  fourth  to  tho  second ; 
and  therefore  the  irave  is  cut,  by  each  of  the  two  concentric  '/tuich'ics, 

Sp^-V  =  A*,    (0«),       p«  +  r»  =  0,  (P..) 

in  a  (real  or  imaginary)  cuneof  the  fourth  d'-gres  :  of  which  two  guar' 
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tie  fttrre*,  answering  to  all  scalar  values  of  the  constants  h  and  r,  the 
ware  is  the  common  locus. 

(o).  The  new  ellipsoid  (Oe)  is  similar  to  the  ellipsoid  (Mb),  and 
similarltf  placed,  while  the  sphere  (Pe)  has  r  for  radius  ;  and  every 
quart ie  of  the  second  system  (m)  is  a  spliero-conic,  because  it  is,  by  the 
equation  (A^)  of  the  wave,  the  intersection  of  lhat  sphere  (P^)  with 
the  eonctntrie  and  quadric  coney 

0  =  Sp(ip  +  r'iy^p',  (Q«) 

or,  by  (B«),  with  this  other  concentric  quadricy  • 

-l  =  Sp(^»  +  r')-V, 
whereof  the  conjugate  (obtained  by  changing  - 1  to  +  1  in  the  last 
eqaation)  has 

  g«-r«,  6»-r^y  ca-r»,  (SO 

for  the  sqiiares  of  its  scalar  scmioxcs,  and  is  therefore  eonfocal  with 
the  gena-ating  ellipsoid  (Lr,). 

(/?).  For  any  point  p  of  the  xcave,  or  at  the  end  of  any  ray  p,  the 
tangents  to  the  two  curves  (n)  have  the  directions  of  ta  and  pm ;  so 
that  these  two  qttartics  cross  each  other  at  right  angles,  and  each  is  a 
common  orthogonal  in  alt  the  curves  of  the  other  system. 

(y).  But  the  vibration  cp  is  easily  proved  to  bo  parallel  to  ii> ; 
hence  the  curves  of  the  Jirst  system  («)  are  Lines  of  Vibration  of  the 
Wave  :  and  the  curves  of  the  second  system  ore  tho  Orthogonal  TraJeC' 
(oriesf  to  those  Lines, 

(r).  In  general,  the  vibration  dp  has  (on  FrcsneVs  principles)  the 
direction  of  the  projection  of  the  ray  p  on  the  tangent  plane  to  tho 
wave  ;  and  the  elastic  force  St  has  in  like  manner  the  direction  of  the 
projection  of  the  index-vector  p  on  tho  tangent  plane  to  the  index- 
surface  :  so  that  tho  ray  is  thus  perpendicular  to  the  elastic  force 

AsTicxB  423.— Mac  CuUagh's  Theorem  of  the  Pokr  Plane,  .    .  757-762 


•  For  real  curves  of  tho  second  system  (w),  this  new  quadric  (R<i)  is  an  hy- 
perboloidy  with  one  sheet  or  with  two,  according  as  tho  constant  r  lies  between  a 
and  by  or  between  b  and  e ;  and,  of  course,  the  conjugate  hyperboloid  jo)  has  ttoo 
sheets  or  one,  in  the  same  two  cases  respectively. 

t  In  a  different  theory  of  light  (comp.  the  next  Series,  423),  these  sphero- 
eonics  on  tho  wave  are  themselves  the  lines  of  vibratiotu 
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Note. — It  appears  by  these  Tables  that  the  Author  intended  to  have  com 
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ELEMENTS  Of  QUAT£BNIONS. 


BOOK  I. 

05  TECTOBS,  CONSIDERED  WITHOUT  REFEE^CB  TO  ANGLES, 

OR  TO  ROTATIONS. 


CJIAPTEli  I. 
PVITOAMBNTAL  FUVCIPI^  BSSPBGTIlfO  VSGTOB0* 


Sicziov  I. On. the  Conception  of  a  Vector;  and  on  Equality 

of  Vectors. 

Ait.  1 — line  ab,  oonadered  as  baTing  not  only  leTiffthy 
hut  fdso  direction,  is  said  to  be  »  Vbctor.  Its  initial  point  a 

is  ?aid  to  be  its  origin;  and  its  final  poiiil  u  is  said  to  be  its 
iKrm.  A  vector  ab  ia  conceived  to  be  (or  to  construct)  the 
differaice  of  its  two  extreme  points ;  or,  more  fully^  to  be  the 
malt  of  the  subtraction  of  its  own  origin  from  its  own  terra ; 
and,  in  oonfofrmity  with  this  conception^  it  is  alflo  denoted  by 
the  ejfmboi  b  -  A ;  a  notation  which  will  be  found  to  be  ezten- 
aiTely  uiefnly  on  aooonnt  of  the  analogies  which  it  eenres 
to  express  between  geometrical  and  algebraical  operations. 
When  the  extreme  points  a  and  b  are  distincty  the  vector  ab 
or  B- A  is  said  to  be  an  actual  (or  an  efftctive)  vector;  but 
when  (as  a  limit)  those  two  points  are  conceived  to  coincide, 
the  sector  aa  or  a  -  a,  which  then  results^  is  said  to  be  nuH* 
Opposite  yectors,  such  as  ab  and  ba,  ^  vector, 
or  B-A  and  a-b,  are  sometinies  * 

called  vector  and  reveetor,    Sueees^  ^  a-b 

nve  vectors,  such  as  aij  and  bc,  or  ii«veetor.  * 

B  -  A  and  c  -  B,  are  occasionally  said 

to  be  rector        provector:  the  line  ac,  or  c  -  a^  which  is 
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drawn  from  the  origin  a  of  the  first  to  the  term  c  of  the  second, 
bcinpf  then  said  to  be  the  trans- 
vector.  At  a  later  stage,  we  shall 
have  to  consider  veeior<arc$  and 
}9eetoT-4tngU»  ;  but  at  present,  our 
only  vectors  are  (as  above)  rujfhi  A' 

2.  Two  vectors  are  said  to  be  equal  to  each  other,  or  the 
equation  ab  =  CD,  or  b  -  a  =  d  -  c,  is  said  to  hold  good,  when 
(and  only  when)  the  origin  and  term  of  the  one  can  be  brought 
to  coincide  respectively  with  the  corresponding  points  of  the 
other,  by  transports  (or  by  transIaUons)  without  rotation.  It 
follows  that  aU  mtU  vectors  are  e^iualf  and  may  therefore  be 
denoted  by  a  common  symbol^  sneh  as  that  used  for  xero  ;  so  that 
we  may  write,       a- a-b-b  «&c.-05 

but  that  two  actual  vectors,  ab  and  cd,  are  not  (in  the  present 
fitH  sense)  equal  to  each  other,  unless  they  have  not  merely 

equal  lengths,  but  also  similar  directions.  If  then  they  do  not 
happen  to  be  parts  of  one  common  line^  they  must  be  opposite 
sides  of  a  parallelogram^ 
abdc  ;  the  two  lines  ad,  bc 
beoommg  thus  the  two  dia- 
gonals of  such  a  figure,  and 
consequently  bisecting  each 
other,  in  some  point  e. 
Conversely,  if  the  two  equa- 
tions, 

j>  -  B  B  B  -  A,    and    C  -  B  -  B  -  B, 

arc  satisfied,  so  that  the  two  linea 
AD  and  EC  are  commedial^  or  have 
a  common  middle  point  £,  then  even 
if  they  be  parts  of  one  right  line, 
the  equation  d-cbb-ais  satis- 
fied. Two  radUf  ab,  ac,  of  any  Fig.  4. 
one  circle  (or  sphere),  caniweer  be  equal  vectors ;  because  their 
direcHons  differ. 
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3.  An  equation  between  Mctort,  eonndered  as  en 
ferenee  cfp^nU^  admits  of  uinertiom  and  ^ 
aUemation:  or  in  flynbolsy  if 


8 


then 
and 


O-C-B- Ay 
C-D-A-B, 
D-  B  «  C  -  A. 


Two  vectors,  cd  and  kf,  which  are 
equal  to  the  same  third  vector,  ab, 
are  alao  equal  to  each  other ;  and 
these  three  equal  vectors  arc,  in 
general,  the  three  poraUel  edge$  of 
mjprum. 


Vlg.  5k 


F|g.S. 


Section  2. —  On  Dijjcrences  and  Sums  of  Nectars  taken  two 

by  two. 

4.  In  order  to  he  able  to  write,  as  in  algebra^ 

(c  -  a')  -  (b  -  a)  =  c  -  B,  if  c'-a'  =  c-a, 

we  nekt  define,  that  when  a  first  yector  ab  is  nAtraeted  from 
a  second  Tector  ac  which  is  ohiniiial  with  it,  or  fiN>m  a  third 
Tector  aV  which  is  equal  to  that  second  Teetor,  the  remaimler 

is  that  fourth  vector  lic,  which  is  drawn  iioin  the  term  b  of'the 
first  to  the  term  c  of  the  second  vector :  so  that  if  a  vector  I  h3 
subtracted  from  a  transvector  (Art.  1),  the  remainder  is  the 
provector  corresponding.  It  is  evident  tliat  this  (jenmetrical 
embtractum  of  vectors  answers  to  a  decomposition  of  vections  (or 
tjimotioui)  ;  and  that,  by  sooh  a  decomposition  of  a  nuil  vec- 
tion  into  two  epposiie  vections,  we  haye>the  formnhi, 

0-(B  -  a)  =  (a-a)-(b  -  a)- a-b; 

80  that,  if  an  actual  vector  ab  be  subtracted  from  a  mdl  vector 
AA,  the  renuunder  is  the  reoeetor  ba.  If  then  we  agree  to 
ahridpe,  generally,  an  ezpresnon  of  the  form  0-a  to  the 

shorter  form,  -  a,  wc  may  write  hricfly,  -  ab  =  ba  ;  a  and  -  a 
being  thus  symbols  of  opposite  vectors,  while  a  and  -  (-  a)  are, 
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fctr  ihe  same  teason,  symbols  of  one  eommm  vector:  eo  tha^ 

we  may  write,  as  in  algebra,  the  identity^ 

-(-a)«a. 

5.  Aiming  still  at  agreement  with  algebra,  and  adopting 
on  that  account  the  formula  oj  relation  between  the  two  aigns^ 
'¥  and  -9 

-  a)  +  a  =  6, 

in  which  we  shall  say  as  nsual  that  5  -  a  is  added  to  a,  and  that 

their  sum  is  6,  while  relatively  to  it  they  may  be  jointly  called 
summandx,  we  shall  have  the  two  iullowing  Conseco uc noes  : 

I.  If  a  vector,  ab  or  b  -  a,  be  added  to  its  own  origin  a, 
the  sum  is  its  term  B  (Art.  1)  ;  and 

II.  IfApronedor  Bc  be  added  to  a  vector  ab,  the  sum  is 
the  iramveetor  ac;  or  in  symbols* 

1. .  (b  -  A)  +  A  =  B ;  and  II. .  (c  -  b)  +  (b  -  a)  =  c  -  a. 

In  ftcty  the  first  equation  Is  an  immediate  consequence  of  the 
general  formula  which,  as  above,  ccnneeti  the  eigne  +  and 

when  combined  with  the  conception  (Art.  1 )  of  a  vector  as  a  di^ 
fercnce  of  two  points  ;  and  the  second  is  a  result  of  the  same 
formula,  combined  with  the  definition  of  tlie  geometrical  sub- 
traction of  one  such  vector  from  another,  which  was  assigned 
in  Art.  4}  and  according  to  which  we  have  (as  in  algebra)  for 
emy  three  poMi^  a»  b»  c>  the  id/eniHgt 

(C  -  a)  -  (B  -  a)  «  C  -  B. 

It  is  dear  that  this  geomebiedl  addiiian  cieuoceeeioe  vectors 
corresponds  (comp.  Art.  4)  to  a  campoeitian  iji  eueceesive  vee^ 
tions,  or  motione  ;  and  that  the  ewn  of 

two  opposite  vectors  (or  of  vector  and 
revector)  la  a  null  line  ;  so  that 

BA  +  AB-0,  or  (a-b)+ (b-a)«>0. 

It  follows  also  that  the  sums  of  e^jual 
pairs  of  successive  vectors  are  equal; 
or  more  fully  that 

ifB'-A'*B-A,  and  c^-b'-c-b,  then  c'-a'  =  c-a; 
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the  two  tnangUst  abc  and  a'b'c',  being  in  general  the  two  cppiH 
mUfoon  of  %TpTUm  (comp.  Art.'3). 

6.  Again,  in  order  to  Jiaye,  as  in  algefan* 

(c'-  b')  +  (B  -  a)  «  C  -  A,  if  c'  -  b'-  c  -  b, 

we  shall  define  that  if  there  be  two  euooeesiye  yeotorB»  ab»  bc, 
and  if  a  third  Tector  bV  be  eqwl  to  the  second,  but  not  tiie- 

cesstve  to  the  firsts  the  sum  obtained  by  adding  the  third  to  the 
first  is  that  fourth  vector,  ac,  which  is  drawn  from  the  origin 
A  of  the  first  to  the  term  c  of  the  se- 
cond. It  follows  that  the  sum  of  auj 
two  eo-mUial  sides^  a  b  ,  ac,  of  any  paral- 
UUgram  abdc,  is  the  intermediate  and 
co-initial  drnganal  ad  ;  or,  in  symbols, 

(c-a)  +  (b- a)«d-a,  if  d-c«b- a;  Fig.8. 

because  we  haTe  then  (by  3)      a  »  n  -  B. 

7.  The  sum  of  any  tico  given  vectors  has  thus  a  vcdue  which 
is  independent  of  their  order  ;  or,  in  symbols,  a  +  /3  =  /3  +  a. 
li  equal  vectors  be  added  to  equal  vectors,  the  sums  are  equal 
vectors,  even  if  the  summands  be  not  given  as  successive 
(comp.  6)  ;  and  if  a  luUi  vector  be  added  to  an  actual  vector, 
the  sum  is  that  actual  vector;  or,  in  symbols,  O  +  a^a.  If 
then  we  agree  to  abridge  generally  (comp.  4)  the  expression 
O+n  to  -I- a,  and  if  a  still  denote  a  imr/Sor,  then -f  a,  and -i- (4  0)9 
&c.,  are  other  symbols  for  the  eame  vector;  and  we  have,  as 
in  algebni,  the  idcutitieSj 

-(-a)"  +  o,    +(-a)--(+«)*-a,    (+o)  +  (-e)-0,  do. 

Section  3. — On  Sums  of  three  vT  more  Veetore, 

8.  The  sum  of  three  given  vector^,  a,  /3i  y»  is  next  defined 
to  be  that  fourth  vector, 

S«7  +  (/3  +  a),   or  briefly,    S=7  +  /3  +  «, 

whieh  is  obtained  by  adding  the  third  to  the  sum  of  the  first 

and  second ;  and  in  like  manner  the  sum  of  ani/  7iumher  of 
vectors  is  formed  by  adding  the  last  to  the  sum  oi  all  that 
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precede  it:  also,  for  any  four  vectors,  a,  /3,  y,  ^,  the  sum 
(y +  /3  +  a)  is  denoted  aimplj  by  B  +  y+j^-^af  without  p«i- 
rentheses,  and  so  on  for  any  noinber  of  sammands. 

9*  The  sum  of  any  number  ofiuccetswe  Tectora^  ab»  bc, 
CD»  is  thoB  the  line  An,  which  is 
drawn  from  the  ori^n  a  of  the  Urst, 
to  the  term  D  of  the  last;  and  be- 
cause, when  there  are  three  such  vec- 
tors, we  can  dmw  (as  in  Fig.  9)  the 
two  diagonals  ac,  no  of  the  (pkne 
or  gauche)  quadrilateral  aboo,  and 

may  then  at  pleasure  regard  ab,  either  as  the  sum  of  ab,  bo^ 
or  as  the  sum  of  ac,  cd^  we  are  allowed  to  establish  the  follow- 
ing general  formula  of  association,  for  the  case  of  any  three 
suminand  littes^  a»  j3,  7 : 

(7  +  /3)  +  o«7  +  (j3  +  a)  =  7+  /3  +  a; 

by  combining  \yhich  with  the^formula  qfcommutatim  (Art.  7)» 
namely,  with  the  equation, 

o  +  /3t  =  j3  +  a, 

whidi  had  been  previously  established  for  the  case  of  any  hoc 
such  Bummands,  it  is  easy  to  conclude  that  the  Addition  of 

Vectors  is  always  both  an  Associative  and  a  Cummutative  Ope- 
ration.   In  otlicr  words,  the  sum  oi any  number    given  vectors 
has  a  value  which  is  independent  of  their  order,  and  of  the 
mode  oi grouping  them;  so  that  if  the  lengths  and  directions  of 
the  summands  be  preserved^  the  length  and  direction  of  the 
mm  will  alio  remain  unchanged :  ez^pt  that  this  last  direedon 
may  be  regarded  as  indetermmate^  when  the /di^fM  of  the  fum- 
line  happens  to  vanish,  as  in  the  case 
which  we  are  about  to  consider. 
1 0.  When  any  n  euuimaud-linea, 

AB,  BC,  CA,  or  AB,  BC,  CD,  DA,  &C., 

arranged  in  any  one  order,  are  the  n 
succeawe  Met  of  a  iriasigle  abc,  or  of 
a  quatHhteral  abco,  or  of  any  other 
dosed  polygon,  their  sum  ia  a  mtU  linct  aa  ;  and  convenely, 
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when  the  sum  oi  any  given  system  of  n  Tectora  is  thus  equal 
to  zero,  they  maj  be  made  («•  any  order,  by  transports  without 
rotehon)  the  n  sneoesriye  sides  oS a  doMef-  polygon  (pbme  or 
gmdie).  HenoOy  if  there  be  gioen  any  such  polygon  (p),  Bup> 
pose  a  pentagon  abcdb^  it  ie  poeaible  to  oonstnict  another 
doeed  polygon  (p'),  such  as  a'bVdV,  with  an  arbitrary  initial 
point  a',  but  with  the  same  number  of  sides,  a'b',  .  .  e'  \',  which 
new  sides  shall  be  equal  (as  vectors)  to  the  ohl  sklcB  ab,  . .  ea, 
taken  in  any  arbitrary  order.  For  example,  if  we  draw^&Kr 
anooeesiTe  yector8>  as  follows. 


AB  s  CD,     BC  B  AB,  CD 


EA, 


D     =  BC, 


and  then  complete  the  new  pentagon  by  drawing  the  line  k'a', 

this  cloding  side  of  the  second  figure  (p')  will  be  equal  to  the 
remaining  side  de  of  the  Jirst  figure  (p). 

1 1 .  Since  a  closed  figure  abc  .  .  is  still  a  closeil  one,  when 
all  its  points  are  projected  on  any  assumed pUmSf  by  any  system 
of  parallel  ordinates  (although  the 
area  of  the  prelected  figure  a Vc' . . . 
may  happen  to  vanish)  ^  it  follows  that 
if  the  sum  of  any  number  of  given 
vectors  a,  y,  . .  be  zero,  and  if  we 
project  them  all  on  any  one  plane  by 
parallel  lilies  drawn  from  their  extre- 
mities, the  sum  of  the  projected  vec- 
tors a ,  fi\  jf  •  •  will  likewise  be  null; 
80  that  these  latter  yectors,  like  the 
former^  eon  be  aoplaeed  as  to  become  the  suecessivs  sides  of  a 
ehsed  polygon,  even  if  they  be  not  already  such.  (In  Big*  1 1 , 
A  "u"c'  is  considered  as  such  a  polygon,  namely,  as  a  triangle 
loith  evanescent  area;  and  we  have  the  equation. 


F»g.  11. 


as  well  as 


aV+bV+cs"a"-0, 


A  b'  +  b'c'  +  c'a'  «  0,  and  ab  +  bc  +  ca  «  0.) 
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12.  The  simple  or  single  vector,  a,  is  also  denoted  by  la, 
or  b J  1 .  a,  or  by  (+  I )  a ;  and  in  like  manner,  tiic  double  vector, 
a  +  a,  is  denoted  by  2a,  or  2  •  a»or  (4  2)09  &c. ;  the rt</^ being, 
that  for  any  algebraicd  ittt^;ery     regarded  as  a  coefficient 
which  the  Yector  a  is  muU^ied^  we  have  always^ 

la  +  ma  =  (I  +iw)o; 

the  symbol  1  -mk  bdng  here  interpreted  as  in  algebra*  ThnSy 
Oa  =  0,  the  zero  on  the  one  side  denoting  a  mdl  eoeffieietU,  and 

the  zero  on  the  other  side  denoting  a  Jiull  vector;  because  by 
the  rule, 

la4  Oa"(l  +0)a«ia*cit  aad  .-.Oa^a-a^O. 

■ 

Again,  because  (1)  a  +  (- l)a  =  (1  -  l)aa€a«0,  we  hare 

(-  l)a  =  0  -  a  =  -o  =  -(la);  inHkcmanncT, dnce (l)a  +  (- 2)a 
=  (l-2)a  =  (-  l)a  =  -a,  wc  infer  that  (-  2)a  =  -a- a  =  -  (2a)  ; 
and  generally,  (-  m)  a  =^  -  (ma),  whatever  whole  number  m 
may  be:  so  that  we  may,  without  danger  of  confusion^  omit 
the  parentheses  in  these  last  symbols,  and  write  simply,  -  la> 
—  2a,  —  ifui* 

13.  It  follows  that  whatever  two  whole  tmmbere  (poeitiTe  or 
negative,  or  null)  may  be  represented  by  m  and  »,  and  vaihat" 


Fig.  12. 

ever  two  vectors  may  be  denoted  by  a  and  jBt  we  have  always, 
as  in  algebra,  the  formuUe, 

na±ma  =  (n  ±  m)  a,        it  (wa)  =  (wm)  a  -  wwa, 
and  (compare  Fig.  12), 

m(j3±a)»mj3±ma; 
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80  that  the  nuUtiplication  of  vectors  by  eoefficienU  id  a  duMij 
SMtrikmUvM  4>peraiianf  «l  least  if  the  wmUipHers  be  vhoie 
mmberMi  a  festriotton  wbieb,  however,  WiU  soon  be  re- 
moved. 

14.  If  ma  =  /3»  the  coeffiotent  m  being  still  whole,  the  vector 
(3  is  said  to  be  a  multiple  of  a ;  and  conversely  (at  leimi  if  the 
integer  m  be  different  from  zero),  the  vector  a  is  said  to  be  a 
sulh-multtple  of  /3.  A  multiple  of  a  sub-multiple  of  a  vector  id 
estd  to  be  ayS-oc/iofi  of  that  vector ;  thusyif/S-niaiaDdy-fia, 

then  y  is  a  fraction  oi' /i^  which  id  denoted  as  folio  ws»  y^—^i 

also  /3  is  said  to  be  multiplied  by  the  ii-actioiml  coefficient  ^> 

and  7  is  said  to  be  the  product  of  this  iniiltiplioatioD.   It  fbl- 

low6  that  if  0,  and  y  be  any  tiro  frdctions  (positive  or  negative 
or  null,  whole  numbers  being  included),  and  if  a  and  /3  be  any 
two  vectors^  then 

ya  ±  Ja  =  (y  ± a;)a,    y{xa)  =  (yx)  a  =  yxa,    a;(/3  ±  o)  =  a>3  ±  xa  ; 

results  which  inclade  ^oee  of  Art  13»  and  may  be  extended 
to  the  case  where  x  and  y  are  incommenswrable  coefficients,  con- 
sidered as  limits  oi' fractional  ones. 

15.  For  any  actual  vector  a,  and  for  any  coefficient  x,  of 
any  of  the  foregoing  kinds,  the  product  xa,  interpreted  as  above, 
represents  always  a  vector  ft,  which  has  the  same  direction  as 
the  muU^ieand'line  a,  if  «>09  but  has  the  opposite  direction 
if  «  <  0»  becoming  nuQ  if  jr.-  0.  Conversely,  if  o  and  /3  be  any 
two  aelMal  vectors^  with  directions  either  similar  or  opposite,  in 
eod^  of  which  two  cases  we  shall  say  that  they  arc  parallel 
vectors,  and  shall  write  ftl  a  (because  both  are  then  paralhl, 
in  the  usual  sense  of  the  word,  to  one  common  line),  we  can 

always  find,  or  conodive  as  found,  a  coefficient  2^0,  which  sliall 

satisfy  the  equation  ft  =  xa;  or,  as  we  shall  also  write  it, 

j3  =  ax;  and  the  positive  or  negative  number  x,  so  found,  will 
bear  to  ±  1  the  same  ratio,  as  that  wliich  the  lenyth  of  tlicliuc 
Q  bears  to  the  length  of  a. 

c 
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16.  Hence  it  is  natural  to  say  that  this  coefficient  x  is  the 
quotient  whioh  reBults,  from  the  division  of  the  vector  /3»  bjf  the 
parallel  vector  a;  and  to  write*  aooordiogly* 

«  /3  0 

««i/3-^a»    OTX^pia,  ora:=^; 

80  that  we  shall  haye,  identically,  as  in  algebra,  at  least  if  the 

dicisor-linc  a  be  an  actual  vector,  and  if  tlie  dandend4ine^\i% 
parallel  thereto,  the  equations, 

(fl  ;  o)  .  o  »  — a  » /3,    and    a;a :  o  =  ~  «  a- ; 
a  €1 

which  will  afterwards  be  extended^  by  definition^  to  the  case  of 
nonFfarattel  vectors.   We  may  write  also,  nnder  the  same 

conditions,  a       and  may  say  that  the  vector  a  is  the  quotient 

X 

of  the  division  of  the  other  vector  ^  the  nunibtr  x  ;  so  that 
we  shall  have  these  other  identities, 

5.ap»(ox«)S,    and    ~  = 

X         ^  X 

17.  The  positiv  e  ur  negative  quotient^  which  is  thus 

obtained  by  the  dmsion  of  one  of  two  parallel  vectors  by  ano- 
ther, including  zero  as  a  Umit,  may  also  be  called  a  Scalae  ; 

because  it  can  always  be  found,  and  in  a  certain  sense  con- 
structed^ by  the  comparison  of  positions  upon  one  common  scale 
(or  axis)  ;  or  can  be  put  under  the  ibrnj, 

C  -  A  AC 

X  =  =  — , 

B  -  A  AB 

wheie  the  three  pointSf  a,  b,  c,  are  coUinear  (as  in  the  figure 
annexed).    Such  sealars  are,  there-  ^         3  ^ 

furc,  simply  the  Reals  (or  real  qtMn-  ' 
tities)      Algebra;  but,  in  combina- 
tion with  the  not  less  real  Vectous  above  considered,  they 
form  ofte  of  the  main  elements  of  the  System^  or  Calculus^  to 
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which  the  present  work  relates.  In  fafsi  it  will  be  showo,  at 
a  later  fttage»  that  there  ia  an  important  sense  in  which  we  can 
eoooetTe  a  scalar  to  be  adt^d  to  a  vector ;  and  that  the  turn 
so  obtained,  or  the  combinadon, 

^*Seaiar pltu  Veetar^" 

H  a  QUATSRNION. 

CHAPT£B  II. 

APPLICATIONS  TO  POINTS  AND  LINES  IN  A  GIVEN  PLANE. 

SicnoN  I.—  On  Iamot  EquaHoM  eanneeting  two  Co-miiial 

18.  W  HBN  several  vectors,  oa,  ou,  .  .  are  all  drawn  i'roai 
one  common  point  o,  that  point  is  said  to  be  the  Griffin  of  the 
S^»tem  :  and  each  particular  vector^  such  as  oa,  is  said  to  be 
ihe  veeiar  qfiu  aum  term^  a.  In  the  present  and  future  sec- 
tions we  shall  always  suppose,  if  the  contrary  be  not  expressed, 
that  all  the  Tectors  a,  /3,  .  .  which  we  may  have  occasion  to 
consider,  are  thus  drawn  from  one  common  origin.  I  Jut  it"  it 
be  desired  to  change  tliat  origin  o,  without  chaniring  the  term- 
pcfints  A, .  .  yre  shall  only  have  to  subtract^  from  each  of  their 
old  vectors  a,  • .  one  common  vector  01,  namely,  the  old  vector 
00'  of  the  new  origin  o' ;  since  the  remaindered  a  -  m,  /3  - 1^, . . 
will  be  the  new  vectors  a,  |3', . .  of  the  old  poinie  a,  b,  . . .  For 
example,  we  shall  have 

a  ■  o'a  »  A-O'"  (a  -  O)  -(o'-  O)  «  OA  -  00'=  o  -  W. 

19.  If  tiDO  vectors  a,  JB,  or  oa,  ob,  be  thus  drawn  from  a 
,  given  origin  o,  and  if  their  o  a  b 

<fcr€ee»9ii#  be  either  similar  or  '  " 
Opposite,  so  that  the  three 

points,  o,  A,  B,  are  situated  on  one  right  line  (as  in  the  6gure 
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annexed),  then  (by  16, 17)  tbeir  qmUmt  ^  is  some  pofllfiyeor 

negatiTe  tettlar^  suoh  as  s ;  and  oonreradyt  the  eqiiBtion 
/3  «  Ml*  interpreted  with  thia  refeience  to  an  cr^mt  expresaea 
the  eondUion  of  colUnearHy,  of  the  points  o,  a,  b  ;  the  partica* 

lar  values,  a;=0,  a:=  1,  corresponding  to  the  particular 
tiansy  o  and  a,  of  the  variable  point  B,  whereof  the  ijidefinite 
right  line  oa  is  the  locus, 

20.  The  linear  equation^  connecting  the  two  vectors  a  and 
/3»  aoquires  a  more  symmetrioy^rm,  when  we  write  it  thus : 

where  a  and  h  are  two  scalars,  of  >vhich  however  only  the  ratio 
is  important.   The  co^ition  of  cornddenee^  of  the  two  pointa 

A  and  B»  answering  above  to  ^  -  I,  is  now  »  1 ;  or^  more 
aymmetrieallj, 

Aooordinglyy  when  « -t-^  the  linear  equation  beoomea 

i(j3-a)«0,    or  /3-o  =  0, 

sinee  we  do  not  euppoae  that  both  the  coeffieieiita  vanish ;  and 

the  equation  /3  =  a,  or  ob  «  oa,  requires  that  the  point  b  should 
coincide  with  the  point  a  :  a  case  which  may  also  be  conve- 
niently expressed  by  the  formula, 

B  >  a; 

eoincideni  points  being  thus  treated  (in  notaHan  at  least)  aa 
tqmiL  In  geneialy  the  linear  equation  gives, 

a .  OA  +  5 .  OB  a  0»   and  therefore  a :  6  •  bo  :  oa. 

Section  2. —  On  Linear  Eqvntiom  between  three  co^iniiial 

Vectors. 

21.  If  two  (actual  and  co-initial)  vectors,  «,  j3,  he  not  oon* 

nected  by  any  equation  of  the  form  aa  4  ^  «  0,  with  any  two 

i^calar  cocfticient?  n  and  /;  whatcvor,  tl»eir  direrfions  cnn  neither 
be  similar  nor  opposite  to  each  other;  they  therefore  determine 


Digitized  by  Coogle 


CBAP.  ll.J     POIMTS  AND  LIVBS  IN  A  61TSN  PLANS. 


13 


a  plane  aob,  in  which  the  (now  actual)  vector,  represented  by 
the  sum  aa  +  bf^^  Jb  situated.  For  if«  for  the  aake  of  symmetry, 
we  denote  this  smn  by  the 
symbol -cy,  where cis  some 
third  tealar^  and  yoc  is 
some  third  vector^  so  that  tbe 
Mree  co-initial  vectors,  a,  /3, 
y,are  connected  by  the  linear 
egMatioriy 

'  Fig.  16. 

and  if  we  make 

,   -aa  ,  -b^ 

OA  •  1  OB  » — ^; 

c  c 

then  tbe  two  auxiliary  points,  a'  and  b',  will  be  sittiated  (by 

19)  on  the  two  indefinite  right  lines,  OA,  ob,  respectively: 
and  we  sliall  have  the  equation, 

oc»oa'-i-ob', 

so  that  the  figure  a  ob  c  is  (by  6)  a  parallelogram,  and  conse- 
quently plane. 

22.  Conversely,  if  c  be  any  point  in  the  plane  aob,  we  can 
draw  from  it  the  ordinates^  ca!  and  cb',  to  tbe  lines  oa  andoB, 
and  can  determine  tbe  xatios  of  the  three  scalars»  a,  ^  so  as 
to  satisfy  the  two  equations, 

a      oa'       b  ob'^ 

C        OA*         C        OB  ' 

after  which  we  shall  have  the  recent  expressions  for  oa',  ob', 
with  the  relation  oc  =  oa'  +  ob'  as  before ;  and  sliall  thus  be 
brought  back  to  the  linear  equation  f^/i  +  c-y  >=  0,  which 
equation  may  therefore  be  said  to  express  the  condition  qfcom- 
pianarity  of  the  pointt^  o»  A,  B,  c*  And  if  we  write  it  under 
the  form, 

and  consider  the  vectors  a  and  /3  as  ffiven,  but  y  as  a  variable 
vector,  while  i/j  z  are  variable  scalars^  tbe  locus  of  the  va- 
riabU  pomt  c  will  then  be  the  yiven  plane^  oab. 
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23.  It  may  happen  that  the  point  c  is  situated  on  the  right 
line  AB9  whidi  is  here  consideied  aa  a  giotn  one.   In  diat 

AC 

case  (comp.  Art  17»  Fig.  13),  the  quotient  —  mubt  be  equal 

AB 

to  some  scalar,  suppose  t ;  so  that  we  shall  have  an  equation  of 
the  form, 

y^^t,    or  7=o  +  *(/3-a),    or  (I -Oa  + <j3- 7  =  0  ; 
p-a 

by  comparing  which  la^t  lorni 
with  the  linear  ciiuation  of  Art. 
21,  we  see  that  the  condition 
of  colUnearity  of  the  three 
pointa  A,  B,  c,  in  the  given 
plane  oab,  is  expressed  by  the 
formula, 

£I  +  ^»+C  =  0.  Fig.  IG. 

Thb  oondltion  may  also  be  thus  written, 


- «  -b 

1  =  —  +  — , 
c  c 


OA     OB  , 

or  —  +  —  «1; 

OA  OB 


and  under  this  last  form  it  expresses  a  geometrical  relatimf 

which  is  otherwise  known  to  exist. 

24.  When  we  have  thus  the  two  equations, 

aa+£^  +  C7«0,   and  a-^b^-e^O, 

80  that  the  three  co-initial  vectors  a,  /3,  y  terminate  on  one 
right  line,  and  may  on  that  account  be  J^aid  to  he  termino-col- 
linear^  if  we  eliminate,  successively  and  separately,  each  of 
the  three  aoalara  a,  ^  c,  we  are  conducted  to  these  three  other 
equations,  expressing  certain  ratioe  of  segments : 

b(fi  -  a)  +  C{y  -  a)  =  0,        c{y  -  /3)  +  a(a  -  /3)  =  0, 
a(o-7)  +  A(P-y)-0i 


or 


0  =  6.AB  ^  C.AC  =  C.BC  +  a.BA  «  a.CA  -f  ^.CB» 


Hence  follows  this  proportion^  between  coefficients  and  seg* 
mentSf 

a:d:cB  Bc:  ca:ab. 
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We  might  also  have  obsenred  that  the  proposed  equations 
give, 

"""TTT''    '^"TTT'  ^"TTF' 

whence 

AC   y  - «     b        ^  . 
AB   p-a   a+0  c 

25.  If  we  still  treat  a  and     as  giveiiy  but  regard  y  and 

^  as  mrui^,  the  equation 

xa  +  fy/3 

wOl  express  that  the  oaruiMs  poini  c  is  situated  tomeioAtfiv 
on  the  mdefimte  righi  line  ab»  or  that  It  has  this  Une  for  its 

locui  :  while  it  divides  the ^nite  line  a  a  into  sef^ments,  of  which 
the  variable  quotimt  ia, 

AC 

CB  X 

Let    be  another  pomt  on  the  eame  tme,  and  let  its  vector  be» 

then,  in  like  manner,  we  shall  have  this  ttther  ratio  qfseff' 
mentSf 

c'b  x' 

If,  then,  we  agree  to  employ,  generally,  >^  any  yrovp  of  four 
culUinear  pouitSf  the  notatumt 

,       .    ab  cd    ab  ad 
(abcd)  "  =  —  :  —  ; 

^  BC  DA     BC  DC 

80  that  this  etfrnbol^ 

(abcd), 


nuiy  he  siud  to  denote  the  anharmotik  funetiony  or  ankarmonie 
fuottentf  or  simply  the  ankarmonic  of  the  (/roup,  a,  b,  c,  d  :  we 
shall  have,  in  the  present  case,  the  equation, 

.  AC  Ac'  yx' 

(acbc)  «  — :-r--^. 
^  CB  CB  ay 
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26.  When  the  anhamionic  quotient  becomes  equal  to  nega- 
tive umiyf  the  proup  becomes  (as  is  well  known)  harmaniCm 
If  iben  we  have  the  two  equationsy 

the  two  points  c  and  c'  are  harmonically  conjugate  to  each  other, 
with  respect  to  the  two  given  pointsj  a  and  B  ;  and  when  they 
vartf  together^  in  consequence  of  the  variation  of  the  value  of 

they  form  (in  a  well-known  sense),  on  the  indefinite  right 

line  AB,  dhiiunu  m  inoohUian;  the  doMe  pamU  (or  fiet)  of 
this  iiiToliitioiiy  namely»  the  points  of  which  each  is  its  own 
oonjngftie,  being  the  points  a  and  B  themselves.   As  a  verifi- 
cation, if  we  denote  by     the  vector  of"  the  middle  point  w  oi' 
the  given  interval  ab,  so  that   

^-/tf-^-a,or/tt-t(a+/3),  Fig.  17. 

we  easily  find  that 

y-fi_g-X     P  -H  MC  MB 

^-t*    y  +  x    y  -fi  MBMC 

SO  that  the  rectangle  under  the  distances  uo,  mc',  of  the  two 
variable  but  conjugate  points^  c,  c',  from  the  centre  m  of  the 
involution,  is  equal  to  the  constant  square  of  half  the  interval 
between  the  two  double  points,  a,  b.  More  generally,  if  we 
write 

/  vx' 

where  the  anhannonic  quotient  —  =      ia  any  constant  icalar, 

J 

iben  in  another  known  and  modern*  phraseology,  the  points 
c  and  c'  will  form,  on  the  indefinite  line  ab,  txoo  homegre^ie 
divisions f  of  which  a  and  b  are  still  the  double  points*  More 
generally  still,  if  we  establish  the  two  equations, 

•  S«e  tlM  G^oM^trie  Syptrienr*  of  M.  CIimIm,  p.  107.  (Parisi  1851.) 
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^.?i±2g,  and  y.^^iase, 

~  bebg  8tUl  oonstent,  bot  ^  variable*  wUle  a  -  oa',  j3'  •  ob', 

and  y  =■  oc,  the  two  given  Imes^  ab  and  a'b',  are  then  komo' 
grapkicMify  dkridedf  bj  the  two  eortoMe  poiiUs,  c  and  c '»  not 
DOW  sappoeed  to  move  along  one  eemnum  line. 

S7*  Wken  the  linear  equation  a«i  4  5/3  4-  «y  •  0  subtiets, 

wtAmU  the  relation  « -f  ft  +     0  between  it«  eoeffldents,  then 

the  three  co-initial  vectors  a,  y  are  still  cornp/finar,  but  they 
no  longer  teniiinate  on  one  r'ujht  line ;  their  term-poiHts  a,  C 
being  now  the  comers  of  a  triatt^le. 

In  this  more  general  casey  we  may  pfopoee  to  find  tiie  ve6> 
Um  m\  fi\  7'  of  the  three  points, 

a'=OA  BC,      B  ^OB'CA, 

c'-=  oc  AB  ; 

that  b  to  say,  of  the  points  in 
wlueh  the  Unes  drawn  from  the  ^ 

origin  o  to  the  three  comers  of 
the  triangle  intersect  the  three 
lespectively  opposite  .*?W^j.    The  three  coIlinecUions  oaa',  &c., 
gi?e  (by  19)  three  expressions  of  the  forms, 

o'«ara,      /3=^/3,  y'^^y* 

where  y,  z  are  three  scalare,  which  it  ia  required  to  deter- 
mine by  means  of  the  three  oiker  oolliaeations,  a'bc,  Ac,  with 
the  help  of  relations  derived  from  the  principle  of  Art  23. 

Substituilng  thcrel'orc  for  a  its  value  x  'a',  in  the  ^/me  linear 
equation,  and  equating  to  zero  the  eum  of  the  coefiicients  of 
the  nem  linear  equation  whioh  results,  namely, 

eliminating  similarly  /3,  7>  each  in  its  turn,  from  the  ori- 
ginal equation;  we  find  the  values, 

-«  -5  -e 

— ,  — »      ^= — 7; 

^  i» 
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whence  the  sooght  veoton  are  expressed  in  ttther  of  the  two 

following  ways: 

o-^c  c  +  a        '    a  +  b 

or 

XI.  •  •  a  «  9       p- — — y»  

b  +  c  c  +  a  '      a-^  b 

In  flict  wc  see,  by  one  of  these  exprcsjsions  for  a',  that  a'  is  on 
the  line  oa  ;  and  by  tlic  other  expression  for  the  same  vector 
a',  that  the  same  point  a'  is  on  tlie  line  uc.  As  another  veri- 
fication, we  may  observe  that  the  last  expressions  for  a.\  /3',  jt 
coincide  with  those  which  were  found  in  Art.  24,  for  «,  /^s  y 
themseWeS)  on  the  particular  supposition  that  the  three  points 
ii,  B»  c  were  coUinear. 

28.  We  may  next  propose  to  determine  the  ratioM  of  the 
segments  of  the  sides  of  the  triangle  abc,  made  by  the  points 
a\  b\  c*.  For  this  pur[)o?e,  we  may  write  the  last  equations 
for  a ,  /3  >  y  under  the  form, 

0-ft(a'-P)-c(Y-a')-cO'-7)-a(a-j3')-a(y-ii) 

and  we  see  that  they  then  give  the  required  ratios,  aa  follows : 

ba'  c       cb'  a  Ac' 
Pc"^'  c'li'S' 

whence  we  obtain  at  once  the  known  equation  of  »ix  geffmeni*, 

ba'  ch'  ac' 


AC   BA  CB 

as  the  condiHon  of  concurrence  of  the  three  right  lines  aa',  bb', 
cc',  in  a  common  point,  such  as  o.  It  is  easy  also  to  infer,  fixrni 

tlie  same  ratios  of  segments,  the  following  proportion  of  coejfi- 
cients  and  areas, 

aibiem  OBC : oca :  oab» 

in  which  we  must,  in  general,  attend  to  algebraic  si(fns  ;  u 
angle  being  conceived  to  pass  {Uirough  zero)  from  positive  to 
negative^  or  vice  versdf  as  compared  with  any  given  triangle  in 
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its  own  planoy  when  (in  the  oourse  of  anj  oontiouoos  change) 
its  vertex  croises  its  Aff#e.   It  nmy  be  obeenred  that  wUh  thu 

convtntion  (which  i^,  in  llict,  a  necessary  one,  fur  the  establish- 
ment o\'  general  J'ormulie)  we  have,  for  any  three  points^  the 
equation 

ABC  +  BAG  s  0, 

exaetlj  as  we  had  (in  Art  5)  (or  any  two  points,  the  equa- 
tion 

AB  -f  BA  «  0. 

More  fully,  we  haTO*  on  this  phin,  the  formuUs, 

ABC  "  -  BAC  »  BCA  e  -  CBA  «•  CAB  aCB; 

and  any  two  comphuiar  triangles^  ABC,  a'b'c',  bear  to  each  othe  r 
a  positive  or  a  negative  ratio,  according  as  the  two  rotations, 
which  may  be  conceived  to  be  denoted  by  the  same  symbols 
ABC,  a'b'c',  are  similarly  or  oppositely  directed, 

29.  If  a'  and  b'  bUect  respectively  the  sides  BC  and  ca, 
then 

a  B  6  « 

and  c'  bisects  ab  ;  whence  the  known  theorem  foUowSs  that 
ike  three  bisectors  of  the  sides  qf  a  triangle  concur,  in  a  point 
which  is  often  called  the  centre  of  gravity^  but  which  we  pre- 
fer to  call  the  mean  poini  of  the  triangle,  and  which  b  here  the 
eriym  o.  At  the  same  time,  the  first  ezpresaoiiB  in  Art.  27 
for  o',  /3',  y'  become, 

«--2'       ^=^"2'  ^^"2' 

whence  this  other  known  theorem  results,  that  the  three  bisee^ 
tors  trisect  each  other* 

30.  The  linear  equation  between  o,  /3,  y  reduces  itself,  in 
the  case  last  considered,  to  the  form, 

a  +  /3  4  7  »  0,   or  OA  +  OB  +  oc  -  0 ; 

the  three  vectors  a,  (3,  y,  or  oa,  ob,  oc,  are  tlierctbre,  in  tliis 
case,  adapted  (by  Art.  10)  to  become  the  successive  tides  of  a 
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irim^fkt  by  irmuperU  wiik0tU  rtiaHon  :  nod  aooonlingl j,  if 
we  oomplele  (is  in  Fig.  19)  the 
pandlelogram  aob  d,  the  trkngle 

OAD  will  have  the  property  in 
question.  *  It  follows  (by  11) 
that  if  we  project  the  Jour  points 
o,  A,  n,  c,  by  any  system  of  pa- 
raikl  ordinaiesy  into  four  other 
points,  o,,  A,,  Cy  on  anj  as- 
sumed plane^  the  «tim  of  the  three 
projected  wdors,  a,,  /3,,  7,,  or  fig.  i». 

OA,  Sic,  will  be  null;  so  that  we  shall  have  the  mw  limar 
equation, 

or, 

oA+oB+oc=0; 

Mid  in  &ct  it  is  evident  (see 
Fig.  20)  that  the  projected 
imeanpoint   will  be  the  mean 

point  of  the  projected  triangle, 
A^  B^,  c^.    We  shall  have  al$>o  the  equation, 

k-«)-^O,-0)+(r-7)-o; 

where 

-  •  -        -  OA  -  (OA  4  AA,)  -  (00,  +  O^A)  =  AA,  -  00,  ? 

hence 

or  the  ordSuiof e  i^lhe  meanpami  of  a  triangk  is  the  »mji  oT 
the  ortKttates  of  the  three  comers. 


Section  3. —  On  Plane  Geometrical  Nete. 

31.  Beeoming  the  more  geneial  oeee  of  Art  37,  in  which 

the  coefficients  a,  6,  c  are  supposed  to  be  megual,  we  may  next 

inquire,  in  what  points  a",  b",  c"  do  the  lines  n'c',  c'a',  a  b' 
meet  respectively  the  side?  ik  ,  ca,  ab,  of  the  triangle;  or  may 
seek  to  assign  the  vectors  a  >  /i  »  y'  of  the  points  of  intersco^ 
tion  (eoo^.  27), 
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A*  -  bV'BC)         -  c'a'*ca,      C"  -  aV*  AB. 

The  first  expressiona  in  Art.  27  for  /3',  7',  give  the  equa- 

tioDB, 


whence 

b-c        (a  +     -  (c  +  a)  * 

but  (by  25)  one  member  is  the  vector  of  a  point  on  bc,  and 
the  other  of  a  point  on  bV;  each  therefore  is  a  value  for  the 
vector  a  of  a",  and  similarly  for  /3 "  and  7".  We  may  there- 
fore write, 

•"TTT'     '^•"TTT'  ^'ITT' 

and  by  comparing  these  expreseions  with  the  second  set  of 

values  of  a',  j3',  7'  in  Art.  27,  we  sec  (by  26)  tiiuL  the  poiutij 
a",  b",  c"  are,  respectively,  the  harmonic  corijugates  (aa  they 
are  indeed  known  to  be)  of  the  points  a',  b',  c',  with  respect 
to  the  three  pairs  of  points,  b,  c ;  c,  a  ;  A,  B ;  so  that,  in  the 
notation  of  Art  26,  we  have  the  equations, 

(ba'ca  )  =  (cb'ab ")  =  (ac'bc") «-  I. 

And  because  the  expressions  for  a%  /3",  y"  conduct  to  the  fol* 
lowing  linear  equation  between  those  three  vectors, 
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(6  -  e)a^  +  (c  ~  0)0"  +  (a  ^    y  =  0, 

with  the  relation 

(/;-c)+(c-a)  +  (a-ft)  =  0 

between  its  coefficients,  we  amve  (by  23)  at  this  other  known 
theorem,  that  the  three  pointe  a%  b%  c''  are  eaUmear^  as  indi- 
cated by  one  of  the  dotted  lines  in  the  recent  Fig.  21. 

32.  The  line  a"b'c'  ni«iy  represent  any  rectilinear  transver- 
salj  cutting  the  sides  of  a  triangle  abc  ;  and  because  we  liave 

AC    y  —  n  o 
wliile  ~  =  - ,  and  ^  =  ~,  as  before,  we  arrive  at  this  other 

BA     C  CB  a 

equation  of  six  seffnients,  for  any  triangle  cut  by  a  right  line 
(comp.  28), 

BA     CB  AC 

whldi  again  agrees  with  known  results. 

33.  EHminaling  /3  and  y  between  either  set  of  expressions 

(27)  for  /3'  and  y%  with  the  help  of  the  given  linear  equation, 

we  arrive  at  this  other  equation,  connecting  the  three  vectors 
«,  /3  ,y  : 

0  =  -  aa  +  (C  +  a))3  +  (a  +  b)y  . 

Treating  this  on  the  same  plan  as  the  given  equation  between 
a,  /3»  y,  we  find  that  if  (as  in  Fig.  21)  we  make, 

a'"  =  OA  •  B  c',  B"'  =  OB  •  c'a',  c"'  =  OC  •  aV, 

the  vectors  of  these  three  new  points  of  intersection  may  be  ex- 
pressed in  either  of  the  two  following  ways,  whereof  the  first 
is  shorter,  but  the  second  is,  for  some  purposes  (comp.  34, 36) 
more  convenient: 

2a  +  6  +  c  2b^c  +  a*       ^     2c  +  a  +  b' 

or 

2a  +  /m  c  ^        26  +  c  +  a 

^   2cy +  flo46/3 
^       2c+«  +  6 
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And  the  three  equations,  of  which  the  following  i&  one^ 

(6  -  c)  a"  -  (2A  +  c  +  a) /S"  +  (2c  4  a  +    y"'  =  0, 

with  the  relataonB  between  their  eoeffidents  which  are  evident 
on  inspection,  show  (by  23)  that  we  have  the  three  additional 
eeHmeatians,  a''b'*c**,  b''c''a'",  c^a^b*  as  indicated  by  three  of 

the  dotted  liue©  in  the  figure.  Aloo,  because  we  have  the  two 
expressions, 

^   (a-f&)y-t-fc4a)/y  „  (g4A)y-(c4a)P' 

"     (fl  +  Z;;  +  (<:  +  a)   '  (a  +  ^)-(c  +  a)  * 

we  see  (by  26)  that  the  two  points  a%  a**  are  harnumkalfy  con- 
jugate with  respect  to  b'  and  c' ;  and  simihurly  for  the  two 
other  pairs  of  points,  b",  b%  and  c",  cT,  compared  with  c', 

and  with  a  ,  b':  so  that,  in  a  notation  already  employed  (25, 
31),  we  may  write, 

(bWa'')  =  (c Wb")  =  (A  Wo*)  -  - 1, 

34.  If  we  heyin^  as  above,  with  Any^fintr  eamplanar points^ 
Of  A,  b,  €,  of  which  no  three  are  collinear,  we  can  (as  in  Fig. 
18),  by  what  may  be  called  a  Ftrst  Comtrudionf  derive  from 
them  six  lines,  connectmg  them  two  by  two,  and  intersecting 
each  other  in  three  new  points,  a',  n',  c' ;  and  then  by  a  Second 
Construction  (represented  in  Fig.  21),  we  may  connect  these 
bv  three  new  lines,  which  will  give,  by  their  intersections  with 
the  former  lines,  six  new  points,  a",  .  .  c"'.  We  might  pro- 
ceed to  connect  these  with  each  other,  and  with  the  given 
p<Hnt8,  by  sixteen  new  lines,  or  lines  of  a  Third  CoTuttruction^ 
namdy,  the  four  dotted  lines  of  Fig.  21,  and  twelve  other 
lines,  whereof  three  should  be  drawn  from  each  of  the  four 
given  points :  and  these  would  be  found  to  determine  ciglity- 
I'our  new  points  of  inter.'^cction,  of  whicli  some  niuy  be  seen, 
although  they  are  not  marked,  in  the  figure. 

But  hoicever  far  these  processes  of  liJiear  construct  inn  may 
be  continued,  so  as  to  form  what  has  been  called*  a  plane 

•  By  Prof.  A.  F.  Moinf  s,  in  page  274  of  his  Barycentric  Calculut  (der  barj-ccn- 
tr'uche  Caiail,  Leipzig,  lb27). 


Digitized  by  Google 


24  BLB^BNTS  OF  QUATEBNIOXS.  [BOOK  I. 

geometrical  ncty  the  vectors  of  the  points  thus  determmed  have 
all  one  common  property :  namely^  that  each  can  be  represented 
by  an  expression  of  the  form, 

xaa  +  yftj3  ^■  zcy 

where  the  coefficients  z  are  some  whoie  numbers.  In  &ct 
we  see  (by  27,  31 ,  33)  Uiat  such  expressions  can  be  assigned 
for  the  nme  derived  yectors,  a » • .  •  y^f  which  alone  have  been 
hitherto  considered ;  and  it  is  not  ^liffienlt  to  peroeive»  from 
the  nature  of  the  ealenlations  employed,  that  a  similar  result 
must  hold  good,  for  every  vector  subsequently  deduced.  But 
this  and  other  connected  results  will  become  more  completely 
evident,  and  their  (jeometrical  sirjnijiration  will  be  better  un- 
derstood, alter  a  somewhat  closer  consideration  oi  anhcurmomc 
quotitnU^  and  the  introduction  of  a  certain  system  of  anhar- 
monie  coordinates^  for  points  and  lines  in  one  plane,  to  which 
we  shall  next  proceed :  reserving,  for  a  subsequent  Chapter, 
any  applications  of  the  same  theory  to  space, 

Sbction  4. —  On  Anharvionic  Co-ordinates  and  Equations  of 
Poinia  and  Lines  in  one  Plane. 

35.  If  we  compare  the  hist  equations  of  Art.  33  with  the 
corresponding  equations  of  Art.  31,  we  see  that  the  harmoH*c 
^rayp  ba'ca",  on  the  side  bc  of  the  triangle  abc  in  Fig.  21» 

has  been  simply  reflected  into  another  such  group,  b'a'^c'a",  on 
the  line  u  c ,  by  a  hannonic  pencil  of  lour  rays,  all  passinrr 
tlirouijh  the  point  o  ;  aud  similarly  for  the  other  groups. 
More  generally,  let  oa,  go,  oc,  on,  or  briefly  o .  abco,  be 
anrj  pencil,  with  the  point  o  for  vertex  ;  and  let  the  new  raff 
on  be  cut,  as  in  F^.  22,  by  the  three  sides  of  the  triangle 
ABC,  in  the  three  points  Ai,  Bi,  Ci ;  let  also 

so  that  (by  25)  we  shall  have  the  anharroonic  quotients, 

(B a'cAi)  =  ~,         (CA  B A,)  =  - ; 


Digitized  by  Google 


CBAP.  n«]    POlMTt  AMD  UMSt  IV  A  Off  III  PLANE. 


25 


a|id  lei  ha  mtk  to  express  the  two  oilier  vootora  of  iateraeo* 
tioo^  /3i  and  yi,  with  a  view  to  ^c, 
deteraimiog  tlM  aohamioiik 
tioa  of  the  groups  on  tlio  two  a. 
other  aUea.  The  given  equatbn 
(27), 

■hows  OB  at  once  that  theee  two 
TeetoiBare» 

whence  we  derive  (bj      these  two  other  anharmonioii, 

(CBAB,)-?^;  (BCACt)-^; 

so  that  we  have  the  rektioos, 

(cb'aBi)  +  (ca'bai)  =  (bc'aCx)  +  (ba'caj)  »  1. 

But  in  general*  for  udj  fh«r  eoUinear  points  a,  b,  c»  IH  it  is 
not  diffioult  to  prove  that 


AB  AC 

—  CD  4  —  bd»0a; 

BC  CB 

whence  hy  the  definition  (!S5)  of  the  signifioatbn  of  the  sym- 
bol (abco),  the  following  identity  is  derived, 

(abcd)  +  (acbd)«  !• 

Comparing  this,  then,  with  the  recently  found  relations,  we 
have,  for  Fig.  22,  the  followiug  auharmouic  e^uatioua : 

g 

(CAB  Bi)  =  (CABAi)  -  -  ; 

(bac'cO-Cba'ca,)-^; 

9 


and  we  see  that  (as  was  to  be  expected  from  known  priuci* 
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plea)  the  anharmonic  of  the  grotq)  does  not  change,  when  we 
pass  from  one  side  of  the  triangle,  considered  as  a  transverBoti 
of  the  pencil,  to  another  such  side,  or  transyersal.  We  may 
therefore  speak  (as  usual)  of  saoh  an  anharmonio  of  a  grotqp^ 
as  being  at  the  same  time  the  Anhamutnie  qfa  Pencil;  ami, 
with  attention  to  the  order  of  the  raye^  and  to  the  definition 
(25),  may  denote  the  two  last  anharmonics  bj  the  two  followiag 
reciprocal  expressions: 

(o.cabd)--;  (o.bacd)b-; 

y  * 

with  other  resulting  values,  when  the  order  of  the  rajs  is 
changed;  it  bdng  understood  that 

(o .  cabd)  =  (c  a  b  D  ), 

if  the  rays  oc,  oa,  ob,  od  be  cut,  in  the  points  c',  a\  b\  d\ 
by  any  one  right  line. 

36.  The  expression  (34), 

may  represent  the  vector  of  any  pouU  v  in  the  given  plane  ^  by  a 
suitable  choice  of  the  coefficients  «,  y,  jr,  or  simply  of  their  ro- 
Hoi*  For  sinoe  (by  22)  the  three  complanar  vectors  pa,  pb, 
PC  must  be  connected  by  some  Unear  equation,  of  the  form 

a'.  PA -)■  6' .  PB -I- c' .  PC  B  0, 

or 

«(a-p)  +  *'O-p)  +  c'(y-p)  =  0, 

which  gives 

a  a  +  6  /3  +  c'y 
a'+b'+c  * 

we  have  only  to  write 

a  V 

a  o  c 

and  the  proposed  expression  for  p  will  be  obtained.  Hence 
it  is  easy  to  infer,  on  principles  already  explained,  that  if  we 
write  (compare  the  annexed  iTig.  23), 
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F|»PA'BC,         P,«FB*CA,  Fs«-PC'ABy 

we  shall  have,  with  the  same  coefficients  xyz,  the  following 
expreasiona  for  the  vectors  or,,  op^, 
op»>  or  pifpup»  oi  theae  three  points 
of  intenectioiiy  Fi«*^tf  ^9* 


ybQ  +  zcy  zcy  +  xaa 


xa  +  yb 


If  ig.  28. 


wbidi  give  it  ouoe  the  foUowmg  anhannoiiioB  of  pencils,  or  of 
groups, 

(a  .  BOCP)  B  (ba'cPi)  =  -  ; 

IS 

m 

Z 

(B  .  COAP)  =  (cb'aP,)  =  -  ; 

X 

(c ,  AOBP)  «  (ac'bp«)  -  - ; 

if 

whereof  we  see  that  the  product  is  nmty.  Any  hoo  of  then 
three  pmeili  saflSce  to  determine  the  potiihn  of  the  point  p, 
when  the  triangle  abc,  and  the  origin  o  are  given  ;  and  there- 
fore it  appears  that  the  three  coefficients  x,  y,  z,  or  any  scalars 
proportional  to  them,  of  which  the  quotients  Xhns  represent  the 
anhamwnics  of  those  pencils,  may  be  conveniently  called  the 
Anhabmonic  Co-ordinatbs  of  that  point,  p,  with  respect  to 
the  given  triangle  and  origin  :  while  the  pmut  P  itself  may  be 
demoted  by  the  Sgmbolf 

With  this  notation,  the  thirteen  points  of  Fig.  21  come  to  be 
thus  symbolized : 

A  -(1,0,0),    B  -(0,1,0),    c  -(0,0,1),  o-(l,l,l); 

A'  «=  (0,1,1),     b'»(1,0,  1),     C'.  (1,1,0); 
A"  =  (0,  1,-1),  B''  =  (-1,0,  1),  c"=  (1,-1,0); 
a"'=(2,  1,  I),    B'  =.  (1,2,1),  €"'=(1,1,2). 
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37.  If  Pi  and  Pt  be  any  two  poinU  in  the  given  plane. 
Pi  -      yi,  z,),      F,  -  (^2,  ya,  z,), 

and  if  t  and  u  be  any  two  aoalar  ooeffidents,  then  the  following 
third  pamtt 

p  =  (toj  +  uXi,  tjfi  +  t^u  tzi  +  uz^), 

18  coUmear  with  the  two  ft^mae  pointiy  <jsr  (in  other  words)  ia 
aitoated  on  Me  r^ht  Ime  PiPf  For,  if  we  make 

x.aa  +  .  .  J'Ga  +  .  . 

Pi "  *         P  "  1 

M^-¥,,        ^  aa-i-.. 

these  vedCTM  of  the  three  points  PiPsF  are  oonnected  by  the 
UmBor  equation^ 

in  which  (comp.  23),  the  sum  of  the  coefficients  is  rero.  Con- 
versely, the  point  p  cannot  be  coUinear  with  Pi,  Pa,  unless  its 
co-ordinates  admit  of  being  thus  expressed  in  terms  of  theirs. 
It  follows  that  if  a  variabk  point  p  be  obliged  to  move  along  a 
gioen  right  line  P|Pt»  or  if  it  have  such  a  idle  the  given 
plane)  for  its  /ecice,  its  OHtrdinatee  xyz  must  satisfy  a  komo^ 
genecue  equation  of  the  first  degree,  with  constant  coefficients  ; 
which,  in  the  known  notation  of  determinants,  may  be  thus 
written, 

\  X,     y,  z 
0  »  i  JTi,  yi,   Zi  ; 

or,  more  fully, 

0  •  JP (yA  -  «iyi)  +  y  (-i^a  -        +  *  (x^yt  -  yxXt) ; 
or  briefly, 

0  ■    +  my  +  Jiz, 

where  /,  m,  n  are  three  constant  scalars^  whereof  the  quotients 
determine  the  portion  of"  the  right  line  A,  which  is  thus  the 
locus  of  the  point  p.    It  is  natural  to  call  the  equation^  which 


and 

J"  aa  +  .  . 
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thus  connects  the  co-ordinates  of  the  point  p,  the  Anharmonic 
EquatioJi  of  the  Line  A  ;  atiJ  wc  ishall  find  it  convenient  also 
to  6[Xiak  of  the  coefficients  /,  n,  in  that  equation,  as  being 
the  Anharmome  Co-ordinates  of  that  JJm:  which  line  nay 
alflo  be  demoUd  by  the  Sjfmhol^ 

A- £4 

38.  For  example,  the  three  sides  bc,  ca,  ab  of  the  given 
triangle  have  thus  for  their  equatumi^ 

flP.Oy  Jf-Oy  ««0, 

and  for  their  jymAo/t» 

[1,0,0],       [0,1,0],  [0,0,1]. 

The  three  additional  lines  da,  ob,  oc,  of  Fig.  18,  have,  in  like 
manner,  for  their  equations  and  symbols, 

y-z«iO,       ;b-s«0,  «-y«0, 

[0,  l,-lj,       [-1,0,1],  [1,-1,0]. 

The  fines  bVa',  c'aV,  a'bV,  of  ilg.  21,  are 

y-f;e-««0,      z+x-y-0,  »+y-«-0, 

[-i,i*i],     [1,-1.1],  [1,1,-1]; 

the  lines  a"b'"c"',  bV'a  ',  c"a'"b'*',  of  the  same  figure,  arc  in  like 
nuumer  represented  by  the  equations  and  symbols, 

y  -k^z-Zx^^y      z-^m-Zy^O,  «4y-3i;-0, 
[-3,1.1],       [1,-3,1],  [1,1,-3]; 

and  the  li&e  a'^b  V  b 

z-ky-^zm^^   or  [1,1,1]. 

Finally,  we  may  remark  that  on  the  same  plan,  the  equation 
and  the  symbol  of  what  is  often  called  the  line  at  infinity^  or 
of  the  ioau  of  all  tk$  utfimUly  dutaniptmUs  m  the  yiv^m plane f 
are  reafteotively, 

ojB  +  6y  +  c«  «  0,    and    [a,  6,  c] ; 
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because  the  linear  function^  ax^by^  cz^  of  the  co-ordinates 
2}  JT  of  a  point  p  in  the  plane,  is  the  denammatar  of  the  ex- 
pressbn  (34,  36)  for  the  vector  p  of  that  point:  so  that  the 
pomt  F  is  at  an  infinite  distanee  from  the  onffn  o,  when,  and 

only  when,  this  linear  function  vanishes, 

39.  These  anharmonic  co-ordinates  of  a  line,  although 
above  interpreted  (37)  with  reference  to  the  equation  of  that 
line,  considered  as  connecting  the  co-ordinates  of  a  variable 
point  thereof,  are  capable  of  receiving  an  independent  geome- 
trical interpretation.  For  the  three  points  l,  m,  K,  in  which 
the  line  At  or  H  m,  a],  or  &  H-  my  +  air «  0,  intersects  the  three 
sides  BC,  CA,  ab  of  the  given  triangle  abc,  or  the  three  given 
lines  iTeO,  yO,  z^O  (38),  may  evidently  (on  the  plan  of 
36)  be  thus  denoted : 

L-(0,a,-m);      M»(-a,0, 0;  ii«(w,-/,0). 

But  we  had  also  (by  36), 

A'  »  (0, 1,  -  I) ;      B'  -  (-  I,  0,  I) ;  (1,  -  1. 0) ; 

whence  it  is  easy  to  infer,  on  the  principles  of  recent  articles, 

that 

—  =  (ba'cl)  ;      -  m  (cb"am)  ;      %  «=  (ac^bk)  ; 

with  the  resulting  relation, 

(ba  "cl)  .  (cb'  am)  .  (ac'bn)  =  I. 

40.  Conversely,  this  last  equation  is  easily  proved,  with 

the  help  of  the  known  and  general  relation  between  segments 
(32),  applied  to  ani/  two  transversals,  a'  b  'c  "  and  lmn,  of  any 
triangle  abc.  In  fact,  we  have  thus  the  two  equations, 

BA*'  cb"  ac"  bl  cm  an 

A  C    B  A   C  B  LC   MA  NB 

on  dividing  the  former  of  which  by  the  hitter,  the  last  fbrmuls 

of  the  laat  article  results.  We  might  therefore  in  this  way 
have  been  led,  without  any  consideration  of  a  variable  point  f, 
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tftiBtaodvee  tkrmm  nmtiUtiv^  9calarSf  4     m»  defined  tm  htmog 


^  %uQii€M9  —  eqiial  respectively,  as  in  39»  to  the 

ineahmiKymcs  of  groups, 

(BA"ct.)»        {ob'jm),  (ac'bh); 

iB^<fecTi\t  would  Viavc  been  evident  that  these  three  scalam, 
ft    l)«,»(^oiaay  oibera  proportional  thereto),  are  sufficient  to 
^    ifUmim  Hu  position  of  the  right  line  A9  or  LMN,  considered 
»  %  tnammtd  of  U&e  given  tmngle  abc  :  so  that  th^  might 
I    atanlly  have  beosi  callod,  on  this  aooount,  as  above,  f&e 
I     laimwue  co-^trdinatee  of  that  Kne.   But  althongh  the  anhar- 
■MMDc  co-ordinates  of  a  point  and  of  a  line  may  thus  be  inde- 
pndently  defined,  yet  the  ^^ome^nca/ i/^/V//y  ol'sucli  definitions 
"wiil  be  found  to  depend  mainly  on  their  combination  :  or  on  the 
formula  Ix  -k-  my  -t-  nz  «  0  of  37,  which  may  at  pleasure  be  con« 
ad«red  as  expressingy  either  that  the  variable  point  {x^     z)  is 
mtmaied  somewhere  upon  Ihe  gwen  right  line  [4  m,  n] ;  orelse 
that  the  variable  Une  [/,  m,  n]  paeeeSf  m  same  dtreUiant  through 
ike  giaen  point  (z,  z). 

41.  If  Ai  and  As  be  any  two  right  lines  in  the  given  plane, 

Ai "  [/t,  nil.  Ml],       At «  [/t,  mt»  ih]» 

then  any  third  right  line  A  in  the  same  plane,  which  passes. 
through  the  intersection  Ai'As,  or  (in  other  words)  which  COM*. 
care  with  them  (at  a  finite  or  infinite  distance),  may  be  repre- 
aented  (comp.  37)  by  a  symbol  of  the  ^m, 

A  »  [tlx  +      ^'''i  +  ^itht  + 

where  t  and  ti  are  scahtf  coeflSdents.  Or,  what  comes  to  the 
same  thing,  if  /,  m,  »  be  the  anharmonic  co-ordinates  of  the 

line  A,  then  (comp.  again  37),  the  equation 

/,  m.  It 
/i,  mi,  »! 


most  be  satisfied ;  because,  if  {X,  F,  iT)  be  the  supposed  point 
emman  to  the  three  lines^  the  three  equations 
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muBt  oo-ezist*   Gonveniely,  this  ooeziBtenoe  will  be  poflslbte 

aiid  the  three  lines  will  have  a  common  point  (which  may  be 
infinitely  distant),  if  the  recent  condition  of  concurrence  be  sa- 
tisfied. For  example,  because  [a,  h,  c]  has  been  seen  (in  38) 
to  be  the  symbol  of  the  line  at  infinity  (at  least  if  we  still  re- 
tain the  same  significations  of  the  scalars  6,  c  as  in  articles 
27,        it  follows  that 

A-[/9m9ii],   and   A'*[/+Ma»  m  +  tf^,  ji  +  mcJ, 

arc  symbols  of  two  parallel  lines  ;  because  they  concur  at  infi- 
nity. In  general,  all  problems  respecting  intersections  of  right 
lines,  collineations  of  points,  &c.,  in  the  given  plane,  when 
treated  by  this  aii^iamumic  method^  conduct  to  easy  elimina- 
tiont  between  linear  eguoHoiu  (of  the  teedar  kind),  on  which 
we  need  not  here  dday:  the  ma^antsm  of  such  ealcidatumi 
b^g  for  the  most  part  the  same  as  in  the  known  method  of 
triiinear  eo-crdmates*:  although  (as  we  have  seen)  the  geome- 
trical interpretations  are  altogether  different, 

Sbctioii  5. — On  Plane  Oeometrieal  Nete^  renmed* 

42.  If  we  now  resume,  for  a  moment,  the  consideration  of 
those  plane  geometrical  nets^  which  were  mentioned  in  Art.  34; 
and  agree  to  call  those  points  and  lines,  in  the  given  plane,  ra- 
tUmal  poinis  and  rational  Imu^  respeotiyely,  which  haye  thdr 
anharmanie  eo-^nrdinaies  equal  (or  prcportianal)  to  uMb  mmh 
here  $  because  then  the  anharmome  fuoHeniOf  which  wero  dis* 
cussed  in  the  last  Section,  are  rational ;  but  to  say  that  a  point 
or  line  is  irrational,  or  that  it  is  irrationally  related  to  the 
given  system  of  four  initial  points  o,  a,  b,  c,  when  its  anhar- 
monic  co-ordinates  are  not  thus  all  equal  (or  proportional)  to 
integerM ;  it  is  clear  that  whateoerfour  points  we  may  anume 
as  mdui/,  and  howenerfar  the  construction  of  the  net  may  be 
carried,  the  net'poinii  and  net-Hnee  which  result  will  atthBra- 
Honal,  in  the  sense  just  now  defined.   In  fact,  we  beyin  with 
such;  and  the  subsequent  6/tmma/ioiL5  (41)  oan  never  after- 
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wsds  oonduct  to  aiij,  that  are  of  the  contrary  kind :  the  right 
fine  which  emmmiM  two  ntioml  points  being  alwaya  a  rational 
fine;  and  tlM  point  ofmiMeeHtm  of  two  rational  lines  bmng 
neoesaarily  a  rational  point.   The  assertion  made  in  Art.  34 

is  therefore  fully  juetified. 

43.  Conversely,  every  rational  point  of  the  given  plane, 
with  respect  to  the  four  assumed  initial  points  oabc,  is  a  point 
of  the  net  which  those  foor  points  deteroiine*  To  prorc  this, 
it  18  evidently  snffident  to  show -that  every  rational  point 
Ai«(0,  y,  z),  on  any  one  adeBCofthegivenr  triangle  ABc»oan 
be  10  constructed.   Making,  as  in  Fig.  22, 

Bi «  oAt  *  CA,  and  Ci  -  oai  *  ab, 

we  have  (by  35,  36)  the  expressions, 

Bi  •  (jf,  0,  If  -  «),  Ci^^z^z-y^O); 

from  which  it  is  easy  to  infer  (by  36,  37),  that 

c'Bj  •  bo  •  (0,  jf, «  -  y),      B'ct  •  BC  -  (0,  y  -  z,  z) ; 

and  thus  we  can  reduce  the  linear  construction  of  the  rational 
pcnnt  (0,  y,  2),  in  which  the  two  whole  numbers  y  and  z  may 
be  supposed  to  be  prime  to  each  other,  to  depend  on  that  of 
the  point  (0,  1,  1),  which  has  ahready  been  eonstrocted  as  a'. 
It  ftUows  that  althongh  no  irmtunud  point  q  of  tihe  plane  eon 
he  a  net-point,  yet  every  eueh  point  can  be  indefinitely  approached 
to,  by  continuing  the  linear  construction; 
?o  that  it  can  be  intluded  ttithin  a  quadrila' 
teral  interstice  P1PJP3P4,  or  even  within  a  ^n- 
angular  interstice  PiPaP«t  which  interstice  of  ti< 
the  net  can  be  made  as  smoB  as  we  may  de- 
nie.  Anakgons  remarks  apply  to  UToliiffiia/ 
finei  in  the  phuie^  which  con  never  coincide 
with  net-lines,  but  may  always  be  indefinitely  approximated  to 
by  such. 

44.  If  p,  p,,  be  any  three  coUhu  nr  points  of  the  net,  so 
that  the  formula!  of  37  apply,  and  if  p'  be  any y&icrM  net-point 
('» y  >  i  )  upon  the  same  line»  then  writing 

XiO  +  y  i6  +  ZiC  «  »i,       0^2  +  ^3^^  +  ZiC  =  t;,, 

F 
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we  shall  Imve  two  ezprewiona  of  Uie  ibrmsy 

pm  —  J  p  m  —  ;  ^ 

in  which  the  coefficients  tutu  are  rational^  because  the  co-or- 
dinates xyz,  <S:x5.,  are  such,  whatever  the  constants  abc  niay  be. 
We  have  therefore  (by  25)  the  following  rational  expression 
ibr  the  anharmonic  of  this  ne^yro^p ; 

and  sinillarly  for  every  other  group  of  tlic  same  kind.  Hence 
everi/  (/roup  of  four  coUinear  net-points,  and  consequently  also 
ei^ert/  pencil  of  four  concurrent  net-lines,  has  a  rational  value  for 
its  anharmonic  Junction  ;  which  value  depends  only  on  the  pro- 
ee$ses  of  Unear  coMtrucUon  employed)  in  arriving  at  that  groop 
or  pencil,  and  is  quite  independent  of  i^kb  configuration  or  ar- 
rangement  of  thejf&tir  initial  paints  :  because  tiie  three  initial 
constants f  a,  /j,  c,  dtsajtpear  from  the  expression  which  results. 
It  was  thus  that,  in  Fig.  21,  the  yiine  pencils^  which  had  the 
nine  derived  points  a'.  .  c"'  for  their  vertices,  were  all  harmo- 
nic pencils,  in  whatever  manner  the  four  points  o,  a,  b,  o 
might  be  arranged.  In  general,  it  may  be  said  that  plaoe 
geometrical  nets  are  all  homogreqthicfyures  and  conversely^ 
in  any  two  such  plane^nret,  correspondinff  points  may  be  con* 
sidered  as  dther  coinciding,  or  at  least  (by  43)  as  indefinitely 
approaching  to  coincidence,  with  similarly  constructed  points 
of  two  plane  nets :  that  is,  with  points  of  which  (in  their  re- 
spective systems)  the  anharmonic  coordinates  (36)  are  equal 
integers. 

4d.  Without  entering  heref  on  any  general  theory  of  trans^ 
firmatum  of  anharmonic  co-ordinates,  we  may  already  see  that 
if  we  select  any  four  net-^points  Oi,  a„  Bi,  Ci,  of  which  no  three 

are  collinear,  every  other  point  p  of  the  same  net  is  rationally 
related  (42)  to  these  ;  because  (by  44)  the  three  new  anhar- 

•  Comptn  the  G^itHt  5^|»^HMrt  of  X.  Chaalei^  p.  S62i 
t  Sm  Note  A,  «n  Ankanumie  Co-^rdtKolM, 
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of  pencil  (a. . b.o.cp)  =  fl.  &c  «e  »tio».l:  «Hi 

therefore  (comp.  3(j)  the  jicw  co-ordinates  a;,,  i/u  Zi  of  the  point 
p,  as  well  ita  old  co-ordinates  xy-?,  are  equal  or  proportional  to 
whole  numbers.  It  follows  (by  43)  that  ever^  point  p  of  the 
net  can  be  linearly  constnteted^  if  oi^  ^bio*  soch  pointa  be 
ymen  (no  tluree  being  collinear,  as  above) ;  or,  in  other  wordsy 
that  the  whole  net  can  be  reeonetruded,*  if  any  one  of  ita  ^ua- 
drUateroie  (sneh  as  the  hUeretiee  in  Fig.  24)  be  AfiotMi.  As 
an  example,  we  may  suppose  that  the  lour  points  oa  n  c'  in 
Fig.  2 1  are  given,  and  that  it  is  required  to  recover  from  them 
the  three  points  abc,  which  had  previously  been  among  the 
data  of  tlie  construction.  For  tliia  purpose,  it  is  only  ncces- 
saiy  to  determine  first  the  three  anziliary  points  iT^  b%  cT*  as 
the  intersections  da'  -  bV^  Ac.  ;  and  next  the  three  other  auxi« 
Hary  points  a%  b%  c',  as  bV  •  b'*c^»  Ac.  :  after  which  the  for- 
mulae, A  «  b'b*  •  c'c",  &c.,  will  enable  us  to  return,  as  required, 
to  the  points  a,  b,  c,  as  intersections  of  known  right  lines. 

Sbctiov  6.^  On  Anharmonie  Equaiwne^  and  Veelor  Exprm' 
iionSffor  Cumi  in  a  given  Plane* 

46*  When,  in  the  ezpresnons  34  or  36  for  a  Tsriable  vee- 
tor  p^of$  the  three  variable  eoahre  (or  anharmonie  co-ordi- 
nates)  a;,  y,  ^  are  connected  by  any  given  algebraic  e^witionf 

such  aa 

•snpposed  to  be  rational  and  integral,  and  homogeneous  of  the 
de^eCf  then  the  locus  of  the  term  v  (Art  1)  of  that  vector 
is  a  plane  curve  of  the  jf^  order;  because  (comp.  37)  it  is  cut 

*  Tbii  IheoMn  (4S)  of  the  |Mtribl«  rteonMirutHcm  ofu  pUmt  iwf,  from  wuf  on* 
of  ili  q[madrUaitni$^  and  tlie  thoofon  (48)  mpoetiog  tbo  poadbill^  of  IndoA- 
idileljr  approtuUmg  by  nH-Umn  to  the  potato  Above  oiUod  yratiomd  {\2\  without 
«m  reaching  such  points  bj  WDJ  proceeses  of  linear  construction  of  the  kind  hen 
comiilere«l,  have  boon  taken,  aa  regards  their  substance  (although  inrestigAtcd  by  a 
totally  dilTereut  analysb),  from  that  highly  original  treatise  of  Muinvs,  which  wns 
referred  to  in  a  former  note  (p.  23).  Coiui>are  Note  B,  upon  the  Baryeentric  Caicu- 
hui  and  tUc  rtimarks  iu  the  fuliowing  Chapter,  upoa  net*  in  space. 
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in  p  pomii  (distinct  or  coinddenty  and  ml  or  imaginary),  by 
any  ^toen  riffht  line,  /x  4  my  +  nz  »  0,  in  the  given  plane. 
For  examplei  if  we  write 

t^aa  +        4  v^cy 

where  t,  u,  v  are  three  new  variable  scalars,  of  which  we  shall 
suppose  that  the  sum  is  zero*  then*  by  eliaunating  these  be- 
tvreen  the  four  eqnattonsi 

a;  =  i\    y  "  u\    z=v\    #  +    +  u  =  0, 
we  are  conducted  to  the  following  equation  of  the  second 

so  that  here  p  »  2,  and  the  locus  of  p  is  a  conic  section.  In  fact* 
it  iiB  the  conic  which  iauekes  the  sides  of  the  gwem  trunk^U  abc> 
at  the  points  above  called  V»  b'»  g';  for  if  we  seek  its  dtf erj^e* 
Hans  with  the  tfde  bc,  by  making  «»0  (38),  we  obtain  a 
quadratic  with  equal  roots,  namely,  (y-z)*  =  0;  which  shows 
that  there  is  contact  with  this  side  at  the  point  (0|  1>  1),  or  a' 
(36)  :  and  similarly  for  the  two  other  sides. 

47.  If  the  point  o,  in  which  the  three  right  lines  aa',  bb', 
cc'  eonewrf  be  (as  in  Fig.  18,  &c*)  interior  to  the  triangle  abc, 
the  sides  of  that  triangle  are  then  all  cut  mtemalfyf  hj  the 
points  Ay  By  c'  of  contact  with  the  conic;  so  that  in  this  case 
(by  28)  the  rados  of  the  constants  a,  6,  e  are  all  positive,  and 
the  denominator  of  the  recent  expression  (46)  for  p  cannot  ra- 
nish,  for  any  real  values  of  the  >  a- 
riable  scalars  t,  v;  and  conse- 
quently no  such  values  can  render 
ii^Smte  that  vector  p.  The  conic  is 
therefore  generally  in  this  case^  as  in 
Fig.  25,  an  msenbed  ellipse  ;  which 
becomes  however  the  inscribed  etr- 
cle,  when 

a-^:  Af^^;e-»-s-a:8-b:8-c; 

a,  b,  c  denoting  here  the  lengths  of 
the  sides  of  the  triangle,  and  s  being  their  semi-sum. 
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48.  Bnt  if  the  pomt  of  conoonne  o  be  Meriar  to  the  IH^ 
an^le  of  tanyenU  ABC,  80  that  iwo  of  its  adee  ere  cat  exUma^^ 
thai  two  of  the  three  ratios  of  9egwuni»  (28)  are  ne^tive;  end 

therefore  one  of  the  three  constants  a,  b,  c  may  be  treated  ad 
<  0,  but  each  of  the  two  others  as  >  0.  Thus  if  we  suppose 
that 

5>0»      e>0»      a<09      a-i-5>0,  a+e>09 

a'  will  be  ft  point  on  the  side  b  iUelff  but  the  points  b',  c  ,  o 
will  be.  on  the  lines  ac,  ab«  uiI  proUmged^  ae  in  Fig.  36 ;  and 
then  the  oonic  a'bV  will  be  an 
ellipse  (incliiding  the  case  of  a 
circle),  or  a  parabola,  or  an  hy^ 
perbola^  accordiu^  Hb  the  roots  of  ^ 
the  quadratic^ 

(a  4  e)  I* -f  2elK-f  (6+ e)ti*  -  0, 

obtained  by  equating  the  deno- 
nuoator  (46)  of  the  veotor  p  to 
zero,  are  either,  Isty  imarjinary  ;  or  Ilnd,  real  and  cqml\  or 
Illidy  real  and  wteqwU  s  that  is^  aocording  as  we  have 

^•(-ca  +  a^>0,    or  "O9   or  <0; 

or  (because  the  product  abc u  heie  negative),  according  as 

ir»  +  ir*+c-»<0,   or-O,  or  >0. 

For  example,  if  the  oomcbewhat  is  often  called  the  exscribed 
cMit^  the  known  latioa  of  aegmente  give  the  proportion> 


and 


a'^:  6*  :<r*--B:8-c:s-b; 

-B  +  8-  C  +  S--b<0. 


49.  More  generally,  if  c,  be  (as  in  Fig.  26)  a  point  upon 
the  side  a b,  or  on  that  side  prolonged,  such  that  cc^  is  parailel 
to  the  chord  b'g',  then 

C^C* :  ac'  =»  cb'  :  ab'  =  -  a  :  c,    and    ab  :  ac'  -  a  +  5 : 6 ; 

writing  then  the  emditiom  (48)  qfeU^pHeiiy  (or  circnlarity) 
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under  the  form,  —  <  ^4-9  we  see  that  the  conio  is  an  ellipse, 

c  o 

pafabola,  or  hyperbola,  according  as  c,c'  <  or  =  or  >  ab  ;  the 
anangement  being  stUl^  in  other  respectSy  that  which  is  repre* 
sented  in  Fig.  26.  Or,  to  express  the  same  thmg  more  sym- 
metrically,  if  we  complete  the  parallelogram  cabd»  then  ac- 
cording aa  the  point  d  falls,  1st,  beyond  the  chord  b'c',  with 
respect  to  the  point  a;  or  lind,  on  that  chord  ;  or  Ilird, 
within  the  triauf/le  ab'c',  the  general  arrangement  of  the  same 
Figure  being  retained,  the  curve  is  elliptic,  or  parabolic^  or 
hyperbolic*  In  that  othet  anangement  or  configuration,  which 
answers  to  the  system  of  inequalities,  ^>  0,  c>  0,  a  +  ^  +  c  <  0, 
the  point  a'  is  still  upon  the  side  bc  itself^  but  o  is  on  the  line 
a'a  prolonged  through  a  ;  and  then  the  inequali^, 

shows  that  the  conic  is  necessarily  an  hyperbola ;  whereof  it  is 
easily  seen  that  one  branch  is  touched  by  the  side  bc  at  a', 
while  the  other  branch  is  touched  in  b'  and  c',  by  the  aides 
GA  and  BA  prolonged  through  a.  The  curve  is  also  hyperbo- 
lic, if  either  a  +  ftora-i-cbe  negative,  while  b  and  c  are  posi- 
tive as  before. 

50.  When  the  quadratic  (48)  has  its  roots  real  and  un- 
equal, so  that  the  conic  is  an  hi/perhoJa,  then  the  directions  of 
the  asi/mptotes  may  be  found,  by  substituting  those  roots, 
or  the  values  of  t,  u,  v  which  correspond  to  them  (or  any 
scalars  proportional  thereto),  in  the  numerator  of  the  exprss- 
sion  (46)  for  p ;  and  similarly  we  can  find  the  direction  of  the 
axie  of  the  parabola^  for  the  case  when  the  roots  are  real  but 
equal :  for  we  shall  thus  obtain  the  directions,  or  direction,  in 
which  a  right  line  or  must  be  drawn  from  o,  so  as  to  meet  the 
conic  at  ivjinity.  And  the  same  conditions  as  before,  for  dis- 
tinguishing the  species  of  the  conic,  maybe  otherwise  obtained 
by  combining  the  anharmonie  equation^  /»  0  (46),  of  that 
conic,  with  the  corresponding  equation  tf»  +  £^  +  »  0  (38)  of 
the  line  at  infinity;  so  as  to  inquire  (on  known  principles  of 
modem  geometiy)  whether  that  line  meets  that  curve  in  two 
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mag^mary  potnte,  or  icmekeM  it,  or  cuts  lU  in  points  wluoh  (al- 
thmigVi  m/tmfdjf  distani)  m  here  to  be  considered  as  real, 

b\ .  In  general,  ify*(a:,  y,  z)  =  0  he  the  anhiOrmonic  equa- 
tion t  A*'))  of  a7iy  plane  curve^  considered  as  the  hats  of  a  varia- 
ble point  p  ;  aad  if  the  differential*  of  this  equation  be  thus 
denoted^ 

Uien  because,  by  the  snppoaed  hemoffeneity  (46)  of  ihe  fane- 
tioD/,  we  have  the  idation 

we  shall  have  also  this  other  hot  analogous  relation, 
if 

that  is  (by  the  principles  of  Art.  37),  if  p'=  («',  y',  s')  be  any 
fpamt  uptm  the  tangent  to  the  curve^  drawn  at  the  point 

P«  (x,  z),  and  regarded  as  the  limit  of  a  secant.  The  syni' 
hoi  (37)  of  this  tangent  at  p  may  therefore  be  thus  written, 

[JT,  F,  ZJ,   or   [n,/  d,/,  d,/]  ; 

where  d„  are  known  characteristics  qf' partial  deriva- 

tum, 

62m  For  example,  when^ has  the  form  assigned  in  46,  as  an* 
swecingto  the  conic  ktely  considered,  we  have  o,/  =  2  (x-y-jr), 
&C. ;  whence  the  tangent  at  any  point  (x^  y,  z)  of  this  curve 
may  be  denoted  by  the  symbol, 

[jp-y-z,  z-x-yj^i 

in  which,  as  nsnal,  the  oo-ordmates  of  the  line  may  be  replaced 

by  any  others  proportional  to  them.  Thus  at  the  point  a',  or 
(by  36)  at  (0,  1,1),  which  is  evidently  (by  the  form  of /)  a 
point  upon  the  curve,  the  tangent  is  the  line  [-  2,  0,  0],  or 
[1,  0,  OJ  ;  that  is  (by  3d),  the  side  bc  of  the  given  triangle,  as 

*  Id  the  theoij  of  jMfmitoii^  m  distingiiUlMd  from  (ahiiuugh  iodadiog)  Uiat 
«f  Mcfort^  it  wtU  be  trnad  lecewify  to  introdnee  «  new  d^idHm  of^g^rt»tial»,  on 
luwiut  of  the  noM-eoHMMtoMee  pioptfty  of  fuatentwm'miOtiplU^iiom :  but,  fbr  the 
pmeat,  tlie  mgmd  ilgnUlcetioiii  of  the  rfgns  d  tod  d  «e  enfieleat. 
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WBB  otbenriie  fbuad  befere  (46)«  And  in  geaml  it  is  euy  to 
flee  that  the  recent  symbol  denotes  the  right  Une,  which  is  (in 

a  well  known  sense)  the  polar  of  the  point  (x,  y,  z),  with  re- 
spect tcj  the  same  given  conic;  or  that  the  line  [X',  Y\  Z'J  ia 
the  polar  oC  the  poiat  (x\  y\  z  ) :  beoaoae  the  equation 

which  for  a  e^nie  may  be  written  as  X  'x  +  F>  +  Z'z  -  0, 
ezpresBes  (by  51)  the  eondition  ieqniate»  in  order  that  a  point 
y>  ^)  of  the  cnrre*  should  belong  to  a  tangent  which  passes 

through  the  point  {x\  y\  z'),  Conyersely,  the  point  (x,  y,  z) 
i3(ia  the  same  well-known  sense)  the  pole  of  the  line  [X,  F,  ^]  ; 
so  that  the  centre  of  the  conic,  which  is  (by  known  principles) 
the  pole  of  the  line  at  injinity  (38),  is  the  point  which  satisfies 
the  conditions  ar^X^b'^Ymir^Zi  it  is  therefore,  for  the  pre- 
sent oonicy  the  pcnnt  K«(ft  +  c^  c  +  a»  a-¥b)i  of  which  the 
foedor  ok  is  easily  reduced,  by  the  help  of  the  linear  equatbn, 
4ia-i-2||3-f  cy-O  (27),  to  the  form, 

*'"""2(Ac+c«+a6)' 

with  the  verification  that  the  denominator  vanishes^  by  48, 
when  the  conic  is  a  parabola.  In  the  more  general  case,  whea 
this  denominator  is  diffisrent  from  serOk  it  can  be  shown  that 
etiery  chord  of  the  corY6»  which  is  drawn  thrmigh  ike  extremity 
K  of  the  vector  k,  is  bheeted  at  that  point  r  :  which  point 
would  therefore  in  this  way  be  seen  again  to  be  the  centre. 

53.  Instead  of  the  inscribed  conic  (46),  which  has  been  the 
subject  ot  recent  articles,  we  may,  as  another  example,  consi- 
der that  exscribed  (or  circumscribed)  conic,  which  passes 
tliroogh  the  three  comers  a,  b,  c  of  the  given  triangle»  and 
touches  there  the  lines  aa%  bb\  cc'  of  Fig.  21.  The  anhar- 
monic  equation  of  this  new  conic  b  easily  seen  to  be, 

•  If  the  curve /=  0  were  of  a  doproe  higher  tlian  the  tecond,  \]v  ii  the  two  equa- 
tions above  written  wouM  rcprpficiit  what  are  calle<I  the  /i/sr  pnhtr,  and  Uie  laat  or 
the  line-polar,  of  the  point  (x*,  y',  z  ),  with  respect  to  the  giveii  curve. 
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tiie  vector  of  a  variable  point  f  of  the  curye  may  thereibre  be 
oqraeed  as  foUow8» 

with  the  condition  ^  +  tt-fi7  =  0,  as  before.  The  vector  of  ita 
centre  m.'  is  found  to  be, 

*  "    +  ^»  +    -  2&C  -  2ca  -  2a6 ' 

and  it  is  an  ellipse,  a  parabola,  or  an  hyperbola,  aoeording  as 
the  denominator  of  this  last  ezpreesion  is  negative,  or  null,  or 

poeitive.  And  btcause  these  two  recent  vectors,  k,  k\  bear  a 
scalar  ratio  to  each  other,  it  follows  (by  19)  that  t/ie  tliree 
points  o,  K,  k'  are  coUinear ;  or  iu  other  words,  that  the  line 
of  cadres  kk',  of  the  <ioo  conies  here  considered,  passes  through 
the  point  ofconcoitTse  o  of  the  three  Imei  aa',  bb,  cc'.  More 
geoersUy,  if  l  be  the poh  of  gioen  rujiht  /tse  [/,  ai»  a] 
(37),  with  respect  to  the  mteriM  conic  (46),  and  if  l'  be  the 
pols  of  the  samt  Hme  A  with  respeet  to  the  e9»eribed  conic  of 
Ac  present  article,  it  can  be  shown  that  the  vectors  ol,  ol',  or 
A,  A',  of  these  two  poles  are  of  the  forms, 

wbeie  k  and  k*  are  sealars  ;  the  three  points  o,  l,  l'  axe  there- 
ibre nmged  cn  tme  Hghi  i&u. 

54.  As  an  exam|4e  of  a  wctar^iq^esnan  for  a  conre  of  an 
Older  hMffh€r  than  the  $eamd,  the  following  may  be  taken : 

^th  f a  -fe-O,  as  before.    Making  tt*t      v*,  we 

Sad  here  by  elimination  of  f,  a,  e  the  mUkmmuc  eqvatum, 

^He  locus  of  the  point  p  is  therefore,  in  this  cwirople,  a  niry<;  of 
^he  third  order^  or  briefly  a  cubic  curve.    The  mechanism  (41) 

G 
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of  calculations  with  anharmonic  co-ordinates  is  so  much  tho 
same  as  that  of  the  known  trilinear  method^  that  it  may  8u£&ce 
to  remark  briefly  here  that  the  sides  of  the  given  triangle  abc 
are  the  three  (real)  tangents  of  n^Uxum;  the  pomU  qfiif^lexian, 
bdng  thoee  which  are  marked  as  a%  b'',  (f  in  Fig.  21 ;  and  the 
cirigin  ofyectorB  o  being  a  conjugate pomt.*  Ifa^b^^Ci  in  which 
case  (by  29)  this  origin  o  becomes  (as  in  Fig.  19)  the  mean, 
point  of  the  trian- 
gle, the  chord  of 
inflexion  a  B  c  is 
then  the  Ime  at 
ii^ityf  and  the 
curve  takes  the 
form  represented 

ill  I  ig.  27 ;  hav-  ^ 
ing  three  infinite 

branches^  inscribed  within  the  angles  vertically  opposite  to 
those  of  the  given  triangle  abc,  of  which  the  sides  are  the 
Mrss  asymptotes. 

55*  It  would  be  improper  to  enter  here  into  any  details  of 
discnssion  of  such  cubic  curves,  for  which  the  reader  will  na- 
turally turn  to  other  works.f  But  it  may  be  remarked,  in 
passing,  that  because  the  fjeneral  cubic  may  be  represented,  on 
the  present  plan^  by  combining  the  general  expression  of  Art* 
34  or  36  for  the  vector    with  the  scalar  equatioii 

s^  =  27kxgZf    where    5  =    +  y  4  z ; 

k  denoting  an  arbitrary  constant^  which  becomes  equal  to 
nmtjy  when  the  origin  is  (as  in  54)  a  conjugate  point;  it  fol- 
lows that  if  p  -  y»  2)  and  p^-  {x',  y\  z')  be  any  two  points 
of  the  curvsj  and  if  we  make  ^mgf+jf+sf^  we  sludl  have  the 

relation, 

*'  ^  sx  sy  sz 

•  AnniiriiigtatlMviIiiMfBl,         «a when 6 U om  of tlM  inagiiiafx 
«iib»>rools of  millgr ;  wMchfilnoiof  i; «,  9givi»«B|rH^  andpsS. 

t  Especially  the  cxccUrnt  Treatise  on  Btf^  /foMChrMl,  bjtiw  B«V.  GooigO 
SaIuioo,  F.  T.  C.     &C.    Dublin,  1862. 
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in  iviikh  it  is  not  diffieolt  to  prove  tint 

md  vs  zi 

^-(a.pbpb);    i^-(B.PCPc);  jp-(c.PAPA); 

the  notation  (35)  of  anharmonict  of  pencils  being  retained. 
We  obtain  therefore  thus  the  following  Theorem : — Ij'the 
sides  ^aMjfgwtm  pkau^  triamgls  abc  6tf  orf  (m  in  Fig.  21)  6y 
axif  gioen  rtdSmsar  irmsversai  aVc\  and  ifsMff  two  pomts 
F  and  in  its  plane  be  sneh  as  ia  satisfy  the  anhtmmmie  rela- 
Hon 

(a*.  FBP'b'^  .  (b".  PCF'c")  .  (C".  FAP'!*^  -  I, 

• 

ihen  these  two  paints  Pf  p'  are  an  aneeammanaibieenrvef  wkieh 
has  ike  three  eeXUnear  points  a\  b%  f^far  its  three  real  paints 
of  inflexion^  and  has  the  sides  BC*  CA,  ab  of  the  triangle for  its 
three  tangents  at  those  points  ;*'  a  result  which  seems  to  oflbr 
nneic  geometrical  generation  for  curves  of  tfie  third  order, 

56.  Whatever  the  order  of  a  plane  curve  may  be,  or  what- 
ever may  be  the  degree  p  of  ihidjimctum  f  in  46,  we  saw  in  61 
that  the  tangent  to  the  ctinre  at  any  point  p  -  (x,  z)  ia  the 
right  line 

A  «  [/,  m,  »],    if  /»  D,/,    m  «         n  -  D^f; 

expreasioiifl  whieh,  by  the  Bappoeedhomogeneitg  off,  give  the 

relation,  Ic  +  my^nz^  0,  and  therefore  enable  us  to  establish 
the  system  of  the  two  following  differential  equations, 

If  then,  by  elimination  of  the  ratios  of  x,  z,  we  arrive  at  a  new 
homogeneous  equation  of  the  form, 

as  one  that  is  tme  for  all  yalnes  nix^  y,  x  whieh  render  the 
fimction  /-  0  (although  it  may  require  to  be  cleared  nfjbetors^ 
introduced  by  this  elimination)^  we  shall  have  the  equation 

P(^SR,fl)«0» 

*  Thi.«  Tlicurein  may  l*o  extended,  with  icarrely  any  modification,  flrooi  i^amt  to 
$fktrical  sitrvtJiy  ai  lh«  thtrd  order. 
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ns  a  condHum  that  must  be  boHs/M  bp  the  tangent  A  to  the 

curve,  in  all  the  positions  which  can  be  assumed  by  that  right  line, 
Aud»  by  comparing  the  two  differential  equationa, 

we  see  that  we  may  write  the  proportion^ 

xtyiz^BiWi DmV :  D«Fy  and  the  nfmhol  p » (diV,  nM^f 

if  (a*,  z)  be,  as  above,  the  point  of  contact  v  of  the  variable 
line  [/,  m,  »],  in  any  one  of  its  positionSy  tiTt^A  the  curve  which 
is  its  enoekpe.  Henoe  we  can  pass  (or  return)  from  the  ton- 
gential  equation  p  •  0,  of  a  cunre  eonuktered  a$  the  emoehpe  qf 
a  Hghi  Hme  A,  io  the  loeal  equaOonfmOf  of  the  same  oorve 
oonsideted  (as  m  46)  as  the  ioemt  of  a  point  p :  «noe,  if  we  ob- 
tain, by  eliuiinatioD  of  the  ratios  of  /,  m,  »,  an  equation  of  the 
form 

0-/(DiF,  0|«F,  i>,f), 

(dearedy  if  it  be  necessary,  of  forei^  ftcton)  as  a  conse- 
quence of  the  homogeneous  equaHon  p  <=  0,  we  have  only  to 

substitute  for  tlicdc  partial  derivatives,  D/F,  &c.,  tlie  anhar^- 
monic  co-ordinates  ar,  z,  to  which  they  are  proportional. 
And  when  the  functionsy^and  f  are  not  only  homogeneous  (as 
we  shall  always  suppose  them  to  be),  but  also  rational  and 
integral  (which  it  is  sometimes  convement  not  to  assume  them 
as  being),  then,  while  the  degree  of  the  functum^  or  of  the 
local  equation^  mailra  (as  before)  the  order  of  the  curve,  the 
degree  of  the  other  homogeneous  function  f,  or  of  the  tangential 
equation  F=0,  is  easily  seen  to  denote,  in  this  anharmonic 
method  (as,  from  the  analoiry  of  other  and  older  methods,  it 
might  have  been  expected  to  do),  the  class  of  the  curve  to 
which  that  equation  belongs  :  or  the  number  of  tangents  (dia* 
tinct  or  coincident,  and  real  or  iniagiDarj),  which  can  be  drawn 
to  ikat  emve^from  an  arbitrary  point  in  its  plane* 

57*  As  an  example  (comp.  52),  if  we  eluninate  z  be- 
tween the  equations, 

lm9^y~Zf   m^y-z^Sy   n^z-x-gt  h-^mg^t-nz'^O^ 
where  /,  m,  it  are  the  co-ordinates  of  the  tangent  to  the  inscribed 
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tme  of  Art  46.  we  ne  ooodnctod  to  the  Mowing  tangen- 
tial eipntion  of  that  oonic,  or  erne  of  the  ucomdplau^ 

f((  m,  ]i)Bimi'i'ii/-f  Ar-O; 

with  the  verification  that  the  sides  [1,  0,  0],  &c.  (38),  of  the 
triangle  ABC  arc  among  the  lines  which  satisfy  this  equation. 
Conversely,  if  this  tangential  equation  were  giveti^  we  might 
(by  56)  derioe  from  it  expreeoons  for  the  ctherdmatee  of  een- 
tact  x^ptZ^tm  follows: 

with  the  verification  that  the  side  [1,  0,  0]  touches  the  conic, 
considered  now  as  an  envelope,  in  the  point  (0,  1,  1),  or  a',  as 
before  :  and  then,  by  eliminating  /,  m,  ti,  we  should  be  brought 
back  to  the  local  equafion^f^  0,  of  46.  In  like  manner,  from 
the  local  equation  fmyx^zx  -i-  ay  »  0  of  the  exeerihed  conic  (53), 
we  can  derive  by  difoentiation  the  tangewUal  eo-^ndmatetf^ 

and  so  obtain  by  elimination  the  tangential  equation,  namely, 

f(/,    »)  = +  m*-!- 2nHi- 2lni »  0; 

firom  which  we  could  in  turn  deduce  the  local  equation.  And 
(oomp.  40)9  the  Tory  rimple  formula 

which  we  have  so  oflen  had  occasion  to  employ,  as  connecting 
two  sets  of  anharmonic  co-ordinates,  raay  not  only  be  consi- 
dered (as  in  37)  as  the  local  equation  of  a  given  right  line  A, 
along  which  a  point  p  moveSy  but  also  as  the  tangential  eqna* 
turn  of  a  gvoen  pomtt  round  which  a  right  Ime  turm  :  according 
as  we  eappose  the  eet  /|  m, or  the  eet  jr,  to  be  given* 
Thus,  while  the  right  Une  aVc%  or  [1, 1, 1],  of  Fig*  21,  waa 

*  Tlib  name  of  "  tangential  eo  ordxnatoT  appears  to  \ttcn  been  Aral  introduced 
Dr.  Booth  in  a  Tract  published  in  1840,  to  which  the  author  of  tlie  present  Ele- 
ments cannot  now  more  particnlarly  refer :  but  the  xystem  of  Dr.  Booth  wan  rnfirely 
different  from  his  own.  See  the  reference  in  Sabnoa's  Higher  Vlane  Cime$f  note  to 
p4ge  16. 
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represented  in  38  by  the  equation  ac  +  y  +  z  =  0,  the  point  o  of 
the  Banie  figure,  or  the  point  (l»  1,  l)^  may  be  represented  by 
the  analog  out  equationf 

because  the  co-ordinates  /,  iw,  n  of  every  line^  which  passes 
through  this  point  o,  must  satisfy  this  equation  of  the  first  de- 
gree^  as  may  be  seen  exemplified)  in  the  same  Art.  38,  by  the 
lines  OA,  ob,  oc. 

58.  To  give  an  instance  or  two  of  the  use  of  fomu^  which, 
although  homogeniBmUf  are  yet  not  raUimal  and  integral  (56), 
we  may  write  the  local  equation  of  the  uueribed  conic  (46)  as 
follows : 

and  then  (suppressing  the  common  numerical  fiMstor  the 
partial  derivatives  are 

/  =  ari,       in  =  y4,       n  «=  ; 

so  that  a  form  of  the  tangential  equation  for  this  conic  is, 

H+iii-»+ir>»0; 

which  evidently,  when  cleared  of  fractions,  agrees  with  the  first 
form  of  the  last  Article :  with  the  verification  (48)}  that 
a  '  +  6'^  +  c-^  =  0  when  the  curve  is  a  parabola  ;  that  is,  when 
it  is  touched  (50)  by  the  /tiM  m^utif  (38).  For  the  ex- 
tcribed  conic  (53)»  we  may  write  the  local  equation  thus, 

whence  it  is  allowed  to  write  also, 

m^y'^y  n^z-\ 

and 

a  form  of  the  tangential  equation  which,  when  cleared  of  radi- 
cals,  agrees  again  with  57.  And  it  is  evident  that  we  could 
return,  with  equal  ease*  from  these  tangential  to  these  local 

equations. 

59.  For  the  cubic  curve  with  a  conjugate  point  (54),  the 
local  equation  may  be  thus  written,* 

*  Compare  Saiimm*!  Biffher  Flmtt  Cknetf  p«gt  17S. 
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we  may  therefore  assume  for  its  tangential  co-ordinates  tlie 
ezpreattons* 

/«arl,      m»jfly  n^z't; 
and  A  fonn  of  its  tang^Nitlal  equation  is  thus  fouiid  to  be, 

Conversely,  if  this  tangential  form  were  yu;eii,  we  might  re- 
turn to  the  local  equation,  by  making 

which  would  give  xk-^^^zkmOf  bb  before.  The  tangential 
equation  just  now  finmd  beoomee*  when  it  is  dcaied  of  radi- 
ealt, 

or,  when  it  is  also  deared  oifractumMt 

0  «  F  -  mW  +  -  2fii^m  -        -  2mn-l ; 

of  which  the  hiqmiraik  form  shows  (by  56)  that  M£f  cu^ 

IS  a  curve  of  the  fourth  class,  aa  indeed  it  is  known  to  be. 
The  inflexional  character  (54)  of  the  points  a",  b  c"  upon 
this  curve  b  here  recognised  by  the  circumstance,  that  when 
we  make  m  -  n  »  0,  in  order  to  find  the  four  tangents  from 
a'  -(0,  l^- 1)  (36),  the  leaultmg  biquadratic,  0  «  m« -  4lnt>,  has 
three  equal  roots;  so  that  the  line  [1,  0,  0],  or  the  ride  bc, 
muff  a#fftree,  and  is  therefore  a /oii^efi^  of  infUxUm:  the^bttrM 
tangent  from  a''  being  the  line  [1,  4,  4],  which  touches  the 
cubic  at  the  point  (-  8,  U  1). 

60.  In  general,  the  two  equations  (56), 

nay  be  considered  as  ezpresring  that  the  homogeneous  equa- 
tion, 

/(fUB,  ny,  -  £0  -  my)  -  0, 

which  is  obtained  by  eliminating  z  with  the  help  of  the  rela- 
tion iir  -I-  Miy  -f  9i2«  0,  from  /(«,    z)  -  0,  and  which  we  may 
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denote  by  ^  (x,  y)  =  0,  has  two  equal  roots  « :  y,  if  /,  m,  n  be 
still  the  co-ordinates  of  a  tangent  to  the  curve  f ;  an  equaliti/ 
which  obviously  corresponds  to  the  couwidev re  oUwo  intersec- 
tions of  that  line  with  that  curve.  Conversely,  if  we  seek  by 
the  usual  methods  the  condition  of  equalUjf  of  two  roots  « :y  of 
the  homogeneous  equation  of  the  |^  degree^ 

0  -^(«,^)«/(n«t  i^j      -  my), 

by  eliminating  the  ratio  x  :y  between  the  two  derived  homo- 
geneous equations,  0  =  Dj^,  0  =  D^0,  we  shall  in  general  be 
conducted  to  a  result  of  the  dimension  2p{p-'  1)  in  4  m» 
and  of  the^^mi, 

0-jii»<^«)F(/,m,ii); 

and  80,  by  the  rejection  of  the  foreign  factor  7ip  introduced 
by  this  elimination,^  we  shall  obtain  the  tangential  equation 
F«0,  which  will  be  in  general  of  the  degree  p(p- 1);  such  being 
generally  the  known  class  (66)  of  the  ounre  of  which  the 
order  (46)  is  denoted  by  p :  with  (of  course)  a  umilar  mode  of 
passing,  reciprocally,  from  a  tangential  to  a  local  equation. 

61.  As  an  example,  when  the  function /has  the  cubic  firm 
assigned  in  54,  we  are  thus  led  to  investigate  tlie  condition  for 
the  existence  of  two  equal  roots  in  the  cubic  equation^ 

0«^(jr,y)=  (tti  -  /)//)«  + 27M'xy (to  +  my), 

by  eliminating  x :  y  between  two  derived  and  quadratic  egua^^ 
Horn  ;  and  the  result  presents  itself,  in  the  first  instance,  as  of 
the  twelfth  dimension  in  the  tangential  co-ordinates  /,  m,  n  / 

l)ut  it  is  found  to  be  dinisibl^  by  7i%  and  when  this  division  is 
effected,  it  is  reduced  to  the  sixth  decfrec,  thus  appearing^  to 
imply  that  the  curve  is  of  the  sixth  ciasSf  as  in  fact  the  general 
cubic  is  well  known  to  be.  A  further  reduction  is  however 
possible  in  the  present  case,  on  aeconnt  of  the  canjugate  pohU 
o  (54),  which  introduces  (comp.  57)  the  quadratic  factor^ 

*  QmiMm  tlM  BMihod  employed  in  SalmOQ*«  Higher  Pitmn  Circes,  page  98,  Co 
fiad  the  equation  of  the  reciprocal  of  a  given  curve,  with  respect  to  the  iniaginuy 
conic,  x'-f  y'-f  =  0.  In  general,  if  the  function  f  he  flcdiKt d  from / as  above, 
then  F(jiyc)=  0,  and/(2yz)  =  0  are  equations  i^f  two  reciprocal  curvef. 
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and  when  this  factor  also  is  set  aside,  the  tangential  equation 
is  found  to  bo  reduced  to  the  biquadratic form*  already  assigned 
in  99;  the  a£7«ftrcnc  dnMon^  last  perfonned,  eomsponding 
to  the  known  geometic  depmdoH  of  a  euHc  curve  inth  a 
doMe  pomtf  from  the  sixth  to  the  fourth  daee.  But  it  is  time 
to  close  this  Section  on  Plane  Curves  ;  and  to  proceed,  as  in 
the  next  Chapter  we  propose  to  do,  to  the  consideration  and 
comparison  of  vectors  qf  points  in  space^ 

CHAPTER  III. 
APPLICATIONS  OP  TBCTORS  TO  SPACE. 

SiCTioM  1. —  On  Linear  Equations  between  Vectors  not  Corn- 
planar. 

62.  When  three  given  and  actual  vectors  oa,  ob,  oc,  or 
°» i3j  7»  are  Twt  contained  in  any  common  plane,  and  when 
the  three  scalars  a,  ft,  c  do  not  all  vanish,  then  (by  21,  22) 
the  expression  aa-^b^-i-cy  cannot  become  equal  to  zero;  it 
must  therefore  repiesent  some  actual  vector  (I),  which  we  may, 
for  the  sake  of  symmetry,  denote,  by  the  symbol  -  d^  i  where 
the  new  (aetaal)  vector  9,  or  od,  b  not  contained  in  any  one 

*  If  w»  mnltiply  that  form  r  =  0  (59)  bj  and  tlwi  diaags  «r  to <-l*~fii|f» 
«•  oUaiB  a  Mquadni tk  aqnataoo  in  I  x  m,  naiiM^, 

0«^(j;M)«(l-tO^(&4-«if)»42lM(l+m)(lir+My)«+l>iiMi; 

■ad  if  Umb  dhalMto  I :  m  ImCwwh  Um  two  Mvtd  coUeii  0« x><^,  0  =  d^v^, 
^  an  eonSMUd  to  the  Allowing  equatfim  of  tlw  twdftli  d^grae^  0  s  j^|fV/(«,  y,  t), 
vWt/luf  tbo  wao  onUe  ftm  os  in  64.  Wo  am  titeicfiirt  Uiw  bcooglit  Im* 
(eoop.  S9)  ftoa  tlio  trngmdial  to  the  2o«a/  eqaation  of  tho  wbio  oarvo  (64) ;  coni' 

plicated,  however,  as  we  see,  with  tbe/bdor  wltfcfa  corresponds  to  the  8ys> 

tern  of  the  thrw  real  tang<»nts  of  inflexion  to  that  cnnre,  each  tangent  being  taken 
three  times.  The  reason  why  we  have  not  here  been  obligeil  to  reiect  also  tlie  foreign 
fiictor,  as  by  the  general  theory  (60)  we  might  have  cx|)ected  to  be,  b  that  w« 
Multiplied  the  biqaadratic  function  r  oniy  hy  z\  and  not  by  z\ 
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of  the  three  given  and  distinct  pianos,  doc,  coa,  aob,  unless 
some  one,  at  least,  of  the  three  given  coefficients  «,  6,  c,  va- 
nishes ;  and  where  the  new  scalar ^  </,  ia  either  greater  or  less 
than  zero.  We  shall  thus  haTe  a  Hnear  equati4m  between  four 
veetarif 

aa-f  6/3  + 0y -f  iS-O; 

which  will  give 


d  ^  d  d* 


or  od-oa'-i- ob'+  oc'; 


where  oa',  ob',  oc',  or 

-aa   -bfi  -cy 
IF'  -d-'    d'  ^  ^ 

vectors  of  the  three  points 
a',  b\  c\  into  which  the 
point  D  is  projecUdi  on  ike 
three  gioen  Hnes  oa,  ob,  oo» 
by  planes  dnwn  parallel  to 
the  three  given  planes,  boc, 
&c. ;  so  that  they  are  the 
three  co-initial  cdfjcs  of"  a 
parallelepipedy  whereof  the  suniy  od  or  &  is  the  iiUemaL 
and  co-initial  diagonal  (comp.  6).  Or  we  may  project  d  on 
the  three  fkanee^  by  lines  da%  db",  dc'  parallel  to  the  three 

given  lines^  and  then  shall  have  qa"  »  ob'  +  oc'»        \  &c.» 


Fig.  ts. 


and 


S.00«0A'+  0A''-0B'  +  OB''-0C'-f  OCT. 


And  it  is  evident  that  this  construction  will  apply  to  any  Jifth 
point  D  of  space^  if  the^tir  points  oabc  bje  stiU  supposed  to  be 
gioen^  and  not  eon^htnar:  but  that  some  at  least  of  the  three 
ratiot  of  the  four  scajare  a,  d  (which  last  letter  u  not 
here  used  as  a  nark  differentiation)  will  vary  mth  the  po* 
sition  of  the  point  D,  or  with  the  valve  of  its  Tector  8.  For 
example,  we  shall  have  a  =  0,  if  d  be  situated  in  the  plane  hoc  ; 
and  similarly  for  the  two  other  given  planes  through  o. 

63.  We  may  inquire  (comp.  23),  what  relation  between 
these  scalar  eoeffiniewte  mmt  exist,  in  order  that  the  point  n 
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migr  be  iituted  m  ihM  fourth  pioM  pkme  abc  ;  or  what  is  tbe 

eondUian  of  complanarity  of  the  four  points^  a,  b,  c»  d.  Since 
the  three  vectors  da,  db,  dc  are  now  supposed  to  be  complanar, 
tbej  must  (bj  22)  be  connected  bj  a  linear  equation^  of  the 
fonn 

a(a-a)  +  i03-a)  +  c(7-S)«0; 

comparing  which  with  the  recent  and  more  general  form  (62), 
we  see  that  the  required  condition  is. 

This  equation  maj  be  written  (comp«  again  33)  as 

-a    -6    -c   ,  oa'    OB    oc'  . 

d     d     d  OA    OB  oc 

and,  under  this  last  form,  it  expresses  a  known  geometrical 
property  of  a  plane  abcd,  referred  to  three  co-ordinate  axes 
OA,  OB,  oc,  which  are  drawn  from  any  common  -oriffm  O9  and 
UTmmat0  upon  tbe  plane*  We  have  also^  in  tbis  com  iff  com' 
phmarity  (oomp.  28),  tbe  following  proportion  of  eooffiioento 
and  aroao  s 

a:b  .  c  :  -  d  =  dbc  :  dca  :  dab  :  AfiC  ; 

or,  more  symmetrically^  witb  attention  to  aigno  of  areasi 
aibicidm  BCD :  -  cda  :  dab  abc; 

where  Fig.  18  may  serve  for  illustration,  if  we  conceive  o  in 
that  Figure  to  be  replaced  by  d. 

64.  When  we  have  thus  at  onoe  tbe  two  equations, 

aa-f^  +  cy  +  c^»0,   and   a-f&  +  c  +  <^=0, 

80  that  the  four  co-initial  vectors  a,  /3,  7,  S  terminate  (as  above) 
on  one  common  plane,  and  may  therefore  be  said  (comp.  24)  to 
be  termino-complavar,  it  is  evident  that  the  two  right  lines, 
OA  and  Bc,  which  connect  two  pairs  o£  the  four  coviphmar 
pointi^  most  intersect  each  other  in  some  point  a' of  the  plane, 
at  a  finite  or  infinite  distance*  And  there  i  no  difficulty  in 
peredving,  on  tbe  pkn  of  31,  that  the  oecton  of  tbe  three 


Uigiiized  by  Google 


52 


XUMBNTS  Of  QUATBRMiOHS. 


[book  U 


points  a',  b',  c'  of  intenectioii,  which  Uiiu  mult,  are  the  fol- 
lowing : 


for  A -Be* OA, 
for  b'-ca'DB, 

for  C'-:  AB*DC> 


6/3 +  C7 

aa  +  dB 

^  +  f 

a  +  d 

Cy  +  ao 

e  +  a 

"  b  +  d 

a  +  b 

C+lf 

ezpresBums  which  arc  independent  of  the  powtum  of  the 
tnury  origin  o»  and  which  accordingly  coindde  with  the  001^ 
responding  exprearione  in  279  when  we  place  that  origin  in  the 
point  D,  or  make  S-"0.  Indeed,  these  last  results  hold  good 
(comp.  31),  even  wbeii  iXio,  four  vectors  a,  /3,  7,  or  the  Jive 
points  o,  A,  B,  c,  D,  are  all  complanar.  For,  although  there 
then  exist  two  linear  equations  between  those  four  vectors, 
which  may  in  general  be  written  thus, 

a' a + +  c  y  +  <f  S  «  0,      a^a  +  &  0  +  c'y  +  iT^  -  0, 

without  the  relations,  a  -f  &c.  =  0,  a"  +  &c.  «=  0,  between  the 
coefficients,  yet  if  we  form  from  these  another  linear  equation^ 
of  the  form, 

(a"  -f  ta)a  +  {b"  +  ib')^  +  (c '  +  tc)y  +  (d'  +  td)B  =  0, 
and  determine  I  by  the  condition, 

a  +6  +  c  +  a 


I— 


we  shall  only  have  to  make  a  »  a '  +  ,  <&c.,  and  the  two  equa- 
tions written  at  the  commencement  of  the  present  article  will 
then  botik  be  satisfied;  and  will  conduct  to  the  ezpreesiona 
assigned  aboTC,  for  the  three  vectors  of  intersection :  which 
vectors  may  thus  be  found,  without  its  being  necessary  to  cm- 
ploy  those  processes  of  scalar  elimination^  which  were  treated 
of  in  the  foregoing  Chapter. 

As  an  BMH^i  kl  tbe  two        cqwtiom  be  (oomp.  27,  88), 
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Mi  ktifcbtnqiaM  to  determljMlht  rectors  of  the  intenectlons  of  the  thlit  piin 
^Vam  mo,  jjT i  CAt9Mr I  ndAbfOsT,  Fwming  the  comMmtkw, 

(10  m + I(m   IjS   «r)  «  0, 

md  iMiiiiiliiiili  (  by  9onlMkin, 

(i«  +  6 -f  c)  -  a  +  «(tt  +  6  +  e)  =  0, 

vhkh  gives  t 1,  we  imve  for  the  three  sought  vectors  the  expressiooa, 

bp^ey         fy -f  2aa         2aa  i  8^ 

vbereof  the  first  =  a  ,  by  17.  Aoeoidli^7,ln9Vg' 21,  the  line  aa"  tnlafMeta  bc  in 
the  point  a'  ;  and  althongh  the  two  other  pdnts  of  intersection  biM  COMideredf 

which  belong  to  what  has  been  called  (in  34)  a  Third  Contlruction,  are  not  marked 
in  that  Figure,  yet  their  anharmonic  symholg  (3G),  namely,  (2,  0,  1)  and  (2,  1,  0), 
might  have  been  otherwise  found  by  combining  the  equations  y  —  0  and  t  —  2z  for  the 
two  lines  ca,  ba"  ;  and  by  combining  z  =  0,  x  =  2y  for  the  rcmammg  pair  of  lines. 

65.  In  the  more  general  ease,  when  the  four  given  painU 

A,  B,  c,  D,  are  not  in  buj common  plane,  let  u  be  any  Jifth  given 
point  of  gpace,  not  situated  on  any  one  of  the  /our  faces  of  the 
given  pijramid  abcd,  nor  on  any  such  face  prolonged  ;  and  let 
ita  vector  ob  »  c*  Then  the  four  co-initial  vectors^  sa,  bb,  bc, 
BO,  whereof  (by  sopposition)  no  three  are  oomplanary  and  which 
do  not  temunate  npon  one  pUmOt  moat  be  (by  62)  eonneoted 
by  some  equation  of  the  form, 

irhere  the J&ur  teaHttn^  n^h^Cfd^  and  theur  nan^  which  we  shall 
denote  by  -     are  aU  different  from  zero.    Hence,  becaase 

EA  =  a  &c.,  we  may  establish  the  following  liiuar  equation 
between  Jive  co-initial  vectors^  o>  j3,  7,  c,  whereof  are 
termino<omplanar  (64), 

aa<i>d/34ey-i'dS-i'Ci«0; 

with  the  relatioHj  a+^-fc-i-i^+e-Oy  between  the  Jive  scalars 
Oy  bf  €,  d,  ty  whereof  no  one  now  separately  vanishes.  Hence 
«]so,c«(aa  +  ^  +  cy-l></^):(a-f6-fc-f  cQ,  &c. 
66.  Under  these  oonditions»  if  we  write 

Di  »  DE  *  ABC,     and     OOi »  ^1, 

that  is,  if  we  denote  by  Si  the  vector  of  the  pcnnt  Di  in  wluch 
the  right  line  db  intersects  the  plane  abc,  we  shall  have 
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In  ftct»  these  two  expreenons  are  ajftinMi/lMtf ,  or  x«{ireseiit  one 
common  yeotQr»  in  Tirtae  of  the  given  equations;  but  the  first 
shows  (by  63)  that  this  vector  Si  terminates  on  the  plane  abc, 
and  the  second  shows  (by  25)  that  it  terminates  on  the  luw 
DE  ;  its  extremity  n,  must  therefore  be,  as  required,  the  in/er- 
4ection  of  this  line  with  that  plane.  We  have  therefore  the  two 
equations, 

1. . .  a(a -«,)  +  ft(j3 +      - «,)«0 ; 

II..  .dcs-ao+^O-^J-o; 

whence  (by  28  and  24)  follow  the  two  proportions, 

.  .  a  :  & :  c  a  D|BC :  DiCA :  DiAB ;  A 
ir.  • .  </:e«BDi:DiD; 

the  arrangement  of  the  points,  in  the 
annexed  Fig.  29,  answering  to  the  case 
where  all thafonr  ooeffioienta  a^k^e^d 
are  potUwe  (or  have  one  eommmi 
and  when  therefore  the  remaining  co- 
efficient e  is  negative  (or  has  the  opposite  sign). 

67.  For  the  three  complanar  trian/jles^  in  the  first  propor- 
tion, we  may  substitute  any  tlirec  pyramidal  volumes,  which 
rest  upon  those  triangles  as  their  bases^  and  which  have  one 
emnmcn  vertex^  such  as  D  or  b; -and  because  the  collineation 
OBDi  gives  DOfBc  -  BBiBc  •  DBBC,  dc.,  WO  TOAj  writc  this  Other 
proportion, 

F.  .  .  a  :  ^ :  c  -  DBBC  :  dbca  :  dbab. 
Again,  the  same  collineation  £^ves 

EDi :  DDt  =  babc  :  dabc  ; 
we  have  therefore,  by  IK,  the  proportion, 

11".  ,  ,  dx-e-  babc  :  dabc. 

But 

OEBC  +  DECA  +  DEAB  4-  EABC  -  DABC, 

and 
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we  may  therefore  establish  the  following  fuller  ibrmula  of 
propoitioiiy  between  eoeffidenU  and  vohmet : 

III.  .  •aibicidi-C'*  OBBC :  dbca  :  dbab  :  kabc  :  oabc  ; 

the  raHat  of  all  these  fire  pyramub  to  eaeb  other  being  eonai* 

(.Icrcd  as  positive,  for  the  particular  arraii^emetU  of  the  points 
which  is  represented  in  the  recent  figure. 

68.  The  formula  III.  may  however  be  regaided  as  per- 
feetly  i^enerai^if  we  agree  to  aaythat  a  pyramidal  nohmechamgu 
tign^  or  rathor  that  it  thangu  Us  d^dbraSeal  tkBcratUr^  as  po- 
mtmt  or  wegoJlws^  in  comparitan  with  a  ffioem  pynunidy  and 
tntfa  a  given  arrangement  of  points,  in  passing  through  zero 
(comp.  28) ;  namely  when,  in  the  course  of  any  continuous 
change,  any  one  o  f  its  vertices  crosses  the  corresponding  base. 
With  this  convention*  we  shall  haves  generally, 

DikBCB.ADBC«  ABDCa  -  ABCD,    DBBC->BCDB,   DBCA  «  CDBA  ; 

the  pfoportaon  III.  may  therefore  be  expressed  in  the  follow- 
ing more  sgmmekiCj  but  equally  gemeral  fhrm  : 

ill'.  • .  a:6;c:(^:^"Bco£:cDKA:iiBAB:BABc:ABCD; 

the  sum  of  these  Jive  pyramids  being  always  equal  to  zero^ 
when  signs  (as  above)  are  attended  to. 

69.  We  saw  (in  24)  that  the  two  equations, 

aa  + 6j3  +  C7«0,      a  +  6  +  c»0, 
gare  the  proportion  of  $egnm,t$^ 

a :  6 :  c  «  Bc :  CA :  ab, 

whatever  might  be  the  position  of  the  mgin  o.  In  like  man- 
ner we  saw  (in  63)  that  the  two  other  equations, 

*  Among  tlw  eoonqMOeM  fif  tUs  coinrantioD  iMpecting  $ign$  of  tro/ii««i»  whkh 

bM  •Iready  b€«n  adopted  by  some  modern  geometers,  and  which  indeed  is  nectttary 
(oomp.  28)  for  the  establishment  of  (feneml  formula,  ono  is  that  any  tvco  ptframidM, 
ABCD,  a'b'<"'l»',  hear  to  each  otJier  a  ponttre  or  a  netjutnc  ratio,  acconlirig  as  tJic  two 
rotationi,  Bi  i»  and  n't  n',  siipiKtscil  u>  be  ieen  respectively  from  the  point*  a  and  a  , 
bare  umilar  or  oppotite  directions,  as  right-banded  or  left^baiMM. 
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gave  the  proportion  of  areata 

a:bic:d=^  bcd : -  cda  :  dab  :  -  abc  ; 

where  again  the  origin  is  trbitrary.  And  we  bave  just  deduced 

(in  68)  a  corresponding  proportion  of  vchanta^  from  the  two 
analogous  equations  (65)» 

with  an  equally  arbitraiy  origin.  If  thon  we  conceive  these 
M^mentif  areait  and  voIwmm  to  be  repUu)ed  by  the  9Calar$  to 
wbioh  they  are  thus  proportumalt  we  may  establish  the  three 

general  for  mul<B : 

I.  OA.BG  +  OB.CA-l-OC.AB-0; 
II.  OA.BCD-OB.CDA-I'  OC.DAB  -OD.ABCxO  ; 
IIL  OA.BCOB  +  OB.CDBA'I'OC.OBAB  4'OD.BABC-I'OB.ABCD^O; 

where  in  L,   a,  b>  c  are  any  fAree  coUmear  poinU  ; 
in  ILt  A,  By  c,  D  are  ainyfour  e&mplanar  points  ; 

and  in  III.,    a,  b,  c,  d,  b  are  anyjhepoinit  of  space  ; 

while  o  is,  in  each  of  the  three  formul8B»-  an  entirely  arbitrary 
point*  It  musty  howew,  be  remembered,  that  the  additiom 
and  eMractians  are  supposed  to  be  performed  accorcdng  to  the 
rtdes  ofveetorsj  as  stated  in  the  First  Chapter  of  the  present 

Book ;  the  segments,  or  ureas,  or  volumes,  which  the  equations 
indicate,  being  treated  as  coefficients  of  those  vectx)rs.  We 
might  still  further  abridge  the  notations,  while  retaining  the 
meanmy  of  these  ibrmulte,  by  omitting  the  symbol  of  the  arbi" 
trary  or^in  o ;  and  by  thus  writings* 

r.  A.BC  +  B.CA  +  C.AB»0| 

for  any  three  colUncar  points ;  with  corresponding  formuhe  11*. 
and  nr.,  for  any  lour  coiuplanar  points,  and  for  any  five  puintd 
of  space. 

•  W«  ahiODld  thus  ham  touM  of  flw  uaiatkmt  of  the  BtunftmMc  Cakrdmi  (aet 
MoU  B),  Imt  employed  lum  with   ftnnt  Inlaijpritfafldiu: 
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Siertov  3.—  On  Quimny  Sj/nAoUfar  Poml»  mid  jPlam»  4m 

Space. 

70.  The  equations  of  Art.  G5  being  still  supposed  to  hold  good» 
the  vector  p  of  aoy  point  f  of  space  may,  in  indefioitely  many  waya, 
be  espraeed  (oomp.  36;  under  the  form: 

xaa  4-  yf>l3  +  zc'i  +  ird^  +  tre 

in  whieli  the  roHoi  of  the  dtfereneu  <ii  the  fwt  coej/icients^  xyzwv,  di» 
termine  the  position  of  the  point.    In  fact»  because  the  four  points 

ABCD  are  not  in  any  common  plane,  there  necessarily  exists  (comp. 
fio)  a  deteiinined  linear  relation  between  the  four  veciQr4  drawo  to 
them  £rom  the  point  p,  which  may  be  written  thus, 

fpfvu^  the  eo^weMioiif 

in  which  the  nitioa  of  the  four  scalars  x'tfz'w'y  depend  upon,  and 
conrersely  determine,  the  postilion  of  p;  writing,  then, 

%^tai \Vy      y-i^+w,  w»iia'+v, 
where  I  end  9  are  too  new  and  orftflrafy  aoalara,  uid  remembering 
thst  aa^>,.4«a»0,  •nda+..+C80  (65)i  we  are  condaoted  to  the 
&nn  for  ^,  aangned  abofe. 

71.  When  the  Mcfdr  ^  Is  thtie  eoKprened,  tlie  fekiA  f  nay  be 
denoted     the  Owwiflry  i9^m6o/  (jr,  ^,  it,     v);  and  we  flMf  write 

Bttt  we  aee  that  the  ewm  point  p  may  cJmo  be  denoted  bf  this  4<A«p 

iymdo/,  of  the  same  kind,  (a/,     t\  w\  v')y  provided  that  the  foUov- 

ing  proportion  between  diffGrenccs  of  coejjic tents  (70)  holds  good: 

3f  -vf  '.y!  "Vf^g!  ^v'-.Mo*  -vf-x-v'.y-v'.z-  vwo-v. 
Cinder  (Am  tfMettlKm,  we  thaU  d 

to  ezpren  that  these  two  tjfnMat  although  nei  iVfarttwrf  an 

cim^potithn,  have  yet  the  msm  geomOrioal  ngniJioaUon^  or  denote  one 
emmon  poinL   And  we  shall  reserve  the  aymbolic  eqmUkmt 

I 
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to  express  that  the  fm  eo^jScwnte,  . . .  o',  of  the  one  symbol,  ere 
t^poraklij  equal  to  the  eorretpotuUt^  coeflkieatB  of  the  other, 

72.  Writing  also,  generally, 

{U,  ti/t  tz,  tw,  tv)  =  t(x,  y,  z,  tr,  v), 
(x'  +  a;, . .  t;'  +  tr)  =  (a?',  .•     +     .  .»),  &c., 

and  abridging  the  particular  symbol*  (1,  1, 1,  1, 1)  to  {U\  while 
(QOi  •  •  'i^y  briefly  denote  the  quinaiy  symbols  (4^..v), 
. .  v), . .  we  may  thos  establish  the  conqrumct  (71)« 

(Qf)E(a),  if  {c^>tm^u{XI)^ 

in  which  <  and  u  are  arbitrary  codiicients.    For  example, 
(0,0,0,  0,  1)- (1,1,  1,1,0),    and    (0,  0,  0,  1, 1)H(1,  1. 1.0,0); 
each  symbol  of  the  first  pair  denoting  (65)  the  given  point  e;  and 
orich  symbol  of  the  second  pair  denoting  (66)  the  derived  point  D|. 
When  the  coefficients  are  so  nmjiU  as  in  these  last  expressions,  we 
may  occssionslly  mniif  £As  conmas^  end  thus  write,  still  more  briefly, 

(OOOOl)  =  (11110);       (00011)  =  (1 1 100). 

73.  If  three  vectors,  p,  p\  />",  expressed  each  under  the  first 
form  (70),  be  termiuo- colli  near  (24)  and  if  we  denote  their  denoiui- 
tors,  xa  +  . . ,  x'a  +  .  .  ,  ./  "a  +  .  .  ,  by  w?,  m\  vi'\  they  must  tlieii  (23)  be 
connected  by  a  linear  equation^  with  a  null  sum  of  coefficients,  which 
may  be  written  thus: 

tmfi + <'i»y  +  =  0 ;      fsi + I'm'  +  <"m" + 0. 

We  have,  therefore,  the  two  equatiotu  t^eondditm, 

t (xaa  + . .  +  vee)  + 1'  (x'aa  + . .  +  v'ee)  + 1"  {a/'aa  + . .  +  »"ee)  =  0; 

/  (x<7  + .  .  4-  re)  + 1'  (x'a  +  . .  +  vV)  + 1'^  {x"a  +  . .  +  t/V)  -  0 ; 

where  t,  i\  t"  are  three  new  sralars,  while  the  five  vectors  a . .  c,  and 
the  five  scalars  a . .  e,  are  subject  only  to  the  two  equations  (65): 
but  these  equations  of  condition  are  satisfied  by  supposing  that 

where  »  is  some  new  scalar,  and  tlu  y  cannot  be  satisfied  otherwise. 
Hence  the  eondiKton  ofeoUmearUy  of  the  thrte  points  p,  f^,  t"^  in 
which  the  three  yeetors  />,  ^,  terminate,  and  of  which  the  qai* 
nary  symbols  are  (Q),  (Q^),  (Q''),  may  briefly  be  expressed  by  the 
equation, 

*  Tkit  qmnarjf  tfwtM  {U)  denotM  no  dtUrmSmtd  poini,  liiioe  it  oomtponda 
(by  70,  71)  to  tbe  imdttermmaU  vector  A  -  ^  *  but  it  admits  of  nsaftd  eombmatUuu 
with  othtr  quinar}*  symbols,  as  above. 
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so  that  if  any  four  gcalart,  t,    f,  «,  can  U  founds  vfkieh  Mtufy  tkit 

last  symfx)lic  equation^  then,  but  not  in  any  other  case,  thorn  three 

points'  '  are  ranged  on  one  right  line.  For  example,  the  three 
points  D,  E,  D„  which  are  denoted  (72)  by  the  quinuiy  symbols, 
i'00010\  (00001),  (11100),  are  coUinear ;  because  the  sum  of  these 
three  symbois  is  {(f).    And  if  we  have  the  equation, 

(a'0=ua)+<'(Q')+tt(to, 

where  f ,  «  sre  any  thrm  eoaian,  then  (Q^')  it  e  ijmbol  for  »  point 
ff^am^r^ktUiu  n^.  For  example,  tiie  lymboK  (0,0, 0, 1, 0™*7 
denote  any  point  an  the  Kne  DVi  * 

74.  By  reesoDings  precisely  similar  it  may  be  prored,  that  if 

(Q  (QO  (^")  (Q"0  be  quinary  symbols  for  any /our |>om«»PP'F"P'" 
in  any  common  plane,  so  that  the  four  vectore  pp'p'y  are  termiwh 
wmplanar  (G4),  then  an  equation,  of  the  farm 

t{Q)  +  t'  (QO  +  r  (Q'O  + 1'"  ( 0"')  =  -  w(  ^7), 
must  hold  good;  and  oonTerselyi  that  if  the  fourth  eymbol  can  be 
expressed  as  follows, 

(Q''0»<(a) +<'(a')+*"(Q")  +  «( COt 
with  any  scalar  values  of  ^  t\  t",  u,  then  the/<wr<Ajpoml  p'''  is  situ- 
ated in  the  plane  pp'f"  of  the  other  tltree.    For  example,  the  four 

(10000),       (01000),       (00100),  (11100), 

or  A,  B,  c,  D|  (66),  are  cotn planar;  and  the  symbol  {t,  t\  t",  0,  0) 
may  represent  any  point  in  the  plane  abc. 

76.  When  a  point  P  is  thus  eomplanar  with  three  given  points, 
P«»      ^»  therefore  expressions  of  the  following  forms,  for 

the  five  coejfieienis  a?, . . »  of  iu  quinary  symbol,  in  terms  of  the^- 
teen  given  coefficients  of  ihdr  symbols,  and  of/our  new  and  arbitrary 
scalars: 

X=t^Q-¥txX^  +  tiX2+  u;.,,  V^ti^'¥ti9i'¥ttVt^U» 
And  hence,  by  elimination  of  these  four  scalars,  <o..t*,  we  are  con- 
ducted to  a  Unear  equation  of  the  form 

/  («  - 1>)  +  m  (y  -  ») + n  (*  -  w)  +  r  Ca>  -  »)  =  0, 

which  may  be  called  the  Qntnofy  EquaUon  of  the  Plane  PoP|P»  or  of 
the  supposed  loeue  of  the  point  p:  because  it  expresses  a  common 
property/  of  all  the  points  of  that  locus;  and  because  the  three  rathe 

of  the /our  naa  coefficients  /,  wi,  n,  r,  determine  the  poeAian  of  the  plane 
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in  sfMoe.  It  U,  howmr,  more  lynmafriga/,  to  write  the  quiiwry 
•i|a«tioa  of  •  plsne  11  m  foUowa, 

w^ere  thejifth  ooejkmt^  s,  ie  connected  with  the  others  the  rela- 
tioo, 

and  then  we  rosy  fifty  that  [/,  m,  n,  f,  is  (corap.  37)  the  Qtimarjr 
S^mbU    tA#  P/oM  n,  and  miy  write  the  egfi«M»9ii» 

F«C«aEM>ple,  the  eoeflteiedls  of  the  tfymM  for  •  point  f  in  the  plane 

ABO  ma/  be  thus  expressed  (comp.  74): 

betwMB  wUdi  tlM  only  relation,  mdtp^ndmi  t/the/aw  m^tratp 
tetdan  !§. .  n,  is  «p  -  VmO;  this  th«r«fort  ie  thee^wolMit  of  the  piano 
ABC,  and  the  symbol  of  that  plant  is  [0,  0,  0,  1,  -  1];  which  may 

(comp.  7^)  be  sometimes  written  more  briefly,  without  commas,  as 

[000 11].  It  is  evident  that,  in  any  such  symbol,  the  coeficieiUs  may 
all  be  multiplied  by  any  common  /actor. 

76.  The  symbol  of  the  plane  PaPiP2  having  been  thus  determined, 
we  may  next  propose  to  find  a  symbol  for  the  pointy  r,  in  which  that 
plane  is  intersected  by  a  given  line  v^^:  or  to  determine  the  coejficients 
a: . .  t\  or  at  least  the  rcUios  of  their  dij'ermces  (70),  in  the  quinary 
symbol  of  that  point, 

Comblniog,  for  this  pnrpose,  the  expressions, 

X  =  1^X3  +  tiXi  +  n\  . .       v  =  t^v^  +  t^v^  +  u% 
(which  are  iaaluded  in  the  symbolical  equation  (73), 

(a)=*<.(Q.)+«i(Qi)+«'(to. 

and  express  the  coUkuar^  ^aP4>)  with  the  equations  (75), 

(which  express  the  cotnplwiarity  pp^PiP^)  we  are  conducted  to  the 
formula, 

h         . .  +  *Va)    (4(^4  + . .  +       =  0; 

whioh  determines  the  raiio  tg :  t^,  and  eontains  the  solution  of  the 
problem.  For  example,  if  f  be  a  point  on  tk$  Um  nx,  than  (eomp. 
73). 
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botit  it  l>e  aUo  a  point  im  Oe  phm  Aac  ihtn  w-pmQ  (75),  and 

tutdore    -  f »  =  O  ;  heooo 

(Q)=f-a(0OOll)+«'(nill),    or  (a)-(OOOn); 
vlttcb  last  symbol  had  accordinglj  been  found  (72)  to  represent  the 

77.  When  the  fivo  <M>cflBcient9,  xyzwv,  of  any  given  quinary 
lynkl(Q)  for  a  point  F,  or  those  of  any  congruent  symbol  (71),  arc 
anj  wkoU  nionfrrrf  (positive  or  negative,  or  zero),  we  shall  say 
(wmp.  42)  that  the  point  t  is  raOonallt/  related  to  the  Jive  givenpoiniM, 
or  briefiy,  that  it  it  «  Hutional  Point     the  £^ttm,  wbich 
iuM  fiy«  pointa  doMm^^    And  in  like  manner,  when  tbe  five 
OQcffidents,  ft»fir#,  of  the  quinary  flymbol  (76)  of  a  plane  n  are  either 
tqmd  or  propartianai  to  ^fUt^^v,  waihaH  say  that  the  plane  ia  a  Ea- 
tkmal  Plane  of  ihe  vaxae  Sytim!  or  that  it  is  fVEl»ima%  riebtef  to  the 
«ame  £ve  pointa.    Ott  the  oontmy,  whan  tha  quinary  symbol  of  a 
Vo\ut,  or  of  a  plane,  haa  not  thus  already  whole  eoejfieiente,  and  can- 
noi  be  traru^/orjntd  (comp.  72)  SO  ss  to  hav6  them,  we  shall  say  that 
t\ie  x>.3\nt  or  plane  ia  tmaknaUy  reUOed  to  the  given  points;  or 

bnefly,  tkat  it  ia  irrcOionoL  A  rt^Af  fiflS  which  CVMMMSet  two  roHoiud 
J.  !  rds,  or  is  the  intersection  of  two  rational  planeSf  may  be  called,  on 
the  same  plan,  a  Rational  Line ;  and  lines  which  cannot  in  either 
of  tliese  two  ways  be  constructed,  may  be  said  by  contrast  to  be 
Irratumal  Lines,    It  is  evident  from  the  nature  oi'  tlie  tUmiuaiions 
emploYcd  (comp.  again  42),  that  a  jilanCf  which  h  determined  as  con- 
taining three  rational  points,  is  necessarily  a  rational  plane;  and  in 
like  manner,  that  a  j?oiVi/,  which  is  dcternnuetl  as       common  inter- 
MectUM  of  three  rationed  planes,  is  always  a  rational  jwint:  as  ia  al?o 
every  point  which  is  obtained  by  the  intersection  of  a  rational  line 
with  a  rational  plant ;  or  of  two  rational  lines  with  each  other  (when 
they  hap[)on  to  be  complanar). 

78»  Finally,  when  tico  points,  or  two  planes,  differ  only  by  the  ar^ 
nrngemoRt  (or  ordb>)  of  the  coefficients  in  their  quinary  Jiym^,  those 
pointa  or  planes  may  be  said  to  have  one  common  type;  or  briefly 
to  be  egntypioaL  For  example,  the/M  ^ivmi  potnte,  a,  .  •  x,  are  thus 
qratyincal,  as  being  represented  by  the  quinary  symbols  ( 1 0000), . . 
(00001);  and  the  ten  pknett  obtained  by  tiiking  all  the  ternary 
eomiineiione  of  those  five  points,  have  in  like  manner  one  common 
type.  Thus,  the  quinary  symbol  of  the  plane  ABO  has  been  seen 
(75)  to  be  [00011];  and  the  analogous  symbol  [11000]  represents 
the  plane  cds,  &c.   Other  examples  will  present  themBdres,  in  a 
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shortly  subsequent  Section,  on  the  subject  oi  Nets  in  Space.  Buit 
it  seems  proper  to  say  here  a  few  words,  respecting  those  Anhar-- 
monic  Co-ordinates,  Equations^  Syvibols,  and  Types,  for  Spao:,  whichi 
are  obtained  from  the  theory  and  expressions  of  the  present  Section, 
by  reducing  (as  we  are  allowed  to  do)  the  number  of  the  co^^UiU^^ 
in  each  syiabol  or  equation,  {tomfote  to/our, 

Sbctxon  3. — On  Anharmomc  Ghordinaies  tn  Space, 

19.  When  we  adopt  the  second  form  (70)  for  p,  or  nippoee  (as 
we  may)  that  the  coeffiektA  in  the  firstfotm  wmiahea^  we  get  thia 
other  general  txprmitm  (comp.  34,  3G),  for  the  vector  of  a  point  m 

space: 

*^  xa+yb-i-te^tod 
and  may  then  write  the  symbolic  equation  (comp.  36,  71), 

and  call  this  last  the  Quaternary  Sgmbcl  of  the  Poini  p:  although 
we  shall  soon  see  cause  for  calling  it  also  the  Anhamumie  SgnM  of 
that  point.  Meanwhile  we  may  remarh,  that  the  onfy  eongnuni 
sgmbols  (7 1 ),  of  this  Uat  form^  are  those  which  differ  merely  by  the 
introduction  of  a  common  factor:  (he  three  ratios  of  the  four  coeffi^ 
dents,  X . .  to,  being  aU  required,  in  order  to  determine  the  position  of 
the  point;  whereof  those  four  coefficients  may  accordingly  be  said 
(comp.  3(j;  to  be  the  Anhantionic  Coordinates  in  Space, 

80.  When  we  tlius  suppose  that  v  =  0,  in  the  quinary  symbol  of 
the  ^om^  P,  we  may  snpjtress  the  Jifth  term  si\  in  tlie  quinary  equation 
of  fi  plane  IT,  L:  +  . .  +  sv  =  0  (75) ;  and  therefore  may  suppress  also  (as 
here  unnecessary)  the  fifth  coejjlcienty  5,  in  the  quinary  symholoi  that 
plane,  which  is  thus  reduced  to  the  quaiemary  form. 

This  last  may  also  be  said  (37,  79)*  to  be  the  Anhamumie  SgmM  of 
the  Plane,  of  which  the  An^armonio  Equation  is 

Ix  •¥  my  -k-  nz  +  rw  =  0; 

the  four  coefficients,  lmn?\  which  we  shall  call  also  (comp.  again  37) 
the  Aniiarinonic  Co-ordinates  of  that  Plane  I  I,  being  not  connected  • 
among  themselveshj  any  gener<d  rdation  fsucli  as  /  +   .  +      0):  ^ince 
their  three  ratios  (comp.  79"^  are  all  in  general  necessary,  in  order  to 
determine  the  position  of  the  plane  in  apace. 

81.  If  we  suppose  that  the  fourth  coefficient,  w,  also  vanishes,  in 
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theneent  qnnbolof  A  point»thAtjiotRlFismtft«|rf0^  MidmAy 
tlicn  be  nifficieiitly  represented  (u  in  86)  bj  ibe  Ttmary  JS^fmbU 
(«y  jr,  i).  And  if  we  Attend  only  to  the  polntiin  wbicb  en  aMnuy 
pLm  n  mUneeti  tbe  ghen  plane  AtCt  we  mAj  m^ppnu  iUfimitk  e»* 
^IkiMt^  r,  as  being  for  muh  points  nnneoessAiy.  In  tbis  nuuinert 
then,  we  Aiereoondveted  to  tbe  tquatkm^  £v-i>  mg  4  n»m  0,  and  to  tbe 
A»  SH  »],  for  a  r^A<  (37)  in  the  plamAWO^  ooniidered 
bere  as  tbe  frsec,  on  tbet  plane,  of  an  mr^Urary  pUnu  11  •»  jpsos.  If 
tbU  plane  n  be  given  by  its  quinart/  symbol  [75\  we  tbns  obtein 
tbe  ternary  symbol  for  its  trace  A,  bj  simply  suppressing  the  two  last 
ooeJficientSf  r  and  s. 

82.  In  the  more  general  case,  when  the  point  p  is  not  confined 
to  the  plane  abc,  if  we  denote  (comp.  72)  its  quaternary  f^'imhnl  by 
(Q),  the  lately  established  formulai  of  colii/teatiofi  and  compliuiarity 
(73,  74;  will  still  hold  good:  provided  that  we  now  suppress  the 
symbol  (^7),  or  suppose  its  cotjjkitut  to  be  zero.  Thus,  the  formula, 

(Q)  -  if  (aO  +  tf'  W)  +  (Q!'% 
expresses  tbAt  tbe  point  f  is  in  the  plane  f'f'V;  and  if  tbe  coeffi- 
cient f*'  vaniehj  tbe  equation  wbicb  tben  remains,  namely, 

signifies  that  p  is  thus  comphumr  witli  tiic  two  given  points  p', 
and  with  an  arbitrary  third  point;  or,  in  other  words,  that  it  is  on 
the  right  line  p'p";  whence  (comp.  76)  problems  of  interscdiom  of 
lines  with  plams  can  easily  be  resolved.  In  like  manner,  if  we  de- 
note briefly  by  [i^j  the  quaternarj  symbol  m,  n,  r]  for  a  plane 
n,  tbe  formuUi 

lli]  =  t'  [/?']  +  i"  [/?"]  +  i'"  [R'"'\ 

expresses  that  the  plane  n  passes  ihroygh  the  inteteecU/m  of  tbe  three 
planee,  W,  nf\  II''';  and  if  we  suppose  f"^0,  so  tbat 

the  furniuhi  thus  found  denotes  that  the  plane  II  passes  through 
the  point  of  intersection  of  the  (ivu  plunes,  II',  O",  with  any  third 
plane;  or  (comp.  41  j,  that  this  plane  H  contnins  the  line  of  intersec- 
tion of  II',  11";  in  which  case  the  thnc  pfanes,  n,  n',  II",  may  be 
said  to  be  coUinecw.  Hence  it  appears  that  either  of  the  two  expres- 
sione, 

l...t'  (Q')  +  t"{Q"\       II. .  .  t'  [A']  +  i"  [i^"], 

may  be  used  as  a  Symbol  of  a  Right  Line  m  Space  :  According  as  we 
consider  tbat  Hne  A  either,  1st,  as  oonnscftf^  Ifoo  giten  pomiff  or 
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Ilnd,  as  being  the  intersection  of  tw^  given  jdatiss,  Thertnitrks  (77) 
OB  rati<mal  tod  irrediomU  poiMt$t  planet,  and  lines  require  no  modifl- 
eattoa  hera;  tad  tboto  cm  tjfpm  (79)  «dAp4  tfa«aiMlvit  «8  mnSj  to 
quaUmaty  m  to  qmimaty  tjmboli* 

63.  Fipom  t]Mfof«goiag9iBeMlfiinmi]«of«olliMttfmft^ 
plmritgr,  it  feliowi  that  Uio  point  r',  in  whidi  tho  line  ab  vbM^ 
wots  the  piano  dnr  tlMongh  co  ond  any  proposed  polot  p«(dgfaip) 
of  spBMb  Mj  bo  dfnotod  tlin«: 

P'  =  AB  •  CDP  =  (  r^OO) ; 

for  example,  E  =  (1 1 1 1),  and  c' =  An  •  cde  =  (1 100).  In  general,  if 
ABCDEF  be  antj  sir  points  of  space  ^  the  four  colHnear  planes  (S2),  arc, 
ABD,  ABE,  ABF,  are  said  to  form  a  pencil  tli rough  ab;  aud  if  this  be 
cut  by  any  rectilinear  transversal,  in  four  points^  c',  d',  e\  p',  then 
(eomp.  35)  the  anharmonie  function  of  this  group  of  pointe  (26)  ii 
eallod  also  the  Anharmonie  of  the  Pencil  of  Planet:  which  VMy  he 
thus  denoted, 

(ab.  CDEF)  =  (CDE  f'). 

HoBoe  (oomp.  ogein  26,  35),  by  what  bos  just  been  shown  reepeet- 
ing  c'  ond  r^,  wo  mej  eotoblisb  tbo  important  ibrmuk: 

X 

(cD  .  AEur)  =  (ac'bpO  =  - : 

\  %  /  y 

•o  that  thif  ria<to  of  cocjficientt,  in  the  symbol  (xy<w)  for  a  PoriaUe 
pomt  r  (79)f  represents  the  onAonnontc  ofapeneilo/pUmei,  of  whioli 
the  oortoMt  plane  odp  is  one;  the  three  otiitr  planes  of  this  penoii 

being  given,    la  like  manner, 

(ad  .  BBCp)  =      and  (bd .  obap)  « 

so  tliat  (comp.  3G)  the  product  of  these  three  last  aohariuomcs  is 
uuiti/.    On  the  same  plan  wc  have  also, 

(bo  .  ABDF )  =  -,        (OA .  BBDP)  «=  ^,        (aB  .  OW)  =  -  ; 

so  that  the  three  ratios^  of  the  three  first  coeflicieuts  xy:  to  the 
fourth  coefficient  suffice  to  determine  (lie  three  planes,  bcp,  cap, 
ABP,  whereof  thepof'n^  p  is  the  common  intersection^  by  means  of  the 
anharmonics  of  three  pencils  of  planes^  to  which  the  three  planes  re- 
spectively belong.  And  thus  we  see  a  motive  (besides  that  of  analogy 
to  expressimis  already  used  for  points  in  a  given  i>lanc\  for  calling 
the  four  coefficienta^  xyzu\  in  the  quaternary  syniboK^^)  for  a  point  lit 
spac«,  the  Anharmonie  Co-ordinates  of  thai  PoinL 

84.  In  general,  if  there  be  at^fonr  eoUinear  pomtSf  Poi  •  *  ^si  so 
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Umt  (fiompb  82)  their  jgrmMi  m  oonneeted  if  two  InMor  efHotiom^ 
tndi  M  the  IbUowing, 

(Qi)=<(Qo)  +  tt(QO'     (<li)  =  ''(a.)  +  u'(Q,), 

then  the  anharmonic  of  their  ffrouj)  may  be  expressed  (coinp.25,  44) 
as  follows: 

as  appears  by  considering  the  pencil  (cd  .  p„p,Pj,P3),  and  the  trarun'ersal 
AB  (83).  And  in  like  manner,  if  we  have  (comp  again  82)  the  two 
other  lymboiic  equations,  connecting  four  collinear  planes  IIq  , .  Iln 

.  [i8,]=<[i8i]+ii[i{,],      W-l'W  +  ii'C^i 
the  ■nharmonic  of  their  peneil  (83)  is  ezprencd  hj  the  preeied jr 
•tmiler  foforak, 

aa  Bnj  be  proved  by  supposiog  the  pencil  to  be  cot  by  the  Mune 
tnatrenel  line  AB. 

85.  It  follows  that  if  f{xyzw)  and  fx(xyzw)  be  any  two  homo- 
geneous and  linear  functions  of  rr,  w\  and  if  we  determine  four 
collinear  planes  rig.  .  Ila  (82),  by  the  four  equations, 

*/=0,      /.=/,      /-O,       /,  =  X/, 
'where  k  is  any  scalar;  we  shall  have  the  following  value  of  the  an* 
hermonic  functiooy  of  the  pencil  of  plane-^  thus  determined: 

(non4n,n,)=ifc=^. 

Henoe  we  deriTe  this  Tkeortm^  whidi  is  important  in  the  AppUcation 
of  the  present  sjstem  of  oo-ordinetes  to  speoe: — 

*'  The  Qfuaent  ofanif  two  given  hmnogenmu  md  Umar  Fundknut 
o/tks  ankarnumie  Cb-or^uMte  (79)  of  a  variable  Point  p  tit  epaeef  may 
ie  exprteeed  a»  the  Anharmonie  {JliflxUtU^)  of  a  Pencil  ofPUnnia; 
thereof  three  are  given,  while  ih»fimih  passes  through  <As  Mriaftfe 
point  p,  and  through  a  given  right  lime  A  which  is  common  to  the  three 

fwmer  planes,''^  * 

86.  And  in  like  manner  may  be  proved  this  other  but  analogous 

Theorem:^ 

The  Quotient  ofuni/  two  given  homogeneous  and  linear  FanetionB, 

of  the  anhannonic  Co-ordinates  (80)  of  a  variable  Plane  11,  ntay  he  eX' 
pressed  as  the  Anharmonic  (p.  PiP.Pj)  of  a  Group  of  Points;  whtreof 
three  are  given  and  collinear,  and  the  fourth  is  the  intersection,  A  '  IJ, 
of  their  common  and  given  right  line  A,  vrith  the  variable  plane  11,** 
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Mm  fnUyt  if  the  two  giren  funetioDt  of  imnr  be  f  mod  f„  and 
if  we  detennine  three  points  PoPiFs  by  the  equations  (oomp.  67) 
w  sO,  F|  a  F,  FfsO,  end  denote  by  the  interaeotioo  of  their  oom* 
mon  line  A  with  n,  we  shall  have  the  quotient, 

7  =  (PoPi v.). 

For  example,  if  we  suppose  that 

A,«(I001),      B,«(0101),  c.«((K)ll). 
A',a(100l),       b',-(0101).  C,:«(001I), 

so  that 

Afsna'BOi,  Ao.,  and  (dAsAA's)^-  i,  &o., 
we  find  that  the  three  ratios  of  2,     « to  r,  in  the  symbol  n=  [Imnr], 
may  be  expressed  (oomp.  39)  under  the  form  of  anharmonics  of 
groups,  as  follows: 

-  =  (DA'aAQ);     -  =  (db',bb);  -«(oC,cs); 

where  a»  b,  s  denote  the  intersections  of  the  plane  n  with  the  three 
giren  right  lines,  da»  i>b,  oc.  And  thus  we  have  a  nudive  (comp^ 
83)  besides  that  of  analogy  to  Un»  in  a  given  plane  (37),  for  calling 
(as  above)  the/our  coeffidenU  I,  m,  n,  r,  in  the  qwtUmary  symbol  (80) 
for  a  plaw  n,  the  Aniiamome  Co-^rdmatet  of  that  Plans  m  4mmcl 

87.  It  may  be  added,  that  if  we  denote  by  L,  M,  B  the  points  in 
which  the  same  plane  n  is  cut  by  the  three  given  lines  bo,  CA,  ab, 
and  retain  the  notations  a'',  b",  c'' for  these  other  points  on  the  same 
three  lines  which  were  so  marked  before  (in  31,  &c),  so  that  we  may 
now  write  (comp.  36) 

A'' =  (0110),       b"-  (TolO),        c''=  (I'lOO), 
we  shall  have  (comp.  39, 83)  these  three  other  anharmonics  of  groups, 
with  their  product  equal  to  unity: 

-«(CA''BL);       2=.(AB''CM);  l=(BC''Ail)i 

and  the*tr  given  points,  a",  b",  c",  a'j,  b'.,  c'a,  are  all  in  one  given  plane 
[sj,  of  which  the  equation  and  symbol  are : 

»+f +stw»0;  [a]»[Ulll]. 
The  six  groups  of  points,  of  which  the  anhaimonio  functions  thus 
represent  the  six  ratios  of  the  four  anbarmonic  oo-ordinatea,  Ismr, 
of  a  variable  plane  n,  are  therefore  situated  on  the  etx  edjfee  of  the 
given  pyramid^  abcd;  two  points  in  each  group  buiDg  comers  of  that 
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fjnmidf  and  the  ttco  others  being  the  interactions  of  the  edge  with 
ike  too  jrfi—ii,  [b]  and  n.  Fmally,  the  ji2afM  [i]  it  (in  »  known 
Bodern  tente)  the  plaM  ofkmoUtgy^  and  the  point  b  is  the  ctidrt 
efkmologjf^  of  the  ghm  pyramid  aboo,  and  o£  §n  iiueribed  pjffwmd 
MAiht  wheie  AiaBA*BOD,  dn.;  ao  that  0|  retains  itsreoent  signi- 
ficstiim  (66,  76);  and  we  may  write  the  anhannonic  symbols, 

A,=(oiii),     Bj  =  (ioii),     ci  =  (iioi),  Di=(nio). 

And  if  we  denote  by  a'iB'iC',d'i  the  harmonic  conjugates  to  these 
last  points,  with  respect  to  the  lines  za,  sb,  ec,  kd,  so  that 

(BA|AA'i)s..«(BDiDO^,)»-  1, 

vebtTe  the  eomsponding  symbols, 

A\=(211l),       B',  =  (12ll),       c'i  =  (ll21)  D'lsCllia), 

Msay  other  velations  of  position  exist,  between  these  wions  points^ 
fisss,  sad  plttnes,  of  which  some  will  oome  naturally  to  be  notioed, 
m  that  theory  of  neU  tn  ipaos  to  which  in  the  following  Seetion  we 
■hsQ  Ufoeeed. 

Sscnoii  4. — Om  Gecmetrkal  NtU  in  Space. 

88.  When  we  have  (as  in  Go)  five  given  points  a  . .  e,  whereof  no 
f  ur  are  complanar,  we  can  connect  any  two  of  them  hy  a  right  line^ 
and  the  three  others  by  a  plane,  and  determine  the  point  in  which 
these  last  intersect  one  another:  deriving  thus  a  system  often  lines  Ai, 
tenplams  n„  and  ten  points  Pi,  from  the  given  system  of  Jivepoint» 
r«,  by  what  may  be  called  (comp.  34)  a  First  Construction.  We  may 
next  fOKipose  to  determine  all  the  new  and  diiUnet  linesy  and 
J^OMtt  n»  which  connect  the  ten  derived  points  Pi  with  the  five 
pven  points  Po»  and  with  each  other;  and  may  then  inquire  what 
flcw  and  dUtmct  pohdB  Pt  arise  (at  this  stage)  as  intersections  of  It aei 
vMjrfBMS^  oroflMSiffiOMjiCaMiswithsac&ol/lsr.-  all  stwft  new  lines, 
plsass,  and  points  being  said  (comp.  again  84)  to  belong  to  a  Skoond 
(hnMrueUan,  And  then  we  might  prooeed  to  a  3%ird  ChndnuHtm 
of  the  same  kmd,  and  ao  on  for  ever :  building  up  thus  what  has 
been  eaUedf  a  €fmm«trieal  Nei  in  Space,  To  express  this  geome- 
trical process  by  quinary  symbols  (71,  75,  82)  of  points,  planes,  and 
lines,  and  by  quinary  types  (7f^),  so  fur  at  least  as  to  the  end  of  the 
second  construction^  will  be  found  to  be  an  useful  exercise  in  the 

•  8w  Ptooetki'i  ^mtU  d$$  PrcprUUs  Pirqfetlhn  (fukf  1832). 
t  Bj  MdbHM,  io  p.  »91  oTbh  alnsdy  dted  Btvfenirk  CaMit, 
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application  of  principles  lately  established  :  and  thereforo  ulti- 
tllatelj  in  that  Method  op  Vectoks,  which  is  the  subject  of  the 
present  Book.  And  the  quinary  form  will  here  be  more  coQTenient 
than  the  quaternary^  because  it  will  exhibit  moreole&rly  tlip  c^eome- 
tricftl  dependence  of  the  derived  points  and  planes  on  the  Jive  given 
points,  and  will  (hereby  enable  us,  (hrottgh  a  principle  of  ^ymoMlryt 
to  ntkioe  the  number  of  distinot  tjfpee, 

69*  Of  the  Jive  ffkm  pomUt  p«,  the  9iiifiaf3r  type  has  been  seen 
(76)  to  be  (10000);  while  of  the  ten  derived  points  Pi,  ctjirtt  con- 
strootion,  the  corresponding  ^fpe  may  be  taken  as  (00011);  in  fact* 
considered  as  eymboUf  these  two  represent  the  points  a  andDf  The 
nine  other  points  Pt  are  aVc'AiBiCiA,ba;  and  we  have  now  (comp. 
83, 87«  86)  the  symbols, 

A'=  BC*  ADE  =  (01  100),  A,  =  EA  -  BCD  =  (10001), 

Aj-  DA  •BCE  =  (  10010); 

also,  in  any  symbol  or  equation  of  the  present  form,  it  is  permitted 
to  change  a,  B,  c  to  A,  provided  that  we  at  the  same  time  write 
the  third,  first,  and  second  oo-efficients,  in  the  places  of  the  first, 
second,  and  third:  thus,  ]i'sCA>B]>B8s(i0100),  &o.  The  symbol 
(xyOOO)  represents  an  arbitrary  paint  an  the  line  ab;  and  the  sym- 
bol [OOnrtf],  with  n  -i-  r + «  »  0,  represents  an  arbitrary  plane  tkrauffh 
thai  line  :  each  therefore  may  be  resided  (comp.  82)  as  a  eynMn]ao 
of  the  Une  ab  itadf,  and  at  the  same  time  as  a  of  the  ten  Unea 
Ai;  while  the  symbol  [000 U],  of  the  plane  abc  (75),  may  betaken 
(78)  as  a  type  of  the  ten  planes  lit.   Finally,  the  Jive  pyramids^ 

nCDE,  CADE,  AbDE,  ABCE,  AHCD, 

and  the  ten  triaii'jles^  such  us  abo,  whereof  each  is  a  common  Jace  of 
two  such  py  ram  ids,  may  be  called  pyramids  sok^  triangles  of 
the  First  Construction. 

90.  Proceeding  to  a  Second  Construction  (S8),  we  soon  find  that 
the  lines  A3  may  be  arranged  in  tiao  distinct  groups;  one  group  con- 
sisting of  Jifteea  Unee  At,u  such  as  the  line*  aa'd.,  whereof  each  con- 
neete  two  poims  P|,  and  passes  also  through  one  point  p«,  being  the  inter- 
eectien  of  two  planes  Hi  through  that  point,  as  here  of  abc,  adb; 
while  the  other  group  consists  of  M«r^  Unm  A«,^  such  as  b'c',  each 
connecting  two  points  Pi,  but  not  passing  through  any  point  Po*  and 
being  one  of  the  Uurty  edges  otjtne  new  pyramids  namely, 

C'b'AjAi,         A'c'BjB,,         B'a'CjC,,         AaBjC^D,,  A,BjCiDi: 

*  ABiOi,  ABfCi,  da'Ai,  ba'ai,  sk  otber  linei  of  thii  grmiik. 
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vliich  pyramids  may  be  said  (comp.  87)  to  be  inscribed  homo* 
hgwt  of  the  five  former  pyramids  Z?,,  the  centrtt  of  homology  for  tbeie 
Jkmfoinofppwmido  bong  the  five  given  pointe  A  • .  b;  tnd  tbejifaiMt 
ffhrnMian  being  five  pkoef  [a]  •  •  [■],  wbereof  tbe  iMi  bM  been 
•Iicad/  mentioned  (87)y  but  wbieh  belong  properly  to  ft  Mini  con- 
stnieftlon  (88).  The  fUtiM  TL^  ot  ieetmd  eonitnietion,  form  in  like 
mmnner  two  group$;  cm  eontbtiog  ofjiftttn  pUmm  U%,u  as  the 
plane  of  the  Jkte  pomta^  Cs,  whereof  eeoh  pftww  through 

pohd  fa»  and  through  four  poinU  Pi,  and  oonteins  two  Imet  Am,  m 
here  the  lines  besides  oontidning  four  lines  A,, as  here 

BjB^.  &c. ;  while  the  other  group  is  composed  of  twenty  planes  n^,^, 
such  as  AiLi^Cj,  nuiutly,  the  twenty  faces  of  tlie  five  recent  j>}raniids  A*^* 
wbereol  each  contaius  three  points  Pi,  and  ihree  lines  A,.,  but  does 
not  pass  through  any  point  P^.  It  is  now  required  to  express  these 
geometrical  concept  io7is*  of  thv:  forty  fve  lines  A^;  the  thirty  jitu  jtlanes 
TI,;  end  the  five  planes  of  homology  of  pyramids,  [a]  .  .  .  [e],  by  (jui- 
nary  symbols  uud  types,  before  proceeding  to  determine  the  points 
of  second  construction. 

91.  An  arbitrary /)oin/  on  the  right  line  aa'Di  (90)  may  be  re- 
presented by  the  symbol  (/utiOO);  and  an  arbitrary  plane  through 
that  line  by  this  other  symbol,  [Ommrrji  where  m  and  r  are  written 
(to  sftTe  commas)  instead  of  and  -r;  hence  these  two  symbols 
nMj  also  (oompi  82)  denote  the  Um  aa'Oi  itself,  and  may  be  used  as 
^rpes  (78)  to  represent  the  ffroup  of  lines  A«,i,  The  particular  sym* 
bol  [0111I]«  of  the  last  form,  represents  that  particular  plane 
through  the  last-mentioned  line,  which  contains  also  the  line  ABiCt 
of  the  same  group ;  and  may  serve  as  a  type  for  the  group  of  planes 
IIz,!.  The  line  bV,  and  the  group  Ao,,,  may  be  represented  by 
(^mOO)  and  \tttus'],  if  we  agreef  to  write  «  =  <  +  u,  and  « while 
the  plane  e'c^a^,  and  the  group  II., ^,  may  be  denoted  by  [Til  12]. 
Finally,  the  plane  [e]  has  for  its  symbol  [11114];  and  the  four 
other  planes  [a],  vX:c.,  of  homology  of  pyramids  (90 have  this  last 
for  their  common  type. 

92.  IhQ points  r,,  ot  second  construction  (88),  are  more  name- 

*  llSliias  (In  bU  Bvyamfrie  ChMin^  p.  884,  4be.)  baa  vny  deariy  polntod 
oettheexisteiiMaBddUef  pntportissof  dMlbNgoioglfM  but  boidit 

tbat  Ui  amalifm  is  altogelbar  diffmnt  from  our*,  bi  does  not  apfwar  to  baw  aimed 
at  emumm<aiimg,  or  even  at  clfM«{^|r^p,  all  the  points  of  what  baa  been  above  called 

(88)  the  second  constniction,  as  wp  propose  shortly  to  do. 

f  With  thi-*  <  "Mvotiiiun,  the  line  ah.  and  the  group  Aj,  may  be  deuuted  by 
the  plam€  *jfmtol  ^00/v«j  their  point-symbol  beiag  (faiOOO). 
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rous  than  the  Ima  At  and  planes  Tla  of  that  constmction :  yet  with 
the  help  of  types,  as  ebore,  it  U  not  diffieolt  to  daaaifj  end  to 
enumeiAte  thmi.  It  will  be  raflBknent  here  to  write  down  theee 
'  typee,  which  are  foood  to  be  eigk^  end  to  offer  lome  remerhs  re- 
•peotiDg  them;  in  doing  whioh  we  shftU  iTiil  onnelTes  of  the  eight 
following  fjpM»/j»OMli^  whereof  the  two  first  hare  already  occnrred, 
and  which  are  all  aitnated  in  the  plane  of  abc  : 

A"  =  (0lT00);  A'"  =  (2n00);  A**  «=(21100);  a*  =(02100); 
^^•-(02100);   A^"»(12100);   a"" -(32100);  A«=(23l00); 

the  second  and  third  of  these  having  (TOOl  1)  and  (80011)  for  eon- 
gmmU  irymSob  (71).  It  is  easy  to  see  that  these  e^ht  tjfptt  i«pre> 
sent,  respectiT^7i  ten,  thirty,  thirty,  twenty,  twenty,  sixty,  sixty, 
*  and  sixty  distinct  points,  belonging  to  eight  grw^  which  we  shali 
mark  as  Put,.  .Ptts;  so  that  the  total  number  of  the  points  is  290. 
If  then  we  consent  (88)  to  dm  the  present  inquiry,  at  the  end  of 
w  hat  we  have  above  defined  to  be  the  Second  Construction,  the  total 
number  of  the  net  points,  Pi,  Pji  which  are  thus  derived  by  liue^ 
and  planer  from  the  five  given  points  To,  is  found  to  be  exactly  tkree 
hundred:  while  the/:i;z/  number  of  the  net-lints,  A„  and  of  the 
net-planes,  n^,  IXj,  has  been  seen  to  be  one  hundred^  so  far. 

(1.)  To  tbe  type  Ps,i  belong  the  ten  pointt, 

a'b"c",      a'ib'zc's,  a'ib'ic'id'i, 
with  the  quinary  symbols, 

A'=  (01100),..   A'i=(100To),. .    A'l  =  (10001),..    D'l  =  (00011), 
whiGh  an  tha  Aanaonte  conjugate*  of  the  ten  pointa  Pi,  namify,  of 

A'b'c',        MBiCIi  AiBtOlDli 

with  respect  to  the  ten  lines  Ai,on  which  those  points  are  rituated ;  so  that  we  have 

teo  harmonic  equations,  (ba'ca")  -  -  1 .  S:c.,  a«  aln  ady  seen  (31,  86,  87).  Each  point 
P2, 1  is  the  common  intersection  of  a  line  Ai  with  three  linet  A2,2l  thus  we  may  csta- 
bliflh  the  foor  following ybmiM^  of  concurrence  (equivalent,  by  89,  to  ten  auch  fur> 
uiulffi): 

a"  >=  BO  *B^(/*BiOl  *BflO| ;  A't  s  DA*DlAl  *  B'CI|  'C^Bi  % 
A'l  V  BA  *l»iAe*B'Ci  *0'Bi  I       D  iBDB*A|at*BiBt*OiQ|. 

Eidi point  P|,i  ii  aleo  Utaatod  ia  OfM  plmnn  1L\\  In  ikrm  other  plaBoy  of  the 
graap  ni,t;  and  in  «KB  plaaea  ni,t{  to  OJampK  a**  Is  a  poliit  oenaioa  to  IIm 
imd99  planoii 

abo^bcd^bob;     ABiOiOijBsk     db'bio'oj,  bb'bio^ci; 

a'cTAi,       BiCiAi,       B1O1A9,         bVA9»         BiOiDi,  BgOkDl. 

Cach  line^  Ai  or  A2»«,  eontainpoae  point  v^,  1 ;  bat  do  Bdo  At,  1  coolalBa  a^y.  Each 
plane,  Hi  or  IIt,s,  ooataina  fAive  audi  poiota;  and  each  plam  IIm  containt  teo^ 
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whid)  ire  the  imien^HUms  of  opposite  tides  of  *  ^uadrUaieral  Q%  in  that  pUni^ 

wbercrtf  the  diagonah  ioteraect  in  a  point  p,, :  for  example,  the  diagonals  Bic^,  b.-oi 
of  the  quadrilateral  njBiOsCi,  which  is  (by  'JO)  in  one  of  the  {ilancs  n.. iiitorsect' 
each  other  in  the  point  a  ;  while  the  opposite  sidea  Cini,  r.<  j  intcraett  iu  a"  ;  and 
the  two  other  opposite  aide*,  D1B2,  c^Ci  have  the  point  l»i  lor  their  interaecUou. 
Ikt  ten  poimtt  Pa,  1  «•  alto  ranged,  three  £y  Mree,  oa  Im  Hmm  ^tMrd  iiimfi  ■mllyw 

•f  Cm  jMira  o/"  trianfiiea  Ti,  Ti,  wfaidi  are  dtoated  in  Um  ten  planes  Hi,  and  of 
iribfcih  die  wfrw  of  hoMokiif  uns  tlMtMi  ooiBliPi:  iw  tbt  dotted 

aVcT,  in  Fig.  21,  !■  tht  ttrit  «f  honok«3r  oftlw  two  iriugfai,  'AM,  a%V,  whwaoT 

in  Fig.  S9),  to  represent  thsir  centre  <tf  homology.  Um  same  ten  points  ps,i  ut 
abo  ranged  six      six,  and  the  ten  last  Ztnea  A9  ai*  nofsd  fimr  hff  fnwy  in  five 
planes  IT%  namely  in  the  planes  of  homology  of  Jice  pairs  of  pyramids, 
already  mentioned  (90)  :  for  ezaniple,  the  pUoe  £b]  contsins  (87)  the  six  points 
a''B''c"A'sB'sc'2,  And  the  four  right  lines, 

a'b20  2,       li'cjA'a,       Ca'jb'j,      a'b'c*  ; 
wliicb  latter  are  Um  intOMcdoot  of  t3a»fimrjae«if 

DCB,        DAC,         DBA,  ABG^ 

of  dM  fjranid  ABCD^  irith  tiM  oonwponding  iwe% 

DlOiBi,        Ol-J^lCii        l>lBiAi,  AiBlOk, 

of  Ite  taicrsM  AoMolt^M  AiBidih ;  and  an  ooataiiMd,  htMm,  in  tb*  tern  other 
plttoi^ 

AzB'c',         BjC'a',         CsA'b',         A2B2C2  : 

the  three  triangles,  ABC,  AiBi<  i.  a^BjCj,  for  Instance,  being  all  homologous,  although 
in  different  planes,  and  havin;^  tlio  line  a"b'c"  for  tlieir  cnmvwn  axis  of  hoi!iii!i  ^nfc-. 
We  may  als'j  say,  that  this  line  A"li"c^  19,  the  common  trace  (HI)  of  iwoplane*  11;, 
namely  of  AiBiCi  and  a^BjOs,  on  the  plane  abc  ;  and  in  like  manner,  that  the  point 
A*  ii  the  oonaion  tr«e<^  on  that  piano  ofHw  JKais  Aj^j,  namely  of  BiOiandBsGi: 
hiAog  abo  the  oonunon  traee  of  Um  two  liaoo  bicTi  and  B|0'b»  whkh  bekng  to  iho 

(f .)  On  tbo  irhoH  tAss*  fs»  polmU,  of  Meowl  oonttrqctkn,  a".  .  ^  najr  bo 
ooarildond  to  be  already  well  known  to  foometera,  In  connexion  with  the  theoiy 

vt  iransvertalf  lines  and  planes  in  space:  but  it  U  important  here  to  observe, 
with  what  simplicity  and  clearness  their  geonu  tiical  relations  are  expressed  (88), 
by  the  quinary  symbols  and  quinary  types  employed.  For  example,  the  col- 
linearity  (82)  of  the  four  planes,  ABC,  AiBiCi,  AjBaCa,  and  [a],  becomes  evident 
from  mere  inspeetiom  tii  their  fomr  symbols, 


•  Compare  the  Note  to  page  68. 

t  The  collinear,  complanar,  and  bannonic  relations  between  the  ten  points, 
trhieh  w  havo  above  bmiM  at  p^i,  and  which  ham  been  oonildend  bj  UfiMoa 
alio^  htoonnostoowlthhii  thoocy  of  Mtefoifiacf^  appoar  to  haTobMD  lint  noticed 
by  Camot,  hi  a  Kamdr  apon  Ifwaswr salt. 
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w-c  =  0,  x  +  y  +  z-2v-9«0,  ar  +  y  +  x -w-2c=  0,  x  +  y-f «-i-w-.4v  =  0; 
with  this  additional  consequence,  that  the  ternary  $ymbol  (81)  of  the  common  trttee, 

of  the  throe  latter  on  the  former,  is  [111]:  so  that  this  trace  is  (by  38)  the  line 
a"h"c"  of  Fig.  21,  as  above.  And  if  we  brieliy  denote  the  quinar}*  symbols  of  the 
four  }>Iane<»,  taken  in  the  same  form  and  order  as  abovej  by  [iibj  [-fiij  [^sj  ^« 
see  that  they  are  connected  by  the  two  relations, 


whence  if  wc  denote  the  planes  themselves  by  ITi,  IIj,  II9,  we  have  (comp.  84} 
the  following  value  for  the  anharmonic  of  their  pencil^ 


a  result  which  can  be  very  sim|)ly  vcriilefl,  for  the  case  when  aucd  is  a  regular  py- 
ramid, and  E  (comp.  29)  is  its  mean  point :  the  plane  Fla,  or  [1;],  becoming  in  this 
case  (comp.  38)  the  plane  at  infinity,  while  the  three  other  planes,  abc,  AiBiCi, 
are  parallel ;  the  aeeond  being  tHtermediateinttfftea  the  other  two,  but  twice 
M  iMor  to  the       «s  to  Ow^lrrt. 

(8.)  Wo  mult  boa  Btdonum  oondso  tn  ourranailci  on  tho  mom  otter  ^fpta  of 
pointi  Fs,  whldi  todeoii,  if  not  00  wiU  known,*  are  perhaps  oloo,  on  the  irhole,  not 
qnito  00  intomtiqg :  althongh  it  seems  tbAt  loino  eircamstances  of  their  arrangement 
in  space  maj  deoerve  to  be  noted  here,  esp<>cially  as  aflfordiog  on  additional  eMfdot 
(88).  in  the  present  "vstetn  of  ,-ymbol)»  an<!  typrs.  The/ypfP^,  2  represent",  then,  npro»p 
of  thirty  points,  of  wliich  A  '.  in  Fi^'.  21,  is  an  example;  each  being  the  intersection 
of  a  line  An,  1  with  a  line  A^,;,  as  a  "  is  the  point  in  which  aa  intersects  n'c' :  but 
each  belonging  to  no  other  line,  among  those  which  have  been  hitherto  considered. 
But  without  aiming  to  describe  here  all  the  linea,  planes,  and  pouts,  of  what  we  havo 
oallod  tlio  tUrd  oonotrnctfon,  wo  mtj  olreo47  ooo  that  they  mnsfc  bo  «mioatod  to  bo 
nnnMrons:  and  that  tho  plooeo  Ila,  and  tho  liaoo  oTfAof  ooutmetSoB,  aoirenaa 
the  pyramids  Rt,  and  the  txiangleo  7%  of  the  seeoMl  ooostmetion,  above  noticed,  can 
only  bo  r^gOldod  as  tpecimens,  which  in  a  closer  study  of  tho  subject,  it  becomes  ne- 
cessary to  mark  more  fully,  on  the  present  plan,  as  TIj,  i, . .  Tz,i.  Accordingly  it  is 
found  that  not  only  is  each  point  P2,  a  one  of  the  comoM  of  a  triangle  7a,  1  of  thtrti 
construction  (as  a'"  id  of  a"  h'"c"'  in  Fig.  21),  the  sides  of  which  new  triangle  are 
lines  A3, 3,  passing  each  through  one  point  P;,  1  and  through  two  points  P2,3  (like 
the  dotted  line  A  b  'c'"  of  Fig.  21)  ;  but  also  each  such  point  Fj,)  is  the  intersection 
of  A0O  fMiP  fku$  of  tbhd  ooflstmction,  As,  3,  whereof  eadi  oonnoeto  a  point  ro  with  n 


•  It  does  not  appear  that  any  of  these  other  types,  or  grovps.  of  iioint^  Fj.  havo 
hitherto  been  noticed,  in  cuuuexion  with  the  net  in  space,  except  the  one  which  we 
have  ranked  as  \h<tjij'tk,  P2,  &,  and  which  represents  two  points  on  each  line  Ai,  aa 
tho  type  Psii  hoo  been  toon  to  represent  om*  pointonoodiof  thoootenliaoi  of  tetoon^ 
otmetion  t  but  ^baijifth  frm^  whidi  may  bo  oxompOflod  by  tho  iatcneetloiio  of  tho 
lino  OB  with  tho  two  planeo  aiBiOi  and  A^B^fh,  Itos  boon  indicated  bj  M5bino  Qn 
page  290  of  hisalnady  died  woik)»  althongh  with  a  diffhmt  moMhn^  and  oa  tho  to- 
soU  of  a  d^remt  amafygit. 


[fli]  =  -[i2„]  +  [i?2]; 


[«:,]=  2[/?o]+[«i]; 


(iT,n^n'2n3)  =  -2 ; 
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pdMti^i.  fflrexamp^tte|MliBt  A^ifthteoaiMMtfvet  (callM|ilra«ABc)oftlM 
two  wnr  HoeB,  da'i,  b a'j  :  becaoMi,  if  we  adopt  for  tUi  point  the  Mcond  of  its  tir» 
ca«gra«ti7aibol«i  w«  Iiato  (oom^  78,  88)  Um  wgmdam, 

A-«  (TOOII) = (0)  -  (A'O  =  («)  -  (A  ,). 
W«  naj  thaMAm  MttbBah  Uw^anfti  rfeomemrrmee  (eomp.  tb*  ftratittVartlcle) : 

AA*'M*<f  'Tul'i  •«a*i  ; 
wUeh  npreaents  «  iuiteai  of  thir^f  luch  fotmnlii. 

(4.)  It  hu  been  remarked  that  the  p<^iit  A**  maj  be  represented,  not  only  by  thi 
qmnaiy  symbol  (21100),  but  alto  bj  tbe  oongmcnt  ajrinbol,  (10011);  if  then  w« 

Ao=(Tiioo),     B„  =  (irioo),     co  =  (inoo), 

th'^sc  t!ir«r-  new  points  AqIVKxh  in  the  plane  of  abc,  must  be  coniid»  r-  1 1  ■  l»e  tynhfpUal, 
iu  the  quinary  sense  flS),  with  the  three  points  \'"\%"t  "',  or  to  Ujloiig  to  the  «aili« 
grofip  r2.2,  althoui^h  Ih^y  have  (comp.  88)  a  dilTerent  tei-nary  type.  It  is  t-asy  lo 
see  that,  while  the  lri*ngle  a"'b"'c"'  is  (comp.  again  Fig.  21)  an  in*rrihe,i  homo- 
Uffut  T^x  of  the  triangle  a'bV,  which  is  »/«cy  (comp.  imU-artitle  1)  aji  iu*.ril)ed 
konologw  3^1  «f«  triangle  1^,  oamelj  of  abo^  witfa  aVc"  for  their 
crbonol^,  tiM  new  triangle  AoneCi»  it  on  tha  oontnuy  an  cmcKIM  Amfoyae 
7»,sk  with  tha  amaosw  Aa,i,  «f  tha  aama  glvvn  triangle  Tt.  But  from  the  wgmtg- 
pietdrdatiom,  existing  m  above  to  ^mcv  between  tbe  points  A'^and  Ae,  we  may 
expect  to  find  that  thc^  two  points  Pj,  3  admit  of  biing  MtmUarhj  romtrmcltdt  wbm 
the/p**  points  Po  are  treat^Ml  m  entering  tymmetrically  (or  aimiliiil;  ),  as  peometri- 
eal  elementg,  into  the  constructions.  Tlio  |H)int  a  ,  must  thcrpfuro  \mi  situated,  not 
only  on  a  line  Aj,  1,  namely,  on  Aa',  \mi  -aW)  on  a  iiiio  A't,2,  which  is  easily  found  to 
be  A1A2,  and  on  two  lines  A3,3,  each  connecUn},'  a  |K>iut  Po  with  a  point  r-;,i  ;  whii  h 
lattvliaei  are  eoon  nea  to  be  bb"  and  cc".  We  may  therefore  esubliah  the  formula 
of  iwrwuai  g  (comp.  tbe  bttt  iob-artlde) : 

Ae«>  aa' *  A1A3  *  bb'^ocT  ; 
nad  mtj  waMm  tbe  tbiee  pofaiU  ao,  bo,  Cq  a»  the  Irwoet  ef  the  thine  Ihiee  aia,, 
Mi^oiCd:  wbae  the  thiee  new  bnee  aa",  bb%  ocT,  which  eofaieMe  hi  poeltloo 
with  tbe  aMee  of  the  osaGrfbed  triangle  AeBoOB,  are  the  tnoee  of  three  pUuu9 
Utth  "Kb  aa  ABiO)BiCi,  whicfa  paaa  through  the  three  given  pointa  a,  o,  bat  do 
net  contain  the  lines  Aj.  1  whereon  the  elx  poinle  r^,  j  in  th^  plane  lit  ate  aitnated. 
Every  otfunr  plane  IIi  contains,  in  like  manner,  »ix  poiiit.s  P3  of  the  present  group; 
every  jilane  flj,  i  contains  eiyUt  of  them  ;  and  every  plane  II^.j  contains  three  ;  vnvh 
line  A:.\  p?is«iric:  through  two  such  points,  but  each  line  A...  2  only  th'-ough  one. 
But  beiidcs  b<mg  (as  above^  thu  inttrsection  of  two  Imei  A  j,  eadi  puiiit  of  ihia  group 
ie  oomnion  to  two  planet  Iii,>Mr  g^amm  11^,1,  and  two  planet  113,  3;  while 
eadi  of  theee  thirtjr  pointe  la  nbo  a  eeNtaum  eonier  ef  Iwe  dUtoent  tHtmglu  of 
lUrtf  conemetion,  of  the  lately  meniloned  kiade  7a,i  and  T^%,  riCnated  vaepectlTeiljr 
In  the  two  plance  mtjlni  oonctnictkMi  which  cootahi  the  point  iteelf.  It  be 
added  that  eecb  of  the  two  pointe  P^s,  on  a  line  Aj^i,  ie  the  harmonic  eonjuffoit  of 
one  of  tbe  two  poinU  Pi,  >«ith  respect  to  the  point  ItH  and  to  the  e<A«r  point  Pi  OS 
that  line ;  that  we  liave  here  the  two  harmonic  eqaatione, 

(aa'pia'")  -  (apia'ao)  =  -  1, 
bf  which  tbe  p9iiti<ms  of  tbe  two  points  a'"  and  Aq  might  l»e  deleriuiaed. 

L 
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(5.)  A  third  tjrovp,  i-  .  i.  second  con$t ruction,  consists  (like  Uu' precprline  ^rroup) 
of  thirty  points,  rutigod  two  by  ttco  ou  the  fifteeu  linca  A3,],  and  tlx  by  six  on  the 
Un  pUues  11 but  so  that  Mcb  is  oommon  to  two  aach  pUiDes ;  each  b  also  situated 
in  two  pIsMt  lis,  1,  inAM  plaata  Utis^  on  omo  /i'm  in  wUdi(li7anb-«rt  1 ) 
thcM  two  laat  plum  intoneet  cadi  otlicr,  and  two  of  the  Ato  planea  lis,! ;  aach 
plana  U%i  oostalna/NO>  anch  points,  and aadi  plana  Jl$,%  oontalna  tkne  of  them ; 
Imt  no  point  of  thia  groap  ia  Oil  any  line  Ai,  or  At,^  The  six  point*  l>a,3t  which 
are  in  the  plane  ABC,  are  represented  (Iik«-  tlie  corresponding  points  of  the  last 
group)  by  two  ternary  types,  namely  by  (-11)  iuul  (311)  ;  a!id  may  be  exemplified 
by  the  two  foUowiug  points,  of  which  these  liut  are  the  ternary  symbols : 

A'^  =  AA'  •  a"b"c"  r=  AA'  *  AiaiCl  * AiBaOs  ; 

Ai"' = aa'  *d'iA  sA  1  b  aa'  'a'ciOj  *o'niBs. 

The  three  points  of  the  first  sab-groop  A*' « .  arecollinear ;  but  the  three  points  ai*^  . . 
of  the  second  sub-group  are  the  comers  of  a  new  triangle,  T^?.,  which  is  homologous 
to  the  triangle  .\v.<\  and  to  all  the  other  triangles  in  its*  plane  which  have  been  hithfTto 
considered,  as  well  as  to  the  two  triangles  AiiMt'i  and  A-n^t-j ;  the  line  of  tlie  tlirco 
former  points  being  their  common  axis  of  homolugj- ;  and  the  tides  of  the  new  trian- 
gle, Ai'*Bi""Ci"',  being  the  traces  of  the  th-ee  planes  (comp.  90)  of  homology  of  pyra- 
mids, [a],  [b],  [c]  ;  as  (comp.  tttb-aft  S)  tlM  Uno  ▲**B'*o"  or  aVo"  U  th»  eom^ 
man  Awe*  of  thaltpo  ofAcr  pUaui  of  tba  lana  gronp  lis,  h  nanaly  of  [d]  and  [bJ.  We 
nay  alao  mj  that  tha  pobU  ai*^  ia  tha  fraca  of  tha  Jiaa  aria's  ;  and  baeania  the  Kttom 
m*€o,  o'bo  are  the  traces  of  the  two  planea  lis,!  in  which  that  point  ia  eontaincd,  w« 
may  writs  tba  fonnola  of  ooncomoee^ 

Ai"  =  AA*  •  A'iA  t*  B*Cto  •  o'np. 

(<L)  It  ni^  be  alao  ranunfcad,  that  aach  of  tba  two  points  Pifch  on  any  lino  At,  1,  in 

the  harmonic  oonjiqpata  of  a  point  r.>.  >,  with  respect  to  the  point  ro,  and  to  ome  of 

the  two  points  Pi  on  that  line ;  being  also  the  harmonic  conjugate  of  this  last  point, 

with  ro'ip'^f't  to  the  samp  point  r, .  and  tlu-  other  {>oint  I'.-.  -: :  thus,  on  the  line  aa'di, 
WC  have  the  four  harmonic  equations,  li  arc  not  however  all  tndrpendent,  since 
two  of  them  can  be  deduced  from  the  two  utberii,  with  the  help  of  the  two  analogooa 
equations  of  the  foarth  snb>artic1e : 

(aa"'a'a'*)  rr  (aa'aoA")  =  (aAoDiAi")  =  (adia"'ai'*)  =  -  1. 
And  the  three  pairs  of  derivrd  points  I'l,  I'j,  n,  i-,.-,,  oti  any  such  line  Ac.  j,  will 
be  found  (comp.  26)  to  conn)osc  an  involution,  with  the  gicen  point  Pq  on  the  line  for 
Mt  of  ita  two  4mM»pmmis  {ox  foci) :  the  olAer  double  point  of  this  involution  being 
a  p<rint  F|  of  iMnf  oonstrnction  s  namely,  tha  point  in  which  thallna  A«,i  maeli  thai 
one  of  tba  Jhn  pUam  of  homology  lis,!,  wliich  «atT€sipomd$  (oompw  90)  to  tba  par- 
ticular point  Pq  ^  centre.  Thus,  in  the  present  example,  If  wo  danoto  A*  tha 
point  in  which  the  line  aa'  meets  the  plane  [a],  of  which  (by  81,  01)  the  trace  on 
ABC  is  the  line  [411],  and  therefore  is  (as  haa  boan  atatad)  tha  sida  Bi'^Oi'^  of  Um 
lately  mentioned  triangle  T-,  ^  so  that 

A«  =  (122)  =  AA'Bc"'-CB"'-Bi'»Ci", 

wa  shall  hava  the  three  harmonic  eqtiations, 

(AA'A>Oi)  «  (aa'^A'Ao)  =  (AA»»A«Al'*)  b  -  1 1 

which  oxpma  that  thia  new  point  a*  is  the  eomaion  karmm^  oomjagaitt  of  the  given 
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A,  with  Mpael  to  li^tlirm pmn  tfpMt^  a'i>i«  i^Att  ^■'Ai'V;  and  theidbrt 
tktti  Itotf  cArwjMrfra  form  (MbMlm  aald)  toAinobl^ 


^7.)  It  will  be  found  that  we  have  now  exhausted  all  tli^  t\  pea  of  p^nnt*  of 
KCond  construction,  whic  h  are  situated  upon  lines  A^,  i  ;  there  being  only  fuur 
such  pointt  on  each  aucli  linr.  But  there  are  still  to  be  c<)n:<iderod  two  new  groups 
yf  poinu  I'i  on  lines  Ai,  and  three  others  on  lin^  Ax, a-  Attending  fii»i  to  the  furmer 
!*t  of  lines,  we  may  observe  that  ea$h  ofllie  Am  nm  typt»,  p**,  ra,^,  repreeeoto 
tm^nlf  points,  sitoatod  ftPO  ^  teo  oo  tbo  tOD  IfoM  of.^  OQIUtnKtlOB,  bot  oot  on 
o^GmAs;  and tiMTCllmfi«V<^ in tbo im ploiMt ni,  OMh point  1m>«ot^ 
cMBmoo  to  rAiw  tochplMMi:  aim  iocb  point  yi,4  >•  oonmoo  to  Ort*  plonoo  ns.«, 
and  cftdb  point  to  oUnalid  in  out  sndi  plane ;  while  each  of  these  last  pinnea 
eontaina  lAw  pointa  v%,4a  hoi  oaij  om  point  f<i,0.  If  we  attend  only  to  points  in  ttie 
pUne  ABC,  we  can  represent  these  ttco  new  groups  by  the  two  Urmaqf  igpn,  (021} 
and  (021)^  wbkh  aa  t^fmboU  denote  the  two  tjrpical  points, 

wa  liatra  aim  tho  ooneniTenoo, 

It  may  be  noted  that  A*  to  the  baiinonlc  conjugali  of  cf,  with  naptct  to  Ao  and 
Bi'^,  whidi  last  point  ia  on  tlw  fame  tiaoa  c^Aoi  of  tlia  plana  o'aiAi;  and  that  a*'  ia 
baniMMiieany  eonjngata  to  bi"",  with  mpeet  to  cT  and  Bq,  on  tba  tiaeo  of  tho  plana 
</biB|»  whofOBi*  dtooCcB  (fagr  an  analog7  whidi  will  loon  beoomo  non  avidoat)  tho 
intMiectionofthattracawiththoUnooA;  so  that  wo  havo  tha  two  oqnatJont, 

(aoo'Bi«»a»)  =  (bbBi'o'a")  «  - 1. 

(8.)  £«cA  Ina  Ai,  oontains  thus  two  points  w%  of  oaeh  of  tho  two  last  now 

gioopay  boiidoi  tho  point  r^i,  the  point  Pi,  and  the  two  points  po,  which  had  been 
piOTioBlly  considered :  it  contains  therefore  eight  points  in  all,  if  we  still  abstain  (88) 
ftoni  proceeding  beyond  the  Second  Construction.  And  it  is  easy  to  prove  thnt  these 
Mgkt  point t  can,  in  two  ili^tinct  modes,  be  so  arr.mg<.d  as  to  form  (comp,  sub-art.  t>) 
an  involution,  with  tico  of  iliem  for  the  two  double  points  ihtreuf.  Thus,  if  we  attend 
only  to  points  on  the  line  bc,  and  represent  thcni  by  ternary  symbols,  we  may  write, 

B  =  (010),       C=(001),       A'=(0n),       a"-- (Oil); 
A»=C02l),       A"=.C021),       Ar  =  (0l2),       Ai-'  =  (012)} 

and  tha  fomlting  hannooio  aqnatioiia 

t  .  .  (BA'OA'0«(BA'OA'«)=(BArCAi*')«-l, 

IL  . .  (a'ba"o)«(aVa*ai*)«(a'a«a''ai»0-'-  h 
will  then  sdBoa  to  show:  lat,  that  «A#fwopo«rf#  ro,o«o«jfKa«  Ai,  are  tho ««9aM» 
4f  n»  tesobffon,  m  wMcA  Ma  jMiate  Pi,  i^i>brai  caa pair  of  eotyugaieB, 
wUla  tha  two  «tlkr  pain  ars  of  tha  ooannoB  firm,  P3, 4,  tj,  s  ;  and  Ilnd.,  that  <At 
twa  poSmU  Fi  and  r%it  am  any  »meh  lime  Ai,  are  the  double  points  of  a  second  wro- 
Mam,  obtained  by  pairing  the  two  points  of  each  oftht  three  other  groups.  Also 
each  Ct  the  two  points  Po,  on  a  line  Ai,  is  the  harmonic  conjugate  of  one  of  the 
two  points  P2, 5  on  that  line,  with  respect  to  the  other  point  of  the  same  group,  and 
to  the  point  Pi  on  the  same  Une ;  thus. 


Uigiiized  by  Google 


76 


BLBMIVTS  or  Q0ATBBMI0K8.  [BOOE  I 


(9.)  It  iWMiiis  to  Morfdir  bifaty  Otm  ^ihtr  frttipactvaba^t%€mek^9mp 
cootdniQS  «Mr  fltutod,  two hy  two,  on  tho  thirty  lines  Az, and 

lijf  ibL  In  the  ten  planes  TT ;.  Confining  onr  nttentioo  to  thoie  which  are  in  the 
plane  arc,  and  denoting  them  by  their  ternary  symbols,  we  have  thus,  on  the  liiM 
bV,  Um  tbiw  BOW  ^fpi«ol  pointa,  of  the  three  remaining  groups,  Pa.«,  rs*?*  fh% 

A'"«(121);       A^  =  (321);       A«  =  C28T); 
with  wUdi  WMJ  bo  comMuod  timt  Uuoo  oUiera,  of  theaame  throe  types,  and  on  the 
•mwUbobV: 

Ar"  =  C112);       Ar'"  =  (312);       a,«  =  (213). 
Considered  as  intorscctions  of  a  line  A2,2  with  lines  Aainthe  same  plane  TTi,  or  with 
planes  TTj  (in  which  latter  character  alone  tliey  belong  to  the  aecon^  cODStracUoi^}, 
the  three  puioU  a**',  &c,  may  be  thus  deuotcd  : 

A"*  =  B  c'  bb"-cb"'  aa^'  =  b'i;'  bciA:;AiCj; 

A'"'  =  b'c'  •  DjB"  ■  Ab"'a''  =  b'c'  •  DidAi '  DjC .A-j  ; 
A"  =  b'c'  •  ACttOi^Ci'^B'^  •  BA"Bi*'Bi*"  =  b'c'  '  ACiCa } 

with  the  harmonic  equation, 

(coa'ci-^a*)*-  1, 

and  with  analogous  expressions  for  the  three  other  points,  Ai"',  &c.  The  line  b'c'  thus 
intersects  one  plane  ITs,  i  (or  its  trace  nn"  on  the  plane  Anc),  in  the  point  a*^"  ;  it 
intersects  two  planes  H-^  a  (or  their  common  trace  Pib")  in  a"""  ;  and  one  other  plane 
nj,a  (or  its  truce  a'co)  in  a'*  :  and  similarly  for  the  other  iwitits,  a/",  &c.,  of  the  same 
three  groupe.  Each  plane  lis,  i  contains  fise/re  points  ra,o,  eight  pointa  ra,?,  and  ei^ht 
iiolBtt  i%a;  wfaOo  oTciy  plane  ns,a  oootaias  peiato  iwetvt  points  f!t,7, 
«Bd  nSm  poiBii  9^,^  £a9k  pM  9t,$  U  oontaiwiil  la  mm  ploM  IIi;  1b  IAfm 
plnoetllsfi;  mdiBliiopIaBcs  Iliifl.  Each  poiat  i%9  to  In  «m  plaBo  lit,  Ib 
planes  riz,!,  and  in  /bur  planes  n^.a.  And  eiflh  polatr^e  to  iltaatediBONO  plane  Hit 
iafvo  planes  Hj,  i,  and  in  three  planw  113,3. 

(10.)  The  points  of  the  thrf^p  Inst  tfroups  are  situated  ow/y  on  lines  Aj.-; :  but,  on 
each  such  lino,  tu-n  ]>oint«  of  each  of  those  three  groups  are  situated;  vhich,  along 
with  one  point  of  rnth  of  the  two  forimr  groups,  r->,i  and  I'o,;,  and  with  tho  ttco 
points  rj,  whereby  the  line  iti^elf  is  determined,  make  up  a  system  of  tenpoimts  upon 
that  IfaNb  For  tzample,  the  Kbo  «V  oontaina^  UtMm  tlie  sir  pointo  mentjoned  ia 
the  laat  aab-artide,  the  fimr  others : 

B'=(101)i       c'=^(no);      A''  =  (On);  a'"=(2I1). 
Of  these  ten  points,  the  two  last  mentioned,  namely  the  points  I'j,  1  and  i  -,  1  upon  the 
line  Aa,  3,  are  the  double  points  (comp.  sub-art.  8)  of  a  new  ii(co/«fu)a,  in  which  the  two 
paiiiU  of  each  of  the  /our,  other  group$  compose  a  ooojugate  pair,  as  to  oapnsMd  bj 
tiM  hanaooto  oqaattoaiy 

(a''b'a'*'c')  «  (A'*A«A**Ar")  =  (A^A^^A^'Ar'")  =  (A^A^A'Tai'^ 

And  the  analogous  equations, 

(b'aVa'")  =  (ii'a^  'c  A"")  =  (b'a,^"c'ai^'")  =-  1, 
show  that  the  two  [Miints  I'l  on  aiiv  line  A?,?  are  the  douLle  points  of  of  another  tntuh- 
Itttion  (comp.  again  sub-ait.  b),  ^iic;cot  the  two  points  rs,i,  f!i,sOn  that  line  form 
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one  ooDjagat«  pair,  while  each  of  the  two  points  r>r,  is  paired  with  one  of  the  poiiita 
rj,:  as  its  conjutrale.  In  fact,  the  eight  rayed  pencil  (a.c'ii'a"'a"a""a'"ai^'"A!*"'5 
ooiaddes  in  position  with  the  pencil  (a. iiCA'A"A'A'''Aj*Ai*'),  and  may  he  said  to  be 
tftmeO  im  double  involution  ;  the  third  And  fourth,  tb«  fifth  and  sixth,  and  the  se> 
vndi  And  eighth  rays  forming  am  iDTohidfn,  vfacnof  Um  flnl  and  noood  m*  tlw 
tmodmMt^r^S  ufaile the flxit and  aaeond, the ifUt and mnth,  and  Iha  tixth 
nd  cigteh  taja  oonpoia  an«tfAir  Invoiutiony  vhMof  tha  daobla  fa^  an  tha  tbM 
•ad  fotnth  of  tha  paiidl. 

(11.)  If  we  proceeded  to  ecMflMCt  STStematkalfy  tha  points  P3  among  themselves, 
ind  with  the  points  Pi  and  Pm  we  should  find  manjr  remarkable  lines  and  planes  of 
fAirrffonstnjction  (H8),  besides  those  which  havel>een  incid^ntallv  nntirfd  alcove ;  for 
example,  we  ehoald  have  a  groap  U:,}  of  twenty  new  ploMea,  excmpli^ed  by  the 
two  (oUowiog, 

[E„]  =  [ni03],        [d,]  =  [11130], 

which  have  the  same  common  trace  A^^,  i,  namelj  the  line  a"b"c",  on  the  plane  abc, 
as  the  two  pUnes  AiBiCi,  A»B«ca,  and  the  two  (danes  [d],  [b],  of  the  groups  lis, a  and 
HkitiriilcbliftfahaaiemidmdtailbroMraab-aitiolaa;  andaacboCthcianawplaBii 
llna  voold  b«  fiNmd  to  eoolalft  «■«  point  r)i|IAnMpoiBtav!ki,«i9poialaP{|,a,  and 
firm  pointa  It  aiglit  ba  piofed  alio  that  thaaa  tvaaty  aaw  plaaia  an  tte 
tea^,/ba«  or/n  1^  wUeb  an  fba  anciM  AaaMlb^ 

old  pyramids  B|  (89),  with  the  five  given  poinit  iv  for  the  corresponding  eentrei  oC 
homology.  But  it  would  lead  us  be^'ond  the  proposed  limits,  to  pursue  tliis  dis. 
cushion  further:  although  a  few  arlditional  remarks  may  be  useful,  as  serving  to 
c^ial  liiih  the  completeness  of  the  enumeration  above  given,  of  tha  lines,  planes,  and 
poiuta  of  tecond  constroction. 

93.  In  genenl,  if  there  be  any  n  given  pamHf  whereof  no  four 
•le  sitaaled  in  any  oomnion  plane,  the  nmmher  N  of  the  davstd 
points,  whibh  ere  immediately  obtetned  iVoai  them,  %»  wtgmdkmi 
A*n  of  lin»  with  filane  (each  Une  being  drawn  through  two  of  the 

given  points,  and  each  plane  through  three  others),  or  the  number  of 
poiiits  of  the  form  ab'cde,  is  easily  seen  to  be, 

•0  thai  ilT  s  10,  as  before,  when  » «  5.  Bat  if  we  were  to  apply  this 
formnla  to  the  ease  ns  16,  we  should  find,  for  that  case,  the  valae, 

iV=/(15)=  15.  14.  13.  11  =30030; 

and  thus  Jijtten  given  and  independent  points  of  space  would  conduct, 
by  what  might  (relatively  to  them)  be  called  a  First  Construction 
(comp.  88),  to  a  system  of  more  than  fAiVf^  thousand  points.  Yet  it 
hu  been  latdy  stated  ^92;,  that  from  the  fifteen  points  ubove  called 
Ffi  Pi,  there  can  be  derived,  in  this  way,  c/i/y  two  hundred  and  ninety 

*  Coinpar;:  |<<:^e  j.T«  of  the  G  cr..  k  ^.triture  o2tU  Cli^4:«. 
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points  Pj,  u  iDtersections  of  the  form*  A*  11;  and  therefore  fewtr 
than  ihru  hundred.   That  this  redueOon  of  the  fiian^  of  derived 
poinUf  at  the  end  of  what  has  been  called  (68)  the  Second  Constme- 
Uon  for  the  net  in  space^  arising  from  the  dependence  of  the  ten  points 
Pi  on  the  Jive  points  Pq,  would  be  fonnd  to  be  «o  emmderabky  might 
not  perhaps  have  been  anticipated;  and  although  the  foregoing  ex- 
amination proves  that  all  the  eight  types  (92)  do  really  represent 
points  Po,  it  may  appear  pass ib/c^  at  tliis  stage,  lliat  some  other  tf/pe 
of  such  points  lias  boL-n  oinitted.    A  study  of  tiie  mamu  r  in  \vhich 
the  types  of  points  result,  from  those  of  the  liius  and  planes  o{  which 
they  arc  the  intersections,  would  indeed  decide  this  question;  and 
it  was,  in  fact,  in  that  way  tliat  the  eight  types,  or  groups,  Pj, .  .Pj, 
of  points  of  second  construction  for  space,  were  investigated,  and 
found  to  be  sufficient:  yet  it  may  be  useful  (compare  the  last  sub- 
art)  to  verify^  as  below,  the  completeneee  of  the  foregoing  enumeration, 

(1.)  The  fifteen  point$^  ro,  Pi,  adoUt  of  105  binary,  and  of  456  ternary  combina- 
f&Mif;  bat  these  are  tut  turn  dstennbing  so  many  distiact  Kme»  and  pUmtt*  InHwt, 
those  15  points  srs  eonnected  by  86  eelffiesolibiM,  represented  bj  the  25  Ifaies  Ai, 
A«)t;  which  imei  thenfora  count  as  75,  among  Uie  105  MMiy  eembinstionB  of 
polate :  and  there  rcsm  onlj  SO  eombinations  of  this  sort^  wUoh  are  eonstnieted 

by  the  30  Ofil<r  lines,  Aj,]  Again,  there  are  25  ternary  conibinatlooB  of  pointSi 
which  ore  represented  (as  above)  by  lines,  and  therefore  do  not  determine  any  pteme. 
AU<\  in  each  of  the  ten  planes  IIi,  there  are  29  (=35  -  fi)  trinncjlct  T\,  Tj,  l>ecnu4e 
each  of  those  planes  contains  7  points  Pi,  connected  by  (I  rf/rt^o««  of  coilin<  arity. 
In  like  manner,  each  of  tlie  fifteen  planes  lis,  i  contains  8  (=10  —  2)  ottter  tnunylt* 
T%,  because  it  cootains  b  points  fo,  pi,  connected  by  tico  cuUineations.  There  re> 
mabi  theraftne  only  80  (s 465  -  86  -  890  180)  ternaiy  combinations  of  polate  to 
be  sfioonnted  for ;  and  tbeee  are  represented  by  the  20  planee  Jltis.  The  eompteet' 
usee  of  the  enuoMratlon  of  the  Itner  and  ploMn  of  the  ttamd  oonstmcUon  is  theidwre 
otr^big'  and  it  only  remains  to  verify  tliat  the  805  pointtt  Pih  Vu  r%,  above  consi- 
dered, repnnmt  aU  the  uilcriceCiens  A*II,  of  the  56  lines  Ai,      iiith  the  45  phmee 

(2.)  Each  plane  JIi  contains  three  lines  of  each  of  the  three  groups,  Ai,  A-.m. 
hi,2\  each  plane  II2, i  contains  two  linea  Ao,  1,  and  fonr  linc4  Ao,.;  j  and  each  piano 
1X2,3  contains  three  lines  Aa,>  Hence  (or  because  each  line  Ai  is  contained  in  three 
planes  IIi ;  eadk  line  A%\  in  tiro  planee  IIi,  and  In  two  planes  ITa,  1 ;  and  each 
ihM  Aa,e  in  one  plane  IIi,  in  two  planes  ITe,i,  and  in  two  planes  11%%)^  it  follows  that, 
without  going  beyond  the  eeoond  oonstmctfon,  there  are  840(»80i-80<|-80+80 


•  Tbc  definition  (88)  of  the  points  Pa  admits,  indeed,  intersections  A' A  of  com' 
planar  lines,  when  they  are  not  already  points  r,)  or  I'j ;  but  all  such  interswtinus 
are  also  points  of  the  form  All;  so  that  no  generality  is  lost,  hy  contining  ourselves 
to  this  /<u(  formy  as  in  the  present  discussion  we  propose  to  do. 
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i^tnttHw  to  radMMd;  liMebjr,  from  65 .  i5  «  S476,  to  8S86  («■  S47ft  -  S40> 

(8l)  Each  poiat  Pq  represents  fir«/r«  intersections  of  the  form  Ai  *  fit ;  becaoM  it 
kcominoo  to/onr  line*  Ai,  and  to  $ix  planet  IT],  each  plane  containing  two  of  thoM 
foar  lines,  but  being  intersected  by  the  two  othera  in  that  point  Pi, ;  as  the  plane 
ABC,  for  example,  is  intersected  in  A  by  the  two  lines,  ad  and  ae.  Again,  each 
point  Py  is  c^  mmoii  to  three  plane*  TI2, 1,  no  one  of  which  contains  any  of  the  four 
Eb^  Ai  tiiruugli  iliat  point ;  it  represents  tht^refore  a  system  q(  twelve  other  inters 
tectioiu,  of  Um  Ann  At  *  IIx*  1.  Again,  each  point  fq  to  ooomum  to  IftrM  Unm  Ji.%  1, 
OHli  «f  lAkh  toiwuftwW  of  the  six  ptoact  IIi,  bat  jRlmelt  tkefitifotk$n 
in  tkat  point  p»;  «liiditlMtalbneottnt8Ml«ilMint«rMettoii«|OfUi6l!^ 
ffnily,  Mcb  cf  tiM  pointtr^  ropwaento  fibwt  toil«nectk»na,  AttrlTsti;  wdit  r»> 
no  o/Acr  interKcction,  of  the  form  A 'IT,  within  the  limita  ct  the  preaent 
inqrilj.  Thna,  each  of  the /r*-  given  pointt  i»  to  b«  considered  as  representing,  or 
eonjrtrnctin^,  thirty-nine  (=  12  f  12  f-  12  +  3)  intersfctions  of  line  with  plane;  and 
tb.-re  r-in  un  onlv  iOlO  2235  -  195)  other  cases  of  such  iiitcr.^ection  A-fl,  tO  be 
aeeounted  for  (in  the  present  verification)  by  the  300  derived pointa^  Pj,  i-j. 

(4.)  For  this  purpuae,  the  nint  columns^  bended  tt  L  to  IX.  In  the  following 
ToMr,  contain  tb«  nwnfctrt  of  mdi  ielir»wfton«  whidi  belong  respectively  to  tbo 
wime  ffrm»t 

kx'Wx^    AiHa,!,   Ai*lTi,tS      Atiflli,   h%\'Tl%\t  L%A;Ti%%\ 

A«|t*ni,   Aits'IIski,  Ai,s-ITi,s, 

ftrOMhof  tlMn&Mi|pMArMjMMt»  a'...a»,  of  tbenlae^vv^ptPi,  pi,!, . . 
Coinnm  X.  oont^nsi  for  eadi  iNrfnt,  the  Mm  of  the  MM  nim&ifv^  thna  tobnp 
la  the  pitoeding  eotomne;  and  ozpreiies  therefore  the  entire  number  of  inter- 
^Sf^jfBiM,  ubicb  anyone  such  point  represents.  Column  XI.  states  the  numher  ofiht 
yjlu/y  for  each  tifpe  ;  and  column  Xll.  cuntainsthepro/iwcf  of  the  two  la^t  numlM'rfl,  or 
the  numbe  r  of  intersections  A  .  TT  wliich  arc  reprcst^nted  (or  constrn  t<  d 's  by  iht^  (froup. 
finally  the  turn  of  the  numbers  in  i^^ach  of  the  tico  last  columns  is  wriiton  at  its  foot; 
and  because  the  300  derived  points,  of  first  and  second  coodtructiuns,  are  thus  found 
to  represent  the  20 10  intertectioHM  which  were  to  be  aoooonted  for,  the  veriJicaiSom  to 
seen  to  b«  compUtt:  and  no  nno  type,  of  points  Pa,  nmaim$  10  be  dUeo»er«d, 


(5.)  Tablb  of  Int^neetioM  A*n. 
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(6.)  It  is  to  be  remembcml  that  we  liave  not  admitted,  by  our  definition  (88), 
any  points  which  can  on/y  be  determined  by  intersectiotu  of  three  pleuuM  ITi, 
M»  belonging  to  tlw  teeomd  mmth  mtHm  t'  not  iMwre  we  oonated,  as  Imei  A|  «f  tkat 
oonHraeUoo,  any  lince  which  can  omfy  be  firand  aa  Intanectkuu  of  Am  aneh  plaaea. 
For  twiwpiA,  we  do  not  nigtid  the  troMi  aa%  d».,  of  eeitalD|ilBa«t  Aiii  oooakUrad 
in  raofliit  anb-tftlde^  m  among  dw  linM  of  leeeiitf  oonstnicdon,  altboiii^  tbey  would 
present  themselves  ouly  in  an  ommeration  of  the  lines  As  of  the  third.  And  anj 
point  in  the  plane  abc,  which  can  only  be  determincti  (at  the  present  stage)  as  the 
intersection  of  two  such  traces,  is  not  regarded  as  a  point  A  i^tiidt  nt  might  find 
it  however  to  be  not  usclts^,  us  an  exorcise,  to  investigate  the  exiirejoions  fur  tuch 
intersections  ;  and  for  that  reason  it  may  be  noted  here,  that  the  ternary  types  (comp. 
81)  of  the  forty-four  traces  of  planet  IIi,  lis,  on  the  plane  abc,  which  are  found  to 
oompooe  a  system  of  only  ItoM^ir-liM  dhibuii  Jfiuo  ia  thnt  plane,  trbanof  nfac  art 
liMi  Ai,  Ai^  an  tin  mnfm  fiiUowlag  (oon^  88) : 

[100],    [Olij.   [lllj,    [111],    [Oil],    [211],  [211]} 
wUeb,  ai  tanaiy  lymM,  npnioDt  flia  ffOM  Kmm, 

80,        AA',        tfo',        A'bV,        AA",        IhA",  A*€9> 

(7.)  Again,  on  the  same  principle,  and  with  reference  to  the  same  definition,  that 
new  point,  say  f,  whkli  m$f  bo  denotad  tgr  mtkar  of  tin  two  wi$nmi  firf»i|f 

FB  (48110)  E(01S84>, 

and  wbieb,  as  a  fimuny  (78),  wiwoBapUantwpwy  of  alri^jwiato  ofqHtet 
(and  of  no  «or<^  on  aoooont  of  this  laat  e9q0mtMee,wfa«nas  a  qidnaiytgrps^  witfi  all 
Us Jhft  oooffidonts  mufuml,  wpwsonts  gtneralfy  a  group  of  120  distinot  poinU),  is 
not  regarded  by  ns  as  a  point  P3 ;  although  this  nsw  point  f  is  easily  seen  to  be  tho 
intersection  of  three  planes  of  second  ton»trm§fkmf  Oamel/,  of  tllO  tbno  foUowiQg, 

which  all  belong  to  the  group  IIa,i : 

[oiui],    [iloli],  [111103. 

or  AA'DiCiBa,  oc'DiBiAa,  XB'Bto'Qfr  It  may,  howoyor,  bo  ranatkad  ia  passings  tbat 
oaeftplono  119,1  oontainafwdWpotefsFii  of  tbis  new  gnmp:  OTOiysndi  point  beb^ 
ooDUwa  (aa  is  cfrldsnt  ftnn  what  has  bsan  shown)  to  lArse  such  ptanaa 

94i  From  the  forcing  diiciuBion  it  ftppeut  tli«k  the/M  gwm 
poinU  Fq»  and  the  fftres  hundred  derived  pamtt  Pi,  Pt»  are  amu^td  m 
epaee,  upon  Ihiefiftif'fiee  Unea  A|,  Aj,  and  in  the  forty-fioe  phneB  n,, 
III,  M  followt.  Bach  line  A|  oontains  eight  of  the  305  points,  forming 
on  it  what  may  be  called  (see  the  snb-artieie  (8.)  to  92)  a  double  In- 
vdutum.  Eadi  line  Af,  i  oontains  eeeen  points,  whereof  oms,  namdy 
the  gieen  point,  r^,  has  been  seen  (in  the  earlier  sab-art.  (6.))  to  be 
a  douhUptfint  of  another  involntion,  to  which  the  three  derived  poire 
of  points,  Pi,  P^,  on  the  same  line  belong.  And  each  line  A^,,  con- 
tains ten  points,  forming  on  it  a  ncuy  involution;  while  eight  of  tlieBO 
tttu  points,  with  a  difir(iircut  order  of  8uccei>8ion,  compose  still  another 
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iavolatioii*  (92,  (10.)).  Agaio,  each  plan$  II|  coDteins  J\fty-tujo 
pamU,  nrnmely  three  ghm  pointSi  fonr  poiiiti  of/f«f,  and  45  pointa 

of  second  constructioo.  Each  plane  FI^, ,  contains  forty-seven  points, 
vber€»roA€  is  a  given  point,  fuur  ure  points       and  42  are  points 

•  llMM  theorwas  icspccting  the  rtlalibM  •/  iK««lKfjba,  of  givsa  and  derived 
poiBle  en  fines  bifint  and  mcinmI  conatractioiis,  for  a  «<<  in  ^poee,  arepeiliai»aew ; 
Ahoagli  SDOM  of  the  harmwds  refaUMf^  above  mentioned,  Iwve  been  nolloed  under 
etfier  forms  by  Mbbiiu  :  to  whom,  Indeed,  as  has  been  stated,  the  coneepHon  of  aodl 
aMTiedae.   ThM,    ira oonskte  (ooiqian  tha Mete lo  page  72) tlM  two lafeeneo* 

Bl  =  DE  •  AiBiCi ,         Bj  =  DE  *  AjBjCj, 

ve  easa\f  find  that  thej  may  be  denoted  by  the  qui  oar}'  symbols, 

El  =  (00012),       Ea=  (00021); 

ttey  are,  therefore,  by  Art.  92,  the  two  points  r..  ■,  on  the  line  de  :  and  consequently, 
Vy  the  theorem  statt-d  at  the  end  of  sub-art.  8,  the  h:irinonic  conjugate  of  each,  taken 
with  res[ject  to  tho  other  and  to  the  point  di,  must  be  one  of  the  two  points  D,  E  on 
that  line.  Accordin^^ly,  we  soon  dt-rive,  by  comparison  of  the  symbob  of  these^ee 
pmittt,  i»EDiEiB3,  liw  two  ftllowfaig  harmonic  eqoations,  which  belong  to  the  same 
4pe  aa  the  Hm  IsK  of  that  sttb-an.  8 : 

(D1DE2F1)  =  -  1  ;        (diEK)E..)  ^  -  1  ; 

but  thfse  two  eqttations  have  been  asbij^m  rl  (wiOi  iintatiniiH  slightly  difTorcnt)  in  tlie 
formerly  cited  page  290  of  the  Baryceutric  CiUculug.  (Comp.  again  the  recent  Note 
to  page  7*2  )  The  gtometri^ai  wuaning  of  the  last  equation  may  be  illustrated,  by 
oeaaeiTiug  that  aaoD  is  a  rtpdar  fframid^  and  that  a  Is  Its  mean  poimig  for  Hhm 
(eeaap.  92,  eob-aiL  (>.))»  »i  la  the  mean  point  of  the  ftass  aao;  DiD  iathaaWfaKfa 
of  tibe  lijiamid;  aad  the  lArce  §tgmatt§  Dll^  diBi,  da  am,  raspeotlTdy,  the  fnor- 
itr,  tbe  third  part,  and  the  hatfvi  that  altitude  s  thsy  compoee  therefore  (as  the  for- 
aiala  expresses)  a  AarmoRic  pro^Mfton;  or  Di  and  Ei  are  conjugate  points,  with 
re?»pect  to  e  and  E3.  But  in  onier  to  exemplify  the  douhle  int?olution  of  th**  same 
sub-art.  (**•),  it  wonld  bo  necessary  to  consider  three  other  pointa  1%  on  the  tame  line 
DE  ;  whereof  one,  above  called  d'i,  belongs  to  a  known  (/roup  Pj,!  (92,  (2-));  but 
the  two  otken  are  of  the  group  Pa,4,  and  do  not  seem  to  bare  been  previously  noticed. 
Aa  aa  eacampb  of  an  favoiatiDa  en  a  Haa  of  UUrtf  oonetnictioo,  It  may  bo  rematked 
tkat  «B  eaeh  Baa  of  tha  gianp  Ai^  1,  or  en  eadt  of  the  ridea  of  any  one  of  the  ten  tri- 
angleB  7V»sk  >a  addiHoa  to  one  givaa  poiat  and  one  deriyed  point  v%,i,  there  are 
two  pmnts  F2,3,  and  two  points  P2,6 ;  and  that  the  two  flr^t  points  are  the  donble 
pohits  of  an  inrolution,  to  which  the  two  last  pairs  belong :  thus,  on  the  dda 
Kr.nco  of  the  exscrilted  triangle  AuBuCq,  or  on  the  tmoe  <rf  the  plane  BOiAsAiOii  wa 
have  the  two  harmonic  equations, 

(baob"co)    (nA'"B  c,'")  =  -  1. 

A|priB,eathe  trace  a'co  of  the  plane  a'ciCs,  (which  latter  trace  is  a  line  not  passing 
through  any  one  of  the  given  pointi*,)     and  Bi"  are  the  double  points  of  an  invo 
lution,  wherein  A  is  conjugate  to  Ci'  and  a"  to  b*'.    But  it  would  be  tedious  to 
maltijrly  such  instanreSi 
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r,:  of  which  last,  38  arc  situated  on  the  sir  lines  A,  in  the  plane,  but 
four  are  inianectiotis  of  that  plane  n^, ,  with  four  other  lines  of  second 
oonstruotion.  Finallj,  each  plane  n^t  pasaea  through  no  gioem 
pomtt  but  dmUuMfifrijf'tkm  derwedpomUt  whereof  40  are  potnts 
of  teoond  conatruetkm.  And  beoauae  the  pUnea  ofjint  oooatmo- 
tion  afont  contun  aptranent  of  off  lAe  lot  grwpi  ofpomtt,  p«,  P|, 
Fi»i»  -  •  'ft ft  gi^en  or  derived,  and  of  aU  the  three  groups  oflmu,  A^, 
At,i»  Afl,,,  ftt  the  doae  of  that  ieeond  oooatmctioo  (since  the  tjpes 
^i^iy  ^ttit  Ai  are  not  represented  by  any  points  or  lines  in  any  plane 
n,,,,  norare  ihe^rpatPoi  A|«  A„,  represented  in  a  plane  n„,),  it 
has  been  thought  ooliTenient  to  prepare  the  annexed  diatom  (Fig. 
30),  which  may  serve  to  illustrate,  by  some  selected  insUnces,  the 
arrangement  of  the  fy'ty -two  points  r,>,  P|,  Pj  in  a  plane  n„  namely,  in 
the  plane  abc;  as  well  as  the  arrangement  of  the  nine  lines  Ai,  A^ 
in  that  pUnC}  and  the  traces  A^  of  other  planes  upon  it. 

Vkio  of  the  Arrangement  of  the  Principal  Points  and  Lines  in  a  Plant 

of  First  Construction, 

 K  i^^  -  oo 


Ao 


Fig.  80. 


In  this  Figure,  the  triangle  auo  is  suppposed.  for  simplicity,  to  be  the  equilateral 
iKite  of  a  regular  pyramid  aiu  d  (comp.  sub-art.  (2.)  to  92)  ;  and  Dj,  again  replaced 
by  o,  is  supposed  to  be  its  mean  point  (29).    The  Jirtt  inscribed  triangle^  a'b'c', 
tbcrcfon  ,  hiteet$  the  three  aides ;  and  the  Mrit  ^kemotogg  a'Vc"  is  the  liatf  «t  im» 
finUy  (as) :  Cho  Donibtr  1,  on  tiM  lino  oV  prolong^  beiqg  dvigiMd lo  taggHtihat 
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the  paint  a",  to  which  that  /»««  tendt^  is  of  the  tvpe  p-,  j,  or  bclungs  to  tht*  jint 
gromp  of  poiott  of  ncomi  mutnuMtm,  k.  mamd  inaeribed  triunglt^  a'  sTc  '^  for 
which  Fig.  SI  wqr  te  emunltod,  b  oolj  Indfeoltrf  bgr  tlM  mniber  %  piMd  at  Um 
■Udbof  itoridBB'cr,toMiggMtthat<Aw  Uiwliog  point  bckogv  to  Una  mmn^ 
fmpof  poiatorn.  The  «am«  utMiAir  S,  bqt  with  oa  MMat,  S',  It  ptooed  noor  tbo 
corner  of  the  exserihtd  tfUngle  AoBoCqi  tO  naUad  us  that  this  comer  aho  beloogi 
(by  a  sj-ntrpical  relation  in  space)  to  the  group  P2, 2.  The  point  a",  which  is  now 
infinitt  ly  Jbtant,  is  indicated  by  the  number  3,  on  the  dotted  line  at  the  top ;  while 
the  "vanic  number  witli  an  accent,  lower  down,  marks  the  {jositiou  of  the  point  Ai". 
Fiadlly,  the  ten  other  numbers,  unaccented  ur  accented,  4,  4',  5,  5',  6,  6',  7,  7*, 
8,  d',  deooCa  the  placei  of  tht  ton  points,  A",  ai%  a»',  ai",  a^",  Ai'",  a"",  Ai"" 
A",  M"*  And  the  principal  iamrnk  ntalkm$,  and  niatioiis  of  faiwftifloM,  abort 
HBtlonad,  imj  bo  -vwUod  bgr  tnapecdon  of  tUa  IMagnun. 

95.  However  far  the  series  of  construction  of  the  net  in  spioe 
mAj  be  continued,  we  may  now  regard  it  as  evident,  at  least  on  com* 
pariflon  with  the  analogous  property  (42)  of  the pkuunetj  that  every 
pamlf  iine,  or  pianCy  to  which  such  constructions  can  conduct,  must 
ncceiiarily  be  rational  (77) ;  or  that  it  must  be  restUmoUy  related  to 
iht  wftUm  of  the/fw  ^imii  pomte:  becaose  the  anharmome  co-^tvdi- 
fMtm  (79t  80)  of  e?er  J  nei-poha^  tad  of  every  nd-plam^  ate  eqnel  or 
pjroportianal  to  whole  mmbere.  Convenely  (oomp.  43)  mmypomit 
UnerOT  pUmit  in  sp«ce»  which  is  thus  rathnaUy  related  to  the  system  of 
points  ABCDB,  is  s  point»  line,  or  plane  ofthe  net^  which  those  five  points 
detemine.  Hence  (oomp.  again  48),  eyery  nratienal  point,  line,  or 
plane  (77),  is  indeed  incapable  of  bdng  rigorously  emiratUd^  by  any 
processes  of  the  kind  above  described;  bat  it  admits  of  being  ind^- 
JbMy  a}>proxim0ed  to^  by  points,  lines,  or  planes  of  the  net  £tery 
anJuNnRonie  ration  whether  of  a  group  of  net-points^  or  of  a  pencil  of 
net-lines,  or  of  net-planet,  has  a  rationed  value  (comp.  44),  which  de- 
pt'uds  onli/  on  the  processes  of  linear  construction  employed,  in  tho 
generation  of  that  group  or  pencil,  and  is  entirtly  independent  of  the 
arrangement^  or  configuration^  of  the  five  given  points  in  space.  Also, 
all  relations  of  cUlineatioHy  and  of  complanariiy^  are  preservid,  in  the 
j  assage  from  one  net  to  anothei\  by  a  change  of  the  given  system  of 
points:  so  that  it  may  be  briefly  said  (comp.  again  44)  that  all  geo- 
metricfd  nets  in  space  arc  /tomographic  figures.  Finally,  any  Jive  points* 
of  snch  a  net,  of  which  no  four  are  in  one  plane,  are  eujicient  (comp. 

*  TbsiO  gntral  propnHet  (96)  of  tho  epaee^  aro  in  Mbstaaeo  tokaa  ftoni 
Mabiai^  althoqgh  (as  baa  boon  lomaf bad  bdbw)  the  amafyeit  horo  omployod  appoara 
tobonow:  aadoalionioatoftholikor«fli«  above  g|v«n,nspMtlngthopotafforM«oiul 

iHMjiia<fniii  (92),  at  least  after  we  pass  btyood  ib»^rtt  group  Pk,i  of  Im  such  points^ 
whkh  (aa  alna4y  lUted)  have  bom  known  oomparaiively  long. 
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45)  for  tlie  (iettrmination  of  the  ivJiole  nd :  or  for  the /i/iear  COA«t/*i<c- 
tion  of  ali  its  points,  including  the  five  given  ones. 

(1.)  At  M  Szmptoi  let  tli*  points  aiBiCiBi  and  b  bs  now  nppotad  to  Im 
fkH»t  aiidlttHbsnqdnd  todbwetbelbnrpolnlsABOis  bjlioMreonitraeti^^ 
ftomtlMSiiitw  dstn.   In  ottwr  wordto,  tm  im  now  iiyrfwd  to  «wcH><  nyjiinwfrf 

ABCD  to  a  (^ven  pyramid  AiB|OiD|,  io  that  It  may  be  kvm^itgoun  tha«to,  with  the 
point  E  for  their  giren  centre  of  homology.  An  obvious  process  is  (comp.  45)  to  m. 
tcrihe  another  homologous  pyramid,  A^n.CjP^.,  m  m  to  have  Aj^^eai  "BiCiPi,  &c.  ; 
aud  then  to  detenatne  tho  interaectiom  of  corrttponding  face*,  such  as  AiHiCi  and 
A3B3C3 ;  for  these  four  lint*  of  intersection  will  be  in  the  common  plane[r.']y  of  homology 
of  the  fArse  p^cumidiy  and  will  be  the  traeet  on  that  plane  of  the  four  sought  planes, 
ABC,  &c.,  drawn  tbrao^  tho  Ibnr  g^vm  pofaitt  Di,  lbs.  If  H  worn  only  requimd  t» 
oonstniet  om  tonntr  a  of  the  ozaeiibod  pjnunid»  wo  nright  find  tho  point  ahoT* 
callod  a"  as  tho  oooimon  ioleneetion  cfAree  jBlnut,  as  lbl1ow% 

A**  «  AlBiCi  *  AiDiB' AgniCk  ; 

and  then  ahoald  havo  thia  othor  fbrmula  of  interaeotion, 

A  =  EAi  •  PiA". 

Or  the  point  A  might  be  deterinined  by  the  anharmunic  equation, 

(KAA1A3)  =  3, 

which  for  a  regular  pyramid  is  eaiil/  TOrifiod. 

(2.)  As  regards  tlie  fjreneral  patsage  ttom  one  not  in  spnco  to  another^  lot  the 
symbols  I'l  =  (xj  .  ,  ri), .  .  r5  =  (xa  . .  cs)  deuote  any  five  given  pointt,  whcrcuf  nu  four 
arc  coniplanar ;  and  let  a'6'rVfe'  and  u  be  six  coefficicnta,  of  which  the  five  ratios  ara 
such  as  toaatisfy  the  svrabolical  equation  (comp.  71,  72), 

a  (ri)  +  bXVi)  +  c'  (P3)  +  d  (p,)  +  e\Vi)  =  -  «'(  U) : 

or  the  five  ordinaiy  aquations  wluch  it  indudeii  namely, 

«' «i -I- •  •  +  e    — •  •  —  a  01  + . .  4- «' Vtf  »  - 

Let  r'  bo  tngr  sixth  point  of  spnoo,  of  wUdi  tho  qnbiaij  sjubol  satisfies  the  aqna- 
tiott| 

(p*)  =  «o'(*'0  +  y*  (»*2)  +  tc  (Pa)  +  wd'(pO  +  »e'(P6)+  •«(  (/) } 
then  it  will  be  fonnd  that  this  last  point  p'  can  berfrrToecf  from  the  five  points  Pi .  .  p^ 
by  precisely  the  $ame  ronstnicfiont,  as  those  by  which  the  point  p  =  (ryzirr)  is  de- 
rived from  the  five  points  ABCDK.  As  an  example,  if  p'  — x  +  y  +  x  4^  ir  -  3r,  then 
the  point  {xyzwv  )  is  derived  from  AiBjCiDjE,  by  the  eame  cunstnictions  as  (zyzipv) 
from  AncuE ;  thus  a  itself  may  be  constructed  from  Ai . .  e,  aa  Uie  point  r  =  (30001) 
is  from  a  . .  b  }  which  would  conduct  ao«w  to  the  anharmonic  equation  of  the  last 
sub-artideii 

(8.)  It  maj  be  briefly  added  hera^  tiiat  instead  of  anJianiionts  faft'oa,  as  eon- 
asetcdwithanetinspaoB^  orindsed  genenUy  hi  lalatieo  to  ^oHai  pnblmtt  wo 

an  penuitted  (cimp»  68)  to  snbetitute  products  (or  quoUents)  of  quotieniM  of  ro/via«s 
of  pgrramids;  as  a  tpecimm  of  which subatitiition,  it  may  be  remarked,  that  the  an* 
harmr.nic  relation,  just  reftm-d  to,  admits  of  being  replaced  by  the  following  equa- 
tion, involving  on*  such  quotient  of  p>  ramids,  but  introducing  no  auxiliary  point : 


Digitized  by  Google 


CHAP.  III.] 


M SANS  or  TSOTORt.  . 


85 


la  gmanH,  If  xyzw  be  (•■  la  79,  88)  IIm  mmkmrmmiM  f'tdbtatta  «f  »  point  r  aa 

X  _  PBCU  KliCD 

^     i'Cr>A  K(  da' 

with  other  oqaatioot  of  the  aftme  type,  on  which  we  cannot  bore  deUj. 

Sbction  5. —  On  Bori/centres  of  SysUms  oj  Points  ;  and  on 
Simple  ojid  Complex  Means  t^f'  Vectors* 

96.  In  general,  when  tbe  swm  2a  of  any  nnmber  of  oo-ioUUl 
▼ecton, 

is  divided  (16)  by  their  number ^  m,  the  rt»iuUing  vector, 

mm 

is  nid  to  be  the  8mfh  Mmm  of  those  m  Tectors;  and  the^Nwnf  m, 

in  which  this  mean  vedSor  terminates,  and  of  which  the  pogition 

(conip.  18)  is  easily  seen  to  be  indepnidmt  of  the  position  of  the 
common  origin  o,  is  said  to  be  the  Mean  Pvi/i(  (comp.  29),  of  the 
system  of  the  m  pointSf  Ai, . .  a.^  It  is  evident  that  we  have  tlie  equa- 
tion, 

or  that  the  sum  of  the  m  Tcctors,  dnwo  fi-om  the  mean  point  m,  to  the 
points  A  of  the  system,  is  equal  to  zero.  And  hence  (comp.  10«  1 1»  30), 
it  IbUowt,  l8t.»  that  these  »  vectors  are  equal  to  the  m  successive 
ssdm  of  %dosti  poljfgon;  Ilod.,  that  if  the  system  and  its  mean 
poial  be  pnjsdei,  by  any  poraUd  ardmaiest  on  any  assumed  pUm§ 
(or  Ime),  iht  preijectscH  m',  of  the  mean  point  m,  is  the  mean  point  of 
ik4  projected  sysiem  :  and  Illrd.,  that  the  ordinaU  mu',  of  the  mMn 
pointy  is  the  mean  of  all  the  other  ordinatsSf  AlA^,  • .  A^^k'^  It  fol- 
lows^ also,  that  if  m  be  the  mean  point  of  isnother  system,  B|,  . .  b«; 
and  if  •  be  the  mean  point  of  the  ieteU  system^  Ai  . .  b»,  of  the  m  •{•ii 
s  s  points  obtained  by  eombtning  the  two  former,  considered  as  par* 
tial  systems ;  while  v  and  a  may  denote  the  vectorsy  on  and  os,  of 
these  two  last  mean  points :  then  we  sliuU  have  the  equations, 

m(tf-^)afi(i'*«),  m.Mtafi.aK; 

so  that  the  general  wtean  point,  n,  is  situated  on  the  right  line  mh, 
which  connects  the  two  partial  mean  points,  u  and  if ;  and  divides 
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ikai  line  (inienMy),  into  two  stgmentt  Mt  tod  an,  which  aie  invene^^ 
proporUtmud  to  the  two  vM€  lUf mien ,  m  and  a. 

(1.)  an  Example.  let  A&cxi  be  a  gauche  fuadriUUeral,  and  la(  k  be  iU  mea« 
/>oiM< ;  or  more  full/,  let 

•OB  e^(OA  •)> OS  1*  00<f- OOX 

or 

«  =  Ha  +  /^  +  r  +  ^); 

thttt  b  to  say,  let  a  =  &  =  c  =  d,  in  the  equations  of  Art.  65.  Tli^t)  with  notations 
late^  und,  for  oerUin  dtriwtd  poinU  ou  &o«,  if  we  write  the  vtetor  jormmlm, 

OA'.a'.|C^  +  yX..  y'-K«+^). 
we  abail  luiva  mms  diflhnBt«spCMrfooe  for  the  Mem  eeelor, «;  aunelx,  the  follow- 

f  =^(a  +  3al)  =  ..=  4(^+8^l) 
▲nd  tbeee  coodact  to  the  aeveo  e^uetiont  between  t^^aieiat, 

AM  s  8BAs,  .  .        DB  =  SSDi  { 

a'k  =  KA»,  .  .        c'b  =  soi; 

wfakh  prore  (what  is  otherwise  known)  that  the  four  right  lines,  here  denoted  by 
AAi, .  .  Di>t,  whfrpof  each  connects  a  corner  of  the  pyramid  abcd  with  the  nieaa 
f>i«iiit  of  the  opposite  face^  intersect  and  quadrisect  each  other,  in  one  common 
fxiitit,  K;  and  that  the  three  common  bisectors  a'a;,  b'bj,  c'cj,  of  pairs  of  opposite 
edges^  such  as  BC  and  UA,  intersect  and  bisect  each  other,  in  the  Mine  mean  point : 
■0  lSt^Vtt»fimrmidM&  points,  c',  a',  G^,  a%,  of  the  four  MoeeMlTO  «Mw  Aft,  of 
the  fenche  qnadiOatenil  abcd^  w«  aUoated  la  one  commm  plene^  whieh  Wfcefialitf 
the  eoMieii  KweCWv       of  the  two  dSq^onob^  ao  and  bdw 

(S.)  In  thie  eauunpleb  the  amntMr  e  of  the  paM»  a  . .  d  belng^tar,  the  nnnibcr 
of  the  derived  Unes,  which  thus  cross  each  other  in  their  general  mean  |)oiut  b  is  eeen 
to  be  seven  ;  and  the  number  of  the  derived  planes  through  that  point  is  nixe  .* 
namely,  in  the  notation  lately  used  for  tlu-  net  in  space,  four  lines  Ai,  throe  lines  As,  j, 
six  plain  s  11],  and  three  planes  II  j,  i.  Of  these  nine  planes,  tlio  six  former  may  (iu 
the  present  connexion)  be  called  triple  planes,  because  each  cuiuains  three  lines  (as 
the  plane  abe,  for  inatenoe,  containi  thelinei  aai,  bbi,  c'c-j),  all  passing  through  the 
meen  point  tnd  the  ikmkaUr  may  be  said,  by  contrast,  to  be  non4rt/>/e/7/afie«, 
beeaaae  eadi  eontahia  only  iwo  iiM  thioogh  that  point,  detoniined  on  the  for^^ 
prindplei. 

(ft.)  In  geneml,  let  ^  («)  denote  the  numher  of  the  lines,  through  the  general  mtan 
point  s  of  a  total  system  of  s  given  points,  which  b  thus,  in  all  possible  ways,  decom- 
posed into  partial  si/strms  ;  1et  /(s)  denote  the  number  of  the  triple  planes,  obtained 
by  grouping  the  given  points  into  three  such  partial  systems;  let  denote  the 
number  uf  non-triple  planes,  each  determined  by  grouping  those  s  points  in  two  dif- 
ferent ways  into  tico  partiai  systems ;  and  let  f(js)  =  f(s)  ^(«)  represent  the  entire 
number  of  distinct  planet  through  the  point  a :  lO  that 
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Then  it  h  easy  to  p«»rceive  that  if  we  introduce  A  new  point  c,  fui  li  ohl  line  mn  fur- 
nishes two  new  li»es^  according  as  we  group  the  new  ]»>int  with  oi;.-  .>r  otlit-r  >>(  the 
two  old  partial  lyMMna,  (i/)  aud  (A') ;  anU  that  there  is,  besides,  one  other  mew  Une^ 
vamAfiMi  mlusWf  tfunlbn,  the  eqmaHom  im Jtnite  diffkrtmeetj 

f(*  +  l)  =  2^(*)  +  i; 
which,  with  the  particular  value  above  aitsitpied  for  ^(4),  or  eren  with  the  aunpler 
Md  mora  obriotu  raloe,  f  (2)  =  1,  conducts  to  the  jftrntrtd  tjcpre^tlon^ 

^C*)-2'»-l. 

(4.)  Again,  if  (A/)  {ff)  (P)  be  any  three  partial  tyftemi,  which  jointly  make 
np  the  old  or  gireo  Mai  qrstem  (i')  ;  and  if,  by  grouping  a  new  point  c  with  each 
«C then  ia  tora,  w«  feim  Otm  m  parHal  aygltaM,  (if')  (iV')  (i*-);  then  each 
Mtr^ptim€mAu$WKr,iimtmdA  tint  nmo  triple  pla»e$, 

M%rp,      lorV,  mrp'; 
wi&t€adkttd Kntf  KL,  will  gire  one       triple  plane,  ckl  :  nor  can  any  new  tripl* 
phm  iM  obldMd  in  any  other  waj.  W«  bavt,  thvefora,  this  new  «^to«  m  <ii/^ 


f(.  +  l)  =  2^C#)^-l; 
if  th«n  we  write,  for  a  iMiMnt, 


Bat  we  hare  aeen  that 


/(.)  +  f(t)-x(eX 
we  hare  thb  other  equation  in  finite  differencejs 

Aleou 

/(•)-!,  x(»)-4: 


(5.)  Finally,  it  is  eto  lliat  w»  liar*  the  relatloii, 

Vi')  -  4'  (')  -  10  (0 .  (f  (^)  -  1)  -  (2-  '  -  1)  (2*^  -  1) ; 
becaase  the  triple  planes,  each  treated  as  three,  and  the  non-triple  planes,  each  treated 
OS  one.  must  jointly  represent  all  the  binary  combination*  <^  tit6  iimeM^  drawn  through 
the  mean  point  8  of  the  whole  system.  Hence, 

8^(»)  =  2»»-«+  8.2*-»-8'- 1  i 

and 
io  thai 

F(*+l)-4r(*)=3»  '-2^, 

vUdilaattqaalioiiiBfliiitt  dUftNooet  admlli  ofaalndapeodeDtgaoiiMtricaliiiter- 

pretatioo. 

/(•)-»;      *(«)-Wj  f(5)=6«8 
•o  that  If  ira  aaraim  a^oiwAt  jMilafeiif  or  a  qntem  of/vt  ^omle    ijpaci^  a.  .  b, 


Digiiizeo  by  Google 


88 


BLKMKNTS  OF  QUATBKNI0N8. 


[book  I. 


and  determiae  the  aieaa  point  p  of  thi«  system,  there  will  in  general  be  a  Mt  of,/^ 
fMnllMt,  of  ftlM  kiod  abovt  oooriderad,  all  paaring  through  tUs  stzUi  pt^nt »:  tnd 
|]ieMwlllbt«iTtOfedg«iiMm11]rin  fifty  ■  Jht  didkutpfmmntWlimfnttmmi^^ 
be  what  we  hava  eillad  fri|p^  cha  lAMy        bdag  of  the  M-li^ 

97.  More  generally,  if  ai  .  .a^  be,  as  before,  a  system  of  "i  givm 
and  co-initial  vectors,  and  if  a,, .  .  o„,  be  any  system  of  m  given  sca- 
lars  (17),  then  that  new  co-initial  vector  /3,  or  OB,  which  is  deduced 
from  these  by  the  formula, 

p  =  —  3=  — ,  or  OB  =  , 

or  by  the  eqnatkm 

Sa(«-/8)sO,  or  SobasO, 
msy  be  said  lo  be  tbe  Complex  Mmm  of  Iboee  nt  giTon  iwolorv  «,  or 
OA,  ooniiderod  m  afitHiBd  (or  combined)  with  that  ajstem  of  giTen 
aetdarB^  aa  eoefficmUf  or  as  muft^yfierst  (12, 14).  It  may  also  be  said 
that  the  derived  pcini  b,  of  which  (comp.  96)  the  poeilitm  is  inde- 
pendent  of  that  of  the  origin  o,  is  iheSaryeenire  (or  centre  of  gravity) 
of  the  given  system  of  points  a,  . . considered  as  loaded  with  the 
given  weights  . . . ;  and  theorems  of  intereectioru  of  lines  and  planes 
arise,  from  the  comparison  of  these  complex  meanSy  or  barycentres,  of 
partial  and  /o/a/  sj/stems,  which  are  entirely  analogous  to  those  lately 
considered  (9^>)^  for  simjtle  means  of  vectors  and  of  points. 

(1.)  As  an  Exainf)k*,  in  the  case  of  Art.  24,  the  point  c  19  tbe  barj'centre  of  the 
system  of  the  two  points,  a  and  n.  with  the  weit^lUs  a  and  6  ;  while,  under  the  con- 
ditions of  27,  tbe  origin  O  is  the  barycentre  of  tli*'  three  points  a,  h,  c,  with  the  three 
weights  a,  6,  c ;  and  if  we  use  the  formula  fur  p,  assigned  in  34  or  3t;,  the  same  three 
given  points  a,  b,  c,  when  loaded  with  xa,  y6,  *e  as  weights,  have  the  point  p  in 
their  idana  far  their  htiyeentM^  Again,  with  the  equation  of  68,  a  ie  the  baiyoeo- 
tra  of  the  ijfstem  ef  the>h«r  giv«o  poiaHy  a,  a,  d,  with  the  weighta  m,bfM,4i 
and  if  tlM  eaqpnnioa  of  79  ftr  the  voetor  or  he  adopted,  then  m,  jpft,  se,  wdaea 
equal  (or  proportional)  to  the  weighta  with  wlikh  the  same  foair  pointe  a  . .  d  muit 
be  loaded,  in  order  that  tbe  point  r  of  space  may  be  their  baiyooDtn.  In  eU  theeo 
rnsrs,  thp  weights  arc  thus  proportional  (hy  69)  to  certain  tepments,  or  arent,  or 
volumes,  of  kinds  which  have  been  already  considered  :  and  what  wc  have  called  the 
anharmnnic  co  ordinates  of  a  variable  point  v,  in  a  plane  (3C),  or  in  ^pace  (79), 
may  ha  said,  on  the  tame  plan,  to  be  quotients  of  quotients  of  weights. 

(2.)  The  eircnnutaiioe  that  the  jMiAiea  of  a  frary centre  (97),  like  that  ef  a  elm' 
pie  Mcoa  iKml  (96),  is  mdlgMMlnil  of  the  podtioa  of  the  oasamed  eri]^  of  vecton. 
oftlg^t  iadnibe  as  (oompb  69)  to  mpprtm  the  ^praiftof  o  of  that  mbUrarp  and  farmgn 
pMs  and  thanfcre  to  wrfte^  iiiaiplf,  under  tlie  hUelj  supposed  conditiona, 


*  We  ahonid  thoe  hive  some  of  the  principal  nofafwiM  of  the  Anyemlne  Cofra- 
hm  :  hot  need  mainly  with  a  reference  to  v$etan.   Compare  the  Note  to  page  56. 
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2a /I 

^sa-—_  or  bB=l<iJ,  if 

It  to  ea«7  to  provt  M),  If  pria^pia  already  establUMd,  Hut  tbt  tfrdf. 

Ml*  0/*  the  heuyeentre  of  any  given  system  of  points  ia  the  complex  mtm  (In 

tJi*»  jwnsw  above  defined,  and  with  the  same  ?iy«t*>m  >>i  irei^his),  o  f  the  ordinate$  of 
the  painlM  of  that  •ij'stem,  with  reference  to  amj  (jivm  j/lanr  :  and  that  th<>  prnjectiom 
of  the  barycmtre,  on  any  sach  plane,     the  barycentre  of  the  projertfd  untt-m. 

(3. )  Without  any  reference  to  ordinate$f  or  to  any  fureign  urigiu,  the  bart/centrie 


(Art.  1)  lenxetiny  tht  gaontricd  flfdAMlioii  oftlM  ifiMB-A, 
iimilim  the  Mcfer  fton  a  to  b  :  to^rther  vMi  iIm  nriae  iir  MI^H|>^  mmIi 
torn  hf         ■  (14,  17),  and  for  taking  the  sums  (6,  7,  8,  9}  of  thi>.<«e  (generall/ 
■cw)  vectors,  which  an  (16)UMfiffwrfM«teof  MiehmaUipliMliMM.  For  w«  hair*  cttljr 
to  write  the  formola  m  tolhm, 

So  (A  -  B)=:0, 

in  <»rf!»r  tn  i^.<>rcpive  that  it  may  hv  considered  a»  si^ifying,  that  the  system  of  the 
rrctort  from  the  barycentre  H,  U)  the  system  of  tiic  jfiven points  Aj,  Aj, .  .  whm  niul- 
tipUi^  respectivdy  by  the  tcalars  (or  coefficient*)  thft  giTW  qrMMn  ai,  uj, . .  bo- 
(jBBerally)anews]rttMn<ifvccloia«llii«Mff«Ma.*  Id  aaeh  ft  noBMr  that 

bit  VMlflC^  «l.BAi,  MA  bo  BMlto(  10)  thO«MC«W<«^ 

by  ttBOfporU  witlioat  fotatioD. 
(4.)  TluM  if  «o  DMtt  tho  iwniiilo, 

»e|(Ai4A|), 

w  mmj  Indwd  iatarpnt  U  m  OB  oM^ybno  of  the  oqiBBtloB, 

wUdi  impUet  that  if  o  be  a^jr  mrVirmf  poi»t,  aod  If  o'  be  the  pofait  which  wjplrfei 
(eonpw  S)  the^Mffrfoyrwa  AioaaqT,  tbn  B  b  the  pehit  vhleh  hi§Mf§  tkt  dSofm^ 
oo%  end  therfforw  also  the  pbtm  Um  A.\Mt  which  in  here  the  othtr  diaponaL  But  we 
naj  oIm  ngjud  the  bmala  ae  a  mere  tifmboUeal  irsmifitrwuitiom  of  the  eqaalieii, 

(At-B)-|-(A4-B)B0; 

vbldh  (jbgr  ihe'eoiVeBt  piind pbe  of  the  pi«MBt  Book)  aipwMM  that  the  Am  eMfara, 
flpMB  B  to  the  two  given  point*  Ai  and  As,  have  a  ntdl  sum ;  or  that  thej  are  equal  im 

iength,  but  oppmnte  in  directinn  :  which  can  only  l>e,  by  B  biaectiii)^  A1A3,  as  before. 

(5.)  Again,  the  formiUa,  B|b^(ai A*  f  wtajf  be  interpreted  as  en  ubrU^ 
■Mai  ed  tim  eattation. 

OBi  -  ^  (OAi  +  OA3  +  OAs), 

which  expresses  that  the  imiut  u  trisects  the  diagonal  00'  of  the  paralfelspiped 
(comp.  62),  which  has  oai,  oas,  0A3  fbr  tfree  et-MMai  «dS^.  Bat  the  aame  for- 
audamay  alio  be  eoMid«red  to  esfNiia,  la  eendblMKf  with  the  Ibccgotng  ioter- 
^MttOnmt  fhatthi  mm  t/ik»thm9mt«n^  fioni  atothethiee  poiote  A|,  a%  a*,  eo- 
mitkms  which  b  the  oharaeleriitb  proper^  (80)  of  the  aMW  poial  of  Ihe  iHai^ 
AiAeAt.  And  Aaibrly  in  bmm  eOttpbs  casea :  the  Itjfitimaejf  of  such  transforma^ 
titms  bdng  hire  regarded  as  a  cOBUqoiBee  of  the  origiual  iuterprstation  (1)  of  the 
afmhol  D  -  A,  and  of  the  ndce  for  ^peraHmt  aa  aaglom,  eo  liir  ea  as  tbej  hate  been 

N 
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Sbction  6  On  Anharmonic  Equations,  and  Vector^Exprei' 

sions,  of  Sutjaces  and  Curves  in  Space,  ' 

98.  When,  in  the  ezpreflsion  79  for  the  vector  ^  of  a  variable 
point  P  of  apeoei  the  ibnr  Tsriable  scaUrs,  or  anharmonic  co-ordi- 
nates,  xjftm^  are  conMcUd  (oomp.  46)  by  a  given  algebraic  equation^ 

f,,{x,  y,  2,  a-)  =  0,  or  briefly  /=0, 

supposed  to  be  rational  and  integral,  and  homogeneous  of  tbe/>'* 
dimension,  then  the  point  r  has  for  its  locus  &  surface  of  the  p'^  order, 
whereof  f—0  may  be  said  (comp.  56)  to  be  the  local  equation.  For 
if  we  substitute  instead  of  the  co  ordicates  a; . .  U7,  expressions  of  the 
forms, 

to  indicate  (82)  that  p  is  collinear  with  two  given  points,  r^,  Pi,  the 
resulting  algebraic  equation  in  I: tf  is  of  the  p**^  degree ;  so  that  (nc- 
Cf>rding  to  a  received  modern  mode  of  speaking),  the  surface  may  be 
said  to  be  citf  tfi  |>  pomla  (distinct  or  coincident,  and  real  or  imagi- 
nary*), hif  anuf  arbitrate  rigM  line,  PoPi.  And  in  like  manner,  when 
the  four  anharmonic  co-ordinates  Imnr  of  a  variable  plane  n  (80)  are 
oonneotedBby  an  algebraical  equation,  of  the  form, 

F,(/,  ffi,  II,  r)  =  0,  or  briefly  F=0, 
where  p  denotes  a  rational  and  integral  function,  supposed  to  be  ho- 
niogvni'ous  of  the  q"'  dimension,  then  this  plane  11  hiis  lor  its  >/ive- 
lope  (comp.  56)  a  surface  of  thu  q"'  class,  with  F  =  0  tor  iib  tanjeiUial 
equation:  because  if  we  make 

/  =     +  mZ„  , . ,        r  -  tr„  f  ur^ , 
to  express  (comp.  82)  that  the  variable  plane  n  passes  througha given 
right  line  Ho"  Hi*  we  are  conducted  to  an  algebraical  equation  of  the 
^  degree,  which  gives  q  (real  or  imaginary)  values  for  the  ratio  (:«, 
and  thereby  assigns  q  (real  or  imsginaryf )  tangent  planes  to  the  sur- 

*  It  is  to  bs  observed,  that  m  MlcrpnCafim  U  here  proposed,  (orimo^nrnqf  i»- 
fcTMclMM  of  this  Idnd,  sueh  u  those  of  a  ^kere  vlth  a  n|rM  Ime,  which  b  wAol^ 
tsttrtud  thenlo.   The  lanfiti^  of  modem  $9oiiuirff  requires  that  twk  imagloary 

itUer$ectum$  iboald  be  apokem  of,  and  even  thut  they  should  httmtmeruted :  exactly 
M  the  kmgvoffe  of  algebra  requires  that  we  should  count  what  are  called  the  imugi- 
nary  roots  of  an  equation.  But  it  would  Ix^  an  error  to  conlonmX  geomrtrical  imagi' 
naritts,  of  (his  ?i>rt,  with  those  square  rooin  nf  nrpntircit,  T  r  \\  liicli  it  will  soon  lie  Sfi'n 
that  ttie  Calculus  of  Quaternione  ttuppliea,  fruui  tlie  ouLaet,  a  difatUe  and  real  m- 
terpreiation. 

t  As  regsrde  the  nmmUrprtUd  d^anMer  of  such  imagiuwy  eamtuets  in  geometry^ 
the  pnoeding  Nolo  to  the  praeent  Artleh^  mpcetisg  imtifbtanfimtentelimt,  majr  bs 
eofMolted. 
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fatt^  drmwn  through  any  such  given  bot  arbitrary  right  line.  We 

may  add  (comp.  51,  56),  that  if  the  functions  / and  f  be  only  ho- 
mogenevus  (without  neces^^ariiif  being  rational  ami  iiUei/ral)^  then 

is  the  anharmonk  symbol  (80)  of  the  tangent  pUm  to  the  surfeoe 
/sO,  et  the  point  (oTyxao);  end  that 

(d,f,  Djr,  D^,  ivf) 

is  in  like  manner,  a  symbol  for  the  point  of  contact  of  the  plane 
[/w«r],  with  its  enveloped  surface^  F  =  0;  D^, . .  D|, . .  being  charac- 
teristics of  partial  derivation, 

order ^  which  puMt  Ihroogh  fha 


(1.)  As  an  Example^  the  rnufu*  ^Uk 
wmI*  cmliri  laid^ 

a,  c^,        a',  G,  Ci, 
has  ftr  Its  loasl  sfMrfisa, 

wtiich  gives,  by  differentiatiuii, 
sotbat 

h  a  symbol  ftr  flia  itrngnt  ptrnt^  at  tbe  psfait  (m,  jr,  s,  w). 

(2.)  In  fact,  the  surface  here  considered  is  the  nltd  (or  hyperboiic)  JlfpsrMMd^ 
on  which  the  gavche  quadrilateral  ABOD  iS  Slfpsrscriftcd)  SOd  wbiob  ptSISS  slss 
tluoagh  Um  point  a.   And  if  we  write 

T^(Xjftm\        Qo(«yOOX  »»(«|»0> 
Aso  ga  and  rt  (see  the  annexed  Figure  81), 
namely,  tbe  lines  drawn  through  p  to  intersect  the 

two  pair-*,  AB,  rt>,  and  bo,  da,  of  opposite  sides 
of  that  quadrilalvral  abcd,  are  the  two  gt-norating 
line*,  or  gentratTicfs,  through  that  point ;  eo  that 
their  plane,  qkst,  is  the  tangent  plane  to  the  sur- 
fiwe,  at  the  point  p.  If,  then,  we  denote  that  tan- 
gent plans  by  the  ipnbol  [lmwr\  we  hare  the 
eqnatioas  of  cendltion, 

0      4- Mjr = My  +  MX  s  •«  •f  nsa  no  +  /x ; 

whence  follows  the  proportion, 

or,  because  cs=|rw, 

l:m:m:r  =  z:—wixi  - 

asbeibfeL 

(t.)  At  the  same  time  we  sw  tlwt 


Fig.  31. 
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M  fhatlbt  wmkth  ftmtnMm  m  <li*M«  (m  b  known)  At  fa« /mT  fwnrafrltw 

AB  md  DO  iawjwyiiiwifilr* ;  AP»  wo^  tfih  Mag  tiwei  •f  iu  porftiani.  Can* 
TMMly,  if  it  were  proposed  to  find  the  locus  of  the  right  lim  QS,  whicfa  thtu  Smdtm 

homographically  (oomp.  2i'>)  two  fficm  right  lino  in  tpaee^  we  might  take  ab  and  i>C 
for  those  two  linf?,  aivl  ai>,  bc,  c'Oa  (with  the  recent  ineanirif^s  of  the  lettprx) 

for  three  givon  |)Osition9  of  the  varialile  Hnf  ;  and  tlicn  should  have,  for  tht'  two  va- 
ri.ible  but  corretpondimp  (or  homoiiMf nut)  poiait  <4,  s  iheins*  Ives,  and  for  any  arbiLnuy 
puiut  F  coUinear  with  them,  anliarmonic  symbols  uf  the  forms, 

g  -  (^«,  u,  0,  0).        8  =  (0,  0.  P  =  (*f ,  f w,  UP,  r#)  ; 

because,  bjr  82,  we  ahoulU  have,  biiwceii  these  three  symbolfli  a  relation  of  the  fonu, 

(p)  =  /(Q)  +  r(8)j 

if  thon  wo  write  r  -  (r.  y.  r,  tp),  we  have  the  anhann<Hiic  equation  rz  ~  y«'.  liefore ; 
BO  that  the  loots,  whether  of  the  Unt  «|8t  or  of  Um  jMWNl  F,  it  («•  ts  known)  a  ruled 
turfacr  of  the  aecond  order. 

(1.)  Aa  regards  the  known  double  generation  of  that  surface,  it  ma/  suihce  to 
obMTTe  that  If  we  write,  in  like  manner, 

we  ihali  liave  agaun  the  exprcvsioii, 

p=      <u,  ur,  c«),    giving    xz  —  yw, 
as  before  :  »o  that  the  game  hyperboloid  is  aho  the  locus  of  that  other  line  kt,  which 
divides  the  ot/mr  pair  of  opposite  sides  Hc,  ai>  of  the  sajne  gauclu' quadrilateral  a acD 
homo^Tiil'liiciilly  ;  ha,  cu,  and  a'a>  being  three  of  its  positions;  and  the  lines  a' A3, 
c'Oi  Ix-iiig  still  supposed  tu  intersect  each  oihvr  iu  the  given  point  K. 

(5.)  The  dymbd  of  an  aiMtmy  p(rfnt  on  the  variable  ]ino  kt  b  (by  sub-art.  S) 
of  the  form,  t(0,y,  2, 0)  +  u(x,  0, 0,  w),  or  (kx,  <y,  /2,  vie) ;  wUk  the  qrmbol  of  an 
•itifraiy  point  on  the  girtn  lino  c^Ok  it  (f,!*, iO*  And  Umm  two  agmbola  npce- 
ant  mio  ommmoii  pobU  (vomp.  Fig;  81), 

»*  =  »T-c'o,=  Cy,y,z,»), 

wlion  fraMppoao 

f-jf,  «  = 

H«'nce  tho  known  theorem  result-^,  that  «  mrinhle  rjeneratrir^  KT,  of  one  system,  in- 
trrtects  threr  fixed  lines,  UC,  AD,  t  V;,  u  hich  are  generatrices  of  the  othrr  system. 
tJouviTUfly,  by  tht'  same  conipuristm  of  .-ymbols,  for  points  on  the  two  lines  rt  and 
r'c2,  we  should  be  conducted  to  the  equation  xz  =  yw,  as  the  condition  for  tlieir  inter- 
tection ;  and  thus  should  obtain  this  other  luiown  theorem,  that  the  lotus  of  a  right 
fine,  wUdl  mlcrwcCt  Arte  givm  rigM  Him  te  ipaee,  is  generally  on  hyperhtMd 
witli  tboio  three  lines  for  femvaincu.  A  similar  analyiia  diowa  tluit  Intmaeli 
▲'A|,  in  a  point(cunip.  ag^  Fig.  81)  irltich  may  be  tbw  deootad: 

(6.)  As  another  example  of  the  treatment  uf  surfaces  by  Uieir  anbarmonic  and 
loeal  eqiuttons,  we  may  ramailc  that  the  recent  symbola  fbr  f'  and  t\  combined  with 


*  Compare  p.  298  of  the  Giom4trit  Stqtiruwe, 
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tkose  of  sab-ut.  2  flir  P,  4b  with  tlM  igniilMb  of  M,  M  fer  cT,  a',      Alk  B$ 

Mid  with  th>  •qatlioD  samgm,  gtvo  lli>  ifUMiBBi  i 

(F)  »(Q)+(0  -(») (T) ; 

(■)-(lO  +  («*)- (A')+(M)l       (O-f         •(ik)- (■) » 

whence  it  fullows  (84)  that  the  twu  points  i*',  r',  aiid  tlic  aidca  of  tlic  quadri Literal 
ABCx>k  divide  tb«  four  generating  linet  thnn^  r  and  b  in  the  following  anharmome 
iBliM: 

(c  KCap  )  =  (yr  'spj  -  ^  =  (bacb)  =  (AAjxyr) ; 

(a'ma^iT)  =  (bp'tp)  =  -  =  (Bc'Ag)  =  (ccsDs) ; 

m  Ibat  (u  again  is  known)  the  variable  generttrfeil^  M  wiO  «•  tlw JUndwrn,  ti  Cha 

byperlxiloid,  are  a//  divide<l  homorjmphicaUy . 

(7.)  The  tanpential  equation  of  the  present  tiurfacc  is  easily  found,  by  the  pxprcs- 
fiJoos  in  sob-art.  1  for  the  oo-ordinatea  imnr  of  tlie  tangent  |>l«ne,  to  be  the  fullow- 
iag: 

wMcb  inajr  Im  telaipntad  aa  «zpre&!»ing,  that  fUa  byperboloid  b  flie  «iu/acc  o/tU 
mturndtbuty  wbieh  lendlct  liU  mm^oims^ 

[1000],  [0100],  [0010],  [0001],  [1100],  [0110],  [0011],  [1001],  [lUl]; 
or  wHh  the  literal  sjmbob  lately  employed  (comp.  86,  87), 

BCD,    CDA,    DAB,    ABC,    ci)c",    daa",    ABc'a,    BCA'a,  and 

Or  we  may  interpret  the  same  tangential  equation  k  =  0  a»  expressing  (comp  again 
86,  87,  where  q,  l.,  m  are  now  repUced  by  t,  r,  q),  that  the  surface  in  the  envelope  of 
a  plane  qbst,  which  aatisfies  tUker  of  the  two  connected  eondUivm  of  homography : 

(cA'mi) «»- ^  =  -  ;^  «  (naaAT)  I 

a  double  (feneration  of  the  hyperboloid  thus  showing  itself  in  a  new  way.  And  as  re- 
gards the  passage  (or  refwrjt),  from  the  tanptniial  to  the  local  equation  (comp.  56), 
«•  havi  In  tfaa  iHcaant  axamfde  the  fbmndB : 


«9r~yvsO, 

aa  before. 

(H.)  More  generally,  when  the  surface  is  of  the  seeonil  nrdt  r,  and  therefore  also 
of  the  ieeond  class,  so  that  the  two  functions/ and  K,  wh«  n  jin-scuted  under  rational 
and  integral  forms,  are  both  homogeneous  of  the  second  dimension^  then  whether  we 
derive  I *,T  from  x .  ,w     ^tn  ftmnnliB^ 


*  In  tha  aaharmonic  symbol  of  Art.  87,  for  the  plane  of  homology  [b],  the  aa- 
^fieiaU  1  oecvrred,  thiongh  iiiadvertaiice,^tw  imca. 
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/siy/;  r^9^ft 
or  a . .  w  from  J . .  r  bj  Um  eoMim  AimndMt 

jrBi>Hrf  sbM,  w»D»r, 
the  T^if^fni)  1%  rehtivalf  to  tbat  •nrfkec^  vhat  It  iisiu%  called  (oonp.  6S) 
the  pole  of  the  ^loa*  n  B  [fiimr] ;  and  eeoTenefy,  the  plaiw  n  ia  the  ^olor  of  this 
point  P ;  wherever  in  tpaee  the  point  r  and  plane  TI,  thus  related  to  each  otttr^ 
may  be  situated.  And  liocnuse  the  centre  of  a  surface  of  the  aecond  order  is  knowa 
to  be  (oomp.  again  52  J  the  pule  of  (what  is  called)  the  plane  at  infinity;  while  ^COHDp* 
08)  Uxe  efUatioH  and  the  iymbol  of  thi.s  \a&\.  plane  are,  reispcctively, 

ax  +  6y  +  cr  +  rfir  =  0,    aod    [a,  6,  c,  J], 
If  the  four  constants  a6cJ  have  still  the  same  significations  as  in  05,  70,  70.  &c., 
with  rerrrrnce  to  the  •^ytem  of  the  five  giren  poiate  ASCDB:  it  followa  that  we  may 
denote  this  centre  by  the  s\  mbol, 

K=(d„Fo,  DfcFo,  DcFo,  DrfFo)  ; 

where  Ft  denoteei  for  abridgmeiit,  the  fimctioii  r  (a6cd),  and  d  is  atiU  a  aoalar  oon- 
slant. 

(9.)  In  the  recent  example,  we  have  VQ  =  ac-hd',  and  the  anharmonic  symbol 
fur  the  centre  of  the  hyperboloid  becomes  thus, 

K  =  (c,  -  d,  a,  -  6> 
Aooordioglj  if  we  assume  (comp.  sub-arts.  3,  4), 

p  «      tu,  u»,  0*),       p'  =       -  IV,  «V,  =  rV), 
when  are  any  four  aoalan,  and  p'  is  a  new  point,  whihi 

*'»M-)-cai,      €^em-^d»,      w'sda  +  al,  «'saf-l-B«; 
If  also  we  wiite^  for  abridgment, 

/sae-ftd^      w^sosf'f  Mh+cmv-I'iIm; 
we  diaD  then  haye  the  sjrmbolic  raUitiona, 

if  P"  s  («'y«''«^'0  ^  P<^^  ^  oo-ordhiatet  an^ 

m'^WH-tv/t      ^^W%m^dm\      z**^Uwf'-0^,  *t^mU*t*^bw\ 
aodthonfon^ 

That  ia  tossy,  )tn' htotiytknrdoftkak^pvhoUidt  which  passes  IftroivA  (Ac  jSaetf 
f»oMx,  andif  p*batheAarMoaiee(m/ii^cof  thatlixedpofait,  irithiaspecttoliia^ 
irariahle  ehocd,  so  that  (rKP'r")  =  -  1,  then  this  conjugate  {K)int  p"  is  on  the  infiniteJy 
di'itant  plane  [abcf]  :  or  ia  other  words,  the  fixed  point  K  hiseett  all  the  chord*  PP^ 
which  past  throtujh  it,  and  is  therefore  (as  above  assertt*d)  the  centre  of  the  surface. 

(10.)  With  the  same  mcaiungs  (65,  7'J)  of  the  constants  «,  c,  r/,  the  mean 
point  (96)  of  the  quadrilatural  aucd,  or  of  the  system  of  its  corners,  may  be  denoted 
by  the  svmboL 

if  then  this  mean  point  be  o«  Me  ter/Swe^  so  that 

lite  centre  k  ia  on  lAr  plane  [u,  />,  r,     i  or  in  oUisr  words,  itia  infinite^  dittant:  so 
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that  the  surface  becomes,  in  ihh  caae,  a  ruled  (orkj^tHMic)  paraboloid.  In  gene- 
ral (comp.  sub-art.  8),  if  f,.  =  0,  the  surface  of  the  second  order  is  a  panbolaidtt 
MM  kiod,  because  its  eetUr*  is  theo  at  ii\^mityf  in  virtue  of  the  eqoatioa 

(oDto + Am + cDto + dkv)  fiBai  0 ; 

cr  baewua  (oonp.  60,  68)  tli*  flvw  [oled]  «t  m^buiifh  thai  em  cf  ita  foiycaf 
pimmet,  as  satii»fving  its  tai^mliai  efM^am^  Vs  0. 

(11.)  It  is  evidait  that  a  curve  in  tpac*  may  be  represented  by  a  srstcin  of  two 

anharmonic  and  local  equations  ;  because  it  may  be  re^ntd*  d  the  intfrofrtinti  nf 
two  iurfucea.  And  \hen  its  anl^r,  or  the  number  of  {Hniits  (icil  or  iiii«girinrv* ),  iu 
w!ii..h  it  is  cut  by  an  arbitral  ij  jititne,  is  obviously  the  jinulurt  of  the  orders  of  those 
two  surfaces;  or  the  product  ot  the  degree*  of  Lhc-ir  two  local  equatii.na,  supposed  to 
be  rational  and  integral. 

(12.)  A  c«rw  pfdoMa  cwwafari  nay  also  be  oooaidend  at  tlie  edge  ofrtgn^ 
ate  (er  arUt  de  nAravaamwaf)  eCa  dtttdopahkmrfitet,  namdy  of  the  laeva  o/ik& 
iamfrmtf  to  tka  mtn*  ;  and  thii  tttrfhee  may  be  aiq^peaed  to  be  eirewMcrOecf  at  ooea 
lotao^avit  MurfaeeM^  which  are  envelopes  of  variable  ptamtt  (98X  and  are  repr^ 
aMitol,  aa  aai  h,  by  their  tangeutial  equatitma.  Iu  ikis  view,  a  Ofrvt  of  double  car- 
rat  ii  re  niny  t7.«r//be  repre^nted  by  a  sj'stetn  of  two  anharmonic  and  fnnff^ntiiil  (H]\Jik' 
tions  ;  and  if  the  class  of  such  a  curve  \w  defined  tn  he  the  number  oftts  osculating 
planrg,  which  pass  throvgh  ah  arbitrary  point  uJ  space,  tlieii  this  class  ib  the  product 
of  the  daises  of  the  two  curved  surfaces  just  now  mentioned :  or  (what  cunies  to  the 
aame  thing)  it  utbe  prodmtt  cftkt  dft—aiewa  of  the  two  tangcnti^  equation$^  By 
vMehthecvrreia  (enthiBplaii)qnnbo1iaed.  But  we  eaanot  enter  farther  hitotheM 
delafla;  the  wuAnum  of  ealeolation  reapeeUng  whidi  wouU  faideed  be  fonad  to  be 
the  aame,  as  that  employed  In  the  known  method  (comp.  41)  t/tquadriplamar  co-«r- 

99«  Instt  ud  of  anharmonic  co-ortlinate?,  jnny  consider  arif/ 
other  stein  of  n  variable  scalars,  x,,  ..  .'•  ,  nsIjI  h  enter  into  the  ex- 
pression of  u  variable  vetUor^  /»;  for  example,  into  an  expression  of 
the  form  (comp.  ^6,  97)* 

•  P^^»^t    ^J^t  +    —  2xa. 
And  then,  if  those  •  BCidars  x  be  all  fimetiom  of<m»  independent  and 

petriaNe  seedar^  t,  we  may  regard  this  vector  p  as  being  itself  a  JkinO" 
tion  of  that  single  scalar;  and  may  write, 

!.../>=(?(/). 

But  if  the  II  scalers  a; .  •  be  functions  of /uw  independent  and  scalar 
▼ariables,  t  and  n,  then  p  becomes  a  function  of  those  firo  9eedan^ 
•nd  we  may  write  accordingly, 

II. . .  />  =  <|>  {ty  ti). 

la  the  Ist  case,  the  Urm  P  (comp.  1)  of  the  variable  vector  />  has 

*  Compara  the  Notes  to  page  90. 


Digiiized  by  Google 


96 


KtSHUm  or  QUATBRMIOHS.  [booK  I. 


fftmralfy  for  itt  low  %  emm  »pae$^  whioh  may  be  pUnt  or  of 
doable  earvfttare,  of  maj  evoi  booonM  a  ImMi  tooording  to  the 
/wm  of  tbe  veetor-Jknetian  p ;  and  may  be  Mid  to  be  f vedor  of 
ik$§  Un»,  or  curve.  In  tbe  Ilnd  case,  />  is  the  vector  of  a  surface,  plane 
or  curved,  according  to  the  form  of  ^  {t,  u) ;  or  to  the  luauuer  in  which 
this  rector  p  depends  ou  the  two  indepetideiU  scalars  that  enter  into 
its  expresiiiuo. 

(1.)  Am  KyiniflM  (comp.      63),  flw  aapiiariiiin, 

signify,  Ist,  that  fi  is  tiM  vteCor  of  a  wialils  pobit  p  m  IW  r^ftf  In*  aa;  or  thai 
it  kOs  OMCor^llaf  Om  itself^  ooaridend  as  tbs  Imms  qfa  pMf  and  Ilnd,  that 
^Uthossnlsr^itsylBasABC^iWBiiihffsd  inlikoMMHiasrastho 
psiat  w  tbMOon* 
QL)  Thasqaations, 

h,,f^ma^9fit      IL..^«»«+fj8  +  «y, 

with 

+  for  tlie  lot,  and  x«  *      +  «»=  I  for  tla-  Ilnd, 

signify  1st,  that  p  is  the  vector  of  an  eUip$e,  and  Iliid.  thai  it  itt  the  vector  of  an 
elliptoid,  with  the  orUfin  o  Tor  ih«ir  comtnon  centre^  and  Hitb  OA,  OB,  or  OA,  OB, 
OC,  for  conjugate  stmi-diumetcrt. 
(3.)  The  equAliou  (oomp.  46), 

oapMMS  that  p  is  the  vector  of  a  cone  of  the  second  order,  with  o  for  it4  vertex  (or 

Ctufrc),  wliich  U  touched  btj  the  three  planes  nnc,  OCA,  OAli  ;  the  section  of  this  etme^ 
made  by  tln>  [Aaiw  viu  ,  lH•iIl^'  an  fllipse  (comp.  Fi^.  20),  which  ia  inscribed  in  the 
triangle  AK(  ;  and  tlie  midile  points  a',  d',  c',  of  thc<uie«  of  that  triangle^  being  Lliti 
points  of  contact  of  those  sides  with  that  conic. 
(4.)  TIrasqnation  (comp.  53), 

p  =  r'a +        + o  >  y,  with  <  +  ii  +  r  =  0, 

expresses  that  p  is  the  vector  of  another  cone  of  the  secntui  ttrder,  with  o  still  for 
vertex^  but  with  OA,  ou,  OO  for  three  of  ita  tides  (or  rays).     The  section  by  tite 
plane  ABO  Is  a  new  ellipse,  eiremmtcriUd  (o  th«  triangle  abc,  sad  having  its  taugemiM 
at  Che  coraera  of  that  triangle  lespecClvdv  poraUcI  to  the  nppotiU  tidn  tbaieot 
(ft.)  The  eqnatkm  (eomp.  64), 

signiflas  that  p  is  Ihs  voetor  oTs  oeae  ^tV  IMr4  or4br,  of  whidi  the  veilax  is  sUn 
tbe  origin;  ito  section  (ooDp.  Fig.  87)  the  plane aacbelBg  a enWecanM^vbeiaQf 
the  lidas  ofthe  trianglo  abo  afe  at  oace  tbe  Myaipf elct,  and  thetfiiee(i«al)fn«fc«<a 

ofhifhsaam:  while  th.'  mean  point  (i>ay  o')  of  that  ttiamghU  a  eonfiigait  peimt  of 
tha  ««rvr;  and  thaiefon  the  right  Kne  no',  ftom  tbe  vertex  o  to  liiat  neaa  point, 

niav  He  said  to  ho  a  conjugate  ray  of  the  cone. 
(6.)  The  equation  (oomp.      sub-art.  (3.)  ), 
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;a  wluch  -  and  -  are  two  rariabk  scalard^  wUile  a,  6,  c,     are  itUU  fuur  constaut 
If  r 


and  a,  /3,  y,  i  are  four  constant  vectors,  but  p  iu  still  a  variable  vector,  cx- 
pffeases  that  o  is  the  vector  of  a  ruhd  (or  simple-Mheeted)  hyperboloid,  on  wliich  the 
^□che  qojKirilateral  AiicD  is  supcrscribedf  and  whkh  pa»es  through  the  given  point 
Ky  whereof  the  vector  <  is  assigned  in  65. 

(7.)  If  wemaiie  (comp.  9S,  sub-art  (9.)), 


thn  p*  sor'  is  the  vector  <tf  atuUker  point  r'  ou  the  tamt  hyperboloid;  and  became 
it  b  ioaad  Ihat  the  Mm  of  <heM  two  iMt  TMion  c0mM 

p  +  p  -  2c.  if  «»  Yi^TTM)  • 

it  foOows  that  c  is  the  vector  of  a  Jired  point  k,  whicli  bisects  every  chord  pf'  that 
ftmtM  tfarongh  it :  or  in  otlier  words  (comp.  52),  that  thia  point  B  to  the  etmtrt  of 
ik*9mrfiu€, 

(8l)  Tbe  thrce  Toeloti, 

«  +  y  fi-i-d 

«v  termino-eoUxRear  (24) ;  if  then  a  gaoche  qaadrilateral  ABOD  be  Mponcribed  on 
a  rukd  bjpefboloid,  <A«  oimmm*  biteetor  o/ik$  two  dii^fonaUf  AOy  so,  jMfMt  fAro«yA 

the  centre  K. 

^9.)  When  ac  =  bdj  ct  wImd  we  have  the  equation, 

9ia  +  ^"■^  *  nry  + 

«t  aianpljr, 

p.sCa-l-tajS-l-iivyl'Md,  with 

p  is  then  the  rector  of  a  ruled  paraboloid^  of  which  the  centre  (comp.  62,  and  08,  sub- 
art.  (10.)  ),  id  infatitely  distant^  but  upon  which  the  quadrilateral  abcd  is  &till  super- 
seriUd,   And  this  sucCmm  pnm  tie  iMm  ^oiM  K  oT  th^ 

oTtha  qritHi  oTtha  Ibnr  gtven  pointt  a.,  d;  beoauae^  wbon 9s|,  the 
TaiiaUe  Toetor  p  Uhcs  the  Telne  (comp.  98,  mb-ait. 

fi»i(a  +  ^  +  y  +  *> 

(10.)  In  general,  it  is  easy  to  prove,  from  the  lot*  •eelor-eagM'eifiM  for  p»  that 
this  penboMd  le  the  l»eut  of  a  Umo,  which  dMdeo  mmUotlg  the  two  ^ppotilo 
tUk»  AM  end  DO  of  tiie  leme  geiiehe  qaedcilelen]  abcd  ;  er  the  otket  ptdr  ofoppb, 
•ile  aidM|  BO  nod  AOu 
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Section  7. —  Oh  Uifferentials  of  Vecton. 
100.  The  equation  (99, 1.), 

in  which  p  =  0Y  is  ge/ieia!I'/  the  vector  of  a  point  p  o(  a  curve  inspac^. 
Pa  . . .,  gives  evidently,  for  the  vector  of  another  point  Q,  of  the 
game  curre,  an  ezpresuon  of  the  form 

■0  that  the  dbrc^po,  regarded  as  being 
itself  a  vector,  comes  thus  to  be  repre- 
sented (4)  by  the  Jinite  difference^ 

Snppose  now  that  the  oihtr  finite  dif-  ^ 
ierenoe,  At,  is  the  fir  part  of  a  tuns 

seakar,  u ;  and  that  the  chord  A^,  or  fq»  is  in  like  manner  (comp. 
Fig.  32),  the  n**  part  of  a  new  vedor^  9»  or  pb;  so  that  we  may 
write, 

fiAls«»  and  fiA^B||.p<|sa;,spB. 

Then,  if  we  treat  the  two  scalars,  t  and  tt,  as  eoiufanl,  but  the  nutn- 

ber  n  as  variable  (the  /orm  of  the  veetor-/unction  0,  and  the  on'^ym  o, 
being  given),  the  vector  p  and  thcpof'n^  p  will  he  fi.ied :  but  the  <U70 
jmnis  u  iiiid  R,  the  firo  differences  At  and  ^/^,  and  the  multiple  vector 

or  <T„,  will  (in  general)  vary  together.  And  if  this  number  n 
be  indejiniteli/  increased^  or  made  to  t^nd  (o  infinity^  then  eacA  of  the 
two  difTerences  Af,  A/>  will  in  general  to  zero  ;  such  being  the 
common  limit,  of /r'u,  and  ori|^(^T  n  'f<)-4)(<):  so  that  the  vcwiahle 
point  Q  of  the  curve  will  tend  to  coincide  with  the  fixed  point  p.  But 
although  the  chord  pq  will  thus  be  indefinitely  shortened^  its  n**  mu/- 

VB  or  will  ^em/  (generally)  to  %  Jinite  limit*  depending  on 
the  supposed  eontmu&jf  ot  the  function  4>(f);  namely,  to  a  certain 
d^niU  vector^  ft,  or  ff.,  or  (say)  r,  which  vector  pt  will  evidently 
be  (in  general)  tangenikU  to  theeurve:  or,  in  other  words,  thevorta&^B 
pokduwiiltendtoajlxedpontum  T,  ontftsloii^vnltothateurveatF. 
We  shsll  thus  have  a  landing  equation,  of  the  form 

7  =  PT  =  liiu.  PR  =  o-.  =  lim.  wA0(f),  if      =  ti ; 


( and  «  being,  as  above,  two  given  and  (generally)  Jinite  seobirs.  And 

*  Compare  Newton**  JV/Hd|pla« 
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if  w«  ihm  agm  to  eaU  the  Motmtf  of  these  two  glTeo  icahn  lb»difi 
firmHa!o{ih%  first,  and  to  denote  it  by  the  symbol  dl,  we  shall  de^ 
jbtf  that  the  veetor'Umit^  r  or  is  the  (correspondiog)  difirmiiial  of 
lie  vector  ^  and  shall  denote  it  by  the  eorrespondi symbol^  d/>;  so 
ss  to  hare,  under  the  supposed  conditions, 

u-^t,  and  T-d/>. 

Or,  climiQating  the  two  symbols  u  and  t,  and  not  necessarily  suppos- 
ing that  p  is  a  point  of  a  curve,  we  may  express  our  Definition*  of  the 
Differential  of  a  Vector  p,  considered  as  a  Ilmetion  ^of  a  Scalar  t^ 
by  the  following  Qeneral  Fonmda  : 

iu  which  t  and  d^  are  two  arbitrary/  and  independent  scalarSj  both  ge- 
nerally finite ;  and  (\p  is,  in  general,  a  neio  and  finite  vector,  depending 
on  thos^  TWO  scalars,  according  to  u  law  expressed  by  the  formula^ 
and  derived  from  that  given  laWy  whereby  the  old  oi  former  vector,  p 
or  9(1),  dqmda  upon  the  single  scalar,  t, 

(1.)  Ai  so  asmple,  let  the  g!v«n  v^etor-JiauHem  haw  the  Hmn, 
p  =  ^(t^  =  ^t^a,  where  a  u  a  jp*pei»  vector, 

Umb,  nakiDg  ^  =  ^>  ^htn  tt  b  oiyptMUMelar,  and  »  k  a  MrfaUi  wA^b  wiimA*-, 


sad  fiaallj,  ivridDg    and  4p     m  and  Omt 

dp-df(0  =  d^yj=«ld#. 

(S.)  lis gsntral,  1st  t(t')^^f(t'),  wheit  a  it  ttiU  a  given  or  coitetmtt vector,  and 
/(t)  denotes  a  «ca/ar  Junction  of  the  «ca/ar  Miiaftlff,  t.  Then  because  a  is  a  cmwimii 
fiuier  fritiilB  tba  brackMa  (  )  of  tbe  noeot  ganaiai  lignnula  (100)  for  dp,  wt  sm/ 


dp  =  d^(0  =  d.a/(0  =  ad/(0; 
provided  that  we  now  define  that  the  differential  of  a  Mcalar  function,  f  (<),  is  a  new 
McaUr  Junction  of  two  independmii  eemlare,  t  snd  d<,  determined  by  the  precisely 
rimflar  formal*: 

d/(0  =  lim.  n  |/(/  +    j  -/Co} ; 


♦  Cumpare  the  Note  to  page  31'. 
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wUoh  CM  miOf  be  prond  to  lyrN^  fai  aU  Iti  fomtfmmcmt  with  tte  mimI  r«li9  for 

(3.)  For  exampio,  if  wc  write  d/  —  nh,  where  A  a  new  varimble  Mcalar^  namel^i 
the  n'A  part  of  Oie^Mii  and  (gtamilj)  Jb»it$  d^emiial,  dl,  w  •hall  thw  baT« 
the  equation, 

d*      A-o  * 

in  which  the  first  member  Is  her*  oocuidered  aa  tba  actual  quaiieiU  of  two  finite  sea- 
tar$,  ii/(t):dt,  and  aoC  aimljraa  a  J^£tmitiml  coefficiettL  We  may,  however,  M 
iMiia],  coaeldar  thia  fmodmi,  tnm  the  azpreadoa  of  whidi  the  d^aremlial  dl  di«^. 
^earr,  asailvfacrfyinicffaaofthe^hraMrMriaMr,  f;  andowydleaaCei^aaaBdi,  bj 
either  of  tbelwa  MMfof  ^fmbob, 

/'(<)  and  i>,/(0. 

(1.)  Ill  like  manaer we maj  write,  for  the  dtrivaiiot  rfm  9ttUr-fim9tio%*  f  (#), 

thtjormula ; 

thfse  two  last  forma  denoting  tliat  actual  and  finite  vector^  p  or  ^'(/),  which  is 
obtained,  or  deri-fed,  by  dividing  (comp.  IC)  the  fio<^  less  actmtd  (or  finite)  vector, 
dp  or  {t),  by  the  finiU  tcotor^  df.  And  if  agahl  we  denote  the  %^  part  of  tlua 
laat  scalar  by  A,  wa  shall  thus  have  the  egvoisy  ^mcrof  ybnaafa  .* 

»"e  • 

with  tlia  aqnationi^ 

eouetlf  aa  if  the  avctor-^loMlioii,  p  or  ^  wars  a  tcainr  fiauHom^  fi 

(5.)  The  particnlar  Talne^  die  1,  gives  thoa  d^sp';  m  that  the  dMoarf  ercfor* 
p'  is  (with  oar  deflnitlonft)  a  particnlar  but  ioiponant  coat  of  die  difirtniial  o/u 

vector.  In  applications  to  mrrhanicay  if  t  denote  tlie  time,  and  if  tlie  Urm  P  of 
tlie  raritihh  vector  p  be  considered  as  a  moving  point,  this  cferteiffd  TOCtor  p'  may  be 
called  the  f'ector  o/relociti/  :  l>f>cau!<c  its  length  rppresfnts  tlio  amnunt,  and  its  di- 
rection is  the  direction  of  tli  '  vcliK.ity.  An^l  if,  by  ^ottin;^  o\X  veclora  ov  -  p'  (comp. 
again  Fip.  ;{'.') /rom  o«e  origin^  to  rcprtnent  thus  the  veiociiits  of  a  point  moving  in 
epace  according  to  any  sapposed  law,  expressed  by  the  equation  p  =  ^(Oi  we  cou- 
alnict  a  mm  earar  tw  . .  of  wliklh  tlie  oorreapon^g  equatioB  naj  be  writtaa  aa 
p'  B  f'(t),  then  this  nns  earw  baa  been  dcftnad  to  be  the  HoD0OBAPw,t  as  the  aM 
cwva  FQ« »  B»ay  ba  called  the  or^r  of  the  motion,  or  of  the  moving  pofait 


*  In  the  theoij  of  Dijferentiah  of  FumtiwHt  of  QuatemionM^  a  definitiam  of  the 
djl^nUhil  d^Cf)  will  be  proposed,  which  ia  expressed  by  an  ai|uatioii  of  pradaely 
the  tame  form  as  those  above  assigned,  for  d/(l),  and  for  d^  (f)  $  bat  it  will  be  fonnd 

that,  for  qvaterniont,  the  fnofinif  ^^(9) :  >s  not  generally  independent  ofdq  ; 
and  consequontly  that  it  cannot  properly  be  called  a  derived  funetiom,  such  aa^'(f)i, 
of  the  quaternion  q  alone.    (Comprirp  ficrain  the  X  it.>  t<>  pn^e  39.) 

f  The  subject  of  the  Hodograph  uill  be  rcsunK-d,  at  u  sub?e<picnt  .^tai;.-  of  this 
work.  In  fact,  it  almost  requires  the  a8>i8tanc«;  of  Quaternions,  to  connect  it,  in 
what  appears  to  be  the  best  mode,  with  Neu  ton's  Law  of  Gruvitatioo. 
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(fi.)  Wc  mny  differentia  u  Wtetor-fuHCtton  twice  (or  oflener),  and  10  Obtain  Its 
gmeetgnve  differentials.  For  exaittpld,  if  w«  diffinmtitUe  dtrbftd  MCfor  p\  Wt 
obUun  A  raiiU  of  the  form, 

by  an  obvioiu  eztendoo  of  notatioii ;  and  t/ve  ntppote  ihat  the  seemd  d^fkrmlSmif 
dd/  or  d^  «^  the  tetdttr  t  i»  zero,  then  the  second  differential  of  At  vettor  f  1»f 

dV  »  ddf> »  d.  p'dfsdp'.  df  «  p'.dli ; 

where  df*,  as  usual,  denotes  (di)^ ;  and  when  it  Is  Important  to  observe  that,  with 
the  deSoitioDS  adopted,  d'p  is  a*  finite  a  vector  as  dp,  or  as  p  itself.  In  applicatkMM 
to  motion,  if  t  denot*:;  the  /im*,  p"  may  be  said  to  J>f^  tho  Vector  of  Acceleration. 

(7.)  Wu  may  also  say  tliat,  in  mechanics,  the  finite  differ  rntinl  ilo,  of  the  Vector 
of  Position  p,  represents,  in  length  and  in  direction,  the  rio/tt  line  (suppose  rr  in 
Fig.  32 )  which  would  have  been  detcribed,  by  a  Jrteiy  moctny  point  r,  in  the  finite 

tKtenml  of  <te«  df,  immMiMj  fiUomng  the  timt  <,  </at  the  end  of  this  time  t  alt 
/bn^Jbren  had  ccaaod  to  aef.* 

(8.)  iB^nmwfry,  if  ps^(r)  bo  thooq[iiatioii  of  a  curooof  dboftle  cvrMrfiirci 
glided  as  the  edg*  ofrtgrmtkm  (oomp.  98,  (12.)  )  of  •  detdopMM  mufk^  tboi  tha 
oqnation  of  that  turfaot  itieU^  considend  M  tlu  latm  vfiht  fn^pMto  to  tin  onrvi^ 
nifty  bo  thus  written  (oomp.  99,  II.)  : 

If  it  be  remembered  tbnt  tt,  or  df ,  moy  bo  oiqr  wMrary  $ealmr, 

(9.)  If  oaf  «lA«r  curved  surface  (oga^  igaia99f  II.)  be  represented  by  an  oqua- 
tioo  of  th<!  form,  p  —  <p  (r.  ?/),  whore  tp  now  denote'?  a  vector-function  of  two  indepm- 
dent  and  scalar  variables,  :r  aiiU  y,  wo  may  then  differentiate  ttiis  equation,  or  this 
expression  for  p,  with  respect  to  either  variable  separate!}/,  and  so  obtain  what  may 
be  called  tieo  partial  (but  finite")  differentials,  d,p,  d^p,  and  two  partial  derivatives, 
-DtP,  T>yp,  whereof  the  former  are  connected  with  the  latter,  and  with  the  iwo  arbitrary 
(but  finite)  aeolorf,  d»,  dy,  by  tho  rdations, 

d,p  =  Dxp .  dar ;       d^p  =  D^p  .  dy. 

And  these  two  difierentials  (or  derivatives)  of  the  vector  p  of  the  surface  denote  two 
tw^ftwHai  wttton,  oral  least  two  vedkm^araffo^  to  tMloatjpmlt  to  tbnttinl^  at 
fho  point  P :  oothot  Mdr  pirnu  It  (or  is  panUel  to)  tho  tangent  plamt  at  that  point 
(10.)  Tlio  awdkoMifin  of  all  snch  d^^erenHaiwu  rfteetot-Jknetkm  U,  at  the 
piwent  atage^  predMly  tbo  «niie  ailn  tlie  mtmal  proceasea  of  tbo  IT^^irfiilial  Ca/ei»- 

lus;  because  the  tHost  general  form  of  tncll  a  vector-function,  which  has  been  cood* 
dered  in  the  present  Book,  is  that  of  a  sum  of  products  (comp.  99)  of  the  form  xa, 
whero  nr  io  a  cnnntanf  rrefor,  and  x  is  a  carinhle  xcalar:  so  that  WP  have  only  to 
operate  on  these  scalar  mrljlt  ii-nts  r .  .,  by  the  u.^ual  rules  of  the  calculii?,  the  vec- 
tors a.  .  being  treated  as  constant  factors  (con)p.  sub-art.  2).  Ijut  when  we  shall 
come  to  consider  quotients  or  products  of  vectors,  or  generally  those  new  functions  of 
Metort  wlddi  con  only  be  oxpreoMd  (in  onr  system)  by  QuuUrmiamtf  tben  aome  Ibw 
Mw  ralst  i^^jffhenHalkm  boeomo  neeesiaiy,  altbongh  deduced  from  die  aoaie  (or 
ncaily  tbo  aame)  dtfimUhmtf  aa  those  wbtch  bavo  been  ostablishcd  in  the  present 
flection. 


*  As  is  well  illustrated  by  Atwood*s  machine. 
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(11.)  As  an  example  of  partial  tHffi-rentintion  (comp.  sub-art.  9).  of  a  rector 
function  (the  word  "  Tcctor"  beio^  kert  usod  as  an  adl/ective)  of  two  Mcalar  variaUet, 
let  aa  take  the  equation, 

p = ^(^,  y)  =  ^ {^-«  t  -v-/^  +   +  y)* r } ; 

in  whicli  p  (cotnp.  99,  (.'?.)  )  is  the  voitor  of  a  certain  cone  of  the  second  order;  or 
more  pnH.M>t  ly,  the  vector  of  one  sheet  of  sach  a  cone,  if  .r  and  y  be  suppoaed  to  be 
rea/ acalara.    Here,  the  two  partial  derivatives  of  ft  are  the  following  : 

and  therefore, 

■0  that  the  film  McCora,  D«p,  If  dmwii  (18)froaMweoMM»o^(^«n«oll• 
t•ilMd  (S8)  la  one  «aMnMn  ploM;  wfaldt  tmpllM  that  Uw  ta^Mf  jrfaM  to  Um  mr- 
fiM,  «t  U17  point  p,  pttNt  f ArwyA  fiU  aH§^  o :  md  thmbj  v<rill«  the  ommm/ 
character  of  tliie  ktua  of  that|»ajiil  p,  in  wfaldi  the  eorieUv  Mcfer  ^  or  op,  temi- 
natn, 

(12.)  If,  in  the  Mine  example,  we  make  «  » 1|  jr  — *  1»  we  have  the  yaloes, 

irbenoe  tt  follows  that  the  middle  point,  aa7  c',  of  the  right  line  ab,  Is  one  of  the 

points  of  thr  conical  locus  ;  and  that  (comp.  again  the  sub-art  3  to  Art.  99,  and  the 
recent  sub-art.  9)  the  right  lines  OA  and  on  are  parallel  to  two  of  the  taiij^ents  to  the 
surface  at  that  point ;  so  that  the  cone  in  question  i>  touched  by  the  plane  aob,  along 
the  tide  (or  ray)  oc'.  And  in  like  manner  it  m^y  bo  prove^l,  that  the  same  cone  is 
touched  by  the  two  other  planes,  boc  and  COA,  at  lite  middle  points  a'  and  n'  ot  the 
two  oiher  Imet  bo  and  ca  ;  and  therefore  along  Me  two  other  tides  (or  rays),  oa' 
and  ob'  :  which  again  agraea  with  ibcmer  foanlta. 

(It.)  It  will  be  foond  that  a  v9€i9tJkMlkm  of  the  awn  0/iwo  9cahir  vuiMtg, 
I  and  dt,  majr  ganenlly  be  dbvelafMd^  by  an  extendon  of  Ikqfhi^t  Strie§,  under  the 
form, 

f(t + dO  -  ^(0 +df(0 + idV(0 + jTjd'f  (0+. . 
=(1 4  d  + 1'  +  ^  + . .)  f  (o»i*^(0; 

it  being  supposed  that  d-t  =  n.  iiy  -  0,  &c.  (comp.  sub-art.  6).    Tbufi,  if  ^<=  laf', 
(as  in  sub-art.  1),  where  a  is  a  constant  vector^  we  have  df<  =  aM<,  d'^(=:adt', 
=  0,  &c. ;  and 

0  (<  +  dt)  =  ^«  (<  +  d/)«  =  |a<«  +  ateit  +  ^adfi, 
rijforovaltfy  without  any  supposition  that  dt  is  email. 

(11.)  When  we  thna  suppose  At^ii,  and  dStaclgjpc  tke  JmSt^  i^gemuty  (<) 
a^(C+dl)-f((Xthe>«f  famof  thedofolopnientao  obtained,  or  the  term  of >lri( 
dnMnifos  relatiTelj  to  d<;  iaiience  (by  alilaoreai.  whieh  holda  good  fiic  vnt^r-fime' 
lions,  aa  well  aa  fior  scalar  ftinetions)  the/rsi  differeniiat  dft  efik$ JkmtHem  ;  but 
we  do  not  choose  to  dejine  that  this  Diffennlitd  it  (or  aMMs)  that^nf  Urm:  be* 
cause  the  Formula  (100),  which  we  prefer,  does  not  poatnlate  the postifrtVtVy.  nor  even 
suppose  the  conception,  of  any  such  development.  Many  recent  remarks  will  perhaps 
api"  ar  ni'in*  clear,  when  we  shall  come  to  connect  them,  at  a  later  stage,  with  that 
theory  ol  Quatcrntont,  to  which  we  next  proceed. 
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OS  QUATERNIONS,  CONSIDERED  AS  QUOTIENTS  OF  VECTORS, 
AND  AS  INVOLVXNQ  ANGULAR  RELATIONS. 


CHAPTEE  I. 

FUHDAM  SMTAL  PB1IICIPU8  RUPBGTIMO  QUOTIBHTS  OP  YBCTOBI. 


Section  1. — Introductory  Remarks;  First  Principles  adopted 

from  Algebra. 

Art.  101.  The  only  angular  relations^  considered  in  the  fore- 
going Book,  have  been  those  oi'  parallelism  between  vrclors 
(Art.  2,  &c.) ;  and  the  only  ^uo^iV^i^f, hitherto  empiojed»  have 
been  of  the  three  following  kinds: 

L  Scalar  quotienti  of  sealan^  Bach  as  the  ariihmeHcalJrae' 

tion  -  in  Art.  14 ; 
m 

o 

XL  Vector  quotientSf  ci  vectors  divided  by  scalars^  as  -  »  a 
in  Art.  16 ; 

IIL  Scalar  quotients  of  vectors,  with  directions  cither  ^tmt- 
hr  or  oppoiiie,  as  ^  *  « in  the  last  <»ted  Article.  But  we  now 

o 

propose  to  treat  of  other  geometric  Quotibmts  (or  geomHrie 
Fractiam^wi  we  shall  also  call  them),  such  as 

with  0ii0<|a(coiDp.  15); 

for  each  of  which  the  Divisor  (or  denominator) ^  a  or  oa,  and 
the  Dividend  (or  numerator)^  0  or  ob,  shall  not  only  both  be 
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Vectors,  but  shall  also  be  inclined  to  each  other  at  an  Angle, 
dietinet  (in  general)  from  zero^  and  from  two*  right  angles. 

102.  In  introducing  this  new  amceptum^  of  a  General  Qtio- 
Uent  of  Vectors^  with  Angular  Relations  in  a  given  plane,  or 
in  space,  it  will  obviously  be  necjessary  to  employ  some  proper- 
ties of  circles  and  spheres,  which  were  not  wanted  for  the  pur- 
pose of  the  funner  Book.  But,  on  the  other  hand,  it  will  be 
possible  and  useful  to  suppose  a  much  less  degree  of  acquaint- 
ance with  many  important  theoriesf  of  modem  geometry,  than 
that  of  which  the  posseasion  was  assumed,  in  several  of  the 
foregoing  Sections.  Indeed  it  is  hoped  that  a  very  moderate 
amount  of  geometrical,  algebraical,  and  trigonometrical  prepa* 
ration  will  be  found  sufficient  to  render  the  present  Book,  as 
well  as  the  early  parts  of  the  receding  one,  fully  and  easily 
intelligible  to  any  attentive  reader. 

103.  It  may  be  proper  to  premise  a  few  general  principles 
respecting  quotients  of  vectors,  which  are  indeed  suggested  by 
afyebra,  but  are  here  adopted  by  definition.  And  1st,  it  is 
evident  that  the  supposed  operation  of  division  (whatever  its 
full  geometrical  import  may  afterwards  be  found  to  be),  by 
which  we  here  conceive  ourselves  to  i)as3  from  a  given  divisor- 
line  a,  and  iroin  a  y;lven  dividend-llnr  ft,  to  what  we  have  called 
(provisionally)  their  geometric  quotietii^  may  (or  rather 
must)  be  conceived  to  correspond  to  some  converse  act  (as  yet 
not  fidlg  known)  oigeometrioal  multiplication :  in  which  new 
act  the  former  guotieni^  becomes  a  Factor,  and  operates  on 
the  line  a,  so  as  to  produce  (or  generate)  the  Une  j3.  We  shall 
therefore  write^  as  in  algebra, 

fi^q*o,  or  simply,  |3»^Oi  when  ^ta^q; 

•  More  generally  spcakinjr,  from  errry  etfn  multiple  of  a  rifjht  anyle. 

f  Such  ns  homoloijy^  fiomotjraphi/^  involution,  and  f^enerally  whatever  depends 
on  atihannonic  ratio  :  aUhough  all  that  is  needful  to  be  known  rosjiecting  euch 
ratio,  fur  the  apjilications  6ub6e<|u«uitly  made,  may  be  learned,  without  reference  to 
any  otiier  traatiM,  from  tb«  d^flxiHema  in^cntaUj  g^vm,  In  Art  25,  Ac  It  wb% 
pflffatpt,  not  atrictly  n/Ke$$arff  to  fntrodooe  any  of  thcie  modern  geometrical  theories 
io  anj  part  of  the  present  work ;  but  it  waa  thought  tliat  it  might  interest  one  dasB| 
at  least,  of  students,  to  See  how  thej  coold  be  eemlbimed  with  that  ftmdamenlal  con- 
«9ftiom  of  the  Yncfos,  which  the  First  Book  waa  designed  to  developer 
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ereo  if  the  two  lines  a  aad  0,  or  oa  and  ob,  be  suppoted  to 
be  vKiiited  to  eoeh  other,  ft8  in  Fig*  33*  And  this  very  sim- 
ple and  n^twraX  notation  (comp.  16)  will  then  allow  m  to  treat 
as  identitieM  the  two  following  formule : 


although  wc  shall,  y&r  the  present^  abstain  from  writing  alto 
such  formulas*  as  the  following : 

where  a,  /3  still  denote  two  veetort,  and  q  denotes  their  geo- 
metrical quotient:  because  we  have  not  yet  e\enU'f/itn  to  con- 
sider the  multiplication  of  one  vector  bif  another, oi  the  division 
of  a  quotient  by  a  line, 

104.  As  a  Ilnd  general  principle,  suggested  by  algebra, 
we  shall  next  lay  it  down,  that  if 

^-2,   and  a'-«,   then  0-0; 

a  a 

or  in  words,  and  under  a  slightly  varied  form,  that  unequal 
vedars^  dwided  by  equal  vectors,  give  unequal  quoUentt.  The 
importance  of  this  very  natural  and  obvious  assumption  will 
Boon  be  seen  in  its  applioations. 

1<I5.  As  a  Ilird  principle,  which  indeed  may  be  consi- 
dered to  j)ervadc  the  whole  of  inatheiuatical  language,  and 
without  adopting  which  we  could  not  usefully  speahy  in  any 
casev  of  BauALiTY  as  existing  between  any  two  geometrical 
qnotaents*  we  shall  next  assume  that  two  such  quotients  can 
never  be  equal  to  the  same  third^  quotient^  without  beinff  at  the 
same  time  equal  to  each  other:  or  in  symbols,  that 

if  q'  =»  q,    and    q  "  =  q,    then    q"  =  q'. 

*  ltwinbetMii,lioiraT«r,  atftkieTatacefthaktlwMtwofbfmolism 
and  «v«D  raqnifad,  in  iIm  dsvdktpment  of  tb«  Qiwtcrnion  System. 

t  U^ueutAj  DweMuy  to  add,  whatls  indMd  imdtMtn  thk  lllnl  priodplcv 
in  virtue  of  the  tdmHtp  f  sg,  that  if  9'  =  9,  than  9  »  9';  or  in  words,  that  vre  shall 
never  admit  that  any  fipo  geometrical  quotients,  7  and  9',  are  equal  to  cacli  other  im 
&Hf  oriirr,  without  at  the  same  time  admitting  that  they  are  eqwl^  io  (he  oppogiu 
order  miso. 
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106.  In  the  IVth  place,  ns  a  preparation  for  operatianm 
on  geometricai  quotients^  we  shall  say  that  any  two  such  quo* 
tientS)  or /raeturtu  (101)»  which  have  a  common  dkuor^me^  or 
(in  more  familiar  words)  a  common  denominator,  are  added^ 

subtracted^  or  dividdK  anions  tlieni.selves,  by  adding,  subtract- 
ing, or  dividing  their  numtriitors:  the  comtnoii  denominator 
being  retained^  in  each  of  the  two  former  of  thei*e  three  cases. 
In  symbols,  we  thus  define  (comp.  14)  that,^r  on^  three  (ac- 
tual) veUors^  a,  J3, 

a    a       a  a    a  a 

and 

aiming  still  at  agreement  with  algebra. 

107.  Finally,  as  a  Vth  principle,  designed  (like  the  fore- 
going) to  assimilate,  so  far  as  can  be  done,  the  j)rc6ent  Calculus 
to  Algebra,  in  its  operations  on  ix<^omctrical  quotients, we  shall 
define  that  the  fbllowiug  formula  holds  good  : 

(l  §  Y. 

or  that  if  two  geometrical  frnctinnsy  q  and  y',  besorelatedy  that 
the  denominator^  /3,  of  the  mtdtipUer  q'  (here  written  towards 
the  left-hand)  is  equal  to  the  numerator  of  the  midtipUcand 
then  the  product,  q''q  or  qq^  is  that  third  fractiany  whereof 
the  numerator  is  the  numerator  y  of  the  multiph'i  r,  and  the 
denominator  is  the  denominator  a  of  the  multiplicand :  all  such 
denominators,  or  divis(tr-lines,  being  still  supposed  (16)  to  be 
actual  (and  not  nuU)  vectors » 

Section  2. — First  Motive  fir  naming  the  QuotieiU  ^ftwo  Vec* 

tors  a  Quaternion, 

108.  Already  we  may  see  grounds  for  the  appliaitioQ  of 
the  lurme,  Qvatbrnion,  to  such  a  Quotient  of  two  Fectors  as 
has  been  spoken  of  in  recent  articles.  In  the  first  place,  such 
a  quotient  cannot  generally  be  what  we  have  called  ( 1 7)  a  Sca* 
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UK:  or  la  other  words,  it  cannot  generally  be  equal  to  any 
tikie  (flo-cakled)  reals  of  algebra^  whether  of  the  positive  or  of 
tbe  mgatroe  kind.  'For  let  x  denote  any  such  (actnal*)  tealar^ 
ind  let  a  desiote  any  (actual)  vector}  Uien  we  have  aeen  (15) 
that  the  irroduct  xa  denotes  another  (actual)  vector,  say 
'nVvich  \s  either  similar  or  opposite  in  direction  to  a,  according 
tbe  scalar  coefficient,  or  factor,     is  positive  or  negative; 
in  neither  case,  then,  can  it  represent  any  vector,  such  as 
Tldch  b  mclmed  to  a,  at  any  actual  anfficy  whether  acute,  or 
li^t,  or  obtuse :  or  in  other  words  (comp.  2),  the  equation 
P^^otxa^fitVB  impoenble,  under  the  conditions  here  sup* 
posed.   But  we  have  agreed  ( 1 6, 103)  to  write,  as  in  algebra, 

—  «  « ;  we  must,  therefore  (by  the  Ilnd  principle  of  the  fore- 

o 

going  b€Ctiuu9  stated  in  Art.  104),  aUlain  irom  writing  alto 

-  «  X,  under  the  same  conditions :  m  still  denoting  a  scalar. 

Whatever  e/je  a  quotient  of  two  hwHned  vectors  may  be  found 
to  be»  it  is  thu8»  at  leasty  a  Non-Scalar. 

109-  Now,  in  forming  the  conception  of  the  scalar  itself, 

MB  the  quotient  o  f  two  parallel^  vectors  (17),  we  took  into  ac- 
count not  only  reluiice  lengthy  or  ratio  of  the  usual  kind,  but 
also  relative  direction^  under  the  form  of  similar  it)/  or  opposition. 
In  passing  from  a  to  xa,  we  altered  generally  (16)  the  length  of 
the  line  a,  in  the  ratio  of  f  s  to  1 ;  and  we  preserved  or  reversed 
the  direction  of  that  line^  according  as  the  scalar  coefficient  x 
was  positive  or  negative.  And  in  like  manner,  in  proceeding  to 
form,  more  definitely  than  we  have  yet  done,  the  conception  of 
the  non-scalar  quotient  (108),  </  =  j3  :  a  =  OB  :  oa,  of' two  inclined 
vectors,  which  for  simplicity  may  be  supposed  (18)  to  be  co- 

•  By  an  actual  scalar,  as  by  an  actual  vector  (comp.  1  X  wo  mean  here  one  that 
b  dij}<reHt  from  zero.  An  actual  vector^  multiplied  by  a  null  scalar,  has  for  product 
(16)  a  mS  sictor;  it  is  Uiwcfofe  wuneMWry  to  prov«tliattbe  quotind  ottwoactmal 
«icl0r»  ennot  be  ft  mill  «Mfar,  ornro. 

t  It  ii  to  1m  ramembercd  that  we  luTe  propoMd  (15)  to  extend  tlie  uee  of  this 
tens  pmrulUt  to  Clie  cftM  of  two  voeton  wliidi  an  (in  tbe  mawol  leMe  of  tlio  woid) 
peraM  to  OM  mmumhi  Umt,  em  whw  Umj  bappen  to  be  parU  of  one  aad  tbe  jamc 
lij^line. 
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hiitiid,  mtYiAve $tiliU>  take  aooonnt  both  of  the  relathe  Imgth^ 
and  of  the  relathe  difeeHoHf  of  the  two  Imee  oompared.  But 
while  the  former  element  of  the  eomplew  relation  here  eonsi- 

dcred,  between  these  two  lines  or  vectors,  is  still  represented 
by  a  simple  Ratio  (of  the  kind  commonly  considered  in  geo- 
metry), or  by  a  number*  expressing  that  ratio;  the  latter  ele- 
mint  of  the  flame  complex  relation  is  now  represented  bj  an 
Ahoib,  aob  :  and  not  simply  (as  it  was  before)  by  an  atgt^ 
hraical  eign^  -i-  or 

110.  Again  in  estimating  this  angle^  for  the  purpose  of 
distinguUhing  one  quotient  of  vectors  from  another,  we  must 
consider  not  only  its  magnitude  (or  r/uantiff/)^  but  also  its 
Plane:  since  otherwise,  in  violutiun  of  the  principle  stated 
in  Art.  104,  we  should  have  on':  oa  «  oa  :  oa,  if  ob  and  ob' 
were  tu)o  distinct  rays  or  sides  of  a  cane  of  revolution,  with  oa 
for  its  axis;  in  which  case  (by  2)  they  would  necessarily  be 
umequal  vectors.  For  a  similar  reason,  we  must  attend  also  to 
the  contrast  between  two  opposite  angles^  of  equal  magnitndes, 
and  in  one  common  plane.  In  short,  for  the  purpose  of  know- 
ing/fillg  the  relative  direction  of  twu  co-initiul  lines  oa,  od  in 
j^pace,  we  ought  to  know  not  only  how  many  degrees^  or  other 
parts  of  some  angular  mit^  the  angle 
AOB  oontuns;  but  also  (comp.  Fig.  2Z) 
the  directum  of  the  rotation  from  oa  to 
ob  :  including  a  knowledge  of  the  plane^  o  ~ 
in  which  the  rotation  is  performed  ;  and  F|f.  Sk 

of  the  hand  (as  right  or  /e/V,  when  viewed  from  a  known  side  of 
the  plane),  towards  which  the  rotation  is  directed. 

111.  Or,  if  wo  agree  to  select  some  one  fixed  hand  (suppose 
the  rights  hand),  and  to  call  all  rotations  positive  when  they 

*  This  number,  which  We  ahftU  preseDUjr  call  the  tensor  of  the  quotient,  may  be 
Kholf  or  fractiona!,  or  eren  incommennurahh  with  unity;  but  it  may  always 
equated,  in  cnkiilation.  t>i  a  jtoiitive  sca'ar  :  although  it  might  pcrli  ips  more />ro- 
prrli/  l>e  fiaid  to  l)c  a  siynltsh  number,  aa  being  derived  Solely  from  c«>m{>ah{ion  of 
Unyths^  without  auy  reference  to  direction*. 

t  If  rigkUkatM  rotoM^a  be  tims  oootidcrad  s»  po»iH9tt  tben  th*  pMMw  «*w 
cTdM  rotatloa  aob,  in  Fig.  88,  mut  be  coned  red  to  be  dheded  dbmuMiti;  or  Mtv 
Uie  plene  of  the  peper. 
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•ledireoted  towaida  iki*  adeotediniid,  but  all  rotationa  iMya- 
Hoe  when  thej  are  cKreeted  towards  the  ether  hemdf  then,  for 
any  ^iven  amgle  aob,  suppoeed  for  nmplieity  to  be  less  tban  two 

right  angles,  and  considered  as  representing  a  rotation  in  a  given 
plane  from  o  a  to  OB,  we  may  speak  one  perpend imiar  oc  to 
that  plane  aob  as  being  the  positive  axis  of  that  rotation  ;  and 
of  the  apposite  perpendicular  oc'  to  the  same  plane  as  being  the 
megatuje  axis  thereof :  the  rotation  round  the  positive  aids  being 
tUe^ poettiTe»  and  vice  versd*  And  then  the  ratatum  aob  may 
be  ooDsidered  tobe  entirely  Amnpn,  if  we  know,  Ist,  its  quantity^ 
or  the  ratio  which  It  bears  to  a  right  rotaiitm ;  and  Ilnd,  the 
dirtciiun  of  it©  pusiUcc  axis,  oc  :  but  not  without  a  knowledge 
of  these  two  things,  or  of  some  data  equivalent  to  tlicm.  But 
whether  we  consider  the  direction  of  an  Axis,  or  tlie  aspect  of 
a  Plans,  we  find  (as  indeed  is  well  known)  that  the  determi^ 
maUam  of  audi  a  dirtetum^  or  of  such  an  aspectf  depends  on  two 
polar  OMirdimUal^i  or  other  angular  elements, 

112.  It  appears,  then,  from  the  foregoing  discussion,  that 
for  the  complete  determination,  of  what  we  have  called  tlic  yeo^ 
metrical  Quotient  of  two  co-initial  J'cctors,  a  System  of  Four 
Elements,  admitting  each  separately  of  numerical  expression, 
is  generally  required.  Of  these  four  elements,  one  serves  (109) 
to  determine  the  relative  length  of  the  two  lines  compared ; 
and  the  other  Mree  are  in  general  necessary,  in  order  to  deter- 
JsantJkUg  thdr  relative  direction.  Again,  of  these  three  latter 
elements,  one  represents  the  mntoal  inclination^  or  elongation, 
of  the  two  lines;  or  the  magnitude  (or  quantity)  of  the  angle 
between  them  ;  while  the  two  others  5^crve  to  determine  the 
direction  of  the  axis^  perpendicular  to  their  common  plane, 
immd  which  a  rotation  through  that  angle  is  to  be  performed, 
in  a  seme  preYiouslj  selected  as  the  positive  one  (or  towards 
a  fixed  and  previously  selected  hand)^  for  the  purpose  otpass^ 
ing  (in  the  nmplest  way,  and  therefore  in  the  plane  of  the  two 
lines) the  direction  of  the  divisor-line ,  to  the  direction  of 

*  Tba  acCoal  (or  atlMiitlNiftcqaHit)  meof  Mci  oo<4ifdinate«  b  foreign  to  tlu  •piril 
of  Iho  pTMcnt  Sysltm  :  but  the  Men/ion  of  tdetn  here  seems  likely  t»  asrfst «  studeut, 
hy  suggesting  an  apT><>at  to  results,  with  whkh  his  previous  reading  can  searcety  fail 
to  have  rendered  him  famiiiar. 
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the  dividend-line.  And  no  mare  than  four  numerioal  elements 
are  necessary,  for  our  present  purpose:  because  the  relative 
length  of  two  lines  is  not  changed,  when  their  two  lengths  are 
altered  proportionally,  nor  is  their  relathe  direetion  changed, 
when  the  an^le  which  they  form  is  merely  turned  about,  in  its 
omn  plane.  Ou  account,  then,  of  tliis  essential  connexion  of 
that  complex  relation  (109)  between  two  lines,  which  is  com- 
pounded of  a  r  chit  ion  oflengthsy  and  of  a  relation  of  directions^ 
and  to  which  we  have  given  (by  an  extension  from  the  theory 
of  sealars)  the  name  of  a  gecmetrieal  quotient^  with  a  System 
^FouR  numerical  Elements^  we  have  ahready  a  motived  for 
saying,  that  the  Quotient  of  two  Vectors  is  generally  a  Qua* 
ternion." 

Sbction  3. — Additional  lUuttratiotis* 

113.  Some  sddifcional  light  may  be  thrown,  on  this  first  eoneep' 
tion  of  a  Quaternion,  by  the  annexed  Figure  34.  In  that  Figure, 
the  letters  cdbfg  are 

designed  to  indicate 
corners  of  a  prisma- 
tic (k^k,  res  ling  ii  j  >ou 
n  horizontal  table. 
The  angle  hcd  (sup- 
posed to  be  one  of 
t/iirti/  degrees)  re{)re- 
scnts  a  (left-handed ) 
rotationy  whereby  the 
horizontal  Udye  CD  of 
the  desk  is  conceived 
to  be  elongated  (or 
removed)  from  a  given  horizontal  line  on,  which  may  be  imagined  to 
be  an  edge  of  the  table.  The  angle  gcp  (supposed  here  to  contain 
forty  degrees)  represents  the  dope\  of  the  desk,  or  the  amount  of  its 
ineUnation  to  the  tables  On  the  face  CDsr  of  the  desk  are  drawn  two  si* 
milar^nd  similarly  turned  triangles,  aob  and  a'o'b',  which  are  supposed 
to  be  halves  of  two  equilateral  triangles ;  in  such  a  manner  that  each 

*  Several  other  ttMom  fur  thus  speaking  will  offer  tbenuelvea,  in  the  coune  of  tbo 

pr«'scnt  \v(»rk. 

j  T/ust  two  «n(;;Vj»,  iicn  aud  c<  F,  may  thus  bo  considurod  to  corrtsjiond  Uiionffi- 
tutit  of  node,  aud  tncHnation  of  orbit,  of  a  planet  or  comet  iu  ai>truuoiny. 
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roteCHMT,  AOB  or  aVb'  U  one  cf  sixty  degrees,  and  is  directed  towmrds 
(me  common  hand  (namely  the  right  hand  in  the  Figure):  while  if 

lengths  alone  be  attended  to,  the  nde  OB  is  to  the  side  oa,  in  one  tri- 

antjle,  as  the  side  o  n'  i6  to  tbu  side  o'a',  in  the  other;  or  as  the  ntiw- 
Irr  tico  to  one. 

1 14.  Under  these  conditions  of  constructioD,  we  consider  the  (IPO 
quUktUSj  or  the  two  geometric  fractions, 

ob:oa  and  ob':oa',  or  —  and  — — , 

OA  o'a' 

as  being  egwd  to  eoA  other;  because  we  regard  the  two  ftiMf,  OA  and 
oB,  as  having  the  some  rdatioe  lengikt  and  the  sains  rtlative  direction^ 
aa  the  two  othor  Unt9,  o'a'  and  i/vf.  And  we  consider  and  speak  of 
sodb  Quotient^  or  FViwtion^  as  a  Quaternion:  becanseits  completeeon' 
ttruetion  (or  determination)  depends^  for  all  that  is  eeeential  to  its 
cone^tiony  and  requisite  to  dittinguieh  it  from  othersi  on  a  system  of 
fomr  numerical  dements  (oomp.  1 12);  which  are,  in  this  Example,  the 
fomr 

%  60,   30,   and  40. 

1 1 '  -  Of  thp?€  four  elewtftfs  ( to  recapitulate  what  has  boon  above  supposed),  tlie 
1st,  namf  ly  the  nuinU'r  2,  exj>ressc'S  that  fho  Icnnth  of  the  diritUnd-Une,  on  or 
o'b*,  is  dimble  of  the  Icnpth  of  the  divisor-Une,  oa  or  o'a'.  1  he  Ilnd  nuTnorical 
deweut^  namely  60,  expresses  here  that  the  angle  aob  or  a'o'u',  is  one  of  aijcty  de- 
fw:  while  tbe  oorretponcUog  rototioii,  from  oa  to  oa,  or  from  oV  lo  oV,  ii  to- 
ward$  a  ktmn  kand  (in  this  ease  the  r^AI  hand,  as  seen  by  a  peraon  looUagat  the 
Jkct  cMVof  the  desk),  which  il«wii  is  the  mim^  6of A  of  these  two  egiwl  ai^^ltt. 
The  Ilird  desMBt,  namely  80,  expiesiea  that  tiie  horisontal  Itdfgt  cd  of  the  de»k 
makes  an  angle  of  thirtg  dtgreet  with  a  known  horizontal  line  ch,  being  removed 
from  it,  by  that  angular  quantity,  in  a  known  direction  (which  in  this  case  happens 
to  b>e  towards  the  It-ft  hand,  as  f^fn  from  abi.vc).  Finally,  tljo  IV'^th  element, 
0ain«'ly  40,  {■xpre--ses  here  that  the  Icsk  has  an  elevation  of  forty  deyrvcs  as  lw»fore. 

lib.  Now  an  alteration  in  any  one  of  these  Four  Elements,  such  as  an  altcia- 
tioo  of  the  alopt  or  aspect  of  the  desk,  would  make  (in  the  \  ie\v  hfro  talitii)  an  es- 
mw/iUd  thmtft  m  <Ae  Quatermon,  wMeb  b  (la  ths  Same  view)  the  Quotient  of  the  two 
ISms  eompared:  althoqgb  (aa  the  Figure  ia  hi  part  designed  to  suggest)  no  nek 
dumgt  ia  eoMa'Mtf  to  Isle  plate,  when  the  tiimi^U  aob  is  merdy  tvrtud  tibmii,  tti 
let  em  t/hmn,  wilhoat  being  lamwd  ovtr  (oomp.  Fig.  86) ;  or  when  the  aiifet  of  that 
triangb  are  iengthened  or  tkortmtdfireperibm^fyt  so  as  to  pmerv  the  ratio  (in  the 
old  sense  of  that  word),  of  any  one  to  any  other  of  those  sides.  We  may  then  briefly 
mjt  hi  this  mode  of  UluUroiimg  tbe  notion  ot  a  Quatkritiom  *  in  geomelrif^  by  refe* 


*  As  to  the  mere  merd^  QmOenUon,  it  signiflea  primarily  (as  is  well  known),  like 
its  Latin  original,  **  Qnaternto^*'  or  the  Greek  nonn  rerpmr^,  a  Set  o/Fow :  but 
it  is  obvionsly  used  Acre,  and  elsewhere  In  the  present  work|  in  a  teehmieed  sense. 
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rcnce  to  an  om^U  on  a  deak^  UuU  the  Four  EUmerUt  which  it  involres  Are  the  follow- 
ing: 

ArfiOi  JMf^   -^c^^i  and  Slopes 
althougli  Um  Iwo  taUtr  thmmti  an  in  flwt  tkmtathe§  wigita  oho,  Irat  ara  not  im^ 
■McKolf^obtaiind  as  ancli,  ftm  OeabiplaooBi^^ 

Sbctiom  4« — On  Equality  of  Quaternions;  and  on  the  Plane 

qfa  Quatermon. 

117.  It  is  an  immediate  consequence  of  the  foregoing  con- 
ception of  a  Quaternion,  that  two  qmtemiUmsy  or  two  quotients 
of  vectors,,  supposed  for  simplicity  to  be  all  co-initial  (18),  are 
regarded  as  being  bqual  to  each  other,  or  that  the  equatiom^ 

8    3  CD  OB 

or  — - — 9 
y    a  oc  OA 

is  by  us  considered  and  defined  to  hold  good,  when  the  two  tri- 
angles, Aon  :uid  cod,  are  similar  and  similarly  turned^  and  in 
one  common  plane^  as  represented  in  the  j, 
annexed  Fig.  3d :  the  relative  length 

(109)  »  and  the  relatiyi  dirbction 

(110)  ,  of  the  two  lines,  oa»  ob,  bei^g 
then  in  all  respects  the  same  as  the  re- 
lative length  and  the  relative  direction 
of  the  two  other  lines,  oc,  go. 

118.  Under  the  same  conditions,  we 
shall  write  the  following /</rmi<ia  of  direct  simiiitude^ 

A  AOB  oc  COD  ; 

reserving  this  other  formula, 

A  AOB  oc'  AOB  9  or  A  A  OB  oc'  A'OB'y 

whieh  we  shall  call  tkfirmula  of  inverse  iimUi-  v\ 

tude,  to  denote  that  the  two  triangles,  aob  and 
aob',  or  AOBaud  a'ob',  although  utherwisc 5?W- 
lar  (and  even,  in  this  case,  crjtia/,*  on  account 
of  their  having  a  common  side^  oa  or  oa'),  are 


Fi^  85. 


Fi^.  86. 


*  That  h  to  say,  e^tuJ  in  oftiolM*  amount  tit  atm,  Imt  with  opposite  algebraic 
ngna  (28).  The  two  fMlcml*  ob  :  oa,  and  oaf :  OA,  alUiough  not  equal  (110),  ti-ill 
■ooabedaflnad  to  be  comjmf^  ^Mfanileiia,  Under  the  aame  condittona,  we  eball 
write  alee  the  fbnnala, 

A  aob' Ot' COD. 
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oppositely  turned  (oomp.  Fig.  36),  aa  if  one  were  the  reflexion 
of  ibe  other  in  a  minor;  or  m  if  the  one  triangle  were  derived 
(or  geneiated)  firom  the  other,  by  a  rataium  of  its  plane  throogh 
iwo  right  angles.   We  may  therefore  write, 

OB      OD    ^  ^ 

—  =  — ,  rf  A  AOB  «  COD. 
OA  OC 

1 19*  When  the  Tectors  are  thns  all  drawn  from  one  com- 
mon origin  o,  the  plane  aob  of  any  two  of  them  maybe  called 

the  Plane  of  the  Quaternion  {or  of  ihe  Quotient),  ob:oa;  and 
of  courisc  also  the  plane  of  the  inverse  (or  reciprocal)  quater- 
nion (or  of  the  inverae  quotieut),  oa  :  on.  And  any  two  qua- 
termionSf  which  have  a  common  plane  (through  o),  may  be  said 
to  be  Complanar^  Qmtemionit  or  complanar  qaotiente,  or 
fractions ;  bat  any  two  quaternions  (or  quotients),  which  have 
different  planes  {intersecting  therefore  in  a  right  line  through 
the  origin),  may  be  said,  by  contrast,  to  be  Diplanar. 

120.  Any  two  quaternions,  considered  as  yeometric  frac- 
tions (101),  can  be  reduced  to  a  common  denominator  without 

OB 

change  of  the  vaiue\  of  either  of  them,  as  follows.  Let  and 

^  be  the  two  given  fractions,  or  quaternions ;  and  if  they  be 

complanar  ( 1 1 9))  let  OB  be  any  line  in  their  common  plane  ;  but 
if  they  be  diplnnar  (see  again  119),  then  let  OE  be  any  assumed 
part  of  the  line  of  intersection  of  the  two  planes:  so  that,  in 
each  case,  the  line  o£  is  situated  at  once  in  the  plane  aob,  and 
aUa  in  the  plane  cod.  We  can  then  always  conceive  two  other 
lines,  OF,  oo,  to  be  determined  so  as  to  satisfy  the  two  condi' 
Hons  of  direct  similitude  (118), 

A  EOF  Qt  AOB,  Aeooqccod; 

•  It  ii,  how«mr,  oonrenlaiit  to  estrad  Um  ine  of  thia  word,  eomplanar,  so  u  to 
■idiidt  tlw  CM0  of  qiuatnoioiiB  wpwMntcd  by  mffle»  in  parallel  pUtMS,  Indoed,  m 
•n  maan  wUeh  hafv  aqiml  fiafAi^  and  siMtnt  dSMirat,  am  oqml  (8),  to  tbo 
qmOmdomt  wlddi  is  a  jnoltoir  of  Iwo  aneh  vectors,  oqs^t  not  to  be  eonsldored  os 
uiid<Hgoipg  oiqr  oAonyv,  whsn  elthor  vootor  Is  msNljr  cfaongcd  in  peclKmi,  bj  alrmit* 

port  tcitkoui  rotation. 

t  Tiiat  U  to  sny,  the  new  or  trtmrformed  quBiemions  will  be  respectiTely  equal  to 
the  old  or  sfiven  ones. 

Q 
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find  therefore  also  the  two  equations  between  quotients 
118), 

OF     OB  OG  OO 

OB     OA*         OB  OC' 

and  thus  the  required  reduction  is  efiected,  ob  being  the  e^m- 

mo7i  ilemtniinatttr  sought,  while  OF,  og  are  the  new  or  reduced 
numerators.  It  may  be  added  that  If  h  be  a  new  point  in  the 
plane  aob,  such  that  A  hob  oc  aob,  we  shall  have  also, 

OE  on  OF  ^ 
OH    OA  *  OE  * 

and  tlicrcfore,  by  106,  107, 

OD    OB     Oa±0F^         OO^OB     OO  OD  OB     OG  ^ 

oc*oa"    OB    *      oc'oa'op*  oc*oa"oh* 

whatever  two  geometric  quotiente  (eomplanar  or  diplanar)  may 

be  reprct-ented  by  on  :  oa  and  on  :  oc. 

121.  If  now  tlie  two  triangles  aor,  cod  are  not  only  corn- 
planar  but  directly  similar  (1 18),  so  that  A  aob  a  cod,  we  shall 
evidently  have  d  kofoc  bog;  so  that  we  may  write  OF-^oa 
(or  F  B  G,  by  20),  the  two  new  Hncs  of,  oo  (or  the  two  new 
points  F,  g)  in  this  case  coinciding.  The  general  construction 
(120),  for  the  reduction  to  a  common  denominator,  gives  there- 
lore  here  only  one  new  triangle^  kof,  and  one  iicxr  quotient^ 
oi  :  OK,  to  which  in  this  case  each  (comp.  105)  of  the  two  given 
equal  and  comphnar  quotients,  OB  :  oa  and  OD  :  oc,  is  equal. 

122.  But  if  these  two  latter  symbols  (or  the  Jractional 
firms  corresponding)  denote  two  diplanar*  qmticntSf  then  the 
two  new  numerator  lines,  of  and  oo,  baye  different  directions^ 
as  being  situated  in  two  different  planes,  dmwn  through  the  new 
denominator-line  ok,  witliout  having  cither  the  direction  of  that 
line  itself,  or  the  direction  opposite  thereto ;  they  are  thcrelbre 
(by  2)  unequal  vectors,  even  if  they  should  happen  to  be 
equally  long;  whence  it  follows  (by  104)  that  the  two  new 
guotientsytokd  therefore  also  (by  105)  Uiat  the  two  old  orgioen 
quotients,  are  unequal^  as  a  consequence  of  their  diplanaritg. 

*  And  therefore  non  scalar  (108);  for  a  scalar,  conm\oT<H\  as  a  tpiofimt  (17\ 
has  no  determinfd  pfarie,  but  must  be  considered  cnmplanar  with  evmi  otoim  tnc 
quotient;  since  it  may  be  represented  (or  const  rue  led)  by  the  quolitnl  of  two  simi- 
larly or  oppositely  directed  lines,  in  any  proposed  plane  whatever. 
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It  results,  then,  from  thU  unalytiU,  that  diplanar  quotients  of 
rectors^  and  thereluio  that  Diplanar  Quaternions  {WO)^  are 
aiwajfs  unequal;  a  new  and  comparatively  technical  process 
thus  etn^firming  the  oonclusion,  to  which  we  had  amved  by 
genenl  oonsideiatio&By  and  in  (what  might  be  called)  a  pofuhr 
m&y  before*  and  which  we  had  sought  to  Uhutrate  (oomp.  Fig. 
34)  by  the  consideratioii  of  angle»  on  a  detk:  namely,  that  a 
i^uaternioHj  considered  as  the  quotient  of  two  mutually  inclined 
lines  in  space,  involvea  generally  a  Plane^  as  an  essential  part 
(comp.  1 10)  of  its  constitution^  and  as  necessary  to  the  com- 
plettness  of  its  eancepHon. 

123.  We  propose  to  use  the  mark 


as  a  Siffn  of  Complanariiyf  whether  of  Itnes  or  of  quotienis  ; 
thus  we  shall  write  the  fbrmula, 

to  express  that  the  thret  veeiorSf  /3)  supposed  to  be  (or  to 
be  made)  co-initial  (18),  are  situated  In  one  plane;  and  the 
analogous  formula, 


ylll?.  or -III-. 

y  a 

to  express  that  the  two  quatemunu,  denoted  here  by  q  and  q'^ 
and  therefiire  that  the  tfedart,  a,  /3,  y»  S>  are  eomplanar 
(119).    And  because  we  hare  just  found  (122)  that  diplanar 

quotients  arc  unequal,  we  see  that  one  equation  of  quaternions 
iitcluiles  tiro  complanarities  of  vectors;  in  such  a  manner  that  we 
may  write, 

a,/3,  and  »|||a,/3,   if  - -^^ 


9 

y  « 

the  equation  of  quotients^  ^"JJ>  being  imposaible,  ww/e^i  «// 

ihe  four  Unes  firom  o  be  m  one  common  plane.  We  shall  also 
employ  the  notation 

to  express  that  the  vector  y  is  in  (or  parallel  to)  the  plane  of 
the  quaternion  q. 
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134.  With  the  aame  notation  for  oomplanarity,  we  may 
write  genendly, 

xa|||a,0; 

a  and  /3  being  any  two  vectors,  and  x  being  any  scalar  ;  be- 
cause, if  a  =  OA  and  /3  =  ob  as  before,  then  (by  15,  x<i  =  oa', 
where  a'  is  some  point  on  the  indefinite  right  line  through  tlie 
points  0  and  ▲  :  ao  that  the  plane  add  contains  the  line  oa'. 
For  a  similar  reason,  we  have  generallj  the  following  fonnula 
of  eampimnaritif  quotienUf 


...  • 
Xa  a 


whatever  two  sealan  x  and  y  may  be ;  a  and  /3  still  denoting 
any  two  tuctorf .  • 

125.  It  is  evident  (eomp.  iHg.  35)  that 

if  ^  AOB  a  COD,    then  Ahoaocdoc,    and  A  aoc  oc  bod  ; 

whence  it  is  easy  to  inier  that  for  quaternions,  as  well  as  for 
ordinary  or  algebraio  quotients, 

if  -       then,  inversely,    =  \,  and  aUemately,  -  «  s ; 

it  being  permitted  now  to  establish  the  converse  of  the  last  for- 
mula of  1 18,  or  to  say  that 

OB    OD  - 

if  —  n  — ,  then  A  AOB  a  coo. 

OA  oc 

Under  the  same  condition,  by  combinmff  inversion  with  alter- 
nation, we  have  also  this  other  equation, 

126.  If  the  tidesf  oa,  ob,  of  a  triangle  aob,  or  those  ndea 
eidier  way  prolonged,  be  cti^  (as  in 
Fig.  37)  by  any  parallel,  a'b'  or  a"b", 
to  the  base  ab,  we  have  evidently  the 
relations  of  direct  similarity  (118), 

A  a'ob'  oc  aob,   a  a^ob"  oc  aob  ; 

whence  (comp.  Art.  13  and  Fig.  12) 
it  follows  that  we  may  write,  for  qua- 
ternions as  in  algebra,  the  general 
equation,  or  identity, 


Uigiiized  by  Google 


CHAP.  I.]      AXIS  AND  AKOLB  OF  A  QUATBRVIOM.  117 

xm  a 

where  s  is  again  any  scalar,  and  a,  /3  are  any  two  vectors.  It 

is  easy  aUo  to  sec,  that  for  any  quateruiun  ^,  and  any  scalar  x, 
we  have  the  product  (comp.  107), 

so  that,  in  the  multiplication  of  a  quaternion  by  a  scalar  (as  in 
the  multiplication  of  a  vtfc^or  hj  a  tealar^  the  order  of  tfie 
faHors  is  indifferent, 

SicnoK  5. — Oa  iht  AmU  eaid  AngU  nf  a  Qmitimiion  ;  md  on 
the  Index  cf  a  Right  Quo^eni,  or  Quaternion. 

127.  From  what  has  been  already  said  (HI,  112),  we  are 
natmally  led  to  define  that  the  Axis,  or  more  fully  that  the 
poeUwe  astie^  iff  any  quaternion  (or  geometric  quotieni)  ob  :  oa, 
is  a  right  Une perpendicular  to  the  plane  aob  of  that  quaternion ; 
and  is  sooli  that  the  rotation  round  this  axis,  from  the  divisor- 
line  OA,  to  the  dividend-line  ob,  id  positive:  or  (as  we  shall 
henceforth  assume)  directed  towards  the  right-hand^*  like  the 
motion  of  the  hands  of  a  watch. 

128.  To  render  still  more  definite  tliis  conoeption  of  the 
axis  of  a  qwaternion^  we  may  add,  Ist,  that  the  rotation^  here 
spoken  off  is  supposed  (112)  to  be  the  eimpUst  possible^  and 
therefore  to  be  in  the  plane  of  the  two  Unes  (or  of  the  quater- 
nion), being  alao  generally  less  than  a  semi-revolution  in  that 
plane;  Ilntl,  that  the  axis  shall  be  usually  supposed  to  be  a 
line  ox  drawn  from  the  assumed  origin  o ;  and  Ilird,  that  the 
length  of  this  line  shall  be  supposed  to  be  given,  or  fixed,  and 
to  be  equal  to  some  assomed  unit  of  length :  so  that  the  term 
x»  of  this  axie  ox,  is  situated  (by  its  construction)  on  a  given 
spheric  surface  described  about  the  origin  o  as  centre^  which 
surface  we  may  call  the  surface  of  the  unit^sphbrb. 

129.  In  this  manner,  for  every  given  non-sculur  t^uuLivnt 

*  Thia  U,  of  coiuae,  merely  conveational,  and  the  reader  may  (if  be  pleaiea)  sub- 
■tHate  tb«  Ir/l-baad  thronghoat. 
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(108),  or  tor  every  given  quaternion  q  which  does  not  reduce 
itself  (or  degenerate)  to  a  mere  positive  or  negative  number^  the 
axis  will  be  an  entirely  definite  vector^  whieh  may  be  called  an 
UMIT-TBCT0R9  on  account  of  its  assumed  lengthy  and  which  we 
shall  denote* f  for  the  present,  by  the  symbol  Ax .  q.  Employ- 
ing then  the  usual  sir/n  of  perpendicularity,  J_ ,  we  may  now 
write,  for  any  two  vectors  a,  /3|  the  formula : 

Ax.^±a;     Ax.^X/i;    or  briefly,   Ax.^j.  f^. 
a  a    '  "  a 

130.  The  Angle  of  a  qmtemion,  such  as  ob  ;  oa,  shall 
simply  be,  with  us,  the  angle  aob  between  the  tiro  lines,  of 
which  the  quaternion  is  the  quotient;  this  angle  Ijcing  sup- 
posed here  to  be  one  of  the  usual  kind  (such  as  are  considered 
by  £uclid) :  and  therefore  being  aciUef  or  r^htf  or  oUnse  (bat 
not  of  any  class  distinct  from  these),  when  the  quaternion  is  a 
non-scalar  (108).  We  shall  denote  this  angle  of  a  quaternion 
q,  by  the  symbol,  L  q  ;  and  thus  shall  have,  generally^  the  two 
inequalities^  following : 

^9>0;  ^q<ir\ 

where  w  is  used  as  a  symbol  for  two  right  angles, 

131.  When  the  general  quaternion,  q,  def/enerates  into  a 

scalar,  2:,  then  the  axis  (like  the  planeX)  becomes  entirely  in- 
determinate in  its  direction ;  and  the  angle  takes,  at  the  same 
time,  either  zero  or  two  right  angles  i'or  its  value,  according  as 
the  scalar  is  positive  or  negative.  Denoting  then,  asaboye,sny 
such  scalar  by  as,  we  have : 

•  At  a  later  stugo,  reasons  will  be  assigned  for  denoting  this  axu.  Ax .  of  a 
quaternion  q,  by  the  lest  arbitrary  (or  mure  systematic)  fymboi,  UVq;  but  for  the 
present,  the  notation  in  the  text  may  suffice. 

t  In  MOM  inveitlgatioiu  respecting  complanar  quaUrmmu,  and  pomtn  or  roeis 
cf  quateniiMii,  it  li  oooTuioil  Co  coniid«r  tuguihe  ang^  wui  mtfglmfrenUr  tktm 
Iwo  right  angko:  but  tboM  nagr  Uwii  Im  caUmI  AMPLmim ;  mud  Um  wori  An- 
glo^** lUn  tlw  md  Ralks"  nwj  that  Im  reMiicled,  at  ktat  for  tlio  pretent,  to  ito 
onKiiary  gtcmHrieal  ten$€. 

X  Compare  tlie  Note  to  pni^c  114.  The  ottfflr,  as  well  as  the  axit,  becomes  in- 
flrferwinntc,  whi'n  tlio  'luatcriiion  reduces  itself  to  zero :  unless  we  happen  tu  know 
a  law,  aecording  to  which  the  diTideod-line  tetuU  to  become  null,  in  the  transition 

from  -  to  -. 
a  a 
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Ax . jri=  an  inclctenniiimte unit-Teotor ; 
Zx«0)if4r>0;  LXm^^  if«<0« 

132.  Of-fum-Meahr  guatemionsy  the  moet  im-  b 

portaiit  are  those  of  which  the  anr/le  id  riffhty  as  in 
the  annexed  Figure  38 ;  and  when  we  have  thua, 

OB  TT 

q  =»  — ,  and  OB  jL OA,  or  Lq  =  -, 

^      OA  ^  ^  2   

o  ^\ 

the  quaternion  q  may  then  be  said  to  be  a  Right     Fig.  3«. 
QcOTiBNT  ;*  or  sometimed,  a  lii^lU  Cluuternitm, 

(1.)  If  then  a  =  OA  and  p  *oP,  where  o  and  a  are  two  givtn  (or  jLctdJ  puimttf 
tatr  {••tMftaUrpoM/,  the  equotbrn 

a  S 

«KpmM  tliat Che Ibcu  of  thh  point  Fit  th«^£mlArmyA    jMipradMar  to  #A« 

&M  OA ;  for  it  if  oqnivalent  to  the formla  ofperptnditwkaHjf  pA.a  (129). 
(3.)  Moco gMillr,  if  iSsOB,  B  biiqg any  Ourd^wm poimi^  the oqiwtion, 

P  0 
a  « 

ospiMHt  diat  tbo  /oew  of  p  is  o««  aibie  vfm  com  i/r»oolM<ioii,  wltli  o  fbr  PtirU*^ 
ond OA  frr  a«ii^  and  pMiiiig lAroiyA  UmfobO,  b$  Iiocmm  it  impUco  Ilut  tlio  aa^« 
AOB  oad  Aor  «n  «9«Bf  is  ooMMif,  but  nol  %9t9mm9§  in  ono  cowwoii  plwe. 
Tbo  oqitttion  (ooai]».  128, 1S9), 

Ax.^«Ax.?, 
a  a 

espioioeftliBttlM/ociM  of  the  ▼MiaUo  point  PiitliopWpfaiMAeB;  orratiiortlio 
inddlDito  ka^ff^mmM^  vhidi  oootaino  all  tho  points  p  tliat  am  at  onoo  coaqilBaar 
with  the  thn&  givtn  pomti  o»  A,  B,  and  ars  also  of  Iki  tanu  tUt  oftkt  htd^U* 
ryAi  Hne  OA,  a$  the  point  n. 

(4.)  Ttie  igrstem  of  Uie  taw  equatiotu, 

a       a  a  a  ^ 

expresses  that  the  point  p  is  situated,  eithrr  on  the  Jinite  right  Unfon^  or  on  that  lino 
prolonged  thnnt/jh  A,  Init  nut  through  o;  SO  that  the  locus  of  r  may  in  this  case  be 
said  ti>  lx>  the  indefinite  half-line,  or  ray,  which  sets  out  from  O  in  the  direction  of  the 
vector  on  or  (i ;  and  wo  utay  write  p  —  x/3,  z  >  0  (z  being  onderatood  to  Ik-  a  tea- 
lor),  instead  of  the  equations  assigned  above. 


*  Bsaoont  wiU  aflonrards  bo  assigned,  for  equating  wcA  a  ftufHntf  or  qnatcr^ 
Bioo,  Is  a  FMfor;  naroolj  to  tho  lime  which  will  ptosentiy  (188)  bo  called  tho  Indtx 
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or  that  F  k  iltoated  on  Me  prohnffoHon  of  ike  men- 
lorao(l);or  jr<0;  ok  that 

(Comp.  Fig.  33,  6m.) 

(6.)  Of AeriMtaCioM,  for  repretenting  these  and  other  geometric  2oct,  will  be  found 

to  be  sapplicd.  in  threat  abundance,  by  the  Calculus  of  Quaternions ;  but  it  seemed 
proper  to  point  out  those,  at  the  present  stafjf,  as  sorvin^  already  to  sliow  that  even 
the  two  tymbolM  of  the  present  Section.  Ax.  and  /,  when  cniividered  as  Charncterit- 
tic$  of  Operation  on  quotient*  of  vectors,  euablo  us  to  expreMy  very  simply  and  con- 
obdy,  several  tiaefal  geooMttleal  cmn^ikm, 

133.  If  a  third  Ime^  0I9  be  drawn  in  the  direetkn  of  the 
axi»  ox  of  each  a  right  quotient  (and  therefore  perpendicular^ 
by  127,  129,  to  each  of  the  two  given  rectangular  Unes,  o.\, 
ob)  ;  and  if  the  Imffth  of  this  new  liiie  01  bear  to  the  length 
of  that  axis  ox  (and  therefore  also,  by  128,  to  the  assumed 
unit  of  length)  the^am^*  ratio^  which  the  length  qfUie  dividend" 
line,  OB,  bears  to  the  length  of  the  divisor-linef  oa;  then  the 
line  otf  thns  determined,  is  said  to  be  the  Ibdbx  of  the  Might 
Quotieni.  And  it  is  evidenty  from  tins  definition  of  such  an 
Index^  combined  with  oar  general  definition  (117,  118)  of 
Equality  beticeen  Quaternions,  that  two  right  quotients  are 
equal  or  unequal  to  each  other^  according  as  their  two  index- 
lines  (or  indices)  are  equal  or  unequal  vectors. 

SscTiON  6*—  On  the  Beeiproeal^  ConjugaU^  OpposH^^  mi  Norm 
of  a  Quaternion;  and  on  Null  QuatemimiM. 

134.  The  Kbciprocal  (or  the  Iwerse^  oomp.  119)  of  a 
quaternion,  such  as  ^  »  — ,  is  that  other  quaternion, 


which  is  formed  by  interchanging  the  divisor' Hne  and  the  dun- 
dend-Hne;  and  in  thus  passing  from  any  non-'Sealar  quater- 
nion to  its  reciprocal,  it  is  evideot  that  the  angle  (as  lately 
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defined  ia  130)  remains  wuhangedy  but  that  the  axis  (127t 
128)  18  reeened  in  direction:  so  that  we  may  write  geoe- 

rallj, 

a       3  A      "        \  P 

|3      a  p  « 

135.  The  product  of  two  reciprocal  quaternions  \^  always 
equal  to  positive  unity ;  and  each  is  equal  to  the  quotient  of 
WHUjf  durided  by  the  other;  because  we  have,  by  106»  lOTy 

.3ada  ,  a3a 

l:^=-:-«;5,    and    g  = 
a    a  a    p  pan 

It  is  therefore  unnecessary  to  introduce  any  new  or  peculiar 
mUaiionf  to  express  the  mutual  relation  existing  between  a 
qnaieraion  and  ite  recq^rocal;  8ince«  if  one  be  denoted  by  the 
symbol  the  oihtr  may  (in  the  present  System,  as  in  Alge- 
bra) be  denoted  by  the  connepted  symbol,*  1 :  ^,  or  We 
have  thus  the  two  general  formula)  (comp.  134) : 
/."^Lgi      Ax. ---Ax.  a. 

136.  Without  yet  entering  on  the  ^tfneraZtheoiy  of  mold- 

plication  and  division  of  quaternions,  beyond  what  has  been 
done  in  Art.  120,  it  may  be  iiere  rcniiu  ked  that  if  any  two 
quaternions  q  and  q'  be  (as  in  134)  rtcipmcaJ  to  each  other,  so 
that  q'-q^^  (by  135),  and  il\j"  be  any  third  quaternion,  then 
(as  in  idgebra),,we  have  the  general  formula, 

because  if  (by  120)  we  reduce  q  and  q  '  to  a  common  denomina- 
tor a,  and  denote  the  new  numerators  by  /3  and  7,  we  shall  have 
(by  the  d^Uunu  in  106,  107), 

'    *     a  a     p    a  p 

137.  When  two  complanar  triangles  aob,  aob',  with  a  com- 


The  symbol  q  \  for  the  reciprocal  of  a  quaternion  v,  is  also  permitted  in  the 
present  Calculus;  but  we  defer  the  use  of  it,  until  iU  legitimacy  shall  have  beca 
cstabliabed,  io  connexion  with  a  general  theory  of  pow«n  of  QuIenUom. 

R 
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mo/i  side  OA,  are  (as  in  Fig.  36)  inverselt/  similar (llS)i  so  that 
the  formula  A  aob'oc' aob  holds  good,  then  the  two  uneqiial  ^ 

OB  OB'  ^ 

quotients^*  ^  and  — ,  are  said  to  be  Goiijvoatb  Qoatbr- 

KION8 ;  and  if  the  Jirtt  of  them  be  still  denoted  by  ^,  then  the 
secandf  which  is  thus  the  conjugate  o^^toAjint^  or  of  any  other 
quaternion  which  is  equal  thereto,  is  denoted  by  the  new  gynt" 

boly  Kg  :  in  which  the  letter  K  may  be  said  to  be  the  Charac- 
teristic of  Coitjw/dtion.  Thus,  with  the  construction  above 
supposed  (comp.  again  Fig.  36),  we  may  write, 

OB  OB'  T^<)B 

OA     ^  OA     ^  OA 

138.  From  this  deiiuition  of  conjugate  quaternions,  it  follows, 
Ist,  that  if  the  equation  ^  =  K  —  hold  good,  then  the  ft'iMOs'inaybe 

^  OA  OA 

called  (118)  the  reflexion  of  the  lineoB  (and  conversely,  the  kUier  line 
the  reflexion  of  the  former),  with  respect  to  the  lineoA\  Ilnd,  that,  under 
the  same  condition,  the  line  OA  (prolonged  if  neoessary)  bisects  per^ 
pendicularly  the  line  bb',  in  tome  point  a'  (as  represented  in  Fig.  36); 
and  Ilird,  that  any  two  eot^ugate  quaternions  (like  any  two ree^froeal 
quaternions,  comp.  134,  135)  have  equal  anglee,  but  oppose  axe$: 
so  that  we  may  write,  generally, 

and  therefore!  (by  135), 

Z.Ko  =  z.-;  Ax.KoaAz.-. 

139.  The  ree^roeal  of  a  scalar^  is  simply  another  scalar^ 
~9  or  xr\  having  the  same  algebraic  eign^  and  in  all  other  re- 

OB 

epeCts  rchitcd  to  jc  sw  in  ;ilge!)ra.  But  the  conjugate  Kx^  of  a 
scalar  a:,  considered  as  a  limit  of  a  quaternion,  is  equal  to  that 
scalar  x  itself;  as  may  be  seen  i)y  8upj)()?ing  the  ttco  equalhut 
opposite  angles,  aob  and  aob'»  in  Fig.  36,  to  tend  together  to 

•  Compare  the  Note  to  page  112. 

t  It  will  Soon  be  seen  that  these  two  la»t  equations  (138)  express,  that  the  con. 
jugate  unJ  tho  rrcijirontl,  of  any  [tropospil  ({uatismloo  J,  have  alwAfS  «y«af  MTtpm, 
although  they  have  in  geoerul  unequal  ttnsort. 
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MOOf  or  to  two  light  angles.  We  may  therefore  write,  gene- 
rally, 

Kxmx,  if«  be  any  sealer; 

and  conTereely*, 

i^sasealar,  ItKq^q; 

because  then  (by  104)  we  muyt  have  ob=ob',  bb'b=0;  and 
therefore  each  of  the  two  (now  coincident)  points,  b,  b',  must 
be  situated  somewhere  on  the  indefinite  right  line  oa. 

140*  In  generalt  by  the  eonstruodon  represented  in  the 
same  Figure,  the  sttm  (comp.  C)  of  theliso  numerators  (or  di* 
mdend-lines,  ob  and  ob'),  of  the  iwo  conjugate  fractiont  (or  quo- 
tients, or  ([uutcrnioiir^),  q  and  K<j  (137),  is  equal  ioiha  double 
ul  tlie  linti  OA  ;  whence  (by  lOGj,  the  turn  of  t/iose  two  conju" 
gate  quatermans  theniaelves  is, 

this  sum  is  therefore  always  scalar^  being  positive  if  the  angle 
Lqh^  acute,  but  negative  if  that  angle  be  obtuse. 

141.  In  tlie  intermediate  case,  when  the  an«]^lc  aou  is  riyht^ 
the  interval  o\  between  the  origin  o  and  the  line  bb'  vanishes; 
and  the  two  lately  mentioned  numerators^  ob,  ob',  become  two 
opposOe  vectors ^  of  which  the  sum  is  mdl  (G).  Now,  in  gene- 
ral, it  is  natural,  and  will  be  found  nsefid,  or  rather  necessary 
(for  consistency  with  former  definitions),  to  admit  that  a  null 
vector,  divided  by  an  actual  vector,  gives  always  a  Ki  li.  Qua- 
ternion as  the  quotient;  and  to  denote  this  null  quotient  by 
the  usual  symbol  for  Zero,  In  fact,  we  have  (by  106)  the 
equadoDy 

2-SZf.i.«-l_l-0; 
a      a      a  a 

the  zero  in  the  numerator  of  the  lefi-hond  fraction  represent- 
ing here  a  null  line  (or  a  7iull  vector,  1,2);  but  the  zero  on  the 
r^A^-hand  side  of  the  equation  denoting  a  null  quotient  (or 
quaternion).  And  thus  we  are  entitled  to  infer  that  the  n<m, 

•  Somewhat  later  it  will  be  seen  that  the  ciiuation  K7  =  7  mny  also  ])e  written 
as  T7  -  0  ;  and  that  this  lost  is  another  mode  of  cxpreasiug  that  the  quaternum, 
degnuratu  (131)  m<0  a  tealar. 
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Kq  +  (ji  at  q  +  Kgf  of  a  right-^mgUd  fuaUmimt^  or  right  qwth' 
Ueni  (132),  and  of  its  conjugate,  ia  always  eqnal  to  zero. 

142.  Wo  have,  tliereforc,  tlie  three  following  formulas, 
whereof  the  second  exhibits  a  continuity  in  the  traDsitiou  i'rom 
the^rsi  to  the  third : 

I.  .  .  ^  +      >  0,    if   I  q  <~; 
lh*,g  +  KgmOf  if 

III. .  .g-i-E^<0»   if  ^q>Z» 

And  beoaose  a  quaternion,  or  geometric  quotientf  with  an  ac- 
tual  and  JSiUte  divisor^me  (as  here  oa),  eannoi  become  equal  to 
zero  uniese  it»  dividend-4ine  vanishes ,  because  (bj  104)  the 
equation 

^  «  0  >=  -  requires  the  equation  /3  ■>  0» 

a  a 

if  a  be  any  actual  and  finite  vector,  we  may  infer,  conyerseljythat 
the  sum  q  +  Kq  cannot  oanish^  without  the  line  oa'  also  yanish- 

iiig ;  that  is,  without  the  lines  on,  ob'  becoming  opposite  vectors, 
and  therefore  the  quaternion  q  boconiing  a  right  quotient  (132), 
We  are  therefore  entitled  to  establish  the  three  following  con- 
verse  formuln  (which  indeed  result  from  the  three  former) ; 

I.  • .  ii^  ^  +      >  0,    then  Lq<^; 
ir...if^  +  K^-iO,   then  ^q^^i 

nr. . .  if  ^  +      <  0,    then  ^£>Z* 

143.  When  two  opposite  vectors  (1),  as  /3  and  -  /3,  are  both 
divided  by  one  common  (and  actual )  vector,  a,  wc  shall  say  that 
the  two  quotients,  thus  obtained  are  Orposii  e  Quaternions; 
80  that  the  opposite  of  any  quaternion  q^  or  of  any  quotient 
/3 :  a»  may  be  denoted  as  follows  (comp.  4) : 

a         a       a  a 
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while  the  qnatenium  q  itself  may,  on  the  same  plan,  be  denoted 
(oomp.  7)  by  the  symbol  0  +  ^,  or  +      The  twn  of  any  two 

opjior^ite  quaternions  id  zeroy  and  tliclr  (juoticiit  is  negative 
unity;  so  that  we  may  write,  as  in  algebra  (comp.  again  7), 

(-j')  +  y«(+})  +  (-j)-0;  1; 

because,  by  106  and  141, 

n     a       a      a  a    a  p 

The  recqrrocah  of  oppoiite  qoaternions  are  themselves  appo' 
nit;  or  in  symbols  (comp.  126), 

1        1    1^         o     ~o  a 

=  — ?  oeoause     -3  =  -3-  =  —  tj* 

Opptmie  quaternwM  have  opponie  axe$^  and  nq^ementary 
angles  (comp.  Fig.  33,  Mi) ;  SO  that  we  may  establish  (comp. 
132,  (5.)  )  the  two  following  general  formuln, 

/_  (-y)«ir- 21^;      Ax.(- y)  =  -  Ax.jr. 
144.  We  may  also  now  write,  in  fall  consistenoy  with  the 
zeoent  fbrmule  U.  and  IF.  of  142,  the  equation, 

ir...Kjr«.^,    if  iqml; 
and  conversely*  (comp.  138), 

ir...if E^--^',   then  /.Kf»lq^^. 

In  words,  the  cot^ate  of  a  right  quotient,  or  oftkrufht-an^led 
(or  r^hi)  '  quaternion  (132),  is  the  right  quotient  oppotUe 
thereto ;  and  conversely,  if  an  adual  qmttmum  (that  is,  one 
whleh  Is  not  mtll)  he  oppoiiie  to  Ue  own  cot^ugate,  it  must  be 
a  riykt  quotient. 

(1.)  If  tben  w»  meei  Uw  equatioa, 

Ke=-^,  or  5+K?-0, 

a       a         a  a. 

w«ah«Q  know  thatp  j.a}  and  therefoie  (if  a^OA,  and p— op,  a« before), that Um 


*  It  win  be  feoD  nt  n  bter  stagfl^  that  the  equdoB  Kfa— 9,  orf-f-KfaO, 
wqr  be  tnnifiMrnied  to  tbii  other  equation,  SfsO ;  and  that,  under  tbia  laetibnn,  it 
expresses  that  the  tcalar  pmrt  ti  the  qoatemioD  9  ««nlf Acf  .*  or  Uiat  thb  qoatemion 
i»  a  right  f^Oumt  (132). 
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(1.)  ). 

(2.)  On  the  odiar  band,  tfat  eqnilioa, 

K^^  +  e.   or  ^.K^  =  0. 
a      a       a  a 

ntpnma  (by  139)  tbat tlia qoottait p : a b a tcolv ;  udtlMnlbra  (by  l31)tlMt 
HtAiylf  il(>:a)i«eitlMrOorir;  MtiutiaOif  CMe^ UmIomv  of ritClwcMl!^ 
»ftt  nyA<  liM  tfuongh  Ihs  two  points  o  and  A» 


14.3.  As  the  opposif''  of  the  opposite,  or  the  reciprocal  of  the  reci- 
procal, so  also  the  conjugale  ofthecor^ugatepOftaiy  quaternioa,  is  that 
quateraion  U^/f  or  in  symbols, 

1:0^^)-'^;  KKq^qmlqi 
80  that,  by  aUtraetifigfr<m  the  mbject  of  the  operation^  we  may  write 
briefly, 

It  is  easy  also  to  prove,  that  the  conjugates  of  opposite  quaternions  are 
themselves  opposite  quaternions ;  and  that  the  conjugates  of  reciprocaU 
are  reciprocal:  or  in  symbols,  that 

L..K(-9)»-Kj;,  or  Kq+K(-q)^Oi 

and 

II.  ..Kiol:Ktf,    or  K0.K-«1. 
9  9 

(1.)  The  equation  K(-9)a— Kg  is  indaded  (oomp.  148)  in  this  mora  general 
fSmnnla,  K(x7)  =  xK(j,  -n-hpre  x  is  any  scalar;  and  this  last  equation  (comp.  126) 

may  he  provctl.  by  siin|«ly  conceiving  tliat  the  two  lines  OB,  ob',  in  Fig.  36,  are 
nitiliii)lied  by  any  common  scalar }  or  Umt  tbey  are  boUi  cut  by  any  parallel  to  tb« 

line  uii'. 

(2.)  To  prove  lliat  conjugates  of  ruci-  "^.^^  ^ 

1  y'' 

praealsannQiprocaI,ortluitKa.K-»l,    /  \ 

w«  may  coneslv*  that,  as  ia  the  annexed  /  -"^^^^^'^^^-'--^i^^X 

Flgnrs  86^  bit,  while  we  haye  M  the  |  0<^^^^A'i  P 

lelatiMi  offos^vM  simflituds^               \  /''^^^^^JL'^''''*'''^  \ 

AAOB'e^A0B(llB,  187)^           \  I  j 

as  fai  thefbraer  Flgnrs  86,  a  new  potot  o  "^.^^^             \./  / 

is  determined,  either  on  theline  oa  itsd^   — '  \. 

or  on  that  line  prolonged  through  a,  eo  as  j  — ^ 

to  satisfy  either  of  the  two  following  con-  '                 M,  8if. 

nected  oooditions  of  dired  similitude ;  ,J 

ABOOaiOB';  AB'ocQtAOB; 
or  simply,  as  a  fdatke  between  the>bnr  peinft  o,  a,  n,    the  Ibnnnla, 

Aboooc'aob. 
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1  OA      ^OIl'      OB       OA  1 

K  -  =  K.  -  -  =  K  =  —  =  — ;  =  — . 

q      OB      oo    oo  OB 

(8.)  Th»  two  qmotiaitay  €b:oa,  and  ob:  ocv  tluit  !■  to  Mf,  the yglrmfea ^ 
timlf,  nd  the  toiymgoMa  «f  Itt  m^prpflai;  or*  the  rni^pmtai  ^Um  owyyfllg^  btrt 
tliB  MM        tad  the  MHMCBit;  ire  OMgr  tkerafert  inrlte^  gOMndl^, 

iCK-B^f;       Ax,K~  =  Ax.g. 

(4.)  Sfawe  OAtov  and  04:ob'  lia^  tinis  bees  ftoMtf  (I7  MlKirt  3)  to  bo 
*  piir  of  toHgmgt^  yaoffmlf ,  wo  can  now  inftr  this  IftMrwo,  thai  oi^  Iwo  §to- 

mttrie  frmtHamt,  -  and  ^„  which  haTO  a  ooanMoii  mmtraiur  a,  an  conjugate  ^im- 

tervions,  if  the  denominator  /J  of  the  second  be  the  reflexion  of  the  denominator  /?  of 
th*:  fir*/,  iriVA  r<',»p'>rr  to  that  cominon  BMwiera^or  Ccomp.  138,  I.);  wh.-n-ns  it  had 
only  been  previoiwJy  assumed^  as  a  de/Snttioii  (137;,  that  such  cofijnijudnn  pxi«ts, 
oodv  tbo  Mnw  geomotrical  oondidon,  belwoau  the  two  other  (or  incerst)  fractious, 

"tad-i  the  three  veetoia a, /3, being anppoied  to  be  aU  eo-iai<M2  (18). 

(&.)  Coorenelf,  if  we  meet,  In      toTtetigatiaa,  tho  Ibmola 

OA :  ob'sK(oa:  ob^ 

wo  ibaD  know  that  the  ^olal  b'  ia  tbo  r^fiexkm  of  ^  jM&f  b,  with  raipeet  to  Iho 
ihe  Ota;  or  that  tfaia  Hne^  oa,  ptotooged  if  neceeeaiy  In  oltber  of  two  opporito  direo- 
tieoi^  Wiorfa  of  ryAl  migUt  CAo  l£a«  bb',  In  eonu  point  a',  aa  In  oithor  of  the  two 

Figures  3C  (comp.  138,  II.)- 

(6.)  Under  the  recent  conditions  of  construction,  it  follows  from  the  most  ele- 
mentary- principl'^s  c,f  '^fomftr}',  that  thf  circle,  whi<h  pnssp'*  thmvrjh  f  he  three  points 
A,  n,  c,  is  touched  at  li,  }'>/thi'  rif/ht  line  on;  and  that  this  hue  is.  in  lent;th,  a  rtiran 
proportional  between  the  lines  OA,  oc.  Let  then  01*  be  such  a  gcomrtric  mran.  aiul 
let  H  be  set  off  from  o  in  tho  oommon  direction  of  the  two  but  mentioned  lines,  so 
that  the  pohU  d  IhHa  leftwaen  a  and  0|  also  let  tho  veeton  00^  od  be  denoted  by  the 
ijBibeb,  7, 9i  wo  ihafl  than  havo  eaqwwwlflmof  tho  Ibtmi^ 

where  a  la  aoma  pualtlTO  aealar,  a>Os  and  the  ^oetor  ^  of  a  will  be  connected 
(comp.  lub-ait.  2)  with  thbtealar  a,  and  with  the  vector  a»bx  tho  ftfomla, 

***-w®*    ^  ^    ir^"  - 

— »K— ,  Of  — aK, — .  or  — y«=K-^ 

00       OB         OB       OA  a 

( 7. )  ConToradx,  If  we  stQI  soppoae  that  7  s  i^o,  tbie  laat  formala  expreeaee  the  m- 
oerae  timUUufle  of  trianpln,  A  boo  «'  aob  ;  and  it  ezprasiet  noikk^  more:  or  in  other 


*  It  will  be  aeen  aUtenraida,  that  tbo  eonaioB  vaiu*  of  theae  two  equal  qnator- 
wimm,       and      may  bo  fopieeentod  by  either  of  Hm  two  now  ^ymbole,  Ufs  Tf, 

q  Kq 

or  q  :  Isq  ;  or  in  wordn,  that  it  is  equal  to  the  versor  divided  by  the  tcntor  ;  and  al«o 
to  the  quaternion  itself  dipided  by  tK«  norm. 
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•wnnls,  it  13  snti-<fied  l>y  the  vector  of  erery  point  n,  which  gives  tli.it  invcr^o  siiiiili- 
tudu.  lUit  fur  ihii  \iurpo5e  it  is  only  requisite  that  the  length  of  OB  liiiould  Ik-  (^as 
above)  a  geometric  mean  between  the  lengtiti  of  OA,  oc ;  or  that  the  two  lints,  on, 
OD  (sub-art.  C),  should  be  equcUlif  long:  or  finally,  that  b  should  be  situated  tome^ 
vJUrt  M  liU  tur/ace  of  a  $phere,  whioh  it  deidibedlOU  to  put  tArough  the  point  M> 
(In  Fig.  86»  and  to  bave  tbo  i>r^iM  o  for  its  tmiin, 
(8).  If  thoD  wo  niMt  an  equation  of  the  form, 

p       a  a  a 

in  wUdk  asoA,  p  s OP,  and  a  is  a  icalar,  a*  boforoi  wo  ahall  know  that  tbo  Ipon* 
^tk»  pttbU  P  ia  a  tpherie  nrfut,  witbitaemCivat  tbo  point  and  witli  tlio  Teetor 
aa  for  a  rodlmf;  and  alao  that  if  wo  detormino  a  point  o  by  tin  oqnatloa  oo^ttkt, 
thia  tph*rie  Iocim  of  p  ia  a  common  ortkogmuA  t»  atttkt  dnXm  iro,  wldoh  oan  be 
doBcribe«I,  so  as  to  pa»s  through  the  two  fixed  pointtf  A  and  <  :  locanae  «Wfy  radSsM  . 
OP  of  the  ephere  is  a  tangent,  at  the  vatiaUo  p(4nt  P,  fo  tJu  eireU  APO,  9XMiedj  aa 
on  is  to  ABC  ill  the  recent  Figure. 

(9.)  Ill  the  saino  Fig.  Htl,  {>t>,  the  sinylar  triangles  show  fhy  elementary  princi- 
ples) that  the  lenfjtU  of  iic  is  to  that  of  Au  in  the  sub-ditpiicate  ratio  of  oc  to  OA  ;  or 
in  the  eimple  ratio  of  od  to  OA ;  or  as  the  scalar  a  to  1.    If  then  we  meet,  in  any  rc- 
aearcb,  the  recent  equation  in  p  (sab>ait.  8),  we  shall  know  Chat 
length  of  (p  —  a-a)  =  a  x  length  of{f)  -  ; 

while  the  recent  interpretation  of  the  same  equation  gives  Uiis  other  relation  of  the 
same  liiad ; 

langthofpssaxUnftk  of  a. 

(10.)  At  a  sabseqoent  atage,  It  will  bo  shown  tliat  tbo  Caitmhu  of  Q»iai«niwni 
sappUes  Rmt§»  cf  JVatuformaHom,  by  which  wo  oan  pais  ftom  any  ono  lo  any  otbsr 
of  these  lait  eqnatioiis  leepectfaig  ^  leifilovf  (at  the  timo)  coMCrasfiaf  mqr  f^if^t 
or  (imwudkit^}  apposUng  to  Gtwiuirg :  bat  it  was  thooght  osefhl  to  pofait  otit, 
alina4y,  horn  mmdk  jresswlrisal  SMonni!^  la  oootainod  in  so  siMplvn /maalayastliat 
of  the  last  sub-art.  8. 

(11.)  The  product  of  two  conjugate  fuattnuMt  is  said  to  bo  their  eswaifln 
NoEMft  and  is  denoted  thus : 

9K9  =  Nj, 


•  A  student  of  ancient  gi  ()inetr\-  may  ren  gniso,  in  the  two  (  fjiintions  of  sub-art. 
9,  a  sort  of  trunelation,  into  the  language  of  rectors,  of  a  celebrated  local  theorem  of 
Ai'Oi>T-ONH"s  of  Perga,  which  has  been  preserved  through  a  citation  ma  l*  by  ids  early 
commentator,  Eutocius,  and  may  be  thus  enunciated:  Given  any  two  \H)\ia>  hers 
A  and  c)  in  a  plane,  and  any  ratio  of  inequality  (as  bsrs  that  of  1  to  o),  it  is  i)Oflsibia 
to  ooostmet  a  circle  in  the  plsne  (as  here  the  drelo  nnn'),  such  that  the  (lengths  of 
the)  two  right  lines  (as  here  ab  and  oe,  or  ap  and  op),  which  an  Inieetod  Ikon  the 
two  given  points  to  any  common  point  (as  b  or  p)  of  the  drcumforence,  shsll  bs  to 
sach  other  in  the  given  ratio.  (Aro  ^oOipretva^fUimv,  k,  r.  X,  Figell  of  Halky*a 
Edition  of  Apollonius,  Oxford,  mdccx.) 

f  This  name,  NoiiM,  and  the  corresponding  chamrferiftie,  N,  arc  here  adopted, 
as  suggesti<»u  from  the  Theorjf  of  li'umbers  ;  but,  in  the  present  work,  they  will  not 
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It  follows  tiiat        =      ;  and  that  the  nam  of  a  fualemum  U  geoecmUy  a  po$IHM 
rrarrr-  mmdy,  the  lyMf*  tfik^  qaoHmit  qftk»  lemgikt  of  tlw  tiro  liae%  gf  wUeb 
(m  Mtera)  the  qoateniioD  Uself  is  the  quotient  (112).   In  &et  ii«  lum^  I17  Mb-art 
ad  by  Ito  deftdlioii  «r «  Mnm  the  I 


j^0»    H**"*       ^^^^    0B'_0C   OB  0^_/<>dY^ 
OA         OA  ~"  OB' *  OA  "  OB  OA     OA  ~  \OA  j  ' 

a    m    a    \  length  of  a  J 


As  a  Umiij  we  ma/  aay  that  IA«  Mn»       uuU  quaUntiam  U  ur»i  or  In  igrmbola, 

(11)  Wtth  tIdtaoCatioo,  tbo  tqnoHom  ofikt  tpktrie  Imm  (iiib-tft.  8),  wUdi 
tethepoiatoftr  Ui«Bb%  and  tho  vwtar  m  ferom  oTHi  ndB,  mum  tho 


N^-i^;   or  N^=l. 


oa 


SscTioN  7. —  On  Radial  (luotunts;  atid  on  the  Square  qf  a 

QuaUmion, 

146.  It  was  early  seen  (comp.  Art.  2,  and  Fig.  4)  that  any 
tiro  rndn,  AB,  AC,  of  any  one  circle^  or  sphere^  are  ncces.^arily 
unequal  vectors  ;  because  their  directions  differ.  On  the  other 
hand,  when  we  are  attending  only  to  relative  direction  (llO), 
we  may  snppoee  that  ail  the  vectors  compared  are  not  merely 
eth-iniHal  (IS),  but  are  also  eqnaXfy  Umg:  so  that  if  their  eom- 
mon  length  be  taken  for  the  wnit^  they  are  aU  radii,  oa»  ob,  . . 
of  what  we  have  called  the  Unit-  Sphere  (\W)y  described  round 
the  origin  as  cetitre;  and  may  all  be  ^ 
ssdi]  to  he  Unit' Vector  s  (\29).  And 
then  the  quaternion,  which  is  the  \ 
quotient  of  any  one  soch  vector  divi-      ^y'\  \ 

ded  by  any  other»  or  generally  the  o-*^^— — •  »  'A 

qwoHiienlt  of  any  two  equally  long  uee-  ^ 
tors,  may  be  called  a  Radial  Quotient;  or  sometimes  sim- 
ply a  Kadial.    (Compare  the  uuiicxcd  Figure  39») 


bo  often  tsonlfld^  atfheqi^  ft  may  ooeMkmally  bo  convnieot  to  onploy  thorn.  For 
tro  iholl  Mon  intndace  the  oanoepUon,  and  the  chanctoriitle,  of  the  Tauor,  T7,  of 
n  qoalnndoD,  which  is  of  greater  geometric^  ntO^jr  than  the  iVorm,  but  of  which  it 
wtD  bo  proved  that  thii  norm  ie  aimply  the  rqnate, 

Compare  the  Note  to  snb<art.  ft. 

S 
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147.  The  two  Unit-Scalars,  namely,  Positive  and  N'ega'^ 
live  Unity,  may  be  considered  as  limiting  cases  o{ radial  quch- 
tients^  corresponding  to  the  two  extreme  values^  0  and  ir»  of  the 
an^le  aob,  orz.f(13l).  In  the  mtermediate 


TT 


Pig.  40. 


ecwtf,  when  aob  is  a  ri^ht  angle^  or  ^  ^  «  q» 

as  in  Fig.  40,  the  resulting  quotient,  or  qua- 
ternion, may  be  called  (comp.  132)  a  Right 
Radial  Quotient;  or  simply,  a  Right  Ra- 
dial. The  consideration  of  such  ri^hi  radials 
will  be  found  to  be  of  great  importance,  in  the  whole  theory 
and  practice  of  Quaternions. 

148.  The  most  important  general  property  of  the  quotients 
Isst  nienti(3ncd  is  the  following:  that  the  Square  of  ever jf  Bight 
Radial  is  equal  to  Negative  Unity ;  it  being  understood  that 
we  write  geaeralijy  as  in  algebra, 

q.q=qq  =  q'y 

and  call  this  product  of  two  equal  quaternions  the  square  of 
each  of  them.  For  if,  as  in  Fig.  4 1,  we 
describe  a  eemudrde  aba',  with  o  for  cen- 
trey  and  with  on  ^r  the  buecHng  radius, 
then  the  two  right  quotients,  ob  :  oa, 
and  oa'  :  on,  arc  equal  (comp.  117);  and 
therefore  their  common  square  is  (comp. 
107)  the  productf 


Fig.  41. 


/obY  OA'  OB  OA* 
\OA  J      OB    OA  OA 


-I; 


fig.  41,  Uf. 


where  oa  and  ob  may  represent  ajiy 
two  eqmdfy  Umg^  bmt  mutually  rect^ 
angular  lines.  More  generally,  the 
Square   of  every  R^ht  Quotient 

(132)  is  equal  to  a  Negative  Scalar;  namely,  to  thenegathoeof 

the  square  of  the  number,  which  rciire^^ciits  the  ratio  of  the 
lengths*  of  the  two  rectangular  lines  compaied ;  or  to  zero 


•  Hesoe,  by  146,  (11.),  g^^-Ny,  if  Lq^y 
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minus  the  square  of  the  tiumf^er  which  denotes  (comp.  133)  the 
Un^th  of  die  Index  of  that  Kight  Quotient:  as  appears  from 
Slg.  41 »  Us^  in  which  OB  is  onlj  an  ordinate,  and  not  (aa  be* 
fbie)  a  radkUf  of  the  aemidrde  aba'  ;  for  we  have  thoB, 

/obV    Oa'      (length  of  odV  .« 

—    - — f-^  >  if  OB  X  OA. 

VoAy    OA      \letkfthoJ  oaJ 

149.  Thus  even/  Biglit  Radial  is,  in  the  present  System, 
one  of  the  Square  Ruots  of  Negative  Unity  ;  and  may  there- 
fore be  said  to  be  one  of  the  Values  of  the  Sjfmbol  1  >  which 
celebrated  eymbal  haa  thus  a  certain  degree  of  vagueneeSf  or  at 
least  of  wd^enmnatum^  cfmeaniiuif  in  thia  theorj)  on  aoconnt 
of  which  we  shall  not  often  employ  it.  For  although  it  thns 
admits  of  a  perfectly  clear  and  geometrically  real  Interpretation^ 
as  denoting  what  has  been  above  called  a  Right  Radial  Quo^ 
tient,  yet  the  Plane  of  that  Quotient  is  arbitrary;  and  therefore 
the  symbol  itself  must  be  coniiidered  to  have  (in  the  present 
ayatem)  mdefimteiy  many  vahtet;  or  in  other  words  the  £qua» 

has  (in  the  Calculus  oi' Quaicrmous)  indejiniiely  many  Roots,* 
which  are  all  Geometrical  Reals :  besidei  any  oUur  roets,  of 
KpwreJy  symbolical  character,  which  the  same  equation  may  be 
concaved  to  possess,  and  which  may  be  called  Geometrical 
Imaginariee,^  Conversely,  if  7  be  any  real  quatemUm^  which 

•  It -win  be  mbeeqamU/  ilivwii,  thftt  if    jr,  s  U  ay  Mtm  teaian,  cfwkidk 

and  if  1,  J,  k  be  any  three  right  radialt,  in  tkree  mutually  rectangular  planesi  then 
the  expressiom, 

denotes  another  right  radial,  which  aatiafies  {as  iuch,  and  by  symbolical  laws  to  bo 
a&signed)  the  eqmation  9*  =  —  1 ;  and  U  therefore  on*  of  the  geometrically  real  value* 
0/ the  symbol  ^/—U 

f  SM  faidyfagffaf  wiU  be  finmd  to  oflbr  tbeuMlTM^  in  tbe  trettnient  bj  Om. 
tonSoms  (or  rather  bgr  what  will  be  celled  BtyuaUmioiui),  of  ide^  iHteneeiiomB,  end 
of  idlMl  eontaeti,  in  geonMtrp;  but  we  confine  our  attention,  for  the  pnwnt,-  to  pea* 
mulHoai  tools  elone.  Compere  the  Motee  to  pege  90. 


Digitized  by  Google 


132 


ELBMBNTS  OF  aUATB&MiONS.  [bOOK  II. 


satisfies  the  equation  if  ~  -  1,  it  must  he  a  right  radial;  forif^ 
M  in  Fig.  42,  we  suppose  that  A  aob  «  boc, 
¥re  shall  have 

^  /obV   oc  OB  oc 

^      SJOAJ      OU    OA  OA* 

and  this  $q%are  of  q  cannot  become  equal  to 
TMgaHoe  umt^^  except  by  oc  bdng  »  -  oa, 

or  =»  da'  in  Fig.  4 1 ;  that  is,  by  the  line  ob 
being  at  right  angles  to  the  line  oa,  and 
being  at  the  same  time  equally  long^  as  in  ^ 
Fig.  40. 


(1.)  If  tbra  we  meet  the  equation, 


where  a  =oa,  and  p  =0P,  tL&  before,  we  shall  knov^-  that  the  Iocum  of  the  point  P  U 
the  draamfirtmee  of  a  cw«f«|  with  o  for  its  centre^  and  with  a  radiut  which  has  the 
MM  In^MtlialiiMOAi  wliila  tbe  pkmt  tittht  dida  is  ptrpendindar  to  that 
glvvnlfaie.  lBOlh«woida^fh«]oedBcfpitAfr6«lcireir,  ooaqiAsr^ 

otDtreisthieaiigiai  aadfheglTcnpolDt  a,  mthesniwipherietorjimi  ItoMisf^ 
poles  of  that  drcle. 

(2.)  In  general,  the  equation  9'  =  —  a*,  where  a  is  any  (real)  $atlar,  requirea 

that  the  qiiatornion  q  (if  real)  should  be  tome  right  quotient  (132);  the  number  u 
denoting  the  hnf^ih  o/tfu  index  (133),  of  tlmt  riuht  quotient  or  quaternion  (comp. 
Art  H8,  and  Fig.  41,  bit).  But  the  plane  of  9  is  ttill  entirely  arbitrary  i  and 
therefore  the  equation 

like  the  equation  9*  =  -  1,  which  it  includes,  rnnat  ha  oonridend  to  have  (in  the 
pmOBt  system)  indefinitely  many  jfeometrieattp  rmt  roaU, 
(8.)  Huce  tha  wgu^Um, 

(ST-'' 

in  wUeh  w«  miy  anppow  that  a>0,  wgrnm  that  the  loem  «f  tha peliit  r  to  a 

(new)  circular  circumference,  with  tha  ttlM  OA  fDV  its  «r«f,*  and  with  a  rMKas  ef 
which  the  lemfitk'aax  the  length  ot  OA. 

150.  It  may  be  added  that  the  iridcx  (133),  and  the  axis  (128), 
of  a  right  radial  (147),  are  thesame;  and  that  its  reciprocal  {i34)y  its 
conjugate  ( 1 37),  and  its  opposite  (1 43),  are  all  equal  to  each  other.  Con- 
Yersely,  if  the  reciprocal  of  a  given  guaUrmon  q  beequcUtothe  opposite 

•  It  h<»ing  understood,  that  the  azU  of  a  circle  i«  a  right  line  perpendicular  to 
the  plane  of  that  circle,  and  passing  through  ib  centre. 
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of  that  quaternion,  then  q  is  a  right  raditil;  because  its  square^  q-^ 
is  then  equal  (comp.  136)  to  the  quaternion  itseli',  divided  by  iU  op- 
posite;  and  therefore  (by  143)  to  negative  im%.  But  the  conjugate 
€>f  every  radial  fpiotient  is  equal  to  the  reciprocal  of  lAol  quotieot; 
because  if;  ia  Fig.  36,  we  conowfB  thftt  the  tkm  Unea  oa,  ob,  OB'ue 
tqually  long,  or  if,  in  Fig;  39«  ft^probiig  the  orv  ba,  hjnk  tqutd  are 
Aaff  we  bttfa  tlie  equmtUm, 

„  OB'     OA  1 

*  OA    OB  g 

And  ooDTenelj,* 

if  Kq-  or  if  qKq=  1, 

then  tbe  qnAternioD  j  is  *  radiAl  qaotient. 

SsGTiON  S^Oh  ike  Vtrwr  of  a  Quaternion,  or  qfa  Vector  ; 
and  on  some  General  FormvkB  of  Transformation. 

151.  When  a  quateniioii  ^  « j3 :  a  is  thus  a  radial  quotient 
(146)»  or  when  the  UngHu  of  the  two  lines  o  and  j3  are  equals 
the  effect  of  this  quaternion    considered  as  a  Factor  (103), 

in  the  equation  qa  =/3,  is  simply  the  turning  of  the  muUipH- 
cand-liJie  a,  in  the  plane  of  g  (119),  and  toicards  the  hand  dr- 
termined  by  the  direction  oi'  tbe  positive  axis  Ax  *q  {i 29)> 
Ukros^h  ike  angle  denoted  by  z  (130) ;  so  as  to  bring  that 
line  a  (or  a  rerolYingline  which  had  coincided  therewith)  tnto 
a  new  direction :  namelyy  into  that  of  the  produet^Une  /3.  And 
with  reference  to  this  ooncmved  operation  of  turning^  we  ihall 
now  say  that  every  Radial  Quotient  is  a  VtusoR. 

152.  A  Versor  has  thus,  in  general,  a  plane,  an  axis^  and 
an  angle  ;  namely,  those  of  the  Radial  {146)  to  which  it  cor- 
responds, or  is  equal :  the  only  difference  between  them  being 
a  difference  in  the  points  of  oteiot  fiom  which  thej  are  respec- 
tiT^  regarded;  namely,  the  radial  as  the  quotienii  q^  in  the 

*  H«noe,  in  the  notation  of  norms  (145,  (ll.))i  ^        1,  then  9  is  a  radial; 

iDd  conversely,  the  norm  of  a  radial  quotient  is  always  equal  to  pntitit-f  nnittj. 

t  In  a  slightly  metaphysical  mode  of  expression  it  may  bt;  said,  that  the  radial 
quotient  is  tluj  rrs'ilt  of  an  anufyait,  wherein  two  radii  of  one  nphcre  (or  circle)  are 
compared^  na  regards  their  relative  dirt^ion  ;  and  that  the  equal  versor  is  the  inUru- 
mmS  of  a  ooirMpooding  <ynfA«m,  vrhmreinom  rmCwt  ii  conceived  to  be  generated^  by 
m  dfttiD  rvtafMN,  from  the  ofAcr.  ^ 
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ibrmula,  q-jiia;  and  the  versor  as  the  (equQi)factort  in 
the  eonoertefimnUaf  (i^q.a;  where  it  U  atill  euppoaed  that 
the  two  yectora,  a  and  ^  are  equalfy  long. 

153.  A  venor^  like  a  radial  (147)9  cannot  degenn  atc  into  a  scalar, 
except  by  its  angle  acquiriDg  one  or  other  of  the  two  limit-valuea^  O 
and  w.  In  the  first  case,  it  beoomes  potUive  unUy  ;  and  in  the  second 
case,  it  beoomes  negoHve  vnily  :  each  of  these  two  unit-scalan  (147) 
being  here  regarded  aa  %puim  (or  toep/eienty  comp  12),  which  isf^ 
raie§on  a  Hm,  to prmrve  or  to  rmmmitsdirtoHon.  In  thisTiew,  we 
may  say  that  - 1  is  an  Inv«r§or ;  and  that  wery  Bight  Venor  (or  ver- 

sor  with  an  angle  -  -  J  is  a  Semi-inversor:*  because  it  half-hwerta  the 

/me  on  which  it  operofe*,  or  tunu  U  through  half  of  two  right  angles 
(com p.  Fig.  41).  For  the'sarae  reason,  we  are  led  to  consider  eve/y 
right  versor  (like  every  right  radtal,  149,  from  which  indeed  we  have 
just  seen,  in  1.52,  that  it  differs  only  ns  factor  dillers  from  quotieni\ 
as  being  one  of  the  square-rooU  of  illative  unity :  or  as  one  of  the  va- 
lues of  Uie  symbol     -  1  • 

154.  In  fact  we  may  observe  tliat  the  effect  of  a  right  versor,  con- 
sidered as  operating  on  a  line  (in  its  own  pkne),  is  to  turn  that  tine, 
towards  a  given  hand^  through  a  right  angle.  If  then  q  be  such  a  eer- 
«or,  and  if  qa=fi^  we  shall  have  also  (comp.  Fig,  41),  qfi^^»i  so 
that,  if  a  be  any  line  in  the  plane  of  a  right  Tenor  q,  we  have  the 
equation, 

q.qa^-ai 

whence  it  ia  natural  to  write,  under  the  same  condition, 

f  =  -\, 

as  in  149-  On  the  other  hand,  no  versor^  which  i$  not  rightrangledy 
am  ho  a  value  of  ^  -^1%  or  can  satisfy  the  equation  ^as-o,  as  Fig. 
42  may  serve  to  illustrate.  For  it  is  indnded  in  the  meaning  of  this 
last  equation,  as  applied  to  the  theory  of  verson,  that  a  rotaHim 
through  2  ^  9,  or  through  the  double  of  the  angle  of  q  itself;  is  equl- 

•  TUsiPori^  **aaml*invefiBor/wfl!iiotbsollkiaaii«edi  but  thelDtroduoUoBofit 
hue,  in  psidng,  teems  adaptad  to  tbrow  light  on  Um  view  taken,  in  the  present  work, 
of  the  symbot  V  —  1,  when  regarded  as  denoting  a  certain  important  ^  l.ir^  (149)  «f 
lieah  in  Geometry.  ITierc  are  uses  of  that  symbol,  to  denote  Geomttrical  Imarfi- 
narits  (couip.  again  Art.  110,  ;in*l  the  Notes  to  p;i^^c  'JO),  coiisidoreil  as  connected 
with  ideal  inter $ection$,  and  wiiU  idttd  contacts;  but  wUh  such  uses  of  V  —  i  We 
have,  at  pteseni,  nothing  to  do. 
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^ttlcQt  to  tn  MMrnim  of  dvweUon;  And  therefore  to  a  rotAtion  through 

155.  In  general,  if  a  be  any  vector^  And  if  a  be  used  as  a 
temporary*  STmbol  for  the  number  ezpreseiDg  its  length ;  so 
tliAt  a  is  here  a  podtive  scalear^  which  bean  to  poMilwe  imt^, 
or  to  the  scalar  + 1,  the  same  ratio  as  that  which  the  length  of. 
the  line  a  bears  to  the  assnmecl  unit  of  length  (comp;  128) ; 
then  the  quotient  a  :  a  denotes  generally  (conip.  16)  a  new  vec- 
tor, which  has  the  same  direction  a?  the  projiosed  vector  a,  but 
has  its  lenf/ih  equal  to  that  assumed  unit :  eo  that  it  is  (comp. 
1 46)  Unit-  Vector  in  the  direction  of  a.  We  shall  denote  thie 
wut'vector  by  the  «yjn6o4  Ua ;  and  so  shall  irrite,  generally, 

Ua"-,   if  a»  length  of  ai 

a 

that  is»  more  fully*  if  a  be,  as  above  supposed,  the  number 
(commensniable  or  incommensurable,  bat  positive)  which  re- 
presents that  length,  with  reference  to  some  selected  standard. 

156.  Suppose  now  that  q=^xa  is  (as  at  first)  a  general 
quaUmionf  or  the  quotient  of  any  two  vectors^  a  and  /3i  whether 
equal  or  unequal  in  length.  Such  a  Quaternion  will  not  (gene* 
rally)  be  a  Versor  (or  at  least  7iot  simply  sucli)^  according  to  the 
definition  lately  given  ;  because  its  effecty  when  operating  as  a 
factor  (103)  on  a,  will  not  in  general  be  simply  to  turn  that 
Une  (151) :  l)ut  will  (generally)  alter  the  ^eii^<A,t  as  welias  the 
direction.  But  if  we  reduce  the  two  proposed  vectors,  «  and  j3» 
to  the  two  unit'Wctors  JJa  and  U/3  (155),  and  form  the  quotient 
iff  these we  shall  then  have  taken  account  of  relative  direction 
alone:  and  the  result  will  therefore  be  a  versor,  in  the  sense 
lately  defined  (151).  We  propose  to  call  the  quotient,  or  the 
versor,  thfts  obtained,  the  versor-chtiuuf,  or  briefly,  t/ie  Yer- 
80B,  qf  the  Quaternion  q ;  and  shall  find  it  coavenient  to  em- 

•  We  shall  soon  propa'w  a  general  notation  for  representing  the  tnujths  o/vrctors, 
according  to  which  the  symbol  Ta  viiW  denote  what  has  been  above  called  a  ;  but^ 
are  unwilling  to  introduce  more  than  one  new  characterutic  of  operation^  such  as  K, 
«rT,  or  U,  &C.,  tit  oiM  fMi«. 

t  ^  wlttt  wa  dun  loon  caU  call  an  ocf  ofUnnim,  whldi  wQl  lead  iu  lo  tha 
cosridantioD    tha  taMor  ola  qnalaraloa. 
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ploy  the  same*  Characteristic^  U,  to  denote  the  operation  of 
taking  the  versar  of  a  quaternion^  as  that  employed  above  to 
denote  the  operation  (155)  of  reducing  a  vector  to  the  tmU  ^ 
hngthf  without  any  change  of  its  direetim.   On  this  plan,  the 
symbol  \Jq  will  denote  the  versor  ofq;  and  the  fbregoing  de- 
finitions will  enable  us  to  establish  the  General  Formula : 


'       a  Ua 


in  which  the  two  wnii^-wetors^  Ua  and  UjB,  may  be  called,  by 

analogy,  and  for  other  reasons  which  will  afterwards  appear, 
the  versors^  of  the  vectors,  a  and  /3. 

157.  In  thus  passing  from  a  given  qnatemion,  q^  to  its  uer- 
<or,  we  have  only  changed  (in  general)  the  lengths  of  the 
two  lines  oompaxed^  namely»  by  reducing  each  to  the  assamed 
mii  of  length  (155»  156)i  without  making  any  change  in  tiieir 
direetums.  Hence  iUtk^pkme  (1 19),  the  axis  (127,  128),  and 
the  angle  (130),  of  the  quaternion,  remain  unaltered  in  this 
pii^sage ;  so  that  we  may  establish  the  two  following  general 
formuka : 

L\5q^Lqi       Ax .      »  Ax . 
More  generally  we  may  write* 

*  For  the  moment,  this  double  use  of  the  chancterifltic  U,  to  ifl^t  in  denoting 
telA  tlie  wdt'V«9tor  Ua  derived  from  a  given  line  a,  and  aUo  the  vencr  Uq  daciTtd 
from  a  qiiafrmion  7,  may  be  reganlod  a«  establirihed  here  by  arbitrary'  definition; 
but  as  permitted,  becau.«<'  tho  dij^'ercnce  of  the  st/mbnh,  as  here  a  and  9.  which  serve 
for  the  present  to  denote  vectors  and  (/uatemions,  considered  as  tho  subjects  of  these 
two  operations  U,  will  prevent  such  douitV  use  of  that  characteristic  from  pvingriae 
to  any  con/uMum.  But  we  shall  fortlxer  find  that  several  important  amaloffies  are  by 
utidpatiott  tepntmd,  w  at  l«Mt  suggested^  when  tiie  proposed  noColum  is  employed. 
Thu  it  win  be  fimnd  (coaip.  theNole  to  page  119),  tb«t  tMrfpt^aramayvmlMly 
l)e«9Mlctf  fo  lAol  r^9«o<M,  of  wUdi  tt  is  (188)  the  «wbar;  and  that  libm  tii« 
mit-vHtorVa  may  be,  on  the  same  plan,  eguaUd  io  that  right  radial  (147),  wUch 
is  Qb  the  sense  lately  defined)  the  vertor  of  that  right  qmotient.  Wo  shall  also  find 
omiclve^  led  to  regard  erery  unit-vrrtor  as  the  axis  of  a  quadrantal  (or  righf)  rotn- 
tton^  in  a  piano  perpendicular  to  that  axis;  which  will  supply  auother  iiuiticf  mrnf , 
to  speak  of  every  such  vector  as  a  t^ersor.  On  the  whole,  it  appears  that  there  will 
be  no  inconvenience,  but  rather  a  prospective  advantage,  in  oiir  already  reading  the 
symbol  Ua  as  "  versor  of  a  just  as  we  may  read  the  analogous  symbol  Uy,  as 
"••rsor  ofq," 

t  Compare  the  Ko(a  immediately  preoeding. 
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L^^Lqt  aad  Az.^«Az.^,  if  Ug'-Uj; 

the  i(f  a  qvaiermom  depending  solefy  eUf  but  oo&Tenely 
being auffideiii  to  determmtf  the  rdaiwe  iUredum  ( 156)  of  tlie 
two  ^ie$,  of  wblch  (as  vectors)  the  qufttenuon  itself  is  the  guo* 

tieiit  ( 1 1 2j ;  or  the  axis  aud  angle  of  the  rotation^  in  the  plane 
of  those  two  lines,  from  the  divisor  to  the  dividend  (128) ;  so 
that  any  two  quaternions,  which  have  equal  vcrsors,  must  also 
haye  equal  anglesy  and  eqtial  (or  coincident)  axee^  as  is  ex- 
pressed by  the  last  written  formula.  CoDTersely^  firom  this 
dependence  of  the  vertor  Uq  on  relative  direction*  ahne^  it 
follows  that  any  two  quatermons,  of  which  the  angles  and  the 
ues  are  equal,  haye  also  egwtl  vereors ;  or  in  symbols,  that 

Uy'=Uy,    if  Lq=-Lq^    and  Ax.^'bAx.^. 

For  ezamplcy  we  saw  (in  138)  that  the  emjugaU  and  the  re^ 
e^oeai  of  any  qnatemion  have  thus  their  iatglee  and  their 
axes  the  eame;  it  follows^  therefore,  that  the  versar  of  the 
conjugate  b  always  equal  to  the  vereor  of  ike  reciprocal;  so 

that  we  are  permitted  to  establish  the  following  general  for- 
mula, f 

UKtf  -  U  i. 

168.  Again,  because 

it  follows  that  the  vers  or  of  the  reciprocal  of  uny  quaternion  is, 
at  the  same  time,  the  reciprocal  of  the  versor ;  so  that  we  may 
write, 

*  TIm  imU-veetor  XJa,  whidi  wc  iMve  noenUj  pmpoaed  (156)  to  ctll  ihe  venar 
ifftk0  Meter  Of  dqMBds  in  Uka  mtUMr  m  th»  dirniten  wvfor  altmtt  whidi 
ewhaim  r^finmM,  In  taek  of  tlMw  two  omm,  to  Dosoiio*,  m$f  Mm  as  an  addi- 
tional MOfSva  ftnr  omploying,  as  we  have  lately  done,  one  common  name,  Versob, 
and  one  common  characteristic,  U,  to  assist  in  describing  or  denoting  both  the  Unii- 
f'ee/or  17 a  iltetf,  and  tlic  Quotient  of  two  aueh  Unit- I'ectort,  U7  =  U/3:Ua;  all 
danger  of  confusion  beiiif,^  bulVn  u  nt\y  f,'iiarJecl  against  (comp.  the  Note  to  Art.  JoG), 
hy  the  difference  of  ihe  tico  symbols,  a  and  q,  employed  to  denote  the  vector  and  the 
^MlcnuoM,  which  are  respectively  th«  ntbjectt  of  the  two  operatiomt  V ;  while  those 
tmo€p€raUem$  ugrte  in  this  caecMffal  pointi  that  etuh  lervas  to  dtmuMife  th*  ywa. 
iitative  drawnf,  of  abeolata  or  mlatlve  length. 

t  Comfiara  the  NoU  to  Arr.  188. 

T 
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U  -  =      ;    or    Uq .  U  -  =  1 . 
g  ^  q 

Hence>  by  the  recsent  resiill  (157),  we  have  also,  generally, 
UK;-^;  or,  Ug.UK^-L 

Abo,  because  the  verMor  Vq  is  always  a  radial  quotient  (151, 

152),  it  is  (by  160)  the  conjugate  of  its  own  reciprocal ;  and 
therefore  at  the  same  time  (comp.  145),  the  reciproral  ofits 
own  conjugate;  so  that  the  product  of  two  conjugate  versors^ 
or  what  we  have  called  (145,  (1 1*)  )  their  common  Norm,  is 
always  equal  to  positive  vmty;  or  in  symbols  (comp.  150)9 

NU^  =  U7.KU7=1. 

For  the  same  reason,  the  conjugate  of  the  versor  of  any  qua- 
ternion is  equal  to  the  rec^oeal  of  that  versor^  or  (by  what 
has  just  been  seen)  to  the  vereor  of  the  reciprocal  of  that  qua- 
ternion; and  ther^ore  also  (by  157),  to  the  venor  of  the  con- 
jugate;  80  that  we  may  write  generally,  as  a  summary  of  re- 
cent results,  the  formula : 

each  of  these  four  symbols  denoting  a  new  vereoTf  which  has 
the  sameplanej  and  the  same  angle,  as  the  old  or  piven  vereor 

U^,  but  has  an  opposite  axis^  or  an  opposite  direction  of  rota- 
tion: 80  that,  with  respect  to  that  given  Versor,  it  may  na- 
turally be  called  a  Keversor. 

159*  As  regards  the  versor  ?7>v'//',  whether  of  a  vector  or  of 
a  quaternion,  the  definition  (165)  of  Ua  gives^ 

Uxa  -  +  Ua,   or   «=  -  Uo,    according  as   «  >  or  <  0 ; 

because  (by  15)  the  scalar  coejficient  x  preserves,  in  the  first 
case)  but  reverses,  in  the  second  case,  the  direction  of  the  vec- 
tor a ;  whence  also,  by  the  definition  (156)  of  U^,  we  have 
generally  (comp.  126,  143), 

\]xq  =  +  U'y,    or    =  -  U<7,    accoidlng  as    x  >  or  <  0. 

The  versor  of  a  scalar,  regarded  as  the  limit  of  a  quaternion 
(131, 139),  is  equal  to  positive  or  negative  mufy  (comp.  147) 


Digitized  by  Google 


CHAP.  I.]  GBiriRAL  TIANBVOBMATIONS  OF  A  YSBSOE.  139 

153),  aoooidiog  as  the  scalar  itadf  is  podlive  or  negatiye ;  or 

in  sjinbols, 

Ux«+1,  or  >-l»   acoordingaa  x>  or  <0; 

the  plane  and  axis  of  eaob  of  these  two  imtif  sealar$  (147),  con- 

gidered  as  versors  (li>3),  being  (as  we  have  already  seen)  ifw/e- 
terminate.  The  versor  of  a  null  quaternion  (141)  must  be  re- 
garded as  wholly  arbitrary^  unless  wc  happen  to  know  a 
aooording  to  which  the  quaternion  tendi  to  zeroy  before  actually 
TtoMug  that  limit;  in  which  latter  case,  the  flane^  the  axis^ 
and  the  amgU  of  the  wr^orf  UO  may  aU  beoome  iUtermmedf  as 
SmiU  deduced  from  that  law.  The  versor  of  a  right  fUoHent 
(132),  or  of  a  right-angled  qimtermon  (14 1),  is  always  a  right 
radial (\41)f  or  a  right  versor  (153) ;  and  therefore  is,  as  such, 
one  of  the  square  roots  of  negative  unity  (149),  or  one  of  the 
values  of  the  symbol  V  -  1  ;  while  (by  150)  the  axis  and  the 
index  of  such  a  versor  coincide  ;  and  in  like  manner  its  recipro- 
calf  its  collate,  and  its  opposiU  are  all  equal  to  each  other. 

160.  It  is  evident  that  if  a  proposed  quaternion  q  be  already 
a  versor  (151),  in  the  sense  of  bong  a  radial  (146),  the  ope- 
ration of  tahing  its  versor  (156)  produces  no  change;  and  in 
like  manner  that,  if  a  given  vector  a  be  alreadgm  mit-^eetor^ 
it  remains  the  same  vector,  when  it  is  divided  (155)  by  its  own 
length;  that  is,  in  this  case,  by  the  number  one.  For  example, 
we  have  assumed  (128,  129),  that  the  axis  oi every  quaternion 
is  sokmU'vector ;  we  may  ^eiefore  write,  generally,  in  the  no- 
tation of  155,  the  equation, 

U(Ax.y)  =  Ax  .q. 

A  second  operaHon  U  leaves  thus  the  result  ofihejirst  opera- 
tion U  unchanged,  whether  the  subject  of  such  successive  ope- 
rations be  a  line^  or  a  quaternion;  we  have  therefore  the  two 

•  Compare  the  Note  to  Art.  131. 

t  When  the  zero  in  this  symbol,  UO,  is  ooo^Mwed  M  dMMting  a  miJI«M<or(S), 
the  symbol  itMir  ieMtm  ftmUf,  by  the  Amgoing  pitodpka,  tn  hMemhnte 
tnrff  vfxief:  dthoogh  thedirtdimcf  tUfVidt-vvetOT 
tme  deltmiiied,  as  a  MMt  rMolting  from  a  low. 
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following  general  formnls^  differing  only  in  the  ejnibola  oF 
ihat  Bulgect: 

whence,  by  ohstrnctinfj  (conip.  145)  from  the  subject  of  the 
operatioiiy  we  may  write»  bnedy  and  symbolically^ 

U«  =  UU  =  U. 

161.  Hence,  with  the  help  of  145,  168»  159,  we  euily  deduce 
the  following  (among  other)  trarafinimitiionB  of  the  versor  of  a  qua- 
iermon: 

Kq         q       ^  q         Uj    ^     '  * 

U^aU«9^  if  «>0;      s-U«g!',  if  «<0. 
We  may  alto  write,  generally, 

the  parenthuea  being  here  tmneoeasary,  because  (as  will  soon  be  more 
fully  seen)  the  symbol  X5f  denotes  whether  we 

interpret  it  as  denoting  the  squaro  of  the  versor,  or  as  the  vereor  of 
the  square,  of  q.  The  present  Calcnlus  will  be  found  to  abound  in 
Qensral  TVoMformations  of  this  sort;  which  all  (or  nearly  all),  tike 
the  foregoing,  dupend  ultimately  on  very  simple  ^eometrieat  oonoefh' 
ikmsf  but  which,  notwithstanding  (or  rather,  perhaps,  on  account 
of)  this  extreme  simplicity  of  their  origin^  are  often  useful^  as  ^matts 
of  a  new  kind  o{  Symbolical  Language  in  Geometry:  and  generally, 
as  instruments  of  expression,  in  uli  those  mathematical  or  physical 
researches  to  which  the  Calcidus  of  Quaierntoiis  can  be  applied.  It 
is,  however,  by  no  means  necessary  that  a  student  of  the  subject, 
at  the  present  stage,  sliould  make  himself  familiar  with  all  the 
recent  transformations  of  U^;  although  it  may  be  wt-ll  tliat  ho 
should  satisfy  himself  of  their  correctness,  in  doing  which  the  fol- 
lowing remarks  will  perhaps  be  found  to  assist. 

( t .)  To  i^ive  A  geoHUtrieal  illu^ration^  which  may  also  serve  as  a P^^S\  ^f  th* 

recent  ei^uatton, 

7   K<^  =  (L'9)2, 


V 
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vcmaj  VLfioy  Fig.  86,  6u;  in  which,  by  145,  (2.)i  have 


OB  OA 


'  '  OA  OB 

(2.)  As  regards  the  equation,  r(g')  =  (Uy)',  wc  have  only  to  oooOtlTe  that  tb« 
thm-  lines  oa.  ob,  oc,  of  ¥ig.  42,  are  cut  (as  in  Fig.  12,  bU)  in 
three  new  pointa,  a',  b',  c',  by  an  unU'cireU  (or  by  a  circle  with  C 
a  ladiua  equal  to  th«  onit  of  Imgth),  which  ia  daacrihed  ahoat 
ttdrcoa]iNn«4giBO«eMili%afldinUidroQBMBOikplnt;  iir 
llHniftbflN  thiM  Bum  beadted  Offiiy,  Ihethiwatir  Vm  04', 

boU,  Vot  TJfit  Uy ;  aDdw»]iAT«tfa«lnHi^bvaMtioBi  (comp.  148, 

"  u(rt-u.  ( = n  r  =    =  2=;  =  ( ™:  >  -  (o,).. 

'         \a  /        a     l  a     OA      \oa  /      *  " 

(8.)  As  regards  oMifr  recent  transformations  (101),  although 
we  hare  seen  (135)  thai  it  is  mo<  n€ce4$ar]f  to  iBveot  any  hop  or 
pwriiar  <fwM,  <o  wpttwDl  Ilia  wyrgwrf  <f •  qartefriop,  yit 
H  fa  thaaaka  of  pwf  t  aauwuhaua>  aadaaa  awwly  ttmpontrjf  Fig.4t,Mr. 


employing  tlins,  for  a  momoit,  the  letter  R  as  a  eharaetgrittie  ofreciptoeati&n,  or 
of  the  operation  of  tokwf  ikt  nelpromd,  «a  ihall  then  hava  thaiyn^'ca/  tfiuUiom§ 

(compu  116,  168) : 

baliPabamalao  (li7l6O),1]»«0$  whaaeattaadlyftllawaaMl 

U  s=  KUR  =  RKU  =1 RUK  =  KL  K  =  KRU  =  KUK 
«  UBK«  UKRb  UKUBa  UKRU  K  (UK)*  «  4c 
(4.)  The  eqaalioo 


«t  a 

flf  tfia  point  P  ia  tha  indefinite  riff  hi  line,  or  ray  (comi).  132, 
(4.))^«Uebiadim>lwioiKfiUdSirMljM  ^oa,*  tut aolin tf»  ypotttt diwa- 
if  bacanaa  It  la  a^pttraknt  to 


1 »   0'  ^  s  "  0  i    or  p  •  »/3,  <t  >  0. 


/8  " 
(5.)  Ontha  otbar  hand  tha  aqnatioo, 

U^  =  ^U§   or  L>  — 

I  (aaoqk.  IBS,  (6.))  that  lha  kaoa  of  r  la  tha  t^^ttSt*     ftom  o ;  or  that 
ftlatha*idliftatofralwifiatiwiytterwwc<o»»o;  baaaaatitflou^batnuiiigniadto 


*  In  132,  (4.),  p.  119,  OA  and  a  ought  to  have  been  on  aiul  b. 
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u|  =  -l;    or  ^^  =  »';    or  p=x/3,  «<a. 

(6.)  If  a,/3,y  deiiote(«iiiiab>mit.2)tlMtlif«eliiM8  0A,  ob»  oo  of  f%.  42  («r 
orFlg.49,Ki),Maiat(li7U9)w»liat«llM«iaatlon^  =       ,  then  tblt  «Uier 

equation,  (^ij-^? 

CX[>ressos  _/;mrra//y  that  the  locus  of  i"  13  the  $t/Mfrm  of  the  two  last  loci  ;  or  that  it  is 
the  u-Iiole  indefinite  right  iitie,  both  way»  proloaged,  throogh  the  twu  pointa  o  ands 
(curap.  144,  (2.))- 

(7.)  But  If  It  happen  that  thA  ttM  y,  or  oo^  Iko  oa.'  in  Fig;  41  (or  in  Fig.  41, 
Mt),  hM  tho  diiMlloii  iflpoMit  to  that  or  «,  or  oT  oa,  io  thM  tbo  Uit  oq«^^ 
tho  BorMflafar  Ana, 

("sy-- 

thw  U-  moit  hi  (bj  104)  a       amor;  anandpraoally,Mfiyr^Af  acraor,  with 

aplaoa  oontitadng  a,  will  be  (by  153)  a  tiIoo  Mtbfying  the  equation.  In  tUt  oua, 
tbtnlhi%  the  boat  ^tka  ptiuk  f  It  (at  In  189,  (U),  or  In  144,  (l.»thajrfbatf 
Mrai^  pgtpoadfeafar  to  fAa  iiiia  oa;  and  tha  reoeat  ogaallaa  ItttU;  tf  tnivoied 
to  1  e  ratified  hj  a  foal*  ftHtair  p,  mtgr  ho  pot  nndir  oithtr  of  thiit  two  otrilor  but 
aqviTaUatyhraio.- 

Sbction  9« — Oft  Feci0r*Arc$9  and  VeetoT»AngU$^  considered 
OM  Repreeentaimes  qf  Fereore  qfQuaiemimu;  and  en  the 
MultipUcatien  and  DieUUm  of  any  one  eueh  Verser  by 

another. 

162.  Since  every  wnif-vecftfr  oa  (129)»  drawn  from  the 
origm  o,  terminates  in  some  point  ▲  on  the  surftoe  of  what  we 
have  called  the  unU-^phere  (12S),  that  term  a  (1)  may  be 
conndered  as  a  Representative  Painty  of  whidi  the  position  on 

that  surface  determines,  and  may  be  said  to  represent,  the 
direction  of  the  line  oa  m  space ;  or  of  that  line  multiplied 
(12,  17)  by  anij  positive  scalar.  And  then  the  Quaternion 
which  is  the  quotient  (112)  of  any  two  such  uuit-vectorsy  and 
which  IB  in  one  view  a  Radial  (146),  and  in  another  view  a 
Versor  (151)»  may  be  said  to  have  the  arc  of  a  great  drele^ 
AB,  upon  the  nmt  sphere»  which  corned  the  terms  of  the  two 

*  Compaia  149,  (2.) }  alio  the  ncond  Note  to  the  same  Article ;  and  the  NoCat 
to  page  90. 
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Tectors,  for  iU  JSq/reuntaiwe  Arc.  We  may  also  call  this 
JBC  a  Vectob  Aec,  on  aoeoimt  of  ito  having  a  definite  dureO' 
Hon  (oomp.  Art.  1)»  such  as  is  indicated  (for  example)  hj  a 
ewned  arrow  in  Fig.  39  jf  iMl  as  being  thns  eonirasted  with 

its  own  opposite,  or  with  what  may  be  called  by  analogy  the 
Jtevector  Arc  ba  (comp.  again  1)  :  this  latter  arc  represent- 
ing,  on  the  present  plan,  at  once  the  reciprocal  (134),  and  the 
tm^ugaU  (137)9  of  the  former  versar;  because  it  represents 
the  ooRCsponding  Revereor  (166). 

163*  Thisim)de  offiQ9refeRla<ft0]i,ofveF8orBofqitttenuoi^ 
by  Tector  arcs,  would  obviously  be  very  imperfect,  unless 
equals  were  to  be  represented  by  equals.  We  shall  therefore 
define,  as  it  is  otherwise  natural  to  do,  that  a  vector  arc,  ab, 
upon  the  unit  sphere,  is  equal  to  every  other  vector  arc  co 
trhich  can  be  derived  from  it,  by  simply  causing  (or  conceiv- 
ing) it  to  elide'*  m  He  own  great  cireUf  toilhout  any  change  <(f 
lengthy  cr  retereol  qf  dtrecHan.  In  ftct,  the  two  isoscdes  and 
plane  triangles  aob,  cod,  which  have  the  origin  o  for  their 
common  vector,  and  rest  upon  the  chords  of  these  two  arcs  as 
bases,  are  thus  complanar,  similar,  and  similarly  turned;  80 
that  (by  117,  118)  we  may  here  write, 

OB  OD 

A  AOB  a  COD,      —  =  —  ; 

OA  DC 

the  condition  of  the  equality  of  the  quotients  (that  is,  here,  of 
the  versors),  represented  by  the  two  arcsj  being  thus  satisfied. 
We  shall  sometimes  denote  this  sort  of  equality  of  tvoo  pecior 
areef  ab  and  co,  by  the  formula, 

«AB«/^CD;  9*^0 

and  then  it  is  clear  (comp,  125,  and  the  ear-        /  / 
lier  Art.  3)  that  we  shall  also  have,  by  what      /  /'  \- 
may  be  called  invereion  and  aUemation^     //  iT 
these  two  other  formula  of  areual  equaUty^  o^r^rTT^  J  A 

Yig-  85.  (i^. 

'*BA°/^DC;  AC  =  ^  BD.  ^  ' 

(Compare  the  annexed  Figure  35,  bie.) 

•  Some  aid  to  tlic  conception  may  here  Ixj  dtrived  from  the  in«poclion  of  Fig 
34 ;  ia  whkb  two  equal  angle*  are  supposed  to  be  traced  on  thu  surface  of  one  com- 
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164.  Conversely,  unequal  versors  ought  to  be  represented 
(on  the prosentplui)  by  wuqml  veei&r  arcs;  and  accordinglT^ 
vepnrpote  to  xegard  anj  two  racA  are$t  aa  being,  for  the  pre- 
sent purpose,  unequal  (comp.  2),  even  when  they  ar^ree  in 
quantity,  or  contain  the  same  number  of  decrees,  provided  that 
they  differ  in  direction :  which  may  happen  in  either  of  two 
principal  ways,  as  follows.    For,  1st,  they  may  be  opposite 
arcs  oiane  great  drde;  aa,  for  ezample,  a  vector  aro  ab,  and 
the  oorresponding  reveetar  arc  B a  ;  and  eo  may  reprtwmt  (1 62) 
a  vertcTf  on  :  oa,  and  the  corteapoodhig  rvtwrMr,  oac  ob, 
apeotlYely.    Or,  Ilnd,  the  tioo  arcs  maj  belong  to  diftreiU 
great  circles^  like  ab  «id  Bc  in  Fig.  43 ;  in  which  latter  case, 
they  represent  two  radial  quotients 
(\  46)  171  different  planes;  or  (comp. 
119)  two  dipUmar  versors,  ob:oa9 
and  oc:  ob;  bat  it  has  been  shown 
generally  (122),  that  ci^itoiar  ^ao* 
temions  are  always  mequal:  we 
consider  therefore,  here  again  the 
arcs,  AB  and  bc,  themselves,  to  be  _ 
(as  has  been  said)  unequal  vectors, 

165.  In  this  manner,  then,  we  may  be  led  (comp.  122)  to 
regard  the  conception  of  a  plane^  or  of  the  position  of  a  great 
circle  on  the  nnitspherey  as  entering,  essenOalfyf  in  general,* 
into  the  conception  of  a  veetor^rc,  considered  as  the  representa- 
tive of  a  versor  (162).  But  even  without  expressly  referring 
to  versors,  we  may  see  that  if,  in  Fig.  43,  we  suppose  that  B 
is  the  middle  point  of  an  arc  aa'  of  a  great  drole,  so  that  in  a 
recent  notation  (163)  we  may  establish  the  arcual  equoHon^ 

r\  kB^  r\  BA', 

we  ought  then  (comp.  105)  not  to  write  also^ 

AB       BC  ; 


mon 


desk.  Or  the  four  iiiics  oa,  ob,  oo,  od,  of  Fig.  35,  may  nnw  conctivra  to 
be  equally  long;  or  to  be  eat  by  •  drcle  with  o  for  centre,  aa  in  the  modificatioa  of 
that  Figure,  which  te  glvea  In  Article  168,  a  litlle  lower  down. 

•  Wtuf,i»fftngrais  fin  it  wUI  toon  bo  teen  that  thon  is  •  mbm  fai  which  «lf 
yrtof  $mieir<le$,  couBlftered  as  Toctor  area,  nay  be  said  to  be  «fva/  to  eaeh  other. 


V 
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because  the  two  co-initial  arcs,  ha'  and  uc,  which  terminate 
differently^  must  !)e  considered  (comp.  2)  to  be,  as  vector-arcs^ 
imequaL  On  the  other  handy  if  we  ahould  refuse  to  admit  (as 
m  163)  that  any  two  eomplanar  orcffy  i£  equally  Umg^  and  «tm- 
hrly  (not  oppoi&elif)  direeiedf  like  av  and  CD  in  the  feoent 
Tig.  35,  bisy  are  e^ual  weiors,  we  ocmld  not  usefully  speak  of 
equality  between  vector-arcs  as  existing  under  any  oircura- 
stances.  We  are  then  thus  led  again  to  include,  generally,  the 
conception  of  a  plane f  or  of  one  ^reat  circle  as  distinguished 
fiom  another,  as  an  element  in  the  conception  of  a  Fectar~Arc, 
And  benoe  an  eqmUian  between  iu?o  such  ares  must  in  general 
be  eoneeiTed  to  include  two  rdaHom  of  eo^tmamty.  For 
example,  theeqn&tion  «  ab«  CD,  of  Art.  163,  includes  gene- 
rally, as  a  part  of  its  signification,  the  assertion  (conip.  123) 
that  the  four  points  a,  b,  c,  d  belong  to  one  commori  fjrent  cir- 
cle of  the  unit-sphere ;  or  that  e€Uih  of  the  two  points,  c  and  D, 
is  cthoreual  with  the  two  other  points,  a  and  B. 

166.  There  is,  however,  a  remarkable  ca.se  of  exception^  in  which 
two  vector  arcs  may  be  said  to  be  equal,  although  situated  in  diffe- 
remt planes:  namely,  when  they  are  both  ffreat  eemieirdes.  In  fact, 
upon  the  present  plan,  every  great  lemicircle,  aa',  considered  as  a 
vector  nrc,  represents  an  inversor  (153);  or  it  represents  negative 
unity  (oa'  :  oA«-  a :  a  =  -  I),  considered  as  one  Imit  of  a  vereor; 
but  we  have  seen  (159)  that  eueh  a  versor  has  in  general  an  ladififer- 
minate  plane.  Accordingly,  whereas  the  initial  and final  pointSj  or 
(comp.  I)  the  origin  A  and  the  term  b,  of  a  veotor  arc  ab,  are  m  ^ 
neral  snfficient  to  determine  the  plane  of  that  arc,  considered  as  Uie 
shortest  or  the  most  direct  path  (comp.  112,  128)  from  the  one  point 
so  the  other  on  the  sphere;  in  the  particular  ease  when  one  of  the 
two  given  points  is  diametrically  opposite  to  the  other,  as  a'  to  a, 
the  direction  of  this  path  becomes,  on  the  contrary,  ittdetenninate. 
If  tlieu  we  only  attt  iiJ  to  the  effect  j>roduced,  in  the  way  of  change 
<<j  j'osition  of  a  jmitit,  by  a  conceived  vection  {ov  iiuilioii)  vpon  the 
sphcrt^  we  are  perniitteil  tt)  say  that  all  <jrtat  semicirch's  are  equal 
vector  arcs;  each  serving  simply,  in  the  present  view,  to  transport  a 
point  from  one  position  to  the  opposite;  and  thereby  to  reverse  (like 
the  factor  -  1,  of  which  it  is  here  the  representative)  the  direction  of 
the  nsdiue  which  is  drawn  to  that  point  of  the  unit  sphere. 

V 


Digitized  by  Google 


146 


BLBMBNT8  OF  QVATBBMtOVS.  [bOOK  II 


(1.)  The  eqoAtioo, 

in  which  it  is  here  supposed  that  a  is  opposite  to  a,  and  h'  to  b,  s&tisiie^i  evidently 
the  general  ecmdSUons  of  co'UinmaiUy  (165) ;  beeanae  the  four  poinU  aba'b'  aia  all 
on  tm  gnat  oiida.  It  la  evideiit  that  the  aane  aienal  eqoatioii  admita  (aa  in  16S> 
ef  iantraidnaBdattenMliott;  aothat 

aa'asab'b,   and  nABs^AV. 

(S.)  We  may  alao  say  (couip.  2)  that  all  null  arc$  are  erjual,  a?  producing  mo 
e^ci  on  the  position  of  a  point  upon  the  ttphcre  ;  and  thus  may  write  generally, 

n  AA  =  r>  BB  =  0, 

with  the  alternate  equation,  or  identity,  r»  ab  =  r>  An. 

(3.)  Every  such  nuU  vector  arc  aa  is  a  representative,  on  the  present  plan,  of  the 
o<A«r  umt  tcalar^  namely  positive  uniltf,  considered  as  another  limit  of  a  versor  (153) ; 
and  ita  jiteM  ia  again  irndtUndmule  (16*)),  unleaa  aome  law  be  given,  aeoerding  to 
wbieh  dw  avenal  vtethm  maj  be  coneeived  to  highf  htm  n  given  point  a*  to  an  in- 
definitelj  n$ar  point  n  upon  the  aphere. 

'  167.  The  priocipal  nte  of  Vector  Ares^  in  the  present 
theory,  is  to  assist  in  representing^  and  (so  to  speak)  in 

structingy  by  means  of  a  Spherical  Triangle^  the  Multiplica- 
tion and  Division  of  any  two  Dlphnuir  I'ersorx  (conip.  119, 
164).  In  fact,  any  two  such  vcrsois  ol' (lUiitcrnions  (156), 
considered  as  radial  quotients  (152),  can  easily  be  reduced  (by 
the  general  process  of  Art.  120)  to  the  forms, 

y  = /3 : a-OB  :  OA,       9'  =  7:/3«oc:oB, 
where  a,  b,  c  are  cornerf=5  of'.^uch  a  triangle  on  the  unit  sphere; 
and  then  (by  107)>  the  former  quotient  multiplied  by  the  lat- 
ter will  give  for  product : 

f/ .  tj[  -  y  :  Oct  OA. 
If  then  (on  the  plan  of  Art.  1)  any  two  successive  arcs,  as  ab 
and  BC  in  Fig.  43,  be  called  (in  relation  to  each  other)  vector 
and  provector;  while  that  third  arc  AC,  which  is  drawn  from 
the  initial  point  of  the  first  to  the  final  point  of  the  second, 
shall  be  called  (on  the  same  plan)  the  transveetor :  we  may  now 
say  that  in  the  multiplication  of  any  one  versor  (of  a  quater- 
nion) by  any  other,  if  the  multiplicand*  q  be  represented  (102) 
by  a  vector-arc  ab,  and  if  the  multiplier    be  in  like  mauuer 

*  Heic^aain  107,  anddaawhen^  we  writo  the  qmbol  of  the  niiift^pll«r  towaida 
theH^-iland;  and  Uiat  of  the  amft^plieantf  towafda  the  r^. 
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repreeented  hy  a  proveetar-are  bc»  wliieh  mode  of  repre8entar 
tion  is  ttlways  poeeible,  by  what  has  been  ab^dy  Bhown,  tben 

the  product  y .  7,  or  yVy,  i.s  represented,  at  the  bume  time,  by 
the  tramicctur-arc  ac  corrosponding. 

1 68.  One  of  the  most  remarkable  consequences  of  this  con- 
struction  0/  the  muUipUcatim  of  versors  is  the  following :  that 
ike  wdue  of  the  product  of  two  dipUmar  vereore  (164)  depende 
t^Mm  the  order  tfthejbcton ;  or  that  q*q  and  qq  are  unequal^ 
unless  ^  be  eotnplanar  (119)  with  q.  For  let  aa'  and  cc'  be 
any  two  arcs  ot"  great  circles,  in  different  planes,  bisecting  each 
other  in  the  point  13,  as  Fig.  43  is  designed  to  suggest;  so 
that  we  have  the  two  arcual  equations  (163), 

AB  « ba',   and    «  bc  -    c'b  5 

then  one  or  other  of  the  two  following  alternatives  will  hold 
good.  Either,  Ist,  the  two  mutually  bieecting  ares  will  both 
be  MemieMest  in  which  case  the  two  new  aree^  ac  and  c  will 
indeed  both  belong  to  one  great  drde^  namely  to  that  of  which 

B  is  a  pole,  but  will  have  opposite  directions  therein ;  because, 

in  this  case,  a'  and  c  \\  ill  be  diauietricidly  o^jpusite  to  A  and  c, 
and  therefore  (by  1G6,  (1.)  )  the  equation 

bat  not  the  equation 

AC  -  OA, 

will  be  satisfied.  Or,  Ilnd,  the  arcs  a  a'  and  cc',  which  are 
supposed  to  bisect  each  other  in  b,  will  mt  both  be  semicircles, 
even  \Sone  of  them  happen  to  be  such ;  and  in  this  case,  the 
arcs  AC»  c  V  will  belong  to  two  distinct  great  dreieSf  so  that  they 
will  be  diplanars  and  therefore  unequal^  when  considered  as 
vectors.  (Compare  the  1st  and  Ilnd  cases  of  Art.  164.)  In 
each  case,  therciure,  ac  and  c  a'  are  unf-qtial  i^ector  arcs;  but  the 
former  has  been  seen  (l^iT)  to  r( present  the  product  y'y;  and 
the  latter  represents,  in  like  manner,  the  other  product,  q^^  of 
the  same  two  Tersors  taken  in  the  opposite  order ^  because  it  is 
the  new  trantcector  arc,  when  c'b  (-  bc)  is  treated  as  the  new 
vector  arc,  and  ba'  (»  ab)  as  the  new  provector  arc,  as  is  indi- 
cated by  the  curved  arrows  in  Fig.  43.   The  two  products, 
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and  qq^  are  therefore  themselves  vneqtial,  as  above  aseerted  , 
under  the  supposed  condition  of  diplanarity* 

169.  On  the  other  hand,  when  the  two  ftctorSi  q  and 
i£re  eomplanar  versors^  it  is  easy  to  prove,  in  several  differene 
"wayri,  that  their  products,  fj'q  and  qq\  wre  equals  as  inal^bna. 
Thus  wc  may  conceive  that  the  arc  cc',  in  Fig.  43,  is  nuulc  to 
turn  round  its  middle  point  B,  until  the  spherical  nni^le  cba.' 
vanishes;  and  then  the  two  new  trunsvector-arcsy  ac  anil  c'a'* 
will  evidently  become  not  only  eomplanar  bat  equaly  in  the 
sense  of  Art.  163,  as  being  stili  equally  lonff^  and  being  now 
iimUarly  direded.   Or,  in  Fig.  35,  bis^  of  the  last  cited  Arti- 
cle, we  may  conceive  a  point  a,  bisecting  the  arc  bc,  and  there- 
fore also  the  arc  ad,  which  is  conimedial  therewith  (eoini). 
Art.  2,  and  the  second  Figure  3  of  that  Article)  ;  and  then, 
if  we  represent  the  one  versor  q  by  either  of  the  two  equal 
arcs,  AK,  ED,  wc  may  at  the  same  time  represent  the  other 
yersor  q'  by  either  of  the  two  other  equal  arcs,  bc,  bb  ;  so  that 
the  one  product,  (/q,  will  be  represented  by  the  arc  ac,  and 
the  other  product,  qq\  by  the  equal  arc  bd.    Or,  without  re- 
fcreuco  to  vector  arcs,  we  may  suppose  that  the  two  factors 
'  are, 

^  =  /3 :  a  =  oB  :  OA,       ^'  •=  y  ;  a  =  oc  ;  oa, 

OA,  OB,  oc  being  any  three  eomplanar  and  equally  long  right 
lines  (see  again  Fig.  35,  bis) ;  for  thus  we  have  only  to  deter- 
mine a  fourth  line,  S  or  od,  of  the  same  length,  and  in  the  same 
plane,  which  shall  satisfy  the  e([uaiion  S  : -y  =  /3  ;  a  (1 17),  and 
therefore  also  (by  125)  the  alternate  equation,  o:j3  =  7;o; 
and  it  will  then  immediately  follow f  (by  107),  that 

We  may  therefore  infer,  for  any  two  vers&rs  ofqaateniions,  q 

and  q\  the  two  following  reciprocal  relations  : 

*  ItjeeridtatthatjinttolutptoetwefTmonfag,  iranalwotntof  ttiawp- 
pond  tigualUp  oflenf^kMcttk^tomUoM  oompand ;  to  that  tfemtght  prore,  in  ex- 
actly the  MOM  my,  tbst  q'q  ^qq'  if  f '  1 II 9  C^'Oi  v*fAo«f  uBttniqg  Uuit  tiicae  two 
amphnar  Jkehn,  or  qmaienUM§,  q  ud  q%  ate  vtnan. 
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l,..qq=^qq\     if  q\\\q{\2'6)', 

II.  ..if^'g=^^,    then    r/llly  (l(J8); 

tomoertHmliiy  ^ffiaekort  (m  regards  their  fJacu  in  the  produd) 
thus  at  ODce  a  eoiuequenee  and  tLproofof  eamphnarUy. 


170L  In  the  Ist  case  of  Art.  168,  the/aetors  q  and  q'  are  both 
ri;A<  versort  (153);  and  because  we  have  seen  that  then  their  two 
frodueta,  q'q  and  9^,  are  versors  r^prwntoiby  equally  long  bat  op* 
pofiittdj  directed  arcs  of  one  great  circle,  as  in  the  Ist  case  of  164,  it 
fellows  (comp.  162).  that  these  two  products  are  at  once  rec^^roeal 
(134),  and  ca^jtigaU  (137),  to  each  other;  or  that  they  are  related 
sa  varwor  and  ( 1 58).    We  may  therefore  write,  generally, 

I.  and   II.  ..  qq'^-^t 

if  q  and  q[  be  ai^  ^100  right  venon;  beoaose  the  multiplication  of 
any  two  mieh  Teraors,  in  two  opposite  orders,  may  always  be  repre- 
simted  or  constructed  by  a  Figure  such  as  that  lutely  numbered 
43»  in  which  the  bisecting  arcs  aa'  and  ccf  are  umieircUi.  The  llnd 
formula  may  also  be  thus  written  (comp^  136,  154): 

III,      if  5*=-l,  and  ^=-1,  then  7  7  77'=+  1; 

and  under  this  form  it  evidtmtly  a2^re<*s  with  ordinary  algebra,  be- 
cause it  ejqpresses  that,  under  die  supposed  condUions, 

hut  it  will  be  found  that  this  last  equation  is  not  on  idmiiijft  in  the 
general  theory  o£  qtuUemions, 

171.  If  the  two  bisecting  semioirelet  cross  each  other  at  right 
mglcs,  the  conjugate  products  are  represented  by  two  quadrardSy 

oppoiitdy  turned^  of  one  great  circle.    It  follows  that  if  two  right 

ver^ors,  in  two  mutually  rcctangidar  planes,  be  mrdtiplml  together  in  two 
opposite  orders,  the  two  resulting  products  will  be  two  opposite  right 
versorSf  in  a  third  plane,  rectangular  to  t/ie  two  former  ^  or  in  symbols, 
that 

if  g*s=  -  I,  £''  =  -1,  and  Ax.  q  -u  A.\. 

then 
and 

As.     J.  Ax.  q.   As.  ^q  x  Ax.  ^« 
In  ikia  cue,  therefore,  we  have  what  would  be  in  algebra  a  paradox, 
namely  the  equation. 
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if/y  and  q'  be  any  two  right  versors^  in  two  recta n<i alar  planes ;  but  we 
see  that  this  ftiduit  is  not  tnore  paradoxical,  iu  appearance,  than  the 
equation 

which  exists,  untkr  the  same  conditions.  And  when  we  oome  to  ex* 
amine  what,  in  the  last  analysis,  raaj  be  said  to  be  themMiui^  of  this 
last  equation,  we  iind  it  to  be  simply  this:  that  miy  two  quadrarUdl  or 
right  rotations,  in  planes  perpendicular  to  each  other,  cojnpound  them' 
edou  into  a  third  right  rotation,  ae  their  resultant^  in  a  plane  perpendi' 
ctdar  to  each  of  them:  and  that  this  third  or  resultant  rotation  has 
one  or  other  of  two  opposde  direetwMf  according  to  the  order  in  which 
the  two  eon^ponent  rotatione  are  taken,  so  that  one  shall  be  eueceeeive 
to  the  other. 

172.  We  propose  to  return,  in  the  next  Section,  to  the 
oonsideratioD  of  such  a  Stfstem  of  Right  Versors^  as  that  whioh 
we  have  here  briefly  touched  upon:  but  desire  at  present  to 
remark  (ciomp.  167)  that  a  epherical  tnanffleABcmsjeerreto 
eonstruetj  by  means  of  representative  ares  (162),  not  only  the 
iniiltipUcation,  but  also  the  dirision,  ofany  one  of  two  diplanar 
versors  (or  radliil  quotients)  by  the  other.  In  lact,  we  have 
only  to  conceive  (conip.  Fig.  43)  that  the  vector  arc  ab  repre- 
sents a  given  divisor,  say  or  /3  :  a,  :ni(l  that  the  transvector 
arc  AC  (167)  represents  a  given  dividend,  bupposc  or  7 :  o; 
for  then  the  praveetor  are  bc  (oomp.  again  167 )  will  represent, 
on  the  same  ])lan,  the  quotient  of  these  two  verecrsy  namely 
(f :  7,  or  7  :  /3  (10(3),  or  the  versor  lately  cidled  q  ;  since  we 
have  generally,  by  100,  107i  120,  for  quaternions,  aa  in  alge- 
bra, the  two  identities : 

I73«  It  ia  however  to  be  observed  that,  for  reasons  already  as- 
signed, we  must  not  employ,  for  diplanar  versors^  such  an  equation 
t»q*{^*:q)-gf'i  because  we  have  found  (168)  that,  for  such  ver- 
sors, the  ordinary  algehraie  identity,  ^^^i'^f  eeasee  to  he  true.  In 
ftot  by  169,  we  may  now  establish  the  two  converse  formal«: 

I.  q{it':q)^q'\     if  'I 

II.   ..  if ^(r/':y)  =  y^  then   7"  i"  7- 
Accordingly,  in  Fig.  43,  if  q,  q\  q"  be  still  represented  by  the 
arcs  AB,  BC,  AC,  the  product  ^  (j" :  g),  or  qq^,  is  not  represented  by 
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AC,  but  by  the  (liferent  arc  c'a'(168),  which  as  a  vector  arc  has  been 
seen  to  be  unequal  thereto:  aitbough  it  is  true  that  these  two  last 
area,  AC  and  c'a',  are  always  equaUy  long,  and  therefore  subtend 
tfudangUa  at  the  centre  o  of  the  unit  sphere;  bo  that  we  may  write, 
gsDerallj,  for  any  two  versors  (or  indeed  for  oity  two  ^iiatmtUofui)^* 
q  md      the  fommlai 

174.  AnoAer  mode  of  BepmeiMUm  of  Verwn,  or  rather  two 

inch  new  modes,  although  intimately  connected  with  each  other, 

may  be  briefly  noticed  here. 

1st.  We  may  consider  the  angle  aob,  at  the  centre  o  of  the  unit- 
fphere^  when  conceived  to  have  not  only  a  deiiuite  (juantUf/,  but  also 
a  dtjtermined plane  (110),  and  a  u'wi'n  direction  therein  (as  indicated 
by  one  of  the  curved  arrows  in  Fit'.  39,  or  by  the  arrow  in  Fii?.  33), 
as  V>€;ing  what  may  be  called  by  analogy  a  Vector- Angle ;  and  may 
lay  that  it  representSi  or  that  it  is  the  Representative  Angle  of,  the 
Versor  ob  :  oa,  where  OA,  OB  are  radii  of  the  unit-sphere. 

Ilnd.  Or  we  may  replace  this  reetUiiwar  angle  AOB  at  the  eeiUrtt 
by  the  equal  Spherical  Angle  AC^B,  at  what  may  be 
called  the  Foeitive  Pole  of  the  representative  are  ab; 
so  that  &k  and  c'b  are  ^^uadrante;  and  the  rotation, 
at  this  pole  (/,  from  the  first  of  these  two  quadrants 
to  the  second  (as  seen  from  a  point  outside  the 
sphere},  has  the  direetion  which  has  been  selected 
(111,  127)  for  the  poe&ive  one,  as  indicated  in  the 
annexed  Figure  44:  and  then  we  may  consider  this 
spherical  angle  as  a  new  Angular  Representative  of  the  tame  versor  j, 
or  OB  :  OA,  as  before. 

175.  Conceive  now  that  after  employing  a  first  spherical  trian- 
gle ADC,  to  construct  (as  in  1G7)  tiie  multiplication  of  any  one  given 
Terser  7,  by  any  other  given  versor  q\  we  form  a  second  or  polar 
triangle,  of  which  the  corners  a',  b',  c' shall  be  respectively  (in  the 
sense  just  stated)  t\i^  positive  poles  of  the  three  euccessive  eides,  BO, 
CA,  AB,  of  the  former  triangle;  and  that  then  we  pass  to  a  third  tri- 
angle a'b''c\  as  part  of  the  same  lune  b'b"  with  the  second,  by  tak- 
ing for  B"  the  point  diametrically  oppoeiU  to  i^;  so  that  b"  shall  be 

•  It  -will  3oo»  be  wfii  that  several  of  the  fonnulip  of  the  pro«riit  Si  ction,  rospect- 
ing  the  multiplication  and  division  of  versorM,  C'ltisiilered  as  radial  ijuotients 
require  UlLl«  or  do  muUitication,  in  the  pas<sAge  to  tho  correHpondiug  optratiunt  on 
^maiernionSf  coiuidered  as  general  quotients  of  vector*  (112). 


Digitized  by  Google 


152 


RLBMBNTS  09  aVATBRVtON*.  [bOOK  O. 


Fig.  4ft. 


the  fM^ottM  pole  of  the  are  CA,  or  the  jMsMtw  pole  of  whet  was  ktelj 
called  (167)  the  frvnMwefoi^are  ac:  also  let 
c"  be^  in  like  manner,  the  pmnt  oppodte 
to    on  the  unit  aphera  Then  we  may  not 
only  write  (oompw  129)t 

Ax.<7  =  oc',    Ax.^  =  oa',    Ax,  q'q  =  ou'\ 

but  shall  also  ha?e  the  equations, 

these  three  spherical  avglcSy  namely  the  two 
hose-angles  at  c'  and  a',  and  the  exttrtial 
vetiical  angle  at  B''',  of  the  new  or  third 
triangle  a'b"c^  will  therefore  rejn-esent^  re- 
spectively, on  the  plan  of  171,  11. ,  the  mul- 
tiplicand^ </,  the  multiplier^  q\  and  the  pro- 
duct,  q'q.    (Compare  the  annexed  Figure  45.) 

176.  Without  expressly  referring  to  the  fonner  triangle  abc, 
\s(t  can  ctmnmA  this  last  construction  of  mMpHoaition  o/venon  (176) 
with  the  general  formula  (107),  as  follows. 

Let  a  and  /9  be  now  oonceired  to  be  two  uniiMiigenia^  to  the 
sphere  at  perpendicular  respcctiyelj  to 
the  two  arcs  f^tf'  and  c/a',  and  drawn  to- 
wards the  same  sides  of  those  arcs  as  the 
points  a'  and  b'  respecdvelj;  and  let  two 
other  nnit-tangents,  equal  to  these,  and 
denoted  by  the  same  letters,  be  drawn  (as 
in  the  annexed  Figure  45,  bis)  at  the  points 
and  a',  so  as  to  be  normal  there  to  the 
same  arcs  cV  and  c'a',  and  to  fall  towards 
the  same  sides  of  them  as  before.  Let  also 
two  otlier  unit-tangents,  equal  to  each  b'/ 
other,  and  each  denoted  by  7,  be  drawn  at 
the  two  last  points  n'  and  a',  so  as  to  be  both  pcrpcndicuhtr  to  the 
arc  L'Ti",  and  to  fall  towards  the  same  side  of  it  as  the  point  c'.  Tiien 
(comp.  174,  II.)  the  two  quotient^,  :  a  and  7  :  )3,  will  be  equal  to  the 
two  vtnorst  q  and  9',  which  were  lately  rqtrmnUd  (in  Fig.  45)  by  the 

•  9raainM(faiyM<lsheniiiMntdmpl7anirM»</»jM(orimit 
drawn  aa  to  to  UmgeM  lo  tht  miA^fkan,  and  to  have  tti  or^ii,  orttSHMlfaf 
pMit<(lXaa«A«Mr/SMtortliat  tplian^  and  «oC(a8walm  MMl^npiiMBd)  at 
thr  etHtre  thereof. 


A- 
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two  hmanglei,  at  if  wad  a\  of  the  Bplieric«I  tn9ngU  aW;  the  pro- 
ditet,  f^q,  of  these  two  Tenors,  is  therefofe  (by  107)  equal  to  the  thM 
^mtHmtt  Y : eonsequentlj  it  is  rqtriamiid^  m  before,  by  the 
external  vtrtieal  angle  (/'s^Vof  the  seme  triengle,  which  is  eridentty 
tgttal  in  qmntity  to  the  angU  of  this  third  qnotieot,  end  has  the  sains 
axuet^^  and  the  some  dkrectiim  ^fr^Msion^  as  the  arrows  io  Fig.  45, 
M#»  may  assist  to  show. 

177.  In  each  of  the  two  last  Figures,  tiie  infernal  vertical  angle 
at  b"  is  thus  equal  to  the  S"}>plciiu'nt,  v  -  L  q'q^  of  the  angle  of  the 
product;  and  it  is  important  to  observe  that  the  correspoading  ro- 
tation at  the  vertex  B'\from  the  side  b"a'  to  tht  .^nU  \\"c\  or  (as  we 
may  brietly  express  it) ^rom  the  point  a'  to  the  point  c',  is  positive;  a 
result  which  is  easily  seen  to  be  a  general  one,  by  the  reasoning  of 
the  foregoing  Article.*  We  may  then  infer,  generally,  that  when 
the  multiplication  of  any  two  versors  is  constructed  by  a  spherical  trian- 
gle^ of  which  the  two  base  angles  represent  (as  in  the  two  last  Articles) 
the  factors,  while  the  external  vertical  angle  rej)  resents  the  product^ 
then  the  rotation  round  the  axis  {oBf')  of  that  product  q'q^  from  tlie 
axia  (OA^  of  the  multiplier  g',  to  the  axis  (ex/)  0/  the  multiplicand  g,  is 
positive:  whence  it  follows  that  the  rotation  round  the  axis  Ax.  ^ 
of  the  multiplier,  from  the  axis  Ax .  9  of  the  multiplioaod,  to  the 
axis  Ax.  of  the  product,  is  aUo  positive.  Or,  to  express  the 
same  thing  more  fully,  sinoe  the  only  rotaU/m  hitherto  oonsldered 
hare  beenpfans  ones  (as  in  128,  we  may  say  that  if  the  two 
latter  osMt  be  pn^fecUdon  a  plam  pvpmuUcuhr  to  the  former,  so  as 
stilt  to  hftTe  A  common  origin  o,  then  the  rotation  round  Ax.  g', 
from  the  prpjeeHon  of  Ax.  9  to  the  projection  of  Ax.  q^q,  will  be  di* 
rected  (with  our  conyentions)  towarde  the  rigfd  AmdL 

178.  We  hare  therefbre  thus  a  new  mode  of  geometricaUy 
exhibiting  the  inequality  of  the  two  producte,  qq  and  qq,  o£two 
diplanar  versors  (168),  when  takeu  aa  &ctora  in  two  different 
orders.    For  this  purpose,  let 

Az.^-opy  Ax*9'-OQ,  Ax,^qmOB,\ 

and  prolong  to  some  point  s  the  arc  PR  of  a  great  circle  on  the 
unit  sphere.    Then,  for  the  sphericiil  triangle  pqr,  by  prin- 

*  If  s  panoo  be  taiiposed  to  alMd  on  tht  tphtr*  1  b",  and  to  look  towards  tho 
are  aV,  it  would  iqipMr  to  Um  to  bsve  s  n^Af^JUuuInf  ^eHion^  which  is  the  tint 
hen  adopted  as  poaittve  (187). 

X 
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eiples  lately  established,  we  shall  haye  (comp.  175)  the  follow- 
ing values  of  the  twu  internal  base  angles  at  p  and  q,  and  of 
the  external  vertical  angle  at  u : 

EPQ-Z^;        nUmlqf;  8Ba«Z9V» 

and  the  rotation  at  q,  from  the  bide  qp  to  the  aide  qr  will  be 
right-handed.    Let  fall  an  arcual  [verpondi- 
cular,  RTf  from  the  vertex  r  on  the  base  pq, 
and  prolong  this  pa*pendicular  to  sl\  in  such 
a  manner  as  to  have 

A  RT  *>  ^  tr'  ; 

also  prolong  pa'  to  some  point  s .  We  shall 
then  have  a  new  triangle  pqr',  which  will 
be  a  sort  of  reJUxion  (comp.  138)  of  the  old 
one  with  respect  to  their  common  base  pq; 
and  this  new  triangle  will  serve  to  construct 
the  new  praduet^  qq\  For  the  rotation  at  p 
from  PQ  to  pr'  will  bo  riglit-hauded,  as  it  ought  to  be;  and 
we  shall  liave  the  equations, 

aPB'*^^;      r'qp«£^';      qrV«z.^^;      or' •  Ax. ^9'; 

so  that  the  neic  external  and  spherical  antjlc^  QR  s',  will  reprc' 
tent  the  new  vemor,  q>j\  as  the  old  au^le  srq  represented  the 
old  veriOTf  q'q^  obtained  from  a  different  order  0/ the  factore. 
And  although,  no  doubt,  these  two  angles^  at  r  and  r',  are 
always  equal  in  quantity^  so  that  we  may  establish  (comp.  1 73) 
the  yeneral  formula^ 

L  qq  =  L  qq\ 

yet  as  vector  antjles  (174),  and  therefore  as  representatives  of 
versors,  they  niu^t  be  considered  to  be  unequal:  because  they 
have  different  planes^  namely,  the  tangent  planes  to  the  sphere 
at  the  two  verHeet  R  and  r';  or  the  two  planes  respectively 
paraM  to  these*  which  are  drawn  through  the  centre  o. 

179*  Dieisian  of  Veraors  (oomp.  172)  can  be  constructed  by 
means  of  Bsprmntalive  Angles  (174X  as  well  as  by  representative  area 
(162).  Thus  to  divide  ^'  by  q,  or  rather  to  rq>resent  such  division 
geometricdlfy,  on  a  plan  entirely  similar  to  that  last  empl^ed  for 
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fnultiplicatii.  n.  we  have  only  to  determine  the  two  points  P  and 
ia  fig.  46,  by  the  two  coaditioas, 

or  »  As.  q,     ob  >  Ax.  ^^ 

and  then  to  find  a  third  point  q  by  the  two  angular  equations, 

BPQsZ.(f,  QBP«»-/,g", 

ib%  loUtion  round  p  from  pb  towards  Pal>eing  positive;  after  which 
we  eheU  have. 

Ax.       :     =  oq;       l  (q"  :  q)  =  Pt^u. 

* 

(1.)  ImfeMd  of  coBoeiTlng,  In  Fig.  46,  Chat  tbe  dotted  Una  mX*,  wlildi  coniMett 
tte  Tartkw  or  tha  two  triMiglet,  wiUi  iQ  ibr  Ur  flomom  (^^^ 
a  gnat  circle,  perpendicularly  bisected  by  that  base,  we  may  iinagiue  it  to  be  an  arc 
of  a  tmall  circh,  described  with  the  point  p  fur  its  pofitive  pole  (comp.  174,  IL}. 
And  then  we  may  say  that  the  passarr  (romp.  173)  from  the  rersor  q",  or  q'q,  to 
the  unequal  tenor  q  (q"  :  q),  or  qq',  i-<  'jt  '^metrically  perfortnfil  by  a  Conical  Rota' 
tion  of  the  Axi$  Ax.  q",  round  the  axu  Ax .  7,  Uirough  an  angle  ^  '2  £  q,  urithout 
oagr  (gMutHMivt)  change  of  the  angle  Lq' \  so  that  we  have,  ae  before,  the  general 
fimuila  (camp,  again  175), 

(S.)  Ortfwa  pnlbrloamplfqr  tfaoconatraetionormnbtpliealianaad^ 

icpicoBMfillm  aref,  which  Fig.  43  was  designed  to  inostrate,  and  conceive  that  a 
new  point  cf  is  determined  in  that  Figure  by  the  condition  a'c"  =  c'a',  we  maj 
then  say  that  in  the  passafre  from  the  versor  q'\  wl!i<  h  i-i  r*  j-resented  by  av,  to  the 
versor  q  (q"  :  7 rcjtrestnted  by  c'a'  or  by  a'c'',  tlie  reprrscnfutivc  arc  of  q"  is  made 
to  move,  without  change  of  length,  so  as  to  preserve  a  constant  inclination*  to  the 
representative  are  AB  0/ q,  while  its  initial  point  de$eribe*  the  dombU  of  that  arc  ab, 
in  passing  from  A  to  A*. 

(3.)  It  maybe  lean,  by  than  Ibw  Eacamplai^  that  if,  even  independently  of  aone 
mm €haraieUrUlie$tf€peraikm,  andk  aaK andU,  mw  eamftingftoiM  tfoU qnaMt, 
audi  aa  9  (9' :  9),  occur  in  the  pitaent  Calculus,  which  are  not  wanted  in  Algebra, 
tfiey  admit  for  the  most  part  of  geometrical  interpretations,  of  an  easy  and  interest- 
ing kind;  and  in  fact  represent  conceptions,  which  cannot  well  be  «lisi>onsed  with, 
and  which  it  is  ust-ful  to  be  able  to  exprexs,  with  so  much  simplicity  and  conciaeneae. 
(Compare  the  remarks  in  Art  161 }  and  the  aub-article«  to  132,  lib.) 

180.  In  connexion  with  the  construction  indicated  by  the 
t  A\  o  Figures  45,  it  may  be  liere  remarked,  that  it  abc  be  ajiy 
spherical  triangle^  andii  a,  b  ,  c'  be  (as  in  175)  the  positive 
poles  of  its  three  successive  sides,  bc,  ca,  ab,  then  the  rotation 
(comp.  177»  179)  rtnmd  a!  from  b'  to  c',  or  that  round  b'  from 

*  In  a  manner  unalogou^i  to  the  motion  of  the  equator  on  the  eeUptic,  by  iuui- 
aolar  precesnont  in  Mtrooomy. 
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c  tu  A  ,  vie,  U  positive.  The  easiest  way,  perhaps,  seeing 
the  truth  of  this  assertion,  is  to  conceive  that  if  the  rotation 
round  h  trom  b  to  c  be  not  already  positive^  we  make  it  sucb» 
by  passing  to  the  diametrically  opposite  triangU  on  the  sphere, 
which  will  not  change  the  poUs  a\  b',  c'.  Aasuming  then  that 
these  poles  are  thus  the  near  ones  to  the  corresponding  comers 
of  the  given  triangle,  we  arrive  wtthont  any  difficulty  at  the 
conclusion  stated  above:  which  has  been  virtually  employed 
in  our  construction  of  multiplication  (and  division)  of  versorsy 
by  means  oi Mepresentative  Angles  (175,  176) ;  and  which  may 
be  othervrise  justified  (as  before),  by  the  consideration  of  the 
uidt4ang€nU  of  Fig.  45»  Mf . 

(1.)  Let  then  a,  /3,  y  be  any  three  given  unit  vectors,  such  that  the  rotation 

round  the  first,  from  the  second  to  tlie  third,  is  posidre  (in  the  sense  of  Art.  177)j 
and  let  a\  /S**  y'  be  three  oUier  unit  vectorsi  derived  from  theee  by  the  eqaationa, 

a'»Ax.(Ys/3),      /9'«Az.(a:yX  y»Ax.OS:«); 
then  Um  rotatbn  round  a%  from  jS'to  /,  nill  be  podtivo  alto;  and  na  iball  1ia?a 
the  oonTene  fonnnln, 

(2.)  If  the  rotation  round  a  from  fitio  y  were  git«n  to  be  neffative^  a,  /S*,  y' 
being  etfll  dednced  from  tboae  three  recton  by  the  aama  three  aqnationa  aa  befora, 
than  tlia  <i|pfit  of  a,  fi,  y  would  all  laqoira  to  be  ekmiped,  in  the  tlirea  laif  (or  reef- 
jMioed)  formoUe;  but  tlia  rotatinn  roond  a',  from  /S*  to  y\  wcnid  tUtt  ba potitiv9. 

(8.)  Before  closing  this  Section,  it  may  be  briefly  noticed,  that  it  is  sometiroet 

convenient,  from  raotivea  of  analogy  (comp.  Art.  6),  to  speak  of  the  Tramvccior- 
Arc  (167),  which  has  laeen  seen  to  represent  a  product  of  two  vcrsor'.  as  being  the 
Arcual  Sum  of  the  two  sttcceative  vector-arcs,  ■which  repn?sont  (ou  the  same  plan) 
X\\e  factort ;  Vrovector  being  still  said  to  bo  added  to  Vector :  but  the  Order  of  !*iich 
Addition  of  Diplanar  Arc*  being  nut  now  tWi/^r«i<  (168),  as  the  corresponding 
arArfaad  been  early  found  (in  7)  to  be,  whan  tha  aecfari  lo  ba  added  ware 

MMf. 

(i.)  Ufa  dttj  alao  speak  occariopally,  bj  an  axtemloB  of  tha  aama  analogy,  of 
tiba  £rffniiil  FtrlUal  AmgtM9X%  apharieal  trianglob  aa  being  tlia  Spbvrmul  Sou  of 
th*  two  Boat  Angles  of  that  triangle^  taken  in  a  suitable  order  oftttmmation  (comp. 
Fig.  46);  the  Angle  which  represents  (174)  the  Multiplier  being  then  said  to  ba 

added  (ns  a  sort  of  Anpular  Protector)  to  that  other  Vector- Angle  which  represents 
the  Multiplicand ;  whilst  what  is  here  call'  d  the  sftm  of  these  two  angles  (and  if, 
with  respect  to  ihem,  a  species  of  Trmtuvector- Angle)  repreeenta,  aa  has  been  proved, 
the  Product. 

(5.)  This  conception  of  angular  trauMvection  becomes  perhaps  a  little  more  clear, 
wImo  (on  tlM  plan  of  174, 1.)  wa  aemma  tha  coilre  o  aa  tlw  aoaiflioa  Mrtfav  of  three 
anglaa  Aoa,  noo,  aoc^  ritnated  genataUy  in  <Ar«f  d^gkmnt  piam$§.  For  than  wa  may 
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concfire  a  rtrolring  radius  to  be  either  carried  by  two  iuccettire  angular  motions, 
from  OA  to  OB,  and  thence  to  oc :  or  to  bu  tnuuported  immediately,  by  ojm  such 
motion^  from  the  Jirst  to  the  third  position. 

(6.)  finny,  as  rogarda  the  eonstractfaniiidiattad  by  dg.  45,  bis,  in  whidi 

A'W,  in  that  Flgan^  mgr  ba  mi0  pmm  ytofaalfrionpfa,  Ibr  wfakh  tha  fotatkn 
>oaiidB''ftiQmA'tiocrii|MaiffM(t77);  and  that  then,  if  the  two  fucton^  f  and  9', 
be  dtfined  to  be  the  faoo  aMrvon^  of  iHUdi  tba  litfania/  angles  at  c'  and  a'  are  (in  the 
•ense  of  174,  II.)  the  representatires,  the  reasonings  of  Art.  17G  will  prove,  without 
neceasarily  referring,  even  in  thought,  to  any  other  trLuiizlc  (^uch  arc),  that  the 
€xtemal  angU  at  b"  i«  (la  the  same  seoM)  the  representative  of  the  producty  q'q,  a« 
before. 

Section  10.*— a  Syttem  of  Three  Right  Ver$cr$t  in  Three 
Rectangular  Pkmees  and  on  the  Law»  of  the  Symbols^ 

181.  Suppose  that  oi,  oj,  ok  are  any  three  given  and  co- 
initial  bat  rectangular  anit-lines,  the  rotation  round  the  first       " .  ^ 
from  the  second  to  the  third  bdng  positive;  and  let  oi'»  o/, 
ok'  be  the  three  unit-veotors  respectively  opposite  to  these*  so 

that  f 
Ol'e-OI,       0^1.- oj,  ok'«-ok. 

Let  the  three  new  symbols  i,^',  A  denote  a  ^y^/cwi  (comp.  172 
of  three  right  versors,  in  three  mutmllg  rectangular  planee^  J 
with  the  three  given  lines  for  their  respective  axes;  so  that 

Az. t "  oif   At. J- ojf   Ax .ib ok^ 
and 

i»ok:oj9      01:0X9  Aeoj:oi, 

as  Figure  47  may  serve  to  illustrate. 

We  shall  then  have  these  other  expres- 
sions for  the  same  three  versors  : 

fa  0/ :  OK  -  ok':  0/  «  oj  :  ok'; 

ok':  01  -  of  :  ok'»  ox:  ot ;  ^^^^47, 
A  •  01' :  OJ  -  oy :  01'  «  01 :  oj' ; 

while  the  three  respectively  opposite  versors  may  be  thus  ex- 
pressed: 

-  t  =  OJ  :  OK  =  ok'  :  oj  =  oj'  :  ok'  -  ok  :  oj'  ; 
-j-  OK  :  01  =  01'  :  OK  =  ok'  :  01'  =  01  :  ok'; 

-  A  »  01  :  OJ  »  oj'  :  01  ■  01'  :  oj'  »  oj  :  01'. 


I 
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And  from  the  oompaiuon  of  these  difierent  ezpranone  eeve- 
ral  important  symbolical  consequences  Ibllow,  which  it  will  be 
worth  while  to  enuuciate  separately  here,  although  some  of 
tliem  are  virtually  included  in  the  results  of  iormer  tSectioDS. 
182.  In  the  Jirst  place,  since 

t>-i(oy:oK).(oK:oj)«oj':  qj»  dCy 

we  deduce  (comp.  148)  the  following  equal  values  for  the 

st^uares  of  the  new  symbols: 

I.  ..t^  =  -l;      /--I;  = 

as  might  indeed  have  been  at  once  inferred  (164),  from  the 
ciroamstanoe  that  the  three  radial  quotients(l46),denoted  here 
by  f,  J,     are  all  ri^ht  vertars  (181). 

In  the  second  place,  since 

y=  (oj:ok')  .(ok':oi)  =  oj  :  oi,  &c., 

we  have  the  following  values  for  the  product*  of  the  same  three 
symbols,  or  versors,  when  taken  ttoo  by  two^  and  in  a  certain 
order  of  tuceeawn  (corap.  1G8,  171): 

II.  . .  y  a  A ;      jk  - 1 ;  ki 

But  in  the  third  place  (comp.  again  171),  since 

^' .  t «  (01 :  OK) .  (oK :  oj)  =  oi :  oj,  &c., 

we  have  these  other  and  contrasted  formulte,  for  the  binari/ 
products  of  the  same  three  right  versors,  when  taken  a^  f  ac- 
tors with  an  opposite  order  : 

III.  ..yt'a-A;  ik^-j. 

Hence,  while  the  square  of  each  of  the  three  right  versors^  de- 
noted by  these  three  neio  symbols,  ijk,  iw  equal  (lo4)  to  nega- 
tive unity,  the  product  of  any  two  of  them  is 
equal  either  to  the  third  itself  or  to  the  oppo' 
sUe(\7\)  of  that  third  versor,  according  as 
the  mtdtipHer  precedes  ot  follows  the  multqUi^ 
eand,  in  the  cyclical  succession^ 

•      «      *  •  • 

*»       ^1     '»  7>  •  •  •  Fig.  47,  hu, 

which  the  annexed  Figure  47»  his^  may  give  some  help  towards 

remembering. 
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(1.)  To  connect  sach  nialtipIic«ttonfl  oti^jfi  wUh  the  theory  of  repreMntAtire 
arcs  (lfI2).  and  of  representative  angle«  (174),  we  may  regard  any  one  of  the  four 
ijrujdranta!  area,  JK,  K.i',  .j'k'.  k'j,  in  Fijr.  17,  OF  any  one  of  th<'  four  xphcricai  right 
anpIrB,  JIK.  Klj',  j'ik',  k'ij,  which  those  arcs  subtend  at  their  common  p<>le  l,  ta  re- 
presenting the  versor  i ;  and  nmilarly  for^'  and  A,  with  the  introduction  of  the  point 
I*  opposite  to  I,  wbidi  ia  to  be  contdrtd  ••  bifaig  at  tha  ba^  oftba  Ffgnva. 

(S.)  TteagtwrMf  af^  or  thaaqoatioo^'ai-l,  eonaa  thna  to  bo  (ooniotileally 
iiiwatfiaifwf  bj  tbo  denAUng  (oomp.  Afla.  148, 164,  and  Ilgi.  41,  42)  ofan  orv,  or  of 
an  mmyle.  Thus,  we  BM^  conceive  the  quadrant  to  bo  mditd  to  tbo  ogwif  aro  Jl, 
thair  •Qin  being  thegrt^  §emicircle  jj',  which  (by  166)  repre$ents  an  tiirfr#or  (168), 
or  negative  unity  consideretl  as  a  farti  r.  Or  we  may  ndrl  the  rirjht  angle  kij'  to  the 
equal  angle  JIK,  and  so  obtain  a  mtniinn  through  two  right  aii^'los  at  the  puh  i,  or 
&t  the  centre  o;  wliich  rotatiun  id  etiuivalent  (comp.  154,  174j  to  an  invertiun  of 
direction^  or  to  a  passage  from  the  radius  OJ,  to  the  opposite  radius  oj'. 

(3.)  Tbo  mxdHpUeation  oij  by  t,  or  tbo  equation  y  =  may  in  Uko  maimer 
be  arciMi%  coM<nicCed^  bj  tbo  mMiMm  of  k'j,  aa  a  jmwMtOr-ore  (167),  to  ix'  at 
•  rarfor-oro  (162),  giring  u,  wbkb  la  a  rtprumMim  of  ^,  aa  tbo  froaaocefor-an^ 
m  umaiir  mm  (180,  (3.))-  Or  the  same  multiplication  may  >>e  angularly  00O» 
atraetod,  Witb  tbo  help  of  tlie  spherical  triangle  UK  ;  in  wliich  the  base- angles  at  I 
and  J  reprewnt  resi»*'ctiv^!y  the  m>i/ti/>lirr,  »,  mid  tlif  mnltipHmnfl,  i\  tlio  rotation 
roun'l  I  from  J  to  K  L«>iii.;  posiiin  while  iheir  sph' rival  sum  {IHO,  (4.)),  or  the  ex- 
ternal reriical  tutffie  at  K  (comp.  176,  17G),  represents  the  same  product^  k,  as 
before. 

(4.)  Hm  €oni^att«d  maltipUoatioo  of  i  by >,  or  of^  lalo*  t,  may  in  liko  nuumar 
be  eomatruettd,  or  geoonotriealiy  raprcMnted,  eitber  by  tbo  addition  of  the  are  xi,  aa 
A  mem  pr^teetor^  to  the  are  jk  aa  a  new  reelor,  trliich  noir  praoeaa  girea  jx  (inalead 
of  ti)  as  tbe  new  tramaveeter  ;  or  with  the  lid  of  tbo  um  trimnpU  UK'  (eonp.  Flgn 

46,  47),  in  which  the  rotation  round  i  from  J  to  the  new  vertex  k'  is  negative,  to 
that  ?!!'^  ni'^'l"  at  i  n-preaentfl  now  the  multiplicand,  and  the  resulting  angle  at  the 
new  pole  &'  represents  the  new  and  oppotiie  product,  ji  =  -  A. 

183.  Since  we  have  tlni»  ji^-  (/  (j^s  we  had  qq-  -qq  in 
171),  wc  :^ee  that  the  laws  of  combinathm  o  f  the  new  symbols^ 
i^jf  kf  are  ?iot  in  aU  respects  the  same  as  the  corrct^jtonding 
laws  in  algebra;  since  the  Commutative  Property/  o/Multipli" 
cation,  or  the  eonoeriUtUiiy  (169)  of  the  places  of  the^ci^r« 
without  change  of  value  of  the  product^  does  itof  here  hold 
good:  which  arises  (168)  from  the  circumstance}  that  the 
factors  to  be  combined  are  here  dt'planar  versors  (181).  It  is 
therefore  important  to  observe,  that  there  w  a  respect  in  which 

•  Jl  nniltiplioand  ia  tald  tobo  ndtlplled  iy  tho  nmltiplier ;  whU^  on  tbo  other 
band,  amoItfpEeriaaaidtobomiiltipUedsafothenialtipllcand!  a  sKslmcte  of  tUa 
aoft  betwoen  tho  tigpfaidon  being  neemaiy,  ea  wo  hnvo  teen,  ibr  fnotemjant, 
alfben^  it  ia  not  needed  ftr  aigebvn. 
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the  laws  of  i,  j,  k  agree  with  usual  and  algebraic  laws :  namely^ 
in  the  A$iociative  Fraperfy  of  MuliipHcatum  ;  or  io  the  pro- 
perty that  the  new  aymbolB  always  ob^  the  auociatnefir^ 
mtda  (comp.  9), 

whichever  of  them  may  be  substituted  for  (,  for  k,  and  for  X  ; 
in  virtue  of  which  equality  of  values  we  may  omit  the  point,  in 
Any  such  symbol  of  a  ternary  product  (whether  of  equal  or  ot* 
unequal  factors),  and  write  it  amply  as  ask.   In  particular 
we  have  thus, 

i.jk-i,i  =  i'  =  -  1  ;       ij  .k  =  k.k^^k*  =  -  1  ; 

or  briefly, 

yA^-l. 

We  may,  therefore,  by  182,  establish  tiie  foUomng  important 
Formula: 

t''-/«**-t>-*--l  ;  (A) 

to  which  we  shall  occasionally  refer,  as  to  "  Formula  A,"  and 
which  we  shall  find  to  contain  (virtually)  all  the  laws  of  the 
symbols  ijk,  and  therefore  to  be  a  sufficient  symbolical  basis 
for  the  whole  Calculus  of  Qmtermons  :^  because  it  will  be 
shown  that  every  quatemum  can  be  reduced  io  Me  QtiadircBo- 
mial  JFhrm^ 

g'^w  +  ix+Jy^  kz, 

where  x,  y,  z  compose  a  system  of  four  scalars,  vvhile  i,^*,  k 
*    are  the  same  Uiree  right  versors  as  above. 

(1.)  A  direct  proof  of  the  eqoatioD,  =  -  1,  may  be  derived  from  tht  definitions 
ttf  tiM  ^bob  in  Art  18t  In  fact,  m  hmw  only  to  wmmaber  fhat  Umm  daflBi* 
tiont  wen  teen  to  giv«i 


*  This  foimnU  (A)  ynm  aoeocdiiigly  made  the  M«  of  that  Caleohia  In  the  Snt 
commnnicalioa  on  tho  anbjecti  by  the  preeent  wrltor,  to  the  Hoyal  Irish  Aeadomy  in 
1848  ;  and  the  letters,  t,^,  A,  continued  to  b^  for  some  time,  the  amijf  jteeuliar  iym* 

boh  of  the  calculus  in  question.  But  it  was  gfrndually  found  to  be  uaeAil  to  incor< 
pofate  with  these  a  few  othrr  notations  (such  as  K  and  U,  &c.),  for  representing 
Operati(m$  on  Quatrmions.  It  was  nlso  tliniisjlit  in  Ik?  in'itructive  to  establish  the 
princip/c*  of  tliat  Cakuliis,  on  a  niotf  geometrical  {or  loss  exclusively  symbolical) 
foundation  tlian  at  lirst ;  which  was  accordingly  afterwards  doue,  in  the  volume  en- 
titled :  Lecture*  on  Quatenuoiu  (Puhlla,  1853) ;  and  is  agtun  attempted  in  the  pre- 
MBi  wolfc,  although  with  Diaujr  diibranoea  in  tho  adopted  plan,  of  exposition,  and  in 
the  opfHeviUifM  broagbt  forward,  or  soppresaed. 
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•  =  Oj';OB,      ^*«0«:0l',        A  =  oi' :  OJ  ; 
iD'J  to  observe  that,  by  the  general  fonnola  of  mulciptioMloo  (107)|  wkmttvtr /bm 
limes  nuj  be  denoted  by  a,  /3,  y,     we  have  always, 

«r  hntAj,  at  in  algabn, 

y  l3  a  a 

the  point  being  thus  omitted  without  danger  of  C'^nriuion  :  M  tlkit 

•/A  =  o,i' :  ai  =  —  1.  as  before. 
Similarly,  we  have  these  two  other  ternary  products  : 

jki=  (ok.'  :  ot)  (ot :  oj  )  (0^  :  ok)  =  ok  :  ok  =  -  1  ; 
*i;  =  (oi' :  Oj)  ^oj  :  ok.')  (ok.'  :  01)  =  01  ;  01  =  -  1 . 
(2.)  On  the  other  band, 

A/«»(<m:oi)(oi:ok)(ok;oj)sOJ  :(Ms-t.  l; 
and  in  like  manner, 

ii^^^l,  Mid 

(S.)  Ike  equatioM  io  18S  givealfo  IImm  olhor  lanary  products,  in  vUcii  th» 
l»w  oC  mmofimtim  ^ftulor»  toum  obqfri ; 

l.ifo<.-l— <-4r-^./,         fir— <; 
with  othertdadmibiafawn  tbew,  by  aw  tftUtai ptrmutuH§m    tha  hUan^  an  tto 
ptu  OiMtntad  bj  Wtg,  47, 

(4.)  In  general,  if  the  A$ioeiativ€  Law  of  Combination  exist  for  Mff  three 
tymbdt  whatever  of  a  given  class,  and  for  a  ytrr^i  mode  of  combination,  as  for  addi- 
tion of  line*  in  Art.  9,  or  for  mulliplicatinn  ofijk  in  tlie  present  Article,  the  tnmt  law 
exists  for  any  four  (or  more)  symbols  of  the  staiuc  cLa^  uiid  combinations  of  ttie  same 
kind.  For  example,  if  each  of  the  four  letters  i,  c,  X,  fi  denote  some  one  of  the  three 
sy  mbola  i,  j,  k  (but  HOC  mmmuflj  the  MM  one),  we  bnf«  Iht  fermula, 

I. kX|I«i .c.X/is  ic.  Xfi  =  ic.  X.  /i  =  ir\.  ft  =  tcX/i. 

(6.)  Uence,  any  multiple  (or  complex)  product  of  the  symbols  (/A,  in  any  manner 
rqwarfid;  bat  Ukm  in  mm  gifw  atder,  may  b«  Intorpreted,  with  ona  ddbdta  result, 
hfaitg  mads  ^9S$o€htlmttWti  rmhuHo»  to  partial  faeton^  wbidicnbeperfbnned 
wUimt  nwiwiiftiirtOT,  or  oAoiiyr  o/plaet  of  the  gtvoi  ftetom  For  tiunple^  tbo 
Ornbol  tfM^  Biqr  bo  inttcpiolod  in  dthor  of  tha  too  fbllo^^ 

if  .1*.  .    .  I- ti»- 1 ;     ^il.      .  1 .  t  —  1. 

184.  The  formula  (a)  of  183  includes  obviously  the  three  equa- 
tions (1.)  of  182.  To  show  that  it  includes  also  the  six  other 
equAtioDSy  (IL),  (1II.)>  of  the  last  cited  Article,  we  may  observe  that 
it  gireSy  with  the  help  of  the  associative  principle  of  multiplication 
(which  may  be  suggested  to  the  memory  by  the  ebsenoeof  the  potnl 
in  the  symbol 
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ij      ij .kk  =  -  ijk .  ^*  =  +  it;    Jk  =  -i,  ijk  =  + 1 ; 
ji  =  J  .Jk  =fk  =  -  * ;  ik  =  i.ij=i*J  =  -j ; 

^  =  V  •>  =  V*  =  - »;  k^j^-ji*  =  +>. 

And  then  it  is  wbj  to  proTe,  wAAtwf  oi^  r^krmee  to  ffeanutry,  if  the 
foNgoing  ktw»  ofihe  symbols  be  admitted,  thtt  we  htTC  •!«), 

J/,  I  =  kij  =  -  1 ,       Z;;V        =  ikj  =  +  1 , 

as  otherwise  and  goomotrieoUy  shown  in  recent  sub-articles.  It  may- 
be added  that  the  mere  in^MCtion  of  the  formula  (a)  is  sufficient  to 
show  that  the  three*  square  roots  of  nsgalivs  unUtf,  denoted  in  it  by 
itjfkf  eamot  be  subjea  to  all  the  ordinary  ruUs  of  algebra:  because 
that  formula  givee,  at  sight, 

the  nan- commutative  character  {\ S3) ,  of  the  multiplication  ofsuchroota 
among  themseWes,  being  thus  put  in  evidence. 

Sectios  1 1 — On  the  Tensor  of  a  Vector,  or  of  a  Quaternion  ; 
and  on  the  Product  or  Quotient  qf  any  two  Qjuatemions* 

185.  Having  now  eufficiently  aTuled  oimelyet,  in  the  two 

last  SectioiL^,  of  the  conceptions  (t'llluded  to,  so  early  as  in  the 
First  Article  of  tliesc  Elements)  of  a  vector-arc  (162),  and  of 
a  vector-angle  (174),  in  illustration^  of  the  laws  oi  multiplica'- 
Han  and  dkuwn  of  versors  of  quaternions ;  we  propose  to  re^ 
turn  to  that  use  of  the  word^  Vbctor,  with  which  alone  the 
Slrst  Book»  and  the  first  eight  Sections  of  this  Fint  Chapter 
of  the  Second  Book,  have  been  concerned :  and  shall  therefore 
henceforth  mean  again,  exclusive  1 1/,  by  that  word  **  vector,"  a 
Directed  Right  Line  (as  in  I).  And  because  we  have  already 
considered  and  expressed  the  Uirection  of  any  such  line,  by 

•  It  is  evident  that  -  i,  ~j,  -  k  aro  also,  on  tho  same  principles,  valaw  of  tho 
symbol  V  —  1;  because  they  also  are  right  versors  (153);  or  because  (-  9)' =9'. 
More  gentrally  (comp.  a  Note  to  page  131),  if  jr,  y,  2  bt  any  <Ar««  $calar$  which  m- 
tii^tiMCOiiditioa«*-f-^ -!-«*»  It  it  will  be  prored,  at  a  lalw  aCage,  that 

(ix-fjy  +  Az)»=-l. 

f  One  of  the  chief  w^s  of  such  vectors,  in  connexion  with  tho*:i  law?,  lias  been 
to  Illustrate  tlie  non-com<nntative  property  (1C8)  of  mulliplicatiun  of  versor.i,  by  ex- 
hibiting a  corresponding  property  of  what  has  b«en  called,  by  analogy  to  the  earliur 
epMtioa  of  tiM  erne  kind  en  Iter  vtsfeon  (5),  the  mMMom  U  4M9  toA  mHphs  mt 
a  ijpAtr*.  Compare  ISO,  (3.%  (4). 
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introducing  the  conceptioa  and  notation  (155)  of  the  C/nt^ 
Vector,  Ua,  which  has  the  same  direction  with  the  lioeo,  and 
which  we  ha^e  piopoaed  (156)  to  eall  iA«  Ftrior  qftkat  Vee^ 
ior^  a;  we  now  propoee  to  eoneider  and  express  the  Length  of 
the  aame  tioe  a,  by  iotrodcunngthefitfir  name TmsoR,  and  the 
new  symbol,*  Ta;  which  latter  t?yiubol  we  shall  read,  as  the 
Tensor  of  the  Vector  a :  and  ahuU  define  it  to  be,  or  to  denote, 
the  Number  (comp.  again  155)  which  represents  the  Length  of 
thai  line  by  expressing  the  Ratio  which  that  length  bean 
to  some  assamed  standard,  or  Unit  ( 1 28). 

186.  To  connect  more  doselj  these  two  oonceptionsi  of 
the  vertor  and  the  temar  of  a  vector^  we  may  remember  that 
when  we  employed  (in  156)  the  letter  a  as  a  temporary  sym- 
bol for  the  miinber  which  thus  expre.-sca  tlic  length  of  the  line 
ay  we  had  the  equation,  Ua  =  a :  «,  ua  une  form  of  the  defini- 
tion of  the  unit-vector  denoted  by  Ua.  We  might  therefore 
have  written  also  these  two  oth^forms  of  equation  (comp.  15, 
16), 

to  express  the  dependence  of  the  neetor^  a,  and  of  the  joo/ar, 

a,  on  each  other,  and  on  what  has  been  called  (156)  the  venor, 
Ua.  For  example,  with  the  construction  of  Fig.  42,  bis  (comp. 
161,  (2.)  ),  we  may  write  the  three  equations, 

a»OA:oA',      5*ob:ob',  e»oc:oc', 

if  a,  5,  e  be  thns  the  three  p&eitwe  $ealar$f  which  denote  the 
lengths  of  the  three  lines,  o  a,  ob,  oc  ;  and  these  three  scalars 

may  then  be  considered  as  factors,  or  as  coefficients  (12),  by 
which  the  tJtrec  unit-vectors  Ua,  U/3,  Uy,  or  oa',  ob',  oc'  (in 
the  cited  Figure),  are  to  be  respectively  multiplied  (15),  in 
order  to  change  them  into  the  three  other  vectors  a,  y,  or 
OA,  OB,  oc,  by  altering  their  lengths^  without  any  change  in 
thdr  direetians.  But  such  an  exclusive  Operaiionf  on  the 
Length  (or  on  the  externum)  of  aline»  may  be  said  tobean^ef 
of  Tension  ;t  as  an  operation  on  direethn  alone  may  be  called 
(comp.  151)  an  act  of  version.    We  have  theu  thus  a  motive 

*  CompMe  Um  Note  to  Aft  165. 

t  GampAn  the  Note  to  Art.  16S,  la  page  185. 
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for  the  intcoduction  of  the  iiobm,  Temor;  as  applied  to  the 
potUme  number  which  (as  aboTe)  represents  the  letiffih  of  a 

line.  And  when  the  notation  Ta  (instead  of  a)  is  employed 
for  such  a  tensor ^  we  sec  tliat  we  may  write  generally, /6>r  any 
vector  o»  the  equations  (compare  again  15, 16) : 

na-a:Ta;      Ta-atUa;      a«Ta .  Ua-Ua.Ta. 

For  example,  if  a  be  an  unit-Tector,  so  that  Uaea  (160% 

then  Td  =  1 ;  and  therefore,  generally,  wkatever  vector  m&j 

be  Ueuoted  by  a,  we  have  always, 

'  TUa-1. 

For  the  same  reason,  whatever  quaternion  may  be  denoted  by 
jr,  we  have  always  (comp.  again  160)  the  equation, 

T(Ax.y)  =  1. 

(1.)  H«ii€6  Um  «qa«tion 
where  p  =  op,  expmm  that  the  ionu  of  the  v«ri«bl«  point  p  is  the  MffiMe  of  tho 

muit  tphere  (12«). 

(2.)  Th(>  equation  1  (>  -  Ta  expresses  that  the  locus  of  i*  i«  the  spheric  •urfaoe 
will)  o  fur  centre,  whidi  passes  through  the  point  a. 

(3.)  Oa  the  other  hand,  for  the  sphere  through  o,  whidi  has  its  emfrt  at  A,  wt 
havvtlieequaUoo,  dp      0?  -  O  A 

whlob«spffMMthattfaeleDgtfaaof  the  twoliaea,  at,  ao,  are  equal.  .  . 
(4.)  Hon  gMMiallf ,  the  aqutios, 

T TO- a).     l(jf\  -  J^K; 

ezprenes  that  the  iucus  of  v  is  the  spheric  surface  through  b,  which  has  its  ccutre 
aft  A. 

(&)  The  aqoatioa  of  the  ApoiUmlaD*  Loeoi^  146,  (8.),  (9.)*       ^  written 
luidereitharofthetwofbDoiriagflofiiia:  ,     -  jt  eiz-^^i 

TO»-a««)=«T(p-.«);      Tp»aTa;  '      a  '^^'V- 

from  each  of  which  we  shall  find  ourselves  able  to  pass  to  tho  other,  at  a  later  stage, 
bjr  general  Rules  of  Trant/ormaiioHf  without  appealing  to  geometry (oomp.  145,  (10.)}. 
(6.)  TheeqnaUon, 

TG[i  +  a)»T(p-a), 


tzprMiaa  tiiat  dia  loeua  of  pia  the  plana  Unoogh  o,  perpendleidarto  the  line  otA; 
haeaoaa  it  vLpnum  that  If  oa*»-oa,  then  the  point  f  ie  equally  distant  from  the 
two  Bointa  a  and  a'.  It  npnaaDta  thMofore  the  aoaie  hnu  aa  tho  oqnatioD, 


•  Compare  the  first  Note  to  psge  12S. 
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^uey.-i,  of  161,  (7.); 

or M lie rfmple  geooMtfktlfcmiila,  p^a  (129).  And  ill  M  H  viD be  fcmA 
fotmihthf  Ontral  Bdn  CMm^  toCrm«>«aivM««rtlMMjli«te- 
maamiaHowi9atktf'9ilhma;  «r into  tUi «M>!m«, 


vUebcspNMM  Out  tb0Mafarparf*orth»«MfariilM£toMra^aadtlMnfent]uit 

tkis  quaternion  is  a  r^&<  quotient  (132). 
(7.)  In  Uk»  naniMr,  tiw  cqtutfon 

T(p-/?)=T(p-fl) 

expresses  that  the  locus  of  r  is  ttie  plane  which  perpendicularly  bisects  the  line  ab  ; 
Itmmt  h  n^tmum  tht  y  It  equally  cUetaat  fcwn  the  two  point!  A  and  »» 

(8.)  Ihn  UniMr,  T«,  Mog  geocnlly  a  pofMwMoliBr,  bnt  — irfilK^(it »  MO 
•HA  a,  m  hnTe^ 

Tata^±^ttf  iMOfdingM  «>  or  <0; 
tiinOb  in  pofticnilnri 

T(*a)aiTa;  and  TOaaTO^O. 

(9.)  That 

T03  +  a)=T^+Ta,    if  Uf3  =  Ua, 

bat  not  otherwise  (a  and  being  any  two  actual  vectors),  will  be  Mm,  at  a  lotor 
stage,  to  bea  syboHoiloonnanneiftwntfiomlioof  thopreiMit  Odemlm;  bntln 
dMnwnn  time  It  nuy  bo  jiiooMfrtol^  provod,  by  ooooaMng  Hint  wbHo  aaOA,  no 
■Mil,  womnlu/S-i-aaoo,  and  tbmlbioiSaoo-OAaAo  (4);  forthni  wodnll 
■ee  that  while,  m  peneral,  the  three  polnta  o.  A,  c  are  comers  of  a  triangle,  and  tbofO" 
fore  the  lengih  of  the  ride  oc  is  leu  than  the  turn  of  the  lengths  of  the  two  other 
sides  OA  and  ac,  the  former  length  becomes,  on  the  contrary,  p<7iui/ to  the  latter  sum. 
in  thp  particular  case  when  the  triangle  vani:ihe»,  by  the  point  A  falling  on  the  finite 
lint  or  :  in  which  case,  OA  and  AC,  or  a  and  /3,  have  one  common  direction^  as  the 
equation  Ua  =  implies. 

(10.)  If  «  nod /I  bo  nigr  netnal  vtoton,  andif  tluir  omors  AtvacgiMi/  (Uanot 

T09  +  a)<Tj3+Tai 

■n  Inoqndlty  iiliieh  iMidIi  at  OBOO  Ihnii  tho  oooridtnrtloD  of  tho  foeittil^^ 

bol  irbkii  (an  It  wilibo  ftond)  maj       bo  ifoMiealiy  profod,  bj  mlMof  tho 

calenlni  of  qoatoraiona. 


*  Compare  the  Note  to  page  125 ;  and  the  following  Section  of  the  proMBt 

Chapter. 
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(It.)  ISVfio - U«, fhtn T(fi  +  a)-± (Tfi-Ta}, MOOidiiigM T/l> « <Ta ; 

bat 

T03+a)>±(T^-Ta)^   if  UjSiMfs-Ua. 

187.  The  quotienty  Uj3  :  Ua,  q/'Me  versors  of  the  two  veo- 
ton,  o  and  /3»  has  been  called  (w  156)  the  Versor  of  the  Q110- 
tienif  or  quaternion,  7-/3:0;  and  has  been  denoted, as  sooh^ 
hj  the  symbolt  U^.  On  the  same  plan»  we  jpropoee  now  to 
oall  the  quotient,  T/3 :  To,  of  the  tensors  of  the  same  two  Tee- 
tors,  the  Tensor*  of  the  Quaternion  q,  or  (5  :  a,  aud  to  denote 
it  by  the  corresponding  symboly  Ty.  And  then,  as  we  have 
called  the  letter  U  (in  166)  the  characteristic  of  the  operation 
oi  taking  the  versor^  so  we  may  now  speak  of  T  as  the  Cha^ 
raeteriitic  qfthe  (corresponding)  Operation  of  taking  the  Te^ 
soTf  whether  of  a  Vector^  or  of  a  Qjuatemion^  q.  We  shaU 
thus  have,  generallj, 

T(P:a)-  X^:  Ta,  as  we  had  U(/3  :o)  =  U/3  :  Ua  (156) ; 
and  may  say  that  as  the  versor  XJq  depended  solely  on,  but 
conyersely  was  suffioent  to  determine,  the  relative  dxreetUm 
( 157),  so  the  tensor  Tq  depends  on  and  determines  the  relathe 
length^  (109),  of  the  two  yectors,  a  and  /Sy  of  which  the  qua" 
temion  q  is  the  quotient  (112). 

(1.)  ilence  tho  equation  T-sl,  like  Tp  =  Ta,  to  which  it  is  equivaleot,  ex- 
*  a 

prenes  that  the  locos  of  p  U  the  sphere  with  o  for  coitre,  which  passes  throng^  Um 
points* 


•  Compare  the  Koto  to  Aft  109,  In  page  108}  sod  tlMk  to  Ait  108,  in  page 
186. 

t  It  hM  bMi  ihowB,  In  Alt  us,  MliB  tbe  .irfdttM  iJMraNMs  «f  tlie 

thhd  Section  of  the  pressot  Chapter  (113-116),  that  JMSoHw  Xmi^A,  as  well  as 
relative  direction y  eaters  as  an  nsential  element  into  the  very  Conception  of  a  Quo* 
temion.  Arconlinj^ly,  in  Art.  117,  an  aijreement  of  relative  lenrjtha  (ns  well  ns  an 
agreement  of  n  lalivc  directions)  uas  inailc  one  of  the  conditions  of  equality ,  botwien 
any  fifo  qtwtcniioiis,  considered  aa  quotients  of  vectors:  ho  that  we  may  now  ^ay, 
that  the  tensors  (as  well  aa  the  xfer$or$)  of  equal  qtiatermi^ms  are  equaL  Com^re 
the  first  Note  to  page  187^  aa  regaids  what  was  there  called  the  yss«/ifgfrfit«to«wU, 
of  abMlato  or  fslattv*  wfikli  waa  slwaiiisrfsrf  from  a,  or  tarn  f,  by  msuis  of 
tho  dUarwivUtU  U;  whoreas  (ha  asv  ohiracteristlc,  T,  of  tlia  prssent  SooUoo, 
servea  on  tho  cunlraiy  to  rHatm  tkaf  atment  alsti«,  and  to  olininato  what  bmj  be 
caDsd  bgr  oontrail  the  fnaKteMst  dsmsnt,  of  aboolato  or  relathro  directiom. 
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(9.)  Tho  equatioa  oomp.  186,  (6.)  ), 


1. 


p~  a 

tatpKises  that  the  locus  uf  i'  is  the  inline  through  o,  perfiendicnlar  to  the  line  OA. 

(3.)  Other  examples  of  the  same  sort  may  ea-iily  bo  derived  from  the  sub-arti- 
cles to  186,  bj  introdacing  the  notation  (187)  for  the  tentor  of  a  quotuttl,  or  qo*- 
tmioo,  M  aildiHnnil  to  tiiat  fiir  the  Umtor  of  a  vector  (185). 

(4.)         T(/3:  a)  >,  =,  or  <  1,  Meordlng  M  Tfl  >,  =,  or  <Ta, 

(5.)  The  tensor  of  a  right  quotUmt  (132)  is  always  equal  to  the  tensor  of  iu  i«- 
4tK  (133). 

(C)  TtelMUtr  0/a  raM(Ue)  ii  almgrt  pmlHm  mUff  thv  wekftvt, 

TUt»l; 

and  in  particular,  by  181» 

(7.)  Tx9  =  tzTy,  acoordiiigat«>  or  <0i 

tiraa,  in  partfealar,  T(-  9)  =  T7,  or  the  tmaon  of  opposite  quataniioiit  •ful. 

(8.)  T,r  =  +r,  according  as  r>  or  <0; 

thos,  the  tensor  of  a  scalar  is  that  sculur  /aAea  posUivcly. 
(9.)  Bmoi^ 

TTa  A  To,      TTf  ^Tfl 
M  tkat,  fegr  alNtfietiBg  Aom  the  of  the  epmrtieo  T  (eottp^  146,  IMX  wt 

mgr  iiNliliih  the  qrmboUeel  eqaetion, 

T»«TT«T, 

cm.)  Beetme  the  taMor  of  •  qqatemieB  ie  generaUj  a  poettife  iceler,  each  a 
teiMor  ieiCf  evw  tauymgaU  (189);  fte  oaflr  Ie  m  (181);  and  He  Mner  (159)  ie 
paiUertmdIgs  or  io  ijfiiibdli^ 

KXfsiTf;        ilTVaeOl  jytfml, 

(11.)  T(l:9)-T(a:/9)>Ta:T^-l:Tf ; 

or  ia  worde,  the  Ummr  tflht  rie^pnecielef  >  qnetemton  ie  equal  to  the  rw^praeel  o/ 

(12.)  Again,  since  the  two  lineibOBaBdOs'i  In  t|g.8f,  are  efaofllrloiiyfthede- 
floStioB  (187)  of  a  ooi^Jagate  giTee 

TKf  aT^; 

in  words,  the  tensors  of  een/iy<>  qnetemions  are  agaalL 
(13.)  It  is  scarody  neeeeaary  to  rsmerk,  that  anj  two  qaatemtons  which  have 
«igMl  Umtitra^  end  figwil  Mrtors,  are  themselves  equal :  or  in  fymboh^  that 

188.  Since  we  have,  generall/i 
we  may  eatablbh  the  two  followmg  general  formuie  of  decom- 


uiyi 
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position  of  a  ^mUernum  itUo  two  faeiarSf  of  the  t^cr  and  ver- 
#or  JdndB: 

I,  •  •  q^Tq^TJqi       II.  .  .  y  •Uy.Ty ; 

which  are  exactly  analogous  to  the  formulae  (186)  for  the  cor- 
responding deoompoaition  of  a  vector,  mto fetors  of  the  same 
two  kinds:  namely* 

r. .  .  a  -Ta  .Ua ;  IF. .  •  a  -Ua  .Ta. 
To  illustrate  this  last  decomposition  of  a  quaternion,  or 
OB  :  OA,  into  factors,  we  may  conceive  that  aa'  and  bb'  are  two 
concentric  and  circular,  but  oppositely  directed  arcs,  which 
terminate  respectively  on  the  two 
lines  OB  and  OA,  or  rather  on  the 
longer  of  thoae  two  lines  itself  and 
on  the  shorter  of  them  prolonged* 
as  in  the  annexed  Figure  48 ;  so 
that  OA  has  the  length  of  oa,  but 
the  direction  of  OB,  while  ob',  on  the 
contrary,  has  the  length  of  ob,  but 
the  direction  of  oa  ;  and  that  therefore  we  may  write,  by  what 
has  been  defined  respecting  venors  and  iemors  of  vectors  {166, 
166*  185, 186), 

OA' -  T«  .up  ;      OB'-     .  Ua. 

Then,  by  the  definitions  in  156, 187,  of  the  versor  and  tensor 
of  a  quaternion^ 

U^-UCoB :  oa)«  oa':  OA  eOB  :ob'; 
eT(oB:oA)»OB':  oa-obioa'; 

whence,  by  the  general  formula  of  multiplication  of  quotients 
(107). 

1.  •  9«ob:oa«(ob:oa').(oa':oa)bT^  .  Uq; 

and 

IL  •  ^ B OB :  OA-  (ob  : ob')  .  (ob' :  oa)  •»  U^.  T^* 
as  above. 

189.  In  wordii  if  we  wish  to  pass  from  the  Teotor  a  to  the  Tee- 
tor  /S,  or  from  the  line  OA  to  the  line  ob,  we  are  at  liberty  either, 
Ist,  to  begin  by  tumissff^  from  OA  to  oa',  and  then  to  endhy  Ordthing^ 
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from  OA'  to  OB,  as  Fig.  48  may  serve  to  illustrate;  or,  Ilnd,  to^^ 
by  stretching,  from  oa  to  oB^  and  end  by  turning,  from  or'  to  ob. 
The  act  of  mtUtiplication  of  a  line  a  by  a  quatemum  9,  considered  as 
a  factor  (103)t  which  affects  both  length  and  direction  (109),  may 
thus  be  d^xmpoted  into  two  distinct  and  partial  oeto,  of  the  kinds 
which  we  hare  called  Version  and  TenaiKm  ;  and  thiase  two  acts  may 
be  perfoimed,  at  pkasure,  in  eitiitr  of  two  cfden  of  tnooefliion.  And 
although,  if  we  attended  iiMrrfjf  to  UngtKt,  we  might  be  led  to  iay 
that  the  Imm*  of  a  quaternion  was  a  iignim  number,*  expreuiTe  of 
»  geometrical  ratio  of  magnitudes,  yet  when  the  recent  eandruetion 
(Fig.  48)  is  adopted,  we  see,  by  either  of  the  two  resulting  expres- 
ooos  (188)  for  T^,  that  there  is  a  propridjf  in  treating  this  tensor 
■0  a  jMfdnw  joojor,  as  we  have  lately  done^  and  propose  systemati- 
cally to  da 

190.  Since  TK(f»T^,  by  187,  (12.),  and  VKq^liVg,  by  168, 
we  may  write,  generally,  for  any  quaternion  and  its  conjugate,  the 
two  connected  expressions: 

I.  .  .  q  =  Tq  .  Vq ;        11,  .  .       =      :  Vq ; 
whence,  by  multiplication  and  division, 

III.  .  .q.Kq^(Tqyt,       IV.  .  .  q:Kq^{Uqy. 
This  last  formula  had  occurred  before;  and  we  saw  (161)  that  in  it 
the ^arenl^eisf  might  be  omitted,  because  (^qY^l^i^)*   lu  like 
manner  (comp.  161,  (2.)  ),  we  have  also 

(T^)*-Ttf)=T9«, 
parentheses  being  again  omitted ;  or  in  words,  the  Umar  of  the  squaro 
of  a  quaternion  is  always  equal  to  the  square  of  the  imoor:  as  ap* 
pears  (among  other  ways)  from  inspection  of  Fig.  42,  bis,  in  which 
the  lengths  of  OA,  OB,  oc  form  a  geometrical  progression ;  whence 

t.(2-«Y=t2S  =  I^  =  (I:£?Y  =  (t°-5Y. 

\0XJ  OA     T.OA     \T.OaJ      \     OA  J 

At  the  same  time^  we  see  again  that  the  product  qKq  of  two  coiy»- 
^ols  fttotormons^  which  has  been  called  (145>  (!!•))  tl^^ur  oommon 
jron%  and  denoted  by  the  symbol  K;,  represents  geometrically  the 
9^aatt  i^fSnt  quotient  tfthe  Ungtke  of  the  two  lines,  of  which  (when 
considered  as  teotora)  the  quaternion  q  is  itself  the  quotient  (112). 
We  may  therefore  write  generally,! 

V. . .  qKq  =  Tq'  =     ;      VI. . .  'Tq  =  v'Ny  =    iu  I^'?)- 

*  Ck>inpare  the  Note  in  page  108,  to  Art  109. 
t  Compare  the  Note  in  page  129- 
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(I.)  Wc  have  nUo,  by  11.,  Ui«  fuUowing  other  genenl  icamfonnatiooa  for  the 
leMor  of  a  quAtemion  : 

VII.  .  .Tq  =  Kq  .Vq  ;  VIII.  .  .  Tq^Vq  .Kq; 

of  which  the  geouu  irical  ^if^nifications  might  ea.'iily  l>o  exhibited  by  A  duigmil|  bwt 
of  which  the  validUy  is  suilicienUy  proved  by  what  precedes. 
(2.)  Also  (coiup.  158), 

Vq       Tq         Tq     "  Vq      Tq  ' 

(3.)  The  recipr  >c  al  of  a  qaateroion,  aod  the  conjugate*  of  that  reciprocal,  may 
DOW  be  thus  ezpre&>ed  ; 

1_  K9  _  Kg  _  KVq  _  i. _  J_._L  . 

f  ~  V  ~  N7      'Tq'  ~  VqTq'Tq'  Vq  ' 

(4.)  We  may  alio  wAt»,  §mKt3fy, 

IX. . .  Kf  «Tf .  KUfBSf 

191.  In  general,  let  any  two  quaterniona,  q  taidq\  be  con- 
sidered as  mulUplioand  and  multipliery  and  let  them  be  re- 
duced (by  120)  to  the  ibnus  /3 :  a  and  7 :  j3 ;  then  the  tensor 
and  versor  of  that  ^ird  qnatermon,  y  :a>  which  is  (by  107) 
their  pro</t(c^  q'q,  may  be  thus  expressed  : 

L .  •  lY(7  =  T(y  :a)  =  Ty  :  Ta    (Ty :  173)  .(T/3  :  Ta)  =  Tq\Tq  ; 

IL . .  Uj^V-  U(7 :  a)-  U7 :  U««(  Uy :  U^) .  (U/3 ;  U«)  «  Uj  .Uy ; 
where  T^'g  and  TJq*q  are  wxitten,  for  nmplidtyy  instead  of 
T  (q.  q)  and  U  (</'.  y ) .   Hence>  in  any  such  multiplication^  the 

tensor  of  the  product  is  the  product  of  the  tensor^;  and  the  uer- 
sor  of  the  product  is  the  product  of  the  versor/)  the  order  of 
the  factors  beinc^  generally  retained  for  the  latter  {Qom\).  168, 
<S^)»  although  it  may  be  varied  for  tlic  former^  on  account  of 
the  Mcalar  character  of  a  tensor.  In  like  manner,  for  the  dki^ 
dam  of  any  one  quaternion  q\  by  any  other  q^  we  Inm  tiie 
aaalogoue  fiNrmukB: 

HI.  .  .  T{q'.q)=^Tq'.Tq;        IV.  .  .  V{qiq)^\Jq':  ; 

or  in  words,  the  tensor  of  the  quotient  of  any  two  quater- 
nions is  equal  to  the  quotient  of  the  tensors;  and  similarly,  the 
verMor  of  the  quatieni  is  equal  to  the  quotient  qftke  versors* 
And  because  multiplication  and  division  of  tenecTM  are  per- 
formed according  to  the  rules  of  algebra,  or  rather  of  art^Ame« 

*  C«iiiptK  Art.  145,  and  the  Note  to  pege  127. 
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tie  (a  tensor  being  alwaya»  by  wbat  pnoedesy  t^paitioe  fuim* 
her%  we  see  that  the  difficultj  (wbaterer  it  may  be)  of  the 

general  multiplicaium  and  ^finam  of  quaUrnUm  is  thus  re- 
duced to  that  of  the  corresponding  operations  on  venert:  for 
which  latter  operations  geometrical  cojistructions  have  been 
iissigDed,  in  the  ninth  Section  of  the  present  Chapter. 


(l.)  The  tw»pw*Mli^f'f  ef  MIT  two  «|M*mil«»tohM 

mftf^l  Ocd«%  ere  c^moI  oar  MHfae^  according  as  those  two  factora  are  eompla- 
Off  rfOrhniir  j  !mh^^  aoeh  equality  (169),  or  inequality  (168),  has  been  already 
proved  to  exist,  ftr  the  caie*  when  each  tnaor  ia  unity ;  but  we  haTO  always 
(«onp.l78).  ... 

lqq  =  1qq\    and  Lqq=Lqq> 

(S.)  U  thai  fi'  B Kf  9  (170) *,  ao  that  the  producU  of  two  right 

qiiotienta,  or  light  qutamiona  (18»),  takwk  hi  ^atift  arArii  elw^ 


^(SOM    Lq^l9'=^^   ^  Ax. /-t Ax. 9,   th«i  f^^-q'^t 

ao  that  the  product  of  two  right  quatenion$,  in  two  rttlmg^  pImm,  u  a  IftM 

when  the  ewfar  of  the  ftdoit  la  rtvmd  aa  we  had  (X82). 

(4.)  In  gweid,  If  9  aod  f  '  be  any  two  d^plBiMw- qaaterataM^ 
Ax.f^,  ftem  Ax .  f  to  Ax. la  jwttVire  (177). 

(6.)  Under  the  same  condition,  9.(7' :  7)  i-^  n  qimtomkm  with  the  same  tensor, 
and  w««  angle,  as  g',  bat  with  a  different  oris ;  and  this  new  axis,  Ax  .  q{q  :  g), 
may  be  derived  (179,  (1.)  )  f«>™  ^^''^  '^'^^^^  *  9  '  *  eon«c«'  rotetum  (in  the 
poaitiyedirection)round  Ax.  g,  through  au  angle  =  2  , 

C6  )  The  product  or  quotient  of  two  eoa^plfliwr  q«atenileiial%»f8BeraI,  a  ttW 
.iuaL  .on  compianar  with  both  -,  but  If  thqr  be  both  eoetaf,  orbolh  rfght.  theothb 

nroUuct  or  quotient  degeneraUt  (Wl)  Into  a  eedar.  .     ,  . 

/7)inieiliecjaiid^beoenifiaBarordiiaanar,  iiehatealir^aalnd^ 

(coop.  10«.  107,  lae)  the  two  tdenlkal  eqnatleoa: 

CS.)  Alee,  by  WO,  V.,  and  191, 1.,  wa  haw  thla  ettiet  gneni  ftmuU : 
i»  hi  wofda.  the -en«  4lf  <*•  PWNto  la  eqM  to  the 

192.  Let        :a,  and  g'  =  7 :  ^,  as  before ;  then 
l:^y-l:(7:a)-«:7-(«-0)O-Y)-O-tf)-O-^)5 
60  that  the  reciprocal  of  the  product  of  aay  two  quatembns  is 

*  Compaie  the  Notes  to  pag«e  148,  Idl. 
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equal  to  the  prodmd  of  ike  rte^oedU,  taken  in  an  inveried 

order :  or  briefly, 

I.  . .  Ry'^  =  R</ .  R^', 

if  B  be  again  used  (as  in  161,  (3.))  as  a  (temporary)  charae- 
terUHc  ree^^rocatiML  And  beeaoBe  we  have  then  Qaj  the 
nme  eab-ertide)  the  symbolical  equation,  KU-UB,  or  in 
words,  the  conjugate  of  the  vereor  of  any  quaternion  q  is  eqnal 

(158)  to  the  versor  o  f  the  reciprocal  of  that  quaternion  ;  while 
the  versor  of  a  product  is  equal  (191)  to  the  product  of  the 
versors :  we  see  that 

But 

Kq^Tf],  KUy,  by  190,  IX. ;  and  Tq'q  «  Tq . Tq  =  T^.Ty , 

by  191 ;  we  arrive  then  thus  at  the  following  other  important 
and  general  formula: 

II.  .  .  Kq'q  =       .  Kq  ; 

or  in  worde,  the  conjwjatc  <fthe  product  of  any  two  quater- 
nions id  equal  to  the  product  of  the  conjugates^  taken  (still) 
in  an  inverted  order, 

(1.)  These  two  results,  I.,  II.,  may  be  illustrated,  for  versort  (T9  =  T9'  =  1),  by 
tiM  considentioQ  of  a  tpKerieal  triangle  abc  (comp.  Fig.  43)  ;  in  which  the  sides 
AB  tsd  EC  (comp.  167)  may  represent  q  and  9',  tbi  no  AO  tlMB  npnsenting  q'q» 
For  then  the  imw  moltipliar  lif-Kiq  (1S8>  iarspNMiitod  (16S)lijBA,aiidtlM  naw 
■ndliplloaadllf^aKg^byoB;  whence  tha  naw  prodneC,  By.Bf'sKf.K/,  is 
presented  by  the  inverse  arc  <  \,  and  ia  thaw toa  at  <meft  ^ha  «iic^pfig<Hrf  By^yt  and  tilt 
conjugate  of  tho  old  product  i/q. 

(2.)  If  g  and  rj'  be  rif/ht  ((imtoniions,  tlien  K^^— g,  Kg^m^q'  (bj  144);  and 
the  recent  formula  II.  becomes,  Kq'g  =99',  as  in  170. 

(8.)  In  general,  that  formula  II.  (of  192)  may  be  thus  written : 

IIL..K^  K^Ik^; 
"       «  p 

where  a,  /i,  y  may  d(Mif»(('  amj  three  vectors. 

(4.)  Suppose  then  tliat,  as  in  the  annexed 
Fig.  49,  wa  have  tha  two  Mlowingiabitiona  of  la- 
vtm  dmiStnde  of  triangles  (118), 

A  AOB  a*  Boc,       a  WK  ot'  non ; 

and  therefore  (by  187)  the  two  tiiuations, 

(i       a         c  Fig.  4D. 
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iv«  shall  bcvii^bjnL, 

y  V 

^  =  K       or   A  uoc  ai  aob  ; 

0  0 

•»  IhaltfaitllMlMmala  of  htvifaa  diBDitada  ia  a  ooM#9«MMrt  fmn  the  odiar  tea. 

(5.)  Itibm (ooai9. (6.)) Mgr taw cfrwfat,  whalbar in onoplaiiaof  inqawa, 
foaidl  floa  aaoQiar  aft  a  point  b  ;  and  if  from  any  point  o,  on  the  common  tangent  no, 

tvo  seeantt  OAC,  OED  be  drawn,  to  these  two  circles ;  the  four  poimts  of  »tctio»^ 
A,  C,  D,  will  be  on  one  common  circle  :  for  such  concircuhiritt/  is  an  aai{J  lY^tfr- 
^pMDCe  (through  equal  angles,  ^c),  from  the  lost  inverse  similitude. 

(6.}  The  same  conclusion  (respecting  concircularity,  &c. )  may  be  otherwise  and 
j^momttrtta^  drawn,  from  tho  eqnalitj  of  tho  two  rtetiutgles,  ^og.  and  poB,...aach 
being  equal  to  tfia  ffottrt  of  tha  toHfod  on ;  which  maj  wnra  aa  an  instrocClva 
•arjfleafiMi  of  theiaoent  temda  HL,  and  aa  an  azampio  of  tha  aomiaacy  of  tlio 
— mlta  fA  whldi  <f  1— li*t**M  wftfi  annlanioBa  fiOBdncL, 

(7.)  It  may  be  noticed  that  the  canstmciion  would  in  general  give  tkrm  eirdt*, 
although  only  one  is  drawn  in  the  Fignre ;  but  that  if  the  two  triangles  abc  and 
zmE  dtuated  in  different  planes,  then  these  three  cirdeii  and  of  cooree  iinjivt 
points  ABCDM,  are  situated  o»  on«  common  spktn, 

193.  An  important  application  of  the  forogoinpr  general 
theory  of  Multiplication  and  Division,  is  to  the  case  oi  J{if/ht 
Quaternions  (132),  taken  in  connexion  with  ih&r Index- Vec- 
toT$9  or  Jndke*  (133). 

Gonsideraig  dhuion  fint,  and  employing  the  general  for- 
mnia  of  106,  let  /3  and  y  be  each  ±  a ;  and  let  /3'and  y  be  the 
respective  indices  of  the  two  right  quotients,  q^^^ia^  and 

q'^yla.  We  shall  thus  have  the  two  coinplaiiai  ilics,  /3'!l|  /3,  y, 
and  7' III  /3,  7  (comp.  123),  because  the  four  lines  /3,  7,  /3',  7' 
are  all  perpendicular  to  a  ;  and  within  their  common  plane  it 
10  easy  to  see*  from  definitions  already  given,  that  these  four 
linea  form  a  proportion  o/veiAorsy  in  the  same  sense  in  which 
0>  T>  ^  ^  ^»  '^^  fonrth  Section  of  the  present  Chapter: 
BO  that  we  may  write  the  equation  of  quotients^ 

7':^'  =  7:/3. 

In  &ct,  we  have  (by  133,  185, 187)  the  following  rekttions  of 
lengthy 

T^^Tfi:  T«,  Ty- Ty :  Ta,  and  T  (7' :  /3')  =  T (7  :  ^) ; 
while  the  relation  of  directions,  expressed  by  the  formula, 

U(y:^')-U(7:^),   or   Uy' :  U/3' -  Uy :  Uft 
is  easily  established  by  means  of  the  equations, 
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Hy':y)^L(fi'i^)-l;      Ax . (V : 7)  =  Ax  .  (jS       -  Ua. 

We  arrive,  then,  at  this  general  Theorem  (comp.  again  133): 
that  the  Quotient  of  any  two  BiglU  Quatemwni  is  equal  to 
the  Quatieni  of  their  Indices."* 

(1.)  far  tzttiiple  (oomp.  150,  159,  181),  the  indices  of  the  right  Tenors  tj,  k 
are  the  axe$  of  thm  thm  Tvaon,  samelj,  the  Uom  01,  oj,  ok  ;  and  we  1iat«  the 
eqiMl  qnolieats, 

J  :  t  =  01 :  Oj'  =  *  =  OJ  :  01,  &C. 

(2.)  Inlike  nuumer,  the  iodicea  of  -i,       -  A  ue  01',  Oj',  ok'  ;  and 

t* : -J  ■  0/ :  0/ s  A  «iol :  OJ",  Ac 

(3.)  In  geneval  the  quotient  of  amy  iw»  rigkt  vtnon  ii  aqua!  to  fba  qwcHmt  ^ 
Mrmmi  tha  tbaoy  of  rqmaeiitelfat  am,  and  of  thair  pate,  mi^  aaaOjr 
aem  to  nhutrate. 

1 94.  Ab  regards  tbe  multiplieatum  of  two  light  quaternioaB, 

in  connexion  with  their  indices,  it  may  here  snffioe  to  oheenre 
that,  by  106  and  107,  the  product  7  :  a  =  (y  :  j3)  .  (/3  :  a)  is  equal 
(comp.  13^))  to  the  quotient,  (7  :  i3)  :  (a  :  /3) ;  whence  it  id  easy 
to  iflfer  that the  Product,  q'q,  of  any  two  Right  Quatej'nions, 
is  equal  to  the  Quotient  of  the  Index  of  the  Multiplier^  q\  di- 
vided by  the  Index  of  the  Beaproeal  of  the  MuU^jdicandt  q!* 
It  follows  that  the  plane^  whether  of  the  product  or  of  the 
quotient  of  two  right  quaternions,  coincides  with  the  plane  of 
their  indices  ;  and  thercfbre  also  with  the  plane  oi' their  axes  ; 
because  we  have,  generally,  by  principles  already  established, 
the  tnmsfonnaUoD, 

if  then  Index  qfq'^^Tq, Ax. q. 

•  Wa  have  that  a  nav  pdnt  oTi^yraiaMnl^  or  oTaoiiiMSDlaN,  baCwaan  rigki 
fefwioM,  and  their  Mto-wHora,  teodiqg  to  Jaatifjr  tha  nltinata  aammption  (naljat 
inada),Qre9Mimybativaaiithafomiar  andthalattar.  InlSut,  waafaaUaooa/iroaa 

that  tha  inde»  oftk»  nm  (or  dlilcnnoe),  of  any  two  right  quotients  (132),  is  equal  to 
tha  nan  (or  diftrenco)  of  their  indices  ;  and  shall  find  it  convenient  subsequently  to 

interpret  the  product  /3a  of  any  two  rectors,  as  being  the  qnatemion- product  (194) 
of  the  tiro  ritjhl  (iuaterm<ni$,  of  which  those  two  lines  arc  the  indices  (133):  after 
which,  the  abovo-mcntioned  assumption  of  equaUttj  will  appear  natural,  and  be  found 
to  be  useful.   (Compare  the  Notes  to  pages  UD,  136.) 
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Sscnov  12. — On  the  Sum  or  Difference  of  any  two  Quater' 
mm;  and  /m  the  Seaiar  (or  Scalar  Part)  of  a  QuateT' 

195.  The  Addition  of  any  given  quaternion  q\  considered 
as  a  geometrical  quotient  or  J'ractio/t  (101),  to  any  other  given 
qnaterDion  considered  also  as  a  fraction,  can  always  be  ac- 
oompKahed  by  the  first  general  formula  of  Art.  1 06 ,  when  these 
two  fiactkms  hATe  a  eamman  dmammatar  ;  and  if  they  be  not 
abeady  pven  as  having  sneh,  they  oan  always  be  reduced  so  as 
to  haye  one,  by  the  process  of  Art.  120.  And  becanse  the  aif- 
dition  of  any  two  lines  was  early  seen  to  be  a  commutatioe  ope- 
ration (7,  9),  so  that  we  have  always  y  ^  ft  ^  ft  v  y<,\t  follows 
(by  106)  that  the  addition  of  any  two  qiuiternions  ifl  likewise  a 
commutative  operatioo,  or  in  symbolsy  that 

so  that  the  Sum  q/*  any  ttoo*  Quatemums  has  a  Value,  which 
is  independent  of  their  Order :  and  which  (V)y  what  precedes) 
must  be  considered  to  be  f/ireji,  or  at  least  hunrn^  or  definite^ 
when  the  two  summand  quaternions  are  given.  It  is  easy  also 
to  see  that  the  ctn^vigateof  any  such  mm  is  equal  to  the  sum 
af  the  conpi^aieSf  or  ia  symbols^  that 

II...K(^+y)  =  Ky'+K^. 

(1.)  The  important  formak  kit  ivrtttw  bMOOMt  ga<niatriei%  «vid«it,  when  It 

is  presented  under  the  following  form.  Let  obdc  be  any  parallelogram,  and  let  oa 
be  any  right  line,  drawn  from  one  comer  of  it,  but  not  genprally  in  its  plane  Let  C 
the  thrt-e  other  comers,  n,  c,  D,  be  reflected  (in  the  sciisf  of  115,  (5.)  )  with  resfK  i  t 
to  that  line  oa,  into  three  new  jwints,  n',  c',  i>' ;  or  let  thu  throe  lines  on,  oc,  od  Ihs 
reflected  (Id  tlie  sense  of  138)  with  respect  to  tbc  same  line  oa;  which  thus  bbecls  ^ 
St  light  the  thfM  Joiiiliig  lines,  bb',  oc*,  dd',  as  It  does  In  Fig.  86.  Tben 
mmA  of  ttw  ftm  OB,  00,  OD^  and  thanlbra  also  the  whole plmtj^^MrtoBDO^  may  be 
eonrfdttcdto  h«TeriiB|dtf  mobttfioiiaStiielfaMOAMonams^bjaooMiWrola- 
ClM  thnm^Sw  rtp>'^i>i>!9'^/  oeaeeqoeotfy  the  new  figwt  obV</,  like  that  oU 
one  OBDO^  mat  be  ajwratfrhyrom.  Thus  (comp.  lOS,  187)b  we  have 

oi/aocr-f-on',  4*: (/Tt  a)} 

and  the  meant  fimnidn  IL  le  JaatiSed. 


*  II  win  be  irand  that  thie  reanlt  admlte  of  being  extended  to  the  eeae  of  llr<» 
(or  «Mrv)  qnatenloni}  bnl|  lln  the  monMit,  we  oontent  oonelm  with  lam. 
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(2.)  Simple  as  this  last  raasoning  is,  sad  wnnsnsssiiy  as  it  appcan  to  1m  to  4temw 
any  nsw  Diagram  to  iUostiato  it|  ttia  teadsr^s  attsntioa  najbs  oaos  man  imrited  to 
tlie  great  mm^pHa^  of^xpnmvm^  with  which  maiij  important  ^•oawtrtral  <om4jaj»» 
Mom,  TCspsoting  t/iae*  of  1km  Smmdomt^  aia  tMM  In  tlw  praaant  Calcnlas :  amd 

am  thereby  kept  ready  for  futors  appUcatioB,  and  Tor  cnsy  combination  with  ath^r 
results  of  the  same  kind.    Compare  the  remitrks  already  made  in  132,  (6.);  14/^, 
(10.);  ICl  ;  179,(3.);  10.>.  ((<.):  and  some  of  the  shortly  following  ailb-aitides  to 
196|  respecting  properties  of  aa  obliqve  cone  with  drcolar  base. 

196.  One  of  the  most  important  cases  of  addition^  is  that 
of  two  conjugate  summands^  q  and  Kg ;  of  which  it  has  been 
eeeQ  (in  140)  that  the  sum  is  always  a  scalar.  We  propose 
now  to  denote  the  half  of  thb  sum  by  the  symbol^ 

fthue  writing  generally, 

I.  .  .  ^  +  Kq  =  Kq  +  q=  2Sq  ; 

or  defining  the  new  symbol     by  the  formula, 

II. . .  %-i(7  +  Ky);  or  briefly,  11'.  .  .  S« i (1  +  K). 

For  reasons  wlilcli  will  soon  nioiL'  fully  appear,  we  shall  also 
call  this  new  quantity,  fc>^,  the  scalar  part ^  or  simply  tJie  Sca- 
lar, of  the  Quaternion^  q\  and  shall  therefore  call  the  letter 
S,  thos  used,  the  CharacteriiHc  qfthe  Operation  qf  tahmg  the 
ifoafar  of  a  quaternion.  (Gomp.  132,  (6.) ;  137;  156;  187.) 
It  follows  that  not  only  equal  quaternions^  but  also  conjugate 
quaternions,  have  equal  scalurs  ;  or  in  symbols, 

m.  if  9-9;  and   IV.  ..SE^-Sjr; 

or  briefly, 

IV'.  ..SK-S. 

And  because  we  have  seen  that  K7  =  +  y,  if  be  a  scalar  (139% 
but  that  if  7  be  a  right  quotient  (144),  we  find  that 

the  scalar  of  a  scalar  (considered  as  a  degenerate  quaternion^ 
131)  is  equal  to  that  soslar  itself^  but  that  the  scalar  a  right 
quaternion  is  zero.  We  may  therefore  now  write  (comp.  160): 

V.  .  6x  =  x,  if  a;  be  a  scalar ;       VI.  ,  .SSq  =  Sg,  8^  =  88  =  8; 


and  VlL..Sy-0,   if  ^^7  =  2- 

Again,  because  oa'  in  Fig.  36  is  multiplied  by  or,  when  ob  is 
multiplied  thereby,  we  may  write,  generally, 


/ 
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Vlll. . .  Sxq  =  xSqt  if  «  be  aoy  scalar ; 
and  therefore  in  pnrtaeuUur  (by  188), 

AAso  because  SK^  =  S^y,  b)  IV.,  while  KU^-U^,  by  158, 
we  baye  the  general  equation, 

X..SUtf-Sui;   or  X'.. .  Su2  -  SU^; 

9  a  p 

whence,  by  LK.» 

XL.  .S<i»T<7.Sui;   or  Xl'. . .  S^-T^.SUa  ; 

q  «     o  p 

and  therefore  also,  by  190,  (V0>  since  T^.T^  « I, 

XIL  . .  Sa-To«.si-Ny.si;   XH. . .  S^^-N^  SS- 

The  results  of  142,  combined  with  the  recent  definition  I.  or 
IL,  enable  us  to  extend  the  recent  formula  VII.,  bj  writing, 

XIII.  . ,  Sq>f'^f  or  <0,  according aa  z ^  <, or  > ^ ; 
and  conversely, 

XIV.  .  •  z  ^  <, «,  or  >     according  as  Sq  >,     or  <  q. 

In  iact,  if  wc  comimre  that  definUion  I.  with  the  formula  of 
140,  and  with  Fig.  36,  we  see  at  once  that  because,  in  that 

Figure, 

S(oB:oA)aOA':oA, 
.  we  may  write,  generally, 

XV.  •  •  S^aT^.coBZ^;   or  XVI. . .  SU^-cosz^; 

equations  which  will  be  found  of  great  importance,  as  serving 
to  connect  quaternions  with  trigonometry ;  and  which  show 
that 

XYlL,.Lq^lq,   if  SUj'-SU^, 

the  angle  Lq  bemg  still  taken  (as  in  130),  so  as  not  to  fidl 
outode  the  limits  0  and  ir;  whence  al60» 

2  a 
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XVm.  if  S^'-Sj,  aad  T^-T^, 

the  wngU  of  a  quaiemum  being  thus  ^hen^  wken  the  teaiar 
Mid  the  tensor  of  that  quaternion  are  giveny  or  known.  Fi- 
nally beoauee,  in  the  Mme  Flgnte  3d  (eomp*  15>  103),  the 

OA*  e  (da'  :  oa)  .OA  »  OA .  S  (oB :  oa), 

may  be  said  to  be  the  projection  of  ob  on  oa,  since  a'  is  the 
Jhot  of  the  perpendumlar  let  fall  from  the  pomt  b  upon  this 
latter  line  oa*  we  may  eetablieh  this  other  general  formula: 

XIX* .  •  aS^»S^ •aepr^ee/um  qffi  on  a; 
o  a 

a  result  which  will  be  found  to  he  of  great  utility,  in  inyestt- 
gations  respecting  (geometrical  lod^  and  which  n»y  be  also 
written  thus : 

XX.  .  .  Projection  0/ ^  o/i  a  -  Ua .      .  SU  ^ ; 

with  other  transformations  deducible  from  principles  stated 
above.  It  is  scarcely  necessary  to  remark  that,  on  account 
of  the  scalar  character  of  S^,  we  have,  generally,  by  159t  and 
18 7»  (8.),  the  expressions, 

XXI.  . .  U%-±  1 ;      XXII. . .  TS^-t  Sg; 

while,  for  the  same  reason,  we  have  always,  by  139,  the  equa- 
tion (conip.  IV.), 

XXm. . .  KS^  -     ;   or   XXIU.  ..KS-S; 

and,  by  131, 

XXIV.  .  .  z.     =  0,  or  =  IT,  unless  ^  ^  =  5 ; 

in  which  last  case  =  0,  by  VII.,  and  therefore  z  Sq  is  inde- 
terminate:* TJSy  becoming  at  tlie  same  time  indetermioate, 
by  159,  but  Tt6q  vanishing,  by  186,  187. 


(1.)  The  eqaation, 

it  Mw  MtD  to  be  aqnivBltoi  to  the  ftrmvb,  p  -i-  a  $  and  tbenlwi  to  diooto  tht 


*  Compare  tho  Note  in  pag«  118,  to  Art.  131. 
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game  plane  toeu$  for  P,  as  that  which  is  repNMaftd  by  WJ       of  tkt  f<mr  MlNr 

I  of  1M»  (6.) ;  or  by  Um  o^ootioo,  i 

T^-l,of.l07,<l.).  '/^'  ^ 

(S.)  TboeqttiUion,  «  ^ 

a  m  m 


lihatBy  of  thrtthOfoiiiai^fciiagliamhtiwifpf^^fwrtiwiOBOAt 

w  thai  tho  &0M  of  r  io  dio  afaM  fijoMoA  bu  — rwrfltoiiriir  to  A*  Am  Aa. 
(S.)  IlMoqpMtko, 

a  a 

exprcs64.3  (conip.  132,  (2.)  )  that  r  is  on  one  sheet  of  a  cone  of  recohUitm,  with  O  for 
vertex,  aiicl  OA  for  oxm,  and  paaaing  through  the  point  b. 

(4.)  The  othtr^hmt  of  Ibo  mmm  com  b  raprosented  hj  thU  other  equation, 

a  a 
aatl  6o<A  «A«er«  juintiy  by  the  «i|uatiuu, 

8^-1,    or   StjC-T?.  ,  ||  — 

a  a  p 

expresMO  that  tho  /oew  of  P  Ib  the  p/ane  throngh  a,  ptrpmuKeular  to  the  line  oa  ; 
bocftuao  it  vLfKmm  (oonp.         that  tho|in{^Mlio«  of  or  on  oa  ii  tho  lioo  oa  if- 

or  that  tbo  mfir  OAF  Is       /  orthttS^^aO. 


•  > 


(6.)  On  the  othor  hand  tho  oqoatioo, 

sj-i.  «  mi^-Tf.   I/- 

expresses  that  the  projection  of  ob  on  op  is  or  itself ;  or  that  the  angle  opb  is  right ; 
or  that  tbe  locus  of  p  is  that  tpheric  turfaee,  which  liao  Uio  iino  OB  for  a  duamtUr, 
(7.)  Hoooo  tho  $ftUm  of  tha  two  tquatitnu^ 

a  p 

repreaentfl  tho  circle,  in  which  tho  inhere  (G.),  with  on  for  a  diamaUr^  i*  oti  by  tho 
plane  \  b     with  oa  fur  the  perpendicular  l«t  £all  on  it  Crom  O. 
(d.^  And  therefore  this  ne>v  equation, 

a  p 

obtained  by  multiplying  the  two  last,  represents  tbe  Cyclic*  Cone  (or  cone  of  the 


*  HillOlica^f  tpoaUngi  tho  oblique  cone  with  circular  ftose  may  dMonre  to  be 
dM  ApolhuUm  CS»NO|  ftoa  Apolkmiaa  of  Porga,  fai  whoN  grtat  work  on  Co- 
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second  order,  but  not  generally  of  revolution),  which  re$ts  on  this  last  circle  (7.)  as 
ita  bate,  and  has  the  point  o  for  it«  vertex.  In  fact,  the  equation  (8.)  is  cvideotl;^- 
tatiafiedi  when  the  two  eqtutions  (7.)  are  eo;  and  therefinv  wwyjwtn^cf  thacifwi- 
lor  eiremmfiirtiutt  deootad  bj  tliMe  two  aqnattona^  mmfc  b«  a  paSmi  o/tke  iaaUf  to- 
preeentad  hj  tha  aquation  (8.).  Bat  tha  latter  cqoation  lemaine  nnohanged,  at  leae^ 
aaeentialiy,  whan  p  la  diaaged  to  a^, «  bdng  an^  eeolory  the  kwae  (8.)  b,  thara- 
fore^  9om»  conical  turfacey  with  ite  atrfcx  at  the  or^^,  o ;  and  consequently  it  can 
be  n  me  other  than  that  partietJar  eona  (both  waya  IKroloilged)|  which  r$$t»  (tm 
above)  on  the  given  circular  base  (7.). 
(9.)  The  tystem  of  the  two  eqoatiooa, 

a    p  y  ' 

Qn  wiitiflg  tha  lint  of  whidi  the  potaf  may  be  omitted,)  leproenla  a  oenleanllM  t 
namelj  that  aeetlon,  in  which  tha  com  (&)  b  rat  bj  the  new  ptaiu,  which  has  oo 

tor  the  perpendicular  let  &II  opMI  it,  from  the  origin  of  vectors  o. 

(10.)  Conversely,  eveiy  plane  ellipse  (or  other  mnic  gection)  in  $pace,  of  which 
the  plane  does  not  pass  throu;;h  flie  i«rii,'in,  may  be  rcprei»ented  by  a  si/stem  of  two 
eqimiions,  of  this  last  form  (9.)  ;  bLLnute  the  cone  which  rests  on  any  such  conic  aa 
ita  base,  and  has  its  vertex  at  any  given  [loint  O,  is  known  to  be  a  cyclic  cone. 

(11.)  The  curve  (or  rather  the  pair  of  eurve$\  iu  which  an  oblique  but  ojfeUc 
aont  (8.)  ia  cot  bj  a  ooncmtric  «|iikcre  (that  ia  to  aaj,  a  eone  neUng  on  a  dreidar 
baae  bgr  a  ^hoe  whidi  lu»  Ita  oentn  at  the  Tertax  of  tliat  cone),  baa  eooe^  in  mo« 
dem  timea,  to  be  called  a  ^htrieai  ComU,  And  anjr  ntek  eonie  may,  on  the  fora- 
goiiig  plan,  be  rqmMnted  by  the  nyatem  of  the  two  eqaatioaai 

the  length  of  the  radius  of  the  sphcn'  lieing  here,  fur  simplicity,  8up|x>scd  to  be  the 
aiad  of  lengtli.  Bat,  hy  writing  Tp  -  a,  where  a  may  denote  any  constant  and  poai- 
tive  acalar,  we  can  at  onoe  remove  thia  laat  leatiietion,  if  it  be  thought  oaeAil  or  con- 
venient to  do  ao. 

(1?.)  The  eqnatioo  (8.)  may  be  written,  by  XIL  or  XIT,,  nnder  the  Ibrm  (compt. 
191,  Vn.) : 

or  br  fly, 


nics  (kuvik-Zv),  nlroady  rcforrcd  lo  in  n  Note  (o  [viLrc  128,  the  projwrties  of  such  a 
cone  appear  to  have  b«'Oti  ftvi  treated  syslematiraily ;  although  the  cone  of  rerolu- 
tion  had  been  stmliccl  liy  Euclid.  But  the  dosii;ii)ition  cyclic  cone"  is  .>lp'rtor;  and 
it  seems  more  natural,  in  geometry^  to  speak  ut  the  above-nientiontd  oblique  cone 
<A4M,  for  the  porpoae  of  mailting  ita  ooonexlon  with  the  eirc/e,  than  to  call  it,  as  is 
now  uioaUy  done,  a  eeaa  of  ih*  teeomd  orrfer,  «r  of  tlie  §teomd  dtpnt  s  although 
thcae  phraaea  alao  have  their  advantagee. 
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P  « 

so  tbai  a'  and  ^'  are  here  the  liiu's  oa'  and  oh',  of  Art,  188.  and  Fipr.  48. 

(13.)  Hence  the  cone  (8.)  is  cut,  nui  only  l.y  the  jilau'j  {^^>.)  In  iho  circle  (7.), 

wktch  is  on  the  sphere  (6.),  but  abo  by  the  (generally)  new  pUtne^  S       1,  in  the 

a 

(generaflj)  ncv  arefe,  in  wUeh  tJus  MW  pkM  eutt  Um  (ftn«nlfy)  mm  tfktnf 
iy  ~  =  l;  oriattecIid0«]ddibnpnMtf«dbjtbeqral«tt«rtb«tif««qMC^ 


(14.)  Intbe|NV«iiiifar  «M«wlien/3iia(15),  M  tliit  the  qnotkot /3 :  a  to  a 
tar,  vhkh  mnet  he  porftive  and  gneter  then  mity,  in  erdar  thai  the  plane  (5.)  may 
(noBf)  ntf  the  apheie  (6.),  and  thmCove  that  the  dide  (7.)  and  the  eooe  (8.)  may 
be  rea^  we  maj  write 

and  the  dide  (18.)  coAwMb*  with  the  ditle  (7.). 

(16.)  In  the  MUM  ecMe,  the  oone  is  one  of  rtrofeliMi ;  evaiy  pofait  p  ef  ite  droa- 
lar  hmM  (that  it,  of  the  cirenm/erenee  thereof)  being  at  one  MMufanf  dittanet  from 
the  rerter  o,  naindjr  at  a  dieUnoe  a  aTa.  For,  in  the  eaee  Mppoeed,  Uie  eqnatioM 
^7.)  gire,  by  XIL, 

K^-8^:S-=l:S"  =  a>:S^«4^;   w  Tp*^a. 
a      a     p  p  p 

(Compare  145»  (12.),  and  iSti,  (5.). ) 

(16.)  Conversely,  if  the  cone  6e  on«  of  revolution,  the  equation*  (7.)  must  con- 
dad  to  a  fcenlt  of  tibeliann, 

a>=N^  =  S^:S-»S-:S-,or    (oomp.  (2.) ),  S^^^^-Oj 

vUA  ean  00I7  be  by  the  line  fi^^a  vantidilng,'  or  hj  oar  having  fii^tfitt,  as  la 
(1 4.) ;  ilnee  othcmrise  we  shoitid  have^  hj  XIY.,  p  -i-  /3  -  and  «ff  HU  }»o<alt  0/ 
rA«  base  would  be  situated  in  one  ftamt  paMiog  ihntifk  tht  werttn  %  wliloh  (for  anj 
actual  cone)  would  be  absurd. 

(17.)  9upi>osinfj,  then,  that  we  have  not  f\  ]i  a,  and  therefore  a  -  a,  fT  =  ■ 
as  in  (14.),  nor  even  a'  |j  a,  |  /3,  we  see  that  the  cone  (8.)  is  not  a  cone  of  rrroln- 
tion  (or  what  ia  often  called  a  right  cone') ;  but  that  it  is,  on  the  contrary,  an  oblique 
(or  teakme)  com,  altboogh  still  a  ieycHe  vu.  And  we  see  tliattadb  a  cone  is  enl  in 
law  dUlkui  mrie$*  af^rerdar  Mdiea*,  hj  planes  panUel  to  tlie  two  distinot  (and 
mmtnailjr  nco-parallel)  planesy  (6.)  and  (18.)  $  «v  to  Iwe  atw  plaact,  drawn  tknmgk 
the  vrrter  o,  wliich  liaTe  be«n  oalledf  the  two  C^oNc  Plaaai  of  iIm  oone,  namely,  the 
two  fuUowiog : 


•  These  heo  teriet  utm^eouhwy  (or  MttparalUt)  but  eSrcmlor  MtHom  of  a 

ej€Sc  oooe,  appear  to  have  been  first  diaooveml  by  ApoIIonius  :  see  the  Fifth  Propo- 
sitfen  of  hia  First  Book,  in  which  he  says,  KoXfiffOM  ik  4  toulvt^  rofii)  vwf yavrla 
(page  22  of  Ilalicy's  Fxlition). 
t  By  H.  Chasles. 
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8^-0;  8^-f« 

whflt  the  iw6  Umm  ktm  tlw  wrt»»,  — d  Of,  wMdh  tw  ptiptmitmim'totkmt  hm 

planfM  reflpecdvely,  may  bt  Mid  to  1^  th«  two  Cydic  Sormmh, 

(18.)  Of  these  two  lines,  a  and  j3,  tlie  second  haa  been  seen  to  be  a  diameter  of 

the  sphere  (6.).  which  may  be  said  t»>  bo  cirrumscrihed  to  tlip  roue  fS.),  when  tJiat 
cone  is  considered  as  having  the  oirdc  (1.)  for  its  haar  ;  ihc  second  ci/c/ic  jdane  []  7.) 
is  therefore  the  tangent  plane  at  the  vertex  of  ihu  couo,  to  that  Jirtt  ei/cuaucribed 
tpktre  (6.). 

(19.)  The  sphere  (18.)  may  in  IBDi  manner  hb  said  to  bo  drcniBScribed  to  the 
ooooi  if  tbe  letter  bo eonddendM  resting  on  the  new  elide (18.)»  MM  ternlDate^ 
lA«f  olrole  as  its      hmms  Mid  Uio  dioneler  oftMsMipAsralailioliiw  isn\  w 

which  has  by  (12.)  the  direction  of  the  line  a,  or  of  the  first  cyclic  normal  (17.)  J  M 
that  (comp.  ( 1 H. ) )  tho  Jirst  cyclic  plmst  is  tlM  tmnffttU pUM»  at  the  Taring  to  «ho 
second  circumscribed  sphere  (13.). 

(20.)  Any  other  sphere  liirough  tbo  vertex,  which  tonehes  the  first  cyclic  plane, 
and  which  therefore  has  its  diameter  from  the  vertex  where  6'  is  some  scalar 

oo-^fldMt,  is  reprflemted  hy  the  equation, 

or  8~  or;; 
P  /»  • 

it  therafore  i«f»  ffte  om*  In  a  cirri*,  of  which  (by  (12.)  )  the  eqvaikm  cfihe  pUms  ie 

so  that  the  perpendicular  from  the  vertex  is  b'a'  Q  /3  (comp.  (5.)  ) ;  and  consequentlj 
thia  jvloM  tffwHUkm  of kphore  and  oone  to  patMd  to  tte  MMnrf  tjfdk  plane  (1 7.). 
(SI.)  la  nice  manner  oiy  i^re^  aneb  m 

M 

8  —  «  1,  where  b  Is  any  scalar, 

whieb  tendkt  <yW  mmmT  cye/jc  pAtaeot  the  vertex,  lirfsrscete  Ukeeone  (8.)  in  a  c^- 
oh,  of  which  the  plane  Iwa  for  equation, 

and  is  therefore  parallel  to  the  first  o/cUe  plane. 

(22.)  The  equation  of  the  cone  (Jay       X.,  XYI.)  waj  aln  be  thu  writtm ; 

8U?.8u5«t|;  or,  cm ^^.om =  T 3; 

It  expresses,  therefurc,  thnt  the  pmdiicf  nf  the  cosines  of  (he  inclinations,  of  any  ea« 
Hable  side  (p)  of  an  ohtiqut-  vih  /Ic  ame,  to  two  fixed  lines  (a  and  fj),  nanu'ly  to  the 
tit'o  ri/clic  normals  f  17.),  is  cotistunt  ;  or  that  the  product  of  the  sines  of  the  inclina- 
tions, odhv  ^niue  vuriubic  :»ide  (or  ray,  p)  of  the  cone,  to  two  fixed  planes^  namely  to 
the  tlM  cyclic  planes,  is  thM  a  constant  qnanlitj* 

(28.)  The  two  grtai  drdrs,  in  which  the  eenesufne  ^pAsrt  a  1  is  cnl  ijr  Ifte  two 
qftUo  phtut,  hvn  been  called  the  two  Qftik  Arc»*  of  the  Sjpkeriottl  CprIc  (11.)^  in 


•  By  M.  Chaalse. 


Uigiiized  by  Google 


CHiWP.  U]        SCA.LAE  ai  A  ftUfil  OR  DiriTflaSMCB. 


183 


wUeb  UuU  tphere  to  eat  by  Um  OCM.  It  foUows  (by  (22  .))  Out  UMproM^tiU 
«EMt  (arena/)  ptrptmdieiUan,  Ut  fall  from  aay  j»oui(  r  ^a  j^M*  tfktfimi 

(14.)  Hmm  prciUftfet  of  igr«Mv  ww,  rad  oftpkerieal  oomiea^  ftr«  not  pot  ftir- 
wd  M  Mv;  bot  they  are  of  inftdrtance  enough,  tnd  llftTe  b«en  here  dedaetd  vUh 

sufficient  fsicilify.  t*^  ^how  that  we  are  alrrady  in  pns,<M»R«iion  of  a  Oticultiji,  with  its 
own  Unlet*  of  Transf or f nation,  Mthetfihy  one  enunciation  of  a  geoiiit  trital  thf  orein,  Of 
problem,  or  coDstruction,  can  be  translated  iuto  several  others,  of  which  some  VOMJ 
be  clearer,  or  simpler,  or  more  elegant,  than  the  one  first  propo«ed. 

197.  Let  a,  /3,  y  be  any  three  oo-initial  Tecton,  oa,  &c., 
udJ  let  uD  =  0  =  y  +  /3>  80  that  obdc  id  a  parallelogram  (6)  ^ 
then,  if  we  wnte  r>  / 

fiiu^qt  and   diA-^''-^'-!-;  (106)s 

and  suppose  that  b',  c\  d'  are  the  feet  of  perpendionlupa  let 
fall  from  the  points  b,    d  on  the  line  oa,  we  shall  have,  hy 

196,  XIX.,  the  expressions, 

(0»'  »)./3  «  Q*yq9       7  =0 S^',  «  aS^"  «  aS      +  q). 

Bot  also  OB  -  qDy  and  therefore  oe'  =  c'd'»  the  similar  project 
tum$  ofeqvud  lines,  being  egucd;  hence  (comp^  11)  the  sm  of 
ilte  projections  of  the  lines  /3,  7  must  be  equal  to  ihe  prajsO" 
Htm  of  the  smiy  or  in  symbols, 

od'»oc>ob',      5'«'y'  +  /3'»      5^:  a-(y  :a)  + O':  a). 
Hence,  generally,  for  anif  two  quatemumSf  q  and  j^,  we  have 
the  fennnhi : 

or  in  words,  the  scalar  uf  the  sum  is  equal  to  the  sum  of  the 
scalars.  It  is  easy  to  extend  this  result  to  the  case  of  any  three 
(or  more)  quaternions,  with  their  respective  scalars;  thus,  if 
be  a  third  arbitrary  quaternion,  we  may  write  * 

where,  on  account  of  the  scalar  character  of  the  suumiaiidri,  the 
last  parentheses  may  be  omitted.  We  may  therefore  write, 
generally, 

II. . .  S29  •  ^S^,  or  briefly,  SS-SS; 

where  21  ib  used  ub  a  sign  qf  Summation :  and  may  say  that 


•  Om^  145,  (io.)i  *Bb 


184 


XLBMBNT8  OF  aUATBRMtOMS. 


[book  ir. 


ike  Operation  of  taking  Hie  Scalar  of  a  Quaternion  is  a  Di$^ 
tr&mHne  Operation  (comp.  13).  As  to  the  general  Siibtrae- 
Hon  of  any  one  quaternion  from  any  other,  there  is  no  difficulty 
in  reducing  it,  by  the  method  of  Art  120,  to  the  second  gene- 
ral formula  of  106  ;  nor  in  proving  that  the  Scalar  of  theDijffe^ 
rence*  is  always  equal  to  the  Difference  uJ'Lkt  Scalars.  la 
symbols, 

III.  .  .  S  ( -    =  S^'  -  ; 

or  briefly, 

IV. . .  SA7-AS(7,       SA=  AS; 

when  A  b  used  as  the  characteristic  of  the  operation  of  taking 
a  difirentCf  by  subtracting  one  quatemiouy  or  one  scalar,  from 
another. 

(t.)  Itlum  Wt  jfH  bwn  pravcd  (oomp.  196),  tluit  the  AMUiom  titmg atmftir 
of  QnalMiiioai,  f,  9',  f", . .  is  an  tutotiaHm  nd  »  ganmiiafww  ^ptnUm  (eompi.  9). 
Bat  ITS  Me,  already,  that  the  icalar  of  the  turn  of  any  such  set  of  quatemiont  bat 
a  value,  iwrhich  is  independent  of  their  order,  and  of  the  mode  o{  grouping  them. 

(2.)  If  the  Hiimmands  be  all  right  quaternions  (13'2).  the  scalar  of  rach  scparatcly 
▼anishc5,  by  196,  VH.  ;  wherefore  tlio  scalar  of  tht-ir  turn  vanishes  also,  ami  that 
ram  is  consequeatly  it$el/,  by  1^6,  XiV'.,  a  right  quaternion:  a  result  which  it  is 
eaiy  to  Terify.  In  &ct,  if  /3  a  and  y  ^  o,  then  y  +  fi-^Ot  because  a  is  then  per- 
pCDdiealar  to  the  plam  of /3  and  y ;  hence,  by  106,  the  mM  of  any  two  right  qua- 
ternloiiiia  a  light  qiMlendoi^  and  tlMi«roio  ako  the  ram  of  oiq^ 
tcndona. 

(8.)  Whatever  two  quatemiona  q  and  may  h6^  wo  have  alwaji,  aainalgebniy 
the  tiro  idmUiiut  (oomp.  191,  (7.)  )  t 

▼..•(«-*)+«««';      Vt ff)  - 1 « 

198»  Without  yet  entering  on  the  general  theory  of  eeakare  of 
products  or  quotients  of  quaternions,  we  may  observe  here  that  be- 
cause, by  196,  XT.,  tke  scalar  of  a  quaternion  depends  onfy  on  the 
tensor  and  tke  angle,  and  is  md(i;pefuf«iif  of  tke  axis,  we  are  at  liberty 
to  write  genarslly  (comp.  173, 178,  and  191,  (5.)), 

I.  .  .  Sqq'=Sq'q;        II.  .  .  S  .  q  {q' :  q)  =  Sq' ; 

the  two  products^  qq'  and  q'q^  having  thus  always  equal  scalars, 
although  they  have  been  seen  to  have  unequal  axes,  for  the  general 
case  of  diplanarity  (I68t  191).  It  may  also  be  noticed,  that  in  vir- 
tue of  what  was  shown  in  1939  respecting  the  quotient,  and  in  194 

*  Examples  have  already  occurred  in  196,  (2.),  (.6.),  (16.}. 
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respeeting  the  product,  of  any  two  right  quAternions  (132),  in  oon- 
nezum  with  their  indicea  (133),  we  may  now  estabiisbt  for  any 
guek  qaAternionf,  the  formula: 

IIL  .  .B{q':q)  =  B  (Iq  :  Iq)  =  T(q':q).eM  l(Ax.  q'lAlLq); 

IV. . .  Sg'j  a  S     .    -  S  ^Ij':  I     =  -  Tg^j .  oof  ^  (Ax.     Ax.  j)  i 

where  the  new  symbol  is  used,  as  a  temporary  abridgment,  to 
denote  the  Iruka:  of  the  quaternion  q,  supposed  here  (as  above)  to  be 
a  rigki  one.  With  the  same  snppoaition,  we  have  therefore  also 
theee  other  and  shorter  formulie: 

V. . .  SU  (5-' :  (?)  a+ cos ^  ( Ax.  ^:  Ax.  9) ; 

VT. .  .  BVq'q --COB  I  (Ax.  q*:  Ax.  q) ; 

which  may,  by  196,  XVI.,  be  interpreted  us  expressing  that,  under 
the  same  condition  of  rectangularUy  of  q  and  q\ 

Vn. .  .  z(9':47)»^(Ax.^:  Ax.^); 
VIII.  • .  L  ^q^w-'LiJix,q^i  Ax.  q). 

In  words,  the  Angle  of  the  Quotient  of  two  Riijht  Qnatcrnions  is  equal 
to  the  Angle  of  their  Ares;  but  the  Angle  of  the  Product^  of  two  sucli 
quaternious,  is  eciual  to  the  Supplement  of  the  Angle  of  the  A.re.<^. 
There  is  no  dithculty  in  proving  these  results  otherwise,  by  con- 
structions such  as  that  employed  in  Art.  193;  nor  in  illustrating 
ihem  by  the  consideration  of  isosoeies  qnadrantai  triangles,  upon  the 
•urfiice  of  a  sphera 

199.  Another  important  case  of  the  scalar  of  tLproduct^  is 
the  case  of  the  Mcalar  i^iht  square  of  a  quatemton.  On  refer- 
ring to  Art.  149,  and  to  Fig.  42»  we  see  that  while  we  have 
always  T(^')  =  {Tq)\  as  in  190,  and  X]{q')  =  U{qy,  as  in  161, 
wc  have  also,  * 

I. . .  z(^)*«2Z9,   and  Ax. (9*) » Az. 9,  if  ^9<j;  p 

bnt,  by  the  adopted  definitions  of  z^(130),  and  of  Ax.  9 
(12T,  128), 

IL  . .  L(jf)^2{ii-iq),    Ax.    ^)  =  -  Ax.  jr,   if  ^^>|. 

In  each  c<a6e,  however,  by  196,  XVI.,  we  may  write, 

III. .  .  SU(5»)  -  COS  ^  (5»)  «oos  2^q; 

2b 
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a  formula  which  holds  evea  when  z.  g  ia  0,  or  or  Wt  and 
wluch  gives, 

IV.  ..SU(^«)-2(SUi/)«-I. 

Hence,  generally,  the  scalar  of  q*  may  be  put  under  either  of 
the  two  following  forms : 

V.  .  .  S(q')  =  Tq*,C0B2lqi     VI.  .  .  S       =  2  (S<?)»  -  T9' ; 

where  we  see  that  it  would  not  be  safe  to  omit  the  parentheset^ 
without  some  convention  previously  made,  and  to  write  simply 
89*9  without  first  deciding  whether  this  last  symbol  shall  be 
understood  to  signify  the  tealar  qfthe  tqitare^  w  the  square  of 
the  icalar  of  q:  these  two  things  being  generally  imequai. 
The  latter  of  them,  however,  ncciirring  rather  q^cwer  than  the 
former,  it  appears  convenient  to  fix  on  it  as  that  which  is  to 
be  understood  by  Sr/-,  while  the  other  may  occasionally  be 
written  with  a  ]^int  thus,  S .  ^* ;  and  then,  with  these  conven- 
tioiis  respecting  noiaUom^*  we  may  write : 

VII.  .  .        {SnY ;       VIII.  .  .  S .    -  S  (j'). 

But  the  iqmrt  qfihe  eenfujfote  of  any  quaternion  is  easily  seen 
to  be  the  cm^t^te  tfftks  square  ;  so  that  we  have  geneffaUy 
(comp.  190»  II.)  the  fimnnla: 

IX. .  .  Kq'  =  K  (2')  =         =  T^' :  ^ 

( 1.)  A  quaternion,  like  a  positive  scalar,  may  be  said  to  have  in  general  two  oppo- 
gite  square  roots ;  because  the  squares  of  opposite  quaternions  are  always  equal 
(comp.  (3.)  ).  But  of  tiMM  two  roots  the  principal  (or  simpUr)  one,  aod  thai  which 
«•  duU  danott  1v  ttei^Bbol  Vf,  or  Vf,  and  Aan  «tniqr  amiiMm  Ik 
ofjb  bthalwhldiliMlUa^^  Mate,  Mid  not  oMiiM.        diaU  tbrnCon  wiite^ 


•  As,  in  the  Differential  Calculus,  it  is  usual  to  write  dx'  instead  of  (dx)'  . 
while  d(x-)  is  sometimes  written  n^-  c1..t*.  But  as  d'x  dmotes  a  second  diffirentiaf^ 
go  it  s<^cm-«  safest  not  to  denote  the  sujuaro  of  by  the  symbol  S-'y,  which  properly 
Bif^nities  SS7,  or  S9,  as  in  19(1,  VI. ;  tlie  second  scalar  (like  the  second  tensor^  187, 
(9.),  or  the  second  vexMor^  160)  being  equal  to  Uie/Sr«<.  6UU  every  calcnlator  vUl 
of  oonne OM  hit  o«nt  diaentioo;  tnd  the ompkgnMiit oTtlio  notatloii  8*9  flMr(89)>, 
M  eot 's  is  oftm  wHttm  Ibr  («ot  a)",  xmy  melliiiM  tnm  s  mniog  ^jpoor. 
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vilhtb*  icMmtloB  tlMft,  ita  lY-OtOrovtlUs  connoa  «d«  «C f  tad  Vf  b«. 
oMM  (I7 181, 149)  an  rmfclirwfaflii  indfr^llat. 

XL  .  .  S  V7  >  0,    if  ig<T; 
while  ihU  «ca/ar  t^tkt  fuoM  root  of  a  qoateraiou  ma/,  by  VL,  be  thus  trana-yj^^. 

afanmUvUcliluldsgood,  maattlwttiilit  ^9  sr.  ^ 
(8.)  11iepfiBd|de«(l.>,tl«tinqMtomta^Mtail0d^  /r     )  ^ 

h  aa  4fciili»,  any  be  ilhwtratad  by  owiodTing  that,  to  Ftg.  4S,  a  potot  a' to  dator-  / 
■riaidbytteaqaatkDOB'BBo;  teflmiiadiaUhav«(flomp.  Ffg.  88,  ^/ 

(- s  1  ^  J  mt—^mq*^  becaoM  A AOB  «B'oa 

200.  Anotber  useful  connexion  between  scalan  and  iea^ors  (or 
norrni)  of  quaternions  may  be  derived  as  follows.  In  any  plane  tri- 
angle AOB,  we  havef  tbe  relation, 

(T.  ab)»=(T.  OA)*  -  2(T.oa)  .  (T.  ob)  .  cos  add  +  (T.  ob)»; 

in  wbieh  the  tymbols  T.  oa,  &c,  denote  (by  185, 186)  tbe  length  of 
the  aidea  oa,       but  if  we  still  write  g » ob : oa,  we  hm 
sab:  OA;  dividlDg  therefore  bj  (T.  oa)^,  the  fornrala  becomes  (by 
196.  fto.), 

I. . .  T  (2  - 1  )•  =  1  -  2T^r .  8    +  Tj* = Tj*  -  2  S  y  +  1 ; 

"  n. . .  N  (j-  1)«N^  - 28j  + 1. 

But  ^  is  here  a  perfeotly  gmmA  qnaternhm;  we  may  therefore 
diange  its  ti§n^  and  write, 

III.  .  .  T(l+7)*-l  +  2Sy+Ty»;      nr.  .  .  N(l  +j)  =  1  +  23^  + Ny. 
And  since  it  is  easy  to  prove  (by  106, 107)  that 

V...(^|  +  l)2  =  ?'  +  V» 
whatever  two  quateniioDS  q  and  /  may  be,  while     f  ^ 

we  easily  infer  tbis  otber  general  formula,  \  f '  #y 

VII.  ..N(g'  +  9)  =  N^'  +  2S.jK£'tN£;  ^  -'^  ;  *   '  '^'Z 

which  gives,  if  x  be  any  scalar, 

VllL  . .  N  (jr  +  «)  =     +  2afS£  +  x". 

•  Compare  the  first  Note  to  page  162.  ^  -  ? 

t  By  the  Sccoud  Book  of  Euclid,  or  by  plane  trfgooomctry.      ,  .  '  * 

j']^       /   . 
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Higes  from  one  modo  of  erprettion  to  another,  of  the  kind  wUdi  has  b^n  alladadtO^ 
and  (Murilj  OTwnpHftad,  in  fonner  mb-aiUckt.  Take,  for  egimpk,  the  formnla, 

'"r^-*»  of  187,(2.); 

or  the  eqairaleDi  fonnula, 

TO»  +  a)«TO»-a),  of  186,  (6.); 
which  has  been  seen,  on  geometrical  grounds,  to  represent  a  certain  /onw,  namely  the 
plane  through  o,  perpendicular  to  the  line  OA;  end  therefor  the  mnm  /ocm  •«  thet 
which  ia  repreeented  by  the  equaticn, 

8^ bO,  of  196,  (1.). 
a 

To  pott  now  from  the  fiinnor  conations  to  tho  latter,  by  calculation,  wc  have  only 
to  ciennii?  the  (luotictit  p  .  ahy  and  to  observe  that  the  first  or  second  form,  as  just 
now  cited,  becomes  then, 

T(9+l)  =  T(g-l)i    or   N     +  1)  =  N  (j  -  1) ; 

or  finally,  by  11.  and  IV., 

8^  =  0, 

which  gives  the  third  form  of  equation,  as  required. 

(S.)  GoDTWNljr,  from  8 -sO,  we  ceo  Htmrn^  bj  tho  wme  geneial fiwrnahe H. 

andlV.,  totheeqnatioDK^^-l^  =  N|^+l|  or  by  I.  and  IIL  to 

■  T^^+1^  ortoT(p-  tt)  =  T(p  +  o),  or  to  ^^3^=  1,  aa  above;  and  geae- 
nllj, 

89-0  giTW  T(g-l)=T(g+l).  or 

while  the  latter  equations,  in  turn,  involve,  as  has  been  seen,  the  former. 

(3.)  Again,  if  we  take  the  Apollonian  Ixxras,  145,  (t).),  (i).),  and  employ  the  Jirst 
of  the  two  forma  186,  (5.)  of  its  equation,  namely, 

T  (p  -  a'a)  -  aT  (o  -  «), 
where  a  is  a  given  po.sitive  scalar  different  from  luiity,  we  may  write  it  as 
T(g-a»)  =  aT(j-l),    ores   N  (j- a>)  =  o2N  (g- 1)  j 

or  by  Viil., 

Kf  >  Si^S9+ aA« a*{N9 - 8Sf  + 1) ; 
or,  aflor  oiimw  wring  -  20*87,  tnnqMeing,  ond  dividing  by  a*  -  1, 

N7=a«;    or,    Nfj=a»Na;    or,  TpsoTa; 
which  last  is  the  second  form  186,  (5.),  and  is  thus  deduced  Jrom  the  Jir$t,  hjf  caicu' 
lalm  dSnu^  irlthoai  any  imoMdiato  appeal  to  gtmutrfft  or  the  eonatmoCion  of  any 


o  Oonparo  145,  (10.) ;  and  oercnl  sabieqiicnt  Mib-artidoi. 


^  oj  by  Google 


CHAF.  I.]  GEOMETRICAL  EXAMPLES.  189 

(4.)  CwvtBMlyifwatelMllMeqiiMtloii,  ,       ~    ^  /V.} 


K^»aS  of  146,  (12.x 

CI 


then  seal  to  npreMot  tbe  itne  loem^  oooddmd  as  •  splicrie  sniAoe, 
vfAoioraBtn^udattflDroiMorilsmtfl,  iDd  write  it  «s  Ng  m  can  tbsa 
i|r  «sriSe«latiM  ntom  to  tbe  liwiB 

N(?-a-)-a»N(v-l),    or    T(7-a«)  =  aT(7-l), 

T  (p-  a%i)saT  (p  -      as  iiil8«,  (6.)i 
iSkimfmtfarm  of  Cbaft  snb-artido  bdng  tlras  dod«eod>l<«m     secmid;  namely  frosA 

TprraTa,  or  T^^^a.  /! '  -       '      ^      *r*  *' 


t 


(5.)  It  U  far  from  being  the  intention  of  fbe  fuegoiog  remarks,  toi 
attention  to  the  geometncal  intrrpretation  of  the  various  fomu  of  erpresaion,  and 
ger.eml  rules  o  f  transformation,  which  thus  offer  themselves  in  working  with  qua-  "  ^ ^  /  * 
teriii'.  iis  ;  on  th»'  contrary,  ono  main  object  of  the  present  Chaj'ter  hixa  Ucn  tu  es-  • 
tablish  a  firm  gtomtincal  basts,  fur  all  such  forms  and  ruled.  Hut  when  such  a  fuun- 
datian  has  once  been  laid,  it  is,  aa  tre  see,  nul  neceuary  that  we  should  continiuiU/ 
wemr  to  the  orsminstiwi  of  it,  in  building  up  the  guperttrueim,  TbateaeAofthe 
Aw  /crm»f  in  186,  (6.),  uMoAwf  tbe  otktr,  may  be  proved,  as  above,  Ay  ca/cufafjoK  / 
bat  it  ia  interesting  to  inqidrs  wliat  is  tbo  mranlN^  of  tUa  resnlt :  and  in  sed^ing  to 
imUrfta  it,  m  ahodd  be  led  anew  to  the  tiieoffem  of  the  jfyaUoniam  Laema, 

(6L)  The  leottlt  (4.)  of  caleolatioii,  that 

N  (q^ «>)»aSK(9  - 1),  if  N9  » a*, 

may  be  expressed  uiider  the  furui  of  an  idenfiiy,  as  follows : 

IX.  .  .  N(7-Nj)  =  Ng.  NC^-i); 

IB  •which  q  may  be  anj/  <juaternion. 

(7.)  Or,  by  191,  VIL,  because  it  wiil  sD.m  lir'  ;>#en  that 

7  (7  - 1)  =  ry3  -  9,  as  in  algebra, 

-we  may  write  it  as  this  other  identity : 

(8.)  If  T  (g  -  1)  =  1,  then  S  -  =  ^ »  *WJ<i  conversely,  the  former  equation  follows 

9  ' 

fioos  tlM  latter;  beeanse  aach  mtif  be  pot  wider  tlie  form  (compi.  196»  XII.), 

2a 

(9.)  Uenoe,  if  T  (p  —  a)  ~  Ta,  then  8^=1,  and  reciprocally.    In  fact  (comp. 

1 96,  (6.)  ),  each  of  these  two  equations  expresses  that  the  locos  of  p  la  tlie  qiiiere 
which  paaise  tliroagh  o,  and  has  its  eentce  at  a ;  or  whidi  has  on ^Sa  for  a  dU- 


(10.)  By  changing  9  to  9  ^  1  in  (8),  we  find  that 

o  - 1 

if  To  =  1,    then  — -  =  0,  and  reciprocally. 

9+1 
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(U.)  Honoe  If  Tp>Ta,  tten  8^^«0,  «iidi«eipraeal]j;  bcoMwCbjlOe) 

p+u      a       a       \a      I \a  f 
(IJ.)  Ifafb  of  these  two  equations  (11.)  exprwses  that  the  locus  of  p  is  the 
im  throngh  a,  which  has  ita  centre  at  o ;  and  their  proved  agreement  is  a  rcct^-^- 
nition,  by  quaternions,  of  Um  elemanUry  geonwtrical  theorem,  that  the  angle  in  a 
•emicirde  is  a  right  angle. 

Section  13. —  On  the  liiglU  Part  (or  Vector  Fart)  of  a  (^ua- 
ternioH  ;  and  on  the  Distributive  Property  of  the  MuUipH- 
eaiian  ^  Qjuaterjiiotu, 

201.  A  given  t>eetor  ob  can  alwrnyabe  deoompoeed,  in  one 

but  in  only  one  way,  into  two  component  vectors,  of  wWeb  it 
U  the  sum  (6)  ;  and  of  which  one,  as  ob'  in  Fig.  50,  is  parallel 
(16)  to  another  given  vector  oa,  while    „  ^ 
the  other^  as  ob"  in  the  aame  ifigttre»  is   i  --^--^^ 
perpendicular  to  that  given  line  oa;  |  | 
namely,  by  letting  fiUi  the  perpendtcu-   |  j 

lar  bb' on  0A»  and  drawing  OB''»B'By  00   '.^^  ^   j  , 

that  ob'bb"  eball  be  a  rectangle.   Li  Yig.  60. 

other  words,  il  a  and  j3  be  any  two  given, 
actual,  and  co-iuitial  vectors,  it  is  always  possible  to  deduce 
irom  them,  in  one  definite  way,  two  other  co-initial  vectors, 
J3'  and  /i",  which  need  not  however  both  be  actual  (I);  and 
which  ehall  satiafy  (oomp.  6,  Id,  129)  the  oonditiona, 

P  vaniahing,  when  /3  ±  a ;  and  fi"  being  null,  when  /3  I  a; 
but  both  being  (what  we  may  call)  determinate  weter-fime^ 
turn  of  a  and  0.  And  of  theee  two  fanetions,  it  is  eWdent 

that  /i'  is  the  orthographic  projection  of  ^  on  the  line  a  ;  and 

that  fS"  is  the  corresponding  projection  of^on  the  plane  through 
O,  which  is  perpendicular  to  a. 

202.  Hence  it  is  easy  to  infer,  that  there  is  always  one, 
but  only  one  way,  of  decomposing  a  given  quaternion^ 

^»0B  :  0a  =  /3  :  «, 

tnto  two  parts  or  summands  (195),  of  which  one  shall  be,  as  in 
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196,  a  ioalar^  while  the  oth^  shall  be  a  right  qw^ieni  (132). 
Of  these  two  parte,  theyortiMr  has  been  already  called  (196) 

the  scalar  part^  or  simply  the  Scalar  of  the  Quaternion,  and 
has  been  denoted  by  the  symbol  ;  so  that,  with  reference 
to  the  recent  JTigure  60,  we  have 

I. . .  S9«S(ob:oa)-ob':oa;   or,  S(^:a)->0':a. 

And  we  now  propose  to  eall  the  laf##r  part  the  Bionr  Pakt* 

of  the  same  quaternion,  and  to  denote  it  by  the  new  symbol 

writing  thus,  in  coonezion  willi  the  same  Figure, 

II.  .  .       =  V(OB  :  oa)  =  on"  :  o a  ;    or,    V(/3  :  a)  =  /3 ' :  a. 
The  System  of  Notations^  peculiar  to  the  present  Calculus, 
will  thua  have  been  completed;  and  we  shall  have  the  folio w- 
ing  ganend  Formula  qfVecompositian  of  a  Quaternion  into  two 
Summandi  (eomp*  188),  of  the  Scalar  and  Might  kinds : 

III. .  .q^Sq  +  Vq^Vq^Sgf 
or,  briefly  and  symbolically, 

IV...  1-S  +  V-V+S. 

(L.)  In  coDJMxion  with  tbo  same  Fig.  50,  we  vaay  write  alio, 

V  (ob: OA) SB's:  OA, 

.  became,  by  construction,  n'n  -  on".  , 

(1.)  In  like  manner,  for  Fig.  36,  we  have  the  oqaation,  * 

Y  (on  :  OA)  =  a'b  ;  oa. 
(8.}  Under  the  noent  condidons, 

y03':a)»O,   and  8(^':«)s0. 
(4.)  In  gmm^  tt  if  evident  tbtt 

Y»..qmO,  if  SfnO,  and  Y^sO;  andieeiprocalljr. 
(6.)  MofBgenanD^, 

YI. ..jr'sf,  if  8t'«Sf,  nd  Y^sV^;  with Um convene. 

(6.)  Aleo  YIL..Y9BO,  if  ^900,  or 

or  Yin. ..  Y(i3:a)«0,  if  ^|a; 

the  right  part  of*  acalar  being 


*  This  Right  Part,  Vij,  v,  i\]  come  to  be  also  called  the  Vector  I\trt,  or  simply 
the  Yectob,  of  the  Qu.itf  rnion  ;  because  it  will  bf  fniiiul  possible  and  tiseful  to  iden- 
tify such  part  with  its  own  Index- Vector  (133).  Compare  the  Notes  to  pages  119, 
M,  174. 
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(7.)  On  (h«  oUmt  hand, 

a  right  quaternion  b«uig  its  own  right  part. 

203.  Wc  had  (196,  XIX.)  a  Ibrmuia  which  luay  now  be 
written  thus, 

I.  • .  ob'« S(ob : oa) .OA,  or      eS^ • 

to  ezpresB  the  projection  of  OB  em  oa,  or  of  the  Teotor  0  on  a ; 
and  we  have  evidently,  by  the  definition  of  the  new  symbol 
V^,  the  analogous  formula, 

11.  • .  OB'^-iV (ob:oa)  .OA,  or  j3"«V^.o, 

a 

to  express  the  projection  of  en  the  plane  (through  o),  which 
is  drawn  00  as  to  be  perpendwiUar  to  a ;  and  which  has  been 
considered  in  several  former  snb-artides  (comp.  186,  (6.),  and 
196,  (1.) ).    It  follows  (by  186,  vice.)  that 

111.  .  .  Tj3  =  TV—  •  Ta  =  perpendicular  distance  of  u  from  oa  ; 

this  pcrpciidioTilar  being  hei'c  considered  with  reference  to  ita 
lei^Ui  alone,  as  the  characteristic  T  of  the  tensor  implies.  It 

is  to  be  observed  that  because  the  factor,  V  — ,  in  the  recent 

a 

formula  II.  for  the  projection  p^^iBnota  Koiar^  we  must  write 
that  fiictor  as  a  mvlt^ier^  and  notMAtimli^iUeand;  although 
we  were  at  liberty,  in  consequence  of  a  general  convention 

(15),  respectinj^  the  multiplication  (f  vectors  atul  scalars,  to 
denote  the  other  projection  j3'  under  tlie  form, 

r.../3'«os2(i96,XIX.). 
a 

(i.)  The  equtioo, 

a 

expreases  that  the  locas  of  r  is  tlie  iitdtfifutt  right  tin*  0A»  ,  ;) 
  /  f  ' 


(2.)  TheequftUoo, 

ve^«0.  or 

a  a  a 


Digitized  by  Google 


CHAP.  I.]  OlOMlTEICAL  MZAIIPLBI.  193 

express^  thnt  tlte  locus  of  v  h  tho  indef!nito  right  Una        in  fig.  £0,  whidi  it 
dnwn  througli  th<  }K)iat  B,  parallel  to  the  Uue  oa, 
(S.)  The  et^UAtion 

S^^-O,  or  8^«82.of  196,(2.). 
«  a  a 

bM  ben  tMD  to  <x|mii  that  iha  loena  of Fiitliapiwia ttuongh b,  ptrpandienlaf 
to  tha  BDe  OA;  if  tbaB  wo  coaiWiitH  with  tho  vaemt  aqoatiM  we  shall  cxprea 
thatthepointpissUuatddalfholnlHmctfjbiiortbatwolaitiiiaiitli^  ortbat 

it  coineida  with  the  point  n. 

(4.)  Accordingly,  whether  we  Uka  tha  two  firsi  or  the  two  last  of  theae  recent 
lonna  (2.),  (3.),  namely, 

a  a  a       a  a  a 

w«  can  infer  this  poaitioa  of  the  point  r :  io  the  first  case  by  inferring,  throu^  202, 

y.^l^£jl^sQ,  whaioo(»-^»0,bgr  HS{  and  hi  tho  aeoond  eaae  bj  faiAnfog^ 

a 

thnwgh  202,  YL,  that  -  =  — ;  ao  that  we  have  in  each  case  (comp.  104),  or  as  a 
iiiinaaniiiwm  frnm  iwrb  rritnm  thir  itniialftj  f  -  /T|  imrr  -  tr  ]  orADal^(eaaip.20) 

the  eoineidenet,  P  =  B. 

(6.)  Tha aqoaUon,  ivfieTV^ 

a  a* 

expresses  that  the  locus  of  the  point  p  is  the  cyUmlric  tnrfaet  of  revolvtiou,  which 
(Misses  throuf^h  the  point  n,  and  has  the  line  OA  f'^r  its  axi.-* ;  fur  it  I'xpressrs,  )>y  111., 
t|i^t  the  perpendicular  dtttances  of  P  and  u,  from  this  latter  line,  are  equal. 
(6.)  Thejyatemof  thetwoeqttttioos, 

a        a'       7  ' 

exprenea  that  the  locus  of  v  is  the  (generally)  elliptic  section  of  the  cylinder  (5.), 
mado  by  tho  plaao  thpwgfa    which  ii  perpeaditalar  to  tho  Una  og 
(7.)  If  woaiapkfanaiHdogDiiadaooiBpodtioiiof  tyai^poriQgtliat 

the  three  lectiliiMar  or  pbuM  loci,  (1.),  (2.)>  (3.))  m&y  ham  thab  equaUoia  thni 
brfaflywiittai: 

wlrib  tiio  oombinatioD  of  the  two  last  of  these  gives  p  =  /3,  as  in  (4.). 

(8.)  Iho  aqttati<»a  of  tho  cgrlindric  locus,  (5.)t  takea  at  tha  tamo  time  tho  fom, 

wUchlaateqnatSim  expresses  that  the  projection  p"  of  the  point  P,  on  the  t>lane  through 
O  porpendicular  to  oa,  falls  somewhere  on  the  circumference  of  a  circle,  with  o  for 
centre,  and  ob"  for  radius  :  antl  thi^  circle  may 'accordingly  be  conskiered  aa  tbe6a«« 
right  cgUnder^  in  the  suU-article  last  cited. 

204.  From  the  mere  circumstance  that       is  always  a 

right  quotient  (132),  whcitccUV-^  is  a  right  ver$or  (163),  of 

2  c 
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which  the  plane  (1 19)»  and  the  axU  (127),  coincide  with  thoee 
of  qt  seyeral  general  consequences  easily  follow.  Thus  we  have 
genen]ly»  by  principles  already  established,  the  relations : 

I.  ..^V^  =  ^;      II. .  .  Ax.  Vj'- Ax.  UV^«  Ax.y; 

ni.  .  .  KV(7  =  -  V^,    or    KV  =  -V(144); 
IV.  .  ,  SVg  =  0,    or    S  V  =  0  ( 196,  VII.) ; 
V. . .  (UVj)'-- 1  (163, 159); 

and  therefore, 

VI. . .  (Vy)«--(TV^)'=-NV^,» 

because,  by  the  general  decomposition  (188)  of  a  quaternion 
into^^c^or^,  we  have 

VII. Vy-TVy.UV^. 
We  have  also  (comp.  196,  VI.), 

VIII.  .  .  VSq  =  0,    or    VS  =  0  (202,  VII.) ; 
IX. .  .  V Vj  =  V<7,    or   V*.VV  =  V(202,  IX.); 
and  X.  ..VXi  — Vg,  or  VK--V, 

because  conjugate  qwUermmis  have  opposite  right  parU^hj  the 
definitions  in  137,  202,  and  by  the  constmction  of  Fig.  36. 

For  the  same  reason,  wc  lla^c  this  other  general  formula, 

XI. . .      »     -  V^,   or   K  «  S  -  V ; 
bnt  we  had 

Sy  + Vy,   or    1  «S  + V,  by  202,  III.,  IV. ; 

hence  not  only,  by  addition, 

q-¥Kg^2Sq,   or    1 -i- K - 2S,  as  in  196,  1., 
but  also,  by  subtraction, 

XII. . .  9-Ki7«2V7,   or  l-Ko2V; 

whence  the  Characteristic.^  V,  of  the  Operation  of  taking  the 
Right  Part  of  a  Quaternion  {comp.  132,  (6.);  137;  156;  187; 
196),  may  be  defined  by  ^ther  of  the  two  following  symbolical 
equations : 

XIII.  .  .  V  -  1  -  S  (202,  IV.) ;       XIV.  .  .  V  -  i  (1  -K); 

whereof  the  former  connects  it  with  the  characteristic  S,  and 

*  Compare  the  Note  to  page  130. 
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tibe  latter  witii  the  cluaacteRBtio  K;  while  the  dependence  of 
K  on  S  and  V  ia  ezpresMd  by  the  recent  formula  XI. ;  and 

that  of  S  on  K  by  196,  11'.  Agwn,  if  the  line  ob,  in  Fig.  50, 
be  multiplied  (15)  by  any  scalar  coefficient,  the  perpendicular 
bb'  ia  evidently  multiplied  by  the  same;  hence)  generallyy 

XV.  • .  YxgrnxYg^  i£x  be  any  Boalar ; 

and  therefore,  by  188,  191, 

XVI...  Vj«T^.VUj,  and  XVII. . .  TVy-Tj  .TVU^. 

Bat  the  conrideration  of  the  ri^t-angled  triangle,  ob'b,  in  the 
same  Figure,  shows  that 

XVllI.  .  TYq^Tg.BhxLg, 

becaoee,  by  202,  11.,  we  have 

TVq  -  T(0Br' :  oa)  »  T.  ob*  :  T.oa, 

and 

T.ob"»  T.OB  .  nn  aob  ; 

we  arrive  then  thus  at  the  following  general  and  useful  lor- 
mula,  connecting  quaternw?is  with  trigonometry  anew : 

XIX.  ..TVU^-sinil^; 

hj  comlniung  which  with  the  formula, 

SU^y  =  co3Zg  (196,  XVI.), 

we  anive  at  the  general  relation : 

XX.  . .  (SU^y  +  (T  vu^y  - 1 ; 

which  may  aldo  (by  XVII.,  and  by  196,  IX.)  be  written  thud  : 

XXI.  .  .         +  (T V(?)»  =3  {Jqy ; 

and  might  have  been  immediately  deduced,  wiihma  sines  and 
eosmeSf  from  the  iight-an|^ed  triangle,  by  the  property  of  the 
square  of  ihe  hypotenuse,  under  the  form, 

(T.od)'^  +  (T.b'b)»-(T.ob)». 

The  same  important  relation  may  be  eipreflsed  in  various  other 
waya ;  for  example^  we  may  write, 

XXII.  . .      -  Ty*-  Sy«  -  Yf, 

where  it  is  assumed,  as  an  abridgment  of  notation  (comp.  199, 
VII.,  VIII.),  that 

XXIII. V9»»(Vy)S  but  that  XXIV- . .  V.j*- V(j»), 
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the  import  of  this  Ittt  symbol  mnaiiiing  to  be  exnnined. 
And  beemue,  l)y  the  definitkm  of  A  monmt  end  by  the  proper- 
tiee  of     and  Vy, 

XXV. . .  NS^  -        but   XXVI.  ..NV^--V}S 
we  may  write  also, 

XXVII.  . .      -  N(S^  +  Yq)  -         NV^ ; 
n  rei?ult  which  is  indeed  included  in  the  formula  200,  VIII., 
Bince  that  equation  gives,  generally, 

XXVIII.  .  .N(^?  + a;)  =  N<?  +  Na;,    if  Lq-^l; 

X  bdng,  as  usual,  any  scalar.   It  may  be  added  that  becaoae 

(by  106,  143)  we  have,  as  in  algebra,  ihe  identity, 

XXIX.  •  •  -    +  y) «  -  y'  - 
the  opponU  oftks  sum  of  any  two  quatemiona  being  thus  equal 
to  the  sum  of  the  oppoMUtn^  we  may  (by  XI.)  establish  thia 
other  general  formula : 

XXX.  ,  .  -Ky-V^-Sy; 

the  cppoMite  of  the  conjugate  of  stny  quaternion  q  having  thus 
the  tame  right  part  as  that  quaternion,  but  an  cpponie  scalar 
part. 

(1.)  From  tho  last  formula  it  may  be  inferred,  that 

if  g'B-Kf,   tben  Yfl'-^Yf,  bat  Sf'—Sfj 
and  tiunCm  thftt 

Tj'aiTj,   and  Ax.f'sAz.9,  but  li^^w^lq; 

wUiOk  twoM  nbtktiB  miglit  \mn  been  dfldnoed  flmn  188  nd  14S,  witboot  tb« 
famdMtlM  of  the  cahanidarbtidi  8  lad  Y. 
(8.)  Th»  •qnatioDi 

like  th«  equation  of  208,  (6.),  czpraMt  tbat  tbe  lofloM  of  p  is  the  rijfki  qfUmdtr^  or 
cgrlinder  of  revolation,  with  oa  for  its  axli^  wbleh  pafeMt  throo^  the  poiiit  m. 
(8.)  The  eyatem  of  the  two  eqnatiooi^ 

(vey=(v|J.  8-;=o. 

Uke  the  comaponding  ayataat  hi  808,  (8.),  lepreaaota  geoafalljr  ao  tU^pHe  aecffim  of 
the  aasM  right  qrlinder;  bat  if  it  happtn  tbat  y  |  a,  the  aaeCioiitbai'baceiiMadir- 
eirfbr* 
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(4.;  Tbesfttcm  of  thatwoequatiaai, 

roprei«nt5  the  circle,^  in  nliich  the  cylinder  of  r«n-olntion,  with  oa  Air  axis,  and  with 
(1  -  x^jlTtt  for  radios,  is  perpendicularly  cut  liy  u  piano  at  a  distance  =  xTa  from 
0  i  th&  vector  of  the  centre  of  thi^  circular  section  being  xa. 

(5.)  \VhUd  the  scalar  « incTOMM  (algtbnicaUjr)  ftwa  -1  to  0^  aJiA  thtMS  to 
4- 1,  tto  ocniMatod  Mtkir  V(i  -  «■)    M  inoMMM  fk«m  0  to  1,  an^ 
bnltoOs  th*radfa»«ftli»dide(4.)atth«ii)MtiM€Bliiilagft^ 
■niBsnsTa,  MidtiMagaiiidlottiifdiingto  laro;  while  thepgritkn  cttht  ttmln 
of  the  drcU  raiics  amtinnondy,  in  one  constant  direction,  firom  ft^«t  Nmit-pcimt  a\ 
if  OA's— a,  to  the  point  a,  as  a  tecond  limit. 

(6.)  The  locus  of  all  such  circles  in  the  sphere,  with  A.\'  for  a  diameter,  nnd  there- 
fore with  o  for  oeotxe ;  namely,  Uie  ^h«re  wliidi  has  already  been  represented  bjr  Uw 

a 

p  +  a 

but  which  now  prescnta  itaelf  under  ilie  new  form. 


obtained  by  eliminating  x  between  the  two  recent  equaliuna  (4). 

(7.)  It  easy,  however,  to  rtturn  from  the  last  form  to  the  second,  and  thence 
to  the  inly  or  to  the  third,  by  rnlaa  of  oaleulation  already  Mtabllalied,  or  by  the  ge- 
aml  rdatkoa  betiraeD  the  tfwMa  used.  In  fiwk,  tfaa  laat  equation  (6.)  nay  ho 
vnttan^  by  ZXU.,  mder  the  form, 


wheooe 


T^=l,hy  WO.  VI.i 

41 


nnid  therefore  ako  Tp  =  Ta,  by  187,  and  S        =  0,  by  200,  (11.). 

(S.)  OcttTWely,  the  sphere  throngfa  a,  with  o  for  centre,  night  already  hare 
teaateoi,  hy  the  fint  definition  and  proper^  of  a  aonn,  itoted  in  146,  (11.),  to  ad^ 

■ik(eomp.  146,(12.))«fbelngTC|iiweiitodh7thoeqaationK^  =  l;  md  these- 

a 

fore,  by  XXil.,  under  the  recent  form  (6.)  ;  in  which  if  we  write  x  to  denote  the 
nriddaacalar  8^,  aa  in  the  fifit  of  the  two  equadona  (4.)»wa  leoovertheaeoondof 


thoM  eqnatiaBa:  and  tku  nd^  baled  to  oouidBr,  aa  In  (6.),  the  ipAffitinqMallon 


*  By  the  word  *'  dide^"  In  theto  pagee,  ia  nanany  meant  a  dretu^fumu,  and 
«0t  aa  mm;  and  to  like  manner,  the  woida  **apheie^**  **  cylinder,'*  oooe^"  Ac,  aie 
anally  here  enpleyed  to  danotewr^beff,  and  nei  9thmu. 
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as  the  locus  of  a  variable  circle,  v,  hkh  h  (ns  al>ove)  the  UUerMOtum  of  A  mofiaM* 

cylinder,  wiili  a  variable  plane  perpendicular  to  its  axia 

(9.)  The  sanio  sphere  may  also,  by  XXVI L,  have  its  equation  written  thus, 

N^S^  +  V?^al;  or  T^S^  +  v£^  =  L 

(10*)  If,  in  each  vnriable  plane  repreaented^y  the  first  equation  (4.), ' 
the  radius  of  the  circle,  or  that  of  the  variable  cylinder,  to  be  multiplied  by  any 

stant  and  positive  eoaliir  o,  tlic  centre  of  the  cirri'  and  tlie  axis  of  the  cylinder  re- 
roaining  uucbunged,  vfQ  shall  pas»  thu«  to  a  new  tjfgtem  of  dreUa^  repceaeuted  by  thia 
new  system  of  equationsi 


8e=as  (v^Y««i-l. 


(11.)  The  loc%it  of  these  new  circles  will  evidently  be  a  Spheroid  of  Revolution  ; 
the  eenire  of  this  new  surface  being  the  centre  o,  and  the  axis  of  tho  aame  surface 
being  the  SamHer  aa%  of  the  qiAcrt  lately  eouMeredi  wfaldi  iphen  la  Cbenftxo 
etthor  hmriM  or  droMOiicrfted  to  the  apheroid,  aeoocdUig  as  the  oooataak  a>  or 
<1;  beeaoeethermlnorUMiieircboleeamiBthoflnt  CMefrsoier,  bat  tn  the 
oood  case  2e»«,  than  the  radii  of  the  old  circles ;  or  beeenae  the  raUrn  ofiiatar 
of  the  spheroid  =  oTa,  while  the  radina  of  the  sphere  =  Ta. 

(12.)  The  equations  of  the /rro  co-oxa?  cy/inf/rrj  of  revolution,  ■which  MVtUipt 
respectively  the  sphere  and  spheroid  (or  are  circtoMcribed  thereto)  are : 


or 


NV^»1,  «V^«tt«} 
a  a 

or 

TV^=l,  TV?  =  a. 
a  a 

(18.)  The  i{yit«m  of  the  two  eqaaHfloa, 

S^=x,       (^^y^"*'"^'    with  ^  no*  U  a, 


lepmoito  (eomp.  (8.))  •  9arktblt  etHptt,  if  the  oeder  •  bo  ttOl  tceeled  ae  • 
riable. 

(14.)  The  result  of  the  eliminatkm  of  «  between  the  two  last  equatioiiii  naoiely 
this  new  eqoatioo, 

(•r)'-('iT-" 


or 


or 


or  finally, 


M8^+KA  1=  1,  by  XXV.,  XXVI. ; 
t[s^  +  v|^  =  1,  byl80,VI., 
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repraenta  the  locut  of  all  such  ellipaet  (13.),  and  will  be  foand  to  be  an  adeqpiata  ^ 
lepraaeotation,  Uirough  quaternions,  of  the  gmtnd  ZvuamtD  (with  lAfW  toMfiial    .  ■  i  /  ^  (j,^  / 
cm):  thatcMntodMilSmb^hei*  leffmoa  to  iff  111'  ^' 

iMton  to lla points;  and  fho  «ls  moIbt  (or  algebriic)  emuimd^  which  ontehito        ^  ^ 
tte  anal  a^p«ft»ttte  iyMfion  (by  oo-ordioatM)  of  •neh  a  central  elKpaoid,  being  here       J  ^ 
fbtmllf  faidoded  in  tho  too  indvfMfanl  MdofV,  a  and    whidi  may  bo  oaUod  ita 
11*0  Ffrtor- CoiM^an/*.* 

(15.)  The  eqaation  (comjp.  (12.)  ), 


HV|-1,  or  TV|-1, 


wpr«ent8  a  ct/linder  o  f  revolution,  circumtcrihed  to  the  eHipsoid,  and  touching  it 
ahng  the  ellipse  wbidi  answers  to  the  value  x  =  0,  in  (18.)  j  80  that  the  plant  of 
this  tOipte  of  eotUaet  ia  zepreaented  by  the  equation, 

a 

the  normal  to  this  plane  being  thus  (conip.  196,  (17.)  )  the  vector  a,  or  oa;  while 
the  axis  of  the  lately  mentioned  enveloping  cylindtr  it  /},  or  on. 

(16.)  Postponing  any  further  Aaonarion  of  Oa  looant  giialcnmm  ognoClm  oftk* 
di^pMii  (14.x  ft  may  ha  ootod  hora  that  we  have  gonandly,  XZIL, 

Mag  oaefU  traarfonnalioiia  Ibr  tha  ofiHvot,  of  the  aoalar  Sjt  <^ 
Yft         qnatenioB  9 : 

ZXXI. . .  SfVxTjPf  YjPi      XXZn..  .TgtBS9*-T^. 

(17.)  la  telBRtag  briefly  to  thaaa^  and  to  tha  ooonected  fonnnla  ZXIL,  opoa 
wwiiinn,  it  may  ba  aomawhat  aaHv  to  wiHe,' 

(8)i-(T)»+(V>^      (V>»-(8)»-CI)»,  (T)»-(8)«-(V)^ 

thaii8*ssT*  +  y',  ftc;  heeanae  tfwm  laat  Anna  of  aotatioD,  8^  Ae.,  bava  been 

otherwise  interpreted  already,  in  analogy  to  the  known  Funetional  Notation,  or  No- 
tation of  the  CalaUnt  ofFm§tkm»t  or  of  Cjperaftoiw  (oomp.  187,  (9.);  196,  VI.  | 

and  201,  IX.). 

{\^.)  In  poxsoance  of  the  same  analogy,  ai^  tcaUtr  oaj  be  denoted  by  the  gen«' 
ral  tumMt 

V->0; 

haeanaa  aaafari  are  the  oa'y  qaalendona  of  wliieh  the  right  parU  aonifft. 

(19.)  InBka  mamiar,  a  t^rhi  ftuianion,  gaMraDyy  maybe  daootadby  tha  spa' 

S-'O; 

and  since  this  includes  (comp.  20},  I.)  the  right  part  of  oiiy  qoatOTiloni  WO  my 
erttbtiih  this  central  symbolic  traiu/ormation  of  a  QwUemUm  t 

^aiV->0  +  S-»0. 

(20.)  With  this  form  of  notaUoDi  we  ahoold  have  gvamlty,  at  leaat  fbr  naif 
qoatemioae,  the  ineqoaUties, 


*  It  win  ba  fooid,  hoiram,  thatatik«rpmof  Mefar.«0iialaRte,ibrtiia«i»fraf 
tiU^ttM,  maj  ooeadonally  be  nied  with  advantage. 

t  Compare  Art  149  $  and  the  Notao  to  pages  90,  184. 
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CViO)«>0;  (S»0)«<0; 

•0  that  a  (geoUMtrieaUj  real)  Quaternion  is  genenUj  of  the  fonni 

S^uwn  rtwl  of  a  PoritiM^  phu  Sfuan-not  vfo,  N^gttH^e, 

(21.)  The  equations  196,  XVL  and  20^  XiX^^m,  |«aiiaw]inklMtiiMBqa»> 
tinioM  and  trigprnomttrf,  ftha  fbimiilf : 

(22.)  It  may  not  be  antirdy  ia  aoooxdance  with  tha  Oaaiy  oTClial  AmImmI 

(or  Operati&itml)  Notation,  to  which  allusion  has  lately  be^  raad*^  but  it  will  be 
found  to  be  oonveniant  in  praetiet,  to  wiita  thia  laat  naoH  under  ana  or  otbar  of  the 

  XV    _ 

XXXIY. . .  tan^fs-^.f;   or  XXXIY*. . .  tait^9«(T7:8)9; 

which  have  the  ailvaiita^'L'  sut-iu//  the  repttition  of  the  symbol  of  the  quaternion  ^ 
when  that  symbol  happens  to  be  a  complex  expreuion^  and  not,  as  here,  a  single  let* 
ter, 

(28.)  The  tranafosnnatioo  194,  for  the  imdut  of  a  right  qnotiant,  nives  generally, 
by  IL,  for  any  qualondoD    the  ftmiils: 

XXXV.  . .  IV7  =  TVy .  Ax.  5 ;      XXXTI. .  .  lUVy  «  Ax.  q ; 

•0  that  we  may  eetablkh  g«uerully  the  aymbolicalf  equation, 

XXXVr.  .  .  IUV  =  Ax. 

(24.)  And  because  Ax.  ( 1 :  V9)  =  -  Ax.  Vj,  by  135,  and  therefore  =  -  Ax.  9,  by 
II.,  wo  may  write  also,  by  XXXV., 

XXXV.  .  .  I  (1 :  Vj)  =  -  Ax.  J :  TVj. 

7X16,  If  any  paralldogntm  obdc  (oomp.  197)  be  projected 

on  the  plane  through  o,  which  is  perpendicular  to  oa,  the  pro- 
jected figure  ob''d"c"  (comp.  1 1)  is  still  a  parallelogram ;  so 
that 

od"  =  oc  +ob"(6),   or  S"«7''+/3"; 
and  therefore^  bj  106» 

^":a=  (y'j «) +  (i3":a). 

Henoe,  by  1 20,  202,  for  any  twa  quatemionsy  q  and  q\  wo  have 
tiie  general  formula, 

I...  V(y'+y)«Vy'+Vj; 

•  Compart'  the  Nolo  to  Art.  109. 

t  At  a  later  stage  it  will  be  found  possible  (comp.  the  Note  to  page  174,  &c.), 
to  write,  generally, 

•ad  tim  (ooBp.tho  ]7oto  In  page  118  to  Alt  128)  tlia  iMnt  ognstiOBib  ZZZVI., 
XXXVr.,  wQl  take  theae  ahovter  lionBi  i 

AXtfaUTy;  Ax.aUT. 
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with  which  il  is  sasj  to  connect  this  other, 

Hence  alfio,  for  any  three  quaternions,  q,  q\  q'\ 

V(? "  +  {q  +  q)\ -  V^"  +  V(y'  +  j)  =  Vq"-^(Vg  +  Yq) ; 

ad  omikrly  for  any  greater  nomber  of  Buromands :  so  that 

we  wmf  write  generally  (comp.  1979  n.)» 

III.  .  .         -  2V/7,    or  briefly    HI'.  .  .       ^  SV ; 

wMle  the  formula  II.  (comp.  197»  IV.)  oiayy  in  like  manner^ 
be  thus  writteDy 

IV.  ..VAy^AV^,    or    IV'.  ..VA-AV; 

the  order  of  the  terms  added,  and  the  mode  of  ^ouping  them, 
IB  IIL,  bang  at  yet  supposed  to  remain  unaltered,  although 
both  thoee  restrictions  will  soon  be  removed.  We  conolude 

then,  that  the  characteristic  V,  of  the  operation  of  taking  the 
right  part  (202,  204)  of  a  quaternion,  like  the  characteristic  S 
of  taking  the  scalar  (196,  197),  and  the  characteristic  K  of 
taktng  the  eonfugate  (137»  195*)»  is  a  IHstrilmtive  Sgmbol,  or 
represents  a  distributive  cperatkn:  whereas  the  characteris- 
ticB,  Ax.,  N,  U,  T,  of  the  operations  of  taktng  respectively 
theaxiV  (128, 129),ihea72^/e(130),  thefi0rm(145,  (11.)  ),  the 
tenor  (156),  and  the  tensor  (187),  are  not  thus  distributive 
ejmbols  (comp.  18C,  (10.),  and  200,  VII.) ;  or  do  not  operate 
upon  a  whole  (or  «um),  by  operating  on  its  parts  (or  Jimi- 
nuauls). 

(1.)  We  mftT  now  recover  the  sj'mbolkal  oquation  K'  =  1  (,H6),  ttoder  the  foroi 
(eoaij>.  196,  VI. ;  202,  IV. ;  and  204,  IV.  VIIL  IX.  XI.) : 

V.  ..K»«(S-V)«-S«-SV  -VS  +  V»«S  + V  =  1. 

(2.)  In  like  manner  we  can  recover  each  of  the  •xpfWrfOM  for  S*,  V*  fh>m  tha 
oUiar,  under  the  forms  (comp.  again  202,  IV.)  : 

VI.  .  .  S»  =  (1  -  V)»  =  1  -  2V  f-  V2  -  1  -  V  •=  S,  as  in  19G,  VI. ; 
VII. .  .  V»  =  (I  -  S)2  =  1    2S  h     -  1  -  S  -  V,  as  in  204,  IX. ; 

or  (has  (coaip.  196, 11'.,  and  S04»  XIV.),  from  the  expreituma  for  S  and  V  in  terms 
«fK: 


*  Indeed,  it  luw  onlj  been  proved  aa  yet  (eomp.  196,  (1.)),  that  K2f  m  ZKf, 
C»r  the  case  effvoanninaiida;  bat  thia  leanlt  will  aoon  be  extended. 

2d 
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VIII.. .  8««i(l+K)>«i(l+«K+K»)  =  Kl +  K)=S; 
IX  .  .  T*  a  I  (i  -  K)«  s  |(  1  -  2K -I- KS)  B  1(1  -  K)  «  Y. 

(8.)  Simllarljr, 

X..  .8V=l(l  +  K)(l  -  K)  =  j(l-Kt)»0,  Min»04,  IV.; 
and       XL  . .  V8 «  i(l  -  K)  (1  +  K) « |(1  -  K*)       m  in  904,  VUL 

206.  As  rcgardd  the  addition  (or  subtractioD)  of  such  ri^kt 
parUf  Yqy  Yq%  or  generally  of  any  two  right  quaternions 
(132),  we  may  ctmnect  it  with  the  addition  (or  subtraction)  of 
jdieir  mdke$  (ISd),  as  follows.  Let  osnc  be  again  anj  paral- 
lelogram (197,  205),  but  let  oa  be  now  an  unit-vector  (129) 
perpendicular  to  its  plane  ;  so  that 

Ta»l,    zO:a)-£(7:a)-Z(«:a)-5,    «-y  +  j3. 

Let  ob'd'c'  be  another  parallelogram  in  the  same  plane,  ob- 
tained by  a  positive  rotation  of  the  former,  through  a  right 
angle,  round  oa  as  an  axis ;  so  that 

^0':/3).Z(y:7).Z(S':«;  =  |; 

A X.  (/^' :  f^)  =  Ax.  (y :  7)  =  Ax.  (3' :  g)  =  a. 

Then  the  three  right  quotients,  /3 :  a,  7  :  a,  and  S :  a,  may  re- 
present any  two  right  qitatemUmi^  q\  and  their  «icin,  q'-^q^ 
which  is  always  (by  197,  (2.)  )  itself  a  right  quaternion ;  and 
the  indices  of  these  three  right  quotients  are  (comp.  133, 193) 

the  three  lines  /3',  7',  8',  so  that  we  may  write,  under  the  fore- 
going conditions  of  construction, 

0.-I(/3:«),   7-I(7;a)»  «'-I(«:a). 
But  this  third  index  is  (by  the  second  parallelogram)  the  sum 

of  the  two  former  indices,  or  in  symbols,  B'  =  y'  +  fi' ;  we  may 
therefore  write, 

L  .  .l{q^q)  =  Iq  +  Iq,    if    Z  ^  -'1^^* 

or  in  words  the  Index  of  the  Sum*  of  any  two  Right  Quater^ 
numt  i$  equal  to  the  Sum  of  their  Indices.  Hence,  gen  orally, 
for  any  two  quaternions,  q  and  q\  we  have  the  formula, 

IL  ..IV(g +  y)  =  IV2  +  lV^, 
*  Compare  tlia  Koto  to  pafe  174. 
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because  Vg,  Yq  are  always  right  quotients  (202,  204),  and 
y{^+q)  is  ftlways  thm  mat  (205»  I.) ;  ao  that  the  index  of 
iker^kipari  t^the  mm  t^any  two  qwtiemimu  is  the  nan  of 
ike  nufibet  of^  right  parte*  In  like  nuinner,  there  Is  no  diffi* 
coltf  in  proving  that 

and  generally,  that 

IV.  .  .  lY{q*-q)^lYii-lYq\ 

the  Index  qf  ike  Difference  of  anj  two  right  quotients,  or  of 
the  right  parts  of  any  two  quaternioDSy  bdng  thas  equal  to  the 
Difference  of  ike  Indices,*  We  may  then  reduce  the  addition 
or  subiraetion  of  any  two  such  quotients,  or  parts,  to  the  addi* 

tion  or  subtraction  of  their  indices  ;  a  right  quaternion  being 
always  (by  133)  determined^  when  its  index  ia  giveD>  or 
known. 

207.  We  seoy  then,  that  as  the  Multiplication  of  ant/ 
two  Quaternions  was  (in  191)  reduced  to  (Ist)  the  arithmetical 
eperaOon  of  muU^fyinp  their  tensors^  and  (Ilnd)  XhA  geometric 
eai  operation  of  multiplying  their  versore^  which  latter  was  con* 
ttruefed  by  a  certain  composition  of  rotations,  and  was  repre^ 
sented  (in  either  ot  two  distinct  but  connected  wfxys,  167,  175) 
by  sides  or  angles  of  a  sjihcrical  triangle:  so  iIjc  Aj)1)Ition  of 
any  two  Quater/iions  may  be  reduced  (by  197, 1.,  and  200,  II.) 
to^  laty  the  algebraical  addition  <f  their  scalar  parts,  considered 
ts  two  positive  or  negative  numbers  (16) ;  and,  IInd»  the  geo^ 
metrical  addition  of  the  indices  ^  their  right  parts,  considered 
aa  certun  vectors  (1) :  this  latter  Addition  of  Lines  being  per- 
formed according  to  the  Rule  of  the  Farallelogram  (O.).t  In 

*  Compare  again  fhe  Note  to  page  174. 

t  It  doaaaoifUl  within  the  plan  of  tboMNotfla  to  allade  o(l«i  to  tha  btotory  of 
Ac  aaibjaet ;  Wi  H  on^  to  1m  dlstinetljr  stated  that  Chia  calelicatad  RtiU,  for  what 
■Mj  be  called  Gtometrieal  Addition  ofr^hi  limu,  eonaldaied  aa  iuudegtnu  to  roaipo* 
tition  of  moH^ia  (fir  of  forces),  bad  occumd  to  several  writers,  before  fhe  invention 

the  quaternions  :  altlioti^h  the  method  adopted,  in  the  present  and  in  a  former 
♦ork,  of  deducing  that  rule,  by  algebraical  analoeico,  from  the  aijmlol  is  —  a  (1) 
for  the  line  ab.  may  iKjitHil)ly  not  have  been  anticipated.  The  reader  may  com- 
pare the  Notes  to  the  Pieface  tu  tiie  author's  Volume  of  Lectures  on  Quaternions 
(Dublin,  18d9). 
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191)  to  admit  of  beiog  reduced  to  an  oriihwieHeal  dimnom  ^ 
iBn§ersj  and  a  geometrieal  dwuum  of  vergort,  so  we  may  now 

(by  197,  III.,  and  206,  IV.)  reduce,  generally,  the  Subtract 
Hon  of  Quaternions  to  (Ift)  an  algebraical  subtraction  of  sea- 
larSf  and  (Ilnd)  a  geometrical  subtraction  of  vectors:  ihiA  last 
operation  bding  again  constructed  by  a  parallelogram,  or  even 
by  a  j^ne  trimigle  (comp.  Art.  4^  and  Fig.  2).  And  beoaase 
the  nan  of  any  given  set  of  veetars  was  early  seen  to  bave  a 
vabte  (9),  which  is  independent  ot*  their  order ^  and  of  the  mode 
of  grouping  them,  we  may  now  infer  that  the  Sum  of  ang  /inm'- 
her  of  given  Quaternions  has,  in  like  manner,  a  Value  (couip. 
197»  (1<))»  ^hi^h  is  independent  of  the  Order ^  and  of  the 
Grouping  of  the  Summandt:  or  in  other  words,  that  the  general 
Addition  of  Quatemimu  is  aCamnmtaiive^  and  an  Associative 
Operation. 

(1.)  TtaAfonnnU, 

V27==  2V7,  of  205,  III., 
is  now  seen  to  hold  gooJ,  for  any  wumfrw  of  quaternions,  independently  uf  tlie  arrang€~ 
ment  <jf  the  terms  in  «auh  of  the  two  tttma,  aud  of  the  uiauoer  in  which  they  umy  b% 
astociated. 

(2.)  W«  am  infer  anew  flMt 

K  (7  +  9)  =  Kg'  4  Kq,  as  in  196,  II., 
und«r  the  form  of  the  equation  or  identity, 

S    +       V     -f    =  (S« '  -  V,')  +  (Sj  -  V,). 

(9.)  Mom  gmanllj^,  it  mt^  be  pmd,  in  Uie  aanw  wqri  tbal 

KSf  a  SK9,   or  brieaj,   KS  b  SK, 
wiuiicver  the  number  of  the  aummands  may  b«. 

208.  As  regards  the  quotient  or  product  oftheright  parts,  Yq  and 
y^,  of  any  two  qaatemions,  let  t  and  tf  denote  the  tensors  of  those 
two  psrta^  and  let  x  denote  the  angle  of  their  indicsst  or  of  their  axes, 
or  the  mntntl  indinatien  of  the  axes,  or  of  the|i£0ii«i^t<0^  two 
qoatemions  q  and  q'  tkemsdpss^  so  that  (by  204,  XVIII.), 

•  Oonpeiv  tlw  Vote  to  page  176. 

f  Tloo  plane*,  of  coune,  OMtko  with  isdi  other,  in  general,  Ivouneqtial  and  sup* 
plamantaiy  a»glet ;  but  wc  here  suppose  that  thc.«e  ore  mutually  dittinpuuhed,  by 
takin<;  account  of  the  aspect  of  each  phinc,  as  distinguiahed  from  Uic  oppotHe  aipect : 
which  ia  most  eaaily  done  (Hl-)t     cooaidering  the  axt*  aa  above. 
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x  =  l  (I :  lYq)  =  z:  (Ax.    :  Ax.  q). 
Then,  by  193,  194,  and  by  204.  XXXV.,  XXXV'., 

I. .  .  Vj':Vg=lVj':IV^=  +  (TVj':TVj).(Ax.£';Ax.y); 

II.  .  .  V2'.V2  =  IVj':I^  =  -(TVj'.TV}).(Ax.i  :  Ax.j); 

mud  therefora  (oomp.  198),  with  it»  temponij  ttiridgmaiti  pro- 
po«ed  ftbore, 

m. . .  S(V9':  V^)-fr«co««;      IV. . .  BU(Vy':  V^;  =  +  oos«; 

V. . .  8  ( V^ .  V^)  — «  ooi  «;  VL  . .  8U  ( V<?' .  Vg)  =  -  CM  «; 
Vn.  . .  £  ( V^ :  V<7)  =  ar ;  VIII.  .  .  Z  {Vq" .  Vj)  =  r  -  ap. 

"We  have  also  generally  (corap.  204,  XVIII.,  XIX.), 

IX.  ..  TV(V^:Vg)  =  r/-»tia«;  X.  .  .  TVU  ;V^':  V(?)«aiii«; 
XL..TV{Vq'.Yq)-^iftmxi     XII. . .  T\U (V^.Yq)^mmi 

and  ID  ptf^nltr, 

Xm..,  V(Vj':V^;-U,    and   XIV. . .  V  ;V/.  Vj)  =  0, 

if /||k(123); 

because  (comp.  191,  (fi-),  and  204,  VI. ^  the  quotii?nt  or  product  of 
the  right  parts  of  two  compianar  quaternions  (supposed  here  to  be 
both  non-scalar  (108),  so  that  /  and  t'  are  each  >0) degenerates  (131) 
into  a  scalar,  which  may  be  thus  expressed  : 

XV. . .  Vj':  Vj^  +  ITS   and   XVI. . .  Yq'.Vq^^ft,  if  «-0; 

but 

XVII. . .  V^';Vy  =  -<'r',  and  XVIU.  .  ,Yq\Yq  =  + 1%  ifa?»ir; 

the  first  case  being  that  of  coincident,  and  the  second  case  that  of 
opposite  axes.  In  the  more  general  case  oi  diplanarity  (119)i  if  we 
denote  by  5  the  unit-line  which  is  perpendicular  to  both  their  axes, 
and  therefore  covinwn  to  their  tivo  planes,  or  in  which  those  planes 
irUersectf  and  which  is  so  directed  that  tlie  rotation  round  it  from 
Ax»q  to  Ax.  is  potitm  (ounp.  127f  126),  the  recent  formults  I., 
II.  giye  eMiIj, 

XnL  . .  Ax.  (Vj':  Yq)  =4- «;      XX. .  •  Ax. (Yq'.Yq) 

ud  tkerafian  (bj  IX.,  XI.,  and  bj  104,  XXXV.),  tbe  nuUee$  of  the 
right  parts,  of  the  quotient  and  prodoet  of  the  right  parts  of  any  two 
diplanar  quaternions,  uKiy  be  expressed  as  follows: 

XXI.  .  .  IV  (Vf/:V7)  =  +a./r'sin.T; 

XXII.  . .  IV  {yq\  \q)  =  -       sin  a?. 
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(1.)  Let  ABC  be  any  triangle  upon  the  unit-sphere  (128),  of  which  tlie  spheri- 
cal atit/lft  and  the  conten  may  be  dcnuUd  by  tho  same  letters  A,  n,  c,  while  the  titiea 
^  shall  aa  u;»ual  be  deuoted  bj  a,  6,  c;  aiui  let  ii  be  suppoaed  that  the  rotation  (comp. 
^.  177)  rouad  A  horn  o  toB,  and  thwitow  that  looad  b  flwm  A  to  c,  Ac,  U  ^ pttflfmy 
yf  mkk  Fig.  48.  TImi  wilting^  aa  w»       olln  dooe^ 

9  =  /3:a,   aod   9' =  7  /3,   whoa  a»CA,  &o., 

m  tarffy  flIilAiB  ^  tha  fiilkfiriog  eaprwriani  Iw  tlM  tiuaa  aoalara  I,  l*,  and  Ibr 
tha  Taelor  ^: 

IvrfBej      l^»dB«;  b;  i^-fi, 

(S.)  Ib  flMt  «a  hava  Imm^ 

wbinealaBdraiaatJaitaCalad.  AlaaifA',  b',  cTba  (aalB  m)llia|Mij|fo«|wlit 
of  tha  thiaa  mwnniwt  Met  bo,  ca,  ab,  of  thaglfan'tziaog^  and  therefore  tha  paiaCa 
A,  B^  c  tha  Byrfiai  palit  (oomp.  180,  (S.)  )  of  tha  aaw  aroa  b'o',  oV,  aV,  then 

Imk  andean  Ilia  OHfb  and  the  oacit  of  tha  fBofimff  oftheea  two  azei^  or  of  tha 
qoatenhNi  which  is  rfpresenttd  (162)  by  the  are  cV;  therefore  x  if*,  aa  abora 
•Utfid,  the  tupplemmt  of  the  angle  b,  and  i  is  dicootad  to  tha  point  opoa  tlio  ^hen, 

which  is  diametrieally  opposite  to  the  point  n. 

(3.)  Herice,  by  III.  V.  VII  V^III.  IX,  XL,  for  any  triangl©  abc  on  the  unit- 
•pbere,  with  a  s=oa,  &c.,  we  have  the  fonnuhe: 


XXV.  . .  L 


ZZm. ..  S^v^  v^j  =  -rfnaoQaec«ooaB} 
XXnr. . .  S ^ V   .  V  ^  ^  - +rfB« rin cooaBj 

(vr,V^)-w-B;  XXVI....(vI.V^)=b; 


XXVII.  .  .  TV^Vi  ;  V^  J  =  +  8uiaco«»c5inB; 

XXVIIL  . .  TV  ^  V I .  V  ^  ^  = + riB  a  eln  e  iiB  B. 

(4.)  Alao^  by  XIX.  XX.  XXI.  XXIL,  if  tha  ntattoB  round  b  ftom  a  to  o  ba 
HillimtCMw, 

XXIX...Ax.^vI:V^^  =  -i8;       XXX. .  .  Ax.  ^v2  .  V^^  =+^i 
XXXL  • .  IV ^ V V^^j.-i^rfiiacoeaoailBB; 
XXXII. . .  IV^v^.V^  j«+/3«no«inceinB. 

• 

(5.)  If,  on  tha  other  hand,  tha  rotation  toud  b  from  a  to  o  w«a  negative,  then 
writing  for  a  moment  ai ^ =-|8,  yi= -yi  wa  ahonld  haira  a  new  andfln»p* 
Ht9  irlangUt  AiBiOi,  in  wUdi  tha  rotation  ronnd  Bi  from  Ai  to  Ci  woald  bajMiilfar, 
bat  tha  angle  at  bi  equal  in  magnitude  to  that  at  d  ;  so  that  hj  treating  (as  usaal) 
all  tha  anglei  of  a  q)hcrical  triangle  as  positive,  ve  should  have  Bi  s  B,  aa  well  aa 
ci  =  c,  and  ai  s  « ;  and  therefore,  fur  example,  by  XXXi. 
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iv(  vlL:Y^^=-.^ldnaleoMe«lliaSl, 

V    Pi  <*w 

or    W^V^.V^^  =  +/Jilji«cowo«iiiiB; 

tbc  four  fortnulie  of  (4.)  would  tlierefore  still  subsist,  provided  that,  for  this  new 
direction  of  rotation  in  the  given  thasgle,  we  were  to  changt  the  »ign  o/^  in  tht 
teeond  member  of  each. 

(6.)  Abridging,  generally  IVq  iSq  to  (IV:  S)^,  aa  TVg:Sg  was  abridged,  in 
204,  XXXIV'.,  to  (TV ;  S)?,  wehftYe  by  (6.),  vdA  kf  ZXIY.,  XXXII^  Hdt  othflr 
imenlfbnirala,  ftr  aaj  thiM  mit-Teelom  a,  /3,  comldenfl  lUII  m  t«niiiiiAtiiig 
at  Um  eofiMci  «r  •  apberieil  tiiuf^  ABO : 

XXXHL  . .  (IV:  S)      |.V?^  =  ±/StiiiB; 

tke  npper  or  the  lower  sign  being  taken,  according  hb  tlie  rotation  round  n  from  a  to 
c,  or  that  round  /3  from  a  to  y,  m  lii(  h  might  perhaps  be  d.  noted  by  tho  symbol  a/3y, 
Md  which  in  quatifcy  is  equal  to  tho  spherical  angie  b,  is  positive  or  n^ativ*. 

209.  When  the  planes  of  any  three  quaternions  q,  (fy  q'\  consi- 
dered as  all  passing  through  the  origin  o  (110),  contain  any  common 
iine,  those  three  may  then  be  said  to  be  (JoUimar*  Qitata  nions ;  and 
because  the  axis  of  each  is  then  perpendicular  to  that  Hue,  it  follows 
that  Me  Ax€$  of  CoUinear  Quaternions  are  Com  plan  ar :  while  con- 
vendy,  the  eimplanartty  of  the  axes  insures  the  collinearity  of  the 
ipiaffnifonf,  because  the  perpendicular  to  the  plane  of  the  axes  i»  a  line 
eommoii  to  the  planee  of  the  qnateniiooe* 

(L)  Com^anar  quaternions  are  always  collinear ;  but  the  converse  propoaitioo 
does  not  hold  good,  collinear  quaternions  being  not  necessarily  complanar. 

(2  )  CoUinear  quaternions,  considcrfKl  as  fractions  (101),  can  always  be  reduced 
to  a  common  denominator  (120);  and  conversely,  if  three  or  more  quaternions  can  be 
^  rcdaced,  as  to  appear  under  the  form  of  firaetifiiis  wiA  B  common  teUMninator  f , 
fto6e  qiuteruioiu  muHthBeMuar:  beetnte  tlu  lioe  t  fa  Una  coounoo  to  all  their 

(3 )  At^  two  ^ualamhnt  axe  eoUintar  M  teolarf  the  ploM  efti  aealar 
^iadtUmbuOef  (181> 

we  always  colHmear  with  each  other. 

(6.)  Tba  eai^^aUt  of  coiUnear  quatemiona  ava  themselves  collinear. 


•  Quaternion^  of  which  the  planes  arc  parallel  to  .my  common  liiie  may  also  be 
•aid  to  b.'  coJltnraT.    Compare  the  first  Note  to  pajje  iiJ. 
t  Compare  the  Note  to  page  114. 
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910.  Let  q,  q\  q"  be  anj  three  oollinear  qaaternbns;  aad  let  a 
denote  a  line  common  to  their  planee.  Then  we  mey  determine 
(comp.  120)  three  other  lines  /9,  %  ^  lueh  thet 


In  like  manner,  at  leaat  under  the  same  condition  of  coliinearity,*  it 
may  be  prored  that 


Operating  by  the  characteriatic  K  upon  these  two  equations,  and 
attending  to  192,  11.,  and  195, 11.,  we  find  that 

III. .  .  K9".(K7'+K7)  =  K5".Ky'  +  K^'.K7; 

where  (by  209,  (5.)  )  the  three  conjugates  of  arbitrary  coilinears, 
K^,  K^^',  may  represent  any  thru  collinear  quaternions.  We 
have,  therefore^  with  the  same  degree  of  generality  as  before, 


If,  then,  q,  q\  q'\  q'^'he  any  foureoUinmtquaieniium»^w^mKf9tfU^ 

blish  the  formula  (again  agreeing  with  algebra): 


VII.  .  .  (q'"  +  q")  {q  +  q)  =  q"'q'  +  q"q'  +  q'"q  f  q"q ; 

and  sioiilarly  for  any  greater  number,  so  that  we  may  write  briefly, 
where 


fli  and  ft  being  any  positiTe  wh<de  numbers.  In  words  (comp.  13), 
th»  MuktpUwium  ofCoam6ar\  QfiaUrnkm  u  a  JMUy  JHHriMu 


*  It  wlU  soon  be  mco,  howtver,  that  this  condition  ia  unnoceasaiy. 

t  This  diitrihutive property  ofrnvltiplicatioH  will  soon  be  foand  (compare  the  last 
Nolo)  to  extend  to  the  more  general  case,  io  which  the  quateroioiie  ere  net  eelK> 
near. 


a  a  0 


and  thus  may  oonolude  that  (as  in  algebra), 

because,  by  106,  107, 

/  7    /3  \  a  _  7  +  /3  a  _  7  +  /3    7    ()     7  a 


and 
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(1.)  Hence,  hj  209,  (4.),  and  SM,  lU,  fn  here  tbif  general  tnnrfocmaUoo, 
fee  tbtfrtA<#  ig^— y  qwmitrulm§: 

a, . .    «  8?'.  Sj + V9'.   ■»-  s^'.   + yq'.Yq. 

(2.)  Henoe  also,  for  the  tquare  of  any  flui/eniioii,  we  have  the  traiuformatioa 
(comp.  126;  199,  VIL;  and  204,  XXIH.): 

(3.)  Separating  the  scalar  and  right  parts  of  this  last  expression,  we  find  tbeae 
otber  general  formoUe : 

XI.  ..  8.9»  =  S7»  + V^a;       XIL  . ,  Y.q*  ^tSq.Yqi 

wbence  also,  dividing  by        we  have 

XIIL  . .  8U(f»)  =  (SUg)»  +  (VUg)»;       XIV.  . .  VUCg«)»2SU«.VUf. 

(4.)  By  anpposing  9'  =  K9,  in  I X. ,  and  therefore  89^  =  89,  Vg'  =  -  V9,  and  trana- 
ponng  the  two  conjugate  and  thon  fore  ccmplanar  factore  (comp.  191,  (1.)  ),  we  ob- 
tain this  general  transformation  for  a  aom,  or  for  the  tyuare  of^a  tensor  (oomp.  190, 
V.  J  202,  III. ;  and  204,  XI.) : 

XY.  . .  T«>  «N« »9K« «  (89  +  Vf>  (Sg-  V9)«Sg«  -  Vj«  $ 

whiA  had  iadMd  pnMAtod  Hadfbalion  (hi  204,  XXIT.)  bnk  b  now  obtainad  Id  « 
aew  way,  tnd  vUkoid      mftagmttA  tfmmmt  fit  eorimut  ^      of  tha  mll-kiiowB 

theorem  respecting  thf  square  of  the  ftypotenuse. 

(5.)  BUmiaatiog       by  XY.,  from  XI.,  and  dlTiding  by  Tg*,  we  find  that 

XVI. . .  8. taa289> - T9« ;      XVn. . .  SU(f») ^2{SVq^ - 1 ; 

agreeiog  with  199,  VI.  and  IV.,  but  obtained  here  without  any  ose  of  the  known 
fismila  for  fho  cotMa  ^Ifta  dambtt  of  an  nnglo. 

(6.)  Taldngtho8cdarandi|ghtpMt8oftho«spf«idoolX.,wooblafaitlMie 


XVIII.  ,  .8q'q  =  Bq'.Sq  +  S(V9'.  V9)  ; 
XIX.  .  .  Yq'q  =  V9'.  Sg  +  Vg.8g'  +  V {Vq.  Yq)  ; 

in  the  latter  of  which  we  may  (by  126)  transpose  the  two  factors,  V7 ,  S7,  or  Vf, 
89'.   Wo  may  also  (by  206,  207)  write,  instead  of  XIX.,  this  other  formuhi : 

XIX'.  .  .  IVq'q  =  Wq'.  S7  +  Wq.Sq'  +  I V(Vj'.Vg> 

(7.)  If  we  sappose,  in  VIL,  that  q"  =  Kq,  q"'  s  K9',  and  transpose  (comp.  (4.)  ) 
the  two  complanar  (bocanse  conjugate)  ractor«,  7'  +  9  and  X(9^-f  9)»  WO  obtain  tho 
foUowing  gonetal  expression  for  the  norm  of  a  $um  ; 

or  bnefly, 

XZ. . .  9(9^+ 9)«>Xr9^-l-S8.fKf>  %,  as  in  900,  VIL ; 


^-K.fKg',  bf  19S,  n.,  and  (1 4  K).fK9^«18.fK«^,  tgr  196»  11'. 

(8.)  Bf  dianghig  f '  to  «  In  XX.  or  hj  forming  tho  product  of 9 -for  and 
Xf -f  at,  whero  « la  any  lealar,  wo  And  that 

XXI. .  .  N(f + +  2si8q  4-        in  SOD,  VIIL; 

iHionoo^  in  pnitioolar, 

XXr. . .  N(9- 1) s > 289  + 1,  ao  in  200,  II. 

2  B 
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(9.)  ChAnging  9  to    :  a,  and  mulUpljiog  llj  the  square  of  Ta,  ire  get,  for  an^ 
two  Teotorsi  a  and  ft^  the  formula, 

XXII.  . .  T(P  - a)>  =  T/3«  -  2T^ .  Ta  .  SU  5  +  Ta«, 
ia  wbieh  W  dflootM*  (Ta>»;  beeune  (bj  190,  tnd  bj  196,  IX), 

(10.)  In  any  plane  triangle,  auc,  with  siJea  of  which  the  lengths  are  as  nstial 
denoted  by  a,     c,  lei  the  vertex  c  be  taken  ae  the  origin  o  of  vectors ;  then 

m  reeoMT  tiMrifei%  firam  XXII.,  t]w>lmdbMMllal>bniiiilB  ttfpkmt  tr^^Monefry, 

XXill.  .  .  c«  =      -  2a6  cos  c  T  b^. 

(11.)  It  is  important  to  observe  tbftt  we  have  not  here  been  arguing  in  a  circle ; 
because  although,  in  Art.  200,  we  assumed,  for  theconveDienrc  of  tlic  student,  a  pre- 
vious knowledge  of  the  I  v'^t  written  formula,  in  order  to  arrive  mure  raitidly  nt  certain 
application.*,  yet  in  these  recent  dcductiuns  from  the  diitribvtire  propcrtt/  VIII.  of 
multiplication  of  (at  least)  coUiuear  quatvniionti,  we  have  founded  iiothiug  on  tlto  re- 
•nlta  of  that  former  Article ;  and  have  made  no  use  of  any  propertiee  of  o9ljg«t-«- 
gltd  irkmgUft  w  em  of  r^U'om^ed  ootB,  rinoo  the  theorem  of  the  eqoire  of  the 
jL^  />'  1 hypoteame  has  been  Tirtnellr  firovfd.  anew  la  (4.) :  nor  lo  It  neoeMeiy  to  the  aiga^ 
fiit^       mint,  that  aay |Mt9»er^t  of  trigonometiK >ii«elm 

mere  rlefinition  of  a  eotine^  as  a  certain  projecting  factor^  from  which  the  formula 
196,  XYI.  was  derived,  and  which  justifies  us  in  writing  cose  in  the  last  equation 
( 10.).  The  geometrical  Kxamj-loa,  in  the  suh-nrticlcs  to  200,  may  therefore  be  read 
again,  and  their  validity  be  seen  anew,  without  anff  apptai  to  tven plan*  tr^fotumetrf 
being  now  supposed.' 

(12.)  The  formula  XV.  gives  S^*  =  T?'  +  Vt/^  as  in  204,  XXXI. ;  and  we  know 
that  Y^',  as  being  generally  the  square  of  a  right  ^aUnAom^  ia  equal  to  a  mtgaiiv 
uukr  (oonp.      YL),  ao  that 

XXIV  .  .  V9'  <  0,    unless    /  9  ~.  Q,    or    =  jr, 

in  each  of  which  two  caoea  Y9  «  0,  by  902,  (0.),  aad  theieAmiU  aqiaaie  vaidihaa; 
henoi^ 

XXV.  . .  Sj«  <  T^2,       (SUg)«  <  1, 

in  every  other  case. 


•  We  are  not  yet  at  liberty  to  int«r[)ret  the  symbol  Ta'  as  denoting  a/<o  T(a*)  ; 

because  we  have  not  yet  assii;iieil  any  meaning  to  the  sf/vare  of  a  ^^•c^•r,  or  generally 
to  the  product  of  two  vectors.  In  the  Third  liouk  nf  these  Lleniciitf  it  will  be  shown, 
that  such  a  square  or  product  can  be  interpreted  as  being  a  quaternion  :  and  then  ii 
will  be  found  (comp.  190),  tliat 

T(o«)a(Ta)»eTa», 

whatever  vector  a  may  be. 
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( 13.)  It  might  therefore  hare  been  thus  proved,  without  any  uv  of  the  transAir- 
niaiion  SII9  =  006  z.  9  (196,  XVI.)»  Uut  (for  any  nal  qoAtemiaa  q)  we  liaTe  the  in  • 
eqaalities, 

XXVI  .  .  SUg  <  +  1,    SL'(/  >  -  1,    and    Sg  <  +  Iq,    Bq  >  ~  T9, 

anless  it  happen  that    7  -  0,  or  =  ir ;  8Vq  being  =  +  1 ,  and  Sf  a  +  Tf ,  in  Um  flftt 
caae ;  whereas  SU7  =  —  1.  ami  .">7  ^  —  Tq,  in  the  secon<l  ciue. 

(14.)  Since  T9«  =  N7,  and  T7 .Tj'^T.jK^' =T .  9'!^^  =  Ng.T  (g* :  ^),  whila 
S  .  ^Kt*  =  S  .  q'Kq  =  N7  .  S  (7' :  7),  the  fbrmiilft  XX.  give*,  by  XXTI., 

XX  V 1 1  .  .  (T9'  +  Tq)*  -  T(g'  4  7)'  =  2  (T  -  &)qKq'  =  2Ng.  (T  -  S)  (v' :  g)  >  0, 
if  we  adopt  the  abridged  notation, 

XXVIII.  .  .  T7-S7  =  CT-S)g, 
and  tap  pose  that  the  quotieut  7' :  7  i:5  no^  a  positive  scalar ;  hence, 

XXIX.  . .  T9'+T7>T(7'  +  7),    unless    7=3-7,    an-l  x>0; 
ia  which  excepted  case,  each  member  of  thi?  last  inequality  becomes  ~  (1  f  r)'lq. 

(15.)  Writing  9  =  /3  :  a,  q'  =  yi<h       multiplying  by  Ta,  tlie  formula  XXIX. 
becomes. 

XXX.  ..Ty+T/J>T(y  +  ^),  antei  y-«A  «>0; 

in  which  latter  cas«,  but  not  in  any  other,  we  have  Uy  =  U/3  (156).  We  therefore 
arrive  anew  at  the  results  of  186,  (9.),  (10.),  but  withootittbAvilif  bMtt  Memmtf 
to  eOMUer  any  triangle^  as  WM  dflM  III  fiMM  HwaMfT  Mb-iftldM. 

(16.)  OndM  oCber  band,  with  a  conMpoodfaig  abrfdgiMOt  «f  ooCttiMi,  wtbsfi, 
hyXXVI., 

XXXL.  .Tf+89a(T-|-8}9>0,  onleM 
abOf  by  XX.,  he, 

XXXIL T(g'+fy-(T«^-T«)«»«CT+8)«K«'-2Mff.CT+8) 

XXXIIL-.TCf^f 9)>f(T«'-Tf)»  into  »>0; 

wh«ra  «ithv  tIgB  nay  h>  tak«D. 

(17.)  lad  hMM,  on  lh«  plui  or(U.)i  for  uiy  two  Tieton 

XXXnr.  ..T(y+/5)>±(Ty-T/5),   «iil«t  Uy«-UA 

whiclieTer  sign  be  adopted  ;  but,  on  the  contrary,  • 
XXXV...T(y  +  ^)=±(Ty-T/3),   ./  Uy  =  -U/3, 

the  v^or  or  tiM  lower  sign  being  taken,  according  as  Ty>  or  <T/3:  all  which 
^rees  with  what  was  inferred,  in  186,  (11.),  fr^m  neomrtrical  considemtions  alone, 
combined  with  the  de6nition  of  Ta.  In  fact,  if  wc  make  =  on,  y  =  or,  and  -  y 
-or\  then  oac'  will  be  in  general  a  plane  triangle,  in  which  the  lengtli  of  the  aide 
Bc'  exceeds  the  difference  of  the  lengths  of  the  two  other  sides ;  but  if  it  happen  that 
the  direcUons  of  the  two  lines  ob,  off  ooiodde^  or  hi  other  words  that  tho  Ifaut  ob, 
00  bATo  oppoaito  dinetionsi  tfaon  tho  difllHonce  of  lengths  of  fhese  two  Ifaics  beoonco 
sfMil  to  tho  kngth  of  tho  Has  B<^. 

(18.)  inih  Iho  fftpnamtations  of  q  and  q\  urfgned  in  908^  (l.)t  by  two  Mm  of 
•  lyMcoflHoiyisAao,  wo  havf  the  t«1im^ 

Sfsooic,      8ff'«oos<h  8jV«8(rs«)-«»*! 
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the  ei^ualion  XVIII.  gives  therefore,  by  206,  XXIV.,  the  fundamental  Jormula  of 
tpktHMi  tr^mtmetry  (conip.  (10.)),  asfcOoirs: 

XXXVI.  .  .  COS  6  =  cos  a  cos  c  -f  sin  a  sin  c  cos  B. 

(19.)  To  interpret,  with  reference  to  the  same  spherical  triangle,  the  «)nnected 
oqualion  XIX.,  or  XIX'.,  let  it  be  uow  supposed,  as  in  208,  (5.),  that  the  rotation 
rmmd  b  tm  o  to  a  b  porftfrti  ao  that  b  •nd  b'  an  altitttod  at  iha  aama  Ma  9tih9 
aieoA,  ITb'  ba  11111,  aa  in  209,  (2.),  tha  podtlTa  pola  of  that  an.  Hun  uttOag 
a' m  OA%  ftCf  wa  bava 

and  17 (Vf'.ys)^-. jSain «rin e^B  (comp.  208,  (5.) ), 

ultb  Iha  laeent  Tilatt  (12.),  fbr  Sg  and  89';  tfaaa  Ow  iiNinnIa  XIX'.  baeomMi  kf 
tmn^poddon  of  tha  two  taima  laat  mrittani 

XXXTIL .  ./Srfn«dneifa>Bsa'afaiaeoae+i9'rfB(+/rinccoa«. 

(20.)  Let  p  BOP  ba  aaj  vatt-Taator;  th«i,dlTidiag  eachtarmafdialaitaqafr- 
tian  Jay^taA  taking  tha  tealar  of  aadi  of  thafonr  qootienli^  wahavc^  bj  126,  XVI., 
tUanoir  aqnatton: 

XXXYIII. .  •  dn«rfn«dB80oaFBBiinaeoa«aoaFA'4'rfn2aoaFB' 

+  sfnecoBaeoaFo'i 

where  a,  h,  c  are  as  usual  the  sides  of  the  spherical  triaogla  ABO,  and  a',  b',  if  are 
atiU,  as  in  208,  (2.),  the  positive  poles  of  thooa  aidaa;  bat  P  la  an  arbitrary  point| 

upon  the  surface  of  (he  fphere.  Also  cos  pa',  cos  pb',  cos  i»c',  are  evidently  the  sines 
of  the  aroual  perpendiculars,  let  fall  fnun  that  point  upon  those  siiles;  being  positive 
when  i*  is,  relatively  to  them,  in  tlic  same  hemispheres  as  tlie  opposite  corners  of  the 
triangle,  but  negative  iu  the  contrary  case ;  so  that  cos  aa',  &c.,  are  positive,  and 
an  the  tfaiaa  of  Cha  three  altitudes  of  the  triangle. 

(21.)  If  weplaoopat  B,  tiioof  thiae  perpendioidanvaBUi,«Bdthala8tfomiiU 
baoooMo,  bj  202,  XXVUL, 

XXXIX  . .  rin»eMBB'BdnaiinciinBBTv[  V  ^.V-V 

such  then  is  the  quaternion  expression  for  the  product  of  the  sine  of  the  side  ca,  mul- 
tiplied by  the  sine  of  the  perpendicolar  let  fall  upon  that  side,  from  the  oppodte  Tar- 
tex  B. 

(22.)  Placing  r  at  A,  dividing  by  sin  a  cos  c,  and  theu  interchanging  u  and  c,  we 
get  tlda  other  flmdaniehta]  femola  of  epberieal  trigonometry, 

XL.  .  .  cos  AA*—  sin  c  sin  B  —  sin  6  sin  c  ; 

and  we  sec  that  this  is  incluiicil  in  the  interpretation  of  the  quaternion  eciuatian 
XIX.,  or  XIX'.,  as  the  formula  XXXVI.  was  seen  in  (18.)  to  be  the  iulerpretatiun 
of  tha  oonneetad  aquation  XVIII. 

(28.)  By  assigning  other  poaltloBa  to  p,  other  lbmal«  of  ipberieal  ti^onomatiy 
nqr  be  daduoad,  ftom  tha  laoeot  eqnatioa  XXXVIII.  Thna  if  we  anppoea  p  to  oo- 
incida  with  b*,  and  obaarra  that  (by  tha  anpplanMDtaiy*  triaagloX 


•  No  previous  knowhdye  of  tpherical  Iriffonometry,  properly  so  called,  is  here 
supposed ;  the  supplementary  relations  of  two  |)olar  triangles  to  each  other  forming 
rather  a  part,  and  a  rvy  ciODientary  one,  of  spherical  geometry . 


X 
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bV««-A,       tfjL'mwBf  aVbIT-O, 

wUte 

COS  Bit'  =  sina8mc  =  ameainA,  by  XL., 

XU. .  .riD«rfa«daAiiBBifaic»rfnB-«ot««Mo4aA«cot«oofAiiac; 

vUehobfiooiljrcgcMi^alfhApliiitliiiiit,  irithlhetlMMDUry  rt:Uaon, 

A+  B  +  o««ir. 

(24.)  Agun,  by  placing  P  At  a',  the  general  equation  become?, 
XLII.  .  .  sin  a  cos  c  =  sin  6  coe  o -i- tin  c  cos  a  cos  B ; 
^ilfeh  the  TfrificatiMi  that,  ftt  thA  plaM  Umil^ 

«aBfteMO-f  ceMB. 

Bat  we  cannot  here  delay  oo  such  dedactiona,  or  TerificaUona :  although  it  appeared 
to  bt  worth  whik  to  polot  oat,  that  tin  whole  of  iphecieel  trigonumutry  may  thnbe 
Jereleped,  fien  the  ftmdenwntel  eqnetkm  ofmeHlplketka  eTqneleiBlooe  (101%  whin 
that  eqeetton  it  opmtsd  en  bj  the  two  efaacaettriitiei  8  end  Y,  end  the  iwnlte 
lutevpreled  as  ebore. 

211.  It  maj  next  be  proved,  as  follows,  that  the  distributiTefor- 
mulB  L  of  the  last  Article  holds  good,  when  the  three  qoaterDiona, 
9*  i>  '^^^'^  enter  into  it,  without  being  now  neeesMoily  cofle 
fMor,  ere  rigUi  in  which  cue  their  ree^procab  (1^)>  their  «mim 
(197,  (2.)  ),  will  be  right  aUo.   Let  then 

Aod  therefore, 

ITe  shall  then  have,  by  106,  194.  206, 

(?"+'7')'?  =  I(?''  +  ?0:I?/ 
«(I«":IjZ,)  +  (l2':Ijj  =  e"^  +  jV; 
And  tbedistribatiTe  property  in  question  is  proved. 

(1.)  By  taking  conjugates,  as  in  210,  it  is  easy  hence  to  infer,  that  the  olAerdie- 
tfibotive  formnla,  210,  Y.,  holda  good  for  any  three  right  <|iiAteraioiie;  or  that 

1  (?"  ^  n')    79"  ^  99'i    if    lq=  Lr/ =  iq"=-. 
(2.)  For  any  three  quaternions,  we  have  therefore  the  two  equations : 
CYj-+Y^).Yf«Yj\Yf+Y«'.Yff| 

(3.)  The  quatmdoos  9,  q\  9"  bebg  ttill  aiUtniy,  we  have  thua,  by  SIO,  IX., 


Digitized  by  Google 


214  BLBMBMT8  OF  QVATBBNI0N8.  [bOOK  II. 

«=  q"q  Vqq\ 

m  that  the  fbmol*  210,  L,  tad  thmion  alM  (bj  ooiuagatM)  tlio  liDraiiiU  210,  V., 

212*  The  General*  Multiplication  0/ Quateniions  \s  there- 
foie  (oomp.  13, 210)  a  Doubly  DiitribnUive  Operation ;  so  that 
we  may  extend^  to  quaternions  generally^  the  formula  (oomp. 
210,  VIIL)» 

I. .  •  Sf  -S^-S^?: 

however  many  the  summands  of  each  set  may  be,  and  whe- 
ther they  be,  or  be  not,  collinear  (209),  or  right  (211). 

(1.)  Hence,  as  aa  extantloii  of  210,  XX.,  m  Iuitb  now, 

II.  .  .  N5:7  =  2X7  +  22S7K7' ; 
M'ht  re  the  second  sign  of  sttmmAtioa  refers  to  all  pos&ible  binary  oombinatiuns  of  the 
quatcriiiuriB     q\  .  .   

(2.)  And,  M  Ml  wtto^  «f  210,  XXIX.,  w«       tb«  ioeqwBlgr, 

III...  ST9>Tr9, 

unless  all  the  quaternions  g,  q,  .  .  bear  tealar  and  jMnaWve  mtiofl  to  Wtth  otiur,  ia 
which  caae  the  two  memben  of  tills  inequality  beeone  cqml :  M  tfiat  the  «mr  o/f*c 
ffliMortb  of  any  of  qnatenkiia,  ii  grmUit  thtm  tA«  Mtuor  of  eA«  onm,  in  ereiy 
ofhoroaio. 

(8.)  In  gcnenl,  oa  mi  extouko  of  210,  XXYIL, 

(4.)  TlM  fonnuH  210,  XV^IIL,  XIX.,  odiiut  oMily  of  Mialogoaa  oxtmibiii. 
(6.)  Wo  IwTO  aloo  (comp.  168)  tho  gnaral  oqnatioo, 

in  whidi,  by  210,  IX., 

becatue,  by  208,  we  have  generally 

VII. . .  V(Vj'.Va)  =  - VCVg.Vj); 

or  Vin...V<r^— V«r«  ^  Lq^Li^'^ 

(Comp.  191,  (2.),  and  204,  X.) 

213.  Besides  the  adTaatage  which  the  Cilcnlue  of  Qoaterniona 

gains,  from  the  general  establishment  (212)  of  theZ)M<H'frttfMie  jPrta- 

cipit,  or  Distributive  Property  of  Mvltiplkatkm,  by  being,  so  far, 

*  Compaio  tho  KoMa  to  pago  208. 
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amimMul  to  Atg^bra^  in  prooMW  whioli  are  of  oonturaal  oeonr- 
renoe^  tlus  principle  or  proper^  will  be  found  to  be  of  giett  im- 
portaooe^  in  eppUcations  of  that  caloulos  to  Chomdrjff  andeipecially 
In  qneitions  reepeeting  the  (ml  or  ideal*)  mUrdeeUona  of  right 
Uma  wiA  tpkem,  or  other  snrfaees  of  the  second  order,  indading 
eotiaeU  (real  or  ideal),  aa  UmU$  of  raeh  inteneetiona.  The  foOow- 
ing  Examples  may  serre  to  giro  some  notion,  how  the  general  dts- 
tribntiTe  principle  admits  of  being  applied  to  each  qnesUons :  in 
nome  of  which  however  the  less  general  principle  (210),  respecting 
the  inult  iplicaticn  of  co//i'n«ar  quaternions  (209),  would  be  sufficient. 
-And  til  St  we  shall  take  the  case  of  chords  of  a  sphert^  drawn  from  a 
given  point  upon  its  surface. 

(1.)  nom  a  point  a,  of  a  sphin  wUh  o  Hw  eaotn^  lat  it  ba  nqvind  lo  diaw  a 
rh  rci  AT,  which  shall  ba  psnUIel  to  a  gbaa 
line  OB ;  or  more  fully,  to  auign  the  veeUir^ 

p  -  or,  of  the  Pxtremity  of  tho  oht^rd  «o  drawn, 
a  Junctton  of  the  two  given  vectors,  a  —  OA, 
and  /3  =  OB  ;  or  rather  of  a  and  U/3,  since  it 
u  evident  that  the  Itt^fth  of  the  line  cannot 
a&d  Um  VBMilt  of  thaoonatJutiUon.  wUdi  FIc. 
51  najr  mm  to  iOoftiata. 

(2.)  8iaMAr|oB,  orp-a |A  wansy 
basfai  kj^  willlug  tha  axpvMloo, 

wliidi  nmj  ba  aonddared  (comp.  23,  99)  «b  a  form  of  the  equation  of  the  right  line 
AP;  aBdiawUdilti«inaiBStodeC«rmia«tlMMalareoiilldiDt»,saaftQsa^ 

Tp  =  Ta(l«fl^(2.)). 
In  ihort,  wa  am  to  asak  to  sstiify  tba  cqoslioB, 

by  some  scalar  x  which  ahall  be  (in  general)  ditfcrent  from  zero ;  and  then  to  sub- 
slitBtat^ssslaf  inOoaspfaHiottf  »a  +  2/5,  in  order  to  determina  tb«  reqaired  v 
Tactor  p.  «tW«^    ^*4>^  *  -Aa 

(8.)  Fortiiiifaiposi^sa  obvloas  pfooeas  is,  allar  dividiag  both  aidaa  by  T^,  to 
aqnare,  and  to  aoiploy  tba  fonnttla  210,  XXL,  wUdi  bad  indaed  occurred  before^  ai 
200,  VIIL,  bat  not  tiian  as  a  eooaequenco  of  the  cUstribative  property  of  multiplica- 
tion. In  this  manner  we  are  condnctad  to  a  qood ratio  aqoatioa,  wliich  admita  of 
dirinoo  bj  x,  and  givea  then, 

•■-282i  paa-2^;=; 


*  Coio{>are  the  Notea  to  pa^a  90,  &o. 
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the  problem  (1.)  being  that  resolred,  iritb  thu  vtriiflfttioa  that /3 IMJ  be  voplMedL 

by  U/3,  in  the  resulting  expression  for  p. 

(  I.)  As  a  more  exercise  of  calculation,  wo  may  var>-  thoi  last  process  (3.),  by 
dividing  tht  last  equation  (2.)  by  Xo,  inatead  of  T/i|  aud  then  going  on  as  before. 
Thia  lAdt  procedure  gives, 


:-8S^:N?a-  2S^  (by  196,  XIT.),  M  bcfim^ 

a      a  P 


(6.)  lu  geucnl,  by  196, 11'., 
hance,  by  (3.)» 

and  finally, 


a  new  expression  for  p,  in  which  it  is  not  permitto<l  generally,  as  it  was  in  (8.),  to 
treat  the  vector  /3  as  the  multiplier,*  instead  of  tho  multiplicand. 

(H.)  It  now  ca-sy  to  »ee  that  the  second  equation  of  (2.)  if  satiafiod ;  for  the 
expros^ou  (5.)  for  fj  gives  (by  IB6,  187,  &c), 

at  waa  nqnlrad. 

(7.)  To  intaipnt  the  adatioii  (8.),  kt  o  hi  Fig.  51  bethamiddkpaintorth* 
chord  AP,  and  bt  d  ba  the  fbot  of  tha  parpandieolar  lat  iidl  ftom  a  oa  ob  ;  than  tha 
azinaate  (8.)  Ibr  p  ghrai,  hy  196,  XIX^ 

CA=|(a-p)  =  /3S^=OD; 

and  accordingly,  ocad  is  a  parallelogram. 

(Ji.)  To  interpret  the  expression  (5.),  which  gives 

-5-  =  K-,  or   — «K— ,   If  of'«po, 
fi  p»      OB*  ' 

«a  hava  cnlj  to  ahiarva  (eonp^  188)  that  tha  aagla  aop*  ia  biasctad  latamally,  or 
the  supplemantaiy  aqgia  Aor  axtenaUy,  by  tha  faidfAnita  right  Una  ob  (aea  again 

Fig.  61). 

(9.)  Conversely,  ihf^  geometrical  contidrrationt  which  have  thtis  sen'cd  in  (7.) 
and  (8.)  to  interpret  or  to  verify  the  two  fnnns  of  solution  (3.),  (5.),  might  liavo 
been  employed  to  deduce  those  two  forms,  if  we  had  not  seen  how  to  obtain  them, 
by  rtdti  of  ccUeuiatioH,  from  the  proposed  conditions'  of  the  queetion.  (Gomp.  145, 
(10.),  Ac.) 

(10.)  Itlac?idant,  fkwD  thanatonof  that  qoaitioo,  that  a  aoght  to  ba  dadnd* 


Conpan  tha  Nota  to  paga  159. 
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Up  ta  ^     ^  tj  exMlfy  tiM  MMpmiM  M  tbon  iHileh  lumiir^ 
nd  tfM  tern  (5.)  Klvti^ 

Ajid  since  the  first  form  can  be  recofuwd  from  tbt  MMOd,  ire  M  ttM  cadi  loadi  M 

b«ck  to  the  parallelism,  p  —  a\\  (3  (2.). 
(11.)  The  solution  (3.)  for  x  shows  that 

«  =  0,    p  =  a,    r  =  A,    if   8(a:/3)  =  0,    or  if  /3Xa. 
And  the  geometrical  meaning  of  this  result  is  obvious ;  namely,  that  a  right  line 
drawn  at  the  extremity  of  a  radius  OA  of  a  sphere,  so  as  to  bo  j^erpcndicular  tu  that 
radiu^»,  does  not  (in  strictness)  inter tect  the  sphere,  but  touches  it :  its  Kcond  point 
of  lubijting  the  surface  cotrnddingf  in  this  case,  as  a  /taut,  with  the  fir^. 
(12.)  Umminma^laSmiBb§kfSb»jfbMnipmmltii\(^ 

a  a 

is  the  tangent  plant  (comp.  196,  (5.)  )  to  the  aphera  here  coosulerod,  at  the  point  A. 

(18.)  KnoejSmftjlMnplaeedbjanjTMtorpttillalUMrato^irei^ 
te  il  7  '  II,  if  7  B  00  be  the  TMlor  of  «9  ^IM  poM  o  ifMii  lA«  dbrtf  AP,  whadin 
(aeia  lig.  61)  the  middle  point, «  not  I  we  maj  tfunCoie  write,  by  (8.)  end  (6.), 

p=:a-2Cy-o)S— =.-K  — .(y-a).  -    /<  • 

214.  In  the  Examples  of  the  foregoing  Article,  there  was  no 
room  for  the  occurrence  of  imaginary  roots  of  an  equation,  or  for 
icUal  intersections  of  line  and  surface.  To  give  now  a  case  in  which 
such  imaginary  intersections  may  occur,  we  shall  proceed  to  con- 
sider the  qoestloD  of  drawing  a  secani  to  a  sphere,  in  a  given  direc 
tion,  from  a  given  external  point ;  the  recent  Figure  51  still  fenring 
08  for  illuBtratioD. 

(1.)  Suppose  then  that  <  is  the  vector  of  any  given  point  b,  through  which  it  is 
reqnirod  to  drew  a  diaid  er  oeeent  erori,  parallel  to  the  aame  given  line  aabefere. 
We  have  now,  if  pQS  OfiQ, 


So bciflg  •  new  ecelar {  end ehnilarly,  If  pioopi, 

2  V 
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bj  trazuformatioos*  which  will  easily  occur  to  any  one  wlio  hid  read  rooent  articles 
with  attention.  And  the  points  p**,  Pi  will  Im?  together  real,  or  together  tmapinary^ 
according  as  the  quantity  under  the  radical  sign  is  positiye  or  negative ;  that  is,  ac- 
cording  m  wq  hvn  one  or  othar  of  the  two  Mlowing  inequalitiet, 

T3>  «r  <TV3. 
r  P 
(3.)  The  equaUoa  (comp.  208,  (6.)  ), 

represents  a  cylinder  of  revolution,  with  on  for  its  axia,  and  with  'la  for  tlie  nvliua 
of  its  baae.  If  k  be  a  point  of  this  cylindric  surface,  the  quantity  under  tlie  radical 
dgnIn(l.)TWililMi{  mndtlMtwoiootoxo,  of  the  qoadmtitt  Imo^  In 
tUs  CMe^tlun,  the  line  through  s,  vfaiohiapinUal  to  OB,  <o«d^ 
mU  oCberwisa  evident  geooieiricftlly,  rinee  the  eylinder  tmw^lcpm  the  sphere  (oompu 
204,(lS.))i«nd^UB*<*0MQf  ittgiBflntrieeib  If  ■  belmterMlto  thecTliiider, 
the  intsnecUons  Po,  pj  are  real;  bat  if  she  ■xfamal  t»  the  Mine  siu&Qe,  tiboee  la* 

tersoctlons  are  ideal,  or  imaginary.  ^ 
(3.)  In  this  last  case,  if  we  makci  for  abridgment, 

•  and  t  being  thus  iwo  given  and  noi  9c«dan^  wt  mej  writer 

ivhem  V~  1  ie  the  oU  and  wMmary  teM^laafy  lyaM  of  il^feftrv,  and  is  Melm» 

ve$ted  here  with  any  sort  of  GeometHeal  AierfnMioH.f  We  merely  express  thus 
the  fact  of  calculation,  that  (with  these  meanings  of  the  symbols  a,  j3,  «,  «  and  t) 
the  formula  Ta  -  !  («  +  x/3X  (1.),  wAcii  treated^  tk*  rule*  ofqiiaUmiont,  eoHdmets 
$0  the  guadrutie  equatioHf 

+  =0, 

which  has  no  reai  root  s  the  naeoa  being  that  tho  right  lime  through  k  is,  in  the 
pweant  oue.  inAoffjf  eatonol  to  tkt  ^srs^  and  thetefitra  Aet  «e(  fooNy  itdtnttt  U 
at  off;  althongh»fl»r  the  eake  of  ^eneraUtafiett  ^UmgimgOim  may  agioa  to  e^y, 
M  nenal,  that  the  Ihie  latenaeti  the  epheio  tai  taw  inMyiMvy  pelalt. 

(4.)  We  must  however  agree,  then,  for  contietency  of  tymhoHetJ  eaq^rtttUm^  to 
consider  these  two  ideal  pointa  ae  having  dHermibuUe}Mimt^ikurf9tetarw,tumAf^ 
tlie  two  following : 

po  =  «  +  «/3-t/3  V- 1;      pi  =  ,  +  ,^4.r^v'-l; 
in  which  it  is  easy  to  prove,  Ist,  that  the  real  pari  f  +  */3  is  the  vector  »'  of  the  foot 
e'  of  the  perpendicular  let  fall  from  the  centre  o  on  the  lino  through  £  which  is  drawn 
(as  above)  parallel  to  on ;  and  llnd,  that  the  real  teiuor  tTfi  of  the  eo^cient  of 


*  It  does  not  seem  to  be  necessary,  at  the  present  stage,  to  supply  so  many  refe« 
leneai  to  Csnnar  Artidee^  or  Sub-artidee,  ae  it  bao  hitherto  bonn  thooght  weful  tft 
pvo;  bat  each  may  etill,  flrom  time  to  time,  bo  given. 

t  Oonpaie  ag^  the  No(m  to  page  90,  and  Art.  U9. 
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,  if  ira  wiito  oif  Bi*"  f -hiA  «•  ihaU  hmrt 

«'K  =  f-»'  =  -«/3=/3S^  =  projection  of  oe  on  ob; 


iHieClMr  tlM  pointi  rt|  Pi  be  nil  or  imogbttT- 


votev^iirlhooM 

and  thoHaA  MMito  (4.)  lijiutified. 

(<.)  Aa  ospiOHioa  of  flM  ibfm  (4.)|  or  of  Uw  lionowliig, 

faivUdi/3aDdyaniMf«BlMie«HW,iiUbV-liotlie(iealsr)  imaginary  of  al- 
fiira,  oDd  «of  a  qrmbol  tar  ft^wMMol^  imI  wroor  (U9,  ISS^nigrboMld 
toboABmoiOB. 

(7.)  Ift  Kko  BamMr,  an  igpnwrion  of  the  fonn  (3.),  or  ^       1 V  - 1,  wliortf 

and  t  Are  firo  r«af  tcalart,  bat  V  -  1  U  still  tbo  ordiMxy  imaglnafy  of  cdptbrm^  mxf 
be  said  by  analogy  to  be  a  BiiicAlAB.   Ima§mmr$  f0ci9  itfulgdbraie  tptatlm» 

thai,  in  general,  hiaealart. 

(8.)  And  if  a  bivtetor  (H.)  be  divitUd  by  a  (r«ai)  vector,  the  quotient^  such  at 

ana 

in  which  gn  and  71  are  two  real  qtuOtrnioMf  bat  V  1  isj  aa  beforOi  tauyiiiaiy,  nugr  | 
bo  ttki  to  bo  a  Biqoatbrnion.  * 


215.  The  same  distributive  priuciple  (212)  may  be  employed  in 
investigations  respecting  circumscribed  coneSi  and  the  tangents  (real 
or  ideal),  which  can  be  drawn  to  a  given  sphere  from  a  given  point. 

(L)  Instead  of  conceiviog  that  o,  a,  b  are  three  given  points,  and  that  limit*  0/ 
pomti^m  of  the  point  B  an  fOQfl^t,  as  ia  S14,  (2.;,  whkh  shall  allow  the  points  ofin- 
fmetfoB  vo»  vi  to  banal,  ws  nay  suppose  that  o,  a,  x  (which  nay  be  ammod  to 
be  oolBiiesr,  wifheat  km  of  gasnlity,  daw  a  catenoidy  by  ttstsnsor)  an  now  the 
data  of  the  qonliflii;  and  that  Smito  ef  direction  of  the  line  OB  sn  to  be  aisigned, 
which  Shan  pennlt  ths  same  nslity :  xr^  beiflg  still  dmwa  pacallal  to  on,  as  ia 
f  14,(1.). 

(t.)  Dividing  the  oqaatioo  Ta  =  T(i  +  «P)  by  X<,  and  squaring,  we  have 


*  Compan  ths  seooad  Note  to  page  IdL 
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the  quadmUe  Id  m  may  therefore  be  thus  written, 

«nd  its  rooti  an  real  nd  mMqai^  or  nal  and  aqoal,  or  imagioaiy,  aoooidliig  aa 

TVU-<  or  =  or>T-: 
•  • 

tliai  k,  aocoxtUng  as 

dn  KOB  <  or  =  or  >  T. oa  :  T.oe. 

(3.)  If  E  be  interior  to  the  Sphere,  then  T<  <  Ta,  T(a  :«)>!;  but  TVD^  can 
never  exceed  unity  (by  201,  XIX.,  or  by  210,  XV.,  &c.);  we  have,  therefore,  in 
tlib  oaie,  the>!r«l  of  tha  tlina  noiBt  attanutboi^  and  Uia  two  1^ 
ai«  Moimiil^  nal  and  niiaqaa],  whatoTor  tl«  dincta  AoeonKngljf 
it  la  evldant,  gooaMtricatlj,  that  tMiy  iadaAnilB  if^t  linc^  dniro  tbnogb  an  inter- 
nal  point,  roost  cut  the  spheric  surfSace  in  two  distinct  and  real  pointa. 

(4.)  If  the  point  B  be  «i9»fl:^^  so  that  Tc  =  Ta,  T(a:0<=l,  then  the  first 
alternative  (2.)  still  exists,  except  at  the  limit  for  which  /3  f,  anfi  therefore 
TVU(/3  :  f)  -  1,  in  which  caae  wo  have  the  second  alternative.  Onerootof  tlie  qua- 
dratic in  X  is  now  =  0,  f(»r  every  direction  of  (3 ;  and  the  other  root,  namely 
*  =  -  2S(«  :  /3),  is  likewise  always  real,  but  vanithes  for  the  case  when  the  aiiglo 
£OB  is  right.  In  short,  we  have  here  the  same  system  of  chords  and  of  tangents, 
Ikom  a  point  upon  tbo  amtut,  aa  in  918 ;  tha  only  diflbmica  boing,  that  wa  noar 
inita  n  Ibr  A,  or  f  ibr  a. 

(6.)  Bnt  ilBa]l]r,if  nbaan  exUnud  point,  aatliat  Tr >Ta,  and  T(a :•)<!, 
tiian  TVn(jS:  c)  may  oitlier  (UI  abort  of  this  latt  touor,  or  oqaal,  or  azceed  ft ;  ao 
that  any  one  of  the  dino  altanatifaa  (S.)  najr  oona  to  iodat,  aoooidingto  thavnij* 
ing  direction  of  (3. 

((i.)  To  illustrate  geometrically 
the  law  of  passage  from  one  such 
alternative  to  another,  we  may  ob- 
aerre  that  the  equation, 

<  t 

or 

afailor«>T.oA:T.<», 

iapnaiHi(whan  ■  io  Uma  aztanud) 
a  raaf  oen«  of  nvolotfon,  with  ICa 
vartax  at  the  centre  o  of  the  spliore ; 

and  according  ns  the  lino  on  lies  in- 
side this  cone,  or  on  it,  or  outside  it, 
the  first  or  the  second  or  the  third  of 
the  three  alternatives  (2.)  is  to  bo 
adopted;  or  in  other  words,  the  lino 
thnogh  n,  drawn  parallel  (aa  bafore)  to  ob,  either  eutt  the  sphere,  or  t<mehe§  it,  or 
do«iiat(nall7)M««€itataU.  (Compan  tha  anoasad  Fig.  52.) 


ng.53. 
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(7.)  If Bte  aHB  «  otantl  pdnt,  Ifet  «mm  ^tmgmot  wfeidi  on tetonni 
ftvniltotlMiplMniiffMf/  andtte  •QuatiM  oTtlib  mwdwpimg  or  rfr— Biflirf 

c«m«,  with  its  vertex  at  k,  may  be  obtained  from  that  of  the  recent  OOM  bj 
tepljchaqgiiigptop-ci  tt  k,  thinibn^  or  «t  kaat  om  Cocm  of  U  iS| 

TTU^^-rf;  or  ■boBP>-T.0A:T.OB. 

ff  0 

(8.)  lo  gOMnl,  if  9  bo  «7qwmioii,  ond  «  anj  tedir, 

VU(«+»)«Tj:T(»+»)} 
the  foent  flqinatioa  (70  iDij  tboMftio  bo  thiio  iRitIn: 

or 

T.r'r:T.  ei-  -T.  o.v:  T.ok, 

if  r'  be  the  foot  of  the  pcrpentlicttlar  let  fiaU  ftom  p  oa  os;  and  in  tuX  tfae  iini  quo- 
tient la  evidently  =  sin  oep. 
(9.)  We  may  alao  write, 

(8f.H=y.(.-K^)(Kj-H=). 

M  onotiier  form  of  the  equation  of  tbo  dfauntciibod  oono. 
(10.)  If  UMawoiDAkooIoo 

or  K^-H?, 
a  c  • 

to  express  that  the  point  r  is  on  the  enrtloped  aphere,  as  well  as  on  the  onrcloiting 
cone,  we  find  the  following  equation  of  the  plane  of  contact,  OT  of  wbot  io  OoUod  tbO 
polar  pleau  of  the  point  s,  with  respect  to  the  given  sphere : 

Ml,  —;r<-' 


*  # 


iiliOo  tho  Ibek  tbtt  It    a  pliao  of  eoa/oel*  b  osMbilod  bj  tho  oeeniwee  0^ 
ponent  2,  or  by  its  equatign  OBtaring  fhrongfa  Ita  wqman, 
(11.)  Tbo  Toctor, 

is  that  of  the  point  e'  in  which  the  polar  plane  (10.)  of  b  cats  perpendicolarly  tbo 
right  line  ob;  and  we  see  that 

Te.Tt'=.Tri^    or    T .  ok.  T.  ok' -  (T. oa)', 

OS  was  to  be  expected  from  elementary  tbeoremsi  of  spherical  or  even  of  piano  geo- 
metry. 


«  liillMlaaBodanigooaMtariroQidaHj,  IbatwaliafahonacaNofftMooAfel. 
Aatj»r«Mf  of  futcfaection,  neiged  into  aiingloplaMofooDtaet 
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(12.)  The  eqaatiou  (10.),  of  the  polar  plane  of  s,  maj  eatilj  be  thua  traoa- 

formed : 

8i«(s£.N--W^5,   or  8--N2«0i 
P    \  •    P   }    P  P  P 

it  continaes  therefore  to  hold  good,  when  <  and  p  are  inUrchang^  If  then  we  take, 
aa  tlia  TWlnc  of  •  mm  mntloping  cone,  any  point  o  txltnial  to  the  qtbera,  and 
altutodoottio  polar  phne  iy.,ofilMfixiiMr  ozltmal  point  a,  thoMWirfaiM  ^ 
oonCoei;  or  fbe  polar  plane  od'.  .  of  the  aeir  point  wiD  paai  tbroQi^  the  IbniMr 
vertex  m  x  a  geometrical  relation  of  reei/yrooiy,  or  of  flei|^ivatfib»,  between  tiie  two 
points  c  and  which  is  indeed  weU-kaown,  but  wUdi  it  appealed  ueftil  for  oar  par- 
pose  to  prove  by  quaternions*  anew. 

(13.)  In  ipaeral,  each  of  the  two  connected  eqnationi^ 

P      P        P  9 
wbidi  nay  aleo  ba  thna  mitteoi 

\  ap     a    I    a    a  a  a 

mqr  be  eaid  to  be  a  ftnn  of  (he  Apiatim  ^  £bi|^yiljoii  betw^ 

v^(not  thoie  eo  narked  hi  Fig;  62),  of  vrhicb  Hie  Tedore aetiify  iti  beeaueittx- 

pwwen  that  thoeetwopointa  are,  In  a  weU-kaown  aenae^  oeiyiyaie  to  eedi  other,  irith 

respect  to  the  given  sphere,  TpaTa. 

(14.)  If  one  of  the  two  points,  as  r',  be  given  by  ite  veotor  p',  while  the  mAtf 
point  p  and  vector  p  are  variable^  the  equation  then  reprewnta  a  plane  loett*; 
namely,  what  ia  still  colled  the  polar  plane  of  the  given  point,  whether  that  point  bo 
external  or  internal,  or  on  the  surface  of  the  sphere. 

(15.)  L^t  r,  p'  be  thus  two  conjugate  points;  and  let  it  bo  proposed  to  find  the 
pointa  8,  b',  in  whkh  the  right  line  pf^  totareeeto  the  ephare.  Asenmins  (comp.  25) 
that 

and  attnding  to  the  eqinatloii  of  eoi^qgatSon  (18.),  are  baTe,  by  210,  XX.,  or  bf 
200,  TIL,  the  fbUowing  qoadfatle  eqoallon  iny : 

(• + y)«  -  »    ^ + f  ^  ]  -      ^ + 2ajr  +  ,«N  ^' ; 

whidiglvei^ 

( 1 6.)  Hence  it  is  evident  that,  if  the  points  of  intersection  s,  a*  are  to  bo  r«a/,  one 

of  the  two  points  r,  r'  must  be  interior,  and  the  othor  mu«t  be  exterior  to  the  sphere  ; 
because,  of  the  two  norms  here  occurring,  one  muat  be  j^roator  and  the  other  l<xa  than 
unity.   And  because  the  two  roots  of  tlie  quadratic,  or  the  two  values  of  y :  4^  differ 


•  In  fact,  it  will  easily  be  seen  that  the  invcstigationa  in  recent  sub-articles  are 
pot  forward,  almoat  entirely,  aa  ezecdaee  in  the  Language  and  Caknfau  of  QnatendoDa, 
and  not  aa  oflbring  any  gcometfioel  norelty  of  reenH. 
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•idy     M        It  tttnn  (bj  26)  Itat  tte  ligM  Bm     b  WMoaif^ 

Cm  MNd  il  It  iPtD  kam  to  teX  at  tte     poiBto  ■»  «*  at  wbkh  Ito^ 

or  tiMtiiiaiioCalioo  alnadj  Mvwd  tliMt  CBpioTid       SI,  4e.),  «•  bsfatiM  Aar- 

(wV)a-  1. 

(17.)  From  a  real  but  internal  point  p,  we  can  still  tpeak  of  a  cone  of  tanpents, 
as  being  Jra\vn  to  the  sphere  :  but  if  30,  wt-  must  say  that  those  tangents  arc  iiiral. 
or  iTna<rinary  ;*  and  must  consider  tlieni  na  tirminating  on  nn  imaginary  circle  of 
contact ;  of  which  the  reai  but  wholly  external  plane  ia,  by  quaternions,  as  by  mo- 
dam  gagoMtrjr,  noogoiaad  la  iMing  (comp.  (H-) )      P<>^*f  P^*"*  of  tha  rappoted 

216.  Some  readers  may  find  it  useful,  or  at  least  interest- 
iDg,  to  see  here  a  few  examples  of  the  applioation  of  theGkneral 

Distributive  Principle  (212)  of  multiplication  to  the  Ellipsoid^ 
of  which  some  forms  of  the  Quaternion  Equation  were  lately 
assigned  (in  204,  (14.)  );  especially  as  those  forms  have  been 
found  to  conduct!  to  a  Geometrical  Construction,  previously 
irnkDOwn,  for  that  celebrated  and  important  Surface :  or  ra- 
iher  to  several  snoh  oonstmetioiis.  what  follows^  it  will 
be  siqiposed  that  any  sudi  reader  has  made  himself  already 
sufficiently  fiimiliar  with  the  chief  formolsB  of  the  preceding 
Articles ;  and  therefore  comparatively  few  refercnccst  will  be 
given,  at  least  upon  the  present  subject. 

(1.)  To  proTe,  first,  that  the  locaa  of  the  variable  ellipte, 
wbicb  locoa  is  xq^reaented  by  the  eqaatioo, 

tha  two  oomtant  iraelon  «,  htbig  aappoatd  to  ba  nti,  and  to  ba  faMUiMd  to  «adi 
oClNr  at  aona  acute  or  obtoia  (tat  not  ijg^tf)  aagkv  U^mrficttft^atcmidofdtr, 


•  Compare  again  the  second  Note  to  page  90,  and  others  formerly  refonred  to. 
t  See  the  Proceedings  of  the  Royal  Irisb  Academy,  for  the  year  1846. 
X  Compare  the  Note  to  page  218. 

§  If /3     a,  the  system  I.  represents  (not  an  ellipse  but)  a  pair  tfH^  &m, 
iailorkleaI,inwlilchtlia«ylf»Ar^f««olitfio^  dsnolad  Iqr  tSa  Moood  oquation  of 
tliat  qvtoa^  b  eia  by  a  j»faa«  jMtf^afXef  to  ib  oab,  and  ftp^^ 
tioo. 
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in  the  sense  that  it  is  cut  by  an  arbitrary  rectilinear  tmns%'cr«d  in  two  (real  or  ima> 
ginary)  points,  and  iu  no  more  lhan  two,  let  us  a.ssuino  two  poiota  m,  or  their 
vectors  X  =  ol,  ft  =om,  as  given  ;  and  let  us  seek  to  dftonnine  the  points  r  (real  or 
imaginary),  in  which  the  iudetimto  right  line  lm  intersects  the  locus  II. ;  or  rather 
tilt  MOMftir  of  111611  iBtMaeelloiMb  'fibSA  wU  be  toflMeiit  tbt  tlw  pnsent  purpoM. 

(1.)  ICiUng  th«o  p  a'^^^  (36)|  we  have,  for  jr :  a,  the  following  quadntic 

CQflltlOlli 

without  proceeding  to  retolvc  which,  wc  see  already,  by  its  mere  decree,  that  the  num- 
ber sought  is  two :  and  tbanifon  tbat  the  locoa  U*  iti  aa  above  atatod,  a  mrfiMM  of 
the  Hcond  order. 

(8.)  The  equation  II.  remains  unchanged,  when  -  p  is  substituted  for  p}  the 
suriaco  has  therefore  a  centre^  and  this  centre  ia  at  the  or^/in  o  of  vectora. 

(4.)  U  luw  been  iMn  that  the  eqnatioB  of  tiMmifim  nay  diolM  tboewii^^ 

nr. . .  T^S^+  V|^«  I i  204,  (14.) 

it  givos  tbereforei  for  the  reciprocal  of  the  radiua  vector  from  the  centre,  the  exprcs- 

■nd  lUa  oaptmloc  hai  analTaliN^  iiliish  aom  rwaSAm,*  whatefwiMl  valaeoMj 
bo  §aiguid  to  the  versor  Up,  that  is,  whatever  diieetton  nay  be  anlgiiedtop :  the 

surface  ia  therefore  closed^  and  finite. 

(5.)  latrodacing  two  new  oonstant  and  auxUiaiy  vecton»  detenniiied  by  the  two 
expreasioua, 

which  give  (by  125)  these  other  expressions,  ^ 


wc  have 


and  under  these  condition**,  y  is  said  to  bo  the  harmonic  mean  between  the  two  for- 
mer vectors,  a  and  ;  ntul  in  like  nianiu  r,  t'  is  ihu  harmonic  muou  between  a  and 
-  ft ;  while  2a  is  the  corre^ndiug  mean  between  y,  6 ;  and  2/3  is  eo,  between  y 
and  —6. 


*  It  is  to  be  remembered  that  we  have  excluded  in  (1.)  the  case  where  ^  a  ; 
in  which  caN  It  can  beahowa  that  the  equation  II.  repwenta  an  ell^e  t§IMtt. 


Digitized  by  Google 


cuMM.  I.]    ciRC9t.Am  lamovs,  ctolic  plahbs. 


226 


-  :  > 

1 ;  ^ 


IX...^  +  K?t=S^  +  V?V  


the  «qaitiaii  IF.  «r  tlM  awlM  aqr  itetfim  te  thw  witt^ 


tkegMOMtiiealnMiiliigef  wliiGbatvftraiiifUiooabe.<w  . 

(7.)  TbeijFrtam  offte  twt  plMM  tluMgh  Ite  oitgiii,  ivUeb  «•  mpeetiTely  /  - ' 
iwrpfdicalir  to  the  new  veeton  y  and    le  lepieienled     the  eqoatioii, 

xi...8e8e=a.  «  m..(8ey-(s?y, 

combiaing  which  with  the  equation  1 1.  wc  get 

Theee  two  dienetial  pleaee  therefore  cut  the  surface  in  two  «lrmd!ir«M#imf^  frith  1)9 

ftir  Uiitir  common  radios ;  and  the  normals  y  and  to  the  same  two  planes,  maybe 
called  (cnmp.  IPH,  (17.) )  the  cyclic  norjoali  of  the  Miiieoe;  while  tbepUaea  thera- 
adves  may  be  calleU  its  rtjdic  planet. 

(8.)  Conversely,  if  we  seek  the  intersection  of  the  surface  with  the  concentric 
sphere  XIV.,  of  which  the  ndiaa  la  T/3,  we  era  tondncted  to  the  equaUon  XII.  of 
the  entem  of  tfae  two  cgrdio  plenee,  «ii4  thenfore  to  the  two  drenUv  Motions  (7.) ; 
•o  tfiet  emy  ndioe  vecter  ef  the  eoifiMei  wMob  ie  not  diMm  in  one  or  other  of  theee 
two  l^enee,  bee  n  length  dther  greeter  or  less  than  the  ndine  Tfi  of  the  qiheie. 

(9.)  By  all  these  mark!<,  it  h  clear  that  the  lecDs  II.,  or  204,  (14.),  Ie  (ee  above 
MMTted)  en  ElNpsoid;  its  centre  being  at  the  oripn  (3.),  and  its  mean  ttmitmk 
being  -  T,'^ ;  while  U/3  has,  by  204,  (15.),  direction  of  the  ax;*  of  e  circnni' 
teribed  cylinder  of  revolution,  of  which  cylinder  the  radius  is  T/3  ;  and  a  i4|  by  the 
loat  cited  sob- article,  perpendicular  to  the  plaoe  of  the  eliiptt  of  contact. 

(10.)  Thoee  wh»  en  llHnflier  with  modem  geooMtiy,  and  who  heve  een|ht  the 
nulMhme of qMliiiloiMt  witt eeelly aee that thik  ellipedd  11^ or IV^ lenili^n* 
ti0m  of  whet  mey  be  eeiM  the  «mb»  qiAere  XIY*,  end  ie  Aewwlayenf  thereto;  the 
infinitely  diitent  point  fai  the  direction  of  (3  being  a  eeafrt  ^AenoAwr*  end  either 
of  the  two  plenee  XL  or  XII.  beiag  a  |>l>iM  ^  AoMM^  oeRWVOodbii^ 

217.  The  recent  form,  X.  or  X'.,  of  the  quaternion  eqiu^ 
tion  of  the  eUipsoidy  admits  of  being  uUerpreUd^  in  such  a  way 
08  to  oondoct  (oomp.  216)  to  a  simple  ccmtruction  of  that  sur- 
face ;  which  we  shall  first  investigate  by  calculation,  and  then 

illustrate  by  geometry. 

20 
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(I.)  Cmjiag  oo  tlieBoaiaB  anMntoftoa  Ihi 
iqg  that  (bj  190b  fte.)b 

7      P     7  «    p  < 

the  wiutioii  X.  takM  tht  limi 


to  tl6k  wd  otetrr- 


if  w«  nuke 


xm.. 


r  ^1 


It    Ty* 

«  and  K  are  two  new  constant  vectors,  and  tia&  new  constant  scalar,  which  we 
ahall  anppoaa  to  b«  podttva^  hut  of  whidi  Iba  valaa  watj  ba  iSbmn  at  plaaanra. 

(S.)  Tba  eoo^kariaoo  <»r  tha  fonna  X  and  Z'.  ahowa  that  y  and  i  maj  ba  intar- 
chaogad,  or  that  thajr  anter  aymmatricaBy  into  tha  aqoatioa  of  tha  aOIpaoid,  althoni^ 
thigr  naynotatflntaaenitodoBot  It  la  thwalbM  aUmd  to  awnna  that 

Z7III. .  .Tr>Ta»  and  thavaftm  that  ZVni'. .  .Ti>Tki 

fbr  tha  aoppoaltion  Ty  ^T^  woidd  ^tn,  \j  Yl,, 

T0l-t'«i)«T09-a),  and (bgr  186, (6.) Ac)  fi^Of 

lnS16,  (1.). 


whiohlattflr 

(8.)  Wa  hava  that, 


XIX. . .  Vt^Vd;      VgrnVy ; 


(4.)  Let  AM  ba  a  filBaa  triangle^ 

that 

XXU.  ..QB«I,  C4s«; 

latalao 

AK  =  p. 

Thon  if  a  sphere,  which  we  shall  call  the 
iiiacentric  tpkere^  be  described  round  the 
pofait  o  aa  cantN^  withamdina  »  Tc,  and 
thaiaiiNO  ao  aa  to  paa  lAraiyA  lAa  «iiir« 
A  (haia  wiittaa  hialaad  of  o)  of  tha  dlip. 
add,  and  If  D  be  the  point  In  which  the 
line  AE  meets  this  sphere  afafal,  We  ahall 
have,  \3ij  218.  (6.).  (18.), 

XXIII*  •  •  cn>«*-'  K— .0, 
and  Uienfora 


Fig.  53. 


XXIir.  . .  nu  =  i-i-  K-.p; 

s  P 


1 1 , 


h  /  n   
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80  thAt  the  et^uadoa  XYI.  becomes, 

XXIV.  .  .  <«=T.AB.T.DB. 

(5.)  The  point  u  is  external  lo  the  diacentric  sphere  (4.),  by  the  ftMumption  (2.)  ; 
a  real  Ungent  (or  rather  cone  of  tangents)  to  this  sphere  cap  thirefbve  bednwa  ftooi 
that  poiut ;  and  if  we  lelect  the  length  of  nidi  ft  taageot  Mtiw  Talm  (1.)  oTUMMft- 
lar  I,  thftfcte  to  My,  if  wemftlw  etch  nwmber  off  tha  tomiilft  XXL  aqoal  to  imHj, 
Md  d«M(«  bj  o' tbo  Moond  interMetiMi  cff  tbo  rtgbt  lioo  BD  with 
Wig.  69,  m  shall  have  (by  Endid  UL)  the  elemflntftrjr  rdation, 

XXY. . .  I««T.i».T.bd'i 
wheace  follows  this  Gtmatneal  Equation  of  the  Ellipsoid^ 

XXVL . .  T.abbT.bd's 
er  in  ft  NBOwliftt  nove  IknlBar  notalioii, 

XXYIL . .  abbbd'; 

wlMt     denotet  tibo  ImgA  off  tho  line  as,  and  ttmilafly  for  bd'. 

(6.)  The  followliig  vwy  aimplo  Balr  of  OpMAwcflon  (oomp.  the  recent  Fig.  68) 
leeoJls  tbeveforelfrom  oar  qoatemion  analysis : — 

From  a  Jlstdpomt  A,  on  the  turface  of  a  given  sphere,  draw  any  chord  ad  ;  let 
d'  be  the  second  point  ofxntrrtection  of  the  tame  spheric  surface  with  the  secant  ni>, 
drawn  from  a  Jixeri  externa!*  point  n  ;  and  t,tke  a  radius  rector  AR,  eqval  in 
length  to  the  line  Bl)',  and  in  direction  either  coincident  with^  or  opposite  to^  th*  chord 
AD  :  the  locus  of  the  point  B  will  be  an  ellipsoid^  with  A  for  U»  onCre,  mdwitkBfit 
a  point  of  it*  twfaet, 

(7.)  Or  thus:— 

^  ^mfXm»  M  eariaUk  faoMafiral  abed',  o/tMek  one  tide  ab  is  given  in 

lay<A  gnrf  OT  pwnH^m,  the  two  diagonals  ab,  bd'  be  equal  to  each  othtrim  lengthy  and 
^tkeir  intersection  d  be  always  situated  upon  the  surfnce  nf  a  given  sphere,  whereof 
lAc  sidt  ad'  of  the  qmadrilateral  is  a  ehord^  then  the  oppotiU  side  bb  u  a  cAord  of 
a  ffhwm  M^teoid, 

218.  From  either  of  the  two  foregoing  statements,  of  the 
Bmie  af  Qnutructwn  for  the  Ellipsoid  to  which  quaternions 
have  conducted,  many  geometrical  amtequences  can  ca&ily  be 
inierred,  n  few  of  which  may  be  mentioned  here,  with  their 
proofs  by  calculation  annexed :  the  present  Calculus  bemg»  of 
course,  still  employed. 

(I.)  That  Uie  coniOT  B,  of  what  may  ha  eallod  the  Gtiuraimf  TrimgU  ABC^  ia 
in  fact  a  poult  of  tha  gencratad  aurfiMie,  with  the  CMUtmeliMi  217,  («.),  aiay  ha 


•  It  ia  meialy  to  ds  tha  coaoeptbms.  that  the  point  b  ie  here  supposed  to  be  tader^ 
nai(5»)i  tha  catenlatlona  and  the  construction  wonUl  bealmoattheaaine^  if  we  as- 
MOiad  B  to  ha  an  internal  point,  or  Tt  <  T«,  Ty  <  Ti. 
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prov«Nl,  hy  ooncelring  the  T.nria''le  chord  AD  of  the  £»iven  dUrentric  irphere  to  t»ke  the 
positiun  AO  i  where  o  U  Uie  Mcood  vptvrMotiMi  of  tht  line  ab  with  tluU  apUeric  tor- 
fftce. 

(2.)  If  D  be  conceived  to  approAch  to  a  (instead  of  o),  and  therefore  d'  to  o 
^natfltdof  a),  thad&iaeliionof  AB(Mrof  AO)tlMnlaadatolMooaMt«n8Mitialtotbt 
aphan  at  a,  whQa  tha  hafA  of  ab  (or  of  bd*)  tanda,  Ij  tha  caoatroelioii,  to  baeoaaa 
aqnal  totlialaiiflliaf  bo;  tlMaavfMabaitlimlbraa^aaicAwIandeircdlBraacti^ 

Ib  b  plana  which  touches  tli    !  iccntric  sphere  at  a,  and  with  a  radios  ~  bo. 

(3.)  Conceive  a  circular  i»ection  of  the  sphere  through  A,  made  by  a  plane  perpCB 

diciilar  to  nc  ;  if  n  move  al<>n£»  thi^  circle,  n'  will  move  alonjr  a  parallel  circle  tlirou^h 
o,  niitl  the  length  of  hd',  or  tluU  of  Aic,  will  again  be  equal  tn  i;-.  ^sucli  then  is  the 
radius  of  a  seconti  diametral  and  circular  gtction  of  the  elUpsoid^  made  hy  the  lAtel/ 
BMuClonad  plana. 

(4.)  Tha  tanafraelfM  gtvea  na  thna  too  cye//c  ploMO  timmgii  a  tha  pefpoidK- 
cnlan  to  which  pfaaai,  or  tha  Am  <yaK9  nofweli  (SIC,  (7.))  of  tb*  dUpaoU,  bib 
aaaBlobBTB  thadirMtioaa  Bftha  tao  tidmt  ob,cb*  of  «li»fMBliiv<'*«*V<i^ 

(1.) 

(6.)  Again,  alnce  the  rcctiinglo 

il .  B«nBft.  li  »  dtBbla  OOB  ofliiii^  BBBtrfBtBa^ 

wt  hBVB  lha  aqiMlloB, 

XXTIII. . .  patpendicttlar  distance  of  k  from  ab  =  i>a .  sin  bdr  *, 

the  third  tide,  AD,  of  the  generating  triangle  (1.).  h  fhen«fore  the  a^in  of  rtr^^Iutinn 
of  ft  cy/imAr,  which  envelope*  the  ellipsoid,  and  of  which  the  radius  has  tiie  Baue 
length,  uo,  as  the  radius  of  each  of  the  two  diametral  and  circular  seotioaab 

(6.)  For  the  polBta  of  oantaal  of  ellipsoid  and  cylinder,  1M  haiTB  tte  gMBMlrieal 

XXIX  ..  BOB BBrigtilBBgIa;  or  XXIX*. ..  Aim s Bright  aagla; 

the  point  i>  is  therefore  situated  ou  a  second  tphcrie  turfaee,  which  iiAS  the  Une  AB 
for  B  dianater,  and  taileraecta  tha  dtaoaBtric  ^iihere  la  a  eInU,  whareof  tha  plana  pnaaea 
tiuongli  A,  and  outt  (ha  aavaloping  i^ttnder  in  bb  of  eoBlact  (coptp.  S04» 
(16.),  aad  Sie,  (0.)  ),  of  that  oytindar  with  the  aUlpnld. 

(7.)  Let  AO  moet  tha  dtaeenlrle  ^ihere  agalB  In  p,  and  let  bp  meet  it  again  la 
(aa  in  Fig.  &9) ;  the  eoatmoii  ^fane  of  the  ksi-mentiuoed  circle  and  ellipse  (6.)  caa 
then  be  easily  proved  to  cut  perpendicularly  the  plane  of  thegcnemtin^  triangle  abc 
in  the  lino  af'  ;  so  ihul  the  line  f'h  is  normal  to  this  plane  of  cxntacti  «ja4  thCT^ 
furc  also  (by  conjugate  diumctcrs,  &c.)  to  the  eUip»oid,  at  B. 

(ti.)  'V\x^  geometrical  contequenees  oj'tk*  eon^rueiiem  (217),  to  which  many 
bUmm  might  ha  addad,  ean  all  bo  ahowa  to  ha  oonriatant  with,  and  ooaflnBadhf,  tha 
fBBlMniMBBa^ftom whkhlhatooBitnitlloBiliilf waadMivid.  Thnabthatwo 
aMor «<f«MBf  (S.)  (3.) had  pmanlad  thaaBMlvaaia  31^(7.);  wd llMlt two cy 
afie  BOrauils  (4.),  or  the  sides  ca,  cb  of  the  triangle,  being  (by  217,  (4.))  tha  two 
vectors  r,  i,  have  (by  217,  (1.)  (3.)  )  ttiadirectiona  orthatwofiffawrTactoia^,^; 
which  again  agrees  with  216,  (7.) 

(9.)  Again,  it  will  be  found  thai  the  nsstunt«i  rtlatiuius  between  Uie  three  pmr$  of 
eonstoMt  vectortf  a,  /ij  y*  ^  i  Aud  i,  r,  any  out  ^A  vahiah pair$  id  auffiaent  to  deter- 
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xuine  the  elUp^joiii,  conduct  to  the  ^"Ihwipg  OTjniilTiPi  (of  which  the  iaveatig&tton  is 
Mt  to  the  ttudenti  u  «o  ej^ercise) : 


^-y'      a-y        T(»-r)      *  ' 

Ujc  kttera  b,  v",  g  referring  here  to  Fig.  53,  while  aftyd  retain  their  former  mean- 
ij}gs(21<)),  and  are  not  interpreted  u  vectors  of  the  iK:>iata  aj^cd  in  that  Figure. 
Bence  the  noani  gwmetrical  inlimneei,  thmt  ab  (or  no)  btlMaacbflf fmlation  of 
tBonrdopiiif  C7]iiidcr  (6.)>  and  that  ir^B  to  nofinal  to  the  ptoaeef  the  dlipeeof  eon- 
tut  (7.),  flgvee  with  the  former  eondadoni  (tie,  (9.^  or  9M,  (16.)  ),  tliat  /I  to 
mtk  an  udi^  and  thai  a  to  aadi  a  BomaL 
(10.)  It  to  mtf  to  prore,  genaiaUj,  that 

o9-l     (g-l)(Kg.H)^  Ky-l  fli+i„j£dL. 

whence 

wbateTec  two  vectors  i  and  ic  may  be.    But  we  have  here, 

XXXIII..  . /J  rr  T.2  -  Tk»,  by  217,  (6.); 
the  leoHt  eatptcirioni  (d.)  £ur  a  and    become,  li)en>for«| 

XZXIY. . .  o«+(i+r)8*  ~-^;      /5-5-(i-r)  s|^. 

The  last  form  204,  (14.),  of  the  equation  of  the  ellipsoid,  may  therefore  be  now  thua 
vrittea: 

\  i+«    •+«      i-«  •-«/ 
to  wUdi  the  liga  of  the  right  part  may  be  diangad*  And  thus  we  verify  by  eaka- 
litioatbe  recent  molt  (1.)  of  the  eonelniction,  namely  that  b  to  a  pofnt  of  the  sur- 
^\  far  we  aaa  that  the  bat  equatton  to  sattofled,  when  we  eiippoee 

at 

tvatoe  efp  vhtoh  eridentlj  eattoaBa  atoo  the  fm  iX9,  IV« 

(U.)  From  the  form  216,  IL»  ooniUned  with  the  Talna  XXXIT.of  «»itto<iij 
totofcrthatihephoe, 

XZXVII...8^«1,  or  xxxvir...s-j?-  =  s— , 

*hK;h  corresponds  to  the  value  x  =  1  tn  216,  I.,  toitcheg  the  elifSyMotV  at  the  point  b, 
of  ^hich  Ihe  vector  p  has  bwn  th;i.^  determined  (10);  the  norntal  to  the  turface^  at 
point,  has  th<Tufore  the  direction  of  i  ^  jc,  or  of  o,  that  is,  of  fb,  or  of  i  'u  :  so 
^t  the  last  geometrical  inference  (7.)  b  thus  confirmed,  by  calcnUtioa  with  quater- 


2l9i>  A  few  other  consequeDces  of  the  eoDBtmetion  (217)  may 
^heie  noted;  especUlly  aa  r^ards  the  geometrical  determiDation 
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of  the  thre9  principal  semiaxes  of  the  ellipsoid,  and  the  major  and 
minor  semiaxes  of  any  elliptic  and  diavidral  section  ;  together  with 
the  assigning  of  a  certain  system  of  spherical  conies,  of  which  the 
surface  may  be  considered  to  be  the  locus. 

{iJ)  Let  a,  6,  c  denote  the  lengths  of  the  greatest,  the  mean,  and  the  least  semi- 
axM  4»f  tlM  ellipsoid,  respectively  ;  then  If  the  ilde  bo  of  the  generating  triangle  cat 
the  diftoentvifi  eiiliera  in  tlie  poinle  u  and  h\  the  ftener  lying  (as  in  Fig.  53)  betuwa 
the  pdnte  b  and  9,  we  li»Te  the  Tilnei^ 

XXXYIII.  .  .  assBH^;       ftssBo;       e  =  BR; 

so  that  the  lengtha  of  the  aides  of  the  triaugle  abc  may  be  thns  expressed,  in  lenus 
of  these  semtaxea, 

XXXIX...  TO«T««^}      ii=TK=^i  i^»X(»-K)-^{ 
and  we  may  writer 

XL.  ..««Ti  +  Tc;      *=sr7  ^;  «»Ti-Tr. 

(S.)  If;  in  fbeiMpeclivediraetloaeof  thetwoinpplenMntny  dufds  ah,  iflf  of  the 
•phere,  or  in  the  opposite  directions,  we  set  off  lines  al,  ak,  with  the  lengths  of  BH^, 

BH,  the  points  n,  thus  ohtaiuetl,  will  be  respectively  a  major  and  a  minor  summit 
of  the  snrface.  And  if  we  erect,  at  the  (fiitre  a  uf  that  surface,  a  |)erpendiculnr  AM 
to  the  plane  of  tlic  trianr^le,  with  a  h  ngtli  hg,  the  point  m  (which  will  be  common 
to  the  two  circular  seclionii,  and  will  bo  situated  on  the  enveloping  cylinder)  will  be  a 
mean  tummit  tbeiM^ 

(8.)  CoDoeiTe  thtt  llieapherennd  dUpoold  afebodi  cut  by  a  phme  tluoqe^  A,  oa 
whkdithopeintaB'aiidc'ehaUbesnpiMiedtobethepiojeckioaiof  Bi^  tiunoT 
win  be  the  centre  of  the  dreolar  section  of  the  spbera;  and  if  the  line  bV  oat  this 
new  dnle  in  the  pirfnts  Di,  D},  of  which  Vi  may  be  supposed  to  be  the  nearer  to  b% 
the  two  BTipplcinentary  chords  ADi,  ADo  of  the  circle  hax'e  the  directions  of  the  mq/or 
and  minor  icmiuJ-es  of  the  elliptic  section  of  the  ellipsoid  ;  while  the  /enjir/^  of  those 

semiaxes  are,  respectively,  itA .  no  :  mdi,  and  ba  .  no  :  bds;  or  Bd'i  and  Bd's^  if  the 
secants  noi  and  iii>-  meet  the  sphere  again  in  Di'  and  r>3'. 

(4.)  If  these  two  semiaxes  of  the  Miction  be  called  a,  and  and  if  we  still  de- 
note by  <  the  tangent  from  b  to  the  sphere,  we  faaye  thus, 

XLI.  .  .  nui  —  f'  :  a,  —  ncfi  ' ;        ni>.  =  f! :  c  =  acc/'  : 

but  if  we  (Unoto  l»y  pi  and  pi  the  inclinations  of  the  plane  of  tiio  section  to  the  two 
cyclic  planes  of  the  ellipsoid,  whereto  ca  and  CB  are  perpendicular,  so  that  Uie  pro- 
jections of  these  two  sides  of  the  triangle  are 

XUI       j<^'A  =«A.aiopi  =  Ka-0«npl» 
|oVBOB.ainji|s:|(a+e)sfai|»B 

we  navo 

XLTTI.  .  .  m>32  -  BDi»  =  B'i>r  -  b'di^  =  4bV.  ^=  (ffi  -  c*)  sin  pi  sin  pt ; 

whence  follows  the  important  formula, 

XLIV.  .  .c,^-a,*-{c'*-a  2)  sin  pi  biapt ; 


Digitized  by  Google 


CHAP.  1.]  SBMIAXB89  SPHERICAL  CONIC8. 


231 


«rte  im^  tba  known  nd  imIUI  tfwonm,  that  dtfiwtmet  aftk9  faMrw 
■f«rfi  ofikt  tnuaxa,  t^aptane  and  diametral  utHam  of  an  ellipMoid,  varies  at 
tie  product  c/tk»  §bu$  9/tk»  iwriwMrfiqw         «Mm0ftamM,  to  ik»  tmo  plm*$ 

drtttlar  tecfion. 

(5  .)  At  ▼ttifioUioDS,  if  Uw  pUoe  be  that  of  Um  gen«ratug  truuigle  abc,  we 
b*ve 

but  if  the  plane  be  |)crpeD<iicular  to  either  of  the  two  &ide^  CA,  CB,  then  either  pi  or 
Pi  —  0,  and    —  o^. 

(6.)  irUw  dttpeoid  bo  fiot  by  au/  oooocntilc  iplNn^  ditdaH  ftom  the  MMm 

XLY.  .  .  AXsT^sr^ft,  where  r  b  agiveu  positive  scalar ; 

tben 

XLVL..BD  =  l«r-»^<ic6-»,  thatia,  ^bA} 

M  fhat  tht  Ib«m  of  what  naj  bo  oallod  fho  prfdo-polof  i»,  tluw^Eh  wlddi,  bj  tfao 
coortnirtion,  the  rariable  wwnMlMnotor  A«  of  tbo  illipioid  (or  one  of  ito  prolongationo) 
paMOi^  Old  which  is  still  at  a  oonatant  distance  from  the  giren  c:<ctcmal  point  it 
now  ajrain  a  circle  of  the  diacentric  sphere,  but  one  of  which  the  plane  docs  not  pats 
(as  it  (lid  in  218,  (3.)  )  through  the  centre  A  of  the  ellipsoid.  The  point  E  has  t bore- 
fore  herf,  for  one  locus,  the  cyclic  c»ne  which  has  A  for  i'er<*x,  and  rests  on  the  last- 
mentiuned  circle  as  its  bate ;  and  since  it  is  aho  on  the  concentric  sphere  XLY.,  it 
moat  be  on  one  or  other  of  the  two  ^kerical  conic*,  in  which  (oomp.  196| 
COM  and  ipihoio  lait  montloiHod  IdIoiiocI 

(7.)  Um  uUtntcHam  o/am  Miptttid  wiUk  a  temonMt  tpkmt^  b  llMioAin^  gooo- 
wtStf,  a^yeteM  o/teo  aoel  oo«le%  ^wytng  wltib  tbo  valiio  of  tho  ladiot  r,  and  bo- 
COi^lg;  as  a  limits  tho  system  of  the  fipo  circular  sections,  for  the  parttcalar  value 
r  sft ;  and  the  ellipsoid  itaelf  may  bo  oooddcnd  ao  Ibo  hem  of  all  oudi  qphorical  00- 
oiet,  indodirtg  those  two  circles. 

(8.)  And  we  set-,  by  (G.),  that  the  two  cyclic  planes  (conip.  19G,  (I7.)i  ^c  )  of 
oMOf  one  of  the  concentric  cones,  which  rest  on  any  such  conic,  coincide  with  the  (wo 
tfdie  plane*  of  the  eUip$oid :  all  this  resulting,  with  the  greatest  ease,  from  the  con- 
tirmetion  (217)  to  wbieh  qnatemlona  had  oondnotad. 

(9.)  With  loapoot  to  tho  Figaro  68,  which  waa  designed  to  fllaatrate  that  oon- 
•tnietioa,  tho  atgnUkatfon  of  tbo  lottora  AncDo'BPf^oBK'ui  baa  boon  alnady  ox* 
plaiaod.  BotaaiogaidathoothorlotteiB  wo  bora  add,  bt,  thatat'Iaaaeeoiid 
minor  summit  of  tho  aw&ce,  so  that  an'  =  na  ;  Ilnd,  that  K  is  a  point  in  whidi  tho 
chord  AF*,  of  what  we  may  hero  call  the  diacentric  circle  agf,  intersects  what  may 
be  called  the  principal  ellipse,*  or  the  section  xblen'  of  the  clUpoid,  made  by  the 
plane  of  the  greatest  and  least  axes,  that  is  by  the  plane  of  the  generating  triangle 
ABC,  SO  that  the  lengths  of  ak  and  hf  are  equal ;  Illrd,  that  the  tangent,  vkv",  to 
thi4  eliipee  at  this  point,  is  parallel  to  the  side  ab  of  the  triangle,  ur  to  the  axis  of 


o  In  tho  phmo  of  what  la  callod,  by  many  nodom  goomotefOf  tfao  >bcaf  Afper- 
Mef  thooOipMld. 
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recolittifm  o  f  the  tnoelopin^  cylinder  J 18,  (o.),  being  in  fact  one  tide  (or  generatrix) 
of  that  cylinder ;  IVtli,  that  ail,  ah  are  tbtu  two  conjugate  temidiameterM  of  tha 
ellipaci|  «nd  therefore  Ui«  taogant  tbt',  at  tba  point  a  of  that  ellipae,  U  parallel  to 
thtUntAKV^,  or  perpendienlartotlMUiMBfr';  Yth,  that  UdslattarliMiBlkMlht 
MnMf  (oompb  S18»  (7.),  (U.)  )  tAtbaauM  «llipCkMGlian,«Dd  thmlbn  alio  lo  tha 
alfipaoid,  at  b  ;  Villi,  that  the  froaldiateaM  UL'betwwa  the  pftralIebAB,KT,  balag 
=  the  ladhia  b  of  the  cjHnder,  is  equal  in  length  to  the  Una  BO,  and  also  to  each  of 
the  two  semidlamcters,  as,  as',  of  the  cDipae,  which  arc  radii  of  the  tico  circular 
tectiant  of  the  ellipsoid,  in  planes  perpendicular  to  the  plane  uf  the  Figure;  Tilth, 
that  AS  touches  tho  circli'  at  a  ;  and  Vlllth,  that  the  point  s'  is  on  the  ohoxd  AI  ot 
that  circie,  which  is  drawn  at  ri^ht  aiigUs  to  the  aide  uc  of  the  triangle. 

220.  The  reader  will  etsily  oonoeive  ibat  the  quaternion  equa- 
tion of  the  ellipeoid  admits  of  being  put  under  aeTeral  otber  forms; 
among  wbich,  however,  it  may  here  suffice  to  mention  one,  and  to 
assign  its  geometrical  interpretation. 


(L)  Far  aiqr  tfana  vMlaf%  i,  ai,  ^     have  tha  i 

\p      p  }      p      p  pp 

■NiK-+H-liI-  +  28--  T-T- 
«    P      «    P        PP     «  « 

\P       «         P      K/         \P      «         P  •/ 

whanea  Mlom  thia  otfaar  gOMnl  ttMafannaCioii : 

XLYIII.  .  .  T^i  +  K^.pj  =  T^U«.Ti  +  K^j^^.p^ 

(2.)  If  then  we  faiMaea  two  osw  «udlfau7  and  aoaslsiil  Tseloi^  ^  and  i/,  da- 
teed    tiia  eqoattoniiy 

ZLDL  . .  «'<B  -  Uc .  Tf,      c*s-  Ut.  Tr, 

which  give, 

L...Ti'  =  Ti,      Tic'  =  Tif,       T(i'-0=T(«-r),      It's  -  Tc**  =  r», 

we  may  write  the  eqoatiaa  XVI.  (ia  217)  of  the  ellipaoid  aoder  the  foUairuv  pre- 
cisely' similar  form : 

la  whkh  «'  and  a'  haifa  amply  taken  tha  plaoea  of  <  and  «. 

(a.)  Betainbg  then  tha  emin  a  of  tha  aUpaoid,  oaoilraet  a  nev  dlteMMlrie 
ipAiri>,irtth  aoeireiotrao',  andaMw^oicraii^f  Iriaaflt  abV,  vhiio  b' ia  a  im» 
JbttdtsUmaipeba,  bat  tha  Im^ifta  ^tkt  §Sdu  an  the  aania,  hj  the  oonAtionab 

Llf.  .  AcfB~c',      €f9*m^t%   and  therefore  Atf'sc'-c'; 

draw  any  secant  i\i>"i*"'  (instead  of  bdd'),  and  set  o(T  a  line  ab  in  the  direction  of 
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ad'  ,  or  in  the  opposite  direction^  with  a  K  ngth  oquai  to  that  of  bo  tht  locus  of 
tk»p9imtUwiUUUt$9«an»dHft9idaM  before. 

(4*)  Tlw  ^tij  lufriUMW  wltiiA  m  ihsH  b6rt*  draw  fron  tfaii  uvr  coiutfuctim 
is,  thatthi  «ri<i  (•»  to  hnpira)  a  <wwi<l  twdlpyj^y  qpflbdhr  of rt»gftifto«,  ind  that 

its  axis  is  the  side  \r'  of  the  new  triaqgto  AbV  ;  l»t  CluU  the  roiliM  of  this  second 
cyliDder  is  eqoal  to  that  of  the  first,  namely  to  the  mean  temiaxit,  h,  of  the  ellipsoid; 
and  that  the  major  temiazis,  a,  or  the  line  al  in  Fig.  53,  bisectt  the  angle  bad', 
hetu'ent  the  Uco  axtt  of  revolution  of  these  two  circumscribed  cylinders:  ihc  phme 
of  the  new  ellipse  of  contact  being  geometrically  delenuined  by  a  process  exactly 
■hnOar  to  ttat  employed  in  (7.) ;  and  iMing  perpendicular  to  the  new  vector, 
«''l•«^aatllaoid^laMofeollla«twa•(l]y       (ll.))toi  +  a. 

SacTioir  14.— th€  RedmHom  ef  th9  Oemnd  Quaiemiam 
to  a  Stamdofd  Qmnhimemiml  Form  ;  wHk  a  Fhti  Proof  of 
the  Aisoeiative  Principle  of  Multiplication  of  Qmtermaiu, 

221.  Betainlag  tha  Mgnificationa  (181)  of  the  three  rect- 
angular nnitFliiifiB  oi,  oj,  om  aa  the  axeSf  and  therefore  also 
the  indices  (169)t  of  three  given  light  Tenon  ifj^kfin  three 
mutually  rectangular  planee,  we  can  ezprese  the  indes  oq  of 
any  aiher  right  quatemion»  anch  as  Vg,  under  the  irinamial 
form  (comp.  62), 

L  .  .  IV^  =  OQ  =  x. oi  +    . oj  +  «.0K ; 

where  «y«  are  some  three  eoaUr  ooeffioient8»  namely,  the  three 
ractangnkr  eo-cfdinales  of  tiie  extienuty  q  of  the  index,  with 
reepeet  to  the  three  azea  oi,  oj,  oiu   Hence  we  may  write 

abo  generally,  by  206  and  126, 

and  this  last  form,  ix      +  kz,  may  be  said  to  be  a  Standard 

Truwmial  Fonn^  to  which  every  r  'ujiit  quaternion^  or  tlie  riyht 
part  Yq  of  any  proposed  (juatemion  can  he  (as  above)  re- 
duced. If  then  we  denote  by  w  the  scalar  part,  Sy,  of  the  same 
general  quaternion  ^,  we  shall  have,  by  202*  the  following 
General  Reduction  of  a  Quaternion  to  a  Standard  Quadri- 
VOMIAL  Form  (183): 

•  If  room  shall  allow,  a  few  addilioiml  remarks  may  be  made,  on  the  relations 
of  the  constant  vectors  i,  jc,  &c.,  to  the  cllipsoiil,  ami  on  sume  othf-r  constructions  of 
that  surface,  when,  in  the  foUowiog  Book,  its  equation  ehall  como  to  be  put  under  tlte 
new  fonn, 

T(ip+p«)- 
2  H 
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ill.  .  .  y  =  (Sj  +      «)to  +  ix  ^jy  +  hz\ 

in  which  the  fowr  sealarif  wyz^  may  be  Baid  to  be  the  Four 
ComHiutHU  of  the  Quaternion.  And  it  ie  evident  (oomp.  202, 
(5.),  and  133),  that  if  we  write  in  like  manner, 

where  ijk  denote  the  same  three  given  right  Tersors  (181)  as 

before,  then  the  equation 

between  theee  two  quaternUm^  q  and  inchidea  tkeJburJMno» 
hig  eetdar  equatume  between  the  constituente : 

VI.  . .  w*^w^  y  «y»  £»z; 

which  is  a  new  jnstifioation  (comp.  112,  116)  of  the  propriety 

of  naming,  as  we  have  done  throughout  the  present  Chapter, 
the  General  Quotient  of  two  Vectors  (101)  a  Quaternion. 

222.  men  the  Standard  Quadrbiomial  Form  (221)  is 
adopted,  we  have  then  not  only 

I.  . .     ■  to,   and   V^ ^ix^jy  +  kz^ 

as  beibre,  but  also,  by  204,  XI., 

IL  .  .  Kq»(Sq  -  Yq^^yw-tx-jy-Kz. 

And  bccauee  the  distributive  property  of  multiplication  of  qua- 
ternions (212),  combined  with  the  latcs  of  of  the  symbols  ijk 
(182),  or  with  the  General  and  Fundamental  Formula  qfthU 
whole  Cakului  (183),  namely  with  the  formula, 

i^=f-^k^^ijk^-\,  (A) 
gives  the  transformation, 

III.  .  .  (taJ+j3f  +  jb)*--(ii;»+y*+«*), 

we  have,  by  204,  &c.,  the  following  new  expressions : 

IV. . .  NV5f«(TVj)«  — V^»-*»+j^+2»; 
V...TV^-v'(««  +  y»+a»); 

VI.  ,  .VVq  =  {ix.^jy^kz)  :  yf  {x' ^  y^  ^  z^) 

VII.  .  .  N7=T5*-S^-V7«  =  w«  +  ««  +  i/'  +  2^ 

VIII. .  .  T7=  v/(»t''  +  :e'+y'  +  2'); 

IX. .  .  \5q^im-^ix^jy-^kz)\    (lo' +  a;' +      2')  ; 
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XL  •  .  yVq  =  {tx+jy^hz):  v^(itf»+ fl5»+y*  + «•); 
XU.  •.TVUa^  1-^^'^^-, 

(1.)  To  pfov»  thft  nent  ftrmilA  III.,  w  may  amnga  ai  ibtlova  tba  steps  of 
tin  molti^kstkii  (eompw  again  188) : 

Yq  =  iz  ■+jy  4  kx  I 
«v.     s  -    4  Asy -ics  I 

YfS  s  Vf  .Vgo-  «•  -  ^  -a". 

(S.)  Wa  hava,  fhsKsfefc^ 

Xin...(£0-|.jy+As)«s.l,  if  s*+y*+a*«l, 

a  nsolt  to  wUdi  m  hava  a]ns47  alladsd,*  la  cocmasioii  with  the  partial  Irnddtr- 
mmaieneu  of  irfgnill«stioii,  In  tlia  prossnt  cskahis,  of  tlia  s^rmbol  V  -  1,  when  conai* 
dered  as  denoting  a  right  ndiai  (149X  or  a  right  vtnor  C168)|  of  which  the  pUma 

or  the  axii  i»  arbitrary. 

(3.)  If  9"  =  9'/,  then  Ny'^Nj'.Nj,  by  191,  (8.){  but  if  g=w  +  &c., 
9'  =s  v'    &c,  q"  =  w"  4-  &c.,  then 

'  w"  =  U"'ir  —  (  r'x  -f  y'^  +  z'z), 
x"  =  (ur'x  +  xtc)  +  (/*  - 2'y), 

+         +  ./x); 

and  coBTereely  these  four  scalar  equations  are  jointly  equivalent  to,  and  may  be 
summed  up  in,  the  quaternion  formula, 

XV...  u"  +  ix'  ^  jy  +  kz"  =  (w'  -i^  iV  +Jy  +  kz)  («  +  ix  +  jy  +  Az)  ; 
we  ought  therefore,  under  lliese  conditions  XIV.,  to  have  the  equatiuu, 

XVI. . .  w"*  +  +  jr^  « +  jf'i+y^  +  ,'«)  (ie»a  +  ««  +f  ■  +  ««) ; 

irUdl  can  in  ftet  Iw  TSrUled  by  so  easy  an  algebraical  calculation,  that  its  truth 
WKj  be  said  to  bo  obrions  upon  mere  inspectioD,  at  least  wlian  the  tsnns  in  tlia  fyat 
qnadrinomial  aspmsions  mT  . . «"  an  airaagedf  as  abora. 


•  Compara  tbs  HfstNota  to  piga  181 ;  and  that  to  psgs  188. 

t  rnm  having  somearhat  oCharwise  omn^sd  tboss  taniMb  tba  anthor  bad  soma 
Mttlt  troable  at  first,  in  TerUying  that  the  twcntj-four  dombU  produet$,  in  the  ex- 
ponsion  of  w"*  +  &c,  destroy  each  other,  leaving  only  the  nixtecn  products  oftquare$, 
or  that  XVI.  follo-rs  from  XIV.,  whon  h.-  was  led  to  anticipate  that  rennlt  throiiph 
quaternions,  in  the  year  1813.  He  believes,  how  cvpr,  that  the  ahjvhraic  theorem 
XVI.,  as  distinguished  from  the  qnaternion  Jormuia  XV.,  with  vr  luch  it  is  here  con- 
nected, bad  been  discovered  by  tite  celebrated  Evuuu 
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223.  The  fMrinciiMl  ute  wlueh  we  ahall  here  make  of  the 

standard  quadrinomial  form  (221),  is  to  prove  by  it  the  gene- 
ral associative  property  of  multiplication  of  t{uaternion8 ;  which 
can  now  with  great  case  be  done,  the  distributive*  property/ 
(212)  of  such  multiplication  having  been  already  proved.  In 
fact,  if  we  write,  as  in  222,  (3.), 

{q  mw  +ix  +^  +  kzy 

withont  now  aBsiuning  that  the  relatbn  q'''^qq%  or  any  other 
rektion,  easta  between  the  three  quaternions  q^  q\  tf^  and 
inqoire  whether  it  be  true  that  the  tusodaHoeJbrmuhf 

11.  .  .  ^q  .  q  =  q  ".  q'qp 

holds  good,  we  see»  by  the  distributiTe  principle,  that  we  have 
only  to  try  whether  this  last  Ibrmula  is  yalid  when  the  three 

quateniion  factors  ^,  c/,  (f  arc  replaced,  in  any  one  common 
order  on  both  sides  of  the  equation,  and  with  or  without  repe- 
tition, by  the  three  given  right  versors  ijk ;  hut  this  has  al- 
ready been  proved,  in  Art.  183.  We  arrive  then,  thus,  at  the 
important  conclusion,  that  Me.  Generai  Multiplication  of  Qua'- 
iemiom  is  an  Assodatwe  Operation^  as  it  had  been  previously 
seen  (212)  to  be  a  DistrtbuUve  one :  although  we  had  also 
found  (168,  183,  191)  that  iueh  Multiplication  i$  not  (in  ge- 
neral) Commutative  :  or  that  the  two  products^  q'qvad.  qq\  are 
generally  unequal.  We  may  tlierefure  omit  the  point  {ad  in 
183),  and  may  denote  each  member  of  the  equation  II.  by  the 
symbol  q  q  q^ 

(1.)  lMv  =  Yq,  v'-Yq\  v"  =  Yq";  80  that  r,  9',  o"  are  uj  tbiM  rtgbt  qaa> 
taniioua,  and  therefore,  by  191,  (2.),  And  196,  204, 

thai!  then  have  tba  eqnatioos, 


•  Al  a  later  stage,  a  sketch  will  be  given  of  at  Inast  one  proof  of  thU  ji9$oeiativ« 
PrimcipU  0/  A/uUiplivation,  yihioh  will  not  prt$i^pM§  <A#  IhttriirnHM  /Vmc^. 
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lV#y  -f.'p.*'' 

=  (©V  +  v'v~)v  -  r  (i;"c  +  «•") 

atid  tbefcfefo  gsnenUjr,  if  «,  9',  e"  be  still  right,  as  above,  /  f 

TIT.  .  .  V .  r"Vr'r  =  pSt-'r"  ~  r'Sr  'r  ;  ' 

a  fonnula  witli  which  the  tiudeut  ought  to  make  himteif  comptetelg  JamUiar^  on  ac- 
count of  its  cjcieuiitve  utility. 
Ci.)  With  the  imbI  aotatton", 

"we  hare  therefore  this  otht:r  ver>'  useful  formula,  ^ 

IV.  . .  V .  p'V'r  =  vSorT  -  tf^v'v    r"Spr',  ^  '  *  *  /  * 

vrherc  tiie  point  in  the  first  member  may  often  for  simplicity  be  ditpeosed  witb ;  and 
iu  wliich  it  is  still  supposed  that 

(8.)  Th*  ftrarala  HL  glm  (bj  S06), 

b  aft  Um  nnM  tine  (if  M8)  p«pfMir«iilBr  fe  tiU  lAlrtf  Mai  Ie^»  aid  IheielbraCb^ 

(1.)  )  eomplatuir  with  the  fAtrd  quatrmiom  q*\ 
(4.)  Witb  the  reoent  notations,  the  vector, 

it  (by  208,  XXIT.)  a  line  perpendicular  to  both  Ivend  \v'\  or  common  to  theplamm 
of  9  and  g'\  being  alio  Mcb  that  the  mtoiiam  roand  it  from  Ii^  to  l»  iejMMiliM; 

TIr,    or    Tr.    or    TV.r'p,    or    TY  (Yi^Wq), 

bears  to  the  unit  of  length  tht  tame  ratiu,  at  thut  tehi^h  the  paroUeiagrom  under  tke 
indites,  le  and  W,  bears  to  the  unit  of  area. 

{fi.)  To  interpret  (comp.  IV.)  tJie  scalar  expression, 

VII.  .  .  iyv'  v'v     Si'  'r,  —  S.D"Vr'r, 

(because  Sp"«^a  U),  we  may  employ  tbe  formula  208,  V. ;  which  ^vas  the  the  trane- 
fonuatioOt 

Yin. . .  W^vm T^. IV..  «ee(flr ; 

wlMvetb* dnoleetliie  tmgtk  «C  tlM  Ibw  W\  ana  Te,  repneaBteby  (4.)  ttem 
(peetthdljr  takw)  of  tlwjMraMvnMi  under  I»'  aad  lo;  while •  is  (by  808X  the 
tmgh  between  the  two  iodioce  le^,  Ie«.  Thle  eagle  will  be  oMm0«^  end  thenibn  the 
oiMioe  of  ite  eapplement  win  be  positive,  and  eqoal  to  the  *im*  oftkt  inclinatiom  of 
the  line  Ip"  to  the  plant  oflv  and  lv\  if  the  rotation  round  Ir"  from  Ip*  to  Ip  b« 
neputioej  that  is,  if  the  rotation  round  Ip  from  Ir'  to  Ir"  bo  positirr  :  but  that  cosine 
will  be  equal  the  negative  of  this  sine,  if  the  direction  of  thia  rotation  be  rurened. 
Wc  haTO  therefore  the  unportant  interpretation  : 

IX. . .  Sw^v  »« t  tfparmlMipiptd  under  In,  lo',  I»" ; 
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Um  ffptr  or  Um  Cower  tigm  bring  UImi,  AoeoidiQg  it  tbe  ntatioD  nraiid  Ic^  tnm 
W  to  Ir",  ii  puiliMfy  or  fMyatfcd^  directed, 

(6.)  For  example,  wo  mr  thAt  tho  taniarf  ptDdneto and  l^i  hcvo Malar 
brat,  name!/, 

tr-*«~l.     *ri  =  +i,  by  183,  (1,),  (2.); 
and  accordingly  the  paralUUpiped  of  indices  becomes,  in  this  caae,  an  unit-eubt ; 
while  the  ToCatfonroond  (he  hides  of  I,  ftooi  that  oTj  to  that  of  A,  is  potUbm  (I8i;. 
(7.)  In  ginen],  ftraogr  three  r^kt  qiiatendeiie  veV,  «e  have  the  ftnuaia, 

X...SeoV«-8^«^e; 

and  when  the  three  indieee  are  emftamar,  to  tliat  the  eetoar  aMBtkwed  hi  IX.  eo- 
nitikn,  then  ead>of  theee  two  laat  ecelare  becoiDee  eere;  eo  that  we  nu^  wiitei  ae  a 
new  Jhrmmta  tffCmfhmarUg  s 

XI. . .  Sir'i'eaO,  If  le* III  10*,  Iv  (ISS)  t 

widhs  on  the  other  hand,  tUaacalareannotvanldi  in  angr  eAer  eaee^iftfie  qnater- 
nione  (or  thefar IndioeB)  be  etiU  enppoeid  to  be  ocCeal  (1, 144);  becanae  it  then  le* 

Itresents  an  actual  velnme. 

(8.)  I!«  nee  also  WO  ttiej  eotabUih  ttie  fiDllowing  FcfmMia<^CoUi»tarit^,  tuimf 
tkret  quaii  rniotu  : 

XII.  .  .  S(Vg".V7'.V9)  =  0,    if   lYq"  III  IV9',  IV9; 
that  is,  by  209,  if  tbe  planet  of  9,  q\  q"  have  any  common  line. 

(9.)  In  general,  if  we  eniplo7  the  atandard  irimtimiHt/brm  fSl,  II.,  naniely, 

0oV9=i:C+>+ **,        0*812'  + &c.,        ■'•ef^  +  Ac., 

the  laws  (182,  183)  of  the  symbols  t,  j',  k  give  tbe  transformation, 

Xlll.  .  .  Sv^v'v  =  x"  (z'y  -  y'z)  ^  y"  (x' z  -  z'x) z"  (y'x  -  x'y)  ; 

and  accordingly  this  is  the  known  expresHion  for  the  volnme  (with  a  suitable  sign) 
of  tbe  paralklepiped,  which  has  tiic  three  lines  ov,  ov',  ov"  for  ttiree  co-initial 
edges,  if  the  rectangular  eP'Otdinatee*  of  tlielbBreoniers,  o,  r,  r',  p"  be  000,  ays, 

(10.)  Again,  ae  anothw  important  oanaeqwnoe  of  Uie  general  aawdadTO  pro* 
petty  of  multiplicatloii,  It  may  t  >c  hero  observed,  that  altlioagh  products  of  more  than 
two  quaternions  have  no/  generally  equal  scalars,  for  all  possible  permutations  of  th* 
factors,  since  we  have  just  seen  a  case  X.  in  which  such  a  chanj^e  of  arran^cnif  in 
produces  a  change  of  tirjn  in  the  result,  yet  cj/rlica!  pmnnffition  i>  permiiied,  un<l'T 
the  tign  S  ;  or  in  ^mbols,  that  for  any  three  quuternions  (and  the  result  la  easily  ex 
tended  to  any  yrttdtr  mnntcr  of  eneh  Ihctoni)  tbe  following  formula  lioMa  good : 

XIV.  . .  Sq' q'q  —  ^q<]''g'- 
In  fact,  to  prove  this  equality,  wc  have  only  to  write  it  thus, 

XIV.  .  .  S(9V-7)"S(9.9'Y), 
and  to  remember  that  the  scalar  of  the  product  of  any  two  quaternions  remains  unal- 
tered (198,  1.),  when  tbe  order  of  those  two  factors  is  changed. 


*  This  resnlt  may  eerve  as  an  example  of  the  manner  In  wUdi  quatemionn. 
althnngh  not  baaed  on  any  usual  doctrine  of  co-ordinates^  may  yet  he  pnij.biyi.<i  to 
dtdMe§,  or  to  rteooer,  aod  often  with  great  ease,  important  co-ordinate  expressione. 
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(11.)  In  likt'  manner,  by  192,  II.,  it  may  be  inferred  that 

with  ft  corresponding  regiilt  for  any  greater  number  of  factors;  whenc«  by  19S,  I., 
if  n  7  and  Il'g  denote  the  prodmeU  of  any  one  Mi  of  qoaternioiu  taktt  in  two 
p^tUe  orderty  we  may  write, 

XVI. . .  Kn^  =  n'K9 ;     XVII. . .  Rn^  =  n'%. 

(12.)  But  if  r  be  rights  aa  above,  then  Kr  =  -  r,  by  H4  ;  hence, 
XVIII. .  .&nr  =  +n'«;    XIX.  ..Sn«  B^Sn'vi   XX. ..  Y0»W:fYn'»; 
upper  or  lower  ngn$  being  taken,  aoooidiDg  M  tbo  amiAir  of  Uio         fbdon  to 

mtm  or  odd;  and  under  the  same  condItion.<t, 

xxL..snr  =  |(np  +  n'r)^    xxii. . .  vn9«|(n*?n'»); 

ai  was  lately  exemplified  (1.),  for  the  due  where  the  number  is  two. 

(19.)  For  tbe  caae  where  that  number  is  three,  the  four  last  formolM  givo, 

XXIII.  .  .  Sr'Vr  =  -  SrrV  =  |(r"p'r  —  tr'p")  ; 

XXIV.  .  .  V  »"r  p  =  ^  VtVp"  =  I  (pV»  +  crV) ; 

BHulU  wUdi  obvioatfy  agree  with  X.  and  lY. 

224.  For  tbe  case  of  Complanar  Quaternions  (119),  the  power  of 
reducing  each  (120)  to  the  form  of  a  fraction  (101)  which  shall  have, 
at  pleasure,  for  its  denomiDator  or  for  its  numerator,  any  arbitrary 
line  in  the  given  plane,  furnishes  some  peculiar  facilities  for  proving 
the  commutative  and  aaaoeUitioe  properties  of  Addition  (207),  and  the 
distrilwthf€  and  tmodative  properties  of  Mult^ication  (212,  223); 
while,  for  this  case  of  moltipUoation  of  qoatemions,  we  have  alreadj 
seen  (191t  (1)  )  that  the  commutaiive  property  also  holds  good,  as 
it  does  in  algebraic  moltiplioatioD.  It  may  therefore  be  not  irrele- 
Tnnt  nor  oseless  to  insert  here  a  short  Second  Chapter  on  the  snbjeet 
i3fm6tieomjilanan:  in  treating  briefly  of  wbich,  wbile  asaiuning  as 
proved  the  ezistenoe  of  all  the  foregoing  properties,  we  shiU  haye  an 
opportunity  to  say  something  of  Powers  and  Boots  and  Logarithms; 
and  of  the  oonncEXion  of  Qoatemions  with  Plane  TrigoDometry,  and 
with  Algebraical  Equations.  After  which,  in  the  Third  and  last 
Chapter  of  this  Second  Book,  we  propose  to  resume,  for  a  short  time, 
the  oonaideration  oSD^pkmar  QuaUmioM;  and  especially  to  show 
how  the  JjsoeMM  JPrmcipU  of  Mttk^pUeaUon  can  be  estoblished, 
for  them,  without^  mploi/ing  the  DlaHSMo$  Principle, 

*  ConiMre  the  Kols  to  pigo  386. 
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CHAPTEB  U. 

ON  COMPLANAR  QOATSRNIONS.  OR  QI70TIBNT8  Of  VBCTOR8  IM 
OHB  PLABB ;  AVO  ON  POWBR8,  ROOTSy  AVD 
LOOARITH1I8  OF  QUATBRIIIOM8. 


Sbctiom  1. —  On  Complanar  Proportion  of  Vectors;  Fourth 
Proportional  to  Three^  Third  Proportional  to  Two,  Moan 
Proportional^  Square  Boot;  Genoral  Roduetion  of  o  Qua- 
temion  m  a  gioen  Planer  to  a  Standard  Binomial  Form. 

226'  The  Quateniioiis  of  the  present  Chapter  shall  all  be 
euppoaed  to  be  oon^planar  (119);  their  common  plane  being 
assimied  to  c(mMside;iriith  that  of  the  given  right 
And  all  the  Hnoit  or  Teetors,  siieh  as  a,  j3,  7,  &c.,  or  a«y  oi,  as* 

Ae.,  to  be  here  employed,  shall  be  conceived  to  be  in  that 

(fiven  plane  of  /;  so  that  we  may  write  (by  123),  for  the  pur- 
poses of  this  Chapter,  the  JbrmuieB  oj  iompiatuinty: 

226.  Under  tiMM  oonditioiia,  we  can  always  (by  103,  117) 
interpret  any  symbol  of  the  form  (J3  :  a)  .7,  as  denoting  a  line 

S  in  the  given  plane;  which  line  may  also  be  denoted  (125) 
by  the  symbol  (7  :  a)  .j3,  but  not*  (comp.  103)  by  either  of  the 
two  apparently  equivalent  ^mbolsy  (fi'f) :  (y*/^)  :  so 
that  we  may  wsite» 

and  may  say  that  this  line  S  is  the  Fourth  Proportumdt  to  the 

•  Id  fiwt  the  qviboto  /3.  y,  y./3,  or  /9y,  yA  not  m  jet  iwebed  with  of 
oijr  ioterpntaUon ;  and  even  when  they  shall  oomt  to  bo  intarpfBtad  as  reprcaenu 
ing  c^ain  quaUralom^  it  will  be  found  (oomp.  188)  tfaat  the  two  combination^ 

-  y  and      hnvi  geMtaQy  dUftvwt  lignificatione. 
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three  lines  a,  0,  7;  or  to  the  three  lines  o,  7,  /3 ;  the  Aoo 
Meam^     and  7,  of  any  siioh  Complanar  Proportion  of  Four 

Vectors,  admitting  thus  of  being  interchanged^  as  in  algebra. 
Under  the  same  conditions  we  may  write  also  (by  125), 

IL...=f,-|<i;       ^-U^\a;  r-|-jiS; 

SO  that  (still  as  in  algebra)  the  two  Extremes,  a  and  ^,  of  any 
such  proportion  of  four  lines  a,  /3>  7f  S»  may  likewise  change 
places  among  themselTes :  while  we  may  also  make  the  mtam 
become  the  exiremett  if  we  at  the  same  time  change  the  ez- 
tremes  to  means.  More  geneiBlly,  if /3t  71  8»  f  . . .  be  any 
odd  number  of  vectors  in  the  given  plane,  we  can  always  find 
another  vector  p  in  that  plane,  which  shall  satisfy  the  equa- 
tion, 

III  =      or    nr.  4   -  "  1 ; 

op  ^hP 

and  when  snch  a  ibrmnla  hold^  good,  for  any  one  arrangement 
of  the  mmerator-linei  a,  7,    . . .  and  of  the  denommator-ftnet 

fj.  p,  S  .  .  .  it  can  easily  be  proved  to  hold  good  also  for  any 
other  arrangement  of  the  numerators,  and  any  other  arrange- 
ment of  the  denominators.  For  example,  whatever  four  (com- 
planar)  vectors  may  be  denoted  by  /37^  we  have  the  trans- 
formations, 

the  two  numerators  being  thus  interchanged.  Again, 

••80  "^08°08'  AV.; 

so  that  the  two  denominators  also  may  change  places. 

227.  An  interesting  case  of  such  proportion  (226)  is  that 
in  which  the  means  coincide;  so  that  only  three  distinct  linesy 
sndi  as  a,  ft,  7,  are  involved :  and  that  we  have  (oomp.  Art. 
149,  and  Fig.  42)  an  equation  of  the  form, 

I...  7-^0,   or  0  =  ^/3, 
2i 
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but  Mof*  7   /3/3  :  a,  lUHT  a  B  ^^ :  7.  In  this  case,  it  Is  said  that 

the  three  lines  aj3y  form  a  Continued  Proportion;  of  which  a 
and  y  are  now  the  Extremes^  and  /3  is  the  Mean :  this  line  /3 
being  also  said  to  be  Mean  Proportional  between  tlie  two 
otherS}  o  and  y ;  while  7  is  the  Third  Proportional  to  the  two 
lines  a  and  /3  ;  and  d  is,  at  the  same  ^e,  the  third  proper- 
tional  to  7  and  j3.   Under  the  same  oonditiensi  we  have 

II...p«^7-2a; 

so  tbat  this  amifi}  jSy  between  a  and  7^  is  also  tbe  fiur^  pro^ 
porHonal  (226)  to  itself,  as  firsts  and  to  those  boo  other  Ibee. 

We  have  also  (comp.  again  149), 

.n...(S).  =  r,  (ej.., 

whence  it  is  natural  to  write, 

.v...^(r)'.  f.(=)'. 

and  therefore  (by  103), 

although  we  are  here  to  write  /3  =  (70)^,  nor  /3  »  (07)^. 
But  because  we  haye  always,  as  in  algebra  (oomp.  199,  (3.) ), 
the  equation  or  identity,  (-y)*  =  ^%  we  are  equally  well  enti- 
tled to  write, 

the  symbol  denoting  thus,  in  general,  either  of  two  opposite 
quaternions,  whereof  however  one,  namely  that  one  of  which 
the  anr/le  Is  acute,  has  been  already  selected  in  199,  (l  ),  as  that 
whifih  shall  be  called  by  as  the  S^r€  Moot  of  the  qoaternioii 

♦  Coraparo  the  Note  to  the  forcpoiriR  Article. 

f  We  say,  a  mean  proportional;  because  we  shall  shortly  sec  that  the  opposite 
/me,  —  /3,  U  in  the  aame  mm  emotker  mtan ;  although  a  rule  will  preaently  be  given, 
ftr  ^stiikgidiUBg  balw«n  Ui«m,  md  Ito  <ei^^ 
Iqr  eniiMBee,  f mmn  pnpcrtioiuit. 
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f,  and  denoted  hy         We  aey  UiesefiNce  estebliah  (he  fiur- 

VIL../i  =  tJ(2).«..J(^).,. 

*  if  a,  ^,  7  form,  as  above,  a  continued  proportkm ;  the  t^fper 
signs  being  taken  wlicu  (as  in  Yvj:  4'2)  the  angle  aoc,  between 
the  extreme  lines  a,  y,  is  hisertrd  by  the  line  on,  or  /3,  itself; 
but  the  /ouTer  ^i^iUf  when  that  angle  Ib  bisected  by  the  opposite 
Vne,  -  /3,  or  when  /3  bisects  the  vertirallg  oppodU  afi^/e(ooiDp. 
egain  199»  (3.)  ) :  bat  the  proportion  of  iauart, 

VIII.  ..Ty:T0-T/3:T«, 
and  the  resulting  ibrnmla}, 

IX.  . .  Tj3' - T« .T7,  T/i -  V  (Ta  .Ty), 
in  each  case  holding  good.  And  when  we  shall  speak  simply 
of  the  Mean  Prcportumal  between  two  veetorey  m  and  79  which 
make  any  acute,  or  right,  or  obtuse  angle  with  each  other,  we 
shall  always  henceforth  understand  the  former  of  these  two 
bisectors  ;  namely,  the  bisector  ob  of  that  angle  aoc  itself  and 
not  that  of  the  ojyposite  angle :  thus  taking  upper  signs,  in  the 
recent  formula  VIL 

(1.)  At  fhe limit  irim flM        ^oo  voMm^  w>  tbat  UyaUo,  thn  U/J^ 
Aim  two  iiidt4iBai;  ani  tin  nMn  pvq^ortfoiMl  ^  bM  the  Mwe  omnmoii 
iK^«a|j^MMdl«f  tlMtWOglMttCXtNDMS.    Thta  cornea  to  <m  Wffmkig  to  wiita^ 

if  «  be  anj  porfftlTe  eealer. 

(2.)  At  the  o/A<rr  limit,  when  AOC  =  ir,  or  Uy  =-  Ua,  the  length  of  the  menn 
proportioTial  /3  is  still  df?tormlne<l  by  IX.,  as  the  (jeamctric  mean  (in  the  usual  aens«) 
between  the  lengtlis  of  tho  two  given  extremes  (comp.  the  two  Figures  41) ;  but, 
even  the  supposed  restriction  (225)  ou  the  plane  in  which  all  the  lines  ere 
situated,  an  ambiguity  arisee  ta  lUi  emb^  ftWB  the  doaht  wIM  of  the  two  ^Rpeettr 
jjiijiiieiiilrdhrnt  ir.  tirf^'^^  ^''"i  ^■•I'^^fa*'^  ^ 

ior.  to  lemove  this  embigaitj,  we  thall  mppoie  that  the  rotafMn  Toond  Uw  exit 
oTi  (to  wUdi  oali  «ll  the  Itoei  cooildered  in  this  Chapter  are,  tgr  perpendlcu* 
brX  from  the  first  line  oa  to  the  second  lino  ob,  is  in  this  ceee  jmsiImw;  whldi 
gujl^tt^  Ib  M^valent  to  writing,  for  present  purpoeca, 

XI.»..V-l»  +  <;  «d  Xl'...V(-a«)-<«.  if  «>0. 


*  Itlttobe  eaiefUfy  <Aeirved that rAts sfiMiw fW0# o/Mj^'ec  wK^  ia 
aD7  eenae,  ta<yHM«y,  nor  even  owS^^eoM .  hi  tie  geometilcil  hOtrpiiMiom^  hot 
doMleB  a  rwl  md^etm  right  vertar  (181). 
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And  thus  the  mean  proportional  between  two  vectors  (iu  tbe  given  pUne)  becomai, 
in  all  cases,  determined  :  at  least  if  their  ordtr  (as  first  and  third)  be  given. 

(3.)  If  the  restriction  (225)  on  the  common  plane  of  the  lines,  were  removed,  we 
might  them,  on  the  recent  plan  (227),  fix  definitely  the  directum^  as  well  as  the 
Im^A,  of  the  fnMM  ob,  in  mtijf  caie  5«(  imts  tbii  excepted  mm  being  tfa«t  in 
wMch,  M  III  the  two  jfam  iwfwii^  oa,  oc,  tEMfly  oppodte  direOtooa  t  to  ^ 
Uifttt]Ma^^(AOOsir)betivMnthtm]uwiiooMdf^ldteiiM^^  InthltCMc^llia 
•oqgbt  point  B  would  have  no  one  determUutd  position,  but  only  a/oem :  naowlytiM 
circumference  of  a  circle,  with  o  for  centre,  and  with  a  radios  equal  to  the  geonie- 
trie  moan  between  oa,  oc»  while  its  plane  would  be  perpendicular  to  the  given  right 
line  Aoc.  (Comp,  again  the  Figures  41 ;  nnd  the  remarks  in  148.  M?,  153,  lol, 
on  the  square  of  a  riffht  radial,  or  versor,  and  on  the  partially  indetcrmiiiate  cha- 
racter of  the  sqttare  root  of  a  nepatioe  scalar,  when  interpreted,  on  the  plan  of  this 
Calculus,  as  a  rasl  in  geometry.) 

228.  The  quotient  of  any  two  complanar  and  right  quater> 
nions  has  been  seen  (191,  (6.)  )  to  be  a  scalar ;  since  then  we 

here  suppose  (225)  that  y  1||  i,  we  are  at  liberty  to  write, 

and  consequently  may  establish  the  following  ReducHtm  of  a 
Qifalemtoft  tn  tht  gioen  Plane  (of  t)  to  a  Siandard  BmomUU 
Form*  (comp.  221): 

11.  +        if  5^|||t; 

SB  and  y  being  some  two  BcalarB^  which  may  be  called  the  iwo 
cmuHhtenia  (comp.  again  221)  of  this  binomial.  And  then  an 
equation  between  two  quaternions,  considered  as  binomiala  d 

this  foriii,  bueli  us  the  equation, 

IlL  * '  g  -  ^f   or   lir. .  •  2  +  ^' = « -h  ty, 

breaks  up  (by  202^  (5.)  )  into  two  scalar  equations  between 
their  respective  eomtUuenis^  namely, 

IV. . .  x=xy  y''!/, 
notwithstanding  the  geometrical  reality  of  the  right  versort  i 

(1.)  On  comparing  the  recent  equations  II.,  III.,  IV.,  witli  those  nuirkcd  as  III., 
v.,  VI.,  in  221,  wc  see  that,  in  thus  pn^^^ing  from  (jmeral  to  complanar  qw&tcTmona, 
we  have  merely  suppressed  the  coejficients  of  J  and  A;  as  being  for  our  preseut  purpose, 
nail ;  and  have  Umb  mitlMi  m  and  y,  instead  of  w  and  «. 


*  Hit  permitted,  by  227,  XL,  to  write  Uils  expreadon  as  dP+yV-l;  bntUw 
form  m  +  ijfl»  ahorter,  and  parhapa  less  liaUe  to  any  amtnguily  of  interpiatetion. 
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(2.)  As  the  word  "  Wnomiar  has  other  meanings  in  algebra,  it  may  be  conve- 
nient to  call  the  form  II.  a  Coltle  ;  and  the  two  conslttucat  scalars  j  and  y,  of 
which  the  valaea  serve  to  distinguish  one  such  couple  from  another,  may  not  unna- 
turally be  Mid  to  be  the  Co-wduutteM  of  tbAt  CoupU^  for  a  reason  which  it  may  be 
wgAdtotUite. 

(S.)  Ogiierf«t,fliiB,tb«tllMpliaeorfig.60«oineidet«itht]iat  «ri,  andtlMit 
positiTe  rotatioii  imind  Ax.t  \%  Ib  tiiat  Jlgimb  directed  towards  the  Ufi-hndi 

which  may  be  reconciled  with  onr  general  convention  (127)}  by  imagining  that  tUs 
oais  of  i  is  directed  from  o  tOTvards  the  hack  of  the  Figure  ;  or  Mow*  it,  if  borizon- 
taL  This  being  assumed,  and  perpendiculars  db',  lib"  being  let  fall  (as  in  tlie  Fi- 
gure) on  the  indefinite  line  oa  itself,  and  on  a  normal  to  that  line  at  o,  which  nor- 
mal we  may  call  oa',  and  may  suppose  it  to  have  a  length  equal  to  that  of  oa,  with 
*  Mt-baoded  falitloii  aha',  m  that 

V. .  .  OA*  =  t .OA,    or  brif;fly,    V.  .  .  a'  =  ia, 
while       /^sOb',    and    /3  "=  ou",  as  in  201,  and  9  =  /3  :  a,  as  in  202  ; 

then,  on  whichever  side  of  the  indofmit*'  ri^ht  line  OA  the  point  B  may  be  situateil, 
a  comparison  of  the  quaternion  q  with  tlie  binomial  form  II.  will  give  the  two  equa- 


aa fhiiliaw  Am iMtan^  •  and  jr,  am  precisely  tha faso najaiyiar  tc  uriMM  tf 
tkt  point  n^rffirrtd  to  tk*  two  Kaet  oa  and  oa',  as  Aha  reetmmgidar  rndt-axu^  of 
tha  ordharf  (or  GailMlan)  UwL  And  dnca  mcry  otktr  qoatenloo,  9^*0'+ V» 
in  the  giTen  plane,  can  be  lednced  to  the  form  7  :  a,  or  OOI  OA*  where  o  ia  a  point 
in  that  plane,  which  can  be  prqjeoted  into  and  d"  in  the  same  way  (comp.  1 07, 
205),  we  see  that  the  two  nfw  $calar$.  or  constituents,  x'  and  y',  are  simply  (for 
the  same  reattw)  the  cO'Ordimattt  of  the  nao  point  c,  refSemd  to  the  same  pair  of 
axes. 

(4.)  It  la  afidoDt  (ftom  tha  prindplai  of  tha  Ibregdng  Chapter),  that  if  we  thus 
axpNiBaa«oir|>/e«  (2.)aH|raa»oomplaiiarqutonioaa,f  aad«;  wa  duUhavatha 
IbDowiiv  ganaital  tanirfteiiiiatkiia  for  thdr  aaa^ 


(5.)  Again,  for  any  oaa aadl coi^ile,  q,  ira  bare  (comp.  222)  not  only  =  x,  and 
Yq  aljr,  aa  abora,  bat  abo,  ^ 

EL. .  Kjs=«-qf;      X..Kj-««+j(«5      XL  , .  T^=V(x» +ya); 


tions, 


TO. . .  s'±9  =  (a^±»)  +  l(r'±y); 


XXL  . .  Uq^-;^^  i       XIU. . .  i  -  1^  i 


(C.)  Hence,  for  the  quotient  of  any  two  such  couples,  we  have^ 


XIV. 


*  Compare  the  seoond  Note  to  page  108. 
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(7.)  Tht  Urn  9fthe  norm*  (191,  (8.)  ),  or  the  formnk,  N^'^^Nf".  K9,  is  «x> 
in  wbidi  xyx'y'  may  be  ai»y  /our  Malarc 

SficiiOK  2. —  On  Continued  Proportion  of  Four  or  more  Veo 
tmt ;  Whde  PowerM  and  Mmds    QmUermiom;  mnd  R^aU 

229.  The  conception  of  continued  proportion  (227)  may 
easily  be  extended  from  the  case  of  three  to  that  of  four  or 
more  (complanar)  vectors;  and  thus  a  theory  may  be  formed 
of  cubes  and  hunker  whole  powers  ofquatentionSf  with  a  oorre- 
spondingly  extended  theory  fit  roots  of  qoatemions,  including 
roots  of  sealars^  and  in  particular  of  umiy.  Thus  if  we  sup- 
pose that  the  four  vectors  ajijB  form  a  continued  proportion, 
expressed  by  the  formula, 

whence    II.  . .  »  =  ^  2  &  =  fgY. 

(by  an  obvioua  extension  of  usual  tUgjebrnic  notation,)  we  may 
say  that  the  quaternion  ^:  a  is  the  cube^  or  the  third  power^  of 
/3:a;  and  that  the  latter  quaternion  is,  conversely,  a  eube» 
root  (or  third  root)  of  the  former;  which  last  relation  may  na- 
turally be  denoted  by  wntmg, 

m...^  =  Q\   or    m'...i3  =  ^^Ja(comp.22UV.,V.). 

230.  But  it  is  important  to  obserye  that  as  the  equatioo 
<},  in  which  ^  is  a  sought  and  Q  is  a  given  quaternion, 

was  found  to  be  satisfied  by  two  opposite  quaternions  ^,  of  the 
Ibrm  ±  v/  Q  (comp.  227,  VII.),  so  the  slightly  less  simple 
equation  (f  =  Q  is  satisfied  by  three  distinct  and  real  quater- 
nions, if  Q  be  actual  and  real;  whereof  eac/^,  divided  by  either 
of  the  other  two,  £^V€8  for  quotient  a  reeU  quaternion,  which 
is  equal  to  one  of  ^  etAe-roots  of  positive  wiify*  In  fiu^t,  if 
we  oono^ve  (comp.  the  annexed  Fig.  54)  that  P  and  fiT  are 
two  other  but  equally  long  vectors  in  the  given  plane,  ob- 
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tallied  ftom  0  by  two  BueeeanTe  and  ponthro  rotetMMU»  each 
thioagh  the  third  part  o£&  circmnfarenoe» 
80  thai 

IV  g-P^ 

/3'   /i'  /j' 

and  therefore 

v...(|J.(|J....^^...f-(|J,|.(f> 

we  shaU  have 

"-(?J-(f}(?)"=!-  -  "••••(?)•■!■ 

80  that  we  are  equally  enttdedy  at  this  stegei  to  wiiteytiiatead 
of  III.  or        these  other  equations : 

m..S  =  .'?)'.  ^.Q'.. 

231.  A  (real  and  actual)  qoatemion  Q  may  thus  be  said 

to  have  three  (real,  actual,  and)  distinct  cube-roots ;  of  which 
however  only  one  can  have  an  angle  less  than  sixty  degrees  ; 
while  none  can  have  an  angle  equal  to  sixty  degrees^  unless  the 
proposed  quaternion  Q  degenerates  into  a  it^^afiW  scalar.  In 
every  other  case»  one  of  the  thr^e  cube-roots  of  or  one  of  the 
tliree  yaloes  of  the  symbol  Qi,  may  be  considered  as  $impUr 
Aan  eitlier  of  the  other  twoy  b^Bcanse  it  has  a  ttnaffer  tMngle 
(comp.  199,  (!•))'  ^^'^»  present,  denote  this  ojie, 

which  we  shall  call  the  Principal  Cube-Root  of  the  quaternion 
Q,  by  the  sgmbol  ^  we  ahail  thus  be  enabled  to  establish 
the  formttlft  of  inequality, 

VIII.  .  .  Z^Q<^,    if  zQ<ir. 

232.  At  the  limit,  when  Q  degenerates,  as  above,  into  a  negative 
scalar,  one  of  its  cabe-root«  is  iud/  a  negative  scalar,  and  has  there- 


or 

VIT. 
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fore  ito  angle       yihUe  §aeh  of  the  two  other  roota  has  its  angle 

=  ^.    In  this  case,  among  these  two  roots  of  which  the  angles  are 

equal  to  each  other,  and  are  less  than  that  of  the  third,  we  ahall 
eonaider  aa  jwiplitr,  and  therefore  aa  prine^^  the  one  which  an- 
awera  (oomp.  227,  (2.)  )  to  %po8itieeroMian  through  atzty  d^greea; 
and  80  ahall  be  led  to  write, 

using  thus  the  positive  sign  for  the  radical  v^3,  by  which  t  is  multi- 
plied in  the  ezpresaion  IX.  for  2^- 1 ;  with  the  connected  for* 
mula, 

IX'...  {/(-a»)  =  |(l +iV3),   if  a>0; 

although  it  might  at  firet  have  aeemed  more  natural  to  adopt  aa 
prme^  the  soaUw  Tidne,  and  to  write  thni^ 

y-l=-l; 

which  latter  ia  in  fact  one  valtia  of  the  aymbol,  (-  ly. 

(1.^  We  have,  huwever,  on  the  present  plan,  03  in  aritlimclic^ 

XI...  ^1  =  1}  and  XI',..^(a»)  =  «,  If  a>0. 
(S.)  Thttsqoatiflai^ 

XIL..I — ^ — J=-l,      and  XIII.  J  =  +  1, 

oinbSTflriltodiBMlcvlaliii%  by  eetadMAii^exae^  tfasonlydi^ 
ferancc  being,  as  regards  the  ooneqtflM  of  the  iobjee^  diat  altlioai^  •  satisfiei  tfM 
equation  t^S'liUisvQgaiMAaivasallOfBkiMrrMl;  naaicly,  as  a  imI  v*'^ 
•or*  (181). 

233.  There  is  no  diihculty  in  conceiving  how  the  same  general 
principles  may  be  extended  (oomp.  229)  to  a  conHimed  propofUtm 
of  fi'i'  1  complanar  Teotore, 

L..a,oi|, 

*  TTki*  conception  dijffert  /kndamtntalfy  from  one  which  had  occorred  to  seve- 
ral  able  writers,  before  the  invention  of  the  quaternions;  and  sccording  to  which 
the  symbols  1  and  V  —  1  were  intcrprt>tM  as  n'pn^enting  a  pair  of  equalti/  long  and 
mutually  rectangular  right  line$,  in  a  f/iven  plane.  In  Quatemion$,  no  line  is  repro- 
sciUed  by  the  number^  One,  cxcopt  as  rrn^anls  its  length ;  the  reason  being,  mainly, 
that  we  require,  in  the  prcacnt  Calculus,  to  be  able  to  deal  with  all  pottiUc  plana  ; 
and  that  no  one  right  lint  it  common  to  att  twek. 
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when  n  is  a  whole  numher  greater  than  three;  nor  in  interpreting, 
in  connexion  therewith,  the  equations, 

iL..^.(5)%  iu...i'-(^^..  IV.. ...=(^;. 

Denoting,  for  the  moment,  what  we  shall  cull  the  principal  n**  rod 
of  a  quaternion  Q  hj  the  f  jmbol  y/Q,  we  have,  on  this  plan  (comp. 
231,  VIU.), 

v...^yQ<-,  if  ^a<»; 

VI. . .  ^  (•/-  1)  =         VIL  . .  V(y-  l):i>0; 

this  k8l  condition,  namely  that  there  shall  be  e/MidiM  (scalar)  co- 
^fieiaUjf  of  ^  in  the  bkumial  (or  ctng^)Ji>rmxi'^  (228),  for  the 
qoftteraicn If  thne  serring  to  oomplete  the  ^tenninatlon  of 
that  jM'iMyai  e^  root  of  n^^ufKM  wm^;  or  of  tnyoCttfrnegattye  sca- 
ler, since  - 1  may  be  changed  to  -a,  if  a>0,  in  each  of  the  two  last 
fimnula.  And  as  to  the  gntnd  root  of  a  ^iMfermbiii  we  may 
write^  on  the  same  prindples, 

where  the  factor  1»,  representing  the  general  n'*  root  of  positive 
unitiff  has  n  different  values^  depending  on  the  division  of  the  cir- 
dLmference  of  a  drole  into  n  eqnil  parts,  in  the  way  lately  illus- 
trated, for  the  case  n  =  3,  by  Figure  54 ;  and  only  differing  from 
ordinary  algebra  by  the  realitt/  here  attributed  to  In  fact,  eath 
of  these  n^  roots  of  unity  is  with  us  a  real  versor;  namely  the  qvo' 
iknt  of  two  radii  of  a  csroKfl^  whiob  make  with  each  other  an 
equal  to  the  »/^part  ofwm       mmber  ofeircim^ormictt* 

i 

(1.)  Wa  propose  b«wtm,  to  iateipnC  the  partknUr  qrrnbdl  j%  as  alwi7sd»> 
■oling tbspr&M^M&M  of  thi  unroot  of  •{  tliiis  wiitin^ 

IX.  .  .  »«  =  v^i; 

whence  it  will  follow  that  when  this  root  is  expressed  under  the  form  of  a  couple 
(228),  the  two  constituents  x  and  y  shall  both  bo  positive,  and  the  quotient  y :  x 
shall  have  a  smaller  value  than  for  any  other  coupk  x  -f  %f  (with  coustiittentt  that 
positive),  of  which  the      power  equals  t. 
(2  )  Foroocample,  although  the  equatioa 

b  sUiaAod  by  the  IM  falMi^  ±  (1  +0*  VS,  we  sheU  write  d^tfy, 

2k 
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(8.)  And  «1i1mw|^  the  cqution, 

it  aatUlted  by  the  tkr§$  diitiiMi  andfwloraplM, (i±  V8):  8,  and- 1,  werfuiU  adopt 
ooly  the  mt  Tahie, 

XL  • . a«sV<B  . 

(4.)  In  geaenJ,  we  shall  thiu  haro  the  cxpresuon, 

which  w«  thall  ocoMiMiatty  akidgt  to  Um  following: 

1  ^ 

Xir.  .  .  i"  =  CJ8  —  ; 

Sit 

and  tliia  root^  i\  thna  interpreted,  dciwtaB  a  mtmt,  whlob  farnt  any  Una  on  which  it 
opcratai^  thm^  an  an|^  aqnal  la  tha  a^  part  if  a  rl^  tmgk,  in  the  porftlva  di- 
fflotfan  of  rotation,  ronnd  Aa  glnii  axis  of  L 

234.  If  HI  and  n  be  any  tu>o  pontive  whole  mmberSf  and  q 
any  quaternios,  the  definitioii  oontained  in  the  formula  233» 
II.,  of  the  whole  powery  q*^  enables  ufl  to  write,  as  in  algebniy 
the  two  equations: 

I.  . .  f^fmf^;       IL  .  •  = 

and  we  propose  to  extend  the  former  to  the  case  of  nttU  and 

negative  whole  exponents^  writing  therefore, 

III...^-1;  IV., 

and  in  particular, 

Y» » •  q'^mXiqm^m reciprocal*  (134)  of 

We  shall  also  extend  the  formula  IL»  by  writing 

^  VI-.. 

whether  ni  bo  positive  or  negative ;  so  that  this  last  symbol, 
if  m  and  n  be  still  tchole  numbers,  whcreor/i  maybe  supposed 
to  be  positive,  has  as  many  distinct  values  as  there  arc  units  in 
the  denominator  of  itajractional  exponent^  when  reduced  to  its 

*  Compare  the  Note  to  page  121. 


Digitized  by  Coogle 


CBAP.  IkJ        AMPUTVDB  OF  A  QUATBBNION 


251 


least  terms;  among  which  values  of  we  shall  natnrully 
consider  as  the  principal  one,  that  which  ia  the  power  oi* 
the  principal  n'*  root  (233)  of  9. 

(1.)  Fomample,  the  symbol  denotes,  on  this  pUm,  the  tquare  of  any  cuU- 
not^q-,  ilbMthanfiicelftmdistiiMtTdiiMbiMa^^ 

rsof  ^<fttf«giwrtortlMMmeqwt«nikii9$  IwtMMQgthaietrangvaHpifaMipfll, 
the  sgMT*  ^Os  jwrncfpol  ciiAm«<  (S81)  «r  tbat  prapoted  quataniioiL 

(S.)  Again,  the  S}'mboI       is  interpreted,  on  the  MUM  pISD,  SS  «<iMf*y  tbfl 

ffuarr  of  any  fourth  rout  of  9  ;  but  became  l»  =  f  1,  this  «9ifare  has  Wily 

two  dbtinct  values,  namely  those  of  the  aqvare  root  ^i,  the  frnctioual  exponent  \ 
ttiiig  thus  nducal  to  its  least  terms ;  and  among  these  the  priucipul  value  is  iho 
square  of  the  principal  fourth  root,  which  square  is,  at  the  same  lime,  the  principal 
square  root  (109,        or  827)  of  the  quaternion  q. 

(8.)  The  symbol  q  i  doMte^     In  algebra,  tba  fadpmalof  a  ai|DaM>nokof 
while  ^  deootastbe  reciprocal  of  the  squaro,  fte. 

(4.)  IftheexpoiMiiti;ioaaymboloftiMfiimf',beitlDa«cd(«r,  biUAwrtf 
iueommensarable),  we  may  comdder  this  turd  exponent,  f,  as  a  limit,  towards  wlikli 
a  variable  fraction  tends  :  nnd  the  fynilx'!  itself  may  then  l>c  interpreted  as  the  corre- 
fponding  limit  of  a  fractional  power  of  a  (luntemiou,  which  has  however  (in  this  case) 
indefinittljf  many  raliirs,  and  can  therefore  Iki  of  little  or  no  use,  until  a  selection 
&bail  have  been  made,  of  one  vxduu  of  tlus  turd  power  as  principal,  according  to  a  law 
wUdi  win  be  bast  niidentood  bj  ttie  Intvodoetioa  of  the  oooaeptloii  of  the  ampUtmdt 
of  a  quaternion,  to  which  in  the  next  Seotioa  we  shall  {ntMseed. 

(6.)  Meanwliila  (cooip.  M),  (4.)  %  wemaj  alxeady  defimU^dUmfpnt  tbeiym- 
ImI  j^M  denoting  a  vertor,  which  terw  any  Uue  in  the  given  plane,  throi^h  t  ri^i 
angles^  round  Ax.  i,  in  the  positive  or  negative  direction,  according  as  thb  sealvtX' 
ponent,  wbctlicr  rational  or  irrational,  is  itself  positive  or  negative ;  and  ihu  may 
establish  the  formula, 

or  briefly  (eon^       Xir.X  ' 

YIII...<'sdaY. 

Sbctiov  3.— ^On  the  AmpUiudes  of  QuaiertUotu  in  a  given 
Plane;  and  on  Trigonometric Expresiions for  such  Quater- 
nions, and  for  their  Powers. 

235.  Using  the  binomial  or  couple  firm  (228)  for  a  qua- 
ternion in  the  plane  of  t  (225)^  if  we  introduce  two  new  and 
real  Bcalars,  r  and  whereof  the  former  shall  be  supposed  to 
be  positive,  and  which  are  connected  with  the  two  former  sea- 

liira  X  and  g  by  the  equations, 

L  .  .  .TBr  C08  2;,      y^rsin^,  r>0, 
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we  shall  then  evidently  have  the  formulas  (comp.  228,  (5.)  )  : 

n.  .  .Ty-T(«  +  ty)-r; 
III. . .  IJ9-U(«  +  ^)«oo8z  +  t6iii2; 

which  last  expression  may  be  conveniently  abridged  (couip. 
233,  Xir.,  and  234,  VIII.)  to  the  following : 

IV. . .      «ei0z;   bo  that   V. .  •  ^arcia^r. 

And  the  arcual  or  angular  quantity,  z,  may  bi  called  the  *4m- 
plitude*  of  the  quaternion  g ;  this  name  being  here  preierred 
by  us  to  AngU"  becaoae  we  have  already  appropriated 
the  latter  name,  and  the  oorreeponding  symbol  z  to  denote 
(130)  an  tmgh  rfHu  Eudkiean  kmdf  or  at  least  one  not  es* 
oeeding,  in  either  direction,  the  Hmiis  0  and  w ;  whereas  the 
amplitude,  considered  obliged  only  to  satisfy  the  equa- 
tions I.,  may  have  amj  real  and  scalar  value.  We  shall  denote 
this  amplitude,  at  least  for  the  present,  by  the«^m6o/,|  am.^, 
or  aimply,  am^;  and  thus  shall  have  the  following  formula, 
of  eonmexioH  between  ampUtude  and  anffle, 

VL  .  .  {z  »)am.g  =  2«jr  ±lqi 
*  Compare  the  Note  to  Art.  130. 

t  Hn  symbol  y  WM  wpdkm  of,  in  SOS,  m  completing  tlie  «y«/rm  ofnwIaHom 
peeidiw  totbopcwnitGalailnti  andinftnt,  booldeitlMtilraetiltert^t,/,  A,  oTwhlcli 
fh«  Um  on  ejtprewBd  by  fkoyioMbaiMtelybmiiio  (A)or  Ait  188,  and  wUch  urn 
crigiital|]r  (naiDoly  in  tho  ywr  1848,  rad  in  tho  two  ft^^ 

Kar  tymboh  of  quatemionM  (tee  Note  topago  160),  that  Calcnltu  doot  not  iUiM- 
tuaUjf  employ,  with  peculiar  signlficaUona,  any  more  than  the  fivt  ehmraeterUtict  of 
operation^  K,  S,  T,  U,  V,  for  conjv^ate^  scalar,  tensor ^  vertor,  and  rector  (or  right 
part)  :  although  perhaps  tho  mark  N  for  norm,  -ffhich  in  the  present  work  has  been  • 
ttdoptctl  from  tho  Theon/  of  iVum'*er»,  will  gradually  come  more  into  use  than 
it  has  yet  done,  in  connexion  with  quaternions  abo.  As  to  the  marks,  i,  Ax.,  I,  li, 
and  now  am.  (or  amn),  for  om^,  am,  indexy  reciproealf  and  amplitude^  they  are  tO 
bo  oooddend  aa  cUe^  avaikblo  fvr  tlio  ptmaA  *gpo$USm  of  tbo^tem,  and  aanot 
often  wanted, noronipl^yod,  in  thoanbatqiMntjif»el<oet]ianofi  andtboaamoraBazk 
appiiealothowegita>rt4faieii<eiibft»  w-Kiint  toaomanotatSonainlhaimNnt 
S^tion  for  povert  and  reofa,  8er\'ing  to  cxpresa  the  conception  of  one  root,  &c^ 
ae  dittinffuithed  from  another ;  and  to  the  characteristic  P,  of  what  we  shall  call  in  the 
next  section  the  ponrntial  of  a  quaternion,  though  not  requiring  that  notatir-n  affor- 
wards.  No  apology  need  be  made  for  employing  the  jmrely  geometrical  tigns, 
II,  111,  for  perpendicularity,  pnrallrJism,  and  complanaritij  .  although  the  latt  of 
them  was  perhaps  firat  introduced  by  the  present  writer,  who  has  found  it  frequently 
useful. 
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the  upper  or  the  lower  «^  bong  taken,  according  as  Az,g 
-i±  Az«  t ;  and ii  being  oiqf  tohoU  munberf  positive  or  negative 
or  null.  We  may  then  write  also  (for  any  quateniion  q  \\\  i) 
the  general  transfbnnationB  folloinng : 

VII. . .  Ujr ois am 9 ;      YUI. .  •  j^-T^.cisam^. 

(1.)  Writing  q  =  P :  a,  the  amplitude  am.  7,  or  am  (j3 :  a),  U  thus  a  scalar  quan- 
tity, expressing  (teith  its  proper  ti^n )  the  amount  of  rotation^  round  Ax.  t,  from  the 
fine  a  to  the  line  ;  and  admitting,  in  general^  of  being  increaaed  or  diminished  bj 
mmg  wlofa  twnatw  ffetmmfirenemf  «r  ttmHn  mohHtmB,  when  vify  dw  dm^ 
UpM  of  ike  Ut0  Smtif «  and  /3»  la  tha  gNia  pfauM  of  I,  tn  given. 

(2.)  Bat  the  partiadar  qnateniioni  or  right  Tenor,  1  ittel/f  shall  b«  conadeied 
aaharing  defimiuig^  (or  U*  ampUtnde^  tnu  right  tmgUi  eoUutweabaU  MUbUahthe 
partioohur  fcwaalai 

IZ.  .*  aiii«la>z  *  = 

2 

(3.)  When,  for  any  o//ier  given  quateniion  the  generally  arbitrary  integer 
n  in  VI.  receives  any  one  determined  value,  the  corresponding  value  ol  the  ampli- 
tude may  be  denoted  by  either  of  the  two  following  temporaxy  symbols,*  which  we 
beta  trcat  aa  aqpdnlMit  to  eadi  other, 

am^.g,    or  Uii 

80  thAt  (with  the  same  ruieofsigaa  aa  tafim)  wa  iBij  wille,  aa  a  iwm  dl|^MIe  Ikw 
mnla  than  TL,  the  equation : 

Z. . .  aiD..f       «fiiri:  f 

and  aMjr  lay  that  thia  laat  qnantt^  b  tba  n*  aaha^lla  mpHhtimi^ ;  wbQe  the 
sero-9abit,  anef,  may  be  called  thajriad^al  mmpHtwit  (or  lha ^rlec^  aolM  of 
tlia  amplitude). 

(i.)  Witb  thfleenotation%  and  with  the  oonrantion,  ane(-  ^  nuiy 

XI.  .  .  amo 'j=loi  =  ±lq', 
XII.  .  .  amn a=  am„  1  =  Zm  l  =  2«ir,    if  a>0; 

aad 

XUL  . .  aBi,(-a)«ani.(-l)«^,C-l)«(2»+l)ir, 
If  •  Im  aiQI  a  peiltiTa  Malar, 

236.  From  the  foregoing  definition  of  amplitude,  and  from 
the  formerly  established  oonnezion  of  mti/fijp/uaaftoii  t^verson 
with  eompogition  of  rotaticm  (207),  it  is  obvious  that  (within 

the  given  plane,  and  with  abstraction  made  oi  tensors)  muUi- 
plkaiion  and  division  of  quaternions  answer  respectively  to 

*  Compare  the  recent  Note,  rosfKictiug  the  notatiotu  employed. 
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(algebraical)  addition  and  subtraction  of  amplitudes  :  so  that, 
if  the  symbol  am.^  be  interpreted  in  the  general  (or  indefinite) 
sense  of  the  equation  236,  VL,  we  may  write: 
L  . .  am(^.^)»am9'-f  am^;  IL  . .  am(^':^)»am^~am^; 
implying  hereby  that,  in  each  fonnnla,  one  ofthoTalues^the 
first  member  is  among  the  values  of  the  second  member;  but 
not  here  spccifyincf  whick  value.  With  the  game  generality 
of  signification,  it  i'oilows  evidently  that,  for  a  product  o£  an^ 
number  of  (complanar)quatemion8,  and  for  a  whole  power  of  any 
one  quaternion,  we  have  the  analogous  formoltB : 

III.  .  .  urn  !!(/  =  S  am  y  ;       IV.  .  .  am .    =/? .  am  q  ; 

where  the  exponent  p  may  be  any  positive  or  negative  integer, 
or  zero. 

(1.)  It  «M  iwovad,  ia  191,  II.,  that  Ibr  4Mf  ivo  qoatamlMis,  tha  ftHrmnla  V^q 

B  JJq'.  Vq  Iiolds  good ;  a  remit  which,  by  tha  aMOciadve  principle  of  multiplicatioa 
(223),  is  easily  extended  to  any  MMiftcr  of  ^temion  fiwtoia  (compUuuur  or  dipla- 
nar),  with  an  anak^us  resxilt  for  tensoias  ao  that  vfc  may  write,  gmnUlji 

y. . .  UUqmnUqi      TL  . .  TUq^UTq, 

(2.)  Confining  omMlm  to  the  fint  of  these  two  cqnations,  andoonibiidngit  with 
IIL,  and  with  186,  YIL,  wo  aniyo  at  tho  important  formula : 

YII. . .  ndaamf  (sHUf  BUn9vclaamn9)asdsZam9} 

whoMW  in  paitiealar  (oomp.  lY.), 

Vni. . .  (di  am  qypts  cis(p .  am  9), 

at  least  if  tho  exponent  p  be  still  any  whole  nomber. 

(8.)  In  theie  last  formidiB,  the  amplitndea  am.  9,  am. 9,  Ac.,  may  represent  any 
tm^ar  qumdUkt^  s,  a',  fte. ;  wo  maj  thenfon  write  them  thoa, 

I X.  .  .  II  cis  =  cis  22  ;       X.  .  .  (cis  -)'•  =  cis pz  ; 

inrluding  thus,  under  abrtrheil  form$,  aomQ  known  and  USOfol  th00ieni4|  foepecting 
cotincs  and  sine*  of  sums  and  mvltiph  s  of  arcs. 

(4.)  For  example,  if  the  number  of  factors  of  the  form  cis  2  be  two^  wc  bare 
thiis, 

ir. . .  daa'.dea»da(a'4a);      X*. . .  (eba)>»oia2a; 

wImooo 

cos(r'  +  z)  =  S(cisc'.  cis  2)  =  cos  z  cos  2  -ein  z'  sin  z  ; 
sin^i' +  2)  = » 'V(ci3 2'.cis2)  soosz'sin z -t-iiin2'  coss  ; 
COS  22  =  (cos  2)>  -  (din  2)> ;      afal  Sa  »  S  ooB  a  da  a ; 

with  similar  results  for  niori>  factors  than  two. 

(5.)  Without  expressly  introducing  the  conception,  or  at  least  tho  notation  of 
amplitude^  we  may  derive  the  recent  formulie  IX.  and  Z.,  from  the  eooddcradon  of 
the  pvmtr  i*  (S84),  as  followa.   That  power  o/if  with  a  sea/or  eaponciif,  i,  haaheon 
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interpreted  in  234,  (5.;,      a.  ^>yml>ol  sati^ifying  ua  eqoatioa  vhich  may  be  mitten 

XI. . .  jf Bclt«,  if  fs^r; 
•rgMnatrkilfyasaMrfar,  which  tern* a  Ito*  lArmyft  t oa^rlity  iHunliiugr 

mw  or  any  tUttr  leslar,  thi  ftwrnnla, 

mnt  hold  flosd,  at  in  algiibra.  Andbecawa  the  nnmber  ofibaftetotsl'iaMdly 
mm  to  ba  aihitnij  In  this  lait  Ibnniilat  wa  may  wrlta  abo^ 

if  j»  be  any  wbok*^  oimdMr.  Bnt  tha  two  last  iaaualm  nay  be  efaanged  by  XI.,  to 
fhs  aqpntioaa  IX.  and  X.,  vUdi  am  thaafbra  thna  ^a£i  obtiioad;  altbongh  tba 
hi»finu,  namdy  Xni.  and  XIY.,  an  pofaapa  aomawhat  timpUr:  having  iiiP 
dtid  the  appearanee  of  bdng  mere  a/^cAroMol  I'diwili'ltfi^  althon^  wa  aea  tliat  tlicir 

ftomttrical  interprHatUmM,  as  ^yen  above,  are  important 

(6.)  In  connexion  with  the  same  Interpretatum  XL  of  the  same  uefhl  symbol  t*, 
it  may  be  noticed  here  tliat 

XV.  ..K. = 

aad  that  thanfim^ 

XVI. . .  ooa  Y« S.!** B  K»'  +  »'0 ; 

(7.)  Hence,  by  raising  the  doable  of  eacli  member  of  XVT.  (0  any potttfrt Whole 
power  p,  balding,  and  substituting  z  for  |f  n-,  we  get  the  equation, 

m  COB  pz+p  coaCp-  8)«  -i-^^^-^coaCp  -  4)  s  +  &c., 

viththaiiaaalfalafcrhalvlBgthaeoeflicleiitofcoeOi^  ifpbaaDavoiliitoger}  and 
with  nakgoiis  jiroteeem  for  obtaining  the  known  expansiona  of  (sin  for  any 
positira  wbolaTaliN^  evaoor  odd,  ofp{  and  many  other  luown  rendta  of  thaaana 
hioL 

237-  Up  he  still  a  whole  number,  we  have  thus  the  trausforma- 
tiony 

I.  . .     =  (r  cis     =  f*  cispz  =  (T j)*"  cis  {p .  am  9) ; 

in  which  (oomp.  19Q»  161)  the  two  ftotor8»  of  the  tensor  end  Yenor 
kinds,  may  be  thtu  written: 

II.  .  .  T  (qY  =  {TqY  =  Tr ;      III.  .  .  U  (7")  =  (U7)-  =  vr; 
and  ojiy  tNiitie  (236)  of  the  amplitude  am.^  may  be  taken,  since  all 

•  It  will  soon  be  seen  that  there  is  a  sense,  although  one  not  quite  so  definite^  in 
which  this  formula  hold^  good,  even  when  the  exponent  p  is  firactional,  or  snid ; 
namely,  that  the  saoond  mambar  la  then  m«  of  ike  vahet  of  the  fint 
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will  conduct  to  one  covimon  value  of  this  ttjhok  power  q^.  And  if, 
for  I.,  we  substitute  this  sUgbUy  different  formula  (comp.  235f 

(3.)), 

fit 

»'>  n  being  whole  numbers  whereof  the  first  ie  supposed  to  be 
jnirn  to  the  eeoond,  to  that  the  escpoimi  p  is  here  &/raction  in  itt 
had  Urmif  with  a  poMm  dmommatar  nf^  while  the  iiMstor  ia 
interpreted  as  e  pontum  wdar  (of  which  the  pontiTe  or  n^ti^ 
logeritbin,  in  any  given  system,  is  eqnal  to  p  x  the  logarithm  of  Tg), 
then  the  expression  in  the  second  member  admits  of  n'  ^^ittmci  va^ 
Unu^  answering  to  different  values  of  n;  whioh  are  precisely  the  ii' 
▼aloes  (comp.  234)  of  the  fractional  power  q^,  on  principles  abeady 
established :  the  prhieipai  value  of  that  power  cprresponding  to  the 
value  fi  =  0. 

(1.)  For  any  vilne  cf  flis  integer  «,  we  may  say  Hiat  the  symbol  (^p)^,  deflntd 
lij  QMtmuBiMW^  npimullB  libit  socii  vilaai^  hommr, 

fwcBfrliy  parittdkslly,  ivlun  ^  III  Si  abova^  a,/)«aM0a* 

(1.)  MOfltag  (l^Xta  1^,  iieliavBtiinaiftMra%,  ^186,  ZIL, 

y, .  •  Ifnedsl^r,  ifp  be  sagr  ftsetioB, 
aiMtrielion  wUchhoiraverweihallsoonnniOTei  sad  b  peitknlar, 

VL  . .  iVlMl|wf  Mftw  ifb"  1. 

(8.)  Thus,  making  succesalvely  P=    p  =^f    c  have 

VII.  .  .  li„  =  cisinr,       l»o  =  +l,       l»i=-l,       l»a  =  +l,  &c; 

win      11      .                   ,            -1  +  »V3            -1-«V3  ,  » 

VIIL  . .  liW-eu  — ,    1*6«1,  ^  ,    m«  J  > 

(4.)  Denoting  in  like  manner  the  valne  of  (-  l)f>  by  the  abridged  symbol 
(-  l}Pmf  we  have,  on  the  atme  plan  (comp.  235,  XIII. )t  fur  any  fraeUoael*  Tains 

IX. . .  (- l>W«cbp(S»-l-  !)«■;  whsoee  (comp.  tBt), 
X...(-l)^-dsj  =  +  i,   (-l)li  =  ci8^  =  -t,   (-l)*a  =  +  t,&ci 

aud 

tiiMs  Urns  valoM  of  (-  l)l  nomiag  perfodicsllf. 

(fi.)  TbB  fbmala  17.  glvw^  gtamtSljt  by  V.,  the  tnufbnntliflBi 

Xn, . .  (qp)n  =  iq^Oo  ds  2pnr  «  1iv,(9p)o  i 

•0  tbat  the  II*  volMt  of  s**  is  eqiisl  to  the  jwtM^po/ voAm  of  that  power  of  moltl- 


*  At  befon^  fUs  raatridlOD  Is  only  a  temporaiy  ona 
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plitTi  by  the  eorretponding  value  of  the  $amf  power  of  potitive  unity  ;  and  it  may  be 
remarkLd,  tlidt  if  the  bcut  a  be  any  potitive  tccUar^  the  prinajjui  p-^  power ^  (a>'^ 
u  am  pi  J,  by  oar  definitions,  the  aritkmttUal  value  of  o^. 

(6.)  Tbei^Tllw  of  Uie/><^  powtr  «f  any  iic;sraA'M««afar, -a,  islallto 
n«r  eqnal  to  the  anVhinHW  ^  potwr  «f  th«  peittiv*  oppoiit*^ -l-a^  nmltlplM  bgr 
Ch<  vmufoaiing  ^altcl  tfco  tMW  pwwr  of  ■ytfi—  tarf^;  or  In  qrmbgli^ 

XHL . .  (-•)iW»(-  iy«  (*>i«C-»^«ltj>(fti+l)ir. 

(7.)  Tlw  tanak  IV^  wttli  lU  couequaeN  V.  TL  IX  SI.  XilU  may  h$ 
cstaidM  to  « to  indiidc^  M  « lintt;  the  ciM  when  tlM  i^M^ 
htemnmmemmmmartAU,  orimJ;  and  elthoagfa  tho  utmUr  ofmbm  of  the  power 
^  becomes  thus  vnthmited  (comp.  234,  (4.)),  yel  WO  tm  iHIl  cooelder  one  cf  fhen 
«tbo^r«M|Ml  •«Awelthis(now)««nlp«ietr;  aaaNly  the  vals^ 

XIV. . .  (fr>»Tf».ds(p«iii#f), 

irhkli  «Mnm  to  the  jN-tee^  aaq»J8lMdb  (886»  (8.))  of  the  pnipoied  qaetaoioD  f. 

238.  We  may  therefore  consider  the  symboly 

in  which  the  base,  g,  is  any  quaternion,  while  the  exponent,  p, 
16  any  scalar ^  as  being  now  fully  iiiterpreted ;  but  no  interpre- 
tation has  been  as  yet  assigned  to  this  other  symbol  of  the 
aamekind, 

in  which  both  the  base  and  the  exponent  q,  are  supposed 
to  be  (generally)  quaternions,  although  for  the  purposes  of  this 
Chapter  complanar  (225).  To  do  this,  in  a  way  which  shall 
be  completely  ecntUtetU  with  the  foregoing  conventions  and 
ooncliwioiUt  or  rather  which  shall  mdmU  and  reproduce  them, 
for  the  ease  where  the  new  qMatemum  exponent ,  q\  degentraiee 
(131)  into  a  eeahtr^  will  be  one  main  object  of  the  hallowing 
Section :  which  however  will  also  contain  a  theory  of  loyti' 
ritJims  of  quaternions,  and  of  connexion  of  both  logarithms 
and  powers  with  the.  properties  of  a  certain  iuDctioo,  which 
we  shall  call  the  pomenUal  of  a  quaternion,  and  to  oonnder 
which  we  next  proceed. 

SncnoH  4, — On  the  PonaUial  and  LogarUkm  of  a  Quater^ 
iermou;  and  on  Powers  qf  Qitatermon$f  wUh  Qtiaiemum 
for  their  Exponents. 

239.  If  we  consider  the  polynomial  iunctioo, 

1. .  .P(^,  m)=\fqx^qt^..qm* 
2  L 


Digitized  by  Google 


258 


ELEMENTS  OF  QUATERNIONS. 


[book  II. 


in  which  q  is  any  fjuaternion,  and  m  is  any  positive  whole  number, 
while  it  is  supposed  (for  conciseDcss)  that 

*  •  1.2.3..m(,"r(«+l)} 

thrajtU  not_diffifiilU  to  proTe  that  however  great,  but /mite  uicl 
given,  the  teneor  Tq  mey  be,  a  JmUe  number  m  can  be  asngned,  for 
whieh  the  inequality 

III.  .  .  T{P{q,  m  +  n)-P(7,  fn))<a,    if  a>0, 

shall  bo  satisfied,  howrvcr  large  the  (positive  whole)  number  n  may 
be,  and  howevn-  small  the  (positive)  scalar  a,  provided  that  this  last 
is  given.    In  other  worda,  if  we  write  (comp.  228), 

IV. . .  q^x  +  ig,      P(j,  m)^X^-i^iY^ 

a  finite  yalne  of  the  number  m  can  alwaya  be  assigned,  snoh  that  the 

following  inequality, 

shall  hold  good,  however  large  the  number  n,  and  however  small 
(but  given  and  >  0)  the  soahtr  a  may  be.  It  followa  eTidentiy  that 
toA  of  ike  two  eeahr  emee,  or  snoceasion  of  scahr  fonotiona, 

VII. .  .  I'o  =  0,       F,  =  F,  =   +  .TV, .  .       F«rt  . . . 

converges  ultimatchi  fo  a  Jh  cd  and  Jinitc  liviit,  whereof  the  one  may  be 
called  Xao^  or  simply  Xy  and  the  latter  Too,  or  F,  and  of  which  each 
is  a  certain  Junction  of  the  two  eealare,  x  and  g.   Writing  then 

VIII. . .  Q-x«e+tr««x+tX 

we  must  consider  this  quatermon  Q  (namely  the  UmU  to  which  the 
following  ofquatemione, 

IX...P(j,0)=l,  P(«,l)  =  l+y,  P(?,2)=«l  +  2  +  ^,..  P(j,m),... 

converges  ultiiiialely) as  being  in  like  manner  a  certain/?//jdJOM,  which 
we  shall  call  the  poncntial  function,  or  simply  the  Ponential  of  in 
consequence  of  its  possessing  certain  (ipontiitial  propertita ;  and 
which  may  be  denoted  by  any  one  of  the  three  symbols^ 

odX  or  P(j),  or  simply  P^. 
We  have  therefore  the  eqoation» 

X.  .  .  Ponenti(d  of  =  Q  =     =  1  +  ji  +    +  . .  +  jao , 
with  the  signification  IL  of  the  term  q^. 
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(1.)  iBceuMskmiiiaidwcwwiryMM  of  lUi  poiuiiliaf  Mriit,  or  with  Cba  la- 
mfltilitj      it  mqr  Im  ranailwd  tlwtif  h*  write  (oom^  S86)r  ■  Tf^  and  fte^Tfn, 

w%  dMli  htm,  hf  tit,  (t.X 

XI,..T(P(f,»  +  «)-F(f,»))iP(r,»+»)-P(r,»); 

It  ii  ■ofldwut  thin  to  ptm  that  tliis  Itat  diflfennoc^  or  tlM  mod  of  IIm  •  poritlvo 
toiaiii  fwit  •  •  'Wi^  COB  bo  node  <«.  Now  If  wo  toko  o  mailMr  p>2p  - 1,  wo 
oboll  hare  r^i<|rp,  rp*«<|r^i,  &c  ,  lo  Hiai  0  flntto  munlMr oi>p>Sr'- 1  oiD 
bo  OMrijgnfdj  neb  tboi>«*<4t|^oikl  Uuot  ^ 

tbo  oiMrtod  Inoqpiilitjr  b  tbenforo  pvoved  to  osiit. 

(S.)  In  gooool,  if  OD  oieoidfaig  mico  with  podtlTO  ooofldonti,  tncb  ao 

XIII.  .  .  AoH  Ajfy  i  A39»  +  Sec,    where    Ao>  o,  Ai>o,  &c,, 

be  convergent  when  q  is  choDged  to  0  poiitip*  Mofar,  it  will  i/orticH  wavergt, 
wheo  9  is  o  jpial«r»um. 

240.  Let  q  and  2'  be  any  two  coijipluiiar  quaternions,  and  let 
be  their  sum,  so  that 

tlien,  as  Is  algebra,  with  the  ssgnifiettion  239»  IL  of  and  with 
comsponding  sigDificatioDS  of  g^m      ^'m  we  hare 

where  a  ^0-1-  Henoe,  writing  again  raTg,  r»«TgM  and  in 
like  manner    »  T^',  r'' »  T9'%      the  two  differences,    ^  ^ 

III.  ..PCr',m).P(r,«i)-P(r",t/0,  , 

and 

IV.  . .  PCi^',  2m) -.P(r',  iii).P(r, m),  . 

can  be  expanded  ns  sums  of  positive  terms  of  the  form  r'^.Vp  (one' 
Bum  containing  ^m(7n+  1),  and  the  otlicr  containiriL'  m(m+  1)  auch 
terms);  but,  by  239,  III.,  the  sum  of  these  two  positive  differences 
can  be  made  less  than  any  given  small  positive  scalar  a,  since  z 

V.  ..P(r",aiii)-P(r",»)<«,   if  a>0, 

provided  that  the  number  m  is  taken  larpjc  enough ;  each  difference, 
therefore,  separately  tends  to  0,  as  m  tends  to  cao  ;  a  tendency  which 
must  exist  a  fortiori,  when  the  trnsors,  r,  r',  r"y  are  replaced  by  the 
quaternions,  q,  q\  q[' ,  The  Junciion  is  therefore  subject  to  the 
£xpQfunlial  Law, 

VI...P(?'  +  ^)«P«'.P^=Pff.P?',  if  j'llly. 
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(1.)  If  we  write  (comp.  237,  (6.)  ), 

VII.  .  .  PI  =       then    VIII.  .  .  Px  -        =  arithmetical  value  oft*  ; 
where  i  is  the  known  base  of  the  natural  system  of  Inpaiithms,  and  j  is  any  s^cnlar. 
We  shall  henceforth  write  simply  C  to  denote  this  principal  ^or  arithmeticAl)  value  of 
the     power  of  «,  and  so  sball  have  the  simplified  eqaatioo, 

VI II'.  .  .  Px;=i*. 
(2.)  Already  we  have  thoa  a  motive  for  writing,  gauraUjf^ 

IX.  .  .  P9  =  «?; 

but  this  formula  is  hrre  to  be  considered  merely  as  a  definition  of  the  sense  in  which 
we  interpret  this  e.rponnttial  symbol,  tv  ;  namely  as  what  Ave  have  lately  called  the 
ponential  fuiirtiim,  Yq,  considcretl  as  the  sum  of  the  infinite  but  cuuverging  #*n>#, 
839,  X.  It  will  however  be  soon  seen  to  be  included  in  a  more  general  defi$utiom 
(oomp.  238)  of  file  iTmbol  f^, 

(3.)  For  any  scalar  at,  we  have  by  VUI.  tiM  tranflformation  : 

X. . .  X  s  IFx  =  natural  logarithm  t(f  pontntiai  of  x, 

241.  The  exponential  law  (240)  gives  the  foUowiDg  general  de- 
CQtnposilion  of  a  ponenlioL  into /actors^ 

in  which  we  have  just  seen  that  the  factor  Fx  is  a  positive  scalar. 
The  other  factor,  Pi]y,  is  easily  proved  to  be  a  vcrsor,  and  therefore 
to  be  the  vcrsor  o/Fg^  while  Pa;  is  the  Unsor  of  the  same  pouen*  . 
tiai;  because  we  have  in  general, 

11.  ..P^.P(-j)=PO«l,  and  IIL..PKgsKP^, 
mnoe    IV. . .  (Kq)r  =K(5») «(8»y)       (comp.  199,  IX.) ; 

and  therefore,  in  particular  (comp.  150,  158),       ^  *  ^ 
V...l:Piy=P(-t»  =  KPiy,  or  VL . .  NP^  =  1. 

We  may  tlierefore  write  (comp.  240,  IX.,  X.),  ^  v4  * 

VII.  .  .  TP^-PS<7  =  Px=e';       VIII.  .  .  x=S<7=lTPj; 
IX. . .  UP9>PV2BPiy=«^»oi8^(oomp.235,  IV.); 

this  last  truMformatloii  being  obtained  from  the  two  series, 

Z. . .  SPttfsl  -^  +  4c.scos^; 

XL . .  i^*  VPi>  "  y  -  ^  +  &c  =  sin  y. 

Hence  the  ponential  P^  may  be  thus  transformed  : 
XII. . .  P9«P(«+i»s c'eisy. 
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XXIV. .  .fy^S.i 'Piy  =  SP<Cy-c)=/(y-c;, 

aad   

XXT. . .  F^=>Jr + y  Cr-  «). 

If  then  we  replace  c  by  -,  we  have 


/ 


(1)  If  we  had  not  c^mid  to  ammM  of  known  the  cfriet  ftor  «mIm«  and  xi'iie,  nor 
to  «e7«c/  (at  fii^t)  any  one  unit  ofmifl^,  sach  as  that  known  one  on  which  thar  ytr 
lidilgr  di|)ends,  we  might  then  have  proceeded  as  follows.    Writing  ^  ^ 

XliL..  /(-y)-»+>.  =  "  ^ 

w«  diOBld  luve.  ^  the  ezpooatial  lair  (S40), 

xv.../(|f-jO-  fif'/it^f¥'tf\ 

and  thM  the  fiauftvmal  equatioitt  ^<rUdi  rnohs,  nameljr, 

XYI. .  ./(ir+jr')+/Cr-jO-3W^>y. 

would  show  that 

XTIL .  .>^soob(      a  oiylt^ 

whatettr  wit  of  angle  may  be  adopted,  provided  tluit  w§  dBtonine  Um  eomlaiil  « 
bj  the  «ottd!tioo, 

XVIII. .  .  •  ■  luHt  poriUM  roof  o//Atf  eyiwfio»    (=  SPiy)  «  0 ; 
or  nMilj, 

XVnr. . .  OB  1*6708,  M  the  iftadx  of  the  Mriee*  would  dunr. 
(2.)  A  aM<S«t  woidd  thai  eclae  for  npreMiiliM^  a  right  omgU  ly  iMt  mnmrM 

nOdDg  two  right  aQ|M> 

XIX . .  w  «  i«  « lasif  foai'flo*  not  of  ike  tquathm      -1 ; 

giving  nearly, 

Xir. . .  w  s  8'UU9,  ea  oanali 
ibr  thoa  we  ohonld  lednce  XTII.  to  the  aimpkr  torn, 

XX. .  .jlrsooey. 
(8.)  Aetotheftinetioiify,aiDee 

XXL . .  C*)«+ (ff)»«  P^r.P(-«r)= 1, 
it  ia  evident  that  fy«Bj:8lBf;  end  It  la  ea^f  to  prove  that  the  upper  algn  la  to  be 
takw.  Infaetftt  eanbeihown(wlUioiitaiqipoaiiigaii7prBvioaa  knoiHedgeofeo- 
abMe  or  ainaa)  that  fe  la  poaltive,  Mid  tfaarefim  thai 

XXIL..f«a+l,   or  XXni . .  P{e->l; 


*  In  fact,  tlie  value  of  the  constant  c  may  be  obtained  to  thit  degree  of  accuracy, 
by  simple  interpolation  between  the  two  approximate  values  of  the  function/, 

•  /(!•*)«+ 0-070787,  0020200; 

and  of  eotttae  there  are  artiflcaa,  not  moaaaaiy  to  be  nientloaed  here,  by  which  a  hr 
more  aceniale  value  can  be  frond. 
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XXYI.  .  .      =  CO*      -      =  siu y ;    «ad    XXVII.  . .  P»y  =  cU y,  as  in  IX. 


r(4.)  TlWMriMXZI.IbrogrfinaiidiiiMiii|glittbiMlMdUbM(i;iiM^ 
oMtRMrf  ai  knowD :  and  linoeira  have  the  li]ldtil^fv■ltte^ 

ZXIZ. . .  11ni.r*  ably  slim.  r'^'^P^a  It 

It  follows  that  fhf  unit  nf  angle,  which  thus  givea  Piy  =  cUy,  is  (as  usnal)  the  angle 
snbtcnded  at  the  centre  by  the  arc  ei/val  to  radtut ;  or  that  the  nxmber  w  {<u2c)  im 
to  I,  as  the  circumference  U  to  the  diameter  of  a  ciit  li*. 

(5.)  If  any  other  angular  unit  had  Ixen,  fur  auy  reason,  cho^n,  then  a  right 
at^lt  would  eouae  be  wprowtiid  by  a  differnU  wmber^  and  act  by  l'ft708  nearly ; 
bat  we  ibooU      have  the  trw^fimMHom^ 

though  not  the  same  ««ne<  as  before,  for  coey  and  sioy. 

242.  The  usual  unit  beiug  retained,  we  see,  by  241,  XII.,  that 
I. ..  P.2mirsl,   and   II. . . P(9  +  2tnr)sPjr, 

if  ft  be  any  whole  number;  it  follows,  then,  that  the  inverse  ponen- 
tial  function,  P  'g,  or  what  we  may  call  the  Imponeutial,  of  a  given 
quaternion  q,  has  indefinitely^  ma«y  values^  "which  may  all  be  repre- 
sented by  the  formula, 

m.  ..P.-i^slT^ttaia.^;  t 

ami  of  which  each  satisfies  the  equation,        , .        ^  ^  [\  ^  *  '  I 

while  the  one  which  conespoDdB  to  n  ^^O  may  be  called  the  PrifMi- 
pail  In^MmentiaL  It  will  be  found  that  when  the  exponent  p  is  anj/  * 
Mxrfor,  the  deSnition  already  given  (237,  lY.,  XII.)  for  the  value 
of  the  p*^  pcwatKiX  q  enables  us  to  establish  the  formula, 

and  we  now  propose  to  txtend  thia  last  formnlay  by  a  im  de^nitiim, 
to  the  mor$  gmartU  com  (238),  when  the  eaqionent  is  a  quatemian  q'l 
thus  writing  generally,  for  any  two  oomplanar  jtiofemiofit,  q  and  q\ 
the  Qtnmd  JSxponeniial  Formula, 

vi...((rt.=P(2'P.'«); 

thejMwic^poi  value  of  (7^'  being  still  concdved  to  correspond  to  n=0, 
or  to  the  princ^  an^itude  of  q  (oomp.  235,  (3.)  ). 
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(1.)  For  azample^ 

Tn...(if>BP(ffp«'io»P«>  '>M^  Po-»«=i«-ij 

fhe  jMMalSai  P«,  wliieh  m  agreed,  in  240,  (S.)i  ^  ^>«^  >^P^  bj  if,  b  tlunlbTO 
BovMflB  to  be  In  ftet,     our  gncnl  dafinitkii,  tbefrfac^  •aKi«  •/<*af power, 

(S.)  With  flM  MM  notalionib 

Tin.  .  .  t<r»cisy,      cosy  =  iO'^+i^      •Injf-i (i^'-r*); 

these  two  last  only  difTeriag  from  the  usoal  inuiglinity  9Xjfnmiom  for  coaioe  md aine, 

the  geometrical  reality*  of  the  vcr^nr  i. 

(3.)  The  cosine  oMti  nM  of  a  quaternion  (in  the  given  plane)  may  now  be  dejined 
by  the  erjaations : 

IX. .  .coa«oj(4<«  +  *  •«)»      X.  = 

•nd  «•  nqr  write  (eomp.  S41,  IX.), 

XI. . .  els9«>i4sP<9. 

(4.)  With  this  interpreution  of  cis  q,  the  exponential  properties,  236,  IX.,  X., 
ftpntinne  to  hold  good  ;  and  we  may  write, 

Xn. . .  (9t%«P(g'lT«).PCt«  •in.«)«(T«>(i'da(9'ain,«); 

a  fmnh  wbidi  •vidoBtly  indndet  tiie  eonmpoodiag  odo^  287,  IT.,  ftr  tlM  »*  Tilne 
o'ttepA  power  tig,  whm  p  io  lealftr. 

(6.)  The  delimtions  lU.  end  YL,  oomUned  with  286,  XXL,  give  genenlly, 

xni. . .  •  •  C««')»-i«^  (flO»J 

tliifi  lait  efiaation  including  the  formula  237,  XIL 
(tJ.)  The  same  definiUona  give, 

XV. , .  Po->»«  Y }      XVL  . .  (»0o««"«  ; 
whidi  last  equation  agrees  with  a  known  interpretation  of  the  symbol, 


•HBsidered  aa  denoting  iu  algebra  a  real  quantity. 

(7.)  Tlio  formula  YI.  may  oven  be  extended  to  the  case  where  the  exponent  7'  is 
«  ^aternion,  w  iikh  is  not  in  the  given  plane  o/i,  and  therefore  not  complanar  with 
^  fra««  q  \  thus  we  may  write, 

liiit  it  would  be  foreign  (225)  to  the  plan  of  this  Chapter  to  enter  into  any  further  de- 
Uil><,  on  the  subject  of  the  interpretation  of  the  exponential  symbol       fof  thlo  COie 
of  dipianar  quaternion*,  though  we  MO  that  fboie  wooid  bo  tto  difflcQltgr  in  tVMtlng 
after  what  bee  beta  ihown  roipecting  emftman, 

•  Compeie282,  C2')i«nAtheVolietop«8eB2ia,948. 
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243.  As  regards  the  general  logarithm  q  of  a  quaternion  q  (in  the 
given  plane),  we  may  regard  it  as  any  quaternion  whioh  satisfieB  the 
equatios, 

and  in  this  view  it  ia  simply  the  In^jHmeniial  P~* of  whieh  llie  it** 
▼aloe  is  expressed  by  ^e  formula  242,  IIL  Bat  Aeprine^l  impo- 
neiUkUt  whioh  answers  (as  aboTe)  to  fi«  0,  may  be  said  to  be  the  jirm- 
CQMrf  logarithm^  or  simply  th$LogarHkm,  of  the  qnaternion  and  may 
be  denoted  by  the  symbol, 

Is: 

SO  that  we  may  write, 

I. .  •  l^sPo'^^alT^+tamej; 

or  still  more  simply, 

II. . .     =  1  (Tj .  Vq)  =  IT^  +  1U£, 
because  ITU^ = 11 »  0,  and  therefore^ 

IIL . .  ICJgstamo^. 
We  have  thus  the  two  general  equations, 

IV.  . .  Slj^lTj;       V.  .  .  Wq^Wq; 

in  which  IT^  is  still  the  scalar  and  natural  logarithm  of  the  positive 
scalar  Tf  • 

(1.)  AMtsmtphs  (comp.  285,  (2.)  and  (i.)  ), 

YL  . .  Ua^w I      YIL . .  1(-  l)Btr. 
(2.)  Tlie^fiimJl0f0i(ft»«f  ^inajbedflootedbjaiiji^ 

bg.f,  or  kg9,  or  (l0gg>H 
tUslastdenodogtlwaA  wIm;  tndtlm  wadMlHum^ 

YIIL . .  (logfXalf +9niir. 

(8.)  The  fiMmniiIa, 

IZ.  .,log.9'9»log9''l-]«g9,  tf  q'H\q, 
holda  good,  In  the  Mue  tbat  Mw»y  Taliw  of  the  tint  membtf  is  om  of  tlio  valnei  of 

tba  Moond  (comp.  23C). 

(4.)  Principal  value  of  q^'=  (^^  ;  and  one  valao  Of  log .  qif^q*lq» 
(6.)  Tbe  9«otieiil  of  Iwo  general  logariUmUi 

may  be  said  to  be  the  general  logarithm  of  the  quaternion^  9',  to  the  complanar  qua- 
ternion hate,  q  ;  and  we  see  that  its  cxprewion  involves*  two  arbitrary  ^mdindqtai^ 
deni  iiU^mrg,  while  its  prittcipal  value  may  be  deiiiied  to  be  ijj' :  Iq. 


•  <As  the  oorresponding  ezpreHloo  hi  slgehn^  aeeoidhig  to  Gnvei  and  Ohm. 
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Ss<rrioH  6.^0n  FMe*  (or  Pt^ynmiaT)  Egtiations  of  Al^e- 
brak  Form^  mooiving  Complanar  Quaiemiont;  and  on  the 
JSgisienee  tif  n  Real  Quaternion  lioots,  of  any  such  EpiO' 
Hon  of  the  n**  Degree, 

244.  We  have  seen  (233)  that  an  equation  of  the  fonuy 

I. .  .  ^'•-Q-O, 

where  n  is  any  given  potiitive  integer,  and  Q  is  anyt  given, 
real,  and  actual  quaternioa  (144),  haa  always  n  real^  actual, 
and  unequad  puUermon  roottf     oomplanar  with  Q ;  name!  j, 

the  «  distinct  and  real  values  of  the  pymbol  Q"  (233,  VIII.), 
determined  on  a  plan  lately  laid  down.  This  result  i.^,  how- 
ever, included  in  a  much  n)ore  general  Theorem^  respecting 
QjtuiUrnion  EqmUont  of  Algebraie  Form;  namely,  that  if 
9i9  9t»*»g%he  any  n  gmUf  real^  and  eomplamsr  qmiemkm^ 
then  the  equationj 

Mas  always  it  real  quaternion  roots,  q\  q\  . .  fj  "\  and  no  more 
in  the  given  plane;  of  which  roots  it  is  possible  howerer  that 
aome,  or  all  may  become  equal,  in  consequence  of  certain 
relatume  eadeting  between  the  n  given  coejfidenie, 

245.  As  another  statement  of  the  same  Theorem,  if  we 
write, 

the  coefficients  gi.  .qm  h&ng  as  before,  we  may  say  that  every 
such  pofynonUal  function,  is  equal  to  a  product  of  n  real, 
complanar,  and  linear  {or  hinomial)  factors,  of  the  form  q-q'i 
or  that  an  equation  of  the  form, 

II.  .  .        -  (jr  -  q)  (q  -  q)  ,  .  {q  -  q^^), 

can  he  proved  in  all  cases  to  estiat:  although  we  may  not  be 

*  By  m^fiogfimU  mudHoma^  wc  merely  intend  to  exclude  here  equations  with 
imJUitely  many  temu^  »uch  as  V<]=^  1,  wliicli  Iins  been  seen  (212)  to  have  infinitely 
mamy  roots,  lepveMBted  by  Uie  exprautfon  q  ^  when  n  majr  be  any  whole 
maaber. 

t  It  is  true  that  we  have  supposed  Ql\[i  (226)  ;  but  nothing  hinders  0%  in  any 
other  case»  firom  wUtituting  for  t  the  TMmr  XJVQ,  and  IUd  pNCMding  as  Uion, 
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able,  with  our  present  methods,  to  assign  expressions Jbr  the 
roots,  q\  . .  y'"),  lit  terms  of  the  coefficients      . . .  qn' 

246.  Or  we  may  say  that  there  is  always  a  certain  system 
of  n  real  quattmunu^  q\  do.,  ||  1 1,  whioh  satisfies  the  sytUm  of 
equoHoMf  of  known  algebraic  form* 

..      qq  +qq  +qq  +-.  =  +  j»; 

247.  Or  because  the  difierence  ¥^  -  Fnq'  is  dSnyinSfe  bj 

q  -  g,aB  in  algebra,  under  the  supposed  conditions  of  eomfia" 

narity  (224),  it  is  sufficient  to  say  that  of  least  one  real qnater' 
nion  ((  always  exists  (whether  we  can  assign  it  or  not),  which 
satires  the  equation^ 

IV...F«3'-0, 

with  the  foregoing  form  (245, 1.)  of  the  polynomial  ibnction  P. 

248.  Or  finally,  because  the  theorem  is  evidently  true  for 
the  case  n  =  1,  while  the  case  244,  I.,  has  been  considered,  and 
the  case  qn  ^  0  is  satisfied  l)y  the  supposition  q  =  0,  we  may, 
without  esaential  loss  of  generality ,  reduce  the  enunciation  to 
the  following: 

Evert/  equation  i^theform^* 

in  which  q\  •  •  and  Q  axe  any  n  real  and  given  quatenuons 
in  the  given  plane,  whereof  at  least  Q  and  ^  inay  he  supposed 
actual  (144),  is  satisfied  by  at  least  one  real,  actual,  and  com" 
planar  quatemivn,  q. 

*  The  omraiiXHicUng  /orm,  of  the  a/frtdrafesl  tqmaHem  ifftkt  ti*  degrety  was  pro- 
pwed  hj  Monnj,  hi  bto  vwy  Ingenlmit  end  origfaud  little  woifc,  eiitttled  La  ernt 
tUorit  dm  QwmfiWt  NfyaHviSt     dm  QiMMfttft  prkuiAus  A»agbuhe§  (Puii, 

1828).  Suffpettions  also,  towards  the  geometrical  proof  of  the  theorem  hi  die  lezt 
have  been  taken  from  the  same  work  ;  in  which,  howiA-er,  the  curve  here  called  (in 
251)  an  oval  is  not  perhaps  defined  with  suflicicnt  precision:  the  inequality,  here 
numbered  as  251,  XII.,  being  not  employed.  It  is  to  be  obstrred  that  Mourpy'a 
book  contains  no  hint  of  the  pretent  calculus,  being  conjined,  like  the  Double  Alg«» 
6ra  of  Pn£  De  Morgan  (London,  1849),  and  like  the  eailNrweA  of  Ifr.  Wenca 
(Ctmbridg*,  1S28X  to  qnaetkiie  wUkim  ihtploM  s  wheraea  the  vwy  eonoqitfM  of  the 
QmaUmion  hivolve^  es  w«  have  leen,  a  nftrance  to  TVUteaiiitfiMl  B^acm, 
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249.  Supposing  that  the  m-  1  last  of  the  n  -  1  given  qiiater- 
Bunis  ,  TAiiish,  but  that  the  n-m  first  of  them  are  actual, 
wbero  m  may  be  aoj  whole  number  from  1  to  »  - 1,  and  introduc- 
ing a  new  real,  known,  oomplanar,  and  actnal  quaternion  which 
satiffieB  the  condition, 

w«  may  write  thus  the  recent  equation  I., 

and  may  (by  187>  159*  285)  decompoee  it  into  the  two  following: 
IV...T/>?=1;    and   V.. .17/^=1,    or   VI.  .  .  tBi/(/ =  2pr ; 

in  which  p  is  some  whole  number  (negatives  and  zero  included). 

250.  To  give  a  more  geometrical  fonn  to  the  equation,  let  X  be 
any  given  or  assumed  line  ||1  i,  and  let  it  be  supposed  that  o,  /3,  . . 
and  Pf  <T,  or  oa,  ob,  . . .  and  op,  os,  are  n  -  m  +  2  other  lines  in  the 
same  pianea,  and  that     is  a  known  scalar  function  of  /»,  such  that 

and 

\'/       «        ^  \08/    OA  OB 

the  theorem  to  be  proved  may  then  be  said  to  be,  that  whaU^er  sys- 
tem ofreeU  poinii,  o,  a,  b,  . .  and  s,  in  a  given  plane,  and  whatever 
potitive  whole  number  m,  may  he  assumed^  or  given,  there  is  always  at 
least  one  real  point  f,  in  the  same  plane,  which  satisfies  the  two  condi- 
tions: 

IX.'. .  Tff»sl;      X. . .  amfpa2pir. 

251.  Whatever  value  we  may  assume  for  the  versor  (or 
unit-vector)  U/»,  there  always  exists  at  Ua-at  one  value  of  the  tensor 
Tp,  which  satisfies  the  condition  IX, ;  because  the  function  T^p  va- 
nishes with  T^,  and  becomes  infinite  when  Tp  =  oo,  having  varied 
continuously  (although  perhaps  with  fluctuations)  in  the  intenral. 
Attending  then  only  to  the  leaet  value  (if  there  be  more  than  one) 
of  Tpt  whioh  thus  renders  equal  to  unity,  we  can  conceive  a  real, 
unambiguous,  and  scalar  function  y^i,  which  shall  have  the  two  fol- 
lowing properties: 

XL  . .  1 ;      Xn.  • .  Tf(xKfi) <  1,  if  a;>0,  <  1. 

And  in  this  way  the  equation,  or  system  of  equations, 
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Xin.  .  .  f»  =  or  XIV.  ».U/»  =  »,  Tp=Vr,, 
niBy  be  oo&oeiyed  to  tbkrmin$  a  realy  finitt,  and  plant  dosed  cnme^ 
which  w«  ah«U  oall  genenlljr  an  Ova^  and  which  shall  hare  the  two 
fbllowing  properties:  Ist,  ttery  right  Hm^  or  re^,  drawn>lvm ikt  ari' 
gin  o,  in  any  arbitrary  direction  within  the  plane,  meOa  the  cmve 
once,  but  once  onfy;  and  Ilnd,  tio  <mm  of  the  11-111  other  given  pointt 
A,  B, ..  ie  an  the  wal,  because  fas^s..3sO. 

252.  This  being  laid  down,  let  as  oonceiye  a  point  p  to  perform 
<me  dreuH  of  the  oval,  moving  in  the poMtive  direction  relatiYelj  to  the 
given  interior  point  o;  so  that,  whatever  the  given  direction  of  the 
line  08  may  be,  the  amplitude  am(/>:ff),  if  supposed  to  vary  eanH" 
nuously,^  will  have  increased  by  four  right  angles,  or  by  27r,  in  the 
course  ot"  tliis  one  positive  circuit ;  and  consequently,  the  amplitude 
of  the  left-band  factor  (/>:  a)"*,  of  0p,  will  have  increased,  at  the  same 
time,  by  2mv.  Then,  if  the  point  a  be  also  interior  to  the  oval,  so 
that  the  line  oa  must  be  prolonged  to  meet  that  curve,  the  ray  ap  will 
have  likewise  made  one  positive  revolution,  and  the  amplitude  of  the 
&ctor  (p-  a):  a  will  have  increased  by  ^tt.  But  if  a  be  an  exterior 
point,  so  that  thejinite  line  on  inUreects  the  curve  in  a  point  M,  and 
therefore  nswr  meets  it  again  if  prolonged,  although  the  prolonga- 
tion  of  the  oppoiite  line  AO  must  meet  it  onee  in  some  point  n,  then 
while  the  paint  P  performs  first  what  we  may  call  the  positive  half' 
Mrettit  from  m  to  B,  and  afterwards  the  other  positive  half-drcuit 
fVom  B  to  If  againf  the  rag  ap  has  only  oedSated  about  its  initial  and 
final  direction,  namely  that  of  the  line  ao,  without  ever  attaining  the 
appoiite  direetion  ;  in  thie  case,  therefore,  the  amplitude  am(AP:  oa), 
if  still  supposed  to  vary  eonOnuousli/,  has  only,^i«toal0tfin  its  value, 
and  has  (upon  the  whole)  undergone  lie  ^ange  at  alL  And  since 
precisely  similar  remarks  apply  to  the  other  given  points,  b,  &c., 
it  follows  that  the  amplitude,  am^p,  of  the  product  (VIII.)  ot'all 
these  factors,  has  (by  236)  received  &  total  incrcmcut  =2(m-|-f)n-,  if 
t  be  the  nuinher  (perhaps  zero)  of  given  internal  pointsi,  a,  b,  ..; 
while  the  number  in  is  (by  249)  at  least  =  1.  Thus,  while  r  per- 
forms (us  above)  one  positive  circuity  the  amplitude  am  fl")  /las  juissed 
at  least  m  fime-^,  and  therefore  at  lea.^f  once,  fhrongh  a  nilue  of  the 
form  2pTr;  and  consequently  the  condition  X.  has  been  at  least  once 
aatiefied.   But  the  other  condition,  IX.,  is  satisfied  throughout^  by  the 

*  That  i.o,  so  fls  not  to  roceive  any  sudtlen  tociMient,  or  decmneoC,  of  out  or 
mora  vrhok  circumfvrejioes  (comp.  236,  (1.)  ). 
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supposed  constniction  of  the  oval :  there  is  therefore  ai  least  one  real 
position  p,  upon  that  curre,  for  which  <pp  ov  fq=l  \  so  that, /o-r  this 
position  of  that  point,  the  equation  249,  HI.,  and  therefore  also  the 
equation  248,  I.,  is  ^atii-fied.  The  theorevi  of  Art.  248,  and  conse- 
quently also,  by  247,  the  theorem  of  244,  with  its  traofiformatioiiS 
245  and  246,  is  therefore  in  this  suurner  proved, 

253.  This  conclusion  is  so  important,  that  it  may  be  use- 
ful to  illustrate  the  general  reasonings  by  applying  it  to  the 
of  a  quadraHe  eqvaHon,  of  the  fonn» 


We  have  now  to  prove  (comp.  260^  V ILL.)  that  a  (real)  point  p 
ezistSi  which  renders  the  fourth 
proportional  (226)  to  the  three 
lines  0A9  op»  ap  equal  to  a 
given  line  os,  or  ab,  if  this  lat-  ^ 
ter  be  drawn  =  os ;  or  which 

satisfies  the  following  condition  of  similarity  of  triangles 
(118), 

III.  . .  A  AOP  a  PAB ; 
which  iRcAft/et  the  equation  of  rectangles, 

IV.  .  .  uT'. Ai' =  6a-ab.  M 

(Compare  the  annexed  i'igurcs,  55,  and 
65,  bis,)   Conceive,  then,  that  a  conti- 
nuous cur?e*  is  described  as  a  locus  (or 
as  part  of  the  loons)  of  p,  by  means  of  this  equality  IV.,  with 
the  additional  condition 
when  necessary,  that  o 
shall  be  witliin  it ;  in  such 
a  manner  that  when  (as  in 
Fig.  50)  a  right  line  from 
o  meets  the  general  or  total 
locm  in  several  points,  m, 


Fig.  65,  bit. 


•  This  curve  of  the  fourth  degree  h  ihc  well-known  CaMainian;  but  when  it 
breaks  up,  aa  in  Fig.  iiit!>  (wo  g'purate  «vals,  wo  here  ntain.  as  IA«  OCal  o/lke 
proof,  on/jf  the  one  rouiiil  o,  rejecting  for  Ibo  present  that  round  A. 
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m',  n',  we  reject  all  but  the  point  m  which  is  near<f^^  to  o,  aa  not 
belonging  (oomp.  251 ,  Xil.)  to  the  oval  here  considered.  Then 
while  p  moves  upon  that  oval)  in  the  positive  direction  rela- 
tively to  O9  from  M  to  K,  and  from  n  to  m  again,  so  that  the 
ray  op  performs  one  positive  revolution,  and  the  amplitade  of 
the  factor  op  :  08  increases  continuously  by  Sir,  the  ray  ap 
performs  in  like  manner  one  positive  revolution,  or  (on  tlic 
whole)  does  not  revolve  at  all,  and  the  amplitude  of  the  factor 
AP :  OA  incrciisiNi  hy  Stt  or  by  0,  accordino:  as  the  point  a  is  in- 
terior or  exterior  to  the  oval.  In  the  one  case,  therefore,  the 
amplitude  am  <pp  of  the  product  increases  by  4  n-  (as  in  Fig.  55, 
bui) ;  and  in  the  other  case,  it  increases  by  2ir  (as  in  Fig.  66) ; 
so  that  in  each  case,  it  passes  at  least  once  through  a  value  of 
the^&rm  2pir,  whatever  its  initial  value  may  have  been.  Hence, 
far  at  Uawt  one  real  potittony  p,  upon  the  oval,  we  have 

V* .  .  am  0/> »  1 ,    and  therefore    VI.  .  .  JJ^p  «  1 ; 
but  VII.  ..T^p=l, 

thrauffhauty  by  the  eonstruetion,  or  by  the  equation  of  the  locus 
IV. ;  the  geometrical  condiUon  ^  » 1  (II.)  is  therefore  satisfied 
by  at  least  one  real  vector  p ;  and  consequently  the  qaadraHe 
equation  f]  =  i  (I.)  is  satisfied  by  at  least  one  real  quaternion 
root^  q  p:\  (250,  VII.).  But  the  recent  form  i.  iias  the  same 
generality  as  the  earlier  form, 

VIII. . .     «  9'  +     -f  9t  -*  0  (oomp.  24d), 

.  where  qi  and    are  any  two  ^ven,  real,  actual,  and  oomf^anar 
quaternions;  thus  there  is  alwa3rs  a  real  quaternion    in  the 

given  plane,  which  satisfies  the  equation, 

Vlir. . .  F,^' «  g*  +  q,q'  +  q,  =  0  (comp.  247) ; 
subtracting,  therefore,  and  dividing  by  ^-9',  as  in  algebra 
(comp.  224),  we  obtain  the  following  depressed  or  linear  equa-> 
tion  qf 

IX.  .  .  7  +  ^1  •=  0,  or  IX  .  .  . //  =  7"  =  - ^'-j'l  (comp.  246). 
The  quadratic  VIII. has  therefore  a  second  real  quaternion  root, 
^,  related  in  this  manner  to  the  Jirst ;  and  because  the  qm^ 
dratic  fimcHon  (comp.  again  24£)  is  thus  decomposable 
into  tuHf  Hnear  factors^  or  can  be  put  under  the  form, 
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1%  eamwt  vamsh  feat  any  Mrd  real  quatendan^  80  thU 
(oomp.  244)  the  quadiatio  equation  has  no  more  than  two  such 
real  roots, 

(1.)  The  caKe  tfmaHom  WMy  tlMnfim  be  pnC  nndflr  ih»Jbrm  (comp.  248), 
X.  .  .  fi9  =     +  qiq^  +  92«  +  93  =  9  (9  -  9  )  (9  -  l")  +  93=  0  ; 

it  h.'U'i  thtTf  fore  one  real  mnt,  say  9*,  by  ih&  general  proof  which  has  been 

above  iilastrated  by  tlie  c  ase  of  the  quadratic  e<iuation ;  subtracting  therefore  (com- 
pare 247)  the  e<iuiiai>n  Viq  —  0,  and  dividing  by  q-  q\  we  can  depret*  the  cubic  to 
•  quadratic,  which  will  have  two  d«w  real  roots,  q"  and  q" ;  and  Ihua  the  eulnc 
/imtihm  may  be  pat  imdflr  the  tana, 

XT.  . .  irs9  =  (9  -  9  )     -  9  ')  (9  -  g 

which  cannot  vaniith  for  any  fomrth  realvalae  of  9 ;  the  cubic  equation  X.  lias  there- 
fore no  more  than  three  rtal  qiuiUnitm  roots  (conp.  24ki) :  and  aimilarly  for  eqa»* 

tions  of  higher  decrees. 

(2.)  The  existence  of  two  real  roota  q  of  the  quadratic  I.,  or  of  two  real  vectors^ 
p  waA  p%  wUcii  talUtj  tlM  eqiiatkMi  II.,  might  hare  iMen  geomoirtonfy  onHeipaied, 
from  tbenMn^jr  piored  iaeiMies4ir  of  ampUtacle  fp^  in  tho  oooxm  tttom  dicait, 
Ibr  tho  COM  d  66,  Hi^  IneoiutqiiMiiooofwUdbtlienmiiilbofiMfMljMil^^ 
r  and  r',  on  Me  one  oval  tit  that  ilgura,  of  whicil  eocA  aatisfies  the  condition  of  si- 
milarity  III. ;  nnr!  for  the  caM  of  Fig.  56,  from  the  consideration  that  the aecoiuf  (or 
lighter)  oral,  which  in  this  case  exists,  although  not  employed  above,  is  related  to  a 
exactly  a.s  the^>*f  (or  dark)  oval  of  the  Figure  id  rt  lati  d  to  o;  so  that,  to  the  real 
position  r  on  the  first,  there  must  correspond  another  real  position  r',  upon  the  se- 
cond. 

(3.)  As  regarde  tlie  low  of  tUe  wmponiene*,  if  Uie  equtioii  II.  lie  pot  mdor 
the  ftiiB| 

and  if  we  now  ^rite 

XIII.  ..p  =  9a,    we  may  write    XIV.  ..91  =  — 1,       92  =  -<T:a, 

for  comparison  with  the  form  VII 1. ;  and  then  the  recent  relation  IX'.  (or  246)  be- 
tween the  two  rooi§  will  Uke  the  form  of  the  following  relation  between  eeeton, 

XV.  ..p+f'aa;  or  XV. . .  ov^s|»'aia-p«rAi 

•otiuit  the  point  y  complelce  («e  in  the  elted  VIgaree)  the  peraUdognun  ofat^,  and 
the  Unen^iabiBeetedbj  the  middle  point  oof  OA.  Aooordiagty,  with  thia  podtioii 
of  f',  we  hava  (oomp.  IIL)  the  dmOaritgr,  and  (eomp^  n.  and  SS6)  the  eqnatioo, 

XVt ..  AAor^av^iB;      XYTL  , ,  ffi'mf^a-p^^fp^l, 

(4.)  The  efiUr  icbtloo  between  the  two  nota  of  the  qaadntio  YIIL,  namelj 
(eemp.  S46), 

XYIII...9V»9s*  8^  XIX..^p'«-9i 
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and  accordingly,  the  line  0,  or  oa,  ia  a  fouith  propoitional  to  the  three  lines  OA,  or, 
and  Ai>,  or  a,  p,  aud  -  p. 

(5.)  Tlw  Mtasf  jolaffoji,  by  eaieiUaiiom^  of  Uie  qu^raHe  e^uatum  VIII.  in  rem- 
pkmar  qmgUndomt^  ia  perfom^d  mmtUif  aa  l«  afyiibra  t  th»  JbnmJa  beings 

XX. . .  9  =  -      f  v'Q^i' -  92), 

in  which,  however,  the  tquare  root  b  to  be  interpreted  as  a  r^oi  y«ui/cmi<m,  on  prin- 
dpiet  ftfan^f  Ud  down. 

(€•)  and  Mfwad^gtfg  eqpatlom,  wltli  qmteniiM  coeffldttito  of  tha  kbd 
con^derad  in  244,  are  In  like  nmnner  reaoAmf  by  the  known  Jbrmmlm  ofalgelMni; 
bnt  we  have  now  (as  has  been  proved)  tjlm  rmf  (quatornioo)  roelt  for  the  fotnaer, 
and  fourmxh  real  rooti  for  the  latter. 

254.  The  following  is  another  mode  of  presentiDg  tbe  geometri- 
cal reasonings  of  the  foregoing  Article,  \^ithout  expressly  intro- 
dnoing  the  notation  or  conception  of  ampUhtde.  The  equation 
fps  1  of  258  being  written  as  follows, 

I.  ..*avi>=^(i>-a),  or  II.  ..T<r  =  Tx/N  and  IIL..Uff«Uxp. 

a 

we  may  thus  regard  the  vectvr  ^  as  a  known  function  of  the  vector 
or  the  point  s  as  a  function  of  the  point  p;  in  the  sense  that,  while  0 
and  A  are  fixed,  P  and  s  vary  together :  altliougli  it  may  (and  does)  hap- 
pen, that  s  may  rdwm  toa  former  position  without  p  having  similarly 
ret  Timed.    Now  the  essential  property  of  theovo^  (253)  may  be  said 
to  be  this:  that  it  is  the  locus  of  the  points  v  nearest  to  o,  for  which  the 
teneor  TxP  ^  ^  ffiven  value,  say  b ;  namely  the  given  value  of  T«-,  or 
of  OS,  when  the|ioiiit  s,  like  o  and     is  giveiL   If  then  we  concetTe 
the  point  p  to  movs^  as  before,  along  the  ooal,  and  the  point  8  abo  to 
movej  according  to  the  law  expressed  by  the  recent  formula  L,  this 
/otter  point  must  more  (by  XL)  on  the  dreimferenee  of  a  given  eMe 
(comp.  again  Fig.  56),  with  the  given  origin  o  for  cenftre;  and  the 
theorem  is,  that  in  eo  moving^  s  will  paee^  at  least  once,  through  eeerg 
poeUum  on  th/U  eirde^  while  P  performs  one  ektnU  of  the  ovaL  And 
this  may  be  prored  by  obsenring  that  (by  III.)  the  angidar  moHon  of 
the  radius  os  is  equal  to  the  mm  of  the  angulw  motions  of  the  ttvo  rai/s, 
or  and  af;  but  tliis  latter  sum  amounts  to  eight  rijhl  angles  for  the 
case  of  Fig.  55-,  bis,,  and  to  four  riijld  angUs  for  the  case  of  Fig.  56; 
the  radius  os,  and  the  point  s,  must  therefore  have  revolved  twice  in 
the  first  case,  and  once  in  the  second  case,  which  proves  the  theorem 
in  question. 

(1.)  In  the  llfst  of  tbeie  two  caiesi  uanely  when  a  if  an  Interior  point,  mdk  of 
the  thne  aqgidar  Tdoddes  IspoiMve  threvghoat,  aadthe  euaii  aagnhr  edbd^ 


Digitizea  by  LiOOgl 


CHAP.  IK] 


CASSIVIAM  LBMNiaCATA. 


273 


tAe  radius  os  is  double  of  that  of  each  of  the  tiro  rnyw  ov,  \v.  But  in  the  second  ca^e, 
when  A  is  exterior,  the  mean  angular  vckx:ity  of  the  ray  w  is  zero;  and  wc  niif^ht 
for  a  moDient  doubt,  whether  thu  sometimes  negative  velocity  of  thai  ray  might  »iot, 
for  part?  of  the  circuit,  exceed  the  always  positive  velocity  of  the  ray  OP,  and  «o 
cause  the  radius  OB  to  move  baciwardSf  for  A  wbOe.  TUt  omMi  bti  iMMIte^.tfiir 
if  we  oooodT«  p  to  dfieribt,  1ik«  f',  a  drenil  of  Um  ^Iftdr  (or  llglitcr)  ttmi,  ia  llg.  ft  6» 
tlM  point  1  (if  adttdaptndantonitlijttwlaiir  10  vould^aiKtavefMdM 
tlM  MBe  dieaiiiftraiet  at  before;  if  thenitooold  everj7«eliM<«  io  it*  motion,  it 
woaldpui  «or»  than  tmice  through  some  given  aeries  of  real  positions  on  that  circle, 
dnricg  the  successive  deeeription  of  the  two  ovals  by  p  ;  and  thus,  ^vithin  certain 
ttmiting  values  of  the  coeflScienls,  the  quadratic  equation  would  have  mor«  than  two 
weal  Toot$:  a  result  which  has  been  proved  to  b€  impossible. 

(2.)  While  s  thu5  describes  a  circle  round  o,  we  may  coDCeive  the  connected  point 
B  to  describe  an  equal  circle  round  A ;  and  in  the  eiM  «C  leuft  of  Fig.  56,  It  It  §Uf 
to  prove  geoMutriMltft  Ikom  IhoouMtoaiequality  (263,  IV.)  ofthoveetttigleiSv.lp 
and  SZ.ii,  M  ttaio  im  («IUi  v^vand  iV  aodiooMCiro),  and  Iho  Aw  oMte 
(within  and  i^aa  omo),  have  fmo  eommm  tmgtnitf  vmOA  to  llw  ttu  oiai 
ipMdIl  ij^Tm^  what  wo  My  ^eaU  tli*4M  pivenfod  (or  peal  points),  <i.  and  A :  tho 
new  or  third  eirde,  which  is  described  on  this /oca/  iiiUmW  oiA^  as  diameter,  passing 
throvgh  the  finir  points  of  contact  on  the  ovals,  ns  the  Figaro  may  serve  to  exhibit. 

(8.)  To  prove  the  same  things  Ay  quaternions,  wc  shall  tind  it  convenient  to 
ehanffe  the  ornjin  (18),  for  the  sake  of  symmetr)-,  to  the  central  point  c;  and  thus 
to  denote  now  cr  by  p,  and  ca  by  a,  writing  also  CA  =  i  a  =  o,  and  representing  still 
the  radius  pf  each  of  the  two  e9.ual  circles  by  b.  alk^  then  have^  as  Cho/sfaf 
equation  of  tbo  ayatom  of  the  Ayo  oealt,  tho  following : 

.  IV.  .  .  T(fJ  +  a).T(p-a)  =  2a4; 

r.  ..T(9^  if  9  =  ^   inn!  ' 

a  a 

Snt  because  we  have  generally  (by  199,  204,  &c.)  the  transformations, 

VI. . .  S.«»  =       -  W  =  T9«  ^  2 Y7»  =  2NS9  -  Nj  =     -  2N V7, 
the  square  of  tho  oqnatkn  V.  may  (by  210,  (8.)  )  be  written  under  dthor  of  the  two 
Iblkming  forms : 

VII.  .  .  (N9-l)«  +  4NV7:-4c«  ;       VIII.  .  .  (Ng  +  1    -  4NS/?  =  4c2  j 
whtieof  the  first  shows  that  the  maximum  value  of  TVg  U  c,  at  least  if  2c  <  1,  as 
happens  for  this  case  of  Fig.  56;  and  that  this  maximum  correspondd  to  the  value 
Tq  =1,  or  Tp  =  a :  results  which,  when  interpreted,  reproduce  those  of  the  preceding 
sub-article. 

(4.)  men  2c>l,  it  ia  pennittedto  mippoao 89  =  0,  NV^^N^sSe-i;  tnd 
fhfii  vo  liavo  only  «m  oontiniKNia  oral,  aa  in  tho  caio  of  Fig;  6^,  Ms;  bat  If  «<  1, 
thoi^  >|^tbewoaditaaoertaia  wMfafalioa  Ittthotomiof  thoooryo(notrBptoeentod 
in  that  flgni«X  ^9  *  MfaMiiaii  for  »  0,  or  fiir  p  X  a,  but  booomfaig  (aa 
bdbio)  •  oMueteiM  when  T9  =  1,  and  vanishing  whan  S9*  x  80  1,  nanetjr  at  tho 
two  summits  M,  K,  where  the  oval  meetit  the  axis. 

(5.)  In  the  intermediate  ca.c,  when  2c  -  1.  tho  Cussinian  curve  IV  bt-cnmefi  (a<« 
is  known;  a  lemniscala ;  of  which  the  quutemion  et^naiion  may,  by  V.,  be  written 
(comp.  200,  (8.)  )  under  any  one  of  the  following  forms : 

2  N 


Digitized  by  Google 


274  ELEMENTS  OF  QUATERNIONS.  [BOOK  II. 

IX...T(9'- or  X. . .  H^sSS.^* ;   or  Xf. . .  T9*eSSn.9<; 
or  finalty, 

XII.  .  .  Tp«  =  2  l  a*  cos  2  I  -  i 

« 

which  bitt  when  written  w 

Xir. . .  CT*  «        Mi  Saop, 
agrees  evidently  with  known  remits. 
(6.)  Thia  oorreqioiidt  to  the  oaM  when 

XIII. .  .  a  =         Mid   XIV. . .  p  =  p'  =  +  ^,  in  253,  XII., 

that  quadratic  9^atum  having  thus  its  roots  tfval;  and  in  general,  tot  all  degret*^ 
ca<«rs  of  tqual  roots  answer  to  MMM  iatorstting  p^euUarititt  of  form  of  the  tmUs,  OB 
which  we  cannot  here  delay. 

(7.)  It  may,  however,  be  remarked,  in  passing,  that  if  we  remote  the  reitricHon 
tliat  the  vector  p,  inr  OP,  shall  be  ts  a  ^ee*  pUuf  (225),  drawn  throngh  tiic  line 
which  oomiMU  the  hpofoei,  o  and  a,  the  reoenC  eqvatioa  V.  will  then  mimwut  the 
turfae*  (or  mrfiutt)  generated  bj  the  revehdiom  of  the  ova/  (or  orals),  orkmniaceta, 
nbovt  Oint  Une  oa  ai  an  odk. 

265.  If  we  look  back,  fur  a  moment,  on  the  formula  of  similarity^ 
253,  III.,  we  shall  see  that  it  inyolves  not  merely  an  equality  of  red' 
astgUt,  233,  XV.,  bat  also  an  equality  of  angUSf  aop  and  pab;  so  that 
the  angle  oab  represents  (in  the  Figures  56)  a  giom  dijference  of  the 
hoM  angles  aop,  PAO  of  the  triangle  OAp:  but  to  construct  a  truui^^ 
by  means  of  iudk  a  given  difirenee,  combined  with  a  given  base,  and 
a  gwen  r^ngk  oftidet,  is  a  known  problem  of  elementary  geome* 
try.  To  solve  it  briefly,  as  an  exeioise,  bg  gtuUemitms^  let  tbe  given 
base  be  the  line  aa',  with  o  for  its  middle  point,  as  in  the  annexed 
Figure  57;  baa'  represent  the  given  diffe- 
rence of  base  angles,  paa'-aa'p;  and  let  OA.  AB  — 
be  eqnal  to  the  given  rectangle  of  sides,  2p*  at. 
We  shall  then  have  the  similarity  and  equa- 
tion, 

1. , .  ^oa'p  a  PAB;      II. . .        =  - —  ; 

a        p  —  a 

whence  it  follows  by  the  simplest  calculations,  *  Fig^Sj 
that 

or  that  /» is  a  mean  proportional  (227)  between  •  and  fi.  Draw, 
therefore,  a  line  op,  which  shall  be  in  length  a  getmtirie  mm  be- 
tween the  two  given  lineq,  oa,  ob,  and  shall  also  Httd  their  angle 
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AOB;  iU  extremity  will  be  the  icquiied  vertex,  p,  of  the  sought  tri* 
engle  aa>:  e  result  of  the  quaierm(mam^ftie,  which  ffeonutriealesfn' 
Ikmk*  eeaily  oonfirma. 

(I.)  Theeqnntion  III.  is  however  satisfied  also  (cotnp.  227)bj Um  ifpottteTec* 
tor,  OP  :=ro,  or  p  =  -  p ;  and  because  /3  =  (p :  a)  .f),  we  have 

P-^^P^P*^rxr*  P'B  OP  OB  01-' 
p-^  a     a     p      a  paoaop  oa 

BO  that  iYutfmr  foUowiog  Uiui^«a  are  ginular  (the  twojvrtH  of  tbem  indeed  being 

T. . .  A  A'or'  QcAorotvoB  ocap^b; 

AS  geometry  again  would  confirnu 

(2.)  The  anglefl  ap'b,  bpa,  an  therafore  Mgap/eaMMAvy,  their  sum  being  equal  to 
tlM  som  of  the  angle*  in  the  triangle  oap  ;  wbeoee  it  ihOowa  that  tktfour  poinu  a, 
p,  B,  ore  coMclrmlar.'t  or  in  other  worde,  th9  ftmAriUUr^  Anaf  ie  Ineer^tfe 
in  a  tird9,  wlilclt  (we  may  add)  pasiies  through  the  centre  c  of  the  tOrda  oab  (tee 
again  Fig:  67)|  became  the  angle  AOB  iadleaMe  of  the  angle  ap'b,  by  what  baa  been 
already  provpfl. 

(3.)  Quadratic  equations  in  quaternions  may  also  be  tiji{ilu}  ed  in  the  solution 
of  many  other  geometrical  problems ;  for  example,  to  decompose  a  given  vector  into 
two  othera,  which  shall  have  a  given  geometrical  mean,  Ac. 

Skction  6  On  the  n' -  n  Imaginary  {or  Si/mbolical)  Roots 

of  a  Quaternion  Equation  of  the  n'*  Degree ^  xcitk  Coeffir 
denti  of  the  kind  amndered  m  tlie  foregoing  ISection* 

256.  The  polyijumiul  ruiiction  F,(i  (245),  like  the  quaternions 
9j  ?u  •  •  on  which  it  depends,  may  always  be  reduced  to  the  form  of 
a  couple  (228) ;  and  thus  we  may  establish  the  traustorniatiuu  (comp. 
239). 

T.  .  .  F^q- F^{x  +  iy)  =     + » =  Gu y)  +  OJ^ {x, y), 
X«  end  Jr„  or  (?»  and  Zr„,  being /too  known,  real,  finite,  and  scalar 
fundwne  of  the  two  sought  eealarif  x  and  y\  which  functions,  rela- 

•  In  fact,  the  two  triangles  1.  are  similar,  as  required,  because  their  angles  at  o 
and  1'  arc  equal,  and  the  sides  aljout  them  are  projiortionaL 

f  Geometrically,  the  construeiion  gives  at  once  the  similarity, 
^  AOP  oc  pon,    whence    L  upa  -  opa  ^  i  ao  =  poa'  ; 
and  if  we  complete  the  parallelugiam  apa'p',  the  new  similarity, 

A  OA'p  «  oi-'it,    gives    L  Ai  'ii  =  oa'p  }  a  10  =  aop; 
thus  the  opposite  angles  ni  a,  kvu  are  supi'lemcntary,  and  the  ([uadrilaleral  Arm  ' is 
inscriptible.     It  will  be  sliown,  iu  a  bliurlly  subsequent  fcieclion,  that  these  four 
pointa,  A,  r,  »,  p',  form  a  harmonic  group  upon  their  common  circle. 


Digitized  by  Google 


276 


tirely  to  thmng  are  each  of  the     dimension,  but  which  involve  also, 
ibongll.  only  in  the  Jirst  dimeoaioD,  the  2n  gtvrn  wad  real  acalarSf 
•  •  •     Vh'    And  aioce  the  one  quaterniotk  (or  couple)  equation^ 
»  0,  IB  cqnivmlent  (by  228,  IV.)  to  the  igMtom  of  the  tW0  Malar 

II.  ..jr,-0,    F,-"0,'   or    in.     .  ^?,.(ar,y)'=0,  =0, 

we  8ec  (by  what  has  been  stated  in  '214,  and  proved  in  252)  that 
stick  a  system^  of  two  equations  of  tlie  n'*  dimension,  can  always  be 
satisfied  by  n  ayttema  (or  pakra)  of  real  sccUars^  and  by  not  more  than 
n,  such  as  '  * 

IV.  .  .  jc\  y' ;    x'\     ; . .        x>\  ^ - ; 

although  it  may  happ^  that  two  or  more  of  these  syatems  shall  Mm- 
cid$  with  (or  beoome  equal  to)  each  other. 

(1.)  \f  X  and  y  be  treated  as  co-ordinatet  (comp.        (8.)  ),  the  two  eqaaticms 

II.  or  HI.  ripre.*t'nt  a  iy$tevi  of  /kv>  currra,  in  the  gi%'en  ]>lane  ;  and  then  tho  theo- 
rem i?,  that  theae  two  curves  intersect  each  other  (generally* )  in  n  rial  pointt,  and 
in  no  more :  altboogh  tvro  or  more  of  these  »  points  may  happen  to  coincidt  with 
each  other. 

(2.)  Ut  h  denote,  as  a  tsmporaiy  abridgment,  the  Motordbmqf  iamgmary, 
V- 1,  of  a(p«Ara,  ooiuidered  as  an  umiiiUrprettd  lymAo/,  and  as  Mf  eqnal  to  My 
rwf  Mffor,  such  as  t  (comp.  181,  and  (8.)  %  but  as  following  tho  rate  rfum- 
Un,  esperislly  as  ngudM  tim  eommiftaClsw  i^rcfiHif  cfailtlpUeat|eD(A26)  i  ao  tbat 

y.....  A»4l«Ak  and  >yi.  birt  VII. . .  il Mfe^i 

(8.)  Lat  q  denote  etUl  a  real  quaUnkmt  or  resf  eotgili^  »  +  and  with  the 
meaniog  Jnit  now  proposed  of  A,  let  [q]  denote  the  cennoctsd  bat  MNviMiy  «^ 
M«f«m<i^,  or  M-seoler  (S14|  (7.>),^»'l>ilr ;  so  that  .  . 

Till,  gajr  +  ^i   bat  IX. . .  [f]B«-|>Ay ; 

and  tetany  UqtmUndom  (914),  (8.X  or  (as  we  may  A«r»  esll  it)  Bi-ooorti,  of  the 
Jbrm  [if]  4         be  said  to  be  coii^anar  with  <;  with  the  oU  neMlon  (ISS)  of 

oomplanarity. 

(4.)  Then,  for  tlic  polynomial  tquntinn  in  real  and  eomplanar  quaternioitt^ 
Fnq  =  0  (2 1 1,  215),  we  may  l"^  led  t-i  tubstitute  the  following  conneettd  aigtbraiciU 
equation^  of  the  tame  degree,  n,  and  involving  real  acalart  similarly  : 


*  Cflsea  of  equal  roots  may  cause  points  of  interafction,  which  are  generally  ima- 
jfinary^  to  become  real,  but  coincident  wiUi  each  other,  and  with  formtr  real  roots : 
fbr  instance  the  hyperbola^  x'  -  y '  =  a,  is  inteiseeted  in  hoo  reml  and  StiHm^  ptimtt^ 
by  tlie|»airo/r^A(liii«««yBO,  if  the  scalar  a>  or  <0;  but  for  the  case  ««  0,  the 
two  pain  tfivui^  -  y<  s  0  and  ^  =  0,  majr  be  considered  to  have/i«r  eoimekUmi 
inteneeHoitt  at  the  origin. 
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which,  after  Uw  ndocUoM  d^^eadbg  on  the  tabsUtoUoo  V.  of  -  1  for  k*,  receives 
the  form, 

XL..  [/„v]«'«i+*'^»«0; 

whm  X»  tad     an  tin  mmmVim}  omT  eeolar/faMlioM  m  in  I« 

(6.)  But  «•  bftfe  MMi  in  IL|  tliat  lAcw  Uw  real/kiiuflimff  em  be  made  to  eo* 

Ommnf  AlffAraital  BjutiHcm  X,  <{f  (A«  n**  Dtifrt$^  hm  tktnjhn  n  Mm!  er  Jm^t- 

Tjr  Roottt*  of  the  Form  x-*-  y  V  —  1 ;  and  it  haa  no  mor<«  f/mn  n  Bach  roota 

(6.)  Elimination  of  y,  between  the  two  oqualiona  II.  or  III  ,  c  niducts  generally 
to  an  algebraic  equation  in  t,  of  tin.'  dtgreo  n' ;  which  equation  has  tfu  refore  alge- 
hrme  roots  (5.),  real  or  ima^mar>  ;  uaincly,  by  what  has  been  latdy  proved,  n  real 
and  uajar  rootsy  af, iHth  real  and  liuftiJ'  oafc^a  y', .  .y'**)  (comp.  IT.)  ofy 
to  €mn»ppmdi  and  n(i»- 1)  9tk$r  roaltf  with  the  aana  number  ef  cemipendfaig 
vakm  of   wUch  magr  be  that  deootod, 

and  whieb  an  eMwr  thcoiMlTaa  imagimtrp  (or  M-eeatar,  S14,  (7.)  ),  or  at  leait  eor- 
rmpemd,  bf  tbo  aappoaed  eUnitoation,  to  iaayiaayy  or  M*«eaAir  ooAm*  ef  jr;  rinoetf 

and  y^Q,  fomanple,  coald  both  be  rea/,  the  gwa/n-inon  equation  F^mO 
would  then  have  an  (n  +  l)st  rroi  roo<,  of  (be  fdim,  +^ih1),  ooatmjr 

to  what  baa  Um  proved  (253). 

257-  On  the  whole,  then,  it  results  that  the  equation  F„q  =  0  in 
com  planar  quaternions,  of  the  n"*  degree,  witij  real  coeiUGieDta, 
while  it  admits  of  odIj  n  real  quaternion  rootSt 

1...  j',^',..9<->(244,&e.), 

is  9jfmMiea^  totkfitd  abo  (oomp.  214,  (3.)  )  ^  f»(fi-  1)  imaginary 
fwtUrnwn  rooto,  or  by  -fi  H^aatemmt  (214,  (^)  X  or  ht-cat^du 
(256,  (3.) ),  which  niny  be  thus  denotod, 

II.  ..[(7'-],..  [7'-']; 

and  of  which  the  first,  for  ejiample,  has  the /orm, 

where  x/"'",  ar,/"*'',  and  f/,/'*'^-  Me  four  real  scalarSf  but  h  is 

the  imaginary  of  algebra  (256,  (2.)  ). 

(1.)  There  must,  for  iiutance^  be  n  (a  - 1)  iia^iaaiy  a^  roofe  of  unity ^  in  the 
gittn  pklm^i  (oomp.  256,  (3.) ),  bevdea  the  »  rvafroolf  already  datermioed  (233, 


•  This  ce)cbrnt«l  Tlirorrm  of  Afrjehra  has  long  U-cn  kjjown,  nnd  has  been  provetl 
in  other  ways;  but  it  seemed  necessary,  or  at  least  useful,  for  the  purpose  of  tlio  pre 
sent  work,  to  prove  it  anew,  in  connexion  with  Quaterniont ;  or  rather  to  establish 
the  theorem  (211,  2j2;,  to  which  in  the  present  Calculus  it  corre$pond$.  Compare 
the  Koto  to  page  266L 
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237);  aiid  acr'.ntingly  in  the  case  n=2,  wt  iMtre  the ftm  feBo>irff  tyw  unto 
^1  ||{  i,  two  real  and  two  imaginary  ; 

IV.. .  +  1,  -1;  +Ah 

for,  by  266,  (2.),  we  have 

y...(±*0«»AV»(-l)(-  1)  =  +  1. 

Atiil  tho  two  imaginary  roots  of  the  quadratic  eqaation  F2q  =  0f  whicb  g€mtnlfy 
oxUt,  at  Itvi-t  ;i3  gymhoU  (21  1,  (3.)  ),  may  be  obtaJncfl  by  multiplying  the  tqvare- 
root  ill  llic  formula  1'."!',  XX.  b}  Ai' ;  so  that  in  the  pariicular  cute,  when  that  racfc"- 
ca/  vanishet,  Uie  yi'vr  roof«  of  tbe  equation  become  realmd  e^jval :  zero  having  thua 
mfy  UtttftoT  a  §qtiare-root. 

{,2.)  Agalo,  If  w«  write  (comp.  237,  (3.)), 

VL..«-liie  J  ,        g*sm..^--  , 

10  Hut  1,  9,  93  an  tha  tkret  rttU  eitb§'root§  tfpodUm  mmUgt  in  tha  i^vw  plane ; 
tnd  If  wt  writs  atacs 

vii...«=b>^^:i,     e.=[,j.  =  ^Aii. 

•0  that  9  tod  9*  aM  (at  luaal)  tba  tmo  ardrntuf  (or  afy^ndeal)  magbutr^  tmie- 
VMiUitfwK^i  tlienlha««Maiit-nM<«^t(|||^aratlMfiillowiiig: 

YIII. . .  1  s   9,  9*;   0,  9*;   O9,  9>9;   6*9,  0*9*; 

whereof  the  Unt  la  a  r$al§eal^s  the  two  next  are  rwa/eoi;p<ai,or9«afcni&mt 

the  two  following  are  imaginary  tcalart,  or  bitealani  and  the  fbur  that  remafai  an 

imaginary  couples,  or  hi-covplea,  or  hiquatemions. 
(8.)  The  •ix/een  fourth  roots  of  unii^  CHI  0  • 

IX...  ti;  ±»:  ±A;  ±W:  i  ?(i  t'O  (1  ±0; 

the  tliroe  ambigunus  signs  in  the  last  expression  being  all  independent  of  each  otlier. 

(4.)  Imaginary  roots,  of  this  sort,  are  snmotimcs  ustfvl,  or  rather  necessary,  \a 
calculations  respecting  idea!  intersections,*  and  itiea!  contacts,  in  geometry:  although 
in  what  remains  of  the  present  Volume,  we  shall  have  litUe  or  no  occasion  to  employ 
tben. 

(5.)  Wo  vuji  however,  hen  obienro,  that  when  the  rulricUom  (225)  en  tiie 
fiame  «f  the  qoaten^  9  ia  miMwd^  tho  Omeral  QHaUrtdom  B^iut^m  tftkt 

Dtgrte  adodti)  by  the  foregoing  prineiplea,  no  fewer  than  n*  Roots,  real  or  imagi- 
nary :  because,  whea  that  gooenl  equatitMi  ia  rednoed,  by  221,  to  the  Standard 
Quadrimomial  Farm^ 

X.  .  .  F,.q  =      4  iX.  -i  jVn  (  AZ,.  =  0, 

it  breaks  up  (comp.  221,  VI.)  into  a  System  of  Four  Scaiar  Equatunu,  each  (gene- 
rally}  of  the  n'*  dimension,  in  w,  r,  y,  z  ;  namely, 

XI.  .  .       =  0,        X„  n  =  0,       Z.    0  ; 

and  if  x,  y,  z  be  eliminated  between  these  four,  the  result  is  (generally)  a  scalar  (or 
algebraical}  e^atiom  of  the  degree  n*,  relatively  lo  the  remaining  consiHuentt  w ; 


Cump.  Art.  211,  and  the  Notes  there  referred  to. 


Digitized  by  Googl 


CHAP.  II.] 


RECIPROCAL  OF  A  VECTOR. 


279 


iriiidk  thanlbre  hu  (tlfebndatl)  mAmv,  ml  or  imaginarjr :  and  sinJUrlyf^rlbe 
tluw  olbar  coiMtfta«it%  dr,  y,  s,  of  tbt  tongfat  qintifaioD  f. 

(6.)  It  may  even  happen,  when  no  plane  is  pivm,  that  the  Nimicr  of  root*  (or 

."olutiona)  of  ayfni7e*  equation  in  quaternions  shall  becotiio  in  fir-ite  :  t\<f  has  been 
seen  to  be  the  cjise  for  the  equation  r/'  -  —  1  (149,  164),  eren  when  wo  ct  iiiine  our- 
selves to  what  we  have  conbidervd  as  real  root".  K  imopinary  roots  he  aduiittcJ, 
we  may  write,  still  more  gcneraiiy^  besidcsi  the  two  i/isctdar  values^    A,  the  expre»> 

•  and  1^  twhig  tliM  ojqr  Am  fmI  mui  r^f  giMlMloM,  Ik  rMfMyaJSor  pUuu$,  pro* 

Tided  that  the  norm 

(7.)  And  in  like  manner,  l)eside9  the  two  real  and  scalar  values,  +  1,  we  have 
this  (^ncral  syin^>oIicaI  Gxpre«j»ion  form  aquATO  root  ofjKNdtivo  onityi  witii  nior^y 
the  difference  of  the  norms  reversed  : 

Sbctioit  7. — On  the  Hedprocal  of  a  Vector^  and  on  Harmo- 
nic Means  oj  Vector  s ;  icith  Remarks  on  tht^  Auharmunic 
Quaternion  of  a  Group  of  Four  Points^  and  on  Conditions 
of  Concircularity. 

208.  When  two  ▼ectora,  a  and  a\  are  so  related  that 

I.  .  .  a  =  -  Ua :  Ta,    and  therefore    XI.  .  .  a  =  -  Ua' :  Ta, 
or  that 

m.  ..Ta.Ta'-l»    and    IV. .  .  Ua+ Ua -0, 

we  shall  say  that  each  of  these  two  vectors  is  the  Riciprocal^ 
of  the  other ;  and  shall  (at  least  for  the  present)  denoit  tiiis 

relation  between  them,  by  writing 

V.  .  .  a'  «  Ka,    or    VI.  .  .  a  =  Ra'; 
60  that  fox  mry  veeUr  o,  and  eoery  right  quoHeni 

VII. . .  Ba«*Ua:Ta;      VIIL  . .  R^a-SKa-a; 

and 

IX.  .  .  RIt?  =  IRu  (comp.  161,  (3.),  and  204,  XXXV'.). 

259.  One  of  the  most  important  properties  of  such  reci- 
procals is  contained  in  the  ibllowing  theorem : 

•  Compare  the  Note  (n  pn^'e  2C5. 

f  Accordingly,  under  these  conditions,  we  shall  afterwarda  denote  this  recipro- 
«fll«f  a  vector  a     fho  ^fmM  a~*  s  but  we  postpone  the  nw  of  this  notation,  until 
we  eball  bo  ymiai^ed  to  coniMet  it  wtfh  a  general  tbeoiy  of  jwwiMft  mrf  foawrf  of 
v€dun,  Coin|iare      T.,  and  the  Note  to  page  121.  And  aa  regaida  the  tempo- 
raiy  aae  of  the  chaneterietlc  R,  compare  theaeoond  Kote  to  page  S6S. 
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If  any  two  vectors  ua,  oh,  have  oa',  ou'  for  their  reciprO' 
cfl/*,  then  (comp.  Fig.  58)  tlie  right  line  a'd' 
10  parallel  to  the  tangent  oo,  at  the  origin  o,  ^ 
to'ike  circle  oab;  snd  the  two  trianglet, 
0AB9  obV,  are  moenely  mmUar  (U6).  Or* 
in  STmbolsy 

I. .  .  if  OA  «B.OA,    and    ou  =II.ob, 
then  ""^^ 

AOABQC^OBV.  .  7|g»68. 

( 1 . )  or  cour^^o,  under  the  Mune  ooodiUoiu,  the  Ungeat  ftt  o  lo  the  circle  oaV  ii 
parallel  to  ihc  Hue  ab. 

(2.)  The  angles  bao  and  on' a'  or  hod  being  equal,  the  fourth  proportional  (22G) 
to  AB,  AO,  and  ob,  or  to  ba,  oa,  and  ob,  hM  the  dlnelieii  of  od,  or  the  direetiom  op^ 
pctiUtoiimttiA'n'i  •nditfiiiw<4iseteQypffOT«dtobetIwr«e^0r«ea^<QrtMNrw) 
uT  tiM  kngllk  of  the  MOM  line  A V,  baetoM  the  rimibr  tri^ 

II.  .  .  (OA :  ba).  ob  =  (o? :  a'b').ob s  1 :  a^ 
it  being  remcmbercU  that 

IIL  .  •  QA.OpaM.OB's  1 ; 

m  nuy  theraAm  wiftt^ 

IT. . .  (OA :  ba).ob«B.aV,  or  V. . .  -^ft  =  fi(R^  -  Ba), 

whatevertwo  Mcfore  a  and  /3  may  be. 

(3.)  Changing  a  and    Co  tluir  redprocala,  the  laat  ftramlr  beeomea,' 

TL..&03-a)«gJ^p.B/3{  or  VII. . .  (oa^b'a^.ob  s&.ab. 

(4.)  Tba  invana  aimOaiilgr  I.  givaa  alao^  ganoallsr,  tlio  idatioo, 

VIII...K^=5f. 
a 

((>.)  fittnoa,  than,  by  196,  U.,  or  307,  (2.), 

IX...k5±1«K&*--    we  have    X.  . .  Sl?^  c     «2L. ; 

the  lower  signs  agreeing  with  YI. 

(6.)  In  genaral,  the  redprccaU  id cppotitt  Toctora  are  thamaalvea  cfpo^;  or 
inqrmbola, 

XI.  .  .  R(-a)  =  -Ila. 

(7.)  Hbce  genaraQf, 

ZII.  ..Bmss-iBo, 

if  X  be  any  scalar. 

(8.)  Taking  lower  signs  in  X.,  changing  a  to  y,  dividing,  and  taking  conjugates, 
WO  find  Ibr  oMy  <ftrc«  vHiors  a,  p,  y  (comptanar  &r  d^titmar)  the  (brranla ; 

Ra  -  11/3       UiG^-y)'      Ka      y"/j-a*-y  "  Ai*  co- 
if a    OA,  /j  =  OB,  and  y  =  or,  as  usual. 
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(9.)  If  Oma  we  ejcUnd,  to  an^fmr  pomts  ^tp«u«t  Uie  m^lgtwk  (25), 

^         .      AB  CD 

XTv. . .  (abcd)  =  — .  — , 

^         '     BC  DA 

htUerprtting  each  of  these  ivio  fnctor-quotients  M  a  quaternion^  and  defin'my  that 
their  product  (in  thit  order)  is  the  anAarmonic  quaternion  function,  or  sim[ily  ^Ae 
Anharmonic,  of  the  Group  of  four  pointg  A,  D,  C,  D,  or  of  the  ( plane  or  gauche)  Qua' 

4Htattnl  ABCD,  we  shall  have  the  followiog  geoetal  and  tualtd  formula  oftrtutrfor- 


XV. .  (oABc)  =  K    '    ZJi «  E.-r-u 

fribereoA',  ob',  OBfareMppMedtobenelpiMaltflf  0iA,0B|0O. 

(10.)  With  this  notaUoa  ZIV.,     hmpMcrd^,  and  not  aMnfyftr  toUUmt 

group*  (35),  the  relations: 

XYL . .  (abod)  +  C*OBD)si  1 ;      XYU. . .  (abcd).(adob)s1. 

(11.)  r^t  o,  A,  B,c,  D  be  any /bcjMlMf^  and  OA',..  01/ the  ndftMib  of  OA,. . 
oi>$  wo  duU  then  lunro^  Iqr  XY., 

XVm.  • .  ^  =  K  (OCBA),     ^  =  K  (o ADC)  ; 

jukd  therefore, 

XIX.  .  .  K  (A'BVn')  =  (oADc)  (ocba)  =  -  (oadcba), 
if  we  agree  to  write  geaerally,  for  any  gix  poinU^  the  formula,* 

__         -  ».     AB    CD  EP 

XL, . .  (abodbt)  =  — 

^  BC    I)K  FA 

CI2.)  If  then  the  five  points  o . .  d  be  eomplanar  (225),  we  hATe,  by  226,  and 

by  XIY., 

XXL  .  .  K(a  u'u'i>')  =  (abod),    or    XXI'.  .  .  (a'b'c'd')  =  K  (abcd)  ; 

the  iuihannonic  quaternion  (Ar.cn)  bting  thus  changed  to  its  cot^ujfaU^  whea  the 
four  rajft  oa,  . .  oi>  aro  cluingeU  to  their  reciprocaU. 

260.  Another  very  important  oonscquenoe  from  the  defi* 

nition  (258)  of  reciprocals  of  vectors,  or  from  the  recent  theo* 

rem  (259),  may  be  expressed  us  iuUows : 

Jf  any  three  coinilial  vectors,  OA,  OB,  oc,  be  chords  of  one 
common  circle^  then  (aee  again  Fig.  58)  their  three  coinitial  re- 

•  Th«n  b  «  eosrenlMieo  la  eaUlng,  generally,  this  product  oftkr—  guotienti^ 
(abodbt),  tho  etolNlbiMiy  fMrtmi^,  or  ttaipty  EtobakmBrf,  of  tho  Groiqv 
^Ab  Brimttf  A«  .f,  or  (If  theiy  bo  not  ooUiaoar)  of  tho  pboo  or  gao^^o  B9K0ga» 
bocaoio  Cbo  oqaatkiB, 

(A80AVcr)«>  1, 

1st,  that  the  three  pairs  of  points,  AA*,  BB',  CO*,  form  a  cnllmear  i**- 
i(S6)  of  a  well-known  kind ;  or  lliul,  that  those  (hrcc  pairs,  or  the  three  cor- 
rMpooding  diagonals  of  the  hexagon,  rotnpos*^  a  complanar  or  a  homo^pherie  JntotU" 
Horn,  of  a  new  kind  »ugge*ted  by  quaternion*  (comp.  261,  (11.)  ). 

2  0 
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dprocahf  Ok',  ob',  oc',  are  termmo'eollinear  (24) :  or,  in  other 
words,  if  the/<?tirp(nfi/#  o,  A,  B,  c  be  canciradar,  then  the  three 
pobdi  k\  B*f  c'  axe  dtnated  Oft  Ofltf 

And  oonvenely,  if  three  eomUUd  vedore^  oa'»  ob',  o</,  thus 

terminate  on  one  right  line,  then  their  three  ooinifaal  reeSpro* 
cals,  OA,  on,  oc,  are  chords  of  one  circle;  the  tangentio  which 
circle,  at  the  origin,  is  parallel  to  the  r/r/A^  ;  while  the 
anJiarmonic /unction  (259»  (9.)  )»  of  the  inscribed  quadrilateral 
OABC,  reduces  itself  to  a  ioalar  quotient  qf  segments  o£thAi]hi'et 
(which  therefinreis  its  own  conjngBte»  by  139) :  oainelyy 

I.  .  .  (oABc)  =  b'c'  :  bV  «  (oo  a'b'c')  «  (O.OABC), 
if  the  symbol  oo  be  used  here  to  denote  the  point  at  iiifinityon 
the  right  line  a  b'c';  and  if,  in  thus  employing  the  notation 
(35)  for  the  aniiarmonie  of  a  pla$ie  pencil,  we  consider  the  nuU 
chords  oo»  as  having  the  dxredion*  of  the  tafngetU^  od. 

(1.)  If  p  =  OP  be  the  variable  vfctor  of  a  poiot  P  upon  Ui6  eixde  OAB,  the  fiM* 
^rmUm  equation  of  tluit  circle  may  be  thns  written : 

IL  . .  Rp  a(Ba -R^),    when  ILL .  .  «B(oABr)  i 

the  ooeffldeat «  being  thoi  •  variable  scalar  (eonp.  99,  L},  w1ii«h  d«psDdt  oo  tbt 

variable  position  of  the  point  P  OQ  tbo  circtiiiifmBCe> 
(2.)  Or  we  may  write, 

aa  another  form  of  the  equation  of  the  same  circle  oa,d  ;  w  ith  which  may  usefully  be 
contrasted  the  earlier  form  (oomp.  85),  of  the  equation  of  the  /me  ab, 


(3.)  Or,  dividing  the  second  member  of  by  the  first,  and  tailing  conjugates, 
we  have  for  the  circle, 

VI...^+ ^  =  <  +  «l  while  VII... -  + 
a     p  P  p 

for  the  right  lino. 

(4.)  Or  wa  may  wiite^  bjr  II., 

thialatlar  qrmbblf  I7  204,  (18.),  denotiqg  any  aealar. 


•  Compare  the  remarks  in  the  second  Note  to  page  139,  respecting  the  possible 
detcrminatcness  of  signification  of  the  tymbol  UO,  when  the  xero  denotca  a  A'm, 
which  vanishes  according  to  a  law. 
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(5.)  Or  sUU  mora  bria^^, 

IX...T(oibf)«0;  or  IX'. . . Coabp)bV-iO. 

«•  tkeirplttne,  whneroii.. vottntlnraclpracibof ro^..TC^flMBlqr S59,XZI., 
w»  hm  llie  nbtioiii 

Z.  •  .  (OiAtBiOi)  «  K(OABO)  a  (oulBO)  b  V*l  0  { 

(7.)  Ii;iMfif«Ttr,  the  point  F  be  again  plaeed  «« fito  dreJW  oabo,  tluM  finir  nev 
pointa »nQaftt» pntmi  Artkl*)  eoOiMMar;  being  the  iulmteiioiu  of  tha jMncfl 
F.OABO  vithnparaMil  fa  fAa  fBHfMl  at  p.  In  thla  eaaa^  tbenfinik     have  (he 


XI. . .  (p. oabc)  =s  (oi^i^iCi)  =  (oabo)  ; 

that  the  constant  anharmonie  of  the  pencil  (35)  is  thus  eeeQ  tO  be  equal  tO  what 

have  defined  (259,  (0.)  )  to  be  the  anharmonie  of  the  grovp. 
(8.)  And  because  the  anharmonie  of  a  circular  group  is  a  scalar,  !t  is  equal  (by 
1 87,  (8.)  )  to  its  own  tensor,  either  positively  or  nof^atively  takea :  wc  may  therefore 
write,  lor  any  inscribed  quadrilateral  oabc,  the  funnula, 

XIL  . .  (oabc) s+ T(oABc)  =  ^-  (uA'ic) :  (Ib.co)» 

s7»9MCjc««0/mteapliw  oftppotiU  ridm;  the  npper  or  the  lower  mgn  belog 
#^fcgH,  aeeofding  ee  the  pohit  n'  fhUii  er  doee  notlhU,  bthMm  the  points  a'  and  o' : 
that  is,  accordhig  as  the  quadrilateral  oabc  is  an  uncrossed  or  a  crossed  one. 

■  (9.)  Hcoet  ttb  eaqr  to  iniisr  that/w  any  eireiUar  group  o.  A,  b,  o,  we  have  the 
equation, 

xiu...u2f-±D5?, 


tlie  upper  aiga  being  taken  when  the  neemum  ouo  ia  a  d&«ef  one^  that  ti,  when 
the  fwAUml  OABO  it  wwretMtf;  and  the  lower  sign,  in  the  eomtmy  caae^ 
iHuoeljf  when  the  ancoceBion  ia  (what  may  be  called)  {iidErerf,  or  when  the  qnadif- 
lalend  Sa  en$aed:  while  cooTtnely  thia  equation  XIII.  iaan£kient  to  piove^  when- 
ever It  oeenn^  that  the  anharmonie  (oabc)  is  a  negative  or  a  positive  tecUnTf  and 
tiwrefore  by  (6.)  that  the ^reep  is  circular  (if  not  linear),  as  above. 

(10.)  If  A,  B,  c,  D,  E  be  any  fie  homoapheric  points  (or  points  upon  the  surface 
of  ORf  sphere),  and  if  o  be  ani/  sixth  point  of  space,  while  oa',  . .  of/  are  the  reciprocals 
of  OA,  . .  OE,  then  the  fve  new  points  A  .  .  k'  are  generally  homosphcric  (with  each 
other)  ;  but  if  O  happens  to  be  on  the  sphere  ai-.c  de,  then  a' . .  k'  are  complanar^ 
liieit  common  plane  being  parallel  to  the  tat^ent  plane  to  the  given  eplun  at  O ; 
with  resulting  nnhfirf«^*«  rdatlona,  on  which  we  cannot  here  delay. 

261.  An  interesting  ease  of  the  foregoing  theory  is  that 

when  the  generally  scalar  anharmonie  of  a  eircuhr  group  be- 
comes equal  to  ner/ative  unity :  in  which  case  (eomp.  26),  the 
gioap  IS  said  to  be  harmonic.  A  few  remarks  upon  such  c/r- 
cular  and  hamumk  groups  may  here  be  briefly  made :  the  stu- 
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dent  being  left  to  fill  up  hinta  for  himself}  aa  what  moat  be 
now  to  him  an  euy  ezeroue  of  oalenlataon. 

(1.)  For  nicii  •  giMp  (cenip.  ag^a  Ilg.  68),  w  1mv«  tlras  the  eqwtiw, 
L  . .  (OABC) B  -  1 ;    and  therefore    II. . .  m'o'i 

or  111.  ..B^-K^+^r); 

■ad  under  this  condition,  we  shall  say  ( comp.  810,  (5.)  that  tho  F«€tar  /3  te  the  Hor* 

nOM^c  Mean  between  the  ttrn  vector?,  a  aud  y. 

(2.)  DivMing,  and  takiAg  conju^atM  (comp.  260,  (3.),  and  216,  (6.)  ),  we  thua 
obtain  tlie  equation, 

ay  iJy  +  «      T  +  « 

or 

▼I..  .0«-y«I«,   If  VIL..fe|(y  +  a)5 
t  f 

e  thus  denoting  here  the  vector  oe  (Figr.  58)  of  the  middle  point  of  the  chord  AO. 
Wo  may  then  say  tliat  the  harmonic  mnm  between  any  two  Uoet  is  (as  in  algebra) 
ihc/uurth  proportional  to  t/teir  semisum^  and  to  tfiemtelves. 
(3.)  Geometrically,  we  baye  thus  the  similar  triangles, 

VIII.  .  .  A  AOU  a  Koc;        VIII .  .  .  A  AOK  X  HOC  ; 
whence,  either  because  the  angles  oba  and  oca,  or  because  the  angles  oac  aud  ubi 
an  equal,  we  may  infer  (comp.  2C0,  (5.)  )  that,  when  the  equation  L  ia  satiafiod, 
tho  fbor  potato  o,  a,  b,  c,  if  aot  coliiMar,  an  oommlor. 
(4.)  WohavoalMtlMdmilwItH 

IZ. . .  Aoac  Qton,  and  IS*. . .  Aosa  «  aeb; 
or  the  equationt, 

X. . .  ■     '  ■  ^    ,  aad   X*.  • .  ^     •  ■  "  '  ■  x 
y-t      -t  tt-i      — « 

in  Cut  we  have,  by  VL  and  Yll., 

xn...^(  =  r-2?  =  i-2'"1  =  (  !-!!>. 

t      f  \  '/\'/ 

(5.)  Hence  the  line  v.c,  in  Fig.  58,  is  the  mean  proportional  (227)  bct>\een  the 

lines  EO  and  eb  ;  or  in  >vords,  the  unnisum  (oe),  the  semiiUfftrence  (fc:c),  aud  the 

€XCC49  (ue)  of  the  semisum  oca-  the  harmonic  mean  (ou),  form  (as  in  al^bra)  a 

COllfMvttf  prop0F9hm  (227). 

(6.)  Coayondy,  If  any  three  coinltlel  vecton^  ao,  ao^  bb,  Ibrai  tbaeaeoatlaaed 

proportloii,  end  if  wt  take  ia = ca,  then  the  fbnr  poiate  oabo  will  oompoee  a  dteo- 

lar  aad  luumioidc  group;  fbr  example^  the  palate  Ana'  of  Ilg.  67  ere  anaaged  ee 

ee  to  form  such  a  group.* 

(7.)  It  is  ea.*y  to  ]>rovc  thnt,  for  tlio  intcrihed  tfuadrilatrral  oahc  of  Fig.  68, 

the  rtttemgU*  under  opposite  $idet  are  each  equal  to  kal/  of  the  rectangle  uudw  the 


*  Oompeie  the  Note  to  255,  (2.).  In  that  sub-articlo,  the  text  should  have  run 
thus :  of  which  (we  may  add)  the  centre  r  is  on  the  circle  OAn,  &c.  In  tlie 
centre  of  the  drde  oabc  i«  concircular  with  the  three  pointa  o,  a,  b. 
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diagonals;  which  geometrical  raUtioa  §annm  to  flitlttr  oi  the  Ivo  aoharmonio 
eqaatkm*  (oomp.  259,  (10.))  : 

XIII.  .  .  (oBAc)  =  +  2;       Xlir.    .  (..<  Ai  )  =  +  ^. 

(8.)  Iloncc,  or  in  other  ways,  it  may  be  inferreii  that  ihcMi  tliagonab,  oi»,  xc,  arc 
conjugate  chords  of  the  circle  to  which  they  belong :  Id  the  sense  that  each  passes 
ikraufih  the  pott  of  Um  oCA«r,  and  that  thai  the  line  DB  le  the  meond  tangtmi  from 
tlio  point  Oy  in  wUdi  tbo  ohofd  AO  prokmged  inlcneeti  tho  tangnt  at  o. 

(9.)  Under  the  aune  ooncUtloni,  It  ie  eoqr  to  prarob  either  hjqvateniSona  or  by 
fMMNtij,  that  we  lisnllM  hnrmonio  eq^Mtieat: 

Ziy. . .  (aboo)  b(booa}  s(ooAa)  «  ~  1 ; 

ao  that  AO  ia  the  iiaraMnie  nuan  iMtmen  ab  and  Aot  bo  ia  ancb  a  mean  batweeD 

Bc  and  BA ;  and  OA  between  oo  and  en. 

(K».)  In  any  such  group,  owy  ttm  opposite  pointt  (^ot  oj!ipo»<ito  comers  of  the  qua- 
drilateral), us  fur  example  o  and  u,  may  said  to  be  harmonically  conjugate  to  each 
other,  u-ilh  respect  to  the  two  other  pointM,  A  aud  C  ;  and  we  Si'«  that  when  tho^c  ffro 
points  A  and  c  are  givettf  then  to  every  third  point  o  (whether  in  a  given  plane,  or 
in  space)  there  alwaya  corraqMwb  a  fourth  point  u,  whidh  ie  in  thia  oanee 
goU  to  that  tUid  pointi  fliia  fourth  pdnt  being  ahraya  aoaiyfaaar  with  the  tluoe 
pcintaA,  G,  0^  and  being  even  aendrindkr  with  ttlen^nhieaitlMyllappen  to  1m  co^ 
nmr  with  each  other;  in  whidi  extreme  (or  limiting')  ease,  the  fowtk poml  B  la  afHI 
deUrmmed,  but  is  now  collinear  with  the  others  (as  in  26,  &c.). 

(11.)  Whfn.  aftor  thus  iirlectirip  two*  points,  A  aud  c,  or  treating  (h<'!n  ax  gtrrn 
or  Jixed,  wo  ilotermine  (10.)  the  harmonic  conjugateg  n,  n',  n",  with  respect  to  Mem, 
of  any  three  assumed  points,  O,  o',  o",  then  the  three  pairs  oj  points^  o,  B  ;  o',  tt' ; 
o*,  b",  may  be  aaid  to  form  an  Iwaimtioii^f  eite  m  Me  righi  liae  AO^  (hi  whkh 
ceae  it  will  onlj  be  one  of  an  already  weU-known  kind),  or  ia  a  jpilmt  throogh  that 
fino^  or  oven  genvallf  la  ^Miet.*  and  the  two  pointa  a,  o  majin  all  fheee  caaee  be 
eald  to  be  the  two  IkM  PM9  (or  fed)  of  thie  IhTolntion.  Bat  the  field  that 
opoMd,  for  geometrical  infeatigation  bj  QnatanionB,  la  Ihr  too  extaneive  to  bo  more 

than  mentioned  horo. 

(12.)  We  shall  therefore  only  at  present  add,  that  the  conception  of  tlie  harmonic 
mean  between  two  vectors  may  easily  be  extended  to  ani/  number  of  suih,  and  need 
not  be  limited  to  the  plane :  since  we  may  define  that  ij  ia  the  hanuouic  mean  of  the 
u  aiUtmry  taetore  ai, . . when  it  aatbfiee  the  equation, 

XV. . .  B9  =  ^C^i  +  .;-f  BaOt   or   XYI. .  .  »B« s SRa. 

(18.)  Finally,  aav^garda  the  aolalfonBa,  and  the  ilr^iatMoN  (268)  of  the  ree^p^ 
€^«fa  ecefor,  it  may  be  obaoted  that  if  we  had  dKMNB  to  define  reciprocal  vectmaa 

having  similar  (inatead  of  opposite)  directions,  we  ihoold  indeed  have  had  the  poll* 
Uv-csi^  in  the  equation  258,  YII. ;  but  should hATO  been  obUg«d  to  write,  instead of 
2o6,  IX.,  the  mudi  less  simple  formula, 

KIe=-  IRe. 


*  Tlierc  is  a  sense  in  which  the  geomotiiGal  process  here  epoiten  of  can  be  applied, 
even  when  the  two  fixed  points,  or /mi,  are  mapnaty.   Compare  the  GiamHrie 

S^pMeure  nf  M.  C  ha^le^,  page  136. 
t  Compare  the  NoU>  to  259,  (11.). 
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CHAPTEE  m. 

OM  DIPLANAR  QOATSaMIONSy  OR  QUOTIKKTS  OF  VBCTOR8  IM 
8PACB  :  AND  B8PBCIALLT  OH  THB  A880CIATITK  PBINCI- 
PLB  OF  MDLTIPUCATIOV  OF  SUCB  QUATBBBI01I8. 


Sbction  I. — On  Mome  Emmeiaticns  qf  ike  Auodaiive  Pra^ 
pertyt  or  Prineqtle,  qf  MuUg)Ueatwn  of  D^anar  Qtwrler- 
mom» 

262.  In  the  preoeding  Chapter  we  have  confined  ounelTea 
almost  entirely,  as  had  been  proposed  (224,  220),  to  the  con- 
sideration of  quaternions  in  a  gioen  p/ane  (thatof  t) ;  alluding 

only,  in  some  instances,  to  2)ossible  extensions*  of  results  so 
obtained.    But  we  must  now  return  to  consider,  as  in  the 
First  Chapter  of  this  Second  Book,  the  subject  of  General 
Quotients  of  Vectors :  and  especially  their  AssodaUve  Mulli^ 
plication  (223),  which  has  hitherto  been  only  proved  in  con- 
nexion with  the  JXttTUndhe  Frinciple  (212),  and  with  the 
Laws  of  the  Symbols  i,j,  A:  (183;.   And  first  we  shall  give  a 
few  geometrieal  enunciations  of  that  associative  principle,  which 
shall  be  independent  of  the  distribulive  one,  and  in  which  it 
will  be  suthcicnt  to  consider  (comp.  191)  the  multiplication  of 
versors;  because  the  multiplication  oi  tensors  is  evidently  an 
associative  operation,  as  corresponding  simply  to  arithmetical 
multiplication,  or  to  the  composition  qf  ratios  in  geometiy.f 
We  shall  therefore  suppose,  tiiroughout  the  present  Chapter, 
that     r,  s  are  some  three  given  hut  arbitrary  versors,  in  three 
given  and  dULinct  planes  ;\  and  our  object  will  be  to  throw 

•  As  in  227,  (3.);  242,  (7.);  251,  (7.);  257,  (6.)  and  (7.)}  259,  (8.),  (9.), 
(10.),  (11.)  ;  2G0,  (10.)}  Md  261,  (11.)  and  (12.). 

t  Or,  mora  geneniU^,  lor  any  three  pain  of  nagnitndia^  each  pdr  aopanUdy 
belog  luHnogmeons. 

%  If  tli«  fiuston  9,  r, »  wen  tmplmar^  we  could  alwa/s  (bj  120)  put  Cbem 
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some  addituwal  light,  by  new  ennnowtioiis  In  this  SeotioD, 
and  by  new  demonstarations  in  the  next^  on  the  very  impor- 
tant»  although  very  8unple>  Atiociaiwe  Formula  (223,  IL), 
which  may  be  written  thus : 

I.  .  .  sr,q^s,rq; 

or  thus,  more  fully, 

11,  .,fjfj  =  tf   if  g'^sr,    s'^rq,    and  t^ss'; 

g\  tad  i  being  here  three  tiew  and  derived  venere^  in  Mm 
new  and  derwed  phnee, 

263.  Already  we  may  flee  that  (Jus  Aseoeiative  Theorem 

of  MultifpiHeation,  in  all  its  Ibrnis,  has  an  essential  reference  to 
a  System  of  Six  Planes^  namely  the  planes  of  these  six  ver- 
sorSf 

IV.  .  .     r,  «y  rtjf  sr,  srq^    or    IV.  .  .  ^,  r,  5,      q\  t\ 

on  the  judicious  selection  and  arrangement  of  which,  the  dear- 
nesB  and  elegance  of  every  geometrical  statement  or  proof  of 
the  theorem  must  very  much  depend :  while  the  verswr  eho" 

racter  of  the  factors  (in  tlie  only  part  of  tlic  theorem  for  which 
proof  13  required)  suggests  a  reference  to  a  Sphere,  namely  to 
what  we  have  called  the  unit-sphere  (128).  And  the  three 
following  arrangements  of  the  six  planes  appear  to  be  the  most 
natural  and  simple  that  can  be  considered :  namely,  Ist^  the 
aiiangement  in  which  the  planes  all  pass  through  the  centre  of 
the  sphere;  Ilnd,  that  in  which  they  all  touch  its  sur&oe; 
snd  Ilird,  that  in  which  they  are  the  six  facet  of  an  inseribed 
solid.  We  proceed  to  consider  successively  these  three  ar- 
rangements. 

264.  When  the  first  snangement  (263)  is  adopted,  it  is  natund 
to  employ  arcs  of  great  circUst  m  represerUativea  of  the  verJOff,  on  the 


a  p  y 

and  then  ahould  bare  (oomp.  183,  (1.) )  the  two  equal  temarjf  prodhuh, 

13    d     «  y 

P  a     a     y  a 

flo  that  in  this  caM  (oomp.  224)  Um  AflSOcuiUvo  propertjr  would  be  proved  without  an/ 
difficoUy. 
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plan  of  Art*  163.  Bepwtentmg  thos  the  factor  9  by  the  aro  ab, 
and  T  by  the  siiooeMiTe  are  bo,  we  r^rete&t  (167)  their  prodiuef  tq^ 
or  t',  bj  AC;  or  bj  any  c(iwA  art  (165)t  such  as  db,  in  Fig.  59,  may 
be  «appoeed  to  be.  Again,  representing  s  by  ef,  we  shall  have  db 
as  the  representatiTe  of  the  Ismory  Ci  t*^ 

product  8.rq,  or  ss',  or  f,  taken  in 
on<  order  of  association.  To  repre- 
sent the  other  ternary  product, 
sr  .  or  q'qy  we  may  first  determine 
three  new  points,  o,  n,  i,  by  arcual 
equations  (165),  between  Gii,  nc,  Fig.  59. 

and  between  ui,  ef,  so  that  bc,  ef 

intersect  in  h,  as  the  arcs  representing  5'  and  s  had  intersected  in  e; 
and  then,  after  thus  finding  an  arc  Gi  which  represents  or  j',  may 
determine  three  other  points,  k,  l,  u,  by  equations  between  SLL,  a% 
and  between  lh,  gi,  so  that  these  two  new  arcs,  kl,  uc,  i^reaent  q 
and  j^,  and  tbat  AB,  gi  intersect  in  l;  for  in  this  way  we  shall  have 
an  are,  namely  km,  which  represents  q'q  as  required.  And  the  tkeih 
rem  then  is,  that  this  last  arc  km  is  equal  to  the  former  are  dp,  ta  ike 
fiUl  stRM  of  Art.  165 ;  or  that  when  (as  under  the  foregoing  condi- 
tions of  oonstmction)  the  five  arcual  equtUkm^ 

I. . .  O  AB  = KL,   nBC  =  '^GH,   '-»EF=oHI,  ^ACssODE,   n  QI  = LM, 

sziir,  Am  thie  ebsih  equation  of  the  eame  land  ie  eati^fiei  aleo^ 

IL  • .    DBS  A  km: 

the  two  pomU,  k  and  m,  being  both  on  tke  eame  greai  eMe  as  the  two 

previously  determined  points,  d  and  f;  or  D  and  M  being  on  the 
great  circle  through  f  and  k:  and  the  two  arcs,  dp  and  km,  of  that 
great  circle,  or  the  two  dotted  arcs,  dk,  fm  in  the  Figure,  being 
equally  long^  and  similarly  directed  (165). 

(1.)  Or,  after  determining  the  titne  pcitUt  a  . .  i  so  as  to  satisfy  the  three  middle 
eqoatioiM  L,  we  nilgbt  detcnnlne  tlie  <ilf«e  *M»r  polnta,  k,  l,  ic,  witlunit  eaf  other 
anaalegmafieiM, MiNierwefloiwof  tbethieepsino^  AB,oit  i»,ot; 

and  then  the  tbeoiem  wonld  be,  that  (If  theee  three  last  points  be  enltably  diatJn- 
gotahed  from  thdr  own  op])odtfle  upon  the  iphen)  the  two  extreme  eqoatioiiil.,  sod 
the  equation  II.,  are  satisfied. 

(2.)  The  same  gcomotrical  thcorpin  may  abo  be  thus  enunciated:  J/thf  jirst, 
third,  arid  fifth  iidtg  (kl,  r.n,  En)  of  a  tphcricn!  hcj-agnri  KLGHKD  he  retpecticcly 
and  arcunUy  equal  (165)  to  tfie Jirtt,  tecond^  and  third  side»  (ai»,  nc,  ca)  of  a  spbe^ 
rieal  triangle  abc,  then  the  uemd^  f»ar^  and  MEfA  tides  [lo,  he,  i>k)  o/fft«MMic 
kexa^  or*  9fual  to  the  ikne  mecanve  eidat  (m,  IT,  nt )  o/mieAer  apktHe^  IH* 


Digitized  by  Google 


CBAP.Itl*]  FnSTAVDtlOOVDABRAMaBllBmOFrLAaM.  889 


(8>)  It  m«y  alM  be  stid,  that  if  fit*  Bmeee*»ive  tidtt  (ML, . .  xd)  <rf  om  splurical 
hexagon  be  re5p^tively  and  arcnally  equed  to  tbe ^re  Muccessive  diagonah  (An,  bu, 
Bc,  IF,  ca)  of  another  such  hexagon  (ambicf).  thea  the  tixtk  tide  (dk)  of  thA^si 
ia  equiU  to  the  tixih  diagonul  (fm)  of  tbe  second. 

(4.)  Or,  if  we  adopt  the  coDcvptlou  mentioDed  in  180,  (3.),  of  an  arcuaJ  fusi,  and 
d^MttenchanmlqriiiMrtiDK-hbctwientbe  symbolfof  fhatwoioiiDnuiidi^Chatof 
ttoadtfirfai^Uliigwrttt<ototbtl|^»4a«d;iri«iyil«ldt^ 
with  tha  nesDt  Fig.  69, 1^  tht  ftnniila: 

lite*  B  ani  V  ni^  dciMCe     Aw  jMiMIt  opOQ  tte  tplM^ 

(ft.)  WiOttjalMtxpiwi^tlMnflMiffiiidpl^  alilwiigb  mmmMLlm  rfnpllf^ 
as  fb]]owi(Me  again      M,  and  conpavt  lab-ait  (>.))* 

(6.)      for  a  moment,  we  a^ree  to  write  (oomp.  Art.  1), 

V.,,  •«AB«B^iL, 

w«  Biaj  tlMO  axpraia  th«  noent  itatoBMDt  lY.  •  BtUt  man 

YL  . .  if        +         +        e  0,  thou  it^»  +  n^u  +        »  0. 

(7  )  Or  still  more  simply,  if  f^"  he  aoppoied  to  denote  amy  thret  dipla^ 

mar  arct,  which  are  to  be  added  according  to  tba  mlt  (180,  (8.)  )  Abofa  idbmd  fio^ 
tlie  tktanm  maj  ba  aaid  to  be,  that 

VH. .  .(o''+<»')+*»««''+(n'+o)| 

«r  in  wwdsi  lhat  AMi^km  ufAm  on  «  ^pkm  it  on  JMaeisfiot  (VroHoRb 

(8. )  Con rendj,  If  aiqr  Independent  demonalratiaa  be  gWan,  «f  tbe  tmth  of  any 

one  of  the  foregoing  statements,  considervd  as  exprossinp;  a  theorem  ofiphericaltjeo- 
metry.f  a  new  proo  f  will  thanbgr  be  fumiahed,  of  the  awociatiTe  psoparty  of 
plicatiom  of  fuaitrnions, 

265.  In  the  second  arrangement  (263)  of  the  sir  planes ^  insteftd 
of  representing  the  three  given  versors,  and  their  partial  or  total 
products,  by  arc?,  it  is  natural  to  represent  them  (174,  II.)  by  an- 
gles  on  tbe  sphere.  Conceive  then  that  the  two  versors,  q  and  r, 
are  represented,  in  Fig.  60,  by  the  two  sfiherical  angles,  eab  and 
ABE;  and  therefore  (175)  that  their  product,  rq  or  s\  is  represented 
hy  tbe  external  vertical  angle  at  b,  of  tbe  triangle  abb.   Let  tbe 


I  of  tbeee  formobe  and  iigorcs,  in  connexion  with  the  associative  principle, 
are  taltan,  tboogh  for  tlw  moat  part  wltli'modiiicailoni^  from  dm  anUiot^  Sixth  Lec- 
tm  en  Qnatenilona^  hi  wbidi  tbaft  wholo  anbject  la  vtiry  Iblly  treated.  Comp.  tbo 
Kota  to  page  160. 

t  Such  a  demonstration,  namely  a  deduction  of  the  equation  IT.  from  the  iiva 
nqnatlons  I.,  by  known  piopaitiea  of  ipAaruM/  ooasct,  will  be  Iwiefly  given  in  tlw  tn- 
■uing  Section. 

2p 
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Moond  verior  r  be  also  wpreeented  by  the  iDglo  fbc^  tod  the  third 
Tenor  §  by  bcf;  then  the 
olher  binuy  product,  «r  or 
^9  will  be  r^reseoted  by 
the  external  angle  at  f,  of 
the  new  triangle  EOF,  Again, 
to  represent  the  first  ternary 
product,  t-ss'  =  s.rq,  we  hare 
only  to  take  the  external  nn- 
gle  at  D  of  the  triangle  ecd, 
if  D  be  a  point  determined 


Fig.eo. 


by  the  two  conditions,  that  the  angle  ecd  shall  be  eqml  to  bcf, 
and  DEC  supplement  at- 1/  to  bea.  On  the  other  hand,  if  we  conceive 
apoint  determined  by  the  conditions  that d'af shall  be  equal  toEAB, 
and  afd'  supplementary  to  cfb,  then  the  external  angle  at  d\  of  the 
triangle  afd',  will  represent  the  second  ternary  product,  q'q-sr. 
which  (by  the  associative  principle)  must  be  equal  to  the  firtL 
Conoeiving  then  that  bd  la  prolonged  to  o,  and  fd'  to  h,  the 
Uootphm'kalangUtfOiKiiXkAAD^i^mTaMtheeq^  their 
vtrtieu  D  and  1/  caineidmff,  and  the  rotaHam  (174»  177)  which  they 
represent  being  not  only  egwU  m  anwuntt  bat  also  smUariy  durtOed. 
Or,  to  expreM  the  same  thing  otherwise,  we  may  maaimaU  (262)tft« 
AuoeAaiMM  Prmciple  by  saying,  thattoAm  the  thm  ang^^ tquotkm^ 

I.  ..ABE=FBC,     BCF  =  ECD,     DBC^V— BBA, 

are  saiiafied,  then  these  three  other  equations^ 

II.  .  .  DAF  =  EAB,     FDA  =  ODE,     AFD=  W  -  CPE, 

ors  satisfied  also.  'Sot  not  only  is  this  theorem  of  spherical  geomOry  % 
eonie^pimee  of  the  associative  principle  of  multiplication  of  quaternions^ 
but  oonyersely  any  independent  demonstration*  of  the  theorem  is, 
at  the  same  time,  a  proof  of  the  principle. 

266.  The  Hdrd  arrangemmd  (268)  of 
the  six  pbnes  may  be  illastrated  by  eon- 
ceiTing  a  gawM  hexagon,  ab'oa'bc',  to  be 
tmeHbed  in  a  sphere,  in  sudi  a  manner  that 
the  intersection  d  of  the  three  planes^  o'ab', 
b'ca',  a'bc',  is  on  the  snrfaee;  and  there- 
fore that  the  three  small  circles,  denoted  by 
these  three  last  triliterol  symbols,  concur 

*  Sndk  as  we  shall  tkaleb,  in  tha  fiillowiiiig  Saetibii,  with  tha  lidp  of  tlia  known 
pfoptttietortlMilpAcrMeoiilM.  Oonpan  Cho  Note  to  the  IbNgoinf  Artido. 
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in  one  point  l>;  while  the  second  intersection  of  the  two  other  mill 
circles,  ab'c,  ca'b,  may  be  denoted  bj  the  letter  d',  te  in  the  annexed 
Fig.  61*  Let  it  be  also  for  simplidty  at  first  rappoaed,  that  (as  in 
the  Figure)  the  j&w  cnreufer  snocemont, 

I . .  c'AB^n,  AB'm/,  b'ga'd,  oa'bd',  a'b&d, 

ere  all  direcl ;  or  that  the  five  inscribed  quadrUatcralSy  denoted  by 
these  symbols  I.,  are  all  uncross^  ones.  Then  (by  260,  (9.)  )  it  is 
allowed  to  introduce  three  versors^  q,  r,  each  iiaving  two  expres- 
siorUf  as  follows : 

IL.  .a«U— -  =  +  U— -;   raU— =+U— ,5 

'        Dif  A&  B'D  CB* 

CD'        „  BD' 

ca'  a'b 

although  (by  the  cited  sub-article)  the  last  members  of  these  three 
fcnmuIiB  should  reoeiTC  the  negcoive  aign,  if  the  first,  third,  and 
lonrlh  of  the  successions  I.  wm  to  become  indirect^  or  if  the  corre- 
sponding quadrilaterals  were  ero$tei  ones.  We  have  thus  (by  191) 
the  deriTed  expressions, 

Tir       ^  tt^a'    tt^'B  ,  .^Ciy  -.d'a 

IXl...s'=rj  =  U— -U^;      «'  =  'r=U-«U-i 

"whereof,  however,  the  two  versors  in  the  first  formula  would  differ 
in  their  signs,  if  the  fifth  succession  I.  wore  indirect;  and  those  ia 
the  second  formula,  if  the  second  succession  were  such.  Hence, 

and  since,  by  the  associatiTe  principle,  these  two  last  Tersort  are  to 
be  ejvoi^  it  follows  that,  under  the  supposed  conditions  of  construo- 
tion,  the  fmrpomiSf  b,  c',  a,  i/,  compose  a  etreuier  and  dared  sue* 
ceaaUm;  or  thet  the  qwMcimilt  vtfASjt^  is  plaiu,  huor^^HUe,^  and 
mnerotaed, 

267*  It  is  easy,  by  suitable  changes  of  sign,  to  adapt 
the  reeent  leasoniDg  to  the  ease  where  some  or  all  of  the  auty 
ceamone  L  are  indirect;  and  thus  to  ir^f  from  the  aaaoda- 
tive  principle,  this  theorem  of  spherical  geometry  :  ^ab'ca'bc' 

^  Of  ooont,  since  tbs  four  poiDts  bc'ad'  are  known  to  be  homotpherie  (eomp, 
260.  (10.)),  the  inscripHMSig  <A  quadrilateral  in  a  circle  would  follow  flrom  its 
being  plane,  if  the  lattor  were  otherwi^  proved :  but  it  is  Acr«  deduced  from  tbe 
•gvoUty  of  tbe  two  vtrtort  IV.,  on  the  pUa  of  260,  (9.J. 
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be  a  spherical  hexcLgom,  such  that  the  three  small  circlet  c'ab'« 
b'ca  9  a'bc'  concur  m  one  pomt  then,  Ist,  Me  three  ether  small 
eMee^  ab'c,  ca'b»  bc^a^  eonettr  another  pomtf  d';  and  Ilnd, 
of  the  six  eirenlar  successionef  266, 1.,  and  bc^ad',  the  number 
cf  those  which  are  indirect  ie  always  etfen  (racltiding  zero^ 
And  conversely,  any  independent  demonstration*  ol"  this  geo- 
metrical theorem  will  be  a  new  proqf  of  the  associative  prin- 
dple. 

268.  The  same  fertile  principle  of  associative  mtJtipUcation  may 
be  enunciated  in  other  ways,  without  limiting  tlie  factors  to  be  ccr- 
sors^  and  without  introducing  the  conception  of  a  sphere.  Thus  we 
may  say  (comp*  264,  (2.) ),  that  if  o .  abcdef  (comp.  3o)  be  any 
pencU  of  six  rojfS  m  spaeSt  and  o.a'b'c'  any  pencil  of  ihres  rays,  and 
if  the  three  angles  aob,  cod,  kop  of  the  first  penoil  be  respeotiYelj 
equal  to  the  angles  b'oo\  c'oa',  a'ob'  of  the  leoond,  then  amUm 
pencil  of  lArce  rays,  o.a''b*'c^\  can  be  assigned,  such  that  the  three 
other  angles  aoc,  doi,  foa  of  ihejirst  pencil  shell  be  eqoal  to  the 
angl«8  B'W^  c''oa'%  A^oB^'of  the  Aird:  equalitjf  of  angles  (with 
one  Tertez)  being  hers  understood  (oomp.  165)  to  indede  eemfikmeh 
rity^  and  similarity  of  direelion  of  rotations. 

(1.)  Again  {camp,  SGi,  (i.)  ),  m  msgr  aitalilisb  the  following  fcnnnla,  in  wfaidi 
tin  fiHir  vacton  atjSyd  Hatm  a  oomplniur  pfoporta  (SS6),  bat  a  and  (  avt  say  two 
Unaa  in  apace: 

I.  .  .       -  if    -  =  -  ; 

ye      at  y  a 

for,  under  thia  last  oonditton,  we  have  (comp.  125), 

y  t      aye  ace 
(2.)  AnoCber  enunciation  of  the  AssocuUiye  principle  is  tbe  foUoving: 

iii...«fi^-«  i^=i 

yat  a  y  0 

for  if  we  datannina  (120)  aix  new  vcctora,  tyOi,  and  cX/i,  ao  that 


TO  d  n        .      •  ; 

«  -k    -  »  — ,    whence    -  =  -» 
1    y     «     a'  t  fl 


■ad 

K    a'   ft  7* 


•  An  ehmaottiy  piooi;  by  aUnegrapkk  prqffdfon,  vOl  be  proposed  in  lha  fol- 
lowing Sectko. 
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"wm  iluU  lunre  the  transfonnations, 

(3.)  Conversely,  the  assertion  that  thi>  last  equation  or  proportion  VI.  la  triM, 
■wbenerer  the  twelve  vectors  a  .  .  fi  are  connected  l>y  thv  five  proportions  IV.,  h  a 
form  of  enunciation  of  iht  asaocifttive  principle  ;  for  it  conducts  (oomp.  IV.  and  V.) 
to  the  equatiooi 

Mb«nniridiiiiiiMnitrielko,  tto  IbiM  flMtor-qoallMli  in  TIL  max Nffimil 
«ny  Orw  gwolanirfawf. 

SlcnON  2* — Ow  5^r7?^  Geometrical  Proofs  of  the  Associative 
Property  of  MuUigUication  qf  QjiuUemiimtf  tokiek  are  md«» 
pendoni  of  tko  DiitrOtaive*  Prmdplt. 

269.  Wc  propose,  in  this  Section,  to  furnish  three  geome- 
trical Demonstrations  of  the  Asf^ociative  l*rinciple,  iu  con- 
nexion with  the  three  Figures  (59-61)  which  were  cmi)loyed 
in  the  last  Section  for  its  Enunciation ;  and  with  the  three 
fxaiff entente  of  eist  pUmee^  which  were  described  in  Art.  263. 
The  two  first  of  these  proofe  will  suppose  the  knowledge  of  a 
few  properties  of  spherical  conies  ( 1 96,  (11.));  but  the  third 
will  only  employ  the  doctrine  of  stereoyruphic  jyrnjectiony  and 
will  thcrelure  be  of  a  more  &iv\ci\y  elementary  character.  The 
Princi})le  itself  is,  however,  of  such  great  importance  iu  thia 
Calculud»  that  its  nature  and  its  evidence  can  scarcely  be  put 
in  too  many  different  points  of  view. 

270.  The  only  properties  of  a  spherical  conic,  which  we  shall  in 
this  Article  assume  as  known,!  ^^re  the  three  following:  1st,  that 
through  any  three  given  points  on  a  given  sphere,  v  liich  are  not  on  a 
great  circle,  a  conic  can  be  described  (consistin  Lrcuerally  of  ttco  oppo^ 
site  ovals),  which  shall  have  a  given  preat  circle  lur  one  of  its  two  cjjclic 
arcs;  lind,  that  if  a  transvasal  urc  cut  both  thu^c  arcs,  and  the  conic, 
the  intfrccpts  (suitably  measured)  on  this  transversal  are  equal;  and 
Ilird,  that  if  the  vertex  of  a  spherical  angle  move  along  the  coniCf 
while  its  legs  pass  always  through  twojixed  points  thereof,  those  legs 

*  Compu*  224  sod  262  {  and  the  Nota  to  pagt  286. 
t  The  reader  may  eonralt  the  Trantlation(IHibGn,  1841,  pp.  46t  60^  55)  hy  tiie 
pnamt  Dean  Qrarea,  of  two  Vemoln  by  If.  Cbadesi  en  Cmm  i^tke  Second  He- 
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intefoept  •  eofueml  i$Uirvait  upon  cyclic  m,  separately  takon. 
Admitting  ihasa  three  properties,  we  see  thftt  if»  in  Fig.  6%  we  ooo- 
ceive  »  spherietl  oonio  to  be  described,  so  m  to  pess  through  the 
three  points  b,  f,  h,  end  to  have  the  great  drde  Biso  for  one  eydio 
•TO,  the  second  end  third  eqoations  I.  of  264  will  proTC  that  the  arc 
OLiM  is  the  other  cyclic  arc  for  this  conic;  the  first  equation  I.  proTCS 
next  that  the  conic  passes  through  k;  and  if  the  arcual  chord  fk  be 
drawn  and  proloDged,  tlie  two  remaining  equations  prove  that  it 
meets  the  cyclic  arcs  in  i>  and  M;  after  which,  the  equation  II.  of 
the  same  Ait.  2(J4  inuneJiately  results,  at  least  with  the  arrange* 
ment"*^  adopted  in  the  Figure. 

(1.)  The  Ist  property  u  easily  mm  to  ootnipood  to  tho  poadUlUj  of  ctrcmii- 
seriMng  a  dido  abont  a  given  plaae  trianglo,  namilj  tiiat  of  wbidi  dM  oohmis  an 
thofaiteiSMlioiiiof  aplano  poidlel  to  tho  pliao  oftba  glTcn  i^die  am*  trith  tho 
tfiroo  ndU  drown  to  tho  tlmo  ifinn  pdnts  opoathe  iplMni:  bat  it      bo  woitii 

irtiile,  u  an  exercise,  to  prove  here  the  Ilnd  propvlj  hjf  jWafemioM. 

(2.)  Take  then  the  eqnaOoa  oC  a  «ycfo  com^  196,  (6.),  wbkh  nugr  (by  19% 
XII.)  be  writtea  thus : 

L..8^S^  =  N^;    andlot    n.  .  .  S^' 8 N t 

p  and  p'  being  thus  two  rays  (or  sides)  of  the  cone,  which  may  also  be  consitlf^ml  to 
be  the  vectors  of  two  points  r  and  r'  of  a  spherical  conic,  by  supposing  that  their 
lengths  are  each  unity.  Let  r  and  r'  be  the  vectors  of  the  two  points  t  and  t'  on 
the  two  cyclic  arts,  iu  which  the  arcoal  chord  n>'  of  the  conic  cuts  them ;  ao  that 

nL..8-aO,    8^«0,  and  IV. . .  TraTf'«l. 

The  theorem  may  then  be  stated  thus :  that 

V.  .  ,  if  p^xr  +  XT^,    then    VI.  .  .  p'  =  x'r  +  xr' ; 

or  that  thh  expro^sion  Yf.  satisfies  IL,  if  the  equations  L  III.  IV.  V.  be  satisfied. 
Now,  by  111.  Y.  Yi.,  we  have 

vtt . .  s  e = x's = s  e.;  s  I  -  .s  =  s  ^' , 

a         a     X     a         p         p     -i  /J 

whence  it  follows  that  the  fir^t  members  of  I.  and  II.  are  equal,  and  it  only  remains 
to  prove  that  their  second  members  are  equal  also,  or  that  Tp  =  Tp^  if  IVsTr. 
Accordingly  wo  have,  by  Y.  and  VI., 

vui. . .  p-i^p  -  ^      (i^)*  «H 

and  the  property  in  qaestiott  is  proved. 


«  Modifications  of  that  arrangonMBt  maj  bo  oonodTod,  to  which  howoTorit  would 
bo  ouy  to  adapt  the  reaaoning. 
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271.  To  proTe  the  associative  principle,  with  the  help  of  Fig.  60, 
three  other  properties  of  «  apberical  conio  shall  be  supposed  known:* 
1st,  that  for  every  such,  curve  two  focal  points  exist,  posseaiing  seve-  » 
ral  imporUai  relations  to  it,  one  of  which  is,  that  if  these  two  fad. 
mad  im$  Umgmd  mrc  be  pnen,  the  oooic  can  be  coDstmeted;  Ilndy 
tiiat  il^  firam  any  point  npon  the  sphero,  hos  fai^^SMfobedniwn  to  the 
eonic,  and  also  two  area  to  ikefod^  then  omfietd  are  makes  with  one 
imig€Ht  the  earn  amgh  as  tbe  cthir  focal  are  with  the  oMer  tangent; 
and  Illrd,  that  if  a  spheiioal  qnadrilateralbe  ciionnucribedtoinch 

%  oonic  (supposed  here  for  simpUeity  to  be  a  spherical  dlip$e,  or  the 
eppomU  ellipse  being  neglected),  oppoiSta  iidet  mtbtend  mg^plmmUarjf 
angiesi  at  either  of  the  two  (interior)  foci.  Admitting  these  known 
properties,  and  supposing  the  arrangement  to  be  as  in  Fig.  CO,  \vo 
may  conceive  a  conic  described,  which  shall  liave  E  and  f  for  its  two 
focal  points,  and  shall  touch  the  arc  bc;  and  then  the  two  first  of  the 
equations  I..,  in  265,  will  prove  that  it  touches  also  the  arcs  au  and 
CD,  while  the  third  of  those  equations  proves  that  it  touches  ad,  so 
that  A  BCD  is  a  circumscribedf  quadrilateral:  after  which  the  tliree 
equations  IL,  of  the  same  article,  are  consequences  of  the  same  pro- 
perties of  the  curve. 

272.  Finally,  to  prove  the  same  important  Principle  in  a 
more  completely  elementary  waj,  by  means  of  the  arrangement 
represented  in  Fig.  61,  or  to  prove  the  theorem  of  spherical 
geometiy  enunciated  in  Art.  2679  we  may  mume  the  point  d 
as  the  pole  of  a  Hereographic  projection^  in  whioh  the  three 
•man  drcles  through  that  point  shall  be  represented  bj  right 
Ones  J  but  the  three  others  by  c/rc/65, 
all  beincr  in  one  common  plane.  And 
then  (interchanging  accents)  the 
theorem  comes  to  be  thus  stated : 

b',  e'  be  any  three  pohU 
(eomp.  Fig.  62)  an  the  eidee  bc, 
CA,  AB  of  any  plane  triangle,  or  on 
those  sides  prolonged,  then^  Ist, 
the  three  circles^ 

•  Hm  readtr  may  again  eoonlt  pages  46  and  60  of  the  Translation  lately  ciUU. 
la  sfaktBM%  ttw>  aw  af  wnmfmtfoei,  opposUa  two  two. 

t  Ibe  write  hat  flMwhvo  piopoied  tha  mMIm,  mr{,.)juBCD,  to  diooCa  tbe 
iiiadoa  of  tba  fccsl  peiati  %  p  to  tiiia  dicnnMeriw  g—ii^iHtiifnl. 


Digitized  by  Google 


296 


BLBMlim  OF  QOATBSMIOVS.  [bOOK  It 


I.  .  .  c'AB't  a'bc",  B'ca'} 

w31  meet  in  one  point  d  ;  and  Ilnd,  an  even  number  (if  auy) 

of  the  six  (linear  or  circular)  successions^ 

m 

II.  .  .  AB  C,  fic'A»  CAB,   and   ir.  .  .  c'ab'd,  a'bc'd,  b  ca'o, 
will  be  direct;  an  even  number  therefore  al$o  (if  any)  bein^ 
indireet,  But»  under  thisybrm,*  the  theorem  can  be  proved 
by  very  elementary  conslderatkms,  and  atHl  without  any  em- 
ployment of  the  distributive  principle  (224,  262). 

(1.)  The  Jirit  part  of  the  theortnn,  as  thus  stated,  iseTident  from  the  Third  Book 
of  SncBdt  baft  to  prove  both  porta  together,  it  may  bt  waAil  to  pracoid  as  AUowi^ 
mAmikttttntf  tho  oaDotDtkiii  fS86)  of  motUndtBm  or  of  uidto  ii  nmfiwiitiHirrTff  ffffTf_ 
wbioB  may  bavo  «iyr  vabm,  poaUivo  or  oagativt^  ■adara  to  be  odMvitiiattMtioii 
to  their  f^w. 

(8.)  Wo  amj  thns  wiito  tho  three  egvattoMf, 

III.  .  •  Ab'c  bs  «ir,    BCf'A  K  »V,    OA'b  a  II V, 

to  vtjrm  tho  thioe  eolB«Miljb«9,  ab^o,  ftc  of  Fig.  62 ;  tiielNfiyer, «,  bdog  odtf  or 
ooni,  icoording  as  tho  point  b'  is  on  the  finite  line  AO,  or  on  a  prolongation  of  that 
line ;  or  in  other  words,  according  as  the  first  sveee$$im  II.  io  dUrvef  or  imdiFwet : 

and  similarly  for  tlie  two  other  coefficient",  n'  jind  n". 

(8.)  Again,  if  opqk  bQ  any  four  point*  in  one  plane,  we  may  eetabliah  the  for- 
mula, 

17.  .  .  FOQ-f  ^BsPOB  +  2»ir, 

wUb  tbo  same  conception  of  addition  of  amplitudes;  if  then  d  be  any  poimt  m  the 
pka»§  of  tbo  triani^  abo,  wo  may  wiite^ 

v.  .  .  Ab'd  4-  PB'o  m  mWf    BCCd  +  BO'a  =  llV,    Ca'd  +  1»A'B  m  ; 
and  therefore, 

VI.  .  .  (ab'd  +  i>c'a)  +  (nc'n  +  da'h)  4  (ca'd  +  r>n'r)    («  +  n'  4  n  )  rr. 

(4.)  Again,  if  any  four  points  orqu  be  not  merelv  eomplanar  but  eontueular^ 
we  have  the  general  formula, 

VII.  .  .  org  4  QRO  =/);r, 
the  integer  p  being  odd  or  even^  according  as  the  aucceesioo  opqft  is  cfirfd  or  tiMtf- 


*  The  Aiaodatire  Prindplo  of  MoltipHcatioD  waa  aCatad  oaaily  mider  tUa/brai, 

and  was  illustrated  by  the  same  simple  Magram^  in  paragraph  XXIL  of  a  oommn- 

nication  by  the  present  author,  which  was  cntitletl  Letter*  on  Quaternions,  and  ha<« 
l»c*  n  printed  in  tho  Fir^t  au<1  S»'rt  n  1  Friitions  of  the  late  Dr.  Nlchors  Cyclopaedia  of 
the  rhifgical  Sciences  {Ijmihm  and  Glasgow,  18.'<7  and  1860).  The  same  commu- 
nication contained  other  illit-^tiatiuns  and  con^e<^uenccsof  the  same  principle,  which  it 
has  not  been  thought  necessary  here  to  reproduce  (compare  however  Note  C)  ;  and 
olhara  may  bo  fomid  in  the  Sixth  of  the  eiitbar^  already  cited  Lntmf  m  QHofcr- 
MOM  (Dublin,  186S),  fton  which  (m  alieady  obaerved)  aono  of  the  Ibmnte  and 
flgwea  of  thia  Chepiar  have  bean  taktB. 
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r^ei  i  if  then  we  denote  by  o  the  tccond  interseetiom  of  the  first  and  second  circles  I., 
wlNNOf  c'iBtJInt  intersection,  we  shall  have 

VIII.  .  .  AB  D  +  dc'a  -  pir,       nc'n  +  da'b  =p'ir, 

p  and  p'  being  odd,  when  the  two  first  succeMions  IV.  are  direct,  but  even  in  the  con- 
trary caae. 

(5.)  Haooe^  by  T I.,  ve  hare, 

IX.  .  .  04^  +  db'o  —  p"ir,  where  X.  . .  |»  4  p'  +  p"  =  n  -f  n'  f  n" ; 
ttia  third  tueceuion  II'.  ia  therefore  altcavt  eireular,  or  the  third  cireie  I.  passes 
OfwyAOtfalcrsNCtoi  d  viUktiuoJlnts  md  U  it  dM  «r  MNd^  tliai  !■  to 
Mjt^itodtf  <Mr«Ma,MOQfdii|gaat]MinMiA<r  «/«mis  Mf^ldsafs,  auMOg  tbo>lp« 
pmioosij  ooiuM«nd,  !■  itadf  «•«»  or  «Af ;  or  in  other  wofdib  aceotding  «•  tho 
issnH^  ^imdireet  nwessdMa,  wnoof  tho^Ntf  pravlotMly  oomidflnd,  itcwM  ^adud- 
log  zero),  or  odciL 

(6.)  In  every  case,  therefore,  the  total  number  of  f  ucceseiona  of  t-nch  kindh  even, 
and  6o<A  parts  of  the  theorem  ar«  proved  :  the  importance  of  the  tecond  part  of  it 
(^respecting  the  even  partition,  if  any,  of  the  *ix  tuccetsions  II.  II'.)  arising  from 
the  Dooessity  of  proving  that  we  have  alwtyt,  as  in  algebra, 

Xi  .  .  sr.q=^  $.rq,    and  n«'er    Xli.  .  .  sr.  f  s  —  «.r^, 

if  9,  r,  «  be  any  three  actual  qua$emion$. 

(7.)  The  naiorfafipe  principle  of  mnlUplicatioa  may  also  be  proved,  without  the 
^iilrMis*  principle,  by  ontofai  eontidaiatlMio  of  roiaMDM  of  a  «ys<rm,  on  wUdi  wo 

SjKcnoN  3. — Oh  Mome  Additional  FamaUa. 

273.  Before  concluding  the  Second  Book,  a  few  additional  re- 
marks may  be  made,  as  regards  some  of  the  notations  and  transfor- 
mations which  have  already  occurred,  or  others  analogous  to  them. 
And  first  as  to  notation,  although  we  have  reserved  for  the  Third 
Book  the  intei-pretatiou  of  such  expressions  as  /^a,  or  a'',  yet  we  have 
agreed,  in  210,  (9.),  to  abridge  the  frequently  occurring  symbol  (Ta)* 
to  Ta' ;  and  we  now  propose  to  abridge  it  still  further  to  Na,  and  to 
call  this  squart  qftiu  tensor  (or  of  the  length)  of  a  vector^  a,  the  Norm 
of  that  Vector:  as  we  had  (in  190,  the  equation  T^^  =  N^,  and 
called  the  norm  of  the  quatemitm  f  (in  145,  ( 1 1 .)  ).  We  shall 
iberefoza  now  write  genendly,/ar  atqr  tMCTor  a,  the  fonnala, 

(1.)  The  equations  (c  mp.  186,  (I.)  (2.)  (3.)  (4.)  ), 

n.  ..Npsli       IIL..Np  =  Na;       IV.  .  .  N(p -o)«Nai 

V.  .  .  N(p-a)=N(/3-a), 

represent,  respectively,  the  unit-tphere;  the  sphere  through  a,  ^vith  o  for  ctiitro  ; 
the  sphere  throogh  o,  with  A  for  centre ;  and  the  sphere  through  b,  \k  ith  the  same 
centre  a. 

2<i 
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(2.)  The  equAtioiui  (corop.  166,  (6.)  (7.)  ), 

VI.  . .  N(p  +  a)  =  N(p  -  a)  ■       VII. .  .  N  (p  -  /3)  =  N(p  -  a), 
repTT<«<>Tit,  rcspectivply,  the  plane  throogh  o,  perpeodknUr  to  the  lioe  OA ;  and  the 
plane  wbicb  perpendieidarljf  biaeeU  the  line  ab. 

274.  As  r^rds  tremt/crmatkmi,  ike  few  following  may  here  be 
tdded,  which  relate  pertly  to  the  qtiatermon  fonns  (204,  216,  ftc) 
of  the  Eqwaian^  of  the  EUipwid. 


(1.)  Changing  K(«  :  p)  to  Rp  :  Rv,  l.y  259,  Vlll..  in  t).o  equation  .?17.  XVI. 
r.f  the  ellipsoid,  an<l  obserring  that  the  three  vectors  p,  Up,  and  Hk  arc  complanar, 
while  1  :  Tp  =  TKp  by  258.  thnt  eqnatiiin  beconit;>,  when  divided  by  TRp,  and  when 
the  value  217,  (5.)  for     is  Uken,  and  the  uotalion  273  is  employed : 


of  which  the  fir^t  member  will  soon  be  seen  to  admit  of  being  written  f  &a1\ip  i  pn'j, 
and  the  lecond  member  as     - 1*. 

(2.)  If,  In  ooanozioo  ivHb  tho  oailkr  fbnna  (204,  216)  of  Cho  aqoatkm  of  the 
•amoanrfiMe,  wo  iatfodocoaMvoasitiMfy  ««cfo^^  9  «t  <m,  nidi  that  (compb  216, 
VIII,)  • 

II..        !  8^?-,  V  ^V  =  P  +  2/3S?, 

the  equation  may,  by  204,  (14. )<  be  reduced  to  the  following oxtremelynmplefonn : 

III.  ..  T(r=Tj3; 

which  expresses  that  the  /oc»*  of  tlie  nrm  auxiliary  point  s  is  what  wo  have  called 

the  mean  gpherr.  'J  I  n.  XIV. :  while  the  line  i^,  or  rr  -  p,  which  connects  any  two 
corresponding  point}',  v  and  «,  en  the  olliji'oid  aiid  .-^iilure,  is  st'en  to  be  parallel  to 
the fijred  line  /3;  which  is  one  element  oj'the  homolojf^,  mentioned  in  216,  (10.}. 
(3.)  It  is  easy  to  prove  that 

IV...S^bS^8^  andthenfon  V. . .  S^:S^s8^ 

if  p'  and  a'  be  Uie  vectors  of  two  new  but  corresponding  points,  v'  and  s',  on  the 
eHipaoid  and  iphen}  wbenoe  it  la  aaiy  to  inter  thb  oMar  afanMnl  ^ik»  kmology, 
that  wttf  two  eoirmpm»M»§  ehord$t  ff*  and  of  tha  two  wtufum,  inUneet  aaeA 
«(W  on  <iU  ^diepkmt  which haa ^ for ita qmKe wonMl  (conp.  216^(7.)):  to 
Ihet,  thij  inteneet  hi  the  point  t  of  whidi  the  veotor  la, 


*  In  the  TcHfleation  216,  (2.)  of  the  equation  216,  (1.),  eonridered  as  i^^ne- 
flenting  a  turface  o/the  second  order,  Y  ^  and  V  ^  ought  to  have  been  printed,  in- 

alaadofV-  and  V^;  hnt  thia  does  not  afibet  the  naioning. 


.X 

ft  n 
t  Compare  the  Note  to  page  283. 
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aad  tim  poiut  Lt  ou  Um  pljuii:  ju«t  lucationeU  (comp.  21 6,  Xi.),  because 

0 

(4.)  Quite  flixnilar  results  would  have  followed,  if  we  bad  aaaumed 
VUL  . .  9^1^-  B^-  [  ap-2/»^, 
wbicb  would  have         agiuu,  aa  ia  III., 

IX..Tir«TA   Imtwlth  X  . .  8-«-s'^  s  ^' . 

y      f  r 

the  other  cyclic  phini\  with  y  instead  of  <!  for  ita  normal,  might  therefore  have  Llcu 
taken  (as  oaacrlcd  iu  216,  ^lU.)  ),  oi)  another  plane  of  homology  of  ellipsoid  and 
spbere,  with  the  mmm  cmtn  ofhomhgjf  aa  ballowe :  Mundy,  the  pM  at  infadt^  <m 
tktUmefi,  mcathn  weSt  (204,  (16.)  )  of  one  of  tbe  two  etramtnM  ti^Htdm  of 
ratoMm  (eomp.  220,  (4.)> 

(&)  The  samo  eiypooid  Ib,  in  two  other  wayt,  homologooa  to  the  Hme  nwait 
apbera,  with  the  same  two  cyclic  planes  as  plane*  of  homologjr,  but  with  a  new  eentrt 
of  homolog}',  which  is  the  infinitely  distant  point  on  the  axis  of  the  Mdoml  eiremm» 
MCribed  cylinder  (or  on  the  line  Au'of  the  sub-articlo  lost  cited). 

(0.)  Altliough  not  specially  connected  with  the  ellipsoid^  the  following  general 
tramformations  may  be  noted  hero  (comp.  109,  XII.,  and  201,  XXXI V.) : 

XL  . .  TVVj=V{i(Tg-8,)}  ;    XII. .  •  tanUj-(TV:S)V,=^I^^. 

(7.)  The  equtioaa  204,  XVI.  and  XXXY.,  eaaUy, 
XIIL..UY9eUV179S      XIV. . .  UlVgsAx.^;      XV. . .  TI  Vj  «  TVg  j 
Of  the  more  ejrmboUcal  fbcma, 

XIir...UVUsUVi      XIV. .  .UIVeAac.|  XV'...TlV»TVj 
and  the  identity  200,  IX.  becomes  more  evident,  when  we  obeenre  that 

XVI.  .  .  7-N7--7(l  -  Kq). 
(8,)  We  have  also  generally  (couip.  200,  (lU.)  iiud  218,  (10.) ), 

XVIL  1)     Ny-1  f2V9 

"v  +  i     («  +  l)CKg+l)     %+l  +  2S«' 
(J!).)  The  furniula,* 

XVIII.  .  .  IKjq  '  K7r)  =  U(?r.S7  f  Vr.Vv)-r  i(rV)» 9 
in  which  rj  and  r  may  beany  two  (fua(trnion<t,  is  not  pfrli.ips  rf  any  threat  irnporlance 
in  itself,  but  will  be  found  to  furnish  a  student  wiih  several  useful  exercises  in  trans- 
formation. 

(10.)  When  It  wm  said,  la  257,  (l.)i  that  aero  had  oa/y  itself  tot  a  Mquare-roolt 
the  nMBOing  waa  (eomp.  226),  that  no  5noarial  aapresslM  ofthafarm  s  +  iy  (228) 
tfOirW  toH^  fAt  egiMlioN, 

XIX. . .  0«9««(»4  v)*-(«''f*)+S%, 


•  This  formula  waa  Kivcn,  hut  iu  like  manner  without  proof,  in  page  687  of  tho 
author's  Lecture  on  Quaternions. 
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fur  any  real  or  imaginary'  values  of  the  twu  scalar  coctiiciont^  x  and  y,  diflferent 
from  zero  ;*  for  if  biquti^eruions  (214,  C^  )  )  ^  admitted,  and  if  h  again  deoote,  m 
Id  S56,  (2.),  the  imajfimary  ofalg^a^  then  (comp.  257,  (6.)  aad  (7.)  )  lf«  majr 
writ^  1— fdly,         tkt  fwat  walm  0>  «  0,  the  to^niy  aywufoa, 

XX.  ..0I««4A«^,  tf  89-8ir«8iw'.Nv'-K*->0s 

9  ud  •*  bdng  tbu  oiqr  Iim  rMf  ri^Af  yaofvnioM,  iritt  «f«al  iMrait  (or  wilik  ffiwl 
MMora),  in  pUwM  parpMptndiwilar  to  Mdi  oChtr. 

(11.)  For  onapto,  by  SM»  (t.)  •iidl7llMUwo(lS8)orvi,wtliavitiMtnNM- 

^"'^^^        XXI.  .  .     1-  A>/>  =  i*  -f  4  h  (ij  4  ;i)  =  0  ^  AO  =  0  ; 

■0  that  the  bi-quatomion  i  +  A;  is  one  of  the  imaginary'  values  of  the  symbol  0«. 

(12.)  In  general,  v  ln  n  bt-qva(erriions  are  admitt^into  calculation,  not  only  the 
j^uore  of  oaf,  but  lUu  product  of  fico  such  factors  nuiy  voiimA,  without  eiiAer  of  them 
tpmnUtfy  mUbSng:  ftoiNoaiittBooiirydiiiMy  thimr  ooneligfatoa 
of  tlMoe  ima^nwy  (or  aywMlwf)  roolt  </«9«Nilfon«i  wUdi  Iran  troitod  of  la  tft7. 

(18.)  For  oafomploi  altlioagli  tbo  oqmtkm 

XXII...fli-l«(f-l)(»+l)«0 

hof  MO  roal  roots  osM^t  f  1,  and  tfaorofim  caaiiot  bo  voittod  1^  tbo  ttMMin  of 
«qf  oCft«' iwo/ ooofa*,  or  9wl  foof onMH^  for  f,  70k  if  IN  oohotitite 

ttrmionf  v  +  hv\  with  tlio  coodittflM  257,  XIII.,  this  e<iuaUon  XXIL  lo  vwiilod. 

(14.)  It  will  bofbnnd,  however,  that  when  ttpo  imaginary  but  nirn  rranftceut 
factors  give  thus  a  »im^/  prodvct,  the  Horm  of  each  is  zero;  provided  that  we  ain^ 
to  extend  to  bi-i/uutrmiom  tbi  formula  'Sq=  -  V9*  (204,  XXll.)  ;  or  to  define 
that  the  Norm  of  a  iiicjualernion  (like  that  of  an  ordinary  or  real  quaternion)  is 
equal  Lo  the  S^uwe  of  the  Scalar  Fart,  minus  the  Square  of  the  Bight  Part :  each 
of  tbON  two  porta  boing  generally  imaginary,  and  thoybracr  bollif  what  wt  hmn 
oallid  a  S-ooolor. 

(16.)  With  tfaio  diftiitioD,iff  andf'boanjIiroro^fMCmnoM^andifAb^ 
ao  abovo^  tbo  ordinaiy  Imagiiialx  of  a^potr%  «o  vuj  ootablUi  tho  HMrmoIa: 

XXIU. . .  H(t + Art  =  (8«  +        -  (V«+ ilVjO"; 
or  (oomp.  SOO,  TIL,  and  SIO,  XX.), 

XXIY. . .  11(9 +A9')«Nf -Mf'4-lA8.«Kf^. 
(10.)  As  Ngarda  tho  norm  ^lilo  tmm  of  anj  two  rtai  qaatonion^  or  nal  too- 
tors  (S78X  tbo  foUowIng  tronofhrmortona  are  oocadoaudljr  naiAd  (oonpi.  ISO,  (8.)  )t 

XXV.  . .  N(«'+9)-H(Tf'.Uf +  Tg.U«0; 

XXVI.  .  .  N03  +  a)=N(T^.Ua+Ta.U/5); 

In  oacb  of  which  it  is  permitted  to  obango  tho  norno  to  tho  tMoorsof  wfaidithqram 
Iho  ofnorei,  or  to  write  T  Cor  N. 


*  Compare  the  Note  to  page  276. 

t  This  includes  the-  l•xpres^ion  +  hi,  of  2h7,  (1),  fur  a  sjfmboiicai square-ro»t  (A 
p^titioe  unity.    Other  sucli  rooUi  are  ±  hj,  and  +  hk. 
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CHAPTEE  I. 

ON  THE  INTERPUKTATION  OF  A  PRODUCT  OF  VECTORS,  OB 
FOWSil  OJT  A  TSCT0&9  AS  A  aOATBAHlOM. 

SECTION  I. — On  a  First  Method  of  interpreting  a  Product  of 

Two  VectoTM  at  a  Qjuatermon, 

Art.  275.  In  the  First  Book  of  these  FAemenls  we  inter- 
preted, 1st,  the  difference  of  any  two  directed  right  lines  in 
8paoe(4) ;  Ilnd,  thencm  of  two  or  more  such  lines(5'9);  IIIrd» 
the  product  of  one  such  liiie»  multiplied  by  or  into  a  poative 
or  negative  number  (15) ;  IVtli,  tlie  quotient  of  such  a  line, 
divided  by  such  a  number  (16),  or  by  what  we  have  called 
generally  a  Scalar  (17);  and  Vth,  the  sum  of  a  system  of 
such  lines,  each  affected  (97)  with  a  scalar  coefficient  (99),  as 
being  in  each  case  itself  (generally)  aJJirectedLme*  m  6pace^ 
or  what  we  have  called  a  Vkctor  (1). 

276.  In  the  Second  Book»  the  fundamental  principle  or 
pervading  conception  has  been,  that  the  QiiofiM  oftm  mcA 
VeetcTS  is,  genendly,  a  Quatbrvion  (1 1 2,  1 16).  It  is  how- 
ever to  be  remembered,  that  we  have  included  under  this  ge- 
neral conception,  which  usually  relates  to  what  may  be  called 
an  Oblique  Quotient^  or  the  quotient  of  two  lines  in  space 
making  dther  an  acute  or  an  obtuse  angle  with  eadi  other 

*  The  Fourth  Proportional  to  any  three  complanar  linet  hlA  $ito  been  vincA  in- 
urpreUd  (^^26),  m  bdog  another  line  ia  the  «amc  plan: 
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(130),  the  three  following  particular  cases:  lat,  the  limitiruj 
case,  when  the  angle  becomes  nnU,  or  when  the  two  lines  are 
similarly  directed,  in  which  case  the  quotient  degenerates  (131) 
into  a  positive  scalar ;  Ilnd,  the  other  limiting  00869  when  the 
angle  is  equal  to  two  right  angles^  or  when  the  lines  are  appo^ 
ntdy  directed^  and  when  in  consequence  the  quotient  again 
degenerates,  but  now  into  a  negative  scalar;  and  Ilird,  the 
intermediate  case,  when  the  angle  is  right,  or  when  the  two 
lines  are  perpendicular  (132),  instead  of  being  parallel  (15), 
and  when  therefore  their  quotient  becomes  what  we  have 
called  (132)  a  Might  Quotient^  or  a  Higut  Quaternion: 
which  has  been  seen  to  be  a  case  not  less  important  than  the 
two  former  ones. 

277.  But  no  Interpretation  has  been  assigned,  in  dther  of 
the  two  foregoing  Books,  for  a  Product  of  two  or  more  Vec- 
tors ;  or  for  the  Square,  or  other  Power  of  a  Vector:  bo  that 
the  Symbols, 

!•  •  •  /3a»  y/3o>  •  •    ftiid    II*  • .  a%  a%  . .  a~'t  •  •  •  a's 

in  which  a,  /3,  7  .  .  denote  vectors,  but  t  denotes  a  scalar,  re- 
main as  yet  entirely  uninterpreted ;  and  we  are  therefore  free 
to  assign,  at  this  stage,  any  meanings  to  these  neio  symbols,  or 
new  combinations  of  symbols,  which  shall  not  contradict  each 
otkcTf  and  shall  appear  to  be  consistent  with  conoettience  and 
analogy.  And  to  do  so  will  be  the  chief  object  of  this  First 
Chopter  of  the  Third  (and  last)  Book  of  these  Elements :  which 
iri  designed  to  be  a  mucli  bhorter  one  than  either  ol"  tlie  fore- 
going. 

278,  As  a  commencemeut  of  such  Interpretation  we  shall 
here  define,  that  a  vector  a  is  multiplied  by  another  vector 
or  that  the  latter  vector  is  multiplied  into*  the  former^  or 
that  the  product  J3a  is  obtained,  when  the  multiplier4ine  j3 
is  divided  by  the  reciprocal  Ba  (258)  of  the  muUipHcand-line  a ; 
ad  we  had  proved  (136)  that  one  (juattrnimi  is  multiplied  into 
another,  when  it  is  divided  byihc  rcciprocul  tliereof.  In  sym- 
bols, wc  shall  tliereforc  write,  as  a  first  definitiotiy  the  for- 
mula: 

*  Compare  Iho  Notes  to  pages  140,  159. 
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I.  ..0«»j3:Ba;  where  II.  . .  Ba--Ua:Ta(258,  VU.). 
And  we  proceed  to  connder,  in  tiie  following  Section,  some  of 
the  general  cotueguenees  of  this  definition,  or  interpretation,  of 
a  Product  of  two  Vector  as  being  egual  to  a  cci  Uiiu  Quotient  ^ 
or  Quaternion, 

bBCTioN  2. —  On  some  Consequences  of  the  foregoing  Inter- 

pretation, 

279.  The  definition  (278)  gives  the  formula : 

h  .  .  Pa^£-;   and  similarly,    V,  *  •  a/3 « rrk ; 

it  gives  thereibre,  by  259,  VIII.,  the  general  relation, 
11. . .  /3ii  -  K«/3 ;   or   IF.  .  .  o/3  -  K/3a. 

The  Products  o  f  two  Vectors^  t;iken  in  t  wo  opposite  orders,  arc 
therefore  Conjuf/ate  Quateruio?is ;  and  the  Multiplication  qf 
Vectors,  like  that  of  Quaternions  (168),  is  (generally)  a  Nan- 
Cammuiaiive  Operation^ 

(1.)  It  follows  from  II.  (bjr  19e,  comp.  223,  (1.)  X  tlmt 

(2.)  It  folkKWB  ftiM  (by  204,  eomp.  agBin  22S,  (1.)  ),  tbtt 
lY. . .  V^a  «  -  Ya/S  s  I      -  ajS). 

280.  Again,  hy  the  same  general  formula  259,  VliL,  we 
haye  the  transformations, 

•  •  R(a  +  a)  K/3       K/3     lia  IW 

it  follows,  then,  from  the  deiinition  (278),  that 

II.  ..0(a-i^o')-0a  +  0a; 

-whence  also,  by  taking  conjugates  (279),  we  have  this  other 
general  equation, 

III.  ..(a  +  a')0«a04a'0. 
Mtdtiplkatwn  ofVecton  is,  therefore,  like  that  of  Quatemiana 
(212),  a  Doubly  Dittrihtttive  Operation. 

281.  As  wc  have  not  yet  jij-.-ii^ncd  any  signification  for  a 
ternary  product  ofvectors^  guch  as  -y^ia,  we  are  not  yet  pre-' 
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pared  to  pronounce,  whether  the  Associative  FrincqtU  (223) 
o£  MuU^icaiiom  t^Qnaienwms  does  or  does  not  extend  to 
VtetoT'MmlifiUettiiim.  Bat  we  oin  almdy  deiiTe  sewal  other 
consequenoes  from  the  defimtion  (278)  of  a  binary  prodmif  ^ ; 
Among  wluofa,  Attention  may  be  called  to  the  Scakar  eharaeiBr 
of  a  Prodttct  of  two  Parallel  Vectors;  and  to  the  Right  cha- 
ractrr  of  a  Product  of  two  Perpendicular  Vectors,  or  of  two 
lines  at  right  angles  with  each  other. 

^i.)  ihe  deuniiion  (27tt)  may  be  thus  written, 

I.  ..^  =  -T/3.Ta.U03:a)i 

It  fhrti^  IbmlbK^ 

n. . .       mTfi.Tai      in. . .  U/9b-i- U03 :  a)  =  UjS .  Ua ; 

tiMfMMflr  siklMfMr  of  thdpvdbcf  oTtiro  Molon  bdngtlun  eqwl  (as  for  qaatM^ 
nlom,  191)  to  (Iw  pnimt  ^  fJU  iurnn,  aad  to  tht  pndaet  tftkt  orara^  n- 
^pMtlfiljr* 

(S.)  Wittiiv  Aw  oM^giMDt  (comp.  908X 

IY...a«Ta,      hmTfi,      7sAx.(/3;4i),  mmi(fitu), 
wehsvothWb 

T.  ..T^SB^I  7I...fli|&ia8aj9«-te«MC] 

•0  tiiat  (oomp.  198)  the  amgU  of  the  fndmtt  utaaf  two  vwton  ia  the  wyfifwinf  ^ 
lit  amgU  oftht  fmotit»L 

(S.)  Wo  him  nozt  tbo  tnaafimnatiint  (oomp.  agtia  S08)i 

IX..TV^a»TVaj3ekidii*l      X . . TTU/3a aT7Uai3»iiB «{ 
XL     iy/la>~rtediia|      XT. . .  lYo^s-i-Yaaifai^i 

iothot  ik$  roUUm  rwi JUa  gait  </o  prodhcf  ^<w>  fitcfarii,/»toititoowaijpliarlo 

Iftf  ■■IW"""**^  ft  Bilrftfn 

(4»)  Itll9]]owtaIiOklijlX,th«ttholCMor^llay^^art«rfQGli  ajwwbai; 
/3a,  i«  equal  to  tho paraOelogrmmmititrtkgJkBlans  or  to  tbo  dbuMr  t^fAa  orw  ^ 

IA«  triangle  OAB,  whereof  those  two  factors  a,  /3,  or  OA,  OB,  are  two  eoisitlol  fMtai  f 
•0  that  if  we  denote  bere  thia  last-mentioned  arm  by  the  qrmbol 

A  OAB, 

we  may  write  the  equation, 

XIII.  .  .  TV/3a  «=  parallelogram  under  a,  ft,  =2AOAB; 
and  thu  index,  IV^ja,  is  a  r/y/i<  A'a?  perpendicular  to  the  plane  of  thia  parallelogram^ 
of  which  line  the  length  represmlt  iu  area,  in  the  seoae  that  they  bear  eyual  ratio$ 
to  their  respective  unitt  (of  length  and  of  area). 
(6.)  Hence,  by  279,  IV., 

XIV. . .  T(/3a  -  a(i)  =  2  x  paraUelogram  »  4  A  oab. 

(6.)  For  any  two  vectors,  a,  (i, 
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XV.  ..fl^a.Ma.809ta){      XVL  . .  Yi3a-~ir«.T(/9:  a); 

XVII.  .  .  /3o  =  -Na.(/3:o), 

with  the  «f?nification  (273)  of  Nn,  as  denoting  (To)*. 

(7.)  If  the  two  factor-Hnea  bo  perpendicular  to  each  other,  so  that  x  ia  a  ripht 
anple,  then  the  parallelogram  (4.)  becomes  a  rectanglt^  And  the  product  ^  becomes 
»  right  qnatemiuH  (132) ;  so  that  wc  may  write, 

XVIII.    .  S^^a  t=  Sa/i  ^  0,    if   /f?     a,  and  reciprocally. 

(8.)  Under  the  aame  condition  of  perpeodicalarityi 

XSX,.  .  Lfiaatiafi^^i   XX. . .  I/3a  e  -  yfts ;   XXI. . .  lo^M-f.  ya». 

(9.)  On  the  other  hand,  if  the  two  factor-lines  be  j,nraUel,  ihcright  part  of  lUcir 
product  yanishes,  or  that  product  reduces  itself  to  a  scalar,  which  ia  negative  or  po- 
sitio€  according  aa  the  two  vectorii  roaltiplied  have  timUar  or  opposite  dUrtctions  ;  for 
wtt  flMj  MttUidi  IIm  liMiinilSt 

XXIf.  .  .  If  ^ H a.    then    V/9«-0,    Va^«0 ; 
and,  under  the  same  condition  uf  parallelism, 

XXIII.  .  .  /?o  =  a/3  =  S/3a  ^  Sa/3  =  ^  6a, 

the  upper  or  the  /oifer  #»^n  bi'ing  taken,  according  as  r  —  0,  or  =  tt. 

(10.)  We  may  also  write  (by  279,  (1.)  and  (2.)  )  the  following /ormu/a  o/pcr- 
ptmikwhrity,  and  formula  of  panMdkm  : 

XXIV.  .  .  if  /3  4-  <i,    then    fta  =    aft,  and  reciprocally  ; 

XXV.  .  ,  if  /3  I  a,    then        =  4  aft,  with  the  converse. 

(11.)  If  a,  ft,  y  b<>  nnr/  thrre  unit-Une$^  considered  as  vectors  of  the  comers 
A,  B,  c  of  a  spherical  trianfj'r,  with  sides  equal  to  three  new  po«itivi"  .scalars,  a,  6,  c, 
then  becaoae,  by  X ViL,  fta=-ft:  and  7/3  =  -  7  :  the  aub-ariiclcs  to  208  allow 
us  to  write, 

XXTL  . .  S(Yy/9.T/3a)  ->  aio  «  afai  e  omb  ; 
XXra. . .  IV  ( V  >   .  T/3a)  =  + /3  ain  a  sin  c  dn  b; 
XXYIIt . .  (IT : S)  (yyfi,Yfia) b tan b; 

np^  or  lim«r  cjyiia  being  t■ka^  in  tlM  two  ImI  floni^^ 

found  /3  from  a  to  y,  or  that  round  n  froin  a  to  c.  ia  poiltive  or  negative. 
(12.)  TIm  eqiuUiQa  874,  L,  of  the  £Uip$oid,  may  now  be  written  thiu : 
XXIX. . .  T(«^+pK)«Ti^-Ti^;  Or  XXX. . .  T(ip  +  p«)«iH«-llc. 

282.  Under  the  genenl  head  of  a  product  of  two  parallel 
vedorSf  two  interestiiig  eoies  oocafy  which  furnish  two  first 
examples  of  Powers  of  Vectors :  namely*  1st,  the  case  when 

•  Alt  the  coneeqnencea  of  the  interpretation  (27^^.  «( the  product  fta  of  two  vec- 
ton^might  be  deduced  from  this  formula  XVII.:  wliii  li,  iionever,  it  would  not  have 
been  so  natural  to  have  aeBumed  for  a  d^fiuUion  of  that  8}-mbol,  aa  it  was  to  assume 
the  formula  278, 1. 

2r 


Digitized  by  Google 


306 


BLUIlim  OV  QUATBBBIONB.  [bOOK  in. 


the  two  facton  are  equals  which  g^ves  this  temarkable  result, 
that  tk0  Square  of  a  Vector  U  always  equalio  a  Negative  Sea^ 
kur;  and  IIiid«  ^e  case  when  the  fii^on  are  the  sense 
ahready  defined,  258)  reeiproeal  to  each  other,  in  which  case 

it  follows  from  the  definition  (278)  that  their  product  is  equal 
to  Positivf  Unity:  so  that  each  may,  in  this  case,  be  coDsi- 
dered  as  equal  to  vnitij  divided  hy  the  other,  or  to  the  Power 
of  that  other  which  has  Negatme  Unity  for  ita  Exponent* 

(I.)  When  /3  =  a,  the  product  /vi  reduces  itself  to  what  wo  may  call  the  square 
of  a,  and  may  denote  by  a';  and  thus  wc  may  write,  aa  a  particuUr  batimportoDt 
eate  of  281,  XXllI.,  the  formula  (cump.  273), 

I.  .  .  a«=  -a«  =  -  (Ta)-  =  -Na; 
8'j  that  the  aquare  o  f  any  vector  a  is  equal  to  the  negative  of  the  norm  (273)  of  that 
vector  \  or  to  the  negative  of  the  square  of  the  number  To,  which  exprossM  (1^^) 

iba  Unffth  of  Ommbm  fMlor* 

(t.)  Uon  himwJtrt^y,  tte  daSaltioo  (278)  glTW, 

IL  . .  a*naae a :  Bae  -  (Ta)*a(-Ka,  at  bcfbvek 

(S.)  HaOM(oomp««llMlMtaliOBil61,  190,  199,  204), 

III.  .  .  S.o»=-Na;       IV.  ..V.a»=0; 

•ad 

V.  .  •  T.4«« BT(a«)  =  +  Na  =  (Ta)««Ta^ { 

the  omiaslon  of  the  parenthe^etf  or  of  the  point,  in  this  last  sfmbol  of  a  tensor,*  Aw 
the  square  of  n  rector,  as  well  as  for  the  squan  of «  qmUtniom  (190)k  being  tbaa 
Jnatified:  and  in  like  manner  we  maj  write, 

VI.  .  .  U.  o»  =  U(a')  =  -  1  =  (Ua)'  =  Ua«  ; 

the  square  of  an  unit-vector  (129)  being  altrays  equal  to  n^^otwc  wu^,  aod  panii* 

theses  (or  points)  being  again  omitted. 
(4.)  The  equation 

Vn. . .  p«  =  a»,    gives    VII'.  .  .  Np  =  Na,    or   VII".  .  .  Tp  =  Ta  ; 

it  representB  th<  refore,  bj  146,  (S.),  the  tphtrt  with  o  for  oentn,  whicfa  pMM 

through  the  point  a. 

(6.)  The  more  general  equation, 

VIII.  .  .  (p  -  a)«  =  (/3 -  a)«,  (comp  t  186,  (i-X) 

xeprcscnts  the  sphere  with  a  for  centre,  which  panel  tbroQgih  the  point  b. 
(6.)  For  example,  the  equation, 

IX.  .  .  (p  -  o)»  =  o»  (comp.  186,  (S.), ) 

lapnaanta  the  apbere  with  a  for  oeotre,  which  paaaea  thnmgh  tbe  origin  o. 


•  Compare  the  Note  to  page  210. 

t  Compare  also  the  sab-articles  to  278. 
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C7.)  Tha  «qaatiMii  (oonp.  186,  (6.)^  (7.))k 

npramt,  iwptctfniy,  thejto*  timugh  p«pandiea]«r  to  tha  line  otA;  uid  tha 
plana  which  perpeudlcularly  blMCts  the  Una  ab. 

(8.)  The  distributive  principle  of  vector'tmultiplicatiom  (280),  and  the  feffmiifa 

279,  II L,  cnabifl  as  to  eatabUah  feoeraUy  (oomp.  210,  (9.))  Um  focmnk, 

m  . .  O ± a>is /Pf  l^fia  +  o^s 

the  faMBt  aquatfeoa  IX.  and  X.  nifty  thanfova  ba  Ihw  tHuuftmiad  s 

IX'.  .  .  p^=2Safti    and    X.  ..Saps=0. 
(9.)  The  eqaationa, 

XIII. .  .  p>+a>oOi      XIY. ..  pS+l-O, 

lapnaant  the  apberes  with  o  for  centre,  which  have  a  nnd  1  for  their  respective  radii ; 

so  that  thi?  very  liinplc  foniuila,      }-  1  =  0,  is  (oomp.  ISR,  (1 .)  )  of  the  Equa- 

tion of  the  UnU'Sp/ure  (128),  and  ia,  aa  aach,  of  great  importance  in  the  pieaent 
Calculus. 

(10.)  The  eqoMion, 

XY. . .  p*~tSap  +  e*0, 
any  ba  tmuAfSMd  to  Ilia  Mhming, 

XVI.  .  .  N  (p  —  a)  =s  —  (p  -  a)-  =  c  -  a'  =  c  +  Na ; 
or  XVr.  .  .  T(p  -  a)  =  V  (c  -  a2)  =  .  (c  +  Na)  ; 

it  reprints  therefore  a  (real  or  imaginaiy)  qtbera^  with  A  for  cmire,  and  with  thia 
lait  radical  (if  real)  for  radius. 

(II.)  Ihia  sphere  h  therefore  necessarily  real,  if  c  be  a/M»nlnMr8ealar;  orif  ihia 
scalai  cemtaiit,  «,  though  ntgatii  t^  bo  (algebraically)  ^uMiirUUw  a*,  or  tiuui->Na : 
biititbaeoaiaalMiyta«i]rt  if«-|-Na<0. 

(IS.)  Tha  nuttealjp&M  of  tha  l«o  9pktn»^ 

XVIL  . .  (^-SSa^  +  e«0,      p«-2Sa>  +  c'  =  0, 

has  for  equation,   

XVm. . .  S8(ar  -  a)p  «  «^  -  a ; 

It  b  Ihecefore  a/iM^«  reo/,  if  tha  g^YW  xalara  a,  a' and  the  givw  «M&iri  tf,  c'ba 
endi,  em  if  one  or  both  ef  the  yJUrat  ikmuhn  ba  tn^gleanr* 

(U.)  The  aqoetloa  281,  XXIX,  or  XXX,  oftha  (Mwl  jBDjpaaU  (or  of  tha 
aOipaoid  iiidi  He  cMilrv  tahin  ftr  the  or^  ef  ▼aelon)b  iney  new  ba 
pliflBd,*asftllowa: 

XIX.  .  .  T(ip  +  p«) 
(14.)  The  dcfiniUon  (2 78)  gives  also, 

XX  .  .  aRa=a:  a  =  l;   or   XX'. . .  Ba.asBa  iBa^li 
trhenee  it  la  natural  to  write,t 


*  Compare  the  Note  to  233. 

t  Cwnpare  the  second  JSoto  to  page  279. 
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XXL..  Rasl  :i«o-S 
a 

if  we  80  fkr  anticipate  hero  the  general  theory  of  powers  of  vectors^  above  alluded  to 
(277),  as  to  use  this  laat  symbol  to  denote  the  quotient,  of  unity  divided  bjf  the  vector 
a ;  80  aa  to  bave  ideiUieally,  or  for  every  vector,  the  equation, 

XXII.  .  .  a.a'i aa~'.a=  1. 
(l^)  It  follows,  by  258,  VII.,  that 

XXUI.  ..a'ia-Ua:Tai   ud   XXiV. . . /3a»/3 : a  '. 

(16.)  If  we  had  adopted  the  equation  XXIIL  ova  definition*  o(th»iymbol  a 
thiO  the  formula  XXIY.  might  have  been  used,  as  a  formula  of  interpretation  for 

the  (tymbol  /3a-  But  we  proceed  to  consider  an  entirely  different  method,  of  arriving 
at  the  same  (or  an  equivalent)  Interpretation  of  tlii<;  latter  symbol :  or  of  a  £imar]f 
Froduet  of  Vecton^  considered  as  equal  to  a  (Quaternion. 

Sbction  3.— 'Ai  a  Second  Method  of  arriving  at  the  iome  In* 
terpretation^  of  a  Binary  Product  of  Vectors, 

283.  It  cannot  fail  to  have  been  observed  by  any  attentive 
reader  of  the  Second  Book,  how  close  and  intimate  a  eotmexian^ 
has  been  found  to  esdat,  between  a  BtghtQuatertUon  (182),  and 
its  Indexj  or  Indcx^Veetor  (133).  Thus,  if  v  and  v'  denote  (aa 

in  223,  (l  ),  Sec.)  any  two  nS^Af  quatemione,  andif  It>,  Iv  de* 
note,  as  usual,  their  indices^  we  have  ah'cady  seen  that 

I.  . .  It)'-Ii;,    if  v  -Vy  and  conversely  (133); 
II.  .    I(r  ±r)-It»'±I»(206); 
III. .  .lo  :  lo-v':  0(193); 

to  which  may  be  added  the  more  recent  formula, 

IV.  .  .KI«=mu(258,IX.). 

284.  It  could  not  therefore  have  appeared  strange,  if  we 
had  proposed  to  establish  this  new  formula  of  the  same  kind, 

a»  a  definition  (supposing  that  the  recent  definition  278  had 
not  occurred  to  us),  whereby  to  interpret  the  product  ofeon^  two 
indices  of  right  quaiemionSf  as  bdng  equal  to  iheproAict  qf 
those  ttoo  quaternions  themselves.    And  then,  to  interpret  the 

product  j3a,  oi  any  two  given  vector taken  in  a  given  order , 

*  Compare  the  Note  to  page  305. 
t  Compare  the  Note  to  page  174. 
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we  should  only  hftve  had  to  ooneeiye  (m  we  always  may),  that 
the  two  proposed  >&eC0r«»  a  aod  fif  are  the  mdieet  ottwo  right 
qtuitemionSf  v  and     and  to  midtiply  thete  latter^  in  the  same 

order.  For  thus  we  should  have  been  led  to  establish  the  for- 
mula, 

II.  .  .  /3a  =         if    u  =  Ir,    and    P  =  Iv  ; 
or  we  should  have  this  slightly  more  symbolical  equation, 

III.  ..0a-0.a-r>0.r>a; 
in  which  tiie  aymbok, 

r»a  and  1% 

are  understood  to  denote  the  two  right  quaternions,  whereof 
the  two  lines  a  and  /3  are  the  indices. 

(1.)  To  establish  now  the  substaiitial  ideutUjf  of  thete  two  imterprettUwHs,  278  and 
S8i,  dtn.U»ttry  product  of  voeltn  fia^  Doftwifhattadlag  tkt  d^gHrmet  <(ffitm  of 
the  d^MHomi  tqwHont  by  wldcli  thcj  lunrebMD  expresnd,  wa  ham  oo^jr  to  ob- 
aim  thai  H  has  h&m  toaad,  aa  •  iUanm  (194)^  that 

IV.  . .     a  I«' :  I  (1 :  •)  a    :  IBv ; 
hQtth0dafiiiitiinC258)of  KagamvathalaCelffllladaqiia^  irahave 
fh««liDi%  bj  the  raeank  ftroida  11.,  tha  aquation, 

y. . .  Io^.IoaI«^:BI«;   or  VI.. . /8.aa/3:Ba, 

aa  ia  27S,  L;  a  and  /3  still  danotiog  my  too  oMfort.  The  Am  interpretations 
therefon  ooImMi^  at  loaat  In  thahr  roralli,  although  they  have  ben  obtahied  by  dif- 
ftrtut  procetsen,  or  mggettionSy  and  are  expressed  hy  two  different  ybrwiw/n?. 

(2.)  The  result  279,  II.,  respecting  conjugate  products  of  vector*,  Gorrespond« 
thus  to  the  result  191,  (2.),  or  to  the  first  formula  of  223,  (1  ). 

(3.)  The  two  formula)  of  279,  and  (2.),  respecting  the  tealar  and  right 
ptvtt  of  the  pmdact  /3a,  anaiiw  to  tfw  two  otiier  fbfambi  of  the  oama  anb-article, 
S28,  (1.)*  napaollttg  tha  ootwipondfaig  porta  of  o'o. 

(4.)  The  domU^  ditiriMpt  pnper^  (2S0),  of  OMiof^aMb^pfleaKon,  ia  on  thia 
plan  seen  to  be  included  in  the  oonmpooiUnf  hot  mofo  ganoral  pvqierty  (212),  of 

mmltiplication  of  quaternions. 

(5.)  By  chani^iitg  lYq,  IV9',  t,  t',  and  c,  to  a,  a,  b,  and  y,  in  tliosc  formultc 
of  Art  208  whicli  arc  previous  to  its  sub-articles,  wc  should  obtain,  tcith  the  recent 
definition  (or  interpretation)  11.  of /3a,  several  of  tbc  consequences  lately  given  (in 
oab-arts.  to  281),  aa  molting  from  the  fbrmer  definition,  278, 1.  Thoa,  tha  eqna* 
Homo, 

YI.,  YII.,  Tni„  IX.,  Z.,  XL,  XII.,  XXIL,  and  XXIU., 
of  281,  ooirapoDd  to^  and  may  (idth  our  bat  definition)  be  dedooed  ftom,  the  for- 
mala, 

v.,  VI.,  VIII.,  XL,  XII.,  XXII.,  XX.,  XIV.,  and  XVI.,  XVllI., 

of  208.  (Some  of  the  conseqnencoa  from  the  sub-urtidee  to  208  hove  been  aLrcAdjr 
coDiidered,  in  281,  ^11.) ) 
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(G.)  Tho  lycomtlrical  proptrties  of  the  line  IV^Sa,  deduced  from  the  first  defini- 
tion (278)  uf  ^3a  in  281,  (3.)  and  (4.),  (namely,  the  positive  rotation  round  that  line, 
firom  j3  to  a ;  its  ptrpmMeidaHiy  to  their  plane ;  and  the  repretentaUom  bgr  the  want 
liDft  of  fha  panMbgram  mder  fAoM  twofaetort^  regard  bebg  hid  to«Nite  of lo^lA 
andofmo^)  nitg^  alio  bave  boon  dodnetd  llrom  MS,  (i.),  bjmeuiaof  theMoontf 
d^fbaUiim  (384),  of  Um  tamM  prodnet^  fia. 

Section  4. — On  the  Symbolical  Identification  of  a  Right  Qm" 
ternion  with  its  own  Index :  and  on  the  Construction  of  a 
Product  of  Two  Rectangular  Lines f  by  a  Third  Line,  rect" 
angviar  to  both* 

285.  It  has  been  seen,  then,  that  the  lecent  formtila  284, 

II.  or  III.,  may  replace  the  formula  278, 1.,  as  a  second  definition 
of  n  product  of  two  vectors,  which  conducts  to  the  same  conse- 
quences^ and  therefore  ultimately  to  the  same  interpretation 
of  such  a  producty  as  the^r#/.  Now,  in  the  second  formula^ 
we  have  interpreted  that  product^  /3a»  by  dumging  the  two  fae^ 
tor'Unes^  a  and  /3f  to  the  two  r^ht  qvatemiom^  v  and  v\  or 
r*o  and  I"'/3,  of  which  they  are  the  indices;  and  by  then  de» 
fining  that  the  sought  product  /3a  is  ecjual  to  the  product  r, 
of  those  two  right  quaternions.  It  becomes,  therefore,  impor- 
tant to  inquire,  at  this  stage,  how  far  such  substitution^  of  T'a 
for  a,  or  of  V  for  Iv^  together  with  the  converse  substitution,  ia 
permitted  in  this  Calculus,  consistently  with  prindples  already 
established.  For  it  is  evident  that  if  such  substitutions  can 
be  shown  to  be  generally  legitimate,  or  allowable,  we  shall 
thereby  be  enabled  to  enlarge  greatly  the  existing  field  of  inter- 
pretation: and  to  treat,  in  a// cases,  Functions  of  Vector s^  as 
being,  at  the  same  time,  FwMtUms  of  Right  Qjuniemims. 

286.  We  haye  first,  by  133  (comp.  283, 1.),  the  dgtia%, 

L..I->i9  =  r>ii,    if  /3«a. 

In  the  next  place,  by  206  (comp.  283,  XL),  we  have  the  formula  of 
odiidsofi  or  subtraction^ 

II...I-»{/3±a)-I-»/9±I-t.; 

with  these  more  general  results  of  the  same  kind  (comp.  207 
and  99), 

III. .  .  I-»2a  »  2r»«;      IV.  . .  r»2xa  » IxVa, 
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In  the  third  plaoe,  by  193  (comp.  283,  III.),  we  bave^  for  dtnWbn, 
the  formnls, 

V...r»/3:r'a=/3:a; 

while  the  Btoond  d^nUkn  (284)  of  imi&jp&iMtfion  ofv^Bton,  which  has 
been  proved  to  be  etmtUUnt  with  the  jlril  definition  (278),  has  giyen 
us  the  analogous  equation, 

VI.  •.I-'^.I'o  =  /3.a-^«. 

It  would  seem,  then,  that  we  might  at  once  proceed  to  d^fine^  for  the 
purpoee  cfnUerprtUng  any  proposed  Ancffim  of  Vtetfin  aa  a  Quatet' 
Urmonj  that  the  following  general  EqwOkm  exists: 

VII.  ..r'asa;   or   VIII...  le^v,  if 

2 

or  still  more  briefly  and  symboUeaUy^  if  it  be  understood  that  the 
tmbjat  of  the  cpviEUtm  I  is  idways  a  rigH  quateniioo, 

IX.  ..lal. 

But,  before  finally  adopting  this  conclusion,  there  is  a  case  (or  rather 
a  da*8  of  cases),  which  it  is  necessary  to  examine,  in  order  to  beoer- 
tain  that  no  eontradidion  toformtr  ruuUs  can  ever  be  thereby  cauied. 

287.  The  most  general  form  of  a  vector -function^  ox  of  vooiU>T 
regarded  as  a  function  of  other  veetors  and  of  scalers,  which  was 
considered  in  the  First  Book,  was  the  form  (99,  eomp.  275), 

and  we  have  seen  that  if  we  change^  in  this  form,  each  vector  a  to  the 
corresponding  right  quaternion  I'*a,  and  then  take  the  nuUx  of  the 
new  right  quaternion  which  fvstito,  we  shall  thus  be  conducted  to 
precisely  the  some  vector  p,  as  that  which  had  been  otherwise  ob* 
tained  before;  or  in  s]rmboIs,  that 

II.  .  .  2xa  =        'a  (comp.  286,  IV.). 

But  another  fomi  of  a  vector -function  has  been  considered  in  the  Se- 
cond Book;  namely,  the  form, 

III..  ./»  =  ...        (226,  III.); 

in  which  a,  /3,  7,  ^,  « , . .  are  any  odd  number  of  coynplanar  vectors. 
And  before  we  accept,  as  general^  the  equcUion  VII.  ov  VIII.  or  IX. 
of  286,  we  must  inquire  whether  we  are  at  liberty  to  \vrite,  under 
the  same  conditions  of  complanarityf  and  with  the  same  signification 
of  the  vector  /»,  the  cc^uation, 
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IV,..p  =  I^...Lf.^.I-.a^. 

28S.  To  emnine  this,  let  there  be  At  first  only  ihree  given  oom. 
planar  McftMv,  'y|||<>)  fi\  ^  which  ceee  there  wffl  always  be  (by 
326)  afourA  vector  in  the  tame  plane,  which  will  represent  or 
oonstmet  the  function  (<y  :  /3) .  a ;  namely,  the  fburlh  proportional  to 
/3,  7,  a.  Taking  then  what  we  may  call  the  Inverse  Indcc-Funciions^ 
or  operating  on  these  four  vectors  a,  /3,  7,  p  by  the  characteristic  l'\ 
we  obtain  four  coUiucar  and  right  quaiernio/ts  (209),  which  may  be 
denoted  by  v,  t/^  \  shall  have  the  equation, 

V. . .  i/":t>=  (p:  a=7:/3«)t>":v'; 
or  VL.. 

which  proves  what  was  required.   Or,  more  symbolically, 

vm. .  w-i(pl.i »«). 

And  it  is  so  easy  to  extend  this  reasoning  to  tlie  case  of  any  greater 
odd  number  of  given  vectors  in  one  plane,  that  we  may  now  consi* 
der  the  recent  formula  IV.  as  proved* 

289.  We  gbnll  thorefore  adopts  as  generaly  the  symhoUcal 
eguaiioiu  VII.  Vlll.  IX.  of  286 ;  and  shall  thus  be  enabled, 
in  a  shortlj  aabeequent  Section,  to  inierpret  temarp  (aod  othor) 
prodncii  afvedarg^  as  well  tmpowert  and  other  I^inetums  of 

Vectors^  as  being  generally  Quaiemums;  although  they  may, 
in  particular  cases,  def/eiierate  (131)  into  scalars,  or  may  be- 
come right  quaternions  ( 1 32)  :  in  which  latter  event  they  may, 
in  virtue  of  the  same  principle,  be  represented  bi/y  and  equated 
tOf  their  oum  indices  (133)»  and  so  be  treated  as  vectors.  In 
symbole,  we  shall  write  generaUyy  for  tmy  set  0/ vectors  a$  /3, 
...  and  atttf  Jmetion/,  the  equation, 

g  being  some  quaierfdan;  while  in  the  particular  ease  when 
this  quaternion  is  riff  hit  or  when 
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we  shall  write  also,  and  uraallj  4f  fefenmee  (for  that  case), 
the  foimtila» 

n.  .  ./(a,  /3,  r,  . .  .)  -  I      I  '7> 

p  being  a  vector, 

290.  For  example,  instead  of  saying  (as  in  281)  that  the 
Product  o^9Sij  two  Rectangular  Vectors  is  a  Right  Quaternion, 
wilh  oertain  propertieB  of  its  IwUx^  already  pointed  oat  (284, 
(6.)  ),  we  may  ^mw  say  that  mch  a  product  is  equal  to  that  tn- 
der.  And  henoe  will  follow  the  important  consequence,  that 
the  Product  of  any  Two  Rectangular  Linee  in  Space  i$  equal 
to  (or  may  be  constructed  by)  a  Third  Line,  rectangular  to 
both;  the  Potation  round  this  Product- Line,  from  the  Multi- 
plier-Line to  the  Multiplicand- Line,  being  Positive :  and  the 
Length  of  the  Product  being  equal  to  the  Product  of  the 
lAugthe  of  the  Factore^  or  representing  (with  a  suitable  refe- 
rence to  unite)  the  Area  of  the  Rectangle  under  them.  And 
generally  we  may  now,  for  all  purposes  of  calculation  and  ex* 
pression^  identify*  a  R^hi  Quatendon  with  ite  own  Index, 

SaCTION  5. —  On  some  Sirjipli/ications  of  Notation,  or  of  Ex» 
preeeiottf  resulting  from  this  Identijicatimi ;  and  on  the  Conf 
eeption  of  an  UnU'Lme  ae  a  Right  Vereor. 

291.  An  immediate  consequence  of  the  eymbolical  equa- 
tion 286,  IX.,  is  that  we  may  now  supprfss  the  Characteristic 
I,  of  the  Index  of  a  Right  Qjuatemiorij  in  all  the  formulas  into 
which  it  has  entered ;  and  so  may  siimplify  the  Notation,  Thus, 
instead  of  writing, 

Ax.7  =  IUV<7,    or    Ax.  =  IUV,    as  in  204,  (23.), 
or        Ax.^  =  UlVg.         Ax.=  UIV,  a8m274,(7.), 

we  may  now  write  simply  ft 

1...  Ax.y-UVy;   or  II.  ..Ax.-UV. 

The  Characteristic  Ax.,  of  the  Operation  of  taking  the  Axis  of 
a  Quaternion  (132,  (6.)  ),  mag  then^re  heuctforth  be  replaced 

•  Compare  the  Notea  to  pages  119,  136,  174,  191,  200. 
t  Compare  tbe  fiiK  Note  to  page  118,  and  the  second  Note  to  page  200. 

28 
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wliciiuver  wc  raay  think  fit  to  ilispense  with  it,  by  this  combina- 
tion of  two  otJter  cJiaracfrristics^  U  and  V,  which  are  of  threat er 
and  more  general  utility^  and  indeed  catmot*  be  dispensed  witb» 
in  the  practice  of  the  present  Calculus. 

292.  We  are  now  enabled  also  to  dimmish^  to  some  extent, 
the  number  qf  technical  term$t  whieb  have  been  employed  in 
the  foregoing  Book.  Thus,  whereas  we  defined,  in  202,  that 
the  riglit  quaternion  \q  was  the  Rirjht  Part  of  the  Quater- 
nion or  of  the  sum  +  Vy,  wc  may  now,  by  290,  identify 
that  part  with  its  own  index-vector  IVy,  and  so  ujay  be  led  to 
coil  it  the  vector  part,  or  simply  <A«VFXTOR,f-  of  that  Quater- 
nion without  henceforth  epeakin^  of  the  right  part:  although 
the  p/an  of  exposition^  adopted  in  the  Second  Book,  required 
that  we  should  do  so  for  some  time.  And  thus  an  emmcui- 
tion,  which  was  put  forward  at  an  early  stage  of  the  present 
work,  namely,  at  the  cud  of  the  First  Chapter  of  the  First 
Book)  or  the  assertion  (17)  that 

Scalar  plus  Vector  equals  Quaternion" 

becomes  entirely  intelligible,  and  acquires  a  perfectly  definite 
signification.  For  we  are  in  this  manner  led  to  concdTe  a 
Number  (positive  or  negative)  as  h&ug  added  to  a  Line^t 
when  it  is  added  (according  to  rules  already  established)  to 
that  riyht  quotient  (132),  of  which  the  line  is  the  Index.  In 
symbols,  wc  are  thus  led  to  establish  the  formula, 

I.  ..^^a  +  ai   when   II.  . .  ^Bii  +  r*a; 

•  Of  coursp,  any  one  who  cfiooses  may  »i»pen<  new  tymhoLs.  to  dmolc  the  same 
operations  on  quaternions,  as  those  which  are  denoted  in  tin  se  J.h:mf  n(s,  and  in  the 
eUewhere  cit«xl  Lectvrea,  by  the  letters  U  and  V;  but,  under  some  j arm,  siuli  sym- 
bol* mmt  be  used :  and  it  appears  to  have  been  bitbeito  thought  expedient,  by  other 
writoiBi  not  hsttify  to  iomnrate  on  notetlom  vbicb  Iuito  been  abwdy  employed  ts 
Mvecal  poblithed  yeowufcheo,  and  hATo  beoi  Ibmid  to  answer  thdr  pnrpoie.  As  to  the 
1^  used  Ibr  these,  and  liiw  the  anakgoas  diamoteiistka  K,  S,  T,  that  must  ovldfl^^ 
boatnere  aflhir  of  tnste  and  ecinvenience :  and  in  fact  they  hava  all  been  printed 
as  small  italic  capitals,  in  some  rxamtnatSon-papeit  by  the  anther. 

f  Compnre  tlio  Note  to  pngo  191. 

J  On  account  i  f  this  povsibility  of  conceivini^  a  qnati  niiun  to  be  the  *Mm  of  a 
nunilxT  and  a  line,  it  was  at  one  time  suggestfd  \ty  the  present  author,  that  a  (^ta- 
terniun  might  also  be  called  a  Grammarithm,  by  a  combination  of  the  two  Grcclt 
words,  ypa/i^q  and  afnQykoi^  which  oignify  re&pectively  a  line  and  a  jVMater. 
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whatever  scalar ^  and  whatever  vector^  may  be  denoted  by  a 
and  a.  And  because  either  of  these  two  parte,  or  summande, 
may  vanish  separately,  we  are  entitled  to  say,  that  both  Sea" 

lars  and  Vectors,  or  Numbers  and  Linrs,  are  included  in  the 
Conception  of  a  Qnatt  r/n'on,  us  now  enlarged  or  niodified. 

293.  Again,  the  same  symbolical  identification  of  Iv  with 
V  (286,  VIII.)  leads  to  the  forming  of  a  new  conception  of  an 
Umt-Lme^  or  {/nil-  Vector  (129),  as  being  also  a  Bight  Vereor 
(153) ;  or  an  Operator,  of  which  the  s^d  u  to  turn  a  KnCf  in 
a  plMie  i)erpendicnlar  to  itself,  through  a  poeitive  quadrant  of 
rotation :  and  thereby  to  oblige  the  Operand-Line  to  take  a 
new  direction,  at  right  angles  to  its  old  direction,  but  without 
any  change  of  length.  And  then  the  remarks  (154)  on  the 
equation  -  - 1,  where  q  was  a  right  versor  in  the  former 
seme  (which  is  still  a  permitted  one)  of  its  being  a  right  ra* 
dial  quotient  (147)}  or  the  quotient  <iftwo  equaUy  long  but  mu- 
iualfy  rectangular  Unes,  become  inmiediately  applicable  to  the 
interpretatum  of  the  equation, 

or        1-0  (282,  XIV.); 

where  p  is  etiil  an  unit-vector, 

(1.)  Thus  (coinp.  Fig.  41),  if  a  be  any  line  peipflmdiciilir  to  muk  a  vector  p, 
yte  have  tbe  equatiuns, 

fi  bdng  oHtiktr  line  perpendlciiUr  to  p^  wUeh  at  fh*  Hmt  tiin«,  at  right  anglM 
to  «,  and  of  the  aaaw  kngth  with  it;  and  tnm  which  a  third  luw  a',  or  -a,  oppo^ 
OTto  to  th«  lino  a,  hot  atill  tftulfy  km^  is  fonnad  hj  a  rqM«iMbfi  of  the  «|m»«I«m, 
donoted  by  (what  we  may  hen  call)  the  charaeUHtHe  p ;  or  having  that  fmit'VW' 
tor  p  ilor  tho  operator,  or  intmmat  ta^kftd,  ai  a  aort  of  Aondlfe,  or  oxm*  o/ro- 

taii'in. 

(2.)  More  generally  fromp.  2'.»0),  if  rr,  y  beany  three  lines  at  right anp;lcs  to 
each  other,  and  if  the  iinylh  of  y  Ik-  nuimrically  t-qual  to  {he  prodvrt  n/i/ic  length$ 
of  a  and  /3,  then  (by  what  precede?)  the  line  y  represents,  or  co}i>'(ructs^  i  r  is  equal 
to,  the  prodmei  of  th»  two  other  lUes^  at  least  if  a  certain  order  vf  tho  factors 
(eooop.  279)  bo  obaeryeds  ao  that  wa  maj  write  the  equation  (comp.  281,  XXI.), 

ni...ii^«y,   if  IV..  ./3-t-«,  yXa,  yO.^   and   V. . .  Ta.T/3-Ty, 


*  Comiwra  tho  flnt  Note  to  pago  ise. 
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provided  tliat  the  rotation  round  a,  from  /3  <o  7,  or  that  round  y  from  o  to  Ac, 
haa  the  direction  taken  as  the  pontive  one. 

(3.)  In  this  more  general  case,  we  maj  ttill  conodTe  that  the  mmtttpHer-Um 
a  banytralfrfon  tin  mMU^kmd4ine  /3,  so  as  to  produce  (or  gmtmUd)  the  pro^ 
dbd-liMyi  ImiMliMwtj  an  opmtkB  ofMralM  «imi^  liiioethelMMr  «r^ii 
(foaomUy)  MtiKiplM  bj  that  do,  ift  «rd«r  lo  Unfoi,  \tf  Y.,  the  Cmmt  tfU^pn^ 
duet,  y. 

(4.)  And  if  (comp.  Fig;  41|  Ht^  in  which  a  was  first  changed  to  /3,  and  then  to 
a*)  we  repeat  this  compound  operation,  of  <(^«on  anrf  venion  eombtneri  (comp.  189), 
or  if  we  multiply  again  by  a,  wo  obtain  a  fourth  line  ft%  in  the  plane  of /3,  y,  but 
with  a  direction  <^po§it*  to  that  of  /3,  and  with  a  Unjfth generally  dtjferent :  namely 
the  line, 

(5.)  The  operator  a*,  or  aa,  is  therefore  equivalent,  in  its  ^^&ctf  on  /3,  to  the  ne- 
gative  Bcalar^  -  a',  or  -  (Ta)^,  or  -  Na,  considered  as  a  co^jficiemtf  or  as  a  (scalar) 
aml^p/tsr  (15)  t  whtiiM  tlie  •9ifaM(m, 

VII.  ..  a»=-Na (282,  I.), 

may  be  again  deduced,  but  now  with  a  nem  interpretation^  which  is,  howerer,  as  wo 
•My  complete^  eomitteni,  in  all  ito  eamMfmemoetf  with  the  ona  fint  pnipoied  (282). 

SscTiov  6. — On  the  Interpretation  of  a  Product  qf  Three  or 

mare  VedorSy  as  a  Quatemion. 

294.  There  is  now  no  difficulty  in  interpreting  a  ternary 
product  of  vectors  (comp.  277,  I.),  or  a  product  of  more  vec- 
tors than  three ^  taken  always  in  some  ffiven  orders  namely^as 
the  result  (289,  I.)  of  the  subttiiution  of  the  correspondiog 
r^hi  quaienuam  in  that  product:  vluoh  reeuU  is  generally 
vhat  we  have  lately  called  (276)  an  Oblique  Quedmit  cr  a 
Quaternion  with  either  an  aatie  or  an  obiuie  angle  (130) ;  hut 
mny  degenerate  (131)  into  a  scalar,  or  may  become  itself  a 
right  quaternion  (132),  and  so  be  constructed  (289,  II.)  by  a 
netv  vector.  It  follows  (comp. 28 1 ),  that  Multiplication  qf  Vee- 
tarSf  like  that  of  Quaternions  (223),  in  which  indeed  we  now 
see  that  it  is  mdudedf  is  an  Aesoeiatioe  OperaJtkn:  or  that 
we  may  write  generally  (comp.  223,  for  oiiy  three  veo- 
iars,  o,  /3,  jf  the  Fcmmlai 

I. .  •  y/B^Q" Y./3a. 

(1.)  Tha  fonnuUs  223,  III.  and  IV.,  are  now  replaced  by  the  following : 

II.  .  .  V.  -yV/^a  =  aSf3y  -  fiSya  ; 
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in  -wrhich  Vy/3a  la  writtoi,  for  sixnplldtj,  lastead  of  V(7/3a),  or  V.  yj3a;  and  with 
which,  as  with  th«  earlier  cquatinns  referred  ti9,  ft  ttadcQt  of  thil  Cakolitt  will  find 

it  useful  to  rentier  himself  rery  familiar. 

(2.)  Anuther  useful  form  of  the  equation  II.  is  the  following: 

(S.)  The«qMtkotIX.X.Ziy.  «C9S8  «iMlilt  m  uoiw  tawribt,  tor  m^tkna 

vofiaii*  of^MralMSg^ptfcf  vadbr  Of  A  7t 

«r  Imtw  afpw  Mog  takflOy  aeeotdiiig  as  dit  rvtaltai  food  a  ftom to  y  it 
p(Mltiv«ora«g«av«:  «r  in  otiMr  voidi^  the  <oafar  Syffo,  of  tlw  lanwy  yrpdbwl  #/ 
veetorg  y/Sa,  bring  potiHoe  in  the  first  ease,  tmt  Mya^^  in  tho  neood. 

(4.)  The  condition  of  eomplanarity  of  tAr««  MCtort,  a,  il  thmlbnox- 

pfHMd  bj  tho  equation  (comp.  2289  • 

VL..Sy/3aB0;   or  71%. . Sa^yeO;  4o. 

(5b)  If«,^  y  bt«ivllbwMeCef«^oompkBorordipl«iwr,  tiioospi^^ 

Tn. . .  ^aafl||9y-/Wya, 
gifOi  'YIIL     Sy^sO,  and  1X..S<^«0{ 

It  iipwwti  thowfaw  (cBip.  It  —d  nr.)  %fimA  wwior  J,  which  to  jwiywrfftitfar 
toy,  bat  oooylmar  with  and /?:  or  in  qrmboli^ 

X...aj.y,  and  ZL..a|||«,/l. 

(Gonpm  tho  notation  1S3,  IM.) 

(C)  For  fliqrybvpMclora,  wo  haTO  bj  XL  and  17.  tho  tmulbnaationi^ 

Xn.  .  •  T  ( Va/3  .  Vy^)  =  eSa/37  -  rSaiS^  i 

xui. . .  V  (Va/3 .  Vy  a) «  aSi3r  a  -  ^say  a ; 

and  each  of  these  three  equivalent  expressions  represent*  a  fifth  vector  «,  which  is  at 
oQce  complanar  with  a,  /3,  and  with  y,  or  a  Une  OB,  which  is  in  the  inttrte^ion 
oftkt  two  pimu*t  OAS  and  wa>» 

(7.)  Comparing  tiNm,  wo  aoa  dia(  anj  arWhwy  ooefor  p  maj  be  nipimaod  aa 
aihear/wiclianofany  liiwepfawdljpfaiaroecieri,!^    yt  by  tholbnnda: 

ZIT. . .  pS^jSy = aS^yp + /SSyap  +  ySa/Sp ; 

whidb  to  iBond  to  bo  ono  of  ostonrffo  vtilitf. 

(8.)  Anotbor  xmy  ooefbl  fbtmola,  of  tho  aano  Und,  fa  tho  lUlowing; 

XT. .  .  pSa/3y  =  V^y.  Sap  +  Vya  .  S/3p  +  Vaj3.  Syp  ; 

in  the  second  member  of  which,  the  points  maj  be  omitted. 

(9.)  Ono  nuMfa  of  proving  tho  oonoetaaat  of  tida  laat  ftnnoia  3nr.,fa  to  ^trmU 
00  both  BMBBban  of  it,  by  tho  lAree  lywAob^  or  okarasiiriitfoi  tftftrtOiomt 

XYI.  ..S.a,   S./3,    S.y  ; 

the  common  results  on  both  sides  bdng  respectively  the  three  scalar  products, 

XVII.  ..  Sap. Sai3y,    S^.Sa/3y,  Syp.Sa/3y} 
wlion  again  the  pi^ta  may  be  omittod. 
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(10.)  We  here  employ  the  principle,  thot  if  the  three  rectors  a,  ft,  y  be  actual 
and  diplanar^  then  no  actual  rector  X  can  satisfy  at  once  the  three  scalar  eqMatioHS^ 

XVIIL  .  .  SaX  =  0,    S/3X  =  0,    Sy  \  =  0  ; 
because  it  cannot  tir  jnrpcnilicular  (it  once  to  those  three  diplanar  rectors 

(II.)  If,  then,  in  any  inve6tigution  with  quateruious,  we  meet  a  system  of  this 
form  XVIII^  we  can  at  once  infer  that 

XIX.. .X=0,   if  XX...Sa/3y^0i 

whiliBi  ooDVvnely,  if  X  Ae  an  tutmal  vwstor,  then  a,  A  y  must  be  «MplBiiar  vedoi*, 
«r8ai3yB0,MinTI'. 

(12.)  Henee  ileo,  ander  the  eame  eondition  XX.,  the  three  eeelar  e^otdom^ 

^Te  XXII. . .  Xs/s. 

(18.)  Op«raib^  (oompb  (9.))  on  the  eqpwtiiHi  XY.  by  the  qrmbol,  or  dkarae-> 
<«itilte,  8.^,  in  vltidi  i  ie  any  new  Tedor,  ire  find  a  remit  which  may  be  written 
thna  (with  or  without  the  pointa) : 

XXIIL  . .  0  a  Sap .  Si3yS  -  S/3p .  SySa  +  Syp .  S^ajS  -  Bip .  Safiy ; 

where  a,      y,  S,  p  may  denote  ant/  Jive  vector*. 

(14.)  In  drawing  this  last  inference,  we  assume  that  the  equation  XV.  hold^i 
good,  even  when  the  three  Teotors  a,  j3,  y  arc  compltmmrs  which  in  fiKtmnat  be  true, 
at  a  liRiif,  dnoethe  eqoation  baa  been  proved,  by  (9.)  and  (12.)^  to  beTalid,if  y  be 
wer  to  Huh  ant  eftkt  plane  ota  mid  1^, 

(16.)  We  have  tlterefore  tUa  new  fonnda : 

XXIY...  ViSySap-l-YyaS/ip-f  Yn/SSy^sO,  if  Safiy^^i 
in  wliidi  p  nay  denote  tmif  finwlh  twefor,  whether  *n,  or  eirt  <^  tlie  tmmom  plane 
of  a,/3,  y. 

(16.)  If  f»  be  pvptn^Rtmkurtothaipimne^  the  laot  fonnala  is  epidenily  tmn,  each 
term  of  tlie  first  member  vanishing  aepaiatdy,  by  281,  (7.) ;  and  if  we  diange  p  to 
•  yector  d  in  the  plane  of  a,  /3,  y,  we  are  conducted  to  the  following  equation,  as  an 
interpretation  of  the  same  formula  XXIV.,  which  expreeaea  a  known  theorem  of 
plane  trigonometr)*,  including  several  others  under  it; 

XXV. . .  sin  Boc .  cos  aod  +  sin  coA .  coe  noD+ ain  Aoa .  coeoOD=0, 

Ibr  any  four  complanar  and  cO'initial  linen,  OA,  on,  oc,  OD. 

(17.)  Dy  passing  from  od  to  a  line  perpendicular  thereto^  but  in  their  oonunon 
piane^  we  have  this  other  known*  c(]untion  : 

XXYI,  . .  aiu  noo  sin  ApD  f  sia  ooa  sin  noD  -f  ain  aob  ain  cod  s  0 ; 

widdi,  like  the  former,  adndti  of  nany  tranalbnnationa^  but  ia  onfy^  mentioned  here 

as  offering  itsdf  naturally  to  our  notice,  wlien  wn  BOek  tO  6lfil7ret  ^  fmiuda 
XXIV.  obtained  aa  above  by  quaternions. 

(18.)  Open^ing  on  thatfbrmula  by  S.£,  and  changing  p  to  i,  we  luve  thia  new 
equation  t 


*  Compare  page  2U  of  the  Ueometrie  Superieurt  of  M.  Cbasles. 
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XXVir.  .  .  0-SafS/Sy^+ S^3fSya^  +  Sy^Sa/3(•,    if  So^bQ; 
which  raiglit  iii.li.v.l  have  bi-nn  at  niicp  dc.lnml  from  XXIII. 

(19.)  Ti'*^^  equation  XIV.,  a«  wcU  as  XY.,  mtuthold  good  at  the  Umitt  when  a, 
/3,  y  are  compfanar ;  hence 

XXVIII.  .  .  aS/?yf.     n^yaf)  +  ySa/3p  =  0,     if    Sr,/^y  =  0. 
(20.)  This  last  fonimla  is  (  vidently  true,  by  (4.),  if  p  be  in  [)ic  (  ommon  plane 
of  the  three  other  vectors ;  and  if  we  tappoae  it  to  be  perpnuUcular  to  that  plane, 

XZIX. . .  f>  I  y/ix  0  Vya  I  Ya/3, 
«od  ttatfbn^  bj  381,  (9.),   tliiett  S(S/3y.p):=  O, 

XXX.  .  .  8/3yp  =  S(V/3y.p)  =  V/3y.p,  &c, 

we  may  divide  each  term  by  p,  and  so  obtain  this  other  formula, 

XXXI.  .  .  aV^y  +  (iVya  +  yVa^  =  0,    if    SaSy  -  0. 

(21.)  In  general,  the  vector  (202)  of  this  last  expression  cannhes  byll. ;  the 
expreasioa  is  therefore  equal  to  its  owa  scalar,  and  we  may  write, 

XXXII.  .  .  aypy  +  /3Vya  4  y Va/3  =  3Sa/3y, 
whatever  three  vectors  may  be  denoted  by  a,  /?,  y. 

(22.)  For  the  case  of  complanarity^  if  wc  auppose  that  the  three  vectors  are 
equally  lonjf,  we  htm  the  proportion, 

XXXIII.  .  .  V/3y  :  Vya  :  Va/Baaaio  doc:  siu  coa:  sin  aob ; 

and  tiic  formula  XXXI.  beeomes  thus, 

XXXIV.  .  .  o\  .  sin  HOC  +  OB  .  sin  coa  +  oc  .  sin  Aon  =  0  ; 

where  OA,  on,  oc  are  an/f  three  radii  of  oae  circle^  and  the  equation  is  interpreted  aa 
in  Articles  10,  11,  &c. 

(23.}  I'be  equation  XXIIL  might  have  been  deduced  from  XIV.,  instead  of 
XT.,  Ij  first  operating  with       and  then  InteiduHiging  S  and  p. 

(24.)  A  wdor  p  vcaj  In  genend  be  ooosidend  (891)  aa  dlipmilMy  m  thne  aco- 
lerv  (the  ce-0fidlMaC«t  of  its  lerai);  it  cannot  then  be  dSrf«niilMrfbj^i0frfAaMfilr«t 
scalar  t^ioHomH  nor  can  it  be  eliminated  between  feiecr  than  four. 

(85.)  As  an  cxamitlc  of  such  determination  of  a  vector,  let  a,  /3,  ybe  again  any 
tirte  pi»e»  and  d^lanar  vectors ;  and  let  the  three  given  tyuatiotu  ba, 

XXXV.  .  .  Sap  =  a,    S/3p  =  b,    Syp  =  c; 

in  which  a,  1^  a  aie  supposed  to  denote  lArat  giam  9oahr9»   Then  theaoiyJIf  vrafor 
p  has  for  its  ejrprossion,  by  XV., 

^XXXVL  . .  p ««ri(aVi3y  +  6Vya  +  cVo/J),    if   XXXVU. .  .  •  «  8a/3y. 

(86.)  Aa  another  ezampleb  let  the  thne  eqoationa  be^ 

XXXVm. . .  30yp»a',  Syapaft',  Sc^»e'i 

than,  ultii  tlie  same  aignifieatlon  of  the  lenlar  e,  we  have,  by  XI v., 

XXXIX.  .  .  p  =     (a'o  +  6'/^  f  c'y). 

(27.)  Aaan  example  of  «/tm»iia<toi»  of  a  pector^  let  there  be  the /oar  scalar 
equations, 

XL. .  .  8ap»o,   S/3p-6,    Syp  ^r,  Sfp-d; 
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then,  by  XXIII.,  we  have  thw  resulting  equation,  into  tchieh  p  does  moi  enter^  but 
Oal/  tbe/ow  vectors,  a,.dy  and  the  four  tcalars,  a.  .d: 

XLI. .  .  a.S/3y^-^.Sy^a+  c.S?a/3-rf.Sa/3y-0. 

(28.)  This  last  eqtintion  may  therefore  he  consiciered  as  the  condition  ofconcttr- 
rcncr  of  ihe  four  planef,  represented  by  the  four  scalar  equations  XL.,  in  one  com- 
mon point .  fur,  allhough  it  has  not  beea  expressly  staUd  before,  it  follows  evidently 
from  the  definilton  27tt  of  a  binary  product  of  veet&rs,  combloed  with  196,  (5.)f 
that  every  scalar  eqmaiiom  of  ike  Hnettrform  (comp.  282,  XVIII.X 

XLII.  ..Sap  =  a,    or   Spa  so, 
in  which  a  =  OA,  and  p  =  op,  as  usual,  represents  a  plane  locus  of  the  point  P ;  the 
veetor  of  the  foot  s,  of  the  perpendicular  on  that  plane  firom  the  origiti^  being 
XLin.  .  .  os=  tr-  alia  -  na  '  (282,  XXI.). 

(29.)  If  wc  conceive  a  pyramidal  rolumc  (G8)  as  having  an  algebraical  (or  sca- 
lar)  character,  so  as  to  be  capable  of  bearing  either  a  positive  or  a  neyatirt  ratio  to 
the  volume  of  a  given  pyramid^  with  a  ffivm  order  of  its  points,  we  may  UmO  omit 
the  eoMgmous  sign,  ia  tiM  bit  tspnHioii  (8^  fi»  tlM  •Mlor      lowoff  ffoM  «/ 
innfon  r  and  lo  bmj  writa,  gemmlly,  oabo  denoting  aoeh  a  wfaaMi  the  CoranU, 

XUV.  . .  Sa/3y  s  6 .  OABO, 
=  a  positive  or  a  negative  scalar^  according  «8  UttrdfRfim  rOOlld  OA  ftom  OB  to  00  U 
negative  or  podt&oo. 

(30.)  Mora  generaDyt  dmgiqBO  *o  ^  ^  OA  or  a  to  ^«  &&,  welavetlivft 
tbeftannnU: 

XLY. . .  6.i>ABOaB(a-a)09-a) (r--a>-Sa/iy-^a4Ma-sa^^; 

In  wluch  it  may  be  observed,  that  the  expression  is  changed  to  its  own  opposite^  or 
negative^  or  is  multiplied  by  -  1,  when  any  two  ofthefemrmetors^  a,  /3,  y,^,  or  wIma 
ffty  two  of  the  four  pobstt.  A,  B,  c,  D,  ckat^  plaet$  w&A  iodk  ^thtrs  and  ttutnton 
b  mtoTMl  to  ito  ibrnior  Talno,  bj  ft  MeoM  ludi  tcMfSf  Inlara^^ 

(81.)  I)wotinBtbfot]M«a9or^ora,/3i  Y,  ai)j%wohBtoflnl,t7XLIV'^ 
XLT.,  Am  oqnatkii, 

XLYI.  .  .  BiABO«BABO-BB0D+BOnA-XDAB; 

and  may  then  vrriu  the  result  (oomp.  68)  nadcr  the  Bion  iifmmHntJhrm  (btoaiiM 

—  XBCD  «  BBOD  «  Bo.)  t 

XLVIL  .  •  BCDK4  CDKA  +  DEAB  +  KABC  +  ABCD  =  0  J 

In  which  A,  B,  C,  D,  B  may  denote  any  five  points  of  space. 

(32  )  And  an  analogoan  formula  (69,  III.)  of  the  Fint  Book,  for  oay  nx poimio 
OABODB,  namely  the  equation  (com|>.  66,  70), 

ZLYIII.  .  .  OA.B0DB+OB.0DBA4  OO.OBAB'l-OD.BABO'fOl.AaaDsO, 

ia  whida  Uw  tMOmtB  are  peiftraiad  aooeiding  to  fha  rnlet  of  Mcfeni,  tlia  aohnaia 
bibig  tnatod  aa  aealar  eotfgrfmlg,  la  tuOj  reoorered  from  tho  foraBoiag  prineiplaa 
and  feanlta.  lBllwl,1igr  XLVII.,  fIdalaatfotniBlftfliajiwwiittooaa 

XLIX.  .  .  BD.BABOaBA.BBOD'f>BB.BOAD-|-aO.BABD; 

or,  sabstitnting  a,  jS,  y,  ^  for  xa,  kb,  xo,  bd,  as 
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'wblcb  h  oolf  •mdicr  Ibrin  of  XIT.,  and  oqght  to  ht)famtltar  to  the  ttudent 

(S8.)  Tho  Cafouik  60,  IL  may  be  deduced  ftom  XXXI.,  hy  obMrringtliet,  wliea 
Che  Ciiwt  eeciere  a,  A  7  ere  comphmat^  we  hwre  the  pn^torttoo, 

LI. .  .T0y;T7a:Va^:V(/3y+ya  +  a|3)BOBO:ooAtOAB:ABG^ 

^rigm$  (or ofjjwtrMje or  set^ntiM)  tfmn  be  etteoded  to  (28,  6S);  and  the 
formnhi  09,  L,  for  the  eeie  of  lArnt  callmimr  paiai*  a,  a,  may  noir  be  written  ae 
foUowa: 

LII. . .  a03  --  y)  +  /3(y  -  a)  +  y  (a    ft)  -  2V03y  +  ya  +  a/3) 

if  the  three  eoinitial  rectors  a,  /3,  y  be  termino-cullinmr  ("21). 

(84.)  The  case  wben  faur  eoinitial  veetorg  a.  /3,  y,  I  are  termino-enmpfanar  (01  >^ 
or wbea they tennlnate in fimr  eomplunar poi»i$ a,  b,  c,  d,  UexproMedby  cijuatiii;; 
to  aero  the  oeeond  er  the  thiid  member  of  the  forarala  XLV. 

(86  )  Finally,  for  iemarf  pndmeit  efnteUtn  in  genoral,  we  hare  the fonnida: 

UII. . .  a*/9>y»  4  (8a|3y)«  »  (YaPry  »  (aS^y  •  fiSya  +  ySa^)* 

295.  Tlie  identiti/  (290)  of  a  r/^A^  quaternion  with  its  iii- 
<^eX9  and  the  conception  (293)  of  an  unit-line  as  a  r^A<  vereor^ 
allow  us  now  to  treat  the  three  important  yersors,  J,  as 
constructed  dy,  and  even  as  (in  our  present  view)  identical 
withi  their  own  axee ;  or  with  the  three  lines  oi,  oj,  ok  of  18 1 , 
considered  as  being  each  a  certain  instrument^  or  operator^  or 
oyt  nt  in  a  ri'f/ht  rotation  (1.)  ),  whicli  cauxes  any  I'mc^  in 

a  pliinc  perpendicular  to  itself,  to  turn  in  that  plane,  through 
a  positive  quadrant^  without  any  change  of  its  length.  With 
this  conception,  or  construction,  the  Laws  of  tJie  Symbols  ijk 
are  stiU  indmded  m  the  Fundamental  Formula  of  i83»  namel/t 

(A) 

and  if  we  now,  in  conformity  with  the  same  conception,  transfer 
the  Standard  Trinomial  Form  (221)  from  Hiylit  (^itateniions 
to  Vectors^  so  as  to  write  generally  an  expression  of  the  fomi» 

I. . ,  peid^+jjy^  As,   or   r. . .  a»ta+j64  Ac,  &c.« 
where  xyz  and  abc  are  scalars  (naniely,  rectangular  co^di" 
nates)y  we  can  recover  many  ol  the  foregoing  results  with  ease : 
and  can,  if  we  think  fit,  conned  them  with  co-ordinates, 

(1.)  As  to  the  tam»  (183),  laduded  in  the  f^Oamentnl  Formula  A,  the  law 
I*  «  —  1,  Ste.,  may  be  interpreted  on  the  plan  of  298,  (1.),  aa  representing  the  reesr* 
Mil  widdi  rcsnUs  from  tmo  ntttuif  qmndraniat  roMimu, 

2t 
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(2.)  The  two  MmtroiUd  lamt,  or  IbnsiiIiB, 

aiigr  now  te  Interpreted  as  ezpraring,  that  aiyioa^  a  pontivt  rptation  through  a 
right  angle,  round  the  Axe  i  a$  om  axis,  hHmgt «  revolving  line  from  the  position  j  to 

the  position  or  I  i,  yet,  on  the  contrary,  a  positive  quadramtal  rotation  round  the 
Hue  j,  fts  a  new  asci$,  hrinr^s  a  revolriHg  line  from  a  new  initial  position^  i,  tO  A 
new  final  position,  donoti  d  by  -  k,  or  opposite*  to  the  old  final  position,  4  h. 

(3.)  Finally,  the  law  y A  =  -  1  (183)  may  be  interpreted  by  conceiving,  that  we 
operate  on  a  line  a,  which  has  at  first  the  direction  of  +    bjf  the  three  lineSf  h,Jf 
M  neetinomt  wfaidi  givw  ikrm  mm  bat  eqaally  long  lines^  /3,  y,    in  tbs  Ano- 
tions  (!t^it+k,-J,mA»  oondnote  at  last  to  a  liao -a,  whkli  liaa  a  dfrwdiM  ^ 
^Ofite  to  ikM  MHd  onu, 

(4.)  The  fongobg  Imm  o/^'Jt,  which  an  aU  (as  has  bow  said)  htdM  (184) 
in  the  Formula  A,  whoa  combined  with  the  reoent  eaqmsrion  L  for  p«  give  (ooaip> 
(1.)  )  for  the  egwofe  of  that  eeefer  the  vahie: 

If. . .  |>«-(fe+^+*»)««-(*«+f«+a*)5 

thls49«are  i/lAe  Mm  ^  Is  theiofbM  equal  to  the  tt^otfive  4/0*  ofim  ^de  kmgik 

Tp  (185),  or  to  the  negatiiM  ofiU  norm  Kp  (S78),  wUch  agrees  with  the  fiinner 
nsultf  282,  (1.)  or  (2.). 

(6.)  Tho  condition  of  perpendicularity  of  (he  tiro  lines  p  an<l  a.  when  they  are 
represented  by  the  two  trinomiala  I.  and  I'.,  may  be  expressed  (281,  XVJII.)  by  the 
formola, 

III.  .  .  0  e  Sap  =  -  (oar  +  fty  +  e«); 

irfdcb  agrees  with  a  well-known  theorem  of  rectangular  co-ordinate*. 

(6.)  The  oondMon  ofemplammri^  of  fAret  lines,  p,  p\  p'\  represented  fegr  the 
trlnoniial  ibnnsi 

lY. .  .psix-fiy  +  Ae,    p*«la^+&c.,    p"  =  *x"  +  atc, 

is  (by  294,  VI.)  exprc«fM»d  by  the  formula  (comp.  223,  XIII.), 

V. . .  0  =  SpVp -y'O  +       -  * +        -  «»  i 

agreeing  again  with  known  results. 

(7.)  When  the  three  lines  p,  p',  p",  or  op,  or',  or",  are  not  in  one  plane,  the 
rscent  exprassiesk  for  Sp"p'p  gives^  by  294,  (3.),  the  volume  t^the  paraOel^iped 


•  In  the  Lectures,  the  three  rectangular  unit'lines,  were  ^stipi  n^e*!  (in 

order  to  fix  the  couceptioni,  and  vdlh  a  reference  to  northern  latitudes)  to  In-  dirt  rtnl, 
respectively,  towards  the  south,  the  west^  and  the  zenith  ;  and  then  the  contrast  of 
the  two  formula;,  y  -  +  kyji  =  —  came  to  be  illustrated  by  conceiving,  that  we  at 
one  time  fnm  a  meeeaBltf  Ime^  wfaieh  is  at  ftnt  directed  awftward^  roond  an  oaefii 
(or  kmM)  dbedad  towards  the  eenM,  with  a  righi4umded  (or  eenvtiy)  mtiSmh 
throngii  a  r^M  «vlr,  whlohean8esthalinetota]tsaniyMwtfposjMon,asitsjbMif 
one;  and  that  at  oaoliler  time  we  operate,  in  a  predsdj  aimilar  manner,  on  a  Una 
difeeted  aft  fliat  eoMttawrrf,  with  an  axis  directed  to  the  vcti,  which  obliges  this  new 
line  to  Uke  finally  a  downward  Onitead  of,  as  before,  an  egMeard)  d^eceiea. 

t  Compere  also  222,  XV. 
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^o-nip.  22S,  (9.))  of  whiiih  they  arc  edges  ;  and  tbb  volume,  thus  expresisad,  is  a 
potuipe  or  a  negatire  scalar,  according  as  the  rofation  round  p  from  p'  to  p"  in  itaelf 
foaligt  or  neigaiive :  tiiat  i j,  according  as  it  iia^  ibe  tome  <it>tc/icm  as  liuU  rotiud 

+xft«a     to  4^  2  (or  nand  itnmj  to  A),  or  tbt  diraeUoD  «!ppoiiCt  UmnIo. 

(8.)  It  nMqr  bo  MtM  litre  (comp.  (18.)),  flMt  if  a,  ^  y  be  IJItm 
9ttlm,13bm(]bf294t  IIL  tad  Y.)  ^  lutv* : 

TL  . .  S«^y  =-»yi3««Kai3r-  7/3a)  ; 

(9.)  Hon  gHMtolIj  (comp.  223,  (12.)  ),  ainoe  o  VMtor,  ooosUhred  at  lopiOMOt- 
i^g  >  rjpil f  iwfariiitii  (890),  fa  alfwyi  (bgr  144)tlMO|VO«ttt^itoM  etn^nguit^  w 
Ikit  m  hftfi  the  inporloiit  fbnnnlo,* 

Tin. . .  Kfls-a,  and  tiMnAve  VL  . .  Knaa±D'a, 

«•  mywrilo  for  oair  tnoNicr  cf^tmn,  tlio  tnuidbniiotioiii, 

XI. . .  ynasf  yn'aB|(na  rn'a), 

<99icr  or  ipiMr  aigua  being  taken,  according  that  umber  fa  cfoi  or  odtf  ;  it  b«ii>g 
vdcrttood  ihat 

Zn. . .  n'a»...7j3a,   If  llaa«^*.. 

(10.)  Ite  rehtiOiio  of  rwAn^^Mirri^, 

ZUI... Ax.<-i-Aat.j{  As./J-Az.A|  Az.A-i-Ax.», 

vUehiMdft  at  «ikoe  from  tho  dofinitiont  (181),  nuj  aowbeml^  mora  bffafljT,  at 
ftOom: 

tad  Mbrty  in  other  caaea,  where  tho  aam,  or  tht  pUmt$,  of  any  tiro  rigbt  qoater- 

A>nn  are  at  ripht  angleM  to  each  other. 

(II.)  Bat,  with  the  notations  of  the  Second  Hook,  we  might  also  have  writtten, 
by  123,  181,  such  funmila-  uf  rornplunarity  an  the  following,  Ax.^  |||  i,  to  cxpri  --h 
(comp.  225)  that  the  qjm  j  ^v;l^^  a  line  iu  the  ]>Iati>^  oft ;  and  it  niiirht  cause  some 
confusion,  if  we  were  now  to  abridge  that  fonaula  to^  j  j  i.  In  ^'oiieial,  it  seems 
CODTeaient  that  we  dioald  aot  hautfMtk  employ  tbe  gigm  jj  j,  except  as  connecting 
4ahm  ugwhoU  tftkMt  UmM9,  cwiderid  tUB  at  tmafhmmr;  or  dat  jf  i8oto  oftknt 
figkt  f9murmttm$t  ooatldtiod  at  bdag  wlHmmr  (H8>  baaaaio  tkeir  iadietr  (or  awr) 
artcoi^plaMr ^  or  daalljr,  tny  too  cemplamat  yaaNraioi  (188). 

(It.)  On  tiio  otbtr  band,  no  InconveQiencc  will  result,  if  we  now  insert  the  Wfo  ^ 
paralUlitmj  between  the  symboU  of  two  rigbt  qaatemiooa  wbkh  are^  in  tho  Ibnnar 
tnat  (128),  emmplmuar :  for  example,  we  may  write,  on  oar  prttent  pfan, 

if  ^  be  anj  three  tcafara. 


•  If,  tn  like  manner,  wc  interpret,  on  our  prt*fient  plan,  the  symbold  Ua,  Ta,  Na 
I  luivalent  to  UI  'a,  Tl  'a,  NI"'a,  we  are  reconducted  (wmpare  the  Notca  to 
pa^e  1 3G )  to  the  same  significations  of  tboec  symbob  as  before  (1&5,  185,  273) ;  and 
it  a  evident  titat  ou  the  same  plan  we  have  now, 

SassO,  Va=a. 


Digitized  by  Google 


324  BLSMBMXtt  OF  QUATKRNI0N8.  [bOOK  III. 

296.  There  are  a  few  particular  but  remarkable  cases^  of  Ornartj 
and  other  products  of  vectors^  which  it  may  be  well  to  mention  here, 
tnd  of  which  some  may  be  worth  a  student's  while  to  remember: 
especially  as  regards  the  products  of  sueoe$8W0  ndea  of  doud  poLygona^ 
iimcnbed  m  cMes,  or  in  tphirta- 

(1.)  If  A,  B|  o,  Dbeaay  fooreoNcireiil^poM,  w«1mow,bjtlMSiib-irtid<>^ 
t60,  that  thdr  mhanmomie  Jknetion  (abcd),  as  defined  In  259,  (9.)<  >s  scalar;  being 
also  poMitive  or  negatire,  according  to  a  Uw  of  anwtgmttU  of  thoae  four  poiatSi 
which  has  been  alrcaJy  stated. 

(2.)  But,  by  that  dcGiiition,  and  hy  ihc  scalar  (thouLrli  nff/afirrV'biiractcr  (if  tlio 
tquare  of  a  wctor  (282)|  we  have  generally,  for  any  plane  or  gauche  qnudrilateral 
▲BCD,  the  fori  mi  la  : 

I.  .  .  e-(^AUi  i>)  -  AH,  i\c.  CD. DA.  —  the  continued  product  0/ the  four  sides  ; 

ill  which  the  coefficient  is  a  positive  «ealar,  naoMly  the  product  of  two  negative 
or  of  two  poiitive-equaiesy  as  follows  : 

IL  . .  «»=  nc».  da2  =bc'. da' > 0. 

(3.)  If  then  A80D  be  a  pkau  and  mteriUd  qoadrilatenl,  we  have,  by  260,  (fi.), 
the  formula, 

HI. .  .  AB. BO. CD. DA  =  a potititt  or  tugtUiv*  tcalca; 

according  as  this  quadrilateral  in  a  circle  is  a  croeaed  or  an  umeroued  one. 

(4.)  The  product  ajiy  of  any  three  eomplanar  vectors  is  a  wctor,  because  its 
scalar  part  Sni^y  vanishes,  by  294,  (  3.)  and  (1.^;  and  if  tho  factors  be  three  sue- 
cexsive  sides  An,  !;<■,  vu  of  a  quadrilateral  thus  imcribed  in  a  circle,  their  [>r>Hhict  has 
eitlur  the  dircviioH  uf  the  fourth  successive  eide^  DA,  or  else  the  opposite  direclion, 
or  iu  symbols, 

lY.  . .  AB.BO.OD :  DA  >  or  < 0, 

according      thu  quudri'uieral  AitCD  is  aa  uncrossed  or  a  crossed  one. 

(5.)  By  ooooeiviog  the  fourth  pmtU'D  to  approach^  continttOUBly  and  iidflflnitely, 
lo  the  first  poisU  A,  we  find  tbat  the  proAtet  of  the 
three  esueeuive  eidee  of  VMjf  jflone  trum^e^  abo^  is 
given  bj  sn  equation  of  (lie  turn: 

Y...  AB.BO.OAaATj 

AT  being  a  Une  (comp.  Fig.  68)  wMdk  tovdtot  lAe 
thrtmmeerihed  eirde,  or  (more  Adty)  wbidi  fonrAce 
the  eefmevt  abo  of  that  dnde,  at  the  point  a  ;  or  !«• 
pnemlr  the  imiikU  direction  of  motion,  alangf  the  etr> 

enmfereneey  from  A  through  B  <o  c  :  while  the  length 

of  this  tangcntiul  product-line,  at,  is  equal  to,  or 

represents,  'vvith  tlie  UMial  reference  to  oil  unit  of  length,  th^  product  of  the  Usigthe 
of  the  three  sides,  of  tlie  same  inscribed  triangle  Auc 

(6.)  CouYcrbely,  if  this  theorem  respecting  the  product  of  the  sides  of  an  inscribed 
triangle  be  suppoeed  to  have  been  otherwiee  prttoed,  and  if  it  be  remembered^  then 
since  it  will  give  in  like  manner  the  equation, 
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VI.  .  .  AO.CO.DAsAtT, 

if  D  be  any  fcmrih  pointy  eomeireular  ufith  A,  B,  c,  whUa  AU  Ja,  M  in  tli6  Minttad 

Figures  G3,  a  tangent  to  the  new  $egmrnt  ACn,  we  can 
recorer  easily  the  tlw-orpin  (3.),  rf.-<|H*cliiig  the  product 
of  tht  sides  of  an  intcrtbed  quadrilateral  ;  and  tlience 
can  retitm  to  the  OOTretpooding  theorem  (260,  (8.)  ), 
leapecting  tlie  mkantamie  fimeUem  of  anj  radi  figure 
abgd:  te  «c  ifaall  tliw  liave^  bj  T.  and  TL,  tha 


Tn.  .  .  AB.BO.OD.]>Aa(AT.Air)  :  (CA.Ao)^  T 

In  which  tliadMMrcA.AOorN.AC^orAS'i  iaahacqra 
rtTiae  (282,  (1.)  ),  bat  tha  dMdmui  at.au  ia 


ftw  (281,  (9.)  )  for  the  case  af  an  taeroMMl  qoadrilateral  (Tig.  68),  being  on  tha 

CODinry  positive  for  the  other  ca«G  of  a  crossed  one  (Fig.  63,  his). 

(7.)  If  p  tw:  any  point  on  the  circle  through  u  given  point  a,  which  tonclies  at  a 
given  origin  o  a  given  line  OT  =  r,  as  represealed  in  fig.  we  shall  then  have  by 
(u.)  an  equation  of  the  form, 

VH  I.  .  .  OA  .  AP .  PO  ~  £  .  OT, 

in  which  x  is  some  scalar  coefficient,  wliich 
varies  with  the  position  of  v.  Making  then 
OAs «ii  and  op=  p,  as  nsnal,  we  sliall  lunra 

IX,  .  .  a{jt  —  a^p  =  —  XTy 


or 


IX*. . .  ^* — o"' :  a*^f 

V 

nr. . .  Vr^i «  Vra->  %   VA' 

andaiiy  ana  af  thaaa  majrhaeonildarad  aa  a  Fi8*  84. 

afMljon  ofik0  eirdt,  datannlned  by  tin  given  aonaiUooa. 
(8.)  Geometrically,  tha  laat  formiila  IX.' anpiama,  thakli«lm«p'i-a>>,  ar 


Bp  -  R«,  or  aV  (see  again  Fig.  64),  if  oa'  =  a  '  o  Ra  a  B.OA,  and  op' = p  '  =  R. op, 
is  paraUd  to  ikt^vm  Ungmt  r  at  o ;  which  agreaa  with  F^g.  68,  and  with  Art, 

260. 

(9.)  If  B  l>e  the  point  opposite  to  o  u(Kjn  tiie  circle,  th  ii  the  dianuter  on,  or /J, 
as  being      r,  so  that  r/3"'  is  a  vector,  is  given  by  the  fonnuia, 

X     rj3  »  =  Vra '}   or  X. . . /3=- r ;  Vra-»i 

in  which  the  tangent  r  admits,  as  it  onghtta  do^  of  bcinig  mnllipliad  bgr  any  aealari 

without  the  value  of  /3  being  changed. 

(10.}  As  another  verification,  the  last  funnula  gives^ 

XL . .  6i »  T/3  s  Ta :  TVUra'^ « 6a:  ain  Aor. 

(11.)  If*  quadiilateml  oabo  ha  not  interiptibU  in  a  circle,  then,  whether  It  be 
pioM*  or  ycwcAe,  we  can  always  circumscribe  (as  in  Fig.  65)  two  circles,  gab  and  one, 
nboat  the  two  triangles,  formed  by  drawing  the  diagonal  on;  and  then,  on  the  pluu 
of  (6.),  we  can  draw  two  tantjcntt  OT,  ou,  to  the  twottgmenU  oab,  obc,  SO  as  to  repre- 
sent the  two  ternary  products. 
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oA.Au.uo,    and  ou.nc.co; 
after  which  we  ahall  have  the  quaternary  prodmUt 
XIL  .  .  OA.AB.B0.C90B0T.OU:OB*; 

wbsre  tbe  divisor,  ob'«  or  bo  .  ob,  or  N  .  ob,  is  a 
potitive  »ea/ar,  but  the  dividend  oT.ou,  and  tfiere- 
f(>r»'  also  the  quotient  \n  the  srcond  inendK  r,  or  the 
product  in  the Jirtt  metuber,  is  a  quaternwn. 

(12.)  The  axis  of  this  quaternion  is  perpen- 
dicular to  the  plane  tod  of  the  two  tangent*  ;  and 
theiclbra  to  tlM  flUmt  U»9lf  of  Ibe  qnadrihtMil 
OiABO|lfthttbo«flnMj|^Mrff/  bnlifttbOfsMAf, 
then  tbowdo  fa  wor—l  lo  tine  tj^wimnHkid  yiif 

ofiAtpoMiCo:  Mag alfo ki all oMtt  tMk^  that  tte  fwlaKon foaiMlil»  ftoM ov I* 

OV,  is  positive. 

(13.)  The  aitp/«  of  the  same  qaatemion  is  the  supplement  of  the  angle  tou  be- 
tween the  two  tangents  above  mentioned;  it  ia  therefore  equal  to  the  antjie  i-'or,  if 
ou'  touch  the  new  segment  <k  n,  or  proceed  in  a  new  and  oppnsttr  direction  from  o 
(«ee  agaiu  Fig.  65);  it  may  therefore  be  .said  to  be  the  angle  betivern  the  tiro  arcs, 
u.vu  and  OCB,  along  which  a  point  shonld  move,  in  order  to  go  from  O,  on  the  two 
ctieiiiiifoitBOM^  to  tile  opposite  comer  B  of  the  qmadrUttlat^  oamo,  tkromgh  tbe  two 
other  eormere,  A  and  o,  req)eetiTel7 :  or  tho  angU  between  the  one  oob,  oab. 

(14.)  These  renlt^  reepecUng  the  suHe  and  amgh  of  the  prodmei  efihe  ftur  em- 
oeteme  mdto,  of  any  qnailtOatenl  oabc,  or  abcd,  apply  wfthont  any  omdilloetioo  to 
the  anharmeede  qaaiernhn  (250,  (0.))  of  the  &iine  qoadrilateral ;  and  althoo^ 
for  tbOMfeof  a  quadrilateral  in  a  circle,  tbe  axis  become  iodeterrainatc,  becaoN 
the  quaternary  product  .ind  the  anhamionic  function  dofrpncrate  tn-rether  into  sea- 
lars,  or  because  the  ligure  may  then  be  conceived  to  be  inscribed  m  indfjinitfly  many 
spheres,  ytt  the  amjle  may  still  Le  determined  by  the  same  rule  im  in  tlw  r;tneml 
CAM  :  thid  angle  being  —  n*,  tor  the  inacribed  and  Hncrotmcd  quadrilateral  (Fig.  G3) ; 
hnt  e  0,  for  the  iuecribed  aid  oranoMl  one  (Fig.  63,  his). 

(15.)  For  tbo^oaeAcqoaddkitenlOAao,  whkh  mey  aXwe^ha  oooeaMLtaba 
iAMiibed  im  a  dsUrmhstd  ephere^  we  may  eay,  by  (18.),  that  the  oiyfe  of  the  qmm- 
trnnioMprodiui,  z.(oa.AB.BO.oo),  la  equal  to  the  empio  eftke  hmmie,  bonded 
(geneially)  fay  the  two  am  ofemmll  drtke  oaa,  aoa;  with  thaenao  iwieaiiBrfiia 
for  the  equal  omgle  of  the  amharmomiOf 

L  (OABOX    or    L  (OA :  AB.BO  :  CO). 

(16.)  It  fB  evident  thet  tbe  general  principle  288,  (10.),  of  the  permieiibillty  of 
^edeai  permutatum  of  qaatemion  Cm  tors  under  the  aign  8,  most  hold  good  for 
the  case  when  thoee  quaternions  degenerate  (294)  into  sectors  ;  and  it  ia  still  more 
obvious,  that  every  permtitation  of  factors  U  allowed,  under  the  siii:n  T  wlience 
efclieul  pennutatiou  is  again  alluweil,  under  this  other  sign  ;  and  consequently 
(com  p.  196,  XVI.)  under  the  sign  L. 

(17.)  Ilenco  generally,  for  any  four  vectors,  we  have  the  three  equatioua, 

XIU. . .  So^yi  =  S/iyda ;       XI V.  .  .  SUa/JyO  =  SVfiyia ; 
XV.  .  .  la^fS  =  l(iyea  i 
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«ad  in  ptrticular,  for  the  tuecettktt  9Ut»9t aaj  tUMtm  9t \ 

•me  hm  ibt  four  eqmal  amfflm, 

XVI. .  .  I  (ab  .  bg  .  CD .  da)  =  L  (bc  .  CD .  da  .  ab)  =  &c.  I 
with  Uie  Mtiwponding  •qaalHj  of     «aplw  cftitfamr  mharmonies, 

ZYIL.  .  Z.(AaOD)aZ(MnA)«£(CDiA»)»Z(DAao); 

or  of  thoM  of  the  fiw  r»g^wwe»l  «Bb«nnonki  (S60,  ZVn.)i 

XYir. . .  I  (adob)  «  ^  (aaoo) = £  (cbab) = £  Cdcba> 

^  IntMptetiiig  now,  (18.)  and  (15.),  Omm  laat  oqoatioot,  wo  doilvo  ftom 
than  tho  following  tktanwt,  far  tfio  ptofy  or  far  yet 

Let  ABOD  be  oiyr       pobU$,  connected  hyfimr  eirela,  each 

passing  through  three  of  the  points :  then,  not  only  is  the  an^Ie 
mi  A,  between  the  arc*  ahc,  ado,  e9«a/  to  the  angle  c,  be- 
tween CDA  and  CBA,  but  &Uo  it  is  equal  (comp.  Fip.  CR)  to  tho 
angle  at  B,  between  the  tvo  other  caret  BCD  and  bad,  and  to 

tlio  mtglt  of    between  tiie  oioi  dab,  dob. 

(19.)  AgiiB,  let  ABODB  be  onyiwf^pon,  faeeHM  im  m 
tpkwfs  ondiSBoehnlhettiMlMod^ponnliAC^As  HO  drawn. 
We  ebon  then  hovo  Uuoe  eqoatioDe^  of  tbo  ftcBi% 

ZVnL  • .  ab.bo.oaibat;  ao.od.i»abavs 

'  Fig.  t>o. 

ad.]ib.sa*at; 

wteo  AT,  AD,  AT  uo  thno  tODgentt  to  dw  epbore  at  a,  eo  that  their  pfodnct  la  a 
fourth  tangent  at  that  point  Bat  Oio  oqoatlona  XTIIL  givo 

ZIZ.  .  .  AB.B0.CO.DB.aAs(AT.AV.AT):(A^.Ab') 

B  AW  »  a  iMie  oeeCor,  wIleA  IMicAot  <A«  ipAer*  erf  A. 

We  ha?o  Ihewfofe  fhie  Tleerw,  which  iadudes  eereral  others' under  it 

**  Tkefrodmiofthejim  tmemdm  ea&c,  itfany  (ffentraliy  gauche)  pentagon 

the  pentagon  begins  and  endaJ^ 

(20.)  Let  then  p  be  a  point  on  the  sphere  which  paaeeo  tlnoqgh  and  duoiigh 
three  ^ven  ixrinta  a,  b,  o ;  wo  ehall  have  the  eqnatlott, 


.  OaB(oA.AB.Bc.cp.Po)«Sa09~a)(y~^  (p.y)(_p) 
=  a*^YP + /3*Syap  +  yfOttfip-ffiBafij. 

(SI.)  Comparing  with  294,  ZIV.,  wo  oeo  that  the  OMidaMm  Utr  tho  fair  co-faii- 
tSal  Toeton  a,  jSf  y,  p  thua  temfamftyoB  owe  y^afieewyhin,  which  paaeeafirwffft 
lAc^  cmnoMB  ori^  o,  my  be  thna  ogpwaeed  i 

X3a..irpajw+|i04oy,  then  p*ttMi«-f|f/8i+ry*. 

(22.)  If  then  yre project  (comp.  62)  the  variable  point  r  into  points  a',  c'  on 
tllO  tkM9ghen  chorda  oa,  ob,  OC,  by  three  plamm  through  that  point  r,  ie9]n.ciively 
porolM  to  the  plaaea  bo€^  ooa,  aob,  we  ebaO  have  the  oqnatioo : 

XXII.  .  .  op'  =  oa.oa'  +  OB. on'  +  oc.oc'. 

(23.)  That  tlic  equation  XX.  does  in  fact  represent  a  rpheric  locut  for  th?  point 
p,  b  eridcDt  from  its  mere  form  (oonp.  282,  (10.)  ) ;  and  that  this  q>hwe  passes 
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iknapktkt/hmrtimmpohi$,o.  A,  b,  OfOMy  1m  proved  bjroliMnriQg  that  the  «qQft. 

tioo  it  Mdsfie^l.  wlien  we  dungc  p  to  any  one  of  the  foor  rectors,  0,  a,  ^  y, 
(24.)  latrodaciiic  an  muxUiarp  Mder,  OD  or  i,  determined  by  tbeeqaetioo, 

or  bj  tbe  iirelea  of  the  thiee  eedar  eqoetieiu  (oomp.       (S5.)  % 

xxiv. . .  aSsS^a,  ^^s^^i,  -^msdy, 

or  XXIV'. . .  S^-« -83/9-^  a  8^r *  - 1» 

the  eqaatien  XX.  of  the  iphere  beoomee  timpfy, 

XXY..  .ffl^Bdpt  or  XXy.  ..63|»-ial; 
ee  that  o  ii  the  pohit  of  the  q^here  oppmUt  to  o,  and  f  b  a  dkmtter  (tamp.  t82, 
IX'.;  end  196,  (6.)> 

(25.)  The  fonnnla  XXIIL,  which  deCendiiee  thU  dianieCcr,  may  be  writtea  in 
thie  other  way : 

XXVI. . .  5Sa/3y  =  Va(/3  -  a)  (y -^)y ; 
or  XXVr.  .  .  6.0AB0.0DB-y(0A.AB.BC.C0)  ; 

where  the  syinbol  oabc,  considered  as  a  coefficieiU^  is  interpreted  as  in  294,  XLIV. ; 
namelj,  ae  denoUng  the  eolbene  of  the  pyramid  OAao»  which  ia  liace  an  imatrthtd 
one. 

(26.)  Thie lewdt  of  calcnlatioo,  lo  Ihr  ae  it  r^arde  the  dIneHm  tilhbaxU  ^ 
the  quaUrwton  OA.  AB.BC.co,  ftgrees  with,  and  may  be  used  to  confimi,  the  tbeorem 
(12.),  respecting  the  product  of  the  tuecesMtve.  $\<U»  of  a  gauche  quadriiateral^  OAao\ 
including  the  rule  of  rotation,  which  dlstintr»i*he$  that  axis  fr<»in  its  opposite, 

(27.)  The  fonnula  XXIII.  for  tlic  diameter  S  may  also  be  tima  wrilt<n : 

XXVII...  e.Sa-«/3  'r-'-V(,r»y-i  .  y  'a-»  +  a-»P') 
=  V(^1-a  •)  (y  '^a  '); 

end  the  equation  XX.  of  the  sphere  may  be  transformt  d  to  the  following  t 

XXVIII.  .  .  0  =  S(/3  '  -  a->)  (y  '-a  >)  (f  '-o->); 

wliich  ezprMeee  (by  394,  (84.),  oomp.  260,  (10.)  \  that  the>b«r  mifMnDea/  *<e» 
tors, 

XXIX.  .  .  OA'  =  a'  =  a-i,    ob'  =  /3'  =  /^3 oc  =y'  =  y  »,    op' =  p'=p-', 
are  termino-comj>lanar  (HI);  tlio  piano  A'n'r'r',  in  which  they  all  terminate,  Wine; 
paraUel  to  the  tangent  plane  to  the  sphere  at  o :  because  the  perpendicular  let  fall 
on  this  pluue  from  o  is 

XXX.  •  •  9^  ^9"^$ 
as  appean  llrom  the  tfavae  icahv  eqnatlone, 

XXXI. . .  Sa'^B       e  By'B^h 
(28.)  In  general,  if  d  be  the  foot  ef  ike  perpendicular  from  o,  on  the  plane  abc, 
then 

XXXII. . .  9  «  So/Sy :  y  (jSy    ya eijS) ; 
beeanee  this  expression  satisfies,  and  may  be  ded  need  from,  the  three  eqoetiooi, 

XXXIII. . .  8aa-t  B  8fi9-}  «  8r^l  a  I. 

Ab  a  verUlcatloQ,  the  formula  ahowa  that  the  iti^k  T  of  tUe  perpendieailar,  or 
altitndtf  OD,  ia  equal  to  the  Btjetufh  Mleaie  <{f  lAe  pyramid  OABC,  dbtided  by  tkt  dcm- 
kh  arm  ^th*  triangular  bat  asc.   (Compare  281,  (4.),  and  294,  (8.X  (88.» 
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(29.)  The  cquatiuu  XX.,  of  the  $phere  oabc,  might  havebc«n  obuiucd  by  the 
dimbuUum  of  the  vector  b«twMa  the  fomrtcalar  tquatioHM  XXIT*  Mid  ZXV.|  on 
the  plan  of  S94,  (27  ). 

(80.)  And  aaoCbar  Ibrm  of  tqulisii  of  Um  mim  ■phcn^  umring  to  the  dere- 
hfrnmlciXXVllL,  maj  be  obtalnedbgrtlMiBalogaiu  dinfiMtioii  of  the  imm  rec- 
tor i,  lietipeni  the  fear  other  eqnetiooe ,  XXIY'.  and  XXV. 

TbB  fnodnef  9t any  rvrn  nnmber  of  complanar  vectors  Is  generally  a  qua- 
Urmum  with  an  axu  perpendicular  to  their  plane ;  but  the  product  of  the  aucceteive 
giffen  of  a  hexagon  Aiu'DEf,  or  any  other  even -sided  figure,  inacribed  in  a  circle,  is 
a  scalar  :  b<jcau>>t'  by  <lrawiiif^  diagonals  AC,  Al>,  AK  from  iliv  first  (or  last)  point  \ 
of  the  polyg-on,  we  imd  %»  in  (G.)  that  it  differs  only  by  a  scalar  co<:fficicnt,  or  divisor, 
from  liie  product  of  an  even  number  of  tangents^  at  the  Unit  point. 

(32.)  On  die  ether  hand,  the  product  at  omf  addmumhtrofenm^mmr  vetior$  la 
mhoay  a  line^  in  the  ieme  plene;  end  in  perttcular  (comp.  (19.)X  ^  ptodnct  of 
the  nwcweier  eldlce  ef  n  ptmtafom^  or  h^tapou,  tn*,  ineeribed  le  a  cfrel>,  to  equal  to 
n  iaagtrntlai  ^eeltir,  dmwn  froa  tbe/ralpOMrf  of  tbet  imeriM  end  otUUmded  pot^' 
pom  :  becenee  It  dUfen  onl^  by  «  enltr  eoeffldent  from  the  prodoet  of  en  odtf  nitm- 
ftrr  of  such  tangents. 

(33.)  Thf^  product  of  ony  number  of  lines  in  space  is  generalhj  a  qvaternion 
(289) ;  ami  if  they  be  the  successive  sides  of  a  hexagon,  or  other  even- sided pohjrjon, 
iiijicribt^d  »«  a  sphere,  the  axis  of  this  qiiatrmion  (comp.  (12.)  j  is  normal  to  that 
splitre,  at  the  initial  (or  final)  point  of  the  polygon. 

(3i.)  But  the  product  of  the  mooeirire  ddce  of  n  heptagon,  or  other  odd-tided 
polggom  hs  a  ^jpAcre,  ia  e<^ual  (comp.  (19.)  )  to  a  eeefor,  which  fotrcjUt  lAe  tphert  at 
the  Initial  or  final  point;  because  it  been  a  scalar  ratio  to  the  product  of  an  odd 
MOMftcr  of  vectoia,  in  flie  tsmpeui  pilame  at  that  pdnt. 

(85.)  Tlw  equation  XX.,  or  its  transforroation  XXVII T.,  may  be  called  tlie  oon- 
ditioo  or  egvafion  of  homttpkvieity  (comp.  2C0,  (10.))  of  tbi  /rV^  points  o,  a,  b, 
CfTi  and  tbe  aoalogooa  equation  for  the  five  points  ABCDm^  irith  veotora  afiyit 
from  an/  arbitrary  origin  o,  may  be  written  thus : 

XXXIV.  .  .  0  =  S(a  -  /3)  (/3  -  -y)  (r  -  <5)  («y  - 1)  Ci  -  a)i 
or  thus,  XXXV.  .  .  0  =  aa«  +  6/3=  +  ey'  ,  d^^  +  e*«, 

ilx  tiniee  the  second  member  of  this  last  lionniila  beiflg  fownd  to  be  eqnal  to  tlie  se» 
eood  mpmU^r  of  tlie  one  preceding  it,  if 

XXXVI. ..  asBCDl^    ftaODBa,    ealMUB,    4«SAB0,  eeABCO^ 

«r  moralUDj', 

XXXVn. . .  6a«!S(Y-|3)(a-^)(c-/3)sS(rat-ft/3+f/9y~/3ya),  Ac; 

eo  that,  by  294,  XLVIIT.  and  XLVII.,  we  hare  also  (comp.  05,  70)  the  equation, 

XXXVIII.  .  .  0  =  aa  +  6/3  +  cy  +  do  +  ei, 
with  the  relation  between  the  coeflicienta, 

XXXIX.  .  .  0  =  a  4  6  f  c  +  f/  -  e, 
which  allows  (as  above)  the  origin  of  vectors  to  be  arbitrary. 

(30.)  The  equation  or  condition  XXXV.  may  bo  ohfain.'il  as  the  result  of  an 
elimination  (294,  (27.)  ),  of  a  vector  k,  and  of  a  scalar  g,  between  Jive  scalar  equo' 
ti4ms  of  the  form  282,  (10.),  namely  the  five  following, 

2  u 
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XL.  .  .a«-2Sca  +  ^  =  0,    ^-2Sjc/3+ =  0, .  .  f«-2SKf4p=0; 
K  being  the  vtttor        cemtn  k  of  tlu  ^pA«n  amcd,  of  which  the  eqnatkm  nay  be 
written  M 

TLl. . .  p«-?Srp  +  ^  =  0, 

g  being  some  scalar  constant ;  and  on  which,  by  tlie  amdiiion  referred  to,  the  Ji/ih 
pobtt  B  U  ritiuitad. 

(87.)  By  tnttiogtlibttUi  point,  or  Itt  Tiotor  i,  as  Mtrmf^  ira  reeimr  th« 
oondltioii  or  •fMdrftai  ^emeMMtg  (S.),  oTtho/bMr^oMff  A,B,a,i>g  or  the 

XUI...O  =  V(a-  /3)C^-7)  (y-^)  O^-n). 
(38.)  The  equation  o  f  the  drd*  ABO,  and  the  efpuUi<m    the  tpkert  abcd,  may 

ia  gonoral  be  written  thus : 

XLl  1 1.  . .  0  -  V  («  -  ^)  (/3  -  r)  (r  -  p)  (p  -  a)  ; 

XLiv.  . .  0  s(a  -    f   -  r)  Cr  "  0    -  p)  (p  -  «^ 

p  being  as  usnnl  tin;  vector  of  a  variahh  j  niuf  r,  on  tlie  mio  or  the  other  locus. 

(30.)  Tlu-  cfjuations  of  the  tangent  to  the  circle  ABc,  and  of  the  tangetU  plant 
to  the  sphere  ahcu,  at  the  point  A,  are  respectively, 

XLV.  ..0  =  V(a-^3)(/3-y)  (y-n)  (p  -  a), 
and  XLVI.  .  .  0-8(a -/3)  (/3- 7)  (y-^)  (^-a)  (p- a> 

(40.)  Accordingly,  whether  we  combine  the  two  equations  ZLtll.  and  XLY., 
or  XLIY.  and  XLVI.,  w«  find  In  cadi  case  the  eqnstlon, 

XLVII.  .  .(p-a)'-O,    giving   p  =  a,    or  P«a(20); 
it  being  supposed  that  the  three  poinU  A,  B,  c  are  nof  teMSmeaTf  and  that  Unjkwr 
points,  A,  B,  c,  D  are  nof  cwsgrfanor. 

(41.)  If  the  cmfrw  of  the  tpktn  abcd  be  taken  for  the  ^rifim  <s  so  that 
XLVni.  ..a««f3«  =  r»=««— f*,   or  XLIX. . .  Ta«T^=Ty«Te»r, 
the  positive  scalar  r  denotuig  the  radtiw,  then  after  some  leduetloas  «n  obtdn  tha 
tiamforraation, 

L.  .  .  V(a  - /3)  03  -  y)  (r  -  0     -  «)  -  2aS  (/3  -  a)  (y  -  «)  (^  -  o> 
(42.)  Hence,  generally,  if  k  be,  as  in  (36.),  theeentreof the  sphere,  webafntha 
cqnallon  (comp.  XXVr.)i 

LT. . .  T(ab.bc.gd.ika)s18ka.abci^ 
(48.)  We  may  therefore  enundata  this  fAesrmi 

■*  JhavMlorpart  of  the  prodmet  offimr  iMt€$$he  aU»B,  9/ a  pondkc  fnodWIa* 
Imrf  MiscrMtis  a  tphen,  it  egna/  to  tk§  diamHm'  dtmm  to  tko  mUtalpoimt  oftkt 
pofyf»^  mnlfqvKMl  ly  fAc  seofivirc  ^<AcpynasiU;  wA^  lie>b«r  pOMte 

f«nnine.* 

(44.)  In  effecting  tlic  rp(/Mf^"o«.«  (41.),  tlip  M]ovf\ng  genera!  fnnnuht  q(  txm^ 
formation  have  been  employed,  which  may  be  useful  on  other  fH  oa.-iuns: 

LU. . .      +  9a  =  2(flSq  +  S^a) ;       LII '.  .  .  aqa  =  a^&q  +  2a&qa  ; 
wlMia  a  nay  bo  my  Mefar,  and  9  may  be  any  ftuitcnium. 
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ISrctxov  7. — On  the  Fourth  ProportiamU  to  Three  IHpianar 

Vector*. 

297.  In  general,  when  any  four  quaternions,  g,  q',  j",  j'",  satisfy 
the  equation  of  quotients^ 

or  the  equivilent  foni»ila» 

■we  shall  say  that  they  form  a  Proportion;  and  that  the  fourth^ 
namely  q"\  is  the  Fourth  Proportional  to  the  firsts  second,  and  third 
quaternions,  namely  to  q,  q',  and  q'\  taken  in  this  gWen  order. 
This  definition  will  include  (by  288)  the  one  which  was  assigned  in 
226,  for  the  fourth  proportional  to  three  eomplanar  vectors^  a,  /9,  «y, 
namely  that  fourth  vector  in  the  same  plants  ^sjSa'^tyy  which  has  been 
already  cousidered;  and  it  will  enable  us  to  interpret  (comp.  289) 

IIL  . .  i3«~*<y,  when  <y  fMl  |||  a,  /3y 

M  denoting  not  indeed  a  VeetOTt  in  this  new  case,  hut  at  least  a  Qua^ 
temkm,  which  may  be  called  (on  the  present  general  plan)  the  Fourth 
ProportUmeU  to  these  Three  Diplanar  Vectors,  a,  /3,  7.    Sueh  fourth 

proportionals  possess  some  interesting  properties,  especially  with  re- 
ference to  their  vector  parts,  which  it  will  be  useful  briefly  to  consi- 
der, and  to  illustrate  by  showing  their  connexion  with  spherical 
trigonometry,  aud  geueruily  with  sp/icncal  yajtuciry. 

(1.)  Let  a,  /3,  y  be  (us  iu  208,  (1.),  &c.)  the  vectors  of  the  corners  of  a  triangle 
▲BC  on  the  umt-tphere,  irhenof  the  lidet  are  a,  6,  c ;  and  let  at  wtitc^ 

il  =  cosa=  =  -  Sj3y, 

m  s  COS&  =  Say  *  =  -  Sya, 

•wbem  It  ie  nndsntood  that 

V.  .  .  a«  =  ^  =  y«=-l,    or    VI  .  .  Ta  =T/3 ^Tys  1 ; 

it  being  also  at  first  supposeU,  furtlie  sake  of  fixing  the  conception^  tliut  onch  of  these 
three  cosines,  /,  m,  »,  Is  greater  than  sero^  or  that  each  side  of  the  triangle  abc  is 
lesa  than  a  quadrant. 

(2.)  Then,  introdociog  thfee  new  Teetors,  J,  i ,    deftned  by  the  equatlon% 

=  V/3a  'y  -  Vyn^l^  -  >u,^  ^  uy  -  la, 
,  =Vy/3->a  =  'y  =  »y  +/«  - 

;s=Vay  'i3  =  V/3y-'a=la  +mfi-ny. 


Digitized  by  Google 


338  SLBltlllTt  OV  aOATBBBIOVS.  [bOOK  111. 


«•  filid  thai  that  tkrm  ArM  WMi^n  Im  aB  om  Mmmm  Itmgtk,  ny  r. 

00  that  IX  . .  W-Tf  «T« «r=V(«»+«»+  a^-Sftn). 

C8.)  11iteMnMiDkngth,r,ialiwflraMifiP3r;  fitrifwe will*, 

X.  .  .  Sa/3y  =  S/3a  »y  =  e, 

we  sbali  have  lb«  rclatiuOf 

XI.  ..••-ff««N/5a-»r=l; 

and  the  scalar  e  is  diiltrenf  fn  in     ro,  b*-<-naae  the  vectors  a,  )3,  7  arc  dtplanar. 

(4.)  Dividing  the  three  Uac»  t',  1,  J  by  thdr  lengthy  r,  we  change  thcm  to  their 
«cfMr»(m,  166);  aiidto<AtaiaaMlri«^M»»o«lActmft-4i^f 
tiM  «otMii  «•  drtnriiMd  bj  tho  Ofw  INI 

(6.)  TkaiM««p|»iHel»iHB»F,iat]tliMi»4r 
rwMT  trincK  AM  KNvlMi; « ia  vif.  «7,  lij  tbs 
A,  B,  o  flf  the  oM or^M trieai^;  beeuu 
three  eqnetioo^  ^.^^ 

(e.)  I>enoang  the  AolMt  of  the  new  aidSM  by  ft',  (eo  thit  the  are  srsS« , 
Ac),  the  equfttione  XIII.  ehov  sIks  by  IT.  and  IX^  that 

XIV. . .  coeaBreoeai  ooe6»r  coeft",  eoeesrooe«!'; 
the  eo<M«<  of  iht  kalf-tidet  oC  the  new  (ov  Kicefcd)  tritmgte^  Dsr,  en  thenlbia|Nv 
jNVfioiMl  to  ike  totlmtt  pf  tke  mdm  of  the  oAT  (or  NMd%)  abo. 
(7.)  The  equitioae  IT.  ghr^  hj  279,  (!.>, 

XV...2l«-05y+y/SX  (r«+«y>i  «a«-(a^+/l«); 

we  have  therefore^  bj  TIL,  tha  ttree  Mkming  eqaatkw  between  f|MlMiiiaae» 

XTI...  ate  Co,  iSCaa/S,  ya=iy; 
whkh  may  aUo  be.thaa  written, 

X vr.  . .  f o  «  oZ,       =        ^ 7  =  y f , 
and  express  in  a  new  way  the  relations  ofbitectiom  (5.). 
(8.)  We  have  tfaereftm  the  eqnstiooi  between  Teeton^ 

XVII.  .  .t  =  aW\  a=  7«y  »; 

or  XVn\,,Z^ata-S   9^00'*,   1=7^7  «. 

(9.)  Hence  also,  by  V.,  or  because  a,     7  are  wajf-vecAprff, 

XVIII.  ..  «  =  -a!:cr,    C  =  -/3?/3,    ^  =  -717; 
or  XVIir. .  .  C  =  -  am,    ^  =  -  /3i/3,    f  a  -  y^y. 

(10  )  hi  gi^neral,  whatever  the  length  of  the  veettr  a  au^  5t,  the  iltt  equatka 
XVII.  exprewee  thet  Me  Hmtu  (comp.  138)  the  re/Uxiamofth$ Ifotf^  wUh  rmpeci 
to  thai  vtelor  a  %  beeaoie  it  may  be  put  (oompb  279)  ander  the  fotm, 

XIX...«:a-»-ir»««K«r»,  or  XIX', . .  f«-»=KJa-'. 
(II.)  Another  mode  of  arriring  al  the  same  tafet|ir(laffoa  of  the  cquatiea 
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•  s  mtarS  it  to  toandsm  I  AmomfmtA  into  k«»  ■anaand  vtetoniy  C  ud  Ct  oce  pa- 
nJM  and  the  otfatr  pwpwdiBnlar  to  a,  in  ndi  a  Banner  tlukt 

Ibff  then  we  abaB  have,  by  28 1,  (10.),  ^  tranifonnatlooa, 

XXI.  . .  «  =  aro-'  ^  orVi  =  raa->  -  Caa  *  =    -  T ; 

the  parallel  part  of  2^  being  thus preservtdj  but  tbe perptmdicklar part  bciug  reversed, 
hy  the  openHom  a(  )<r'. 

(IS.)  Or  we  may  rftem  Urom  ffsaCa->  to  thaium  laso?,  that  to  the  flnt 
•qnatlofi  XTl'. ;  and  ttien  tiria  tqnatioii  between  qnatemiona  will  ahew,  aia^ggpted 
in  (7.)|  that  whatever  bmj  be  the  In^lA  of  €^  we  mnit  Iwr^ 

XXII.  ..TcbT4   Az.*MaAz.aC»  LtamLmCi 

wo  that  the  Aeo  Ibm  t,  {  are  equoBf  lomg^  and  the  rptaHon  ftem  i  to  c  if  egiMl  to 
that  flom  a  to     thcie  two  roCatiooa  b^ng  mmUar^f  dirteUd,  and  in  one  eommom 

(18.)  We  maj  also  write  the  eqnationa  XITII.  XYII'.  under  the  Ibrmai 

XXIIL  . .  f » <r>;a,  te.;      XXIII'. . .      tr^w,  ko, 

(14.)  SabetitQtmg  thla  laat  espieialoii  Ito  {  hi  the  aaeond  ecpiatien  XVIT.,  we 
dcfive  thia  new  etfuationi 

XXIY.  . .  9mfitr^iafirl;   or  XXIT*. . .  ■»  a^S  »e/3a-' ; 

that  if,  more  briefly, 

XXV.  ..d  =  qtq\    and    XXV'.  .  .  «  =  q-^9q,    if   XXVI.  .  .  7  =  /3a-». 

(Id.)  An  expreaaion  of  tliui  form,  namdy  one  with  such  a  :>^'mboi  aa 

XXVII.  .  .  ry  (    )  7  » 

for  an  optrator,  occurred  before,  in  179.  (\.),  .Tml  in  191,  (H.) ;  and  was  seen  to  in- 
dicate a  conical  rotation  of  the  axis  of  the  operand  (j'uilrDiioti  [i<i  wliii  fi  the  si/mhol 
is  to  bti  coDCi-'ived  aa  being  written  uritJuH  the  parenlluaeh),  round  the  axu  of  7, 
ikrouffh  am  amj^^2i  9,  withontany  diange  of  the  an^/«,  or  of  tiia  feaior,  of  that 
wptnmds  ao  thai  a  vaetor  arait  nrnaim  a  Molor,  after  any  eperaOm  of  Uiia  aort|  aa 
bdng  Mi  a  right-wtgUd  gwalcraipn  (290) ;  or  (eomp.  28a»  (10.)  )  beoaitte 

XXV IIT. . .  S9P9-'  =  S7-'9p  =  Sp  =  0. 

(16.)  If  then  we  conceive  two  opposite  points,  v  and  p,  to  be  detcruiiued  on  tha 
unit-sphere,  by  the  conditions  of  being  respectively  the potUice polta  of  the  two  op' 
potite  arctj  ab  and  ba,  so  that 

XXIX.  ..  or'  — Ax. /3a-' =  Ax.  7,    and    op  =  r'o  =  Ax.  a^t?  '  =  Ax.  9-', 
vt  e  cnn  infer  from  XXIV.  Il1.1t  the  line  on  mai/  h«  tlrrii nl from  the  line  OK,  hy  a  co- 
nical rotation  round  the  line  or'  at  an  axii,  through  au  angle  equal  to  the  d<mUe  of 
theangle  aob  (if  o  be  still  the  ctaCrv  flf  tfie  ipAcfw). 

(17.)  And  ia  like  nanner  we  can  inlte  tnm  XXfV.*  that  the  line  o«  admita 


•  It  was  remarketl  in  291,  that  this  characteristic  Ax.  cnn  If  rlispensed  with, 
becau.4c  it  admitn  of  l>ein^  replaced  by  UV;  but  there  may  stiil  be  a  conrraienoe  in 
emplojing  it  occaaionailjr. 
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bdtog  dwifd  frow  op>  n  tfrnt  hat  qi^an  eomiecl  vvMSmi,  nmdtheliM 
01*  OS  a  new  poaMm  tutht  tbnragli  an        eqMl  to  twiot  Um  aoi^  mmu 

(18.)  To  iUu$trat«  these  and  other  comiecttd  renlti,  tht  uatutd  Ftgore  68  ii 

drawn  ;  In  which  v  r-^prr^nta,  as  aborc, 
the  po«itivo  pole  of  the  an  n  s,  ami  arcs  are 
drawn  fnmi  it  to  n,  k,  i  ,  inr.  ting  the  great 
circle  through  a  and  b  in  tiiu  points  r,  s,  T. 
(The  other  lettere  to  the  Figure  axe  xwt,  for 
the  momeiit,  nqpdred,  but  their  rigidlleft- 
tkmt  ivfll  eooii  be  eaqplalned.) 

(in.)  Thle  belag  mdentood,  wt  tee^ 
first,  that  bccauee  the  arcs  xr  and  n  are 
bhfct^fl  ('<.)  nt  A  and  n,  the  thret  arcual 
pfrpendiculars,  VJi,  FT,  l»u,  let  fall  from  E, 
F,  D,  on  the  grc'ut  circle  through  A  and  b, 
are  tqualljf  long;  and  that  therefore  the 
point  P  ia  the  itdtrkr  poi*0f  HhMtmaadr- 
elf  DKv',  If  ff^  be  thapoiatdiaiiietiicallj  9p- 
p0$il€Uwt  iothata<«MiealrofaMo»roimtf 

this  pole  p,  or  tpond  the  axis  OP,  would  in  fact  bring  the  point    OT  the  l&M  oo,  Ce 

the  position  E,  or  OE,  which  U  one  part  of  the  theorem  (17.). 

(20.)  Again,  the  quantity  of  thia  conical  rotation.  \-  ovidtntly  measured  by  the 
arc  \iH  of  the  yreat  circle  ^vith  i-  fur  pole  ;  but  the  bisection*  above  mentioood  give 
(comp.  10C>)  the  two  arcuai  t  i^uutions, 

XXX...      KiJ= Bi,     '^  TA-'^As;    whence    XXXL  .  .  "  RS  =  2 BA, 

and  the  other  part  of  t^c  same  theon  in  (17.)  is  proved. 

(21.)  The  point  K  may  be  said  to  be  the  rejiexion,  on  the  sphere,  of  the  point  t>, 
with  respect  to  the  point  a,  which  Insects  the  interval  between  them;  and  thus  we 
may  say  that  two  mtetmhe  r^exi<m$  of  on  orWOwy  jyotRf  mpum  a  tpken  (aa  here 
ftmuD  to  p,  and  then  ftom  P  lo  b),  tritk  mptct  to  two  giftm  peiafe  (b  and  A)of « 
fheugrmt  dreir,  are  Jointly  eqiUvaitrnt  to  mt0  eonioai  roteijoa,  roimd  tkopoU  (p)  of 
that  groat  obrdo;  Ct  to  thedeecription  of  an  are  of  a  small  circle^  round  that/>o/e,or 
parallel  to  that  great  cirrk- :  and  that  the  angmiar  quantity  (i>i>b)  of  this  rotation 
is  double  of  timt  n^pro}if  iiti  d  bj'  the  arc  (ua)  oonncctiiiir  the  two  (jirrn  points;  or  is 
the  double  of  the  angle  (upa),  which  that  given  arc  subtends,  at  thv  same  pole  (p)^ 

(22.)  There  is,  as  we  see,  no  difficulty  in  geometrically  proring  this  theorem  of 
rotation :  but  it  is  remarkable  how  timpljf  quaternions  express  it :  namely  by  the 
fbnniiU, 

XXXIL . .  a./^>p/3.a-*  sa/3*^p./%r^ 

in  whidi  a,  jS,  p  may  denote  oiijrfAree  mefore  ;  andirUdi,  aa  weiee  bjthejMiafe^ 

Involvee  esaentlally  the  associative  principle  o/wmlftjplicaii'en. 

(23.)  Instead  of  conceiving  that  the  point  D,  or  the  V/^'  *'\ 

linn  on,  has  been  reflected  into  the  position  f,  or  of, 
willi  rt  sjiect  to  the  [K>int  B,  or  to  the  line  ou,  with  n  simi- 
lar succLssifc  rrficxion  from  F  (o  t\  we  may  conceive  that 
a  point  has  moved  along  a  small  semicircle,  with  B  for 

pole,  from  o  to  P|  aa  faifioated  in  Fig.  69,  and  then  along  Fig.  69» 
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amtktr  muJH  Mmldrclt,  wiUi  a  for  ptth,  firom  r  to  ■ ;  and  w«  MetIuittlMiiM«ft,  or 
efieif  of  tbes«  two  tucce$iive  and  semicirailar  moHontii  equivalent  to  a  motion  along 
an  are  DB  of  a  third  $mall  circle,  which  is  parallel  (as  before)  to  the  ffreat  circle 
through  B  and  A,  and  fa«a  a  j^eetUm  na  iActmh,  which  (still  aa  beftno)  la  dotMe 

tkt  given  arc  BA. 

(24.)  And  iasltad  of  thvis  conct  iviiig  tao  succe$tive  arcual  motions  of  a  point  D 
vpon  a  sphere^  or  two  tucccsiire  conical  rotations  of  a  radiut  OD,  ( oiisidered  as  com- 
ponnding  tbemaelvea  into  one  resultant  motion  of  thnt pointy  or  rotation  of  that  ra- 
dhiB,  tra  majr  eooMiva  an  analogpiu  coMtjMMtMon  of  two  mootmAn  rutattom  of  a 
Botid  iotfy  (or  rigid  iffffM),  round  acta  passing  through  a  point  €>t  which  it /bttd  in 
ipaot  (and  in  tko  Aod^):  and  ao  obtain  a  lAaortai  reapeetfog  aadb  rotation,  whidi 
aarity  aaggMta  itaoif  ftom  what  ptaeodaa,  and  on  which  wa  niaj  pohapa  rotnin. 

(25.)  But  to  draw  aooia  additional  eooaeqaences  from  the  equations  VII.,  &c.,  and 
lirom  the  recent  Fig.  68,  aapodally  as  regards  the  Construction  of  the  Fourth  PtO' 
portional  to  three  diplnnar  rectors,  let  us  first  remarlt,  gOttoraUy, that  wbon  wt havt 
(aa  in  62)  a  Hnear  equation^  of  the  form 

aa  +  */3  +  cy  4  rf2  =  0, 

connecting famr  oo-umIm/ Molora  a,,i,  mhmot no  tkrto art  ooM^anor,  than  tiila 
JIfih  vector^ 

e  =  aa  -I  6/3  =  -  fy  -  d^, 

in  eviilently  cnmplanar  (22)  with  a,  j3,  and  aito  with  y,  t  (comp.  294,  (6  )  )  ;  it  is 
therefore  part  of  the  indefinite  line  of  intersection  of  the  plane  aob,  coo,  of  these 
two  pain  9lt  TtefeOfl^ 

(26.)  And  If  wi  dbride  this  fifth  vaetor  «  by  the  two  (gonmllj  unequal)  «m- 
iarOf 

a  +  5,   and  -  e  — 
tiia  two  (gmralljr  nnaqual)  oecfora, 

(aa-f  a0):(a'l- A),   and  (ey-^  dS) :  (a ^  d), 

wbMk  axa  obtained  aa  tha  fuoHonU  of  these  two  dlTidoBs,  are  (comp.  SS,  64)  tha 
raetora  eC  two  (geoarally  distinct)  pointi  ^inlormolkmf  of /lacf  with  planet,  namelx 
tha  two  following: 

AB  Oct),     and  CD'OAB. 

(27.)  When  the  two  lines,  ab  and  cn,  liappou  to  intersect  each  other,  the  two 
laat-meniioned  points  coincide;  and  thus  we  recover,  in  a  new  way,  the  condition 
(63),  for  the  cnmplananty  of  the  four  points  o,  A,  n,  c,  or  for  tha  termino-compla' 
naritg  of  the  four  vectors  a,  /3,  y,  ^ ;  namely  the  equation 

a  t  b     c    d  =  Oy 

wbich  may  bo  compared  with  294,  XLV.  and  L. 

(28.)  Resaoung  now  the  recent  equations  VII.,  and  introducing  the  new  vector, 

XXXIII. . .  X  « la  -  ai^  »  i(«  -  0» 

ZUI V. . .  SyX  »  0,   and   XXXV. .  .  T\  =  V(r»    «»)  -  r  sin  c', 

wa  see  tliat  tlia  two  arcs  ba,  ds,  prolonged,  meat  In  a  point  l  (comp.  Fig.  68),  for 
wUch  oL=  UX,  and  which  is  dietant  by  a  quadrant  from  c :  a  result  which  may  be 
«oofimMd  bj  elamcntaiy  oonsiderationsb  because  (by  a  well>kaoirn  theorem  respect- 
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ins  IMMMTICI  OTM)  llw  MMMH  MtMffr  BA  «f  th«  two  Mt»  OBt^ 

IIm  MMmlr  in  «  poinl  l,  ftr  whkk 

(29.)  To  pmo  ty  fMCcniloM  thii  latt  agnoljilr  •fdmn,  and  to  OMlga  tMr 
oominon  Tftlm^  m  bavo  only  to  obaerro  that  Iff  XZZIII., 

XXXYL  . .  y^X  s  Yi\  « |Ya< ; 

in  whicli, 

=  T<  X    f«  Rin  r',    and    TV^«  =  r»  sin  2** ; 
the  aintt  in  question  are  therefore  (by  204,  XIX.), 

XXXVI'.  .  .  TVU^X  =  TVUiX  =^r3 sin  2c' :  r»  sin  c'  =  cos  c'. 
(80.)  On  flmilar  principles,  we  may  interpret  the  two  t'er^or-agnalioM^ 

in  wbicb 

XXXYtri. .  .  TX:Ty^aBrrin«^:aiBe»tan0':taiic^ 

an  equivalent  to  the  trigonometric  equationsi 

OOSAC 


I*    ahi  AL 

(81.)  Aeoordiiigl7,  if  wo  let  fall  the  peipandkalar  OQ  on  ab  (see  again  Fig.  68X 
ao  that  g  bliaeta  Ba»  and  if  wo  dotonnino  two  now  pointa  k,  n  by  tba  avenal  oqoa- 

XL.  .  .  «  1.M  =  «  AB  a=     QR,      A  Ui  xr  CD, 

the  arcs  mr,  Kd  ivill  be  quadrants  ;  and  because  the  angle  at  u  is  right  by  construc- 
tion (18.),  M  is  the  pole  nf  r>R,  and  dm  is  a  (juailrant  ;  whence  r>  is  the  pole  of  >nf 
aiul  the  angle  i.nm  ia  right :  conceiving  then  that  the  arc^  c\  and  cb  are  drawn,  we 
have  three  triangles,  right-angled  at  Q  and  which  show,  by  elementarj  principles^ 
that  the  three  trigonometric  quotienta  in  XXXIX  Lave  in  fact  a  common  valae, 
namoly  ooa  oq^  or  ooa  i*. 

(8S.)     pvovo  tMi  laaf  Nanlt  by  jiMlfrNlana,  nnS 
Muy  painta  h,  v,  ^  m,  wa  hnto  tfio ' 


XLi  «iai.-anI^-anI^=TA.  ftgf^T-i-* 
XLL. .  ooaL-SU^-SO  ^  «T-gj.8  jj=T^, 

XLIL..a«.*iy-1i,   tsrny+X,    VlcSnyX,  UV«t«U/X, 

and 

XUII.  . .  8^  «  =- S/3«-»yX-'  «  -»*X-'  - 1; 

it  being  remembered  that  \  -i-  y,  whence  . 

VyX»yX»-X7,    (yX)»— 7«X«  «  X»,  B/X-»-t. 

(33.)  At  the  same  time  we  sec  that  if  r  be  (as  before)  the  pooitiTO  pole  of  ba, 
and  if  x,  k'  be  the  negative  and  pn<iitive  poles  of  db,  while  l'  is  the  negative  (aa  L 
is  the  po^iitive)  pole  of  CQ,  whofobj  all  tbo  lotton  in  Fig.  68  hava  tMrafgoMkatioaa 

datermineU,  wc  may  write, 

XUV.  ..ov»UV/9a;   oit'  =  yU\;    OK^-yXJXt  •■/--UXf 
while  OL  s  4-  UK,  aa  befon. 
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(84.)  Writing 

ZLT. ..ffB-yX,  or  Xsyff,  tad  ft^fiar^Xf 
•othat  XLT*. ..OKsUc,  and  omsU/i, 

mhsw  XLVL  ../3a-t.7-i|iX-i.Xc-*o^i; 

tttii/ottWA  propcrHomalt  lo  IA«  IfanM  equattjf  long  but  diplanar  VMlor*,  a,  /S,  y,  it 
tedbn  a  mnor,  of  wUdi  tha  ryrawftitfo  ore  (162)  ia  xm»  and  (ha  rqmMnte- 
iiw (174)  ia koh,  or l^b,  or  bdp;  and  wa nagr  mita for  t]ilaT«iaor,or4|iiap 
tMDioQ,  jhaariinwhwi; 

XLTII. .  fim'^y  s  eoa  l'ob + od. rfn  iTOs. 

(35.)  Tha  dipailt  of tida  rapwaiBtatftfa  aagk  k  tha  t«Mi  af thalw^lgit-iylatof 
1haiia«oilMlrjaiiylti»n;  and  haeanaa  tiia  two  olhar  IrlanglM^  bfi^i  '''nii  aiaiiAa 
iwnalM  (!>.),  fhaAoiars^ahoirathattfaiaattai  ia  what  maurfM^  when  wa  wMraat 
lit  otftfeol  oat^  V,  of  tlM  tiiaagia  nsv,  Ite  tha  4m  o/liU  M9q^^ 

baae-anglea  D  and  x  of  that  triangle ;  or  when  we  subtract  the  $um  of  the  three  an- 
fffm  of  U»a  aarae  triangle  from  four  right  angles.  We  hava  thareloca  thia  vary  nimpla 
vVMrioa  Ibr  ttia  An^  itf'tkt  Famtk  PnpvrtUmal  s 

XLVni.. .  £jS<riysL'DB>t«-|(D+B+r> 

(36.)  Or,  i/waimMdaoathaaraSfOrlha  ijpMeol  a0re«<,  say  £,  of  thatrlangta 
onr,  writing  that 

ZUX. .  Zsap+B-l-v-ar, 
wa  liava  lhaaa  otfier  aaprmaiont; 

becaose 

ODsU^er-ia^l^jrXII. 

(37.)  Having  thoa  expressed  /3a-^  y,  we  require  no  new  appeal  to  the  Figure,  ia 
aidirto  azpnaa  tida  ofAcr  UnrCh  proportional,  ya  i/3,  wkidi  to  tha  wegaHot  ofita 
««l^yafe,  or liaa an fljpipotifo aeoi^t  Imt an afMol 804,(1.),  and 
t95,  (9.)  )  t  tlw  gaomatilcal  <Uflbi«noa  hdng  mardy  tbiai  that  baeaaaa  tlia  rotation 
nand  a  ttum  /3  to  y  haa  baan  aappoaad  to  ba  ntguUve^  tha  rotation  round  a  Aknb  y 
la   moat  be,  on  tha  oontnuy,  potitfm, 

(88.)  Wa  may  Ihna  wiita^  at  oooe^ 

UL  . .  yari/3 K^iy  s- da  |S + ri^ooa |2 ; 

and  we  have,  for  the  angle  of  this  new  fourth  proportional,  to  the  tame  three  veetort 
^1  fit  y,  of  whiditba««o0«dandliMhavanMralycAaiijrMi;>laaef  withaaohothar, 
tiMfarranln: 

LIU. . .  L  ya'i/3 •  bi>i*s^(d  4-  ■  4  f) «|ir  +  |S. 

(39.)  But  the  common  vector  peart  of  ttum  twQ  fonrtb  proportionals  is  ^,  by  VII  ; 
wa  hava  thtfilbi^  by  XI, 

UV. . .  r«co8i2  ;   «  =  isiniS; 

tha  oppar  rfgn  being  takeo,  wlian  tlia  rotation  loand  a  from  /9  to  y  ia  nagatif a^  aa 

above  supposed. 

(40.)  It  foUowi  by  (6.)  that  when  the  eidee  2a',  2b',  2c',  of  a  spherical  triaagl« 

2  X 
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vmr,  of  whidi  tb»  mtu  It  Xttn  KmHtd  ttf  thm  eorutrMA,  b,  c  of  oMliUr  qilMKkal 
tri«igl6b  of  which  Um  ddm*  are  a,  ft, th«o. 

LV.  ..ooia:oota'soooft;oo«ft'8eote:cotc'«Boot|S. 
(41.)  UMlows  aSao^  Uron  what  hat  ben  noontljahafWB,  that  Um        bme,  or 

IID3^  or  the  arc  M!<  in  Fig.  Gf<,  repfwetdttkttf  mi-area  of  the  bi§eeted  trianfffe  DBT; 
whence,  by  the  riglit-AngI»Ml  triangle  iJCTf,  we  cad  infer  tiiat  thcttM?  of  thi3««iin-«r«a 

is  e4|ual  to  the  tine  of  a  tide  of  the  hUeeting  trianq^e  auc,  multiplied  into  the  tine  of 
the  perpi  nrUcHhtr,  let  fall  upoo  thatstde  from  the  opposite  corner  of  the  Utter  trian- 
gle; because  we  have 

LVI.  .  .  sin  |S  ^  sin  mx  =  sin  t.M  .  ^in  l  =  sin  ar  .  sin  cq. 

(42  )  Tlie  Mm«  conduaioo  can  be  drawn  immediateljr,  hj  qoateniious,  from  the 
expression, 

LVII.  .  .  siniS^e-  Sapy    SCV/3a.y-')  =  TV/3a  .  SU(V/^a  :  y); 

in  which  ouc  factor  is  the  sine  of  ab,  aud  the  other  factor  is  the  cosine  of  cp,  or  the 
line  of  c<i. 

(43.)  Under  the  Mme  eonditloni,  ilaee 

LVIII. .  .  a=  U(i  +  O  =     '(« &c, 

wo  nay  write  alao^ 

in  which,  hy  lY.  and  XIII., 

LX.  .  .  4/mii  =  -  S(5  + 1)  («  +  O  =     - S(*^  +  5^  + 
(44.)  Hence  also,  by  LIV., 

LXL  .  .  cos  J£  =  r  =  (r>  -  rS(«i  +  W  +  ii)):  Almu ; 

.  •  r»-rs  ir+ +  ;o ^  1  -  sutj- s^:^  - su^*  * 

and  under  thU  last  form^  we  have  a  general  exprettion  for  the  tane^t  nt  of  half  the 
Spherical  opening  aiO^of  any  triangular  pyramid  ODKF,  whatever  the  lenglht  i^, 
T«,  T(  of  the  edgu  at  O  may  ht. 
(4ft.)  Af  a  ToriflealiQO,  wa  have 

LXIIL  . .  (4/m«)* =-  ^(<  +  0»  +  «)■ 

=  «(r»  -  81O  (»•  -  8W)  (r*  -  8*1); 
bat  the  oUnitialion  of  }Z  befeweeQ  LIX.  LXI.  gives, 

LXIV. . .  (4/bw)«  =  (SaiC)»  +  (r»  -  r (SiC  +  S«a  +  S^i)  )« ; 
we  ought  then  to  find  that 

LXV.  .  .  (S^t2:)>  =  r«  -  r«  {(Si^*  ^  (Sg^)!  +  (S^f)')  -  2s*2:s:^s<?f, 
if  31      =r  ^1  =  -  r' ;  and  in  fact  this  equality  resulLi  immediately  from  (he  general 
formula  2'J4,  LIIL 

(46.)  Under  the  tame  conation,  respecting  the  equal  Icngtba  of  J;  f  t  C  ^ 
also  the  ftlnDah^ 


•  These  tides  abc,  of  the  bisecting  triangle  auc,  have  been  hitfierto  suppo^od  Tt 
eimplicity  (1.)  to  be  eaeA  /«tt  Mm  a  quadrant,  but  it  will  be  found  that  tlie/vr. 
laii/Sa  LY.  holdi  good,  wUktmi  aiqr  m«A  nefrjeCjon. 
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whence  other  vritotkoi  may  be  derhred. 

(17.)  If  9  denote  the  area^  •/lAe  HueHmg  trimt^  ABO^  the  g«Mnl  principle 
LJLIL  enahlee  us  to  infer  thai 

LXVIL..tao^=  ^^T^  


2     l-S/3y-Sya-Sa^     i-r/4m  +  « 

sin  r  sin  p  . 
1  +  coea  1-  c«e  6  +  cos  c* 

if  ^  dMioto  the  pvpndiaihur  OQ  fkoA  o  on  AS,  to  that 

«srioeein^«ilnl^eiinAafttt.  (oompii  210,  (21.)). 
(4&)  Bat,  bjr  (IX)  and  (XL), 

LZYIU. . .      (I    I  +  » + »)>  a  2  (1  +  0  (i -f  »)  (1  +  •) 

/         a       ft  c\' 
=  1  4  ooa  -  coa  -  cos  -  )  ; 
V       2      2  2/ 

boMo  the  corine  and  rise  of  the  Mw  tenlHuea  ere, 


fT  1 

LXIX.  .  .  co«  -  = 


2  a      b  e 

4co8  -  cos  -  cos  - 
2      2  2 

!> 

•  »         2  2 

""2  e 
coe  — 

2 


(12.)  -Betaming  to  the  hiatUtd  triangle^  i>Br,  the  hut  fonnuU  givM| 

LXXI.  . .  am  J£  =  Btfnp  tin  r  sec e , 

coee 

ir|»'deoole  the  perpendicalar  from  r  on  the  Miectlog  arc  ab,  or  rr  io  Fig.  68; 
tmtcoe^SaooeeMCc',  by  LY. ;  hence 

LXXII. . .  taniSsiInp^tancBdttrr.taoAB. 

AccoidiQi^jf,  hi  Fig.  68,  we  have^  bj  spherical  trigooonietiy, 

ifo  FT  a  aitt  Bi  s  dn  UK  «n  L  B  coa  ur  ifai  MH  ooMc  141  a  Ian  iw  60k  AB. 

(60.)  The  are  MB,  which  thus  repreiente  hi  9«a«fA^  the  leinfatfea  of  Mv,  has  ito 
jMie  at  the  point  o,  and  maj  be  considered  as  tlM  rwfnmMiM  are  (182)  ofa  certain 
mtm  fmaltndam^  Q,  or  of  it*  vtrBor,  of  whidi  the  acts  ia  tlia  radin  od^  or  ;  and 
tUa  now  qnatemioB  nay  be  thus  expresued : 

LXXIIL  . .  Q •  ^yafi =-i«  +  iSafty « r* 4  «a ; 

ita  teneor  and  fenor  being,  nipeetiTd|y» 

LXZIY. . .  TQ-r»coa|S}      LXXY. . .  UQeooe  |S  ^oo.slop. 

(51.)  An  important  tnuiafivmalioa  of  this  last  ecrMr  may  be  obtained  aa  feU 
Iowa: 


*  I  he  reader  will  ub^erve  that  the  more  uawA  symbol  fur  thi»  area  of  ABC^ 
is  hett:  employed  (36.)  to  denote  the  area  of  the  exter^ed  triangle  oaw. 


u  .J  .1^  .0  Google 


340 


BLBMBMTS  OF  QUATBRN10N8. 


[book.  Ill 


M  tlMi 

tiMN pomn  ^qmb&nSauM,  with  MponmU  being  intacpratod  «•  4fMr« 

r«ote  (199,  (1.)  ),  or  u  equivalent  to  the  igmbols  V  (?r>),  &c. 

(52.)  Thu  conjugate  (or  reciprocal)  vcrtor,  UQ  >,  vhich  has  KM  for  Hs  r«|»r«- 
Bentative  arc,  may  bi>  (1e<1iico<l  from  UQ  bj  aimply  intarffhangiag  And  or  f  and 
{ i  tbo  oonrespoodiiig  guatemiuu  is, 

LXXVIIL  .  .     =  Kg  =  i/3ay  =  r«  -  } 

and  we  have 

LXXIX. . .  UQ'«c<M}S-OD.sln|2»(a^i)l  (;«  >)»  (<^')' ; 
the  rotation  round  d,  from  e  to  r,  being  still  snppoicd  to  b«  negitivo. 

(53.)  L«l  U  bo  aay  other  point  upon  the  sphere,  and  lei  OH  s  Abo  let  £*  bo 
tho  ANA  of  tbo  ntw  tphmricai  ttiamgUf  nwa. ;  then  the  eomo  reoooiiliig  shows  that 

LXZX. . .  ooe|S'+oi>,ilii|r=(^;-')'  ('?^'')». 
if  the  rotation  round  d  ftom  r  to  H  bo  BOgAttTO ;  md  therafore,  by  multiplUt^tiem  of 
the  two  co-acol  tren^n,  LXXVL  And  LXXX.,  wo  havo  by  LXXV.  tho  onAlogoai 
Ibmrahi; 

LXXXI. . .  000  ICS  +  SO  +  oD.ain  |(*  +  «')-(^«-'>  OC  'y  (««!"')»  (f 
wbeit  S  -t-  2*  donoloi  tho  area  e/tk»  ^ktHeai  foadrtfolcraJ^  osra. 

(M»)  It  ia  OAif  to  «rf OTkf  tUt  nenlt  to  tho  «y«o  of«ayqiA«rjealj»ol^90«,or  to 
the  9pherieal  opcmng  (44.)  ot  aiqf  piframid ;  aud  WO  niAj  OTon  ooDoeiTe  an  exten- 
aion  of  it,  as  a  limits  to  th<'  arra  0/  any  c/o««(i  ctrrof  Npon  fA«  sphere,  considered  ao 
decompo.'^ed  into  an  indefinite  number  of  indtfinitehj  small  trianylet,  with  some  com- 
mon rrrtex,  such  as  the  point  u,  on  the  8|>heric  surf  ice,  ami  with  indrfinitr!tj  small 
ares  Er,  fh,  .  .  of  the  curve,  for  their  re''pe<-li%'e  bases  :  or  to  the  sphertcui  npening 
of  any  cone,  expressed  thus  as  the  Angle  of  a  {Quaternion,  which  is  the  limit*  of  the 
product  of  indejinitcljf  moMg  faetortf  each  equtJ  to  fA«  tfmare-root  of  a  quaternion^ 
wkiek  difin  M^bUitlp  Htihjhm  unitg. 

(55.)  To  A«iit  tho  reoolloeiioa  of  this  lesult,  It  mAjr  be  stoted  as  foUows  (oompu 
180,  (8.)  Ibr  the  dednllloa  of  an  arcml  nDR):~ 

The  Araiai  Sum  tfthe  Halves  of  the  emeceuive  Sideo,  ofemp  S^Jbcrteol  Po^ 
gOMf  <»  eyuoiio  a»  oro  tfa  Great  dreU^  wAIcA  Am  the  ImitieU  (or  i^mal)  FpmI  ^ 


*  J%iB  Limit  Is  etooely  aualogout  to  a  dejimite  integral^  of  tho  Ofdlnaiy  kind ;  or 
rathor,  wo  may  aay  that  it  It  a  Dtfimto  IttttgreA^  hot  000  of  a  tMHrHiui;  wbiehoonld 
not  oaitty  liATe  been  introduced  witfiont  QoAtamloas.  In  liwt,  if  wo  did  not  ompky 
the  MMe-oaauatrfafiw  propertjf  (168)  of  ^Moffnnoa  mM^fUtaHim,  tho  ^ndmeta  have 
eooaidorod  would  evidently  become  each  ogool  to  unity :  so  that  they  would  fur- 
nish no  expressions  for  spherical  or  other  areas,  and  in  short,  it  would  be  useless  to 
speak  of  them.  On  th-  cutriry,  when  th  it  prop«jrty  or  prin^-iple  of  multiplication 
i»  introduci^-d,  th»iSii  expres^inns  n  f  proti'ul  form  are  found,  as  above,  to  have  ex- 
tremely useful  significations  in  sphtrical  tjnometi  tj  ;  and  it  will  be  seen  tfiat  they  sug- 
gest and  embody  a  remarkable  Mforem,  respecting  resultant  of  rotations  nf  a  sgS' 
tern,  round  any  number  of  euooeamre  axes,  all  pa<<sing  through  one  fixed  point,  bat  in 
Other  leapocla  succeeding  aacfa  other  with  Any  gradoAl  or  toddon  ehAngiA» 
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ikt  Bolygon  for  itt  Pole,  and  repretent*  the  S*mi-area  of  the  Figure It  being  un« 
derstood  that  this  re$ultant  are  is  rtvtntd  Ukdinetiom,  whm  Um  ka^f-aidu  an  (ar- 
cually)  added  in  an  opposite  order. 

(56.)  As  regards  the  order  thus  referred  (a,  it  may  he  ob«erved  that  in  the  araial 
addition^  which  corre^^ixjnds  to  the  quutemion  multiplication  in  LXXVL,  we  con- 
ceive a  point  to  mote,  Jirtt^  from  B  to  F,  through  halfUhB  arc  dp  ;  which  half-side 
of  tha  triani^  nmw  ummn  to  the  H^d^kamd  factor,  or  sqaaiMnot,  (C^  Wa 
then  eoDoeivetbe  aaaa  point  to  mora  naaf  tm  r  to  a,  thsoogh  lialf  tha  aie  fi, 
wfaldiaiuwafatotliaiSMlor  plaoad  inmadiataljr  to  tha  If^  of  the  CmDar;  baving 
tbaa  mored,  od  the  whole,  $ofKr,  through  the  reiultatd  ofw  ba  (aa  a  mnuat*- 
tor,  18^  C'>))k      through  any  equal  arc  (1G;>),  such  as  m.  in  Fig.  68.  Aad 
finally,  we  conceive  b  motion  through  half  the  arc  ei>,  or  through  any  nrc  rqunl  to 
that  half,  such  as  the  arc  i.N  in  the  same  Fi>;iire,  to  correspond  to  the  extreme  left- 
hand  factor  \n  Xht:  furnmla;  the  final  reiuitant  (or  total  trantvector  arc),  which 
answers  to  the  product  uf  the  three  tquare  root*^  as  arranged  in  the  formula,  being 
thna  repraaaotad  by  the  final  arc  MX,  whiob  baa  tha  point  d  Ibr  ita  p^tUite  pole,  and 
tha  kalfwuf  iS,  fyr  the  aii^  (61.)  of  tha  ^mttmhrn  (or  9enoir)  jwmM  wUob 
it  wpriiaf  alt. 

(97.)  Now  the  dliaetioa  ^pontivc  rotailom  on  the  q^hera  haa  bean  aappoaaJ  to 
ba  that  ronnd  Df  Urom  f  to  ■ ;  and  therefore  along  the  perimeter,  in  the  order  vfk, 
as  seen*  from  any  jxAnt  of  the  surface  within  the  triangle:  that  is,  in  the  order  in 
which  the  tncce$sice  sides  uK,  ke,  kl>  have  been  taken,  before  adding;  (or  compound' 
inp)  their  halves.  And  accordingly,  in  the  conjugate  (or  rtciprocul)  furmula 
LXXiX.,  wti  took  the  opposite  order,  DKF,  in  proceeding  as  usual  from  right-hand 
to  lall-haiid  fodors,  whanaf  thaybmicr  aia  aoppooed  to  ba  multiplied  bgf  the  latter  ; 
while  tha  laoolt  waa»  aa  wa  aaw  in  (52.),  a  nm  vtrtor^  In  tha  aipiaaelon  Ibr  wbldi, 
tlia  ana  S  of  tha  triangla  was  aimpty  diaagad  to  ita  own  iMfaiNM>. 

(68.)  To  give  an  axampla  of  tlw  ndoetion  of  tha  am  to  »tro^  wa  hava  only  to 
ooneeiTO  that  the  three  points  d,  f,  f  arc  co-arcual  (165),  or  situated  on  ont  grtat 
circle  ;  or  Uiat  the  three  lines  t ,  ^  nrc  cnmpltmor,  for  thia  oaae,  bj  tha  law^ 
of  coM^plaaar  ^moUrmio»»,  we  hare  the  formula, 

LzxziL ..(^«->)l(f^>)K?^*>«l|  8a<(»0; 

timaooa^Ssl,  and  2^0. 


•  In  thia  and  other  caaaa  of  the  aort^  thaapaetatorialnioghiadtoatand  on  tkt 
jMfiaf  of  tha  apliara,  roamf  wMeA  the  rotaKon  on  Itt  marfim  ia  conoelTad  to  ba  par> 

formed ;  his  body  bdog  outside  the  tpherc.  And  similarly  when  wa  aay,  for  ezan- 
pki  that  the  rotation  round  the  line,  or  radius,  OA,  from  the  line  OB  to  the  line  oc, 
is  negative  (or  left-handed),  as  in  the  recent  Figures,  wc  mean  that  such  would  ap- 
pear to  be  the  direction  of  that  rotation,  to  a  person  standing  thus  with  hi»  feet  on 
A,  and  with  his  body  in  the  direction  of  OA  prolonged:  or  else  standing  on  the  centre 
(or  origin)  o,  with  his  head  at  the  point  A.  Compare  174,  II. ;  177;  and  the  Note 
to  page  16$* 

t  Compare  tha  Notea  to  pages  146.  159. 

X  Compare  tfM  Second  Chapter  of  tha  Second  Book. 
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(69.)  AgtiD,  in  (53.)  let  the  point  n beoo-uoonl  irith  d  and  r,  or  let  8^9  sO ; 
then,  becaoM 

Lxxxir...(Cr*)Ki^*)»«(W-')*.  sac^^o, 

the  prodnet  of /our  /aeton  LXXXL  redooee  itadf  to  the  prodnet  of  CAree  Ihetort 
*LXXVI. ;  the gttmttrinal  rtanm  being  evidently  that  in  thie  oaee  the  added  anm 
2*  vmdiAm  t  ao  that  the  fmoMmUnd  dbvb  haa  odijr  the  ««m  ana  aa  the  Criaa^ 

DBF. 

(ro  V  wtfjsiiB  added  area  (53.)  may  even  have  a  negative*  efftct^  as  for  exam- 
ple wheu  tUe  new  point  u  falla  on  the  old  aide  ds.   Accordingly,  if  we  write 

LXXXIII. . .  Gi  =  (i;-i)l  (?r«)>  (»r>)l. 

and  denote  the  prodiMt  LXXXI.  of  four  iqnare-roota  by  Qt,  we  ahall  have  the  trana- 
fonnaUoOf 

LXXXIY. . .  Qi«  (ari)l  Qi  If  Secv  -  0 ; 

which  ihows  (comp.  (15.)  )  that  in  thia  ease  the  oe^e  of  liw  ^iMileniary  prodiui  Q% 
ia  that  of  thelmiafy  pfMlnel  Qy  or  the  half-area  of  the  irkmglt  mm  (»  dbt  >  Dur), 
although  the  axb  of  Qi  la  tromafirrad  from  the  poeition  of  the  aadi  of  Qi,  by  a  rv- 
faliou  round  the  pole  of  the  arc  ku,  which  brings  it  from  or  to  OD. 

(CI.)  From  ttiis  example,  it  may  be  considered  to  be  aaffidently  evideut,  how  the 
formula  LXXXI.  may  be  applinl  aiui  extcndtd,  so  as  to  represent  (comp.  (54.)  )  Uie 
area  of  any  closed  figure  on  the  iphtre,  with  any  a$$umed  point  D  on  the  snrfacr  as 
a  sort  "f  sjiheriral  origin  ;  even  when  this  auxiliary  point  is  no/  situated  on  Ute  pe- 
rimeter ^  but  is  eitlier  external  or  internal  thereto. 

(C2  )  A  new  quaternion  Qu,  with  the  same  axi*  ou  ns  Uie  quaternion  Q  of  (50.), 
but  with  a  dbuMe  amgU,  and  with  a  tauor  equal  to  imt/y,  may  be  formed  by  sdmply 
•9«ariii^UUeerMr  VQ ;  and  although  thia  tqmanmg  cannot  be  effiMted  by  rmonap 
lAe /httHomai  e«]Mu«iiC»,t  in  the  formuU  LXXYI.,  yet  it  can  easily  be  aeoonpliahed 
in  other  waya.  For  example  we  have,  by  LXXIII.  LXXIV.,  and  by  YIL  UL  X, 
the  transfomationa  4 

LXXXY. . .  gb»UQ>Bf-*(aro/3)*t..  ^«.  yafiB,iyafi 
«- (ya/?)»=»-(e-C)««r»-««  + 2e*; 

and  in  fact,  because  d  =  r.OD,  by  XII.,  the  trigouumdric  vulues  LiV.  for  r  and  c 
enable  as  to  write  this  last  result  under  the  form, 

LXXXVI.  .  .  Qo  =  -  (ya/3)«  =  cos  £    oo.sin  S. 

(63.)  To  show  its  geometrical  signification,  let  ua  conodve  tliat  abo  and  lmh 


•  In  some  investigations  respecting  areat  on  a  sphere,  it  may  be  convenient  to 
dittinguiah  (comp.  28,  63)  between  the  two  »jfmbol*  DKV  and  dfis,  and  to  consider 
them  aa  denoting  two  opponte  triangles,  of  whidi  the  ««m  is  xero.  But  for  the  pre- 
sent, we  are  content  to  express  this  liistfiief io%  by  means  of  the  two  eoajagai*  qma» 
tamion  predbete,  (61.)  and  (68.). 

t  Compare  the  Note  to  (54.). 

X  Tlie  equation  8ya^  =  yaftd  is  not  valid gnera&if;  hutwehaveA«r#  ja— V^ra^^ 
and  in  general,  if  V9. 
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hare  the  tame  meanings  in  the  new  Fi^;.  70,  as  in  ri;^  C8:  and  that  AiBiMi  are 
three  nei»  points,  detanmoad  by  the  three  arcual  equatioof  (i68}, 

which  easily  conduct  to  tbie  fourth  equation  of 
the  tame  kind, 

LXXXYir.  .  .  r>  LMi  =  «  B,Ai. 

This  imp  are  LMi  repre$enta  thus  (corap.  167,  and  ' 
Fig.  43)  tho  product  aiy-'.y/3r' =  7«''-/37"' ; 

while  the  old  arc  mu  or  its  Ofjual  b.v  (31.),  represents  «/3  '  ;  whence  the  arc  mmi, 
which  ha^i  its  pole  at  i),  and  ia  numerically  equal  to  tho  wAo/c  area  S  of  i>ef  (be- 
cau;<e  was  seen  to  be  equal  (50.)  to  h€U/  that  area),  rcpreoenta  the  product 
ya->/3y->.a/3  >,  or  -  (ya/3)^  or  Qq,  The  formula  LXXXTI.  hu  fhetefova  been 
iiUtrpnItd,  and  watj  be  aaid  to  luiTe  beea  prvMd  mm^  bj  tfaeae  alaiple  geonwtri- 
cal  coodderationi* 

(64.)  We  aee^  al  the  nme  time^  how  Co  laffi^ef  lAe  lyaiM; 

LXXXVIII.  ..Qtt=^^3; 

«  y  p 

namalj  ae  denotiiig  a  eerwr,  of  wfaidi  the  oana  it  diracced  to,  or  fnmt  the  tanm  d 
of  a  certain  maUiarjf  spherical  triangle  dep,  whereof  the  mdm,  napectiTel7«;fi;poajCe 

to     K,  p,  are  bisected  (5.)  by  the gwen points  a,  n,  o,  according aa  the  rciation  round 

a  from  /3  to  y  is  nrpatire  or  pnsilwe :  and  of  wliiili  the  repre<«<»nt9,  oris  numeri- 
cally equal  to,  tlie  area  S  of  that  auxiliary  triangle  ;  at  k-ast  if  we  still  suppose,  as 
we  have  hitherto  for  simplicity  done  (1.),  that  the  sides  of  theytren  triangle  ABC  are 
each  less  than  a  quadrant. 

298.  The  case  wben  the  ndei  of  the  ^*0«fi  tnmglemaUgreaUr, 
instead  of  bdng  aU  Ism,  than  quadranta^  may  deserre  next  to  be 
(althoagh  more  briefly)  considered;  the  case  when  they  are  all 
equal  to  quadrants,  being  reserved  for  a  short  stibseqnent  Article: 
and  Oiher  cases  being  easily  referred  to  theset  by  limiis,  or  by  passing 
from  a  given  line  to  its  opposite, 

(1.)  Snppoafaig  now  that 

I.  ..I<0,   m<0,  ii<0, 

or  that  II.  ..o>^,   *>5»  ^>?i 

we  may  atill  rcUin  the  recent  equations  IV.  to  XI. ;  XIII.;  and  XV  m  XXVT.,  of 
297  ;  but  we  must  change  the  sign  of  the  radical,  r,  in  the  equations  XII.  and  XIV., 
and  also  the  signs  of  the  nersors  U^,  Uf,  in  XII.,  if  we  desire  that  the  sides  of 
the  auxiliarg  triangle,  i»ef,  may  etill  Ik;  bisected  (as  in  Figures  67,  CS)  by  the  cor- 
ners of  the  given  triangle  adc,  of  which  the  sides  a,  6,  c  arc  now  each  greater  than 
a  quadrant.  Thus,  r  being  still  the  comnoii  leMOP  of  if  (,  Ci  and  therefore  being  etill 
supposed  to  be  «Xse(f  >0,  we  moit  write  now,  tinder  theae  mm  etmdHimi$  L  or  II., 
the  new  eqoatiMia, 
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III..  .  0O  =  -U<^  =  -r-'^ ;    OE--rj--r'e;    OF^-U:  -r-»C; 
IV.  .  .  COS  a  =  —  r  cos  a',    cos  6  =  —  r  cos  6',    COS  c  =  —  r  cos  c'. 

(2.)  The  equatioiu  IT.  and  VIII.  of  297  still  holding  good,  we  maj  bow  wnim, 
V. . .  i2rcos  a'cofl6'co8e'=oM«^+OM6's<f  oMc'^-l, 
moarihtg  M  we  adopt  positive  valuea  (297),  or  native  values  (298),  fer  Ibt  «»- 
Rincs    fn,  n  of  tiM  aidM  of  the  UiMdng  triangle  $  thnTilnii  nf  i  htAng  if  ill  wippnmil 

to  be  positive. 

(3.)  It  is  oot  difBcultto  prove  (comp.  297,  LIV,,  LXIX.),  that 

VI.  .  .  r=  +  coa  JS,    M^ording  a«   />0,  &c,    or   /<0,  &c.; 
the  lecent  formuhi  V.  may  therefore  be  written  wamht^ontly  as  follows : 

VII.  . .  2cosa'co8fr'cose^ooe|SBOMa'<-4-ooefr'*+ooec^-li 
and  the  formula  297,  LV.  oootiaiiee  to  hold  good. 

(4.)  In  like  manner,  wenuiy  write,  without  an  ambignoas  sign  (comp.  297,  LI.), 
the  followin*;  f.rprcs$ion  for  the  fourth  proportional  /3a"'y  to  three  unit-rteUtn  fi, 
the  rotation  round  the  first  from  the  second  to  the  third  being  negative : 

VIII. . .  jSo-iy  «  iia       OD.eoe  |2 ; 

when  the  eealar  put  ehangae  4go>  when  the  votettoo  to  nmntL 

(ft.)  It  i%  however,  to  be  ohnrred,  that  althevgh  tUa>ta«fa  TIIL  lieUagood^ 
aotonfyinthecaaaiof  the  laet  article  and  of  the  pieeent,  hot  also  in  that  wUkli  bae 

been  rwerved  for  the  next,  namely  when  7=0,  &c  ;  yet  because,  in  the  preaent  ease 

(29)^)  wo  lifive  the  area  2  >  7r,  the  radius  OD  is  no  Innprr  the  (positive)  axii  of 
the  fourth  prn|">rlional  /3a  ;  nor  is  ^Tr  —  ^2  any  lun^i  r,  as  in  297,  L.,  the  (posi- 
tive) angle  of  that  veraor.  On  the  contrary  we  have  now,  for  this  axis  and  angle, 
(be  expressions : 

IZ. . .  Ax.j3a->y3iD0»-0D|      X  . .  £/3a->)r8|(S- v). 

(6.)  To  illuatiale  theee  leeolte  bj  *  WMtmction,  we  may  renwifc  that  if,  in  Fig. 

67,  the  bisecting  arcs  nc,  ca,  ab  be  supposed  each  greater  than  a  quadrant,  and  if 
we  proceed  to  form  from  it  a  new  Figure,  analogous  to  G8,  the  perpendicular  c  q  will 
also  exceeii  a  quadrant,  and  the  jxiles  r  and  k  will  fall  between  the  points  c  and  q; 
also  M  and  r  will  fall  on  the  arcs  ui  and  ql'  prolonged:  and  although  Uie  arc  km, 
or  the  angle  kox,  or  l'or,  or  sor,  may  ttiU  be  considered,  as  in  297,  (34.),  to  re- 
pntmi  (he  mtmt  j3dr>r,  yet  the  eoneepmkUiig  rvUMom  romid  the  point  D  to  nowe^ 
a  uegiMM  charaeter. 

(7.)  And  aa  rqgaida  the  f  nmifi^  of  thto  ntattoo,  or  the  magnitnde  of  the  aayfc 
at  it  is  ag  iin,  as  in  Fig.  68,  a  base-angto  of  one 
of  three  isosceles  triangles,  with  p  for  their  common 
vertex  ;  hut  we  have  now,  as  in  Fig.  71,  a  new  ar- 
rangemtHt,  in  virtue  of  wluch  this  angle  ia  to  be 
found  by  halviug  what  remains,  when  the  aura  of 
the  supplements  of  the  angles  at  d  and  k,  in  the  tri-  f  jg,  7}^, 

ang^e  dbp,  to  euhti«eted>hMi  theaogtoat  r,  hutcad 

of  our  eobtraotiBg  (it  in  297,  (8ft.))  the  latter  angto  fton  (he  fwmer  ann ;  it  to 
therefore  mom,  in  agraement  with  the  recent  expveeiioa  X., 

XL,.  L /3a-i7«|(D f  s  f  r)* w. 
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(8.)  Thtt  MfiUhre  of  the  conjugate  of  tbt  formttU  VUL  givwi 

XII. . .  7ari/3>~ibiZ+OD.eM|S; 

mad  hf  UUog  thi  lUfBtiTO  of  th«  M|aarD  of  tbk  oquttioo,  wo  an  oondnotod  to  Um 
fldlowipg: 

XIII.  . .  Z  S  !|s  -  (ya-i/3)s«eoo  Z  -t-  oo.iin  S ; 

a  result  which  had  only  been  proved  before  (comp.  297,  (c>2.),  C**l.)) 

£  <  ir ;  and  in  whidi  it  u  still  aappoood  that  the  rotation  round  a  from  ^  to  ^  i« 

negative. 

(9.)  With  tbe  8ame  directioa  of  rotALioo,  we  have  also  the  conjugate  or  ree^pr^ 
eal  formola, 

XIV.  .  .  -  3-  =  -(/3a-'7)«  =  cos£-ou.8inS. 

(10.)  If  it  happened  that  only  m«  eidO|  a«  ab,  of  tho^ieeii  triangle  am^  waa 
giMter,  while  eadi  of  tho  two  othen  waa  leee  than  a  qnadrant*  or  that  we  bad  />0, 
M >0,  bat  n  <  0{  and  if  we  wished  to  repraeent  tbe  fourth  proportional  to  a,  /5,  y  by 
means  of  the  foregoing  constructions :  wo  should  only  have  to  introduce  tho  point  r' 
opposite  to  c,  or  to  change  y  to  y'  =  —  y  ;  for  tlius  tho  new  triangle  auc'  would  have 
each  >ide  greater  than  a  quadrant,  and  so  wouM  fall  under  the  case  of  the  present 
Article;  after  eroptoyiug  the  coustractioo  for  which,  we  should  only  have  to  change 
the  reeolting  Tereor  to  iti  utg^rt, 

(1 1.)  And  In  Hko  manner,  if  wo  bad  I  and  m  negative,  bat «  poeitlve^  we  might 
again  mbititato  Ibr  o  ita  oppoeite  point  cT,  and  ao  UXL  bade  on  the  oonatnicllon  of 
Act  297:  and  einUarty  in  other  eaeee. 

(18.)  In  general,  if  we  hepin  with  tlie  oqnatioDa  297,  XII.,  attribtttiag  any  arU* 
trary  (but  positive)  value  to  the  eommon  tentor,  r,  of  the  threo  co-initinl  vectors 
c,  Z-  of  which  the  vtr^^nrs,  or  tho  unit-vectors  Vd,  Stc,  terminate  at  the  corners  of 
a  ffiven  or  assumed  trinni/le  DEK,  with  sidci  ^  2a',  26',  2c',  we  u»ay  then  suppose 
(couip.  Fig.  67)  that  another  triangle  auc,  with  sides  denoted  by  o,  b,  c,  and  with 
tbeir  cosines  denoted  by  m,  «,  la  derivtd  from  this  one,  by  the  conditioD  of  bisect- 
aayitoeUef;  and tbeverora  by  tho  equationi  (comp.  297,  LVIIL), 

XV.  .  .OA»««=U(«  +  O.    os«/3=  U(?  + 00-y  =  U(5  +  0' 
with  tbe  relations  297,  IV.  V.  VI.,  as  before ;  or  by  these  other  equations  (comp. 
297,  Xni.  XIV.), 

XVI.  .  .  (  +  5  =  2ra  cos  a',    2^  +  3  =  2r/3  cos  6',    ?  +  e  -  2ry  cos  c'. 

(18.)  When  this  6iiTi[ilc  construction  is  adopted,  we  have  at  once  fconip.  297, 
LX  ),  by  merely  laliing  tcaiars  of  products  of  vectors,  and  without  any  reference  to 
areas  (compare  however  297,  LXIX.,  and  298,  VII.),  the  ecjuuliuns, 

XVII.  .  .  4  COS  a  COS  b'  COS  c'  =  -1  cos  b  cos  c  co<?  a'  —  A  cos  c  coa  o'  cos  b' 
=  -r-»S(4  +  c)     +  i)  =  &c=  1  +  cos 2a  f  cos  26' +  cot  2e' ; 

or 

.  ,  r,r  eoaa'*4>eoe3^+eoic^- 1 

A  \  ill.  .  .   ;  a   s  »  ■■       s»  ,  ry       ,  t 

ooe«    ooad^    ooae         8 0000*000 6  coe« 
wUeh  can  indeed  be  otharwiw  deduced,  by  the  Iraown  fomola  of  apherical  trigo- 


346 


SLBMSNT8  Or  QVATXRBIOMB.  [BOOK.  IIL 


(14.)  Wo  see,  then,  that  according  as  the  sum  of  the  squareM  of  the  cottnes  of 
ike  half-tidet^  of  a  givm  or  ustumed  Mphericcd  triangle,  def,  i$  grtater  tham  umitjf, 
«r  «9iia/  to  twliy,  or  Um$  Hum  nnity,  tht  nda  of  the  itueribed  amd  UteeHmg  triamgle, 
ABOf  art  iogttktr  !e§9  than  ^vadramtt,  or  iogttktr  tqmt  lo  foninmltf^  or  togtAier 
gnoior  tham  quadranto, 

(15.)  Convonely,  t^Clw  tidas  of  •  phtn  tpMrieal  tnaiigle  abc  be  thns  all  Uuj 
or  all  greater  tbu  fumita^U,  a  triangle  i>BF,  bat  only  one*  such  triaDgle,  can  be 
exscribed  to  it,  so  «s  to  liave  ita  sides  bisected,  as  above :  the  simplest  process  being 
to  let  fall  a  perpendicular,  sueh  as  cq  in  Fig.  68,  from  c  on  ab,  &c.  ;  and  then  to  draw 
new  arcs,  throii^;h  c,  &c.,  perpendicular  to  these  perpendiculara,  and  iherefore  coin- 
ciding iu  position  with  the  sought  hides  i>K,  &c.,  of  def. 

(16.)  The  trigonometrical  results  of  recent  sul>-article«,  especially  as  rqgMdatlw 
oroaf  of  «  sphorieal  triangle,  are  probably  all  well  known,  as  oeitainly  tome  of  than 
•re;  bnt  th^  are  hen  brought  forward  only  In  oonaeidoa  wUb9ifala«UM»,^brM«lc; 
and  aa  one  of  that  daaa,  whieh  to  not  inralmuit  to  tbo  present  anbjeet,  and  imdadtt 
the  Ibrmnla  S9i,  LIIL,  the  fsUowing  may  bo  mentioned,  wherdn  a,  jS,  y  denote  aey 
thnt  Mcfen,  bnt  the  order  ofthejkdort  to  fanportant : 

XIX  . .  («/Sy)tsr2a«^y«+  a«03y)«  +  /5«(rty)i+  y«(a/3 /  -  4rtySa/3S/3y. 

(17.)  And  if,  as  in  297,  (1.),  &c.,  we  supiKi-e  that  a,  ft,  y  are  three  ««i/-r«c- 
tora,  OA,  OB,  oc,  and  denote,  as  in  297,  (47.),  by  or  the  area  of  the  triangle  abc, 
the  priooiple  ezpreeaed  by  the  recent  fonnnla  XIIL  be  atated  nder  this  appa. 
vently  dUfeient,  bnt  eeientially  equiTaknt  form : 


/3  +  y  a  +  /3  y  +  o 

whidi  admits  of  seyeial  Terifications. 

( 1 8.)  We  may,  tat  instance,  transform  It  as  follows  (comp.  297,  LXTII.) : 

-(a  +  /3)  (/3+y)  (r  +n)     -  2c  ^  2a(l  +  /  +  m  4  «) 


XXI. . . 


K(a+/3)  03-l-y)  (y  +  a)     +  2«  K2a(l -t /+ »  +  ») 

l+l  +  «  +  «-ea    ,      ^    a        9  ,9 

l-atan-    coax  —  anor 
8        2  2 

(or  <r  \' 

cos-  -f  a  sin  -  1  =:  cos  9  +  a sia  9,  as  above. 


*  In  theneztArth^  wediallooaflideracaseof  iiMfaferaiiiiatoi«it,ertf 
iatenee  of  indeflirftely  many  exaciibed  trianglea  our :  namdy,  when  the  aides  of  abc 

are  all  equal  to  qaadrants. 

f  This  opportunity  nmy  b<^  tak"n  of  rcferrin'^  to  an  interesting  Note,  to  pages 
on,  97  of  Luhi/'s  Trif/onontetrt/ {\)iii>\iu,  l!S,'»'2)  :  in  which  an  elet^ant  construction, 
ci>nnertt'd  with  thi-  area  of  a  s[)liencal  triangle,  is  acknowledged  as  having  been  men- 
tioned to  Dr.  Luby,  by  a  since  deceased  and  lamented  friend,  the  Rev.  William  Digby 
Sadleir,  F.T.C  D.  A  constracUon  nearly  the  same,  described  in  the  sob-articleBto 
297,  was  toggesied  to  the  present  writer  by  qnatemion%  aereml  yeait  ngo. 
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(19.)  ThU  MeoM  to  be  *  natoral  place  for  obeerving  (comp.  (16.)  ),  that  if  a,  /3, 
Yfihe  any  four  Mcfara^  the  laftdiy  dtcd  eqnitioo  294,  LIIL,  rad  the  tqnan  of  tlw 
•qofttion  S94,  ZY^  wiUi '  wtittoi  ia  It  iaatcid  of  eondnct  Mrfly  to  tho  foOowing 
rtrj  goDoral  and  ajmunetric  fbnnnla : 

XXIL  .  .  a«/3*y»^»  +  (S/3ySa^)»-f  (SyaS^.  )-  t  (SaA3Sy^)2 

+  j8»y«(8o^)»  +  y2a«(S/3^)«+  a»/S>(S7a)* 
+  ••««(8(3r)«  +  ^{J^ay  +  y««*(8«/3)». 

(SO.)  If  duo  wo  tafcec«|r  apMdil  fnadrliattrai  abcd,  ad  writo 

XXIH  ..f  sOQOADa-SUa^y  00*  BD  =  - 817/3^,  H^BOOOCD^Ike, 

tnotiog  a,  /3,  y  aa  tho  nnlt-vccton  of  the  points  a,  b,  c,  and  /,  «,  »  as  tho  oorfnaa 
of  thfl  ans  bo,  oa,  ab,  as  In  S97,  (1.),  we  have  the  equation, 

XXIV.  .  .  1  +      +  wi«m'3  +  nht'i  +  2/m'n'  i  2mn'r  +  2«/'m  +  2lmn 
B  SamaiV  +  2iUWT + ilmTm' 
+l»4»«4«*  +  r«  +  ai'*  +«••; 

which  can  be  congrmeU  by  eleinentary  considerationa,*  but  u  here  given  merely  aa 
ao  interpretation  of  the  quaternion  formula  XXI I. 

(21.)  In  squaring  the  lately  dted  aqnaticA  894,  ZY.,  wo  havo  need  tho  two 
following  foffouilii  of  traufbrmation  (oomp.  804,  XXIL,  and  810,  XVIII.)^  ia 
whida  OtPtf  may  bo  oay  iknt  vttion,  and  whldi  an  often  fimnd  to  bo  nadkd: 

XXV. . .  (Va/3)'  =  (Sa^)t-  ««^« ;   XXVL . .  8(V/ly .Tya) »  y«aj9-8^8ya. 

299-  The  f  lOo  eases,  for  which  the  thret  sides  a,  c,  of  the  given 
triangle  abo,  are  ail  less^  or  aU  greater,  than  ^uadrimtf,  having  been 
CM>n8idered  in  the  two  foregoing  Articles,  with  a  reduction,  in  298, 
(10.)  and  (11.),  of  certain  other  cases  to  these,  it  only  remains  to 
consider  that  third  principal  cass,  for  which  the  sides  of  that  given 
triangle  are  aU  equal  to  quadranis:  or  to  inquire  what  is,  on  our 
general  principles,  the  Fourth  Proportional  to  Three  Rectanpilar 
Vectors.  And  we  siiall  find,  not  only  that  this  fourth  proporiiunal 
is  not  itself  a  Vector,  but  that  it  titles  not  even  contain  any  vector 
part  (292)  different  froia  zero:  although,  as  iK-ino!:  found  to  be  equal 
to  a  Scalar^  it  is  still  included  (131,  276)  in  the  general  conception 
of  A  QMoiemion, 

(1.)  In  ftot,  if  we  aoppooe,  in  897,  (1.),  that 

L  . .  I«0^  msO,  naiO,   ortfaal  IL  . .  «c:ftsea^, 


•  A  flMmnila  oqnivalaat  to  tUa  lait  equation  qfievtntem  t«nu,  oonneeUng  tho 
9i»  eoainat  of  tho  aico  iriiieh  join,  twoby  tvo^  thoooniora  of  a  aplierieal  quadrilateral 
ABOD,  ia  giren  at  pogo  407  of  Carnot'a  GfomHri*  dt  PptUbm  (Parif,  1808). 
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or         III.  .  .  Si3y  =  Sya=8a^  =  0,    while   IV.  .  .  Ta  =  T/3  =  Ty  =  1, 
the  fonxiuke  297,  TIL  gire, 

but  these  are  the  vector  parts  of  the  three  pairs  of  fourth  proportionals  to  the  three 
rectangular  unit-lines,  nr,  /I.  y,  takon  in  all  possible  ordors;  and  the  ssme  evane- 
scence of  vector  parts  inu«t  evidently  take  place,  if  the  three  given  lines  be  only  at 
right  angles  to  each  other,  without  being  equulli/  long. 

(2.)  Continuing,  however,  for  simplicity,  to  s>up|K»se  that  they  are  unit  lioe^  and 
thftt  the  rotatioa  round  a  from  /j  tu  7  Li  negative,  as  before,  we  see  that  we  have  now 
raO,  and  in  297,  (8.);  that  thna  the  timfusrth  propetiimuh  rtdttee 
fAafluebet  to  iMr  Molar  parte,  namely  (here)  to  poeUive  or  nepoHve  wmitjf.  In 
thie  manner  we  find,  under  the  auppoeed  conditione,  the  Taluee : 

VI.  .  .  /3a-'y=  y/3-'a  =  ay      =  +  1  ;       VI'.  .  .  ya  »/3  =  a/3  >y  = /3y  'a  =  -  1. 

(8.)  For  example  (comp.  295)  we  have,  by  the  laws  (182)  of  ^  J,  A,  the  value*, 

VIL .  .  v-l»»iil-W=«-i/a+ 1 ;      Vir. .  .  Iff'-H^it-iji^Ji-ikm^l. 

In  fket,  the  iwofm^prtparHmde,  and  V'^  *>e  mpeeClvely  eqnal  to  the 
two  temarp p/rodttuU^  •^yk  and  -  ^  and  thereibm  to  + 1  and  - 1,  bjr  the  lava  ia- 
chided  in  the  I^mdtmentoi  Formmia  ▲  (188> 

(4.)  To  connect  this  important  result  with  the  eonetmctioHs  of  the  two  lo^t  Ar- 
ticles, we  may  observe  that  when  we  seek,  on  the  geneml  plan  of  298,  (15.),  to 
exscrihe  a  aphtrical  irianpfe,  t>kv,  to  a  given  tri-qnadrantal  (or  tri-rect angular) 
triangle,  Aac.  as  for  instunce  to  the  triangle  i.iK  (or.iiK)  of  181,  in  such  a  manner 
that  the  sifles  of  llie  new  triangle  shall  Ite  hisfcfed  hy  the  comers  of  tlie  o/<i,  the 
problem  is  found  to  admit  of  indeJiHitcly  many  solutions.  Any  point  v  may  be  as- 
enmed,  In  the  issWior  of  the  given  triangle  abc  ;  and  then,  if  its  reflexions  u,  u,  f 
he  taken,  with  nepeot  to  the  three  diet  a,  6,  e,  eo  that  (comp.  Fig.  72)  the  ores 
PD,  PB,  FP  an  jMfjMadMarfy  Mseetocf  hy  those 
three  sides,  the  three  other  «res  bp,  po,  db  will  1m 
bisected  by  thepolate  a,  b,  c,  as  required :  because 
the  arcs  ar,  af  have  each  the  same  length  as  AP, 
and  the  angles  subtended  at  a  hy  vv.  and  PP  are  tO> 
gether  equal  to  two  right  angles.  Sec. 

(5.)  The  positions  of  tlie  aujiltary  potnts,  D,  E, 
K.  are  therefore,  in  the  present  case,  indeterminate^ 
or  variable  ;  but  the  turn  of  the  angles  at  tho.se  three 
points  is  eonstonf,  and  equal  to  fimr  r^ht  angles  ; 
beeause,  by  the  aim  Uoeeeke  triom^  on  pd,  pk,  pp  as  bases,  that  anm  of  tiie 
three  angles  o,  b,  p  is  equal  to  the  sum  of  the  angles  aubtended  by  the  sidee  of  the 
given  triengle  abc,  at  the  aasamed  ioterfor  point  p.  Tbe^pftertfooleBeiesof  ttw 
triangle  dbp  is  therefore  equal  to  two  right  angles,  and  its  area  S  atar ;  aa  may  be 
otherwise  seen  from  the  same  Fignie  72,  and  might  have  been  inlhned  ftom  the  tot- 
mula  297,  I.V.,  or  LVI. 

(6.)  The  radius  oi».  in  the  formula  2'.t7.  XLVII.,  for  the  fourth  proportional 
/3o-'y,  becomes  therefore,  in  the  present  case,  indeterminate  :  but  because  the  angie 
is'vn,  or  ^  (ir  -  £),  in  the  !»ame  equation,  vanishes^  the  formula  becomes  simply 
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/3a->7  =  1,  as  in  the  recent  eqaationa  YI. ;  aad  similarly  in  other  examples,  of  the 
cUm  here  coou»idered. 

(7.)  TheeoMiMloiiftiMUlAt  #b«rCft  IVvportfiPMlfo  Thnt  Stetmgtaar  Liam 
UaSetUar,  nwy in MViial«|]Mr ir«7tbedediiead,lhNii theprindples 
Book.   Fw  esampto,  witli  tlw  iwaot  snppiMitioitt,  w  may  write, 

Vlir.  ../3a-»=-y,    y/9-l  =  -a,    ay  i  --/3; 
VIII'  .  .  7«r» «  + /3,    a/3  '=  +  y,    /37  '  =  +a; 

the  thrpf»  fourth  prop<»rtionaU  VI.  arc  therefore  equal,  respectively,  to  —  y*,  -  a*, 
^  (S-,  and  coDsequeiidy  to  +  1 ;  while  the  corresponding  expressions  YI'.  are  equal 
to  +  /3*,  +  y',  +  a*,  and  therefore  to  -  1. 

(8.)  Or  (comp.  (3.)  )  w«  nuj  write  gemeratljf  the  timnsfonnation  (comp.  288, 
XXL*), 

IX. . .  j3a'*7><r*./3a7,  if  a-*>il:<ir*, 

in  wUch  tha  fiMlor  or*  ia  oJb^  a  Molar,  whatavw  vaetor  a  may  ba;  wUb  tba 
vMCsr  port  of  tlia  termiy^rwdbet  /SoyMMtiAafthy  SM,  m.,  wImd  tha  raeent  eon- 
dMvM  offneiaajitihn^  III.  an  tatirihd. 

(9.)  CooTensIy,  this  ternary  product  fiay,  and  thit  fmrth  proportional  jSo-ly, 
ein  never  reduce  them$«lpe$  tQ  itatart,  unless  the  thrf  vedOT*  a»  Pi  y  (tttppOMd  tO 
ba  aU  aUmal  (Art.  1))  arc pvptndicidar  saeA  lo  eoeft. 

bECTxoa  6.^ — On  an  equwaltnt  Interpretation  ^  the  Ftmrth 
Proportional  to  Three  Diplanar  Vectors^  deduced  from  the 
Prkie^es  of  the  Second  Booh. 

dOO.  In  the  foregoing  Section,  we  natonll/  employed  the  renilte 
of  preceding  Sections  of  the  present  Book,  to  assist  oorselTes  in  et- 
tecfaing  e  definite  signification  to  the  Fourth  Proportbnal  (297) 
to  Three  Diplanar  Vectors;  and  thua,  in  order  to  interpret  the  eym- 
hot  fia'*%  we  availed  onrselTes  of  the  interpretations  preoioiufy  ob- 
tained, in  this  Third  Book,  of  ar>  as  a  ITne,  and  of  o/3,  ^/^/  as  quater- 
niima.  But  it  may  be  interesting,  and  not  uninstructive,  to  inquire 
how  tlte  equivalent  si^mbolt 

a 

I.  or  -7,   with  v  iiol  |||  o,  A 

night  ham  heen  interpreted,  on  iheprindpteaoftheSeeondJBookt  with- 
out at  first  assnming  as  known,  or  eyen  seeking  to  discover,  any  m- 
Urpretation  of  the  three  lately  mentioned  symbols, 

IL  .  .  «*'♦     itfi,  a/i-/. 

It  will  be  found  that  the  inquiry  conducts  to  an  expression  of  the 
form, 

*  The  formula  here  referred  to  should  have  been  printed  as  lia  =  1 :  a  s  a-  *. 
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IIL  . .  (/3:a).7=:a  +  ett; 

where  ^  is  the  same  vector ^  and  e  is  the  same  seatar^  m  in  the  recent 
sub-articles  to  297;  while  u  is  employed  as  a  temporary  symbol,  to 
denote  a  certaia  Fimrth  ProporHonal  to  TAres  RetitoHg^dmr  UnM 
Lina,  namely,  to  the  three  lines  o^^,  ol',  and  op  in  Fig.  68;  so 
that,  with  referenoe  to  the  constrttction  represented  by  that  Figure, 
we  should  be  led,  by  the  principles  of  the  Second  Book,  to  write  the 
equation : 

IV.  , .  (ob:  oa).  oc  =od.cos  J2  +  (ol':  oQ).op.sin  ^2. 

And  when  we  proceed  to  consider  what  signification  should  be  at- 
tached, on  the  principles  of  the  same  Second  Book,  to  that  particidar 
fourth  proportional,  which  is  here  the  coefficient  of  sin  and  has 
been  provisionally  denoted  by  «,  we  find  that  although  it  may  be 
regarded  as  being  in  one  sense  a  Lins^  or  at  least  komogeneoits  with  a 
2tfM,  yet  it  miMf  not  be  sguatedto  anif  Vetitor:  being  rather  ana&^oiis, 
m  Oeometryt  to  theScalar  UnitofAlffebraf  so  that  it  may  be  naturally 
and  conveniently  denoted  by  the  usual  symbol  1,  or  -f  1,  or  be  eg^uated 
to  Poskive  Unity.  But  when  we  thus  write  the  last  term 
of  the  formtda  III.  or  IV.,  of  the  present  Article,  becomes  simply 
e,  or  sin  -JS ;  and  while  this  term  (or  part)  of  the  result  comes  to  be 
considered  as  a  sj)ecies  of  Geometrical  Scalar,  the  complete  Expres- 
sion for  the  Goicral  Fuurth  Proportional  to  Three  Dipltinar  Vectors 
takes  the  Form  of  a  Geometrical  (Idutiruion  :  and  tlius.  tlie  foruiula 
297,  XLVII.,  or  298,  VIII.,  is  reproduced,  at  least  if  we  substitute 
iu  it,  for  the  present,  (i^:  a).-/  for  (in  'ly,  to  avoid  the  necessity  of 
interpreting  here  the  recent  symbols  U. 

(1.)  The  construction  of  Fig.  68  being  refatnoti.  but  no  principles  peculiar  to  the 
Thinl  Book  being  omfioyed,  ve  may  irritei  with  tho  aame  siguificatiuiis  of  c,  ttc, 
u  before, 

v. . .  OB:OABoa:OQeeMff+(ox.':OQ)iliie; 
TL . .  oosoo.eM|>4or.iiop. 

(2.)  Admitting  then,  an  id  natural,  fur  the  purposes  of  the  sought  interpretation, 
•  that  diUributive  property  which  has  been  proped  (212)  to  hold  good  for  the  mvZrt- 

pISmHm  o/quattntSom  (as  It  does  Ibr  miiHipliaitioD  in  algebra) ;  end  wiHIag  Ibr 
abridgneiit, 

VIL . .  iis(oL':oQ).ori 
yrt  have  the  qmirinomiiat  eayrmtea  .• 

YIII.  .  .  (ob: oa). ocBOi<'.aln«ooap  +  oo>ooaecQaj> 
•l-OP.0Mtfsio|i-)-«.dne^p; 

in  which  it  may  be  obMrved  that  the  turn  of  the  squares  of  the/o^r  eoeJuteHU  of  the 
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three  rtHanffuImr  mmit-metpn,  oq^  01*',  OP,  md  ffthtir fmrtk  pnpwtimat^  «,  u 
4fmal  to  unity. 

(3.)  But  th>-  r.^^-fl'u-icnt  of  Uom  fourth  proportioaal,  which  may  be  regarded  u  a 
species  of  fourth  unit,  is 

IX.  .  .  sin  csin />  —  sin  M!»  =  sin       ~  t\ 

trc  mmi  therefore  expect  to  tii»<l  that  the  three  other  c«"  fiicioiits  in  VIII.,  wlion  di- 
Tided  by  cos  ^2,  or  by  r,  give  (juoti<_'nt9  wljich  are  the  cosinc'*  of  tlie  arcual  di?t.mcc3 
of  some  point  x  upon  the  uoit-sphere,  from  the  three  points  l,  p  ;  or  that  a  potot 
z  can  be  Mrigned,  f«r  wbidi 

X.  .  .  sin  <?  cos/)  -  r  008  l'x  ;    cos  c  co8/>  =  r  cos  Qx  ;    cos  r  sin  p  =  r  cos  px. 

(4.)  Accordingly  it  is  found  that  these  three  last  equations  aru  tatisiied,  when  we 
substitute  d  fur  x ;  and  therefore  that  we  IwTe  the  traiisfoniuittoii, 

XI.  .  .  ol'.  sin  e  cm  p  -f  «•'» .  cos  (  (  as  jt  ♦  op.  cos  c  sin  /)  =  oi) .  cos  ^2  =  d, 
whence  follow  the  ctinations  IV.  and  III.;  and  it  only  rtinains  tit  .-^tudy  and  interpret 
the  fourth  unit^  «,  which  enters  as  a  factor  into  the  remaining  part  of  the  quadriao> 
wUt  iKiiiifan  TnL,  tviteU  emplojttig  any  ptindplei  txo^il  tfaoM  ef  fba  SmomT 


301.  In  general,  when  two  sets  of  three  Teotors,  «>  A  Vt  «>d 
fi^t  t%  ue  conneeted  by  the  relation, 

it  is  natural  to  write  this  other  equation, 

ft  ft' 
III.  .  .  -  7-  7  7  i 
a  o 

and  to  say  that  MefS  ivfo  fowrtli  praportionaU  (297)t  to  «,  /3,  7,  and 

to  a',  fi\  7',  are  equal  to  socft  Other:  whateyerthe  JkUl  signification  o{ 
each  of  these  two  last  symUMi  III.,  supposed  for  the  moment  to  be 

not  yet  fully  known,  may  be  afterwards  found  to  be.  lu  short,  we 
may  propose  to  make  it  a  condition  of  the  sought  IiUerpi  ttation^  on 
the  principles  ot  the  Second  Uouk,  of  the  phrnse, 

Fourth  Froportumal  to  Thru  Ksctors," 

and  of  either  of  the  two  equivalent  SsfmMo  SOO,  I.,  that  the  recent 

Equation  III.  shall  follow  from  I.  or  II.;  just  as,  at  the  commence- 
ment ot'  that  Second  Book,  and  before  concluding  (1 12)  that  the  ge- 
neral Geometric  QwAient  ft:  a  of  any  ttco  iu(t.-i  in  .^pacc  is  u  (I'ldteruion, 
we  made  it  a  condition  (103)  of  the  interprHation  of  such  a  quotient^ 
that  the  Gtiuation  {ft:  a) .  a  -  ft  should  he  satisfied. 

302.  There  are  lio^vever  two  tests  (comp.  287),  to  which  the  re- 
cent equation  III.  must  be  submitted,  before  its  final  adoption ;  in 
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order  that  we  may  be  sure  of  its  consistency,  1st,  with  previous 
intnyrftation  (22f))  of  a  Fourth  Proportional  to  Three  Complanar 
VedorSf  as  a  Line  in  their  common  plane;  and  Ilnd,  with  the  ^en«- 
rcd  prineipU  of  all  mathematical  language  (105),  that  things  equal  to 
tlie  same  thing,  are  to  be  considered  as  eqaal  to  each  other.  And  it 
is  found,  on  trial|  that  both  these  tests  are  home:  so  that  they  form 
no  objection  to  onr  adopting  the  equaHon  301,  III.,  as  true  5y  d^fSni" 
iMMt,  whenem  the  preceding  equation  IL,  or  L,  is  satisfied. 

(1.)  It  may  happen  that  the  fir.^t  member  of  that  equation  III.  is  equal  to  a  lime 
9,  EB  in  226 ;  namely,  when  a,  /3,  y  are  complamar,  lu  this  case,  we  have  by  II. 
the  equation, 

iv...i-?I-ff,  «  iv...fr'-'--ri 

y*    y  7*    a  •    «"  a* 

iS       a  J  j3',  y'      mt$o  complanar  (among  thenafllmX       ^  ^  ^  ^ 
tetb  proportlMud  Bktwise :  and  tha  aquation  IIL  ia  iatii6«l,  both  nMnbeft  beiqf 
tgmlMsfir  me  eoaaMii  IEm,  ^,  which  is  in  genttai  titaated  im  HU  iuttn^dwrn  0/ 
a«  two  phmut  ojSy  and  a*^y\  atthongh  thoie  pianos  may  hapfiea  to  oolacsir, 

without  disturbing  the  truth  of  the  aquation. 

(2.)  Again,  for  the  more  general  case  of  diplanarity  of  a,  /3,  y,  WO  may  OOQ- 
oeivo  that  tha  oqnatioa*  II.  oo-exista  with  this  otlwr  of  the  same  lonii, 

=         Mhichgiyea  VI...?y-Cy", 
a  y      a  a  a 

if  the  definition  801  be  adopted.  If  then  that  definition  be  consistent  with  general 
principles  of  equality,  we  ought  to  find,  by  III.  and  YI.,  tliat  Ihis  third oqnatioii be- 
tween two  fourth  proportionals  holds  good: 

VIL..^,y'  =  ^ly  ;    or  that    VIII...  ^loff. 

a        a  a  y  a 

when  the  equations  IT.  and  V.  arc  sati.xfled.  And  accordtugly,  those  two  equations 
give,  by  the  general  principles  of  the  Second fiook,  respecting quatsmionSOOIUidered 
as  quoiienU  of  vectors,  the  transformation, 

303.  It  is  then  permitted  to  interpret  the  equaU<m  801,  III.,  on 

the  principles  of  the  Second  Book,  as  being  simply  a  transformation 
(as  it  is  in  algebra)  of  the  immediately  preceding  equation  IX.,  or  I.; 
and  therefore  to  write,  generally, 


•  la  this  aud  otlier  ca^cs  of  rtfereuce,  the  numeral  cited  b  always  supposed  to  be 
the  one  which  (with  the  same  number)  has  latt  occurred  belbi%  although  perhaps 
it  may  hsvo  be«i  in  oooiMsioa  with  a  shortly  preceding  Aitids.  Oompan  917,  (!•>. 
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whert  7.  7  are  if>y  two  ffeOori,  and  q,  ^  are  any  two  qwUemunia, 
which  satisfy  tins  last  condition.  Now,  if  »  and  t>'  be  any  two  right 
({uaUrnions^  we  have  (by  li>;3,  cojnp.  283)  the  equation, 

III. .  .  =»:t/«w' 

or 

IV. . .  ir'  {Iv:  li/)  =  ;  whence  V.  .  .  v  ' .  Iv  -  v'  ' . 
I7  the  principle  which  has  juatbeen  enunciated.  It  follows,  then, 
that  «*iya  right  Line  (Lv)  be  mtift^ed  bg  the  Reciprocal  (v  ')  of  the 
Bight  Quatenuon  (v),  ofvfhuA  U  is  the  Index,  the  Product  (ir»Iv)  ia 
independent  of  the  Length,  and  of  the  Direetian,  of  the  Line  ihva  ope- 
rated  on  or,  in  other  wordi,  that  thiaProdiUt  hoe  one  eommcn  Va- 
lue, for  all  pos^tbk  Lines  («)  tn  Space:  which  common  or  conatent 
wdue  may  be  regarded  as  a  kind  of  ne%o  Geometrical  Unit,  and  is  equal 
to  what  we  have  lately  denoted,  in  300,  III.,  and  VII.,  by  the  tem- 
porary symbol  I/;  because,  in  the  last  cited  tormnla,  the  line  OF  18 
the  index  ol  the  right  quotient  oq:  ol'.  Ketan.n,L%  then,  for  the 
moment,  this  symbol  «,  we  have, /or  evtrylinc  n  ui  space,  considered 
Hi  Ute  index  of  a  right  quaternion,  y,  the /our  eqvations: 

VI...ir»»««i;      VIL..a=w;      VIII.  = 

IX. ir'at*:a; 

in  which  it  is  understood  that  «  -  Iv,  and  the  three  last  are  here  re- 
garded as  beins  merely  tran^ifoi  mtUtun^  ut  the  first,  which  is  deduced 
and  interpreted  as  above.  And  hence  it  is  easy  to  infer,  that  for 
ang  given  egetm  of  three  rectangular  lines  a,  fi,  7,  we  have  the  yetieral 
tacpreeeion: 

X     (/5:a).'r=2W,    if   «.i./3,  7x«; 

where  the  scalar  co-eftcient,  x,  of  the  new  unit,  u,  is  detenntned  by 
the  equation, 

XI...x-±(T/3:Ta).T7,  according  as  XIl.  .  .  L7 -±  Ax.  («: 
This  coefficient  x  is  therefore  alwagf*  eqval,  in  vuujnitvde  (<m  nl^^-lurc 
9«aR%),  to  Xh^faurih  proportional  to  t/u:  lengths  of  the  three  j>iven 
lines  e/^r,  but  it  is  poeUioelg  or  negatively  taken,  according  as  the 
rotatum  round  the  third  Une  7,  from  the  second  line  A  to  the  Jirst  line 
«,  U  itself  i»OM^V«  or  negaHve:  or  in  other  words,  according  as  the 
rotation  round  the  fret  line,  from  the  eecond  to  the  third,  is  on  the 
contrary  negative  or  poaitioe  (compare  294,  (3.)  ). 

(1  )  bi  moatnitioa  of  the  wuMTimef  ofthatfonrth  proportional  hn«  hw  n. 

fwUia  PNMOt,  d«not«d  by  «.  white  tha  «y»fMt  of  the  tbrw  recUngular  unit-liiiet 

2z 
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from  whi«  h  it  i%  conceived  to  be  derived  U  in  any  BMniMr  tiarmed  a6o«l«  we  may  ob- 
serve that  the  three  eqaations,  or  proporUooa, 

Xllt. .  .f(:yB/3:a;    yta^ai^y;  fi''-T^7'^ 
conduct  immediatdy  to  this ybvrtA  equation  of  tiie  mim  kind, 

XIV.  .  .  u:a  =  y:/3,    or*    •i  =  (y:/3).o; 

if  wo  fulniit  that  this  new  quantity,  or  symbol,  is  to  be  operated  on  at  all,  or  com- 
bined with  other  synibuls.  according  to  the  general  rule?  of  vectors  and  quAtemi«>ns. 

(2.)  It  i.i,  (hon,  pcnnilted  to  change  tfi'-  three  Icttrnt  a,  y,  by  a  cyrlical  per- 
mutution.  to  the  three  other  letters  /3,  y,  a  (^considered  a^'ain  as  representing  unit- 
Unes),  vk  ithout  altering  the  value  of  the  fovrth  proportional,  u\  or  in  other  words,  it 
is  allowed  to  make  the  tyttem  of  the  tkne  rectamjfular  limn  rreo/o*,  thnmgh  the  third 
part  offoMT  right  angles,  rgtmd  lAe  laferier  md  €a-hiitiaiiU^onai  tftkt  iai<l-c«6e, 
of  wbteb  tbey  are  time  co-initial  tdgn, 

(8.)  And  it  is  eUn  more  eridcntt  tbatno  and)  dumge  of  value  will  talce  places  if 
we  merely  caoae  the  qretem  of  tlie  twofini  lines  to  revolve^  thntugh  ang  angte^  in 
its  own  plane,  round  the  third  lint  aa  an  axis;  dnoe  thus  we  shall  merely  substitute, 
for  the  factor  fi  :  a,  another  factor  eqval  thereto.  But  by  comhining  these  two  lart 
modt  s  <  .r  rotation,  we  can  represent  aajr  rt^iUum  whatever^  round  an  origin  supposed 
to  be  tixcd 

(•!.)  And  aa  regariis  the  scalar  ratio  of  any  one  fourth  proportiunHl,  siu-h  as 
/3  :  a' .  y',  to  any  othtr^  of  the  kind  here  considered,  such  as  /i  ;  a .  y,  or  «,  it  issufij- 
cient  to  .Huggeat  that,  witboiit  any  real  diangs  in  tlia  Ibimar,  wa  are  allowed  to  ai^ 
posa  it  to  be  so  prtpttr^  that  we  shall  have 

XV.  ..a'  =  n;    /3'=^/3  ;    y'  =  a7; 

m  being  some  scalar  ooeffideat,  and  repreaentiog  the  ratio  reqotred. 

.^04.  In  the  rnnrp  general  case,  when  the  three  given  lines  are 
7tot  rectangular,  nor  unit-lines,  we  may  on  similar  principles  de- 
termine their  fourth  proportional,  without  referring  to  Fig*  68,  as 
follows.  Without  any  renl  loss  of  generality,  we  may  suppose  that 
the  planes  of  a,  /3  and  a,  7  are  perpend icniar  to  each  other;  since 
this  comes  merely  to  substituting,  if  necessary,  for  the  quotient 
i8: 4s  another  quotient  equal  thereto.   Having  thus 

1. ..  Ax.(/8:«)j.Ax.(7:«),    let   II.  .  .  ;3  = /3' + 7-7'  +  ^', 
where  /3'  and  7'  are  parallel  to  «,  but  ft"  and  7"  are  perpendicular 
to  it,  and  to  each  other;  so  that,  by  203,  I.  and  IL,  we  shall  have 
the  expressions, 

III. ../9'=s^.«,  y«82.«, 

a  a 

*  In  p  piation'^  of  this  form,  the  parentheses  may  be  omitted,  though  for  greater 
clearutisa  they  are  here  retained. 
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and  IV.../5"=V^.«.  y/=V^... 

a  o 

We  inay  then  deduce,  by  the  di&tnbutive  principle  (^300,  (2.)  ),  the 
transtorniationd, 

v...^.,=f^'  +  ^"j  (y  +  y) 

a         \  a        a  J 
a        A  a  o 

wbere 

VL..  «  =  /3S^+7"»-='»S-  +  /y'S2,  and  VII. .  .aju-^V'. 

a  a         a  a  a 

The  latter  part,  xt*,  is  wbat  we  haye called  (300)  the  (geometrically) 
scalar  part,  of  the  sought  fourth  proportional;  while  the  tbniier  part 
S  may  (still)  be  calkd  its  vector  part :  and  we  see  that  this  part  is 
represented  by  a  line,  which  is  at  once  in  the  two  plane.";  of  ^,  7",  and 
of  7,  or  in  two  planes  which  may  be  generally  coustructed  as  fol- 
lows, without  now  assmiiing  that  the  planes  a/3  and  ri^  are  rectangu- 
lar^  as  in  I.  Let  7'  be  tlie  projection  of  the  line  7  on  the  plane  of 
a«  fi^  and  operate  on  this  projection  by  the  quotient  /3:a  as  a  multi- 
plier ;  the  plane  which  is  drawn  through  the  line  /3 :  o .  y  so  obtained , 
at  right  angles  to  the  plane  a/3,  is  oim  locua  for  the  sought  line  t: 
and  the  plane  through  <y,  which  is  perpendicular  to  the  plane  fyy, 
ia  anoOur  locua  for  that  line.  And  as  regards  the  Uitgih  of  this  line, 
or  Teetor  part  ^  and  the  magnitude  (or  quantity)  of  the  scakr  part 
anc,  it  is  easy  to  prove  that 

VIIL  . .  T£==^cos#t   and   IX.  .  .  a;=t<sintf, 

where 

X.-. . /  =  T/3:Ta.T7,   and   XI.  . .  siuAssincsin^, 

if  e  denote  the  angle  between  the  two  given  lines  a,  ^  and  p  the 
inclination  of  the  third  given  line  7  to  their  plane:  the  sign  of  the 
aealar  coefficient,  being  positive  or  negative,  according  as  the  rofa* 
U(m  round  a  from  /3  to  <y  is  negative  or  positive. 

■ 

(1.)  Comparing  the  recent  ooostractiQa  with  Fig.  68,  we  «ee  that  wbea  the  con- 
ditiOD  L  Isiatialtod,  tfaa  four  nnit-llDM  0y,  0a,  UjS,  take  the  direetioiiB  of  the 
four  radii  oc^  04,  OB,  odi  which  tenaliiata  at  tlie  four  eonen  of  wbat  may  b«  ealkd 
a  tri'Ttetungular  quadrilateral  c<xbd  on  fha  t^lbtn. 

(S.)  It  toxy  be  feinaiked  that  (he  area  of  this  quadrilateral  is  exactly  equal  t« 
Aal/'the  aiea  S  of  the  Inoit^  DBF ;  which  may  be  intend,  either  ftom  the  circtun* 
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•Umoe  that  its  tpherieal  excess  (over  four  right  angles)  is  coiistruftLd  by  ihc  angle 
MDH ;  or  from  the  triangles  duk  ami  kas  being  together  equal  to  the  trian^e  abf, 
•o  that  the  arpa  of  dksk  is  S,  and  therefore  that  of  rQRi>  is  ^S,  as  bi-fore. 

(3.)  The  two  sidta  tq,  of  this  quadrilaloral,  which  are  rewi (iff  from  the  obtuse 
angle  at  i>,  being  MtiU  called  p  aud  c,  aiid  the  side  CD  which  is  opposite  to  c  beiiig 
Still  deuoted  by  e\  kt  tht  ride  »B  wb&eh  it  opfKMlte  to  p  be  mm  oilled  />' ;  also  let 
thedk'c^alt  on.  Qobe  denoted  by  4  end  ;  end  let  e  denote  tfae  igiAerjcal  «»Mie 
(GDB  -  ^ir),  or  tbe  oree  of  ttie  quedrilatereL   We  diall  then  here  the  rdetioni^ 

i cosiiscoepooee;  ooecfBCOspooec^; 
tea«'eooep  tane;  tenp*«ooe«  teop; 
coees  ooep  evep' «caec  tee  c^bs  coed  aaed' ; 

of  which  eome  have  vlrtoeSly  ooenmd  before^  end  all  are  eaifly  proved  by  right-aa- 
g(ed  trianglee,  arce  bdug  when  noccetery  proloaged. 

(4.)  If  we  take  now  two  polntB,  a  and  B,on  the  eide  qb,  whkh  aatidy  tiie  araial 
et|iiation  (comp.  897,  XL.,  and  Fig.  68), 

XIII. . .  «>AB« 

and  if  we  then  Join  ac,  and  let  Ml  on  this  new  ate  the  perpoidlcnlare  bb',  do';  it 
is  easy  to  prove  that  tbe  pr^eHom  b'd'  of  the  nda  bd  on  the  an  ao  ia  egnal  to  that 
are^  and  that  the        dbb'  to  right :  so  that  we  have  the  two  new  eqnation% 

XIV.  .  .  f^a'D'snAO;      XV.  .  .  DBB'a>|ir; 

ikiwi  the  new  quwiniateral  uu'u'u  is  also  tri-rectunytlar. 

(Ji.)  Ilenco  the  poimi  l>  moy  be  derived  from  the  three  points  ado,  by  any  two  of 
ikt  famr  fiiilowimg  oomdiHomt:  Ist,  tbe  equulity  XIII.  of  the  ores  ab,  qb  i  Ilud,  the 
currespondhig  equality  XIV.  of  the  ares  ac,  b'd'  ;  Ilird,  thefri^rMtea^iiiSarcAafwc* 
ter  of  the  ^adrUaterat  oqrd  ;  IVtb,  tbe  corresponding  diaractsr  of  bbVd. 

(6.)  In  othw  words,  this  dtrmed  poimi  d  b  the  conubom  wlemefMB  oftkefimr 
perpendicuiurs,  to  the  fbmrares  Ait,  ac,  cq^  db^,  erected  at  CA«  JtmrpmmttK,  u',  c,  b  ; 
CQ,  bi.'  being  tstill  the  perpend iuulan»  from  c  and  B,  on  AB  and  AC}  aad  B  and  D' 
iMflng  doducvd  from  q  and  b',  by  equal  arcs,  tut  above. 

305.  These  consequences  of  tlie  constrtiction  eni})lc>yedl  iu  297, 
v^'c,  are  here  mentioned  merely  in  conaexion  with  that  theory  oi' 
fourth  proportionah  to  vector;  which  they  have  thus  served  to  illus- 
trate; but  tiiey  itre  perhaps  numerous  and  interesting  enough,  to 
justify  us  in  suggesting  tbe  ««me,  Spficrical  Faralleloffram^"*  for 
the  quadrilateral  cabd,  or  bacd,  in  Fig.  68  (or  67);  and  in  proposing 
to  say  that  d  u  the  Fwrth  Pointy  which  compUUa  such  %paraUdogram, 
when  the  three  points  c,  a,  b,  or  b,  a,  c,  are  jfwm  upon  the  sphere, 
firsts  eecond^  and  third.  It  must  however  be  carefully  observed, 
tiiat  the  analog  to  the  plane  is  here  thus  far  imperfect,  that  in  the 

*  By  th'^amc  analog}*,  the  quadrilateral  cqno,  in  Fig.  68,  may  be  called  a 

bother ical  licctanylr. 
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general  com;  when  the  thr«e  ghen  pchiU  are  net  co-areuaif  but  on  tko 
ooDtrury  ureooriienofa^A€He(i/frtitiii^ABO,  then  if  we  take  c,  b, 

or  B,  D,  o,  for  the  three  first  points  of  a  new  spkerieal  parallelofframj  of 

the  kind  here  considered,  tlui  new  fourth  pointy  say  A|,  will  not  coin- 
cide with  the  old  i<ccuntl  jjoiut  a;  ulthuugli  it  will  vu'i/  nenrly  do  so, 
if  sides  of  the  triiiUL'U'  Ai5<;  he  small:  the  deviation  aa,  being  in 
fact  t'ouiid  to  be  siimll  of  the  thiid  order^  if  tliose  sides  of  the  given 
triangle  be  supjiosed  to  be  sniall  of  the  A"/><  order;  and  being  always 
directed  tounnxU  the  Juoi  of  the  perpendicidarf  let  fall  from  a  oq  bc. 

(I.)  To  Eavwltgito  the  low  oftlib  dMMa,  lot  A  y  be  tlill  any  two  given 
iiiiiUT«cloi«i  OB,  oc,  making  with  each  othar  aa  angla  eqnal  to  «»  of  wUdi  tha  o»- 
alna  ia  I;  aod  la(  p  or  op  be  aay  third  ▼eetor.   Thai,  if  we  write, 

\P      P  I 

ihe  new  or  derived  i-rctor,  or  u).  ur  oi'i,  will  be  the  common  vtctor  part  uf  the 
two  fourth  proportiotiuit,  tu  p,  /3,  aud  lo  p,  ^,  ^,  multiplied  by  the  ttjuare  of  the 
length  of  p ;  and  bqoqi  will  b«  what  we  have  lately  called  a  tpktrieal paralMogram. 
We  ahall  alao  have  the  tnnilbniiatioB  (compaie  S97,  (2. )  ), 

and  the  dS$tribmihe  tymhol  of  operation  ^  will  be  audi  that 

111.  .  .  ^>fi||l  /3,  >,    and    ?>V=P,    if  PlIIAyJ 
but  IV.  ..^p=-^p,    if   pll  Ax.(7:/3). 

(S.)  Thia  bdag  understood,  let 

au  that  p\  or  or^,  b  the  projection  of  p  OO  the  plane  of  fiy  \  and  p",  or  ou",  b  tho 
part  (or  conaponent)  of  p,  which  is  per^iendicular  to  that  }>1atie.  Then  wu  ehall  have 
an  indeSolte  teriet  of  der  ived  vectors^  pi,  pa,  pi, ..  or  rather  two  auch  seriea,  luo- 
coediog  eacb  other  altcmtUely^  as  followtt : 

the  Am  seKaa  ofdnimd  pobUt,  Pi,  Pi,  Pt,  P|, . .  .  befaig  thva  rai^Mi;  oft^fwoiiljr, 
im  IA«  <wp  perpmdiemlan^  pr'  and  Pir'i,  which  an  let  iaSifrom  thepoinU  p  and  Pi, 
0«  lAa fiaas ploaa  boo  ;  and  the  iutervals  ppj,  piPs,  PaPi,  .  .  .  forming  a  geometri- 
cal progreMnon,  In  whitli  <<  1»  ij*  tH|iial  U)  the  oni'  befuru  it,  multiplied  by  the  coa- 
Mtant  factor  ~  I,  or  by  the  m  tjutiri  oj  the  co«i»e  of  the  y/rtw  anyh  itoc 

(3.)  if  then  tbib  angle  be  «till  8UppoiK.d  tu  be  distinct  from  U  aud  7,  aud  alsio 
in  general  from  tlie  intermediate  value  {tt,  we  diall  baretlie  (Wo  Umiiimfi  talaef, 

.  .  firt  =  p\    P2m.i  =  P'i,    if   »  =  ac; 
or  ill  word-<,  tht  derived  pomli  P^,  1-4,  .  .  of  even  orders,  tend  to  the  point  r',  and  the 
other  derived  points,  P],  Pj,  . .  of  odd  orders,  tend  to  tbo  otktr  point  r'l,  a*  Umtii^ 
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poMitiont:  theso  two  limit  pntntM  \mn^  ihc  ft et  o  f  the  /wo  (raotiUoCSr)  ptrptmMeU* 
larSf  let  fall  (as  above)  from  i-  an  l  v'  on  the  jilaiie  iioc. 

(4.)  But  oven  {\w  fimt  (h  ria(i,.n  ri'a,  b  $maU  of  the  third  order,  if  the  len(/tfi  Tp 
of  the  line  ov  be  coa&iderod  as  neither  large  nor  .stnail,  and  if  the  tides  of  the-  «)|  >lu.  ri- 
cal  triamgle  BQC  be  MWuUl  of  the  firtt  order.  For  we  have  hy  VI.  the  following  cx- 
linnfam  ffir  Ihif  ilniliflnn. 

Vin.  .  .  PPa  =  p^-p  =  (/«  -  I)  p"  a -sin  a*,  sia  Pa. Tp  .Up" ; 

where  pa  dtnu>tos  tin  incfination  of  the /me  p  to  the  plane  /3y  ;  or  the  arcual  perpen- 
dicular  from  the  pi)int  on  the  side  bc,  or  a,  of  the  triangle.  The  statemeota  lately 
made  (305)  are  therefore  prov^  to  have  been  correct 

(5.)  And  if  we  now  resume  and  extend  the  tpheHcal  construetiom,  and  conceive 
thai  Oi  b  deduced  hum  baiO^  m  ai  was  flrain  voOf  or i>  from  baoj  irldle  amy 
be  snppoeed  to  be  dedueed  bj  the  eame  rule  from  bdic,  end  os  from  BAao^  ftc.« 
throng  en  fadefliitee  eniee  oftpkerieal  paralhlogroma^  in  which  the/bwreA  pefot 
of  aaj  em  ie  tieeted  ae  the  «eco«tf  jMint  of  the  Mot,  while  the/p<(  end 
remain  ronsfan/ :  tvc  see  that  the  pointa  ai,  a;,  . .  axe  all  dtoated  on  lAe  nrraaf 
perpendicular  let  fall  from  A  on  BC ;  and  that  in  like  manner  the  points  Dit      •  > 
are  all  situated  on  that  other  arcual  pt^rpoiulicidar,  ■wliich  is  let  fall  from  7>  on  BC- 
Wc  see  also  that  the  ultimate  positions,  a  /  ami  Dx,  coimiilc  precisely  wilh  the  feet 
of  those  two  perpendiculars  :  a  remarkable  theorem,  whicli  it  would  perhait-  diffi- 
cult to  prove,  by  any  other  meihod  tlian  that  of  the  Quaturnionj},  at  leo^t  with  calcu- 
lations so  simple  as  tiioae  which  havi  bean  employed  above. 

(0.)  It  may  benmailMd  that  theoonatmctioii  of  Fig.  G8  might  have  bean  other- 
wise enggeated  (oomp.  228,  iy.)t  by  the  prindplee  of  the  Second  Book,  If  we  had 
eoo^  to  aaatgn  UnfimrA  pnparticmai  (207)  to  fftree  r^hi  ^uaUrmiamti  tor  ex- 
ample^ to  three  ryM  eer«or«,  e,  e\  v",  whereof  the  loitit  A'aes  Oi  /S,  y  ehoold  be  ei^ 
posed  to  be  the  ares.  For  the  result  would  be  In  general  a  quaternion  r'p  'r",  M'ith 
e  for  its  scalar  part,  and  with  ^  for  the  index  of  its  riyht  part  :  e  aod  i  ^"'^k^g 
Uae  saaM  tcaiar,  end  the  aome  vector^  as  in  the  suh-articks  to  297. 

306.  Quaternions  may  also  he  employed  to  furnish  a  new  con- 
tWuction^  which  shall  complete  (comp.  3^5,  (5.))  the yftystAiica^  deleft 
minatioD  of  the  tioo  tmea  of  derived  points^ 

I.  .  .  D,  Aj,  D„  A|,  1^  Ac., 

when  the  Ihree  points  a,  b,  c  Are  gheti  upon  the  unit-sphere ;  and 
thus  shall  render  visibie  (so  to  speak),  with  the  help  of  a  new  Figure, 
the  tendencies  of  those  derived  points  to  approach,  alternately  and 
iudefinilely,  to  the/ct/,  say  D'and  a',  of  the  two  arcual  perpendicular.^ 
let  full  from  the  two  opposite  corners,  i)  and  a,  of  thi^  Jirst  spherical 
parallelogram^  bacd,  on  its  given  diagonal  hc;  which  <//rt'/ona/ (as  we 
have  seen)  is  common  to  all  the  successive  parallelograms. 

(1.)  The  given  triangle  abc  being  supposed  for  !^imj»licity  to  have  its  sides  obc 
less  than  quadraniji,  as  in  2i>7,  so  that  their  cj&incs  Imn  are  positive,  Ist  a',  b\  c  bo 
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tlw  feet  of  the  pei|iendicu1ar»  let  fall  on  time  thrae  tldeB  froin  the  poinU  a,  b,  o; 
•Im  let  X  and  a  be  two  anxiliaiy  polota,  determiiied  by  the  cqnatioiiii 

II.  .  .  n  BM  =     MC,      ^  AM  =     MH  ; 

eo  that  the  area  an  and  bo  biaect  each  other  in  m.  Let  fall  from  v  a  perpeBdimiar 
jm'  00  BC,  io  that 

III.  .  .  r\  bd'  =  r»  a'c  ; 

and  let  b",  c  "  bo  two  other  auxiliary  pointe,  on  the  &iile«  b  and  c,  or  on  tlioae  aidea 
prolonged,  which  satisfy  tliese  tv\ro  other  equations, 

IV.  .  .  r>  d'b"-!'*  AC,  rtC'tf'«*VAa, 

(S.)  Then  the  perpmSmtan  to  tibcae  leaf  aide*,  ca  and  ab,  eneted  of  Hum  Uui 
faimi$,  bT  and  cT,  will  intermttmehoAttim  ik»paimii>,  wUch  eoM^«a(806)  the 
ijpAcrtOBljMnribfafmBA€3>;  uA^b»JMofAeperpemdieiaarfl-umthUpeiuinf 
on  the  tfaifd  aide  bo  of  the  given  triaagle,  will  eotamlf  (eooip.  806,  (8.))  wjlA  iie 
/bot  d'  t^tkt  perpendicular  am  the  mm  ndefnm  m ;  M  that  thialaat  perpODdieolar 

jn>'  is  one  hciis  of  the  point  n. 

(3.)  To  obtain  another  ^nciis  fnr  that  point,  adfipto'l  to  our  present  purpose,  let 
K  denote  now*  that  m  iv  yu  int  in  which  the  two  diagonals,  ad  and  BC,  intersect  each 
Other;  then  because  (corap.  2'J7,  (2.)  )  we  have  the  expression, 

•    V.  .  .  oi.  =  c(ni/3  +  ny  -  /a), 
■we  may  write  (comp.  297,  (25.),  and  (30.)  ), 

VI.  .  .  OE  =  u(m/3  i  ny),  whence  VII.  .  .  sin  hk  :  sin  ec  =  n  :  m  =  cos  «a'  .  cos  a'c  ; 
the  diagonal  \D  thue  dividina;  the  arc  nr  into  sfyments,  of  vvhi*  h  the  sines  are  pro- 
portional to  the  eotines  of  the  adjacent  nidet  of  the  given  triangle,  or  to  the  cosines 
of  their  projection*  ba'  and  a'c  on  bo  ;  so  that  the  greater  aegment  is  adjacent  to  the 
U$$er  andr,  and  the  mSddle  pobU  M  of  bo  (I.)  liea  Mwaam  ihepoimie  a*  and  m. 

(4.)  TbefaiteffMctioo  siafharaforea  known  point,  and  tha  gieatdvcle  through 
A  and  Bia  B  aeeanil  kiumn  hat$  finr 
d;  whidi  p(^t  bmj  thaiefbra  be 
fonnd,  aa  the  intenectiom  ef  the  arc 
AS  prolonged,  with  the  perpendicular 
kd'  from  N  (1.).  And  because  r  lies 
(3.)  beyond  the  middle  point  m  of  nc, 
with  rc-ipect  to  the  foot  a'  of  the  per- 
pendicular on  BC  from  a,  but  (as  it 
b  easy  to  prove)  not  to  far  beyond 
uaaike  poku  i>\  or  fai  other  woida 
6IIa  MmeBiiaiMf  d' (when  the  aio 
BO  la,  aa  above  anppoaad,  liaa  thm  a 
fmm^wU),  fha  ptoloBgad  ace  ax  enta 
BD'  between  N  and  d'  ;  or  In  Other 
words,  the  perpendicular  distance  of 
the  sought  fourth  point  D,  from  the 
mv*'n  riinqnnal  BC  nf  the  paralielo- 
gram,  I.*  ^'•-a  lltan  the  distance  of  the 

given  second  point  A,  from  the  same  given  diagonaL  (Compare  the  annexed  Fig.  78.) 


*  It  wai  be  obaarred  that  x,  b,  b  have  not  here  the  lame  aignifioationa  aa  in 
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(5.)  TriH 'vUing  next  (305)  to  dr-npe  a  new  point  A\  from  li.  i>,  t\  as  i>  has  been 
dcjrivcd  f  roin  n,  a,  c,  we  see  that  we  have  only  to  determine  a  nno*  avxiiiary  point 
F,  by  the  equation. 

Till.  .  .  ««BMssnMr; 

an<l  then  to  draw  df,  and  prolong  it  till  it  meets  aa'  in  the  required  point  A|,  whicli 
will  thna  arnqtUU  lAt  mcomd  paraOelo^am^  bdcai,  with  bc  (aa  before)  for  a  ginem 
dUigoiud» 

(6.)  In  lik«  maniMr,  to  complete  (oomik  806*  ((.) ),  the  CUnl  {itnlldognm, 
BAiOht  ^  ^o"**  ^twm  diegonal  bOi  m  have  only  to  dnw  tlie  arc  AiB,  and 
prolong  It  till  it  cats  m*  In  Di ;  after  which  wa  ihould  find  the  point  Ai  of  a  fimrth 

aucccsdvc  parallelogram  nnjCA^,  by  drawing  t>iF,  and  so  on  lor  ever 

(7  )  Tlu*  constant  and  itKlofiiiite  tendency,  of  the  derived pointa  r>,  1>|.  .  .  tn  th*', 
limit-point  i>  ,  and  of  the  other  (or  alternate)  derivwi  (Mints  Ai,  A;,  .  .  to  tlic  other 
Umit-poinl  a',  becomes  thereforo  evident  fn»m  this  new  construction;  the  fmul  (or 
limiting)  renlU  of  which,  we  may  express  by  those  two  equations  (comp.  again 
(5.)  ), 


(8.)  But  the  MaoUMM  (305)  of  tho /m  demaUm  aai,  when  the  aidm  ol  th« 
given  triangle  abo  are  cmail^  beoomee  at  the  etno  time  evident,  by  meena  of  the 
MUDOCODBtmction,  with  the  help  of  the  formnla  TIL;  which  ihowi  that  the  lalffWf 
SH,  or  the  egnol  interval  air  (6.x  it  mmH  ^tfte  tftM  orvlkr,  when  the  rid§»  of  the 
giv^  triangle  are  soppooed  to  bo  imall  of  ih^Jini  order:  agreeing  thne  with  the 
equation  30.'>,  VIII. 

(0.)  The  theory  of  such  spherical  pnrnlhlnpramt  admits  of  some  interesting  «{>- 
plications,  especially  in  connexion  with  spfi<  rical  cnnies  ;  on  which  however  we  can- 
not enter  here,  b<  y()n<l  the  mere  enunciaiion  of  a  Theorem^  ^  of  which  ^comp.  271) 
the  proof  by  quaternions  is  easy 


Fig.  G8 ;  and  that  the  present  letters  o'  and  c"  correspond  to  q  and  a  in  that  Fi- 
gure. 

•  lUs  new  pointi  and  the  interMotlon  of  the  pefpendlenlen  of  the  given  trian- 
gle, are  avidentljr  not  the  aame  in  the  new  figure  711,  ae  the  points  denoted  hj  the 
same  letters,  f  and  p,  in  the  former  Figure  68  ;  although  the  four  points  a,  n,  c,  D 
are  conceived  to  bear  to  each  other  the  same  relations  in  the  two  FIgaraii  and  indeed 
in  Fig.  67  also  ;  bach  lx>in^^  in  that  Figure  also,  what  we  have  propoaed  to  call  a 
spherical  pnrallelngrnm.    Compare  the  Note  to  (8,), 

t  The  formula  VII.  gives  easily  the  relation* 


yir. .  .tan  SUB  tan  VA' 


laanoe  the  interval  km  is  amaU  of  the  third  order,  in  thecaae  (8.)  heresnppoaed ;  and 

g«ienl1j,ifa<-,  aaia(l.),  ivhOeftaadcarenneqaa],  thefonnuladiowathatthla 

interval  em  is  less  than  ma',  or  than  d'm,  so  tliat  e  falls  between  m  and  d',  as  in  (4.). 

X  This  Theorem  was  communicated  to  the  Royal  Irish  Academy  tn  June,  1846, 
aa  aoonseqinenoe  of  the  principlea  of  Qnatemiooa.  Seethe  iVoeeedn^  of  tiiat  date 
(Vol.  III.,  page  109). 
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"  If  K(JH.N  h*'  any  sphencil  ',ui!firihiteraifamdj,am^poimtomthetphere;  ifoUo 
mt  compUU  the  spherical  paralhloyrums, 

X.  .  .  K.ILA,     LI3LB,     MU(C,  MIKI>, 
mnd  determine  the  poles  E  and  F  of  the  diagonals  KM  and       of  the  (puidi  iUittml 
then  tkenf  iwn  poles  are  the  foci  *  of  a  spheHctU  Mmw,  imacribtd  M  the  derived  qruudri- 
leUerai  av.(  u.  or  touching  its  four  sides." 

(10.)  Ucuc«,  in  A  nuutionf  befe  proposed,  we  shall  have,  under  tht-se  coil« 
dltiiiu«f  eomtniclMNit  tfae  formoU : 

XI.  .  .  KF  (.  .)  AUCL)  ;     or     XI  .  .  .  Ill  (.  .)  BCDA  ;  &c. 

(11.)  Before  closing  this  Article  ami  St-ction,  it  aecins  n<>t  irrelevant  to  rensark, 
that  the  projection  y'  of  the  uuit-vector  y,  on  the  plane  of  a  and  /i,  is  given  by  the 
fonnaUt 

^^^-'7=  . 

and  ttMt  thmfeve  Cha  pointp,  lBwliieh(Me  again  Fig.  78)  the  tbive  arcnal  parpen* 
dianlan  of  dia  trian^  abo  faitarMct,  b  on  the  TaeUir, 

XIII.  .  .pBatanA-)-j9tanB4  y  tanq. 

(IS.)  It  naf  be  added,  ae  nigMde  Uw  oooelraetlon  in  805,  (2.),  tbat  lJU  rigki 


XIV.  .  .  VTlf    P|l%    VHfti    VSIPl*  •  •  • 

bowerer  &r  their  lerica  may  b<  cuntinoed,  iftientdilugivm  plwim  boo,  uUwmaidff^ 
M  Am  p0bU»  s  and  t,  of  which  (he  Tcctoia  are, 

and  whidi  thne  beoome  twofbstd  pthiU  in  thu  pitmtf  wlieo  the  poaitioo  of  the  point 

Sbction  9.— 0>i  a  7Air</  Method  of  interpreting  a  Product  or 

Function  nf  Vectors  as  a  Quaternion  ;  and  on  the  Consis- 
tencij  oj' the  ResuUs  o  f  the  fnterj>rtt(ttf  <tn  sn  nhfalned,  with 
those  which  have  been  deduced  J'rom  the  two  preceding  Me* 
thods  of  the  present  Book. 

307.  The  Conception  ui"  the  Fourth  Proportioiuil  to  Three 
liectangular  Unit- Linen,  a.s  being  it.seU'u  ^^pccies  of /'ow/Y/z  L'nit 
in  Oeometrt/,  is  eminently  characteristic  oJ'  the  present  Calctt^ 
hu;  and  ofiers  a  Third  Method  of  interpreting  a  Product  of 
two  VeetoTM  as  a  Quaternion:  which  is  however  found  to  be 

•  In  thf*  lunt^iiaijf  of  modom  geometry,  the  conic  in  question  niay  he  said  to 
touch  eight  yiien  arcs  ;  four  real,  naini-ly  the  tids  ak,  UC,  CO,  1>A  ;  and  four  ima- 
fimary,  namely  iwn  from  inch  uf  lh«i  /ucal  pointi^  E  aud  F. 

t  Compare  the  Second  Note  to  page  295. 
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consistent^  in  all  its  results^  with  the  two  foimer  methods  (278, 
284)  of  the  present  Book ;  and  admits  of  bebg  easily  extended 

to  products  of  three  or  more  lines  in  space,  and  generally  to 
Functions  of  Vectors  (289).  In  fact  we  have  ouly  to  couceiv  c* 

•  It  was  in  a  somewhat  aaaloi^ous  way  that  Det  Carles  showed,  in  his  Gttmt 
iria  (Scbooten'a  Editioo,  Amsterdam,  1659),  that  allprochcC*  tnd  pcmtrt  nt BmeB^ 
CMuidflrad  NilMivdy  to  th«ir  hmgtht  alone,  and  withoat  my  nftranco  to  thflir^oe- 
twmt^  eonld  bo  imterpnitd  tu  A'mt,  by  the  faltablo  Uitradoctioa  of  a  Uno  takon  ft»r 
wtUy,  howovir  bigh  tbo  dimMuhm  of  tbo  product  or  powor  n)ght  bo.  Thai  (at 
pago  8  of  the  cited  wofk)  tbo  following  remark  occuii:— 

*•  Ubi  notandum  est,  qndd  per  a*  vol  6',  similesre,  communitcr,  non  nisi  lineas 
omaino  simplices  coiicipiani,  licdt  illa%  at  nomimbu  in  Algebra  ueitatia  utar,  Qoa- 
drata  aut  Cuboi,  \:o.  nppfll-Mn  " 

Hut  it  wnn  much  m  t-  <lillitult  to  accomplish  tlic  corrojmiuliii^  muUt}>licat'ton  of 
dtrtclcd  lines  in  space  ;  on  aicuuut  of  llic  nun-exittcnce  of  any  *«cA  /me,  which  10 
tymmetricallif  rtlaled  to  all  othtr  UneMf  or  eojniHoii  to  aUpotmhIe  planet  (oomp.  tha 
Note  to  page  248).   The  Umit  ^  FtU^'MmlHplieatwm  cannot  properly  bo  U$elfm 
Fteior^  it  tbo  ronetpOcm  of  the  Sytmiutrp  ofS^aet  lo  to  bo  lotalnod,  and  dufy  com* 
tuned  with  the  other  dementi  of  the  qneetioii.   Thie  dUBeni^  bowevor  dimppean, 
at  leaat  in  tbeoiy,  when  wo  come  to  consider  that  mw  Unit^  of  a  icalar  kind  (300), 
which  liaa  been  above  denoted  by  the  temporary  symbol  u,  and  ha*  bw;n  cbtaiiud, 
iu  the  foregoing  Section,  as  a  certain  Fottrth  Proportional  to  Three  Rectangular 
Vnit-Linet,  such  as  tho  three  co-initial  edpei,  AB,  AC,  At>  of  wliat  we  have  called  an 
I  'lit- Cube  :  for  this  fourth  proportional,  by  the  propom!  conception  of  it,  undergoes 
no  t/ianpe,  when  the  cube  abcd  is  in  any  manner  moved,  ur  turned  ;  ami  therefore 
may  be  couaidered  to  be  tymmetrieaUy  related  to  all  directions  of  lines  in  tjMCt^  or  to 
all  poeaiblo  «tfelioa«  (or  Iranf^'oaa)  of  a  ;>om/,  or  hodif*  In  Hut,  wo  oewcdw  its  de* 
IcTMiaaM^  and  the  4fiiKa<tf^  of  ft(aa<)-«)ftoBtbe<f!pefirotmlfofthoaMwlMMl 
(->  «X  ^  depend  eaJjjf  on  tin  wnal  ocaiMiplion  of  an  mds  ^Iti^th^  combined  with 
the  ec^ecfiM  0/a  ksmd  (m,  for  azampl^  the  r^pAf  hand)*  rolalion  lowordi  mImA 
hand  shall  be  considered  to  beponfm^  and  contrasted  (as  such)  with  rotation  to> 
wards  the  o/A«r  hand,  round  the  same  arbitrary  eueit.  Now  in  wliatovor  manner  tha 
supposed  cube  may  be  thrown  about  In  spnce,  the  concrired  rotation  round  the  edge 
An,  from  Av  to  AD,  will  liave  the  same  character,  as  right-handed  or  left-handtd,  at 
the  end  as  at  the  beginning  of  the  motion.    If  then  the  fourth  proj>or(iona!  (o  these 
three  edges,  taken  in  this  order,  be  denied  by  -f  n,  or  simply  by  -f  I,  at  one  stage  of 
tliat  arbitrary  motion,  it  may  (on  the  plan  here  oonddered)  be  denoted  by  the  aamtt 
jym&oA  "A  wry  other  stay  :  whOe  the  oppotUc  eAaradcr  of  the  (cooodved)  rata* 
Hon,  round  the  aame  orfjpw  AB^Jrvm  AD  fo  AO,  leada  ua  to  ngard  the  Ibnrtb  praporw 
tiooalto  AB,  AD,  AO  at  bdng  on  tbeeoDtraiyeqnd  to      or  to  •  1.  It  ia  trae  tfmt 
thla  eomeqtHam  of  a  now  mmifir  qtaeo,  oynmHrUally  related  (as  above)  to  all  Knoar 
directions  therein,  may  appear  aomewhat  abstract  and  met^iphysical ;  b»it  rcndera 
who  think  it  such  can  of  courw  mr^fuie  their  attention  to  the  rules  of  calculation, 
which  have  been  above  derived  from  it,  and  from  other  connected  considerations  :  and 
whieh  have  (it  is  hoped)  been  stiUed  and  exempUticHi,  in  thi«  and  in  a  former  Vo- 
lume, with  sufficient  clearuc&s  and  fulincs&. 
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that  each  proposed  vector,  is  divided  by  the  new  or  fourth 
unit,  u,  above  alluded  to;  nnd  that  the  quotient  ao  obtained, 
which  ifl  always  (by  303,  VIII.)  the  right  quaternion  r>o» 
whereof  the  vector  a  ie  the  indeXf  is  substituted  for  that  vec- 

Uxt  i  the  resulting  quaternion  being  finally,  if  we  think  it  con- 
venient, multiplied  into  the  name  fourth  unit.  Fftr  in  tliia  way 
we  shall  merely  reproduce  the  process  of  284,  or  28*J,  aitliuu<j;li 
now  a;3  a  consequence  of  a  different  train  oj  thought^  or  of  a  dis~ 
tisKt  but  Consistent  Interpretation :  which  thus  conducts,  by  a 
new  Method^  to  the  same  Rules  of  Calculation  as  before. 

(1.)  TbffquaHtm  of  the  unit-sphere,  p3  +  1  «0  (282,  XIY.),  VMcy  Unu  be  eoo- 
cehr«l  to  b«  «n  abridgmtiU  of  die  foUowisg  fuller  aqnetloa: 


tlie  fMolM  p  i «  bebig  eonaMered  m  equal  Qbf  808)  to  tbe  n>A#  ^otmthit^  1% 
wVkh  musk  ken  be  a  HfAl  vcner  (164X  because  its  »jmure  ie  oegative  onilj. 
(2.)  Tbe  cyeolHM  o/lfte  tO^iaU, 

T(»p  -f  pjc)       -  4l  (282,  XIX.), 

may  b«  dupputieU,  io  like  manner,  to  be  ohridged  from  this  other  equation : 

■od  abnilarly  in  other  ai»c^. 

(3.)  We  might  alno  write  iheae  equations,  of  the  sphere  and  ellipsoid,  under  tbeee 
other,  bat  connected  forma  : 

III. .  .«ps-«;       IV...T(  *  p  +  -«c^i 

with  inteineialioiiB  which  eadljr  oflhr  themaebee,  oo  the  pffiuciplee  of  the  AnegolDg 

Section. 

(4.)  It  is,  however,  to  be  di-<tin'  ily  tinderstoo<l,  that  we  do  not  propose  to  adopt 
thit  Form  of  \otation,  iu  the  practice  uf  the  presrnt  Calculus  :  and  that  we  ruerely 
suggest  it,  in  passing,  as  one  which  may  serve  to  tlirow  some  fldditiuiinl  light  on  the 
Conception^  introduced  in  tbia  Third  Book,  of  a  Product  of  two  Vectors  oa  a  Qua- 
ttmion. 

(8.)  In  geneial,  tbe  NotoUum  ofFrotbui$,  wliieh  hae  been  employed  throogboat 
tbe  gieater  peit  of  the  pfeeent  Book  and  Chapter,  eppean  to  be  mmeh  wurt  comtt- 
■I'futf,  fbv  actual  nee  fai  coleidBf iou,  than  any  NoUOkm  of  QuotUatw :  either  euch  ae 

has  been  joflt  now  enggeeted  fbr  the  sake  of  illustration,  or  such  as  was  employed  in 
the  Second  Book,  in  connexion  with  that  First  Conception  of  a  Quaternion  (112), 
to  which  that  He  »k  mainly  related,  as  the  Quotient  of  (wo  Vectors  for  of  two  di- 
recte*!  line^  in  i^paco).  The  notations  of  th'-  (wo  Books  are,  Ih'Wcvoi,  iiitimatt  lv  c(>u- 
ncctcd,  and  the  former  waa  judged  to  be  an  useful  preparation  for  tlic  latter,  cvcu  as 
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rcrrnnltMl  tlio  quotient- form$  of  nuinjr  of  tho  exprcitioni  ased :  whilo  the  CAarneteru- 
tiet  of  Operation^  such  as 

S,  V.  T,  U,  K,  N, 

nr.^  t-mphtyetJ  acconling  to  oxaotly  the  tame  laws  in  both.  In  short,  a  reader  of  the 
Socomi  Book  has  nothiny  to  unlearn  in  tho  Third  ;  althougli  he  may  be  sup|M>8ed  to 
have  become  pn>pared  for  the  use  of  sonie^bat  sliurter  and  more  convenient  pro- 
rctfci^  than  tboi^bdbro  employed. 

SkctioN  10 — On  the  Interpretation  of  a  Power  uj  a  Vector 

as  a  Quaternion. 

308,  The  only  Bjmbolsy  of  tbe  kinds  mentioned  in  277, 
which  we  have  not  yet  interpreted,  are  the  cube  oS  and  the 

general  power  a',  of  an  arbitrary  vector  base,  a,  with  an  arbi- 
trarif  scalar  exponent,  t ;  (or  we  have  already  assigned  inter- 
pretations (282,  (L),  (14.),  and  299,  (8.)  )  for  the  particular 
sjfmbols  a*,  o"',  a*%  which  are  included  in  this  lasi/orm*  And 
we  shall  preserve  those  particular  interpretations  if  we  now 
define^  in  full  consistenoj  with  the  principles  of  the  present  and 
preceding  Books,  that  this  Power  a*  is  generally  n  Quatemum^ 
which  may  be  decomposed  into  two  Jactors^  of  the  tensor  and 
versor  kinds,  as  i'oliows  : 

I.  ..o'-Ta'.Uo*; 

'l  a'  denoting  the  arithmetical  value  of  the  power  of  the  po- 
sitive number  Ta,  which  represents  (as  usual)  the  length  of  the 
baseMne  a ;  and  Ua'  denoting  a  versor^  which  cawei  any  Ime 
p,  perpendicular  to  ih€tt  line  a,  to  revolve  round  it  as  an  axU^ 
through  t  right  angles^  or  quadrants,  and  in  a  positive  or  nega- 
tive direction,  according  as  the  scalar  exponent,  t,  is  itself  a 
positive  or  ueyativt  number  (comp.  234,  (5.)  ). 

(1.)  As  regards  the  oniiH-ii>ii  of  parcnlheses  in  the  fonniiln  I.,  we  may  observe 
that  the  recc>ut  dejinition^  or  tnterpretation,  of  the  symbol  a',  enables  us  to  write 
(vonip.  237,  II.  III.), 

1 1 ...  1  (a')  =  (T«)'  =  IV ;        III.  .  .  U  (aO  =  (XJa)'  =  Ua', 

(2.)  Tiie  axis  and  an(fle  uf  the  power  a',  ooDudend  ai«qiiatM]iioii,ai«  gancniUy 

determined  by  the  two  following  formula' : 

IV. . .  Ax.a'  =  t  Ua;       V.  .  .  i.a*m2Hir±^Wi 
the  tifiu  aoo«iin|Minyiiig  oarli  other,  and  the  (positive  or  negative  or  nail)  iol4g«r,», 
being  to  duMen  an  to  bring  the  angh  within  the  usual  Umit«»  0  and 
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(8.)  lo  general  (comp.  S86),  we  maj  epeak  of  the  (positive  or  n(  gattv»)  product 
as  leing  the  amptUiidt  of  the  same  power,  with  leAlfeDoe  to  Uie  line  a  M  en 
«SBW  ^riital>m  ;  and  mej  write  fujoovdiagly, 

'  YL..«m.a*«»|<ir. 

(4.)  We  may  wiite  alao  (oomp.  S84,  YII.  VIII.), 

VIL  .  .  Utt'  =  c<»~TUa.«inY;    or  briefly,    VIII.  .  .  Ua'  =  caa~. 
(5.)  In  paiticiikr, 

upper  or  lower  algna  being  taken,  aooofding  aa  the  nnnbern  (aoppoeed  to  be  whole) 
ia  even  or  odd.   for  eiuunpie,  we  have  thna  the  enftea, 

Z. . .  Ua*s-  Ua;      X*. . .  o^s-oKa. 

(6.)  Tlie  eoiifi^iafe  and  nmm  of  the  power  of  may  be  thna  aatpreaicd  (it  brfng 
noiembered  that  to  Cain  a  IhM  -1- a  Ihioogli --|Ar  toMM- a,  ia  equivalent  to  tni^ 
tag  that  Uno  tfaioni^  +  Ifwionnd -a) : 

XL. .  Ka<«To<.na-<»(-a)<;      XII. . .  Na<-Ta>«; 

parentheeea  being  anneoeaeaiy,  boeanae  (bj  SOft,  YIII.)  Ka»  -  a. 

(7.)  The  ecolaTi  oedor,  and  rtdproeai  of  the  aame  power  are  given  hj  the  for- 
mola : 

XIII...S.a'sTa<.eoa^;      XIY.  . .  y.a*«Ta«.Ua.ahi 

XV. .  .  1 :  a'=  Ta-'.Ua-'  =  a  '=  K«'  :  Na'  (comp.  190,  (3.)). 
(8.)  If  «'f  dtcoiu|u»st'  any  vector  fj  into  parti  f>'  Hiid  p",  which  are  respectively 
parallel  aud  perpeudicular  to  a,  we      e  the  geueral  transformation  :* 
XVI. .  .  a'pa'f  =  a>{p'  4  p")  a  *  =  p'  +  Ua".  p", 

=  tke  neu)  vector  obtained  by  cautiny  p  to  revolve  conieally  through  an  angular  ftUM^ 
iity  expressed  by  fjr,  round  the  line  a  as  an  axis  (comp.  297,  (1.3.)  ). 
(y.)  More  generally  (comp.  191,  (5.)  ),  if  9  be  any  quutennonf  and  if 

XVII.  .  .  a'qa  *=q, 

the  new  quaternion  q'  is  fomit'd  from  q  by  such  a  conical  rntation  of  its  own  axi» 
Ax.  q^  through  tir,  round  a,  without  ani/  chunf/e  of  its  amjl'-  L  'j,  or  of  its  tensor  T9. 

(10.)  Treating  yk  as  thr€t  rectangular  unii-Unes  {ji'doj,  the  sjfmboij  or  expres' 
sion, 

XVm...f>^r¥j»kf^*,   or  XIX... p«rX^>a4i-« 

in  wliich 

XX.  ..r^O,    *^0,  <>0,  <<2, 

may  represent  ant/  vector;  tlie  Ifnr/fh  or  tensor  of  this  linn  p  being  r;  its  inclina- 
fumf  to  A  being  «}ri  and  the  angle  through  which  the  variable />/aiie  Af)  maybe 


*  Compare  the  shortly  following  sub-article  (11.;. 

t  If  we  eooioeive  (compaie  the  diet  Nolo  to  page  322)  that  the  two  linee  t  and> 
tm  diieoted  leq^ectivelj  (owarda  the  aovlA  and  awat  pointa  of  the  hoviion,  whUe  the 
tblid  Ifaie  A  ia  dlfeeted  toward*  the  xemith,  then  aw  ia  the  temitk'dUUmce  of  and 
tw  ia  the  azimmtk  of  the  aame  line,  meaaured  y^om  mwlA  to  we»tf  and  thence  (if  no- 
ecepaiy)  throng  north  and  eael,  to  aouth  again. 
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conceived  to  have  revolved,  frem  the  iniUai  position  hi,  with  an  iuitial  direction  to- 
wards the  position  kj,  bfing  tir. 

(11.)  In  acconiplisliing  the  transformation  XVI.,  and  in  passing  from  the  ex- 
pres^ou  XVIII.  to  the  leas  symmetric  but  equivalent  expression  XIX.,  we  employ 
the  priDcipla  that 

XXI. . .  *;-= S-'  0 = -  K  (*rO  =  rk 

which  cattily  admits  of  extension,  and  may  be  confirmed  by  such  transfonuatious  as 
VI [.  or  VIII. 

It  ia  scarcely  necessary  to  remark,  that  the  definition  or  interpretation  I., 
of  the  pewtr  a'  of  ojyr  wctor  a,  gitres  (as  in  algebra)  the  expmmHal  property^ 

XXIL..a»o<  =  o***, 

whatever  acalnrs;  maj  be  dnotedhy*  Hid  <;  aadifaiiilarlywfaeiiUMfeMiiMntbn 

two  factors  of  this  form. 

(13.)  As  verifications  of  the  expreesion  XVIIL,  considered  as  reftreaenting  a  rec- 
<(/r,  we  may  observe  that  it  gives, 

ZZIIL..ps-Kps   and  XZIV...p*s-A 

(14.)  More  gemndly,  it  will  be  fomd  that  if  be  oiqr  scalar,  we  have  tiM 
emiiMiitly  ifmplA  tnnaformatioD : 

XXV. . .  p»«  (r*'>'*;  •A  O"  -r»¥^k»j-*tr*. 
In  fact,  the  two  last  exprc&aions  denote  generally  two  t'<jual  qu<tternions,  because 
they  have,  1st,  equal  tensors,  each  =7^;  llud,  equal  angles,  each  =  ^(A'<)}  and 
Ilird,  equal  (or  arfnddeat)  odMff,  each  formad  tnm  ±kby  one  eaaiaMtt  tjftttm  of 
two  atutntivt  rotaHMu,  one  through  «ir  lonnd  J,  andtlie  other  throogh  fr  rooad  A. 

309.  Ani/  quaternion^  which  is  not  simply  a  scalar,  may 
be  brought  to  the  form  a^  by  a  suitable  choice  of  the  base^  a, 
and  of  the  exponent ^  t ;  which  ktter  maj  moreover  be  suppoeed 
to  fall  between  the  limite  0  and  2 ;  since  for  this  purpose  we 
have  only  to  write, 

1. .  .  tml±l',      II.  .  .  Ta  =  Ty' ;      III.  .  .  Ua  =  Ax.y; 
w 

and  thus  the  general  dependence  of  a  Quaternion,  on  a  Scalar 
and  a  Vector  Element,  presents  itself  in  a  new  way  (comp.  1 7i 
207»  292).  When  the  proposed  quaternion  is  a  veraor^  Tq^^l^ 

*  The  emplo\'mont  of  this  letter  a.  t«  donofe  •srhnt  we  called,  in  t!ie  two  preced- 
ing Sections,  a  fourth  unit,  kc  ,  was  stattni  in  1  a  mi  rely  fr-niporar}-  one.  Id  gene- 
ral, we  shall  henceforth  simply  equate  th.u  scalar  tmit  tu  the  number  one ;  and  de- 
note it  (when  necessary  to  be  denoted  at  all}  by  the  usual  symbol ,  1,  for  that  ouw- 
Iter. 
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we  have  thus  Ta  «*  1 ;  or  in  other  worda,  the  ba*e  a»  of  the 
equivalent  power  a*,  ifi  an  umi^Une.  ConTeraelj,  eoerjf  venor 
may  be  considered  as  a  power  of  an  umt-Une^  with  a  $ealar  ea^ 
ponent,  which  may  be  supposed  to  be  in  general poMik>e,voA 
lets  than  two  ;  so  tluit  we  may  write  y t ne rally ^ 

IV.  .  .  U^f  -  a\    with    V.  .  .  a  -  Ax,  ^  -  T->  I, 

and  VI.  ..<>0,  t<2\ 

although  if  this  yersor  degenerate  into  1  or  -  1»  the  exponent 
t  becomes  0  or  2,  and  the  base  a  has  an  indeterminate  or  ar- 

hitrary  direction.  And  Worn  8uch  tramjbrmatiouf.  <ij  versors 
new  uiethodd  may  be  dt^duccd,  for  treating  questions  oi'  sphe^ 
rical  triyommeiryt  and  generally  of  spherical  geometry. 

(1.)  Conceive  that  p,  q.  u,  in  Fig.  4G,  are  replaccil  by  a,  n,  r,  wiih  unit-ve«'- 
tors  a,  /3,  y  as  usaal ;  and  ki  x,  y,  z  be  three  scakrs  belweeu  u  aud  2,  detcrtoiucd 
by  the  three  equations, 

YII. . .  mitbSa,   yirsSB,  xw^%o\ 

where  B,  o  denote  the  Angle*  of  the  spherical  trbn^e.  The  fhfM  Tsnon^  indi* 
CftCad  by  the  time  arrows  In  the  upper  part  of  the  Flgnre,  come  then  to  be  thus  de- 
noted: 

vm.  ..f-a';  j'^jft^i  fl'j'y*-; 

no  that  «•  have  the  eqjoatloii, 

IX..  .^a'aye^;  or  X. . .  y«/9va^B- 1 ; 

from  whkb  laat,  by  eaqr  dhrUone  and  mnltipHcalioM,  thiie  two  otheif  Immediately 
Mowt 

X'.  . .  o*y«/3i'  =  -  1 ;       X". . .  ^a'y*  =  -  1 ; 
the  rotation  round  a  from  ji  to  y  Wm^  af^nin  suppeeed  to  be  Migativei 
(2.)  In  X.  we  may  write  (by  3U»,  VI 11.), 

XI.  .  .  O^BCaaA;    /3>'  =  c/3sb;  y«=:cy90; 

and  then  the  fonnola  beoomei^  for  oiyr  ^^kmcal  trUtngl*,  in  which  the  order  ro- 
tmiim  is  as  above : 

XII.  .  .  cyac .  c^B .  ctuA  =  —  1  • 

or  (comp.  IX.^ 

XIII. . .  «>eoeo  +  ysbiOa(eoeB-|-0ilnB)(ooeA+aBinA). 

(8.)  Taking  the  ecalais  on  both  ddee  of  this  last  equaUon,  and  rsmembcriog  that 
S0as eee «!  we  thos  immeffiatafy  deiive  omt/^rm  of  theyioMleMsiitaf  oftiaibm  ^ 
tfUmMt  %rigemim/drTf  ;  namely,  the  eqoation, 

XIT. . .  eoeo-f  oosAOOBBcsoaecsinAslnB. 

(4.)  Taidng  the  Teetors*  we  have  this  other  IbrmaUi: 

XY. . .  ysIncaasInAeoBB+/3iinBCosA4- V/}aiiin  AsinB; 

whidi  ie  easily  seen  to  agrse  with  806,  XII.,  and  mi^  also  he  oseAiUy  compared 
with  the  equation  210,  XXXVII. 
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(6.)  Th*  NMilt  XV.  may  be  euand«ted  in  the  form  of  a  Thtortm^  m  foUowi : — 
**  if  dktrt  bt  oajf  «pA«riea/  frimigU  ASd  «md  thme  him  h9  drmrm  from  tk* 

l0iMfA  tft«  pa6i*  B,  vA*  a  ImiptfJ^  siIbb  ama;  mmi  tkt  third  peiptmSaUvUtkt 
pUm*  AQ/BfOftdtowiurdtikt  mmt  9id§  41$  lA« ptimio,  wHk  a  length  ~nne  tin  a, 
sin  B  ;  and  if^  with  these  three  lines  as  edges,  we  consirmet  a  parallelepiped :  the 
intermediaU  dittffomai  frum  o  Mritf  6c  direeUd  t^twanU  o,  md  will  ha»t  a  Imsgik 

(6.)  Dividlog  botli  members  of  the  same  equation  XV.  by  p,  and  taking  scalars, 
we  find  ibat  if  P  be  any  Juurth  paint  on  the  sphurc,  aiid  (4  tbf/tK><  of  the  perpendi- 
cvlctr  let  fall  from  this  point  on  the  are  ab,  thb  ptirpendicular  i*Q  being  considered  AM 
potUtM  when  o  md  p  mn  illuated  «#«m  coiimmii  Mt  of  that  aro  (oruioM«0MM» 
AcmiqiiUrti  of  tho  two  into  whidi  tbo  gfitt  cirdo  through  a  and  b  dividoi  (hoipba- 
ilo  Mulkee),  wo  hB?«  tiion, 

X  V I . . .  sin  c  cos  PC  =  sin  A  cos  D  cos  PA  f  flin  B  eot  A  000  PB  -f  itn  A  rin  B  alo  tf  fin  PQ ; 

a  formula  whicb  migbt  have  been  dirivedfrom  the  equation  'J  10,  XXXVIII.,  by  first 
cyclically  elmnfring  afcrAUC"  tu  /uuiu  a.  ami  then  pa.«i^ill'4  ficni  the  former  triantrlo  to 
its  polar,  or  tupplanentary :  and  t'rum  wuich  many  ie6s  guuerai  equ^iUuuo  may  be 
deduced,  by  aasigning  i>articul&r  podtiooi  to  P. 

(7.)  For  oauunple,  if  WO  ooaoalTO  the  poiot  P  to  bo  tho  coofiw^fAodrMMMnM 
mmU  cM»  ABC,  aad  dMofio  bf  tho  anmtd  woMma  of  tliat  dido,  aod  by  a  tbo 
Mmj«MB^lAc<ibrwaiylM,  oothatSasA+B+o^w-i-v,  if  oagdn  doooCOb  aain 
297,  (47.),  tho  oroa*  of^  triamgle  abo,  whence 

XYIL  . .  PA«pB«PO«Ji;  aad  doPQadn  Adtt(a-o), 
tbo  formola  XVL  gtveo  oaiOy, 

XVIII.  ..  2ootiliinr-iunAsiDBsine; 

2 

a  rdatioD  between  radius  and  an  a,  which  agreoo  with  kno«B  lOMtltn,  and  from  wUdi 
wo  nay,  by  297>  LXX.,  &o.,  dedaoo  tbo  known  oqoakiaii : 

a       h  c 
X I X.  .  .  e  tAn  li  —  i  sin  -  »iu  -  »iu  -  : 

2     2  2' 

hi  whidi  wo  havo  still,  as  in  297,  (47.),  &0h 

XX. . .  ««(Sa^a>)dBadnftdnoBAc. 

(8.)  In  like  manner  wo  night  bapo  ni^oiad,  hi  tho  oomoiioDdbig  geneia]  oquB> 

tion  210,  XXXVIII.,  that  r  v  aii  placed  attboontn  «f  tho  vueribed  small  circloi 
and  that  the  arcual  radius  of  that  circle  was  r,  the  semisum  of  the  ndn  iMing  * ; 
and  thus  should  have  with  ease  deduced  tliii  other  known  relation,  whkh  is  a  sort 
of  polar  rociiprocai  of  XVIII., 

XXI. . .  2tanr.sin«=:r 

But  these  results  aro  mentioned  here,  only  to  exemplify  the  fertility  of  the  formula, 
to  which  the  present  calculus  condncts,  and  from  whidi  the  theorem  in  (5.)  was 
early  seen  to  be  a  consequence. 


•  Compare  tbo  Nolo  to  the  dtod  inb<«rtido. 
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(9.)  W«  iBigbt  dmilttp$  ikM  termarp  yrodmet  ia  tha  aqnatioD  ZIL,  m  we  dere* 
Ipprf  the  bimarjf  prodmct  XIIL  i  ooni|Mne  leelar  aad  vedor  parte;  end  operate  oa 
the  letter,  bjr  the  symbol  8.p  K  New  penerai  theorenu,  or  at  least  new  general 
fitrmu,  wonld  thus  arue,  of  whieb  it  mejr  be  euffidaot  ia  thie  piece  to  have  meraljr 

apggcsted  the  invp<iti:?ation. 

(10.)  As  re^'ards  the  order  of  rotation  (1.)  (2.),  it  is  clear,  from  a  mere  inspec- 
tion jf  the  formula  XV,,  that  the  rotation  round  y  from  /?  to  a,  or  that  round  c  from 
i>  to  A.  6e  positive,  when  t/utt  equation  XV.  /<o/<iir  yood ;  at  least  if  the  angles 

A,  B,  c,  of  the  triam^  abo,  be  (es  usual)  treated  as  positive  :  beeeuee  the  rotatiiiii 
roood  the  Ibe  Y^Sa  from  /3  to  a  Se  alMiy«  po2>iUve  (by  281,  (3  )  ). 

(11.)  If,  theo,  for  eagr  giptn  epktrie^  tna»pttt  abc*  with  OM^ea  itill  snppoaed 
to  be  potUiPt,  the  raioHam  neod  o  frooe  a  to  a  eboold  heppen  to  be  (on  the  eon- 
tniy)  mtg0titiet  we  dwnld  be  dbVged  to  modijjf  tht/^muUt  XV. ;  which  could  be 
dooe,  for  example,  so  ae  to  leetoie  ite  ONneetneBei  by  mierelumgimg  a  with  /S,  end  at 
the  same  time  ▲  with  b. 

(12  )  There  however,  a  tense  in  which  the  formula  nii^^ht  be  contidcrvil  as 
»t  iH  renutiHtng  true,  without  au  v  chaiij^e  in  tiie  mode  of  icritiny  it ;  namely,  if  we  were 
to  lAterpret  the  symbols  A,  u,  c  a.s  denoting  negative  angles,  for  the  case  last  sup« 
posed  Accordingly,  if  we  take  the  reciprocal  of  the  equation  X.,  we  get  thie 

Other  equathni, 

XXII. , .  a-«/3Ty-"«- 1 ; 

where  x,  jr,  a  ere paeithty  ee  before,  and  therefore  the  new  ci^pomals,  -Z|  -y,  -  Ci 
•re  wyvftvf,  if  the  rotation  ronnd  a  from  /3  to  y  be  Uee/fmgaldiiBt  ae  hi  (1.)* 

(15.)  On  the  wholes  then,  if  a,  /),  7  be  eey  ghem  gffsUm  of  three  eo-miiial  amd 
dipkmar  tmU-UMes,  oa,  ob,  00,  we  can  ohMgw  a  qf»Um  ef  three  sealare, 

«,  y,  z,  which  shall  satisfy  the  exponftUieU  eqmitiom  X.,  and  ihall  have  relations  of 
the  form  VII.  to  the  sphertcu!  inij'.es  A,  B,  c;  but  theae  three  scalars,  if  determintd 
so  as  to  (all  between  the  limUa  ±  2,  will  be  all  positive^  or  all  negative,  according  as 
the  rotation  round  a  from  /[3  to  y  is  negative,  as  in  (I.),  or  positive,  as  io  QiL)* 
(H.)  As  r^ards  the  limits  just  mentioned,  or  the  ine^uuitties, 

XJUU.  ..«<2,  jr<2,   s<2i      «>-S,  y>-2,  z>-2, 

thej  are  inferadneed  with  n  view  to  render  the  problem  of  finding  the  ca^poncnfa  a^s 
in  the  totmnht  X.  ilifareiiealf  ;  for  dnoe  we  have,  1^806, 

XXnr. . .  o««/9«a.7<  =  +l,   if  Ta  =  Tj3  =  Ty  =  l, 

\N<.  iiiii^ht  otherwi:si'  add  ani/  multiple  (positive  or  negative)  of  the  numhrr  four,  to 
the  value  of  the  exponent  ot  any  unit'line,  and  the  value  of  the  resulting  power  would 
Dot  be  altered. 

( 15.)  If  we  admitted  ezponente  <b±2,  we  mi^t  tender  the  problem  of  aathrfy* 
ing  the  equation  X  ittddtrmimeU  in  another  wny  {  for  it  wouUlthen  be  auflkient  to 
eeppoae  that  etap  one  of  the  three  exponente  wee  thne  equal  to  i^S,  or —2,  and  that 
the  fwo  otktn  were  eedi «  0 ;  or  elee  thnt  all  three  were  of  the  form  +  2. 

(16-)  When  it  wee  lately  said  (18.>  that  the  rarponMilr, «,  jTt  *^  in  the  formula 
X.,  it  limited  as  above,  would  have  one  common  sign,  the  ease  was  tacitly  excluded, 
for  which  those  exponents,  or  some  of  them,  when  multiplied  each  liy  a  quadrant, 
give  angles  not  equal  to  those  of  the  spherical  triangle  abc,  fkhether  positively  or 

3  B 
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npfjativtly  taken ;  but  equal  to  the  tuppUmenti  uf  those  angles,  or  to  the  ntjfativea 
of  those  supplemeota. 

(17.)  lo  fact,  it  la  trMsBt  (beemM  «»  « /3«  =  «  - 1)»  thtt  tba  equatioii  or 
the  ndpraetl  «qiiatioii  XXII.i  if  it  be  aatitllMd  Igr  «ie  afHtm  of  valiMa  efayi, 
ivUl  tlUl  b«  Mtiallad,  wlwo  ira  divide  or  mnltiplj  atqf  Am  of  tlw  three  expwwntiel 
Jkttont  lyfhe  aqmarm  oftbetwomif-Melorv.  of  which  thoee  factors  are  suppoeed  u> 
bapowm.*  or  in  other  worda,  if  we  ntMrmt  or  ocU  the  ««M6crii0e,  in  mcA  ^<»e 

exponentif. 

(18.)  We  may,  for  example,  derive  from  XX 11.  this  other  equation  : 
XXV. . .  a^  '^r*-"  *  i        XXVI.  .  .  a«-«/S»-»==  y*  j 
wUeh,  when  the  roUtion  it  ae  eappoead  in  (1.),  ao  that  aye  are  pMftcM,  migr  be  in- 
terpreted as  follows. 

(19.)  Conceive  a  lune  cc',  with  points  A  and  h  on  its  two  Iwunding  semicircles, 
and  with  a  negative  rotation  round  a  from  u  to  c  ;  or,  nliat  comes  to  the  same  thing, 
with  rt  positive  rotation  roMml  a  from  b  to  c'.  ITien,  on  the  plan  liiustrated  by  Fi- 
gures 45  and  40,  the  supplements  ir  -  A,  ir  —  B,  of  the  angles  A  and  b  in  the  triangle 
ABC,  or  the  angles  at  the  aoaia  poimU  A  and  B  in  the  co-lMMir  triangle  A90%  will 
rtpresemi  Hm  Mrietv,  •  endtipffer,  end  a  wnUHpKcondt  which  ere  precieebr  tbote 
denoted,  in  XXYI.,  by  the  hoQjiietcn,  a*"*  and  ^Hr  $  and  the  pmimet  «ftbim  two 
Ihetoret  telten  in  lAle  ortfer,  b  that  Uifd  versor^  which  hae  ita  nana  directed  to  tf, 
end  i«  f^rvMRlatf,  on  the  eeme  general  plan  (177),  1^  external  angle  of  tk*hmM^ 
at  UuA  point  c' ;  whichi  in  qtuaUiiffy  is  equal  to  the  external  angle  of  the  same  lune 
at  o,  or  to  the  angle  v-o.   Tfaia  prodacl  ia  tbarefure  equal  to  that  jMMner  <2^ the 

2 

wnV-Kar  ocT,  or  -    wbieh  haa  iu  oofomma  »  ~  (ir-c)BS->a;  we  have  lhef»> 

fore,  by  this  cm^ruction,  the  equation, 

XXVII.  .  .  a«  'f3'  "    (-  7)- 
which  (by  808,  (6.)  )  agreee  with  the  recent  formula  XXVI. 

310.  Theequatiooy 

2c       711  2* 

I.  .  .  7'  ^'  a'  =-1, 

which  reeultB  from  309>  (l.)>  ^  yfhxa^i  a»  0,  7  are  the 
onit-Tecton  0A9  0B>  oc  of  any  three  points  on  the  unit^sphere; 
while  the  three  Boalars  a,  b,  c,  in  the  exponents  of  the  three 

factors,  represent  generally  the  angular  quantities  of  rotation, 
round  those  three  unit-lines,  or  radii,  a,  /3,  7,  from  the  plane 
Aoc  to  the  plane  aob,  from  boa  to  boc,  and  from  cob  to  coa, 
and  are  pontive  or  negative  according  as  these  rotations  of 
planes  are  themselves  positive  or  negative :  must  be  regarded 
as  an  important  formula^  in  the  applications  of  the  present 
Calculus.  It  indudes^  for  example,  the  whole  doctrine  of 
Spherical  Triangles;  not  merely  because  it  conducts,  as  we 
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have  seen  (309,  (3.)  ),  to  one  form  ojthe  fundamental  scalar 
equatiun  of  spherical  trigonometry^  Dameljr  to  the  equatioo, 

II. . .  eoBC-f  oo8AooeB«ooec8inA8iiiB; 

bnt  also  beeftose  it  gives  a  veetct  equation  (309,  (4.) ),  which 

.serves  to  connect  the  aiighsy  or  the  rotations^  a,  b,  c,  with  the 
directions*  vf  the  radiiy  a,  /3,  7,  or  OA,  oB,  oc,  for  any  system 
oi  three  diverging  right  lines  from  one  origin.  It  may,  thcre- 
fbre,  be  not  improper  to  make  here  a  few  additional  remarks, 
leepectiiig  the  nature,  evidence  and  extension  of  the  recent 
formula  I. 

(1.)  MnltiplTing  boCli  mcmlMri  «f  tbo  «qMlioD  L,  by  Um  invme  czpoiMotifll 
7  *t  we  have  tbe  tmnaforiiMUoD  (comp.  809,  (1.)  ) : 

tm     «»  to        »(ir  —  ■:) 

IIL.  ./3»  a»  =»-y  •  »y    •  . 

(2.)  Again,  multiplying  both  members  of  1.  intui  a  we  ubtaiu  thid  other  fur- 
niula: 

IV.  ..y»/3»«-a"»=a    «  . 

(3.)  MultiplyiDg  thid  last  equation  lY.  by  a',  and  the  equation  III.  into  y% 
we  derive  these  other  forms  : 


*  TUs  fluy  be  eooddend  Co  be  aoolher  inekaiioe  ef  that  habitul  reAreiiee  to 
SneAcm^  ee  dlifii^MMM  fnm  men  fnaafKjf  (or  maguitiide),  althoogb  eomMiud 
UMnwith,  which  perysdea  the  pnaent  Calculus,  and  is  eminently  charaeterUiic  of 
tt;  whereas  Bes  Ceartet,  on  the  contrary,  had  aiiued  to  reduce  all  problems  of  geo- 
metry to  the  detennination  of  the  lengths  of  rit/ht  lines  :  tUthough  (as  all  who  use 
bis  co-ordinatfs  are  of  course  well  aware)  a  certain  reference  to  direction  h  even  in 
his  theory  inevitable,  in  connexion  with  the  interpretation  of  neffulice  roots  (by  hiui 
called  inverte  or  faUe  roots)  of  equations.  Thus  in  the  first  sentence  of  Scbooten's 
recently  cited  tnuuktion  (1659)  of  the  Gtometry  of  Des  Cartes,  we  tiud  it  said : 

*' Oniaii  Qeometito  ProMemata  beltt  ad  liiyaanodiMnniiiosiedaci  poaniit,  ut 
daiada  ad  lUoniin  coottnicttonem,  epos  tantum  dt  raeCamm  qnamndam  Um^tndinem 
eo^Doaose.** 

The  very  diflbfeot  eine  vf^tmdrjf^  to  wfaicb  the  preawt  writer  baa  been  led, 

aaiw  it  the  more  proper  to  ezpreas  here  tbe  profound  admiration  with  which  he  le- 
gaida  tbe  dted  Treatiaa  of  Des  Cartes :  containing  as  it  does  the  genne  of  ao  large  e 

portion  of  all  that  has  since  beon  done  in  mathematical  science,  even  ft"?  conoema 
imaginary  roots  of  equallHiiH,  coiisidcnid  as  marks  of  geometrical  impossibility. 

t  For  the  tiiatinctioti  l>etween  multiplying  a  quAtcrniuu  into  and  6y  a  factor,  see 
tbe  Notes  to  pages  llti,  159. 
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ae  to  t*  •■ 

V.  ..a«y«^«a-l;       VI.  .  . /8«  o«  y»       1 ; 

m  that  CjfcHcal  permutation  oftht  letter a,  f3,  and  A,  B,  c,  w  allowed  in  the 
•fmation  I. ;  m  lodMd  wm  to  be  sxpectod,  from  tb«  natore  of  the  thoonm  whidi 
that  aqofttioii  wpwwM. 

(4.)  Pimn  itthor  Y.  or  VI.  wo  can  deduoe  tbo  lbnnii]»: 

VII. ,  .  a»  y»a-/l""w=/5    »  ; 

by  conparing  which  with  III.  and  IV.,  we  aee  thai  egelieol  ptnmlatum  of  letten 
it  permitted,  hi  IA«m  eqoatioiia  alao. 

(5.)  Tahtog  the  rfe^prooal  (or  eomjmgaU)  of  the  eqiMtioB  I.,  we  obtain  (com- 
pare  809,  ZXII.)  thia  other  equatioii: 

2a        2b  Ic 

VIII.  .  .  a~«/3r«  y  ••-I; 

a(ir  —  A)    8(y  — ■)    t(»— c) 

or  IX.  ..a«/3vy»B-fl; 

in  which  cyclical  permutatioo  ofletten  la  again  allowed,  and  from  which  (or  from 
111.)  we  can  at  once  d«iye  the  formula, 

lA      to  Oi 

X  . .  a  » /S  »  y», 
(6.)  The  equation  X.  may  alao  be  thua  written  (oomp.  809,  XXVn  ) : 

«(»  —  ■)       nw—c)         tjw  —  c) 

Xf...o  «       •   «y"  «    «(-y)  •  . 

(7.)  And  all  the  foregoing  equatione  may  be  jfilcr}»ritfid(cotnp.  309,  (19.)  ),  and 
at  the  eame  time  proved;  by  a  reftrenee  to  that  general  conalnMCjmi  (177)  for  the 
MMift(pKealje«  ^oenora,  which  the  FigoffM  45  and  46  wetede^gned  to  flloatnte;  If 
we  bear  in  mfaid  that  a  pmtr  a',  of  an  wnf-luM  c,  with  n  aoalar  ewpoaanl,  l>  ie  (by 
808,  809)  n  eener,  which  haa  the  ^ffwet  of  tmnuimg  a  Hfu     a,  tknugk  f 

ffJrs,  round  a  Oa  an  MM  ^rotation. 

(8.)  The  principle  expr»*»sed  hy  Uio  fqnatton  I  ,  from  which  all  the  stihseqaent 
equations  have  been  ileduced.  may  l>e  stati-U  iu  the  following  manner,  if  we  a']<>pt  the 
definition  proprisetl  in  an  earlier  part  of  thia  work  (ISU,  (4.)  ),  for  the  spherical  $um 
of  two  anglrs  ou  a  spheric  surface : 

For  any  spherical  triangle^  the  Spherical  Sum  of  the  three  angles,  if  taken  tn  a 
anjfnMff  Order^  i§  equal  to  JVoo  Ri^  Amglm.^ 

(9.)  In  foet,  when  the  rotation  rovnd  ▲  fhnn  n  to  o  ia  nagetive,  if  we  sphericaUg 
M  the  angle  b  to  the  angle  a,  the  tpUrM  mm  ae  obtained  la  (by  the  definition 
nforradto)  equal  to  the  external  aayltnio;  if  then  we  odtf  tolAli«Mn,or«ijnp£f> 
mtiU  of  c,  the  ang;1e  c  itself,  we  get  tkjbuti  Of  Mai  sum,  which  is  exactly  equal  to 
w  ;  addition  of  spherical  angles  at  one  vertex,  and  ther^re  in  one  plane,  being  ac- 
complished in  the  usual  manner;  but  the  sphrricol  svmmntion  of  angles  with  dijffr- 
rent  vcrticri  being  performed  according  to  tho&f  ntw  rules,  which  were  deduct  in  tbc 
Ninth  Section  of  Book  II.,  Chapter  I.  ;  and  were  connected  (180,  (5.)  )  with  the 
conception  of  angular  transcection,  or  of  the  composition  of  angular  motions,  in  Af- 
ferent and  successive  plane*. 
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(10.)  Without  pretcmliDg  to  attach  im|Mjrtance  to  the  following  nittation,  we  may 
just  prn[>ose  it  in  passing,  as  (iii^'  %vlii<  h  way  strve  to  ncal!  ami  represent  the  con- 
eeption  here  referred  to.  Using  a  plut  in  parentheses,  as  a  symbol  or  characteristic 
of  tndi  tpktiieal  addUion  of  angles,  the  formnU  I.  may  be  tAridged  u  foUowt: 

XII,  .  .  c(+)b(+)  A=  »  ; 

the  tfmbol  of  an  added  angle  he\x\g  writtMH  lO  the  left  of  the  •ymbol  of  the  angh  to 

which  it  is  added  (comp.  2G },  (4.)  )  ;  because  such  addition  corresponds (^ts  above) 
to  a  multiplication  o/versors,  and  we  have  agreed  to  write  the  symbol  of  the  multi- 
plier to  the  le/l*  of  the  8}'mbol  of  the  muUiplicandf  in  every  muitiplication  of  qua- 
temioms. 

311.  There  is,  however,  another  view  of  the  importunt  equation 
310,  I.,  according  to  whicli  it  is  connected  rather  with  addition  of 
arcs  (180,  (3.)  ),  tliau  with  acUition  of  angles  (180,  (4.)  );  and  may 
be  interpreted,  and  proved  anew,  with  the  help  of  the  supplementary 
or  polar  triangU,  a'b'c\  as  follows. 

(1.)  The  rotation  round  a  from  u  to  c  being  still  supj)u>ed  to  be  negative,  let 
a',  b',  c'  be  (as  iu  176)  the  poititive  pules  of  the  sides  Bc,  CA,  ab;  and  let  a',  /3',  7' 
be  their  onit-TectorB.  Theu,  becatue  the  rotatioo  round  a  from  7'  to  /S*  ia  positive 
(by  180,  (2.)  ),  and  b  in  qnand^  the  eopplemcntof  the  spherfeal  aogle  a,  the  pro- 
dbwf  win  be  (bj  281,  (S.),  (8.))  •  MfMr,  oTwhleb  a  is  the  axi§,  and  ▲  the 
oNflf;  with  rioallar  nnlte  for  the  two  other  ptodneti^  a'y*,  /S'a'. 

(2.)  Jt  Hbm  wo  write  (oomp.  291), 

L.-a'aUV/iy,   /y^UVyn,  /^UVoft 

11.  ..Ta  =  T/j~  I>  =  1,    and   III. . .  So^y  > 0, 

wo  ihall  have  (ooni».  again  180,  (2.)  ), 

IT. . .  a  s  JJVYfir,  fi  «  U  Va Y,   y = W^V, 
and  V...A»z//y,  BBia'Y,  c»L§^a'\ 

whnoe  (by  308  or  809)  wo  liavo  the  following  taspmailHai  taprtadgiu  for  theee 
thioo  laat  prodtuU  ^Mmti'Uim^ 

tA  2«  to 

Vl...y'i3'  =  a«j    aV«^«}  ^'asy*. 

(8.)  Ibdtiplying  these  thioe  exptOMlone,  in  an  iavnrtad  order,  wo  Jiave^  tlieri- 
fMO,  tho  now  prodnet : 

So  SB 

VII.  .  .  r»  /3»  a  •  =/3'a'.  a'y'.  y'p'  =  y'VV*  *  "  A  i 

.And  the  equation  310,  1.  is  in  this  way  prored  anew. 

(4.)  And  becaiue^  instead  of  VI.,  we  might  have  writtoi, 


*  Compare  the  Kole  to  page  li6. 
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«*      »     £     *•     —  i» 

VIII.  ..«•  — J;;  r  —  - -^ 

we  m  that  the  efmaHom  (o  be  piwred  aMj  be  rednoed  to  (he  form  of  Uie  M<eiifa^ 

end  may  be  hUmrprtted  as  ezpreniiig,  tiiuit  la  evident,  that  if  a  point  be  sappoaed  to 
more  fint  along  the  dde  of  the  polar  triangle  a'u'c',  from  a'  to  c' ;  then  along 
the  successive  aide  c'a',  from  c'  to  a'  ;  and  finally  along  the  remaining  side  a'b  , 
frotn  A  to  b',  it  will  thus  Ikiv(>  returned  to  the  pOBition  flrom  whioh  it  Ml  onUfOr  mill 

on  the  whole  have  not  chunijed  place  at  d31. 

(6.)  In  <Ai<f  view,  thLfi,  we  i>(.rform  what  we  have  elsewhere  called  an  addition  of 
urct  (iuHiead  uf  ant/les  as  in  310) ,  and  in  a  notation  already  uaod  ('.^64,  (4.)  we 
may  expresa  the  result  by  the  formula, 

X.  .  .  «  A  U'  f     c'a'  +  r>  b'c'  =  0  ; 

each  of  the  the  two  left-hand  tymbolt  denuting  aii  arc,  which  is  conceived  to  be  aiMcd 
(as  a  tuccemve  vector-are,  180,  ^3.)  ),  to  the  arc  whoae  symbol  immediately  /olUtwt 
it,  or  is  written  next  it,  bat  Cowarda  the  riglU'hcmd, 

(6.)  The  espNHlona  TI.  or  YIII.,  for  tiM  ^gpommiiiaifitelion  in  810,  L,  dww 
la  «  new  imj  the  neeeidity  of  atleoding  to  the  eiiAr  of  thoie  foe^^ 
for  if  we  ihoald  Ineerf  dM  wdtt,  wittoiitdSfmaf  (at  ia  810,  VUL)  the  mfommt§, 
we  maj  mm  aee  that  we  dmald  obtain  thia  mv  prodiael.* 

XI.  .  .  a«  /3«  y  '  -  -        |o+(y'/3'a')» ; 

wUch,  on  aoooont  of  the  diplamaritp  of  the  linee  a\  y\  b  %oi  equal  to  nejfotwe 
mtitjf,  bat  to  a  eertain  ofAar  vtnors  the  propertiea  of  wlildi  nay  bo  iaAmd  fhana 
what  waa  shown  in  897|  (64.X  ud  in  298,  (8.),  hot  npon  wlildi  wo  cannot  have 

312.  In  general  (oomp.  221),  an  equatUm^  such  aa 

I.  .  .  <7'  =  7, 

between  two  quaterniuius^  includes  a  stfstem  t>//owr*  scalar  equa- 
Honst  Buoh  as  the  following : 

II.  .  .  S^'  =      ;    Sag'  =  Saq  ;    Sjiq  =  S/3y  ;    Syy'  =  Syq  ; 

where  a,  /3»  7  may  be  any  three  actual  and  d^planar  veetare: 
and  convenely,  if  a,  /B,  7  be  any  three  <ttM  veotoie,  then  the 
four  scalar  equations  II.  reproduce,  and  are  soffidently  re- 


•  The  propriety,  which  such  rtsuUs  us  this  c^tabli^^h,  for  the  um»  of  tlic  name, 
QuATEKNioNs,  asapplied  to  this  v\liole  Culculu^,  on  account  of  its  essential  connexion 
with  the  number  Fouit,  does  not  require  to  be  again  insisted  on. 
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placed  by,  the  one  quaterDion  equation  I.  But  an  equation 
between  two  vectora  la  equiTalcnt  only  to  a  system  of  three  sea- 
lar  e^iuoHaiUf  such  as  the  three  last  equations  II. ;  for  exam- 
ple, in  294,  (^2.),  ibe  one  vector  ^^aturnXXII.  is  equivalent 
to  the  three  eealar  equatunu  XXI.»  under  the  immediately 
precedinir  condition  of  diplanarity  XX.  In  like  manner,  an 
equation  between  two  versors  oj qwitemions*  such  as  the  equa- 
tion 

III.  U^'-Uj, 

inclndee  generally  a  system  of  three^  but  of  not  mere  than 

three,  scalar  equations ;  because  the  versor  Uq  depends  gene- 
rally (comp.  157)  on  a  system  of  three  scalar namely  the  two 
which  determine  its  axis  Ax.  q,  and  the  one  which  determines 
its  angle  iq  ;  or  because  the  versor  equation  III.  requires  to 
be  comtmed  with  the  temer  eguationf 

IV.  .  .  T^'  =  T^,      compare  187  (13.), 

in  order  to  reproduce  the  quaternion  equation  I.  Now  the  re- 
cent equation*  310»  L,  is  evidently  of  this  eer«i»r/oriR  IIL,  if 
a,  /3,  7  be  still  supposed  to  be  unit^mee.  If  then  we  met  that 
equation,  or  if  one  of  its  form  had  occurred  to  ub,  without  any 

knowledge  of  its  geometrical  signification,  wu  might  propoee  to 
resolve  it^  with  respect  to  the  three  scalars  a,  b,  c,  treated  as 
three  unknown  quantities.  The  few  following  remarks,  on  the 
problem  thus  proposed,  may  be  not  out  of  place,  nor  unin- 
stntctave,  here. 

(1.)  Writing  for  abridgoMOt, 

V.  .  .  coftAsI,  ootBsv,  eoto»«, 
VI.  . .  «ai->coflec  A  cosec  B  cosec  c, 

the  cqnatioii  to  be  Mohrwl  baooHMt  (by  308,  Yll.,  or  809,  XII.), 

VIL..(»  +  r)(«+^)(#+a)=*; 

in  whkli  tiM  teuMTV  oa  both  iMm  an  ilf«i4y  eqnali  bManae 


•  Ad  aqtiatioii,  Up'a  Up,  or  XTV^  ■  UVf,  betwaoo two  9tnon  rfv$ttar§  (166), 
or  between  Uie  wbm  of  two  qutcmione  (291).  U  eqdTftteDt  only  to  «  system  of  two 
•Mbr  tfywffhomi .  because  the  directiom  o/o»  axU^  or  of  e  OfCfor,  depend*  oa  «  eye- 
torn  of  Km  mmgrnkur  dtmnU  (HI). 
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VIII.  .  .  ii  =  (t--  T  1)  (u-     1)  (/«  +  1). 

(2.)  MalUplyiug  the  equation  VII.  fry  f  +  o,  ui<l  into  t  —  a,  and  dividing  the  re- 
sult by  I*  +  I,  we  have  this  new  equation  of  the  same  J'ormy  hut  differing  by  e^eiical 
ptmnitmHom  («oap.  SIO,  (3.)  )  : 

IX  .  .  (r  +  o)  (c  4- y)  («  +  ^)  =  «  ; 

and  in  like  manner, 

X . .  (•+/!)  (t +«)(••»■  r)  - 

(S.)  Taking  tbt  htH  dUftrawt  of  thtt  two  bit  tqaaliooi,  andoliNrTiBg  that  (by 
i79t  IVn  M*  «M.  II.) 

w«  ifriTa  at  tU»  Mir  aqnatioB,  tdw^iotjbrm  s 

XIL  . .  0  svY/Ia  ^iTiSy    ySa/i-aS^y ; 

whiek  b  ail^valiiit  onljr  to  a  qritam  ol  IM  wdbr  «gMali^ 
when  optrated  oo  by  B./S  (coup.  9M,  (9.)  ). 

(4.)  It  «nabl«f  nii  hoimor,  to  determine  tk€im99€«hr9,  t  and  v;  Ibr  ifm  opo> 
rate  on  It  bj  8.  a,  wo  gH  (oooap.  S96,  XX VL), 

XIII.  . .  l8a/37a«tS^7-8^8a7«8(Vj3a.Tar)» 
andif  wooporatooBthoMunooqiiatioo  XIL  bjS.y*  wo  git  In  Uko  namMr, 

XIV.  . .  vSafiy  «  y^Bo^  -  SaySy^  -  8(Tay.Vy/l). 
(6.)  PlooMwqoitodnillarglvothoaiialogoatntDlt, 

XT.  .  .ii8a/3y»/3>Sya-S7/5S/3asS(yyi3.y/3a): 

aiiA  Ihvt  thoproMm  li  rmohed^  in  tbo  Moaa  tbat  iagwMfioM  Aoof  te/Nnrffor 
tho  ikrwt  oowfJU  owliort  f, or  Air  tbo  eateaymlt  Y.  «f  tbo  IAmv  oviyAf  mifim 
A,  a,  o :  wtMBOO  tlio>bor<A  mmlar, la  tbo  qoalonlon  oqoatioB  YII.,  oaa  oaaily  bo 

dodooed,  at  follows. 

(6.)  Since  (by  294,  (6.).  changing  ^  to  a,  and  afterwards  cyclically  pcnnntiQg) 
we  bavai  for  oay  three  vectors  a,      y,  the  general  tranaformatiuns, 

XVL  . .  a8a/8y  =  V(V/3a  .Vay),    ^a^y  »T(Vyi9.V^)> 
ySa/8y  =  V(ey.Vy/3). 

the  oxpNiiiQiu  XIII.  XV.  XIV.  giY«b 

XVII. .  .  )(«  +  (i)Safiy  =  Vy/3  .V/3«  ; 

((o  +  y)Sai3y  =  Vay.Vy^i 

wbODOe,  by  Vll , 

XVIII.  .  .  s(Sa3yy  =  (YyPy  (V^ap  (Vay)»i 

and  thus  Ibc  remaining  s»'nlar,  .t,  i?<  also  entirely  determined. 

( 7.)  And  the  equation  Vili.  may  be  verified,  by  observing  that  the  expresdions 
XVll.  give, 

( +  1)  (Safiyy  -  (V/Jo)i  (V«y)« ; 

XIX  .  .  \    4- 1 )  (S«/3y)'  =  (Vy^)'  ( V/3«)» ; 
( (•>  +  1)  (Sa/Jy)*  =  (Vay)»  ( Vy^)«. 

(8.)  Tho  oqoatioin  XIII.  XIV.  XV.  XVI.  ghro,  by  dimliiatioii  of  So^y,  tbiM 
now  ozpfOMtooa; 
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XX.  .  .  ar «  =  (V  :  S)  ( V#3a  .  Va  y )  ;   /5«-»  «  (V  :  S;  (V yti  •  V/3o) ; 
yirl  =  (V:8)  (Vay.Vy/?); 

by  comparin":  which  with  the  formula  281,  XXVIII.,  aft«  r  snpprcasing  (231)  tb« 
characteri-»tic  I,  we  find  tliat  the  t/iree  fcaiar$,  /,  u,  p,  an-  cith.  r  I>t,  the  coiangenti 
of  the  anyles  oppositf  to  the  tiden  a,  c,  of  the  apherical  trmtujlc  m  which  the  three 
given  mnU'line*  a,  /3,  y  terminate,  or  Ilnd,  the  negattccs  of  those  cotat»(jent$y  the 
oM^^  <AflM«l0M  of  that  triangle  being  as  mimI  rappoMd  tobejM«t(ie«  (309,  (10.)), 
«eoqrtipg  —  tha  rtHmfim  wad  a  jam  /3  to  y  i»  «qg>a«i» orpgaitwn ;  that  is  (294, 
.(S.)),Moordiiigafl8a/3r>Qr<0}  or  flaallf ,  bj  ZYIII.,  acooitfqg  at  tba^burf A 
aaalar,  ^  b  Mgative  or  porftiTO^  bacaw  the  ncondmaiiibarirf  that  cqnatiQii  XVIII. 

b  alwayt  negative,  as  being  the  product  of  three  njvares  of  vtttcn  (282,  202). 

(9.)  In  the  1st  case,  which  is  that  of  309,  ( 1 .),  wc  see  then  etnew^  by  V.  and  VI., 
that  we  are  permitted  to  interpret  the  acalart  a,  «,  c,  in  the  exponential  formula 
810,  I.,  a*  equal  to  the  angles  of  the  apherical  triangle  (^.).  which  are  usuully  de- 
noted by  the  same  letters.  But  we  see  also,  that  we  may  add  any  even  multiplea  of 
V  to  tko$e  three  am^es^  without  diaturbimg  ihe  exponential  equation  ;  or  any  one 
jg««B,«ad4iB0  4NUanlllpbacf  fr,  in^nfoctfar,  ao Jia  to pNiarve a |Mi*fb« /wviiMl 
pfcunrnKh,  baeaaaa  a  b^  far  lAb  caaa,  mtgalHm  in  YL,  bj  (8.)* 

(10.)  In  tho  Ilad  eaae^  whfebb  that  of  809,  <11.),  m  nagr,  far  abnUar raaaooi^ 
wUifpnt  the  sealars  a,  is,  c,  }n  the  formula  310, 1.,  aa  equal  t»  tha  aapolmv  vftkt 
CMfflea  of  the  triangle ;  and  as  thus  banng,  what  VI.  now  requires,  because  $  is  now 
positire  (8.),  a  nerjatire  product  of  coseeantt,  while  th'  ir  rotdvqents  have  the  valuM 
requtrtd,  Dut  we  may  also  add,  a.s  in  (0.),  ang  multtjdes  of  tt,  to  the  scalar??  thus 
found  fur  the  formula,  provided  lluit  the  number  of  the  odd  multiple:!,  so  added,  is 
itself  tim  (0  or  2). 

(11.)  Tha  eondnriooa  of  800|  or  810,  respoctiog  tho  inierfnilaihm  tftk*  wjm 
■CTrtaf^naafai  am  thanfcra  coDfimed,  and  might  havo  bean  antkipatod,  bgr  tha 
praaent  !•«»  oao^^fb :  fai  eoDdnetlng  which  it  b  oTident  that  wa  haTO  boen  daaUng 

with  real  acalara,  and  with  rraf  MderVi  OUkfy. 

(12.)  If  this  last  r^atrutiom  weia  rtmoved,  and  imaginary  valuea  admittodf  in, 
the  solution  of  the  quaternion  equation  YII.,  we  might  bavO  b^gOO  bj  OpaiBthlgi  aa 
to  IL,  on  that  eqaation,  by  the  four  eharactcritticB, 

XXL  . .      S.«tf  and  8.yi 

which  would  have  glran,  with  the  aignUlcationa  997,  (l.)i  (80>  of  4     "*  Md 
and  tbanlbia  with  the  feUowtog  relaliea  between  tlioaa,^ar  aaatar  diote, 

XXII. . .  a* a  1  -fi-«« -  »*  +  2ftRtt, 

a  xvstem  of  four  scalar  equations,  involvnnj^  they'jur  nought  scalara,  a,  t,  u,  v,  from 
which  it  might  have  i>ei  n  rerjiiired  to  detluce  the  (real  or  imaginary)  values  of  tho*« 
four  sealars,  by  the  ordinary  processw  of  algebra, 

(1 3.)  Tha  Ibnr  ecabr  equationa,  lo  obtidned,  are  the  foUowiog: 

0  ~  e    U  +  mu  If  nv  -  tuv  +  a; 
0  =  e<  +  fii£ii  4-  ntv  -i-uv  -  l\ 

XXIII...  •  0  — e»+ ftii  +  l»  +  ii«f  +  «-2ftij 
0   aa +te  +  lb  -f  aiav  -  » ; 

3  c 
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XXIV.  .  .  0  = 


•limliuUng  «v  and  •  iMlwwa  tiM  thm  iMl  cf  wUgIi,  «•  ted,  «^ 
tbi  dilflnninMili 

1,  mt,  ntv  +  rt  —  I 
m,  f,  Itv  +  ev  —  n 
n,  It-e,  <»-|.W-S&i 

and  ooalogoua  eliminations  give, 

XXV.  .  .  0  =  e(r«4-l)  {em-mtnl), 
tad    XXVI.  .  .  0=        l){e«t»c-(m-i./)  (i,-/«)-f  (l-;t)  (et-l-^mn)}. 

(14.)  Rejecting  then  the  factor  +  1  we  tind,  as  the  on/y  real  solution  of  the 
piolilim  (12.),  the  Iblloiriiig  tyitoBi  of  Taloes: 

XXVIT.  .  .  ft  ~  !  ~  mu  \     eu  =  m  -  nl  \    ec  =  «  —  /« ; 
and  XXViil.  .  .       =  -/2)(l_m»)(l-ii«); 

which  conT««pnn'1  pr<»ri«/*]y  to  thn-^c  otherwise  found  before,  in  (4.)  {5. )  and  migbi 
therefore  serve  to  reprcniuce  the  interpretation  of  the  exponential  fortnula  (^MO). 

(lii.)  But  ou  the  purely  algebraic  tide,  it  is  found,  by  a  similar  analy:;i>.  that 
the  four  tijmitumt  XXI II.  are  $€Ui*fiedaUo  by  a  system  oifowr  imaguuay  soiutiong, 
ifffmatad  by  tbt  followiisg  foranibs : 

which  it  may  be  snffioient  to  have  moitioDed  in  pasttng,  since  they  do  not  appear  to 
btTB  any  such  j^eoMefHeol  tntanati  aa  to  d«Mrv«  to  be  dwelt  on  Imm:  though,  a» 
lagardt  tha  MasMrnqr  of  tha  dURnroit  pwcawM  emplojvd,  it  laay  ba  MBwnbtnd 
fbat  la  pairing  (8.)  tnm  tha  aqaation  YII.  to  IX.,  after  certaio  prdfanhiaij  oinlti- 

plications,  tre  cftrtdetf  iy  fl-f-l,  as  we  were  rnHUfid  to  da.  whiMi  KwiHnj;  (Wily  fur  rimrf 
•olutions,  because  t  yva.i  supposed  to  be  a  scalar. 

(jr,.)  This  HPoms  to  lie  a  nnturnl  occasion  for  remarkint:  that  the  following  gmt- 
rol  trantj'ormation  exist?,  whatever  three  vectors  may  be  denoted  by  a,      y : 

XXX. .  .  S(V^7.Vra.Va/3)B-(Sa0y)>i 

whidi  pravai  ia  a  now  waj  (oooAp.  180),  that  Ut»  rttoHem  roumd  the  UmYfiyt  from 
Tya  to  Ya^  is  olv^s  potUiM  ;  ar  Is  diraetad  in  tha  mm  ttim  (281,  (8.)   M  tha 

rotation  round  Vafi  firom  at»fi,  d»» 
(17.)  In  like  manner  we  have  generally, 

XXXL . .  S(yfl^«Yyll.V/3y)-^(8a0r)^ 
and  XXXIL  . .  S(yy/3  .Yny.V/Sa)      (8a/3y)>  i 

aa  that  tk*  roUahm  rowarf  Yy(Sfrom  Yay  to  Vfia  tf  MyttMar,  tHutaTsr  anange- 
Biant  the  three  diplaaar  Tedors  a,fity  »ny  haya  anranip  tbenuetTea. 

(18.)  If  then  a",  b",  o'  be  the  ntgaiht  poUg  of  theMrsessMcessjetald'et,  ac^  OA, 

AB,  of  any  spherical  trianpfr,  th<>  rotation  round  a"  fiFCmU''i0trU»tlfaHi9tS  whlek 

Is  entirely  oonsisteDt  with  tlio  c]^pa$U€  rutUt  (180),  rstpeding  the  ifalen  of  the 

three  positive  poles  a',  b',  c'. 

(19.)  A  quantitative  interpretation' the  equation  XXX.  may  8.\m  be  easily 
sij^od  :  for  we  may  infer  from  it  (by  281,  (4.),  and  294,  (3.)  )  tliat  i/oabc  be  any 
pyramid^  and  if  normalt  oa',  ob',  OO'  to  the  three  face*  BOC,  OOA,  aob  have  tkw 
knffA§  mMmmeally  equal  to  tko  oroao  ofUioHjkMo  (aa  bearing  the  aama  latfee  te 
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initt$,  dec,),  then  (wiih  a  similar  reference  to  units)  the  volume  of  the  neic  pyramid, 
OaVc*!  wUi  be  three  ^uarttra  of  the  square  of  the  volume  of  the  old  jij^ramidf 
4kAM. 

313.  But  an  aUiision  was  madoi  in  310,  to  an  exiennonot 
tlie  exponential  formula  which  has  lately  been  tinder  discas- 

fiion ;  and  in  fjict,  that  formula  admits  of  beiog  easily  extended, 
from  triangles  to  polygons  upon  the  sphere :  for  we  may  write, 
geaerally, 

I.  .  .  a»  '  Oft.!  •   ...  at'  Oi '  =  (-  1)% 

if  A,A, . .  •  A«.i  A«  be  any  iphaieal  polygon,  and  if  the  soalars 

Ai,  A2, . . .  in  the  exponents  denote  the  positive  or  negatiye 
angles  of  that  polygon,  considered  us  the  rotations  a^AjAj, 
A1A3A3, . . .  namely  those  from  AiA«  to  AjAj,  (Sbc. ;  while  n  is  any 
positive  whole  number*  >  2. 

(1.)  One  mode  of  proving  thia  extended  fonnnla  is  the  foUowiog.  Letocsy 

be  the  unit-vector  of  an  arbitrary  point  c  on  the  spheric  surface  ;  and  conceive  that 
arcs  of  great  circles  are  drawn  from  this  point  C  to  the  n  siim  s^ive  comcrsi  of  the 
polygon.  We  shall  thus  have  a  system  of  n  spbei  ical  trianglus,  and  each  angle  of 
the  polygon  will  (generally)  be  decouipoited  into  two  (positive  or  negative)  partial 
which  may  bo  tims  denoted : 

II.  .  .  CAiA3=  Ai',     CA2A3  -  A3*,  .  .  .  5 
III.  .  .  AnAiC  =  Ai",     A1A2C  =  A3",  ,  ,  ,  ; 

10  thtt,irith  atuntinn  to  tisnt  of  angles  in  the  additioni, 

IV.  .  .  Ai  e  Ai* + Ai*,    A«» At'-f- As",  Ae. 

Alio  let 

y. . .  A2CA1  =  Ci,    AaOAs  =  Qi,  &c. ; 

odOMnlbra 

TI. . .  Oi-)-0|+  ..-^Cb^wivfai  multiple  of  iTi 

lAieh  ndiNH  itaeif  to  in  the  almpto  oaae  ef  a  polygon  with  no  fo-entiant  angles, 
tad  with  the  point  o  in  its  interior. 

(1)  Then,  fur  the  trian^^  caiAs,  of  wUeh  tlio  aaglei  An  Oi,  Ai',  Ae%  ivo  haTS^ 
by  SIO,  in.,  tilo  equation 

VII. . .  aj  "    Oi  *  =  -  y  *  i 
and  in  Vka  manner,  fiir  the  triangle  CAeAa,  wo  have 


•  TIm  fomnia  admits  of  InterpNtation,  oven  for  tho  caos  »«  2. 
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VIII.  .  .       "    rt,  «  =  -  y    w  ,  ttC. 

Bat,  when  we  multiply  VII.  by  VIII.,  we  obtain,  by  IV.,  the  product, 

IX.  ..a3»n2'ai»=  +  y        »  ; 

and  ■»  proMedloft  w«  have  «t  iMt,  by  VI.,  *  pndnet  of  tte  form, 

X.  .ai«  Am*  ...at*  at'^C-l)"; 

which  miuces  itself  to  I.,  when  it  is  multiplied  ^  a  *  ,  ttd  mIo  a  *  (ooapit 
810,  (3.)).    The  th^'orpm  is  therefore  proved. 

("i.)  In  words  (coiup.  'MO,  (8.)  ),  the  sphrriral  sum  of  the  tueceMsive  an(flr»  of 
any  spherical  puii/yon,  if  taken  in  a  suitable  order,  it  equal  to  a  mtdtiplaoftxco  ri(/ht 
anglet,  which  u  odd  or  even,  according  at  lh*Humbrr  of  the  nde$  (or  comers)  of  tlie 
polygon  i«  if  self  odd  «r  ••m*':  tbe  dSf^ttlM  fonmrly  given  (180,  (4.)  ),  of  a  Spi^ 
fietU  Smm  ^At^lm,  Uiag  of  oonnt  vaCalbed.  And  th*  rtatrnmp  amy  be  hMif 
■tatod  Vbm,  Wbca  an  arbitnuy  point  o  te  takan  on  tlie  aplnrieal  tartNa^a«la(LX 
iha  ipktrlmt  »nm  of  the  two  partial  anglet,  at  the  ends  of  any  one  tkUy  is  the  rnppU- 
ment  of  the  angle  which  that  aide  tubtend$,  at  the  point  c ;  but  the  ntm  of  all  «tccA 
subtended  anc^'los  is  vhlu^r four  right  anple$,  or  some  whole  mvltiple  thereof:  there- 
fore the  num  of  iht'ir  supplement*  caa  differ  oaly  by  some  such  multiple  firom  hit,  if 
n  be  the  number  of  the  sides. 

(4.)  Whatever  that  mnmber  may  be,  if  we  denote  by  p„  the  expontntial  prodmet 
in  tha  fbrmnla  L,  wa  liave  for  eatry  vetior  p,  and  fbr  evertf  quatermiom  f ,  tha  aqua* 
tiont: 

XI. . . MpM'i^^ }      XU. . .  jtrtipii'*  ay; 
wliareof  the  former  may  (by  30S,  (8.),  be  thne  interpreted : — 

If  any  line  or,  drawn  from  the  «eafrf  Oof  a  sphere^  be  made  to  revolve  cowA' 

ealhj  rounrJ  atii/  n  rnflii,  oaj,  .  .  OA„,  at  n  tuccessive  axes  of  rotation,  through  an- 
glet  equal  retpectivcli/  to  the  doubles  of  the  ati^/irs  of  (he  spherical  poh/ijun  .  .A,,, 
the  line  toUl  be  brought  back  to  itt  initial  position,  by  the  composition  of  these  n  rota- 
tions:' 

(5.)  Another  way  of  prormg  ttw  axtendAd  formola  I.,  Ibr  any  spherical  polygon^ 
iaanalogonatothatwlUeliwataniployadin  811  for  tbacasaof  afHonfTe  QiiaeplMi% 
and  may  be  stated  as  follows.   Let  Ai%  As',  ...A|»'baflMpositiTS|iolasof  tfaaana 

AiAj,  AjA^, . . .  AnAi ;  and  let  au  ai\.. .  an'  be  the  nnit-vectors  of  those  n  poles. 

Then  the  point  Ai  is  the  positive  pole  o(  the  new  arc  a/a,,',  and  the  angle  Ai  of  tha 
polycjon  at  that  point  ia  measured  by  the  supplement  of  th^t  arc  ;  with  similar  re- 
sults fur  other  corners  of  the  polygon.  Thus  we  have  the  system  of  expressions 
(oomp.  311,  VI.): 

XIII. . .  ai  V  *=  aiW  i . . .  Oa  *  =  a/aVi ; 

so  that  the  product  of  power*  in  I.  is  eqnal  to  tlw  feUowing  product  of  n  squares  of 
Mmii'Nnotf  end  therefoie  to  the  a*  power  tftufotioe  wiA^, 
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^bA  tint  flw  «steodetf  thMratai  i«  pvared  anew. 

(6.)  This  latter  proceit  nnj  be  tranttlated  into  another  theorem  of  rotation,  on 
^vbich  it  is  possible  that  we  may  bn<-Hy  return,*  in  the  Second  andlaat  Chapter  of 

thia  Third  Book,  but  upon  which       i  annot  here  delay. 

(7.)  It  may  be  nniarkod  Ixiwevi  r  bore  (comp.  309,  XII.),  that  the  extended 
exponential  fortnula  I.  may  be  thus  %vriLten : 

XV.  .  .  C<T„3  A„  .  Can-iSAn-i  .  .  .  0028  A3  .  COlS  Ai  =  (—  1)*. 

(8  )  For  pxami^le,  if  abcd  Im  any  tpherical  quadrilateral^  of  which  tlio  anglet 
(suiUibly  measured)  ara  denoted  by  A, .  .  d,  so  that  a  represents  the  positive  ur  nc- 
gative  rotaliim  from  AO  to  ab,  &c.,  while  a»  /3,  y,  ^  are  the  unit  vectors  of  its  cor- 

XVL  .  .  6AlD.«ytO.I|(3»B..MtA«'|*i. 

(9.)  JSmm  (Mupw  S09,  ZIII.X  m  nMgr  ^mte^lM^ 
XVIL  .  .  (ewe  -  y  sin  r)  (cosD'^tfnD)  =  (coeB  + /3flInB)  (ootA-f  aib  a)  ; 
and  therefore,  by  taidng  scalars  on  both  aides,  and  changing  ugnSi 

XYUL  .  .  — eWOOMD  +  niOMllOOMODs— CMBMNA'f  llBBlfalAMtBA( 

is  fiwt,  eMh  mflnber  of  ihto  ImI  fetimda  b  equal  Qasf  809,  ZHT.)  to  dw  omfaM  of 
tbe  angle  aeb,  orcBD,  if  the  oppiMito  ddet  AO^  BO  of  the  qnidiflMtttil  Intellect  is 

(10.)  Latpeop  be  tho  unit  vector  ^iwMg fifth  point,  r,  upon  the  spheric  mr- 
liMei  tbea  openting  bj  S.p  oo  XVJUU,  wo  obtoin  this  other  geoonl  liwmiUfl, 

ro=islaAcooBeooAp<|>irfnBcoeAoooBp<f  iinAiliiBi&iABrinFQ 
'"  \  +alBOQoaDeMGP-|-ibDcoiOooo]>r4alBoaiiii>iinoDtinpB; 

in  wUeh  llio  elMf  ^tU  mdm  ab,  od  arotnotod  m  aiua^B  podtut  s  bat  the  eiost 
i^lAt  pefprnMrnAan  fQ  Bud  PB,  oa  thooe  two  stdeO)  aio  rqgazdod  m  |MsiMo*  or  new 
gtMm^  Boeording  as  the  rotations  ronnd  p,  from  A  to  b  end  from  otoD,  are  negative 
vtpmitive  :  and  hence,  by  assigning  particular  positions  to  p,  oevend  other  bat  leM 

general  equations  of  spherical  tetragonometry  can  be  dorived. 

(11.)  For  example,  if  we  place  p  at  the  intersection,  say  f,  of  the  opposite  sides 
AB,  CD,  the  two  last  perpendiculars  will  vanish,  and  two  of  the  six  terms  will  ditap- 
pettr,  from  the  general  formula  XIX. ;  and  a  similar  reduction  to  four  terms  will 
if  wo  OMko  tho  ailiitrary  point  p  thejMfo  of  •  nde,  or  of  m  dlagtmoL 

314»  The  definition  of  the  power  ei*,  which  wm  assigned  in  308^ 
MUiblee  ti8  to  fbrm  some  oeeftil  ezpreseions,  by  queternioDB,  for  ctK 
€«2ar,  cUiptiCy  and  spirai  lo€^  in  a  given  plane,  or  in  space,  %  few  of 
which  may  be  mentioned  here. 

( 1. )  Lai  cr  be  any  given  nuit-Tector  OtA,  and  /3  any  other  given  lino  ob,  perpeodi* 
cote  to  it  I  then,     the  definition  (808X  if  wo  wtile^ 


•  Compare  897,  (84.)- 
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tin  htm  of  the  pobit  F  will  be  Uw  drtmmfinmte  tMt^  vlfh  o  Ibr  Mafpi^  and 
OB  for  fwKMv,  and  in  a  |ilaiM  pcfpciidiMla^ 

(S.)  If  w»N«aMtineonditloaTa»l,biitMiClii6  eondltioBSa/3BO,tiMBtlM 
jmiiMef  wiU  be  in g«iMrd  a  fpwiltfwois  a^  balifwataka 
ita  CMlor-farf        wa  ean  Ibrai  tlii>  Mv  Taotor-^cpna^^ 

IL  • .  OPBpaV.a'j3»/3oQae4>7iitta^ 
trhiia  IIL  .  •  8««<r,  and  lY. . .  ysoosYo^} 

and  NOW  the  Zocia  of  p  is  a  plane  ellipse^  with  its  centre  at  o,  and  with  on  and  oo 
for  its  mqjor  and  minor  eemkmee  s  while  the  angular  qiianti^»  «,  ie  what  ie  eftao 

called  the  excentric  anomaly. 

(3.)  If  we  wTitc,  under  the  eame  conditions  (2.), 

V.  .  .  OD'=/3'  =  V*3a:  a=:a-*y,    and    VI. ..  Op's p'=Vpa: a ■"aVpo, 

eothat  u'  and  i*'  are  the  projections  (203)  of  B  and  r  ok  a  pUme  drawn  IkrmfkOt  crf 
r^kt  wngketotke  umit-tine  oa,  we  have  theOf  by  II.,  the  equation, 

VII. . .  p'=:/3'ooe«+Yfin9sa</3'; 

eothat  the  fo<nM  ^lAI*  pin^Mftrf  jioarf  p' It  a  with  OBf  and  <N)  ftr  laetan- 
gular  radii. 

(4.)  Un  lor  the  same  conditions,  the  eUipticloem  (2.)i  oCthe point F  «Im(^ ii the 
tectiom  of  the  ri^ht  cylinder  (compare  203,  (5.)  ), 

VIII. . .  TVop = TVaj3  »  Ty, 

made  by  the/)/aii«, 

IX.. .  0=:Sy^/>,    or    IX'.  ../3«Sap  =  Srtj6S;3p  (comp.298,  XXVL)i 
as  a  couiirmatiou  of  which  last  fomi  wc  havc^  hy  II.  and  IV., 

X. . .  Sap  =  Sa/3  cos  ar,    S/3p  —  /3*  cos  x. 

(5.)  If  we  retain  the  condition  Sa/3  =  0  (1.),  but  not  now  the  condition  Ta  =  1^ 
wc  rany  again  write  the  equation  I.  for  p  ;  hut  the  locus  o  f  r  will  now  be  a  loga- 
rithmic spiral,  with  o  for  its  pole,  in  the  plane  periM  ndicular  to  OA  ;  because  ejual 
angular  motions,  of  the  turning  line  or,  correspond  now  to  equal  multiplications  of 
the  length  of  that  line  p. 

(6.)  For  example,  when  the  scalar  exponent  i  is  Ineressed  by  4,  so  that  the  re- 
wdvi^f  unit  line, 

XL . .  JJpmXJei^,XSfi 

ntmrne  (comp.  309,  XZIY.)  to  tba  dMim  whldk  it  bad  befovs  the  laenHa  off 
was  made,  the  Isi^  of  the  tmnUng  Um  p  iiedf,  or  of  the  radliMt  eester  ^Oe 
ibeiii,  is meHipUed fly  Ta^;  which  oonstant and positiTt  soslir  b nol now  oqnsl  to 

WUtjf. 

(7.)  If  we        6o<A  the  oooditioiis  (I.),  ' 

Taal,  and  Sa/3sO, 

sothattholineaiOrthaftiif«of  the  power  a<,  Is  now  iieiiW  on  Miir-itiMi  norjMr- 
pendiemleur  to  ^  namely  to  the  line  on  which  that  power  tpenOte^  as  a^finlop,  wo 
nmst  «!foi'n       veeicr  parts,  but  we  have  now  this  near  oxprarfon: 

XIL  . .  OP  »  p  •  y .  a*/3  -  o^O  eoi  w -f  7  rin  w) 
in  wldoh  wo  bafo  wiitfteo,  fw  abiMgiBiot^ 
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XIII.  ..a  =  Ta,    7  =  V(Ua./3). 

(8.)  In  ihU  more  complex  case,  the  /ocw*  of  v  is  Mtill  a  plane  curve,  and  may  be 
said  to  be  now  an  elliptic*  logarithmic  tpiral ;  for  if  wc  suppress  the  scalar  factor, 
a',  we  fall  back  on  the  form  II.,  and  have  again  an  ellipse  as  the  locus  :  but  when 
we  take  account  of  thai  factor,  we  find  (comp.  (2.)  )  that  equal  increments  of  «x- 
teatrie  amomaiy  (x),  in  the  auxiliary  sliipse  to  detennined,  correspond  to  «9Im1m«I» 
HpHtatimB  tfth*  length  (T|i),  of  tlie  vaetor  «f  thfl  mv  i^pM 

(9.)  W0  nay  also  project  b  andPtia  In  (3.),into  points  b'  tad  od  the  pbuw 
Uira^  o  pfrfHindifiiliir  to  oa»  vhich  pUiM  still  contains  tlie  sxtranl^  o  of  tbo 
ao^Usij  Todor  y ;  and  thsn,  abws it  is  easily  pravsd  that  y ana.jS*,  tlis  sqaa^ 
tioe  of  the  jir^^trf  ijpM  boeomss  (with  Ta  >  or  <  1), 

ZIT. . .  p'sa«(j3'oos«-|-ysin9)«a</3'; 

■»  that  «s  am  broqght  bacfcto  the  esse  (5.)»  and  the  pn^ftM  com  b  sen  to  be  a 
IqiMithnde  apinl,  of  the  known  and  ardkmf  Und. 

(10.)  Several  spirals  ofdouhh  enrvorfiir*  are  satfy  represented,  on  the  same  ge- 
neral plan,  by  merely  introducing  a  veetor-term  proportional  to  f,  combined  or  not 
with  a  constant  vector-term,  in  each  of  the  expressions  above  glTon,  for  the  emriaUs 
vector  p.   For  ezamplef  the  eqtiation, 

T7, p~cta  +  a%   with   Taal,  and  Bafi^O, 

whOt  e  is  any  eoiu/anf  seefar  difliHent  Urom  atrO)  wpwssms  a  htUx,  on  the  right 
cfacelar  cylinder  VIII. 

(11.)  A  nd  if  we  introdooe  a  new  and  variable  scalar,  k,  as  a  Jaetor  in  the  rigbt- 
hsnd  term,  and  so  writOi   

we  shell  have  an  expression  for  a  ewrseUe  vtHer  p,  eonsidersd  as  depending  on  two 
sariaili  aeaHoiv  (I  and  «),  wUch  tbns  beeomee  (99)  the  expreerion  for  a'eeefer  o/a 
nrfuee :  namely  of  that  important  Sertm  Smrfute,  which  la  the  Isevs  i^tk§  ptrpm^ 
(iMKlers,  let  ISiIl  from  the  'varlons  points  of  a  jfteea  Aelie^  on  tk$  ocfv  of  the  cgrlinder 
ef  levelntloai  on  whldi  that  hdlx,  or  epbal  cnrre,  Is  tiaoed. 

315.  Without  At  present  pursulDg  farther  the  study  of  these  loci 
qoBternions,  it  may  be  remarked  that  the  definition  (308)  of  the 
power  especially  for  the  case  when  Ta=l,  combined  with  the 
laws  (182)  of  t,>,  and  with  the  identification  (295)  of  those  three 
important  right  yersors  with  their  own  indices,  enables  ns  to  esta- 
hltsh  the  following  among  other  imtufimatumit  which  will  be  found 
uaeftil  ou  seteral  oooasions. 

(!•)  Lst  a  be  any  imlf-esefor,  and  let  <  be  any  scalar;  then, 

L..8.«-««>8.a«;      II. . . 8.«^»  =  8.a^»o-8. a^»; 

•  The  Mf/a/ lo;:arii.hmic  spiral  might  pcrha[is  be  called,  by  contrast  to  this  one, 
t  circular  hgarit/imic  spiral.  Compare  the  following  sub-article  (9.),  respecting  the 
projection  of  what     here  called  an  elliptic  logarithmic  spiraL 
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III. . .  <^«S.«*4' IV...a^»8.a*-a8.aH; 
y. . .  (8 .  aOf> (8.  a^0*"«^"*"  1- 
(2.)  LetaaodtfttoiyfiMtMtf-McCm^Aiidktf  beillIt«^ir«e8lBr;  then 

VL . .  8.«<«8.  a«;      YU. . .  Y.a«s«8.a^) ; 
Vm. . .  mV.  t^c,a*S,«^'^a.t^K 

(8.)  Hmm^  ly  tlie  Uns  of  ^i,  1^ 

VL  . .  <V.i«-^^f  «fty.«*«8.aH. 
(4.)  W«  bive  ilits  by  tiM  Mmo  pfindplM  and  Unr^ 

. . <V.i«aV.4»;  >V.4<=V.I»j  *V.I»bV./j 
XL..iV.I»— V.A«j  AV.j»«-V.i»}  <Y.*«— V./. 

(6.)  Tha  •xpnMiQii  808,  (K^X  ft)r  m  •vMroiy  Melor  ^  najbeimt  andartlM 
foUowiiigftcnit 

(8.)  And  it  m»f  be  «cpMid«d  MfoUowi : 

ZIIL . .  pBr{(ieotCir+jaiiifr)ito«ir+AeMMr}. 

(7.)  Wa  dull  ntara,  briefly,  In  tiie  Second  Che^  of  Uiip  Book,  en  aovM  of 
tbete  last  expressions,  ia  eoonexion  with  dijfferentiaU  end  ^criMliMi  of  ptmOtB  ^ 
••dCore;  but,  for  Uie  poipoeae  of  tbe  pieeent  Section,  thigr  aaj  Mffiea> 


Sbctioii  11. — On  Powers  and  Logariihrnt  qfJHpUamr  Qm- 

seme 

316*  We  flball  oondade  the  present  Chapter  with  a  ehort  Sap* 
plementary  Seotion,  in  which  the  recent  definition  (306)  of  a  power 
of  a  vector^  with  a  ecaiar  exponent,  shall  be  extended  so  as  to  indade 
the  general  com,  of  a  Power  efa  QwoMnMPfi,  with  a  QuafemMm  Es> 
ponentf  even  when  the  two  qualemions  so  combined  are  diplanar: 
and  a  connected  d^tmtion  shall  be  given  (consistent  with  the  less 
general  one  of  Khe  same  kind,  which  was  asngned  in  the  Second 
Chapter  of  the  Second  Book),  for  the  Logarkkm  of  a  Quaternion  in 
em  arhitrtuTf  Plane  :*  together  with  a  few  additional  Formulae,  which 
could  not  be  so  conveniently  introduced  before. 

(L)  We  pnpoNb  then,  to  wriM,  ^eneraHSr, 

q  being  any  qtMttnth»f  and  f  bifaig  the  real  sad  Imown  beee  of  tbe  nntnnl  (or  Na- 
piMten)  qrelem  of  logerithnii^  of  reelaad  poeltivtteealeie:  eo  that  (ee  umel), 


*  The  qoatenrfene  couideied,  in  the  Chapter  referred  to^  were  ell  euppoeedtobe 
inthepleneoftfaerighk  tereori.   But  eie  the  Seoond  Note  to  pege  285. 
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1  1» 

Jh  . .  f  B<>»1  +  -  +  —+ Ike.* 271828... 

X        A  •  2a 

(Comfxare  240,  (1.)  and  (2.).) 

(2.)  We  shall  alio  write,  for  any  qoatendon  q,  the  IbHimiDg  ezprenioD  fur  what 
we  tball  can  tti prme^ hgmUkmi  er  sliii]»ly  Ite  Logariikm: 

m. . .     =  YTq  +  £g.UVy ; 

and  Ihus  shall  have  (comp.  243)  the  equation, 

IV.  .  .t^=q. 

(3.)  When  q  is  any  actual  quaternion  (144),  which  docs  not  dcqmcriitt  (131) 
into  a  negative  scalar,  the  formula  III.  assigns  a  defimtt  value  for  the  loyarithm^ 
\q  ;  which  is  such  (comp.  agaiu  243)  that 

V.  ..Sl9  =  lT7;       VI.  .  .  Vl7=  ^9.UV9; 
VII.  .  .  UVl7  =  UV9;       VIII.  .  .  TVI9  r- /  7 ; 

the  scalar  part  of  the  logarithm  being  thu8  the  (natural)  logarithm  of  the  temor  ; 
and  the  vector  part  of  the  game  logarithm  \q  being  constructed  by  a  line  in  the  direc- 
tlen  ef  tlie  ecit  Ax.  f  ,  of  wUdi  the  Unf/A  beerii  to  the  awumed  wnt  of  lengthy  the 
eame  rd&»  ea  that  whidi  tiie  angle  l  q  betun,  to  the  Qtael  amft  t^anf^e  (comp.  241, 

C«0.(4.)> 

(4.)  If  it  were  mtmHj  leqidred  to  mUUfy  liU  egeaftoe, 

IX. , ,  tfsff 

in  wUdi  9  is  mppoeed  to  be  e  ^era  end  eeteol  qinetemloii,  which  if  sot  equal  to 
aiqr  oegaliTe  ecakr  (8.X  ^  mii^t  do  thia  bj  wri^g  (eompare  again  248)^ 

X  . .  9'- Gog9)»  «1»  +  2iMrUVj, 
where  w  ie  aagr  ibAoI*  a«flift«r,  poeitlve  or  negative  or  null ;  and  in  thie  view,  whet 
we  have  called  tk*  /flynritikm,  If,  of  the  quaternion  9,  Ie  only  what  may  Im  eonMeied 
ae  iba  mmplut  tdution  of  the  eapoaenliaf  tqmaHom  IZ.,  and  may,  a«  each,  be  thne 
denoted: 

XI.  ..19  =  (log  9)0- 

(6.)  Tlic  ererpted  case  (3.),  where  9  is  a  negative  scalar,  bocomea  on  this  plan 
a  case  of  indett  rmhuition,  but  not  of  impossihilitif  :  hinco  we  )i;ivp,  for  oxample,  hjy 
tllff  definition  Ili.«  the  following  cxpre^i»ion  for  the  logarithm  of  negative  vaiVy, 

XII.  . .  l(-l)=:irV-l; 

-vrhich  in  ittfinm  agrees  with  old  and  well-known  re8ult8,  but  is  here  interpreted m 
si^^nifving  any  unit-rector,  of  which  the  /<ii^A  hears  to  the  unit  of  length  the  ratio 
of  -  tr.  1  (comp.  243,  VH  ). 

We  propo'-e  al-io  to  write,  generally,  for  nni/  tu  o  iptaiernions,  q  nnd  7',  even 
if  dtptanar,  the  fuUowing  expression  (comp.  243,  (4.)  )  for  what  may  be  called  the 
principal  valut  of  the  jKNMr,  or  simply  tk*  Ahpm*,  in  which  the  former  quaternion  q 
is  the  baut  while  the  latter  quaternion  9'  is  the  eajimMnl  t 

XIII.  .  .  9«'  =  eVW ; 

and  thus  this  quaternion  power  receives,  i»  general^  with  the  help  of  tlie  dtfiuitionB  I. 
and  III.,  a  perfectly  definite  signifieation. 

(7.)  When  the  base,  9,  becomes  a  rector^  p,  its an^lt  becomes  a  Hgki  angtt ;  tlie 
deHoition  III.  givM  therefoie,  fbr  thie  case, 

3d 
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XIV.  .  .  i^=H>  +  ^Up; 

and  this  U  the  qnrtemioii  whieh  U  to  ba  muiapled  by  9*,  to  Uie  «|iwmI«b. 

XV. . .  p«'ef«'M. 

(8.)  When,  for  the  same  vector-biue,  the  expontmt  q'  becomae  «  acolaft  f,  tha 

last  formula  becomes : 

XVI.  .  .p'  =  l'>*■  =  Tp'.l»^^  tf 

and  because,  by  I.,  tho  relation  (Up)'  =  -  1  pvef, 

XVII.  .  .  t'^'^  =  cos  X  -t  Vp  sin  .r,    or  bri.  lly,    XVII'.  .  .  t*'^^  =  cpsx, 
wa  aee  that  the  former  definition,  308, 1.,  of  tlie  power  a\  is  in  this  way  reprodmeed, 
a.  one  which  is  included^  the  more  general  definUion  XIII.,  of  the  power  ^/j  for 
we  may  write,  by  the  last  meutioacd  deOnilion, 


XVIII. . .  (Up)««i«^«'-c<(»a  y  (oomp.  234,  V1U.)» 

vith  tho  recent  values  XVI.  and  XVII.,  of  x  and  I'^o. 

(0.)  In  the  present  tiicory  of  diplanar  ^uofWiOoiM,  W«  canaot  azpacttofind 
that  the  sum  of  the  logarithm  of  any  two  pwpoMd/aelor*^  ahaU  be  gtnentfy  «giiaf 
to  the  logarithm  ofthcprodHtti  bat  &r  Uie  itoplar  iiid earlier  case  of 
qualarnloiia,tli«t«^ikfwprt!per^  may  be  oonddarad  to  exiat,  with  doe  modUlea. 

tiona  for  wiiWpJW^  ^         „  ^ 

(10.)  The  definition  III.  enables  us,  however,  to  eaUbUab  generallj/  the  rery 

aimple  fonnnla  (comp.  248,  II.  III.)  • 

XIX..  .l9»l(Tj.Ug)«lTg+lU9; 

io  wbicb  (comp.  fS.)), 

XX. . .  IU7  =       UV9  =  VI7;     XXI. . .  nUq^Lqi     XXII. . ,  UlU^-UVj. 

(11  )  \Vc  luive  also  gcne.ally,  by  XIII.,  for  a«y  tcoloT  expomtni,  f ,  aad  oqr 
quaternion  f  a»e,  q,  the  power, 

XXIII.  .  .  9'  =  t''.     Ci«7)'.(co9f  ^7  +  UV7.«ln»£«)} 

or  briefly,  XXIII'. .  .    «  T^*.  cws  <  z:  y,    if   w  =  UV9i 

in  which  the  parantheses  about  T9  may  be  omitted,  bwauae 

XXIV. . .  T(90'*(T«y=Tg«  («m^^  «»7,  II.). 

(12  )  Wlu  a  th<^  1-asc  and  exponent  of  a  p^iwer  are  law rretaa^ii/tfr  efftora,  f»«nd 
ila  ii,  n luitever  ihdr  lengthe  may  be, the  product  p\p  ia, by  XIV.,  a M€*ar;  hot 
la  is  always  a  versor^ 

XXV. . .  •«  -coaTa  +  Ua  ain  T«,  if  «  be  any  Teclor; 

wc  have  therefore. 


*  In  '>43,  (•">  )•  initrht  have  been  observetl,  thrit  every  value  ^eaek  member  of 
tbc  formula  IX.,  th^re  given,  is  one  of  the  vah$e$  of  the  other  member:  and  a  liiullar 
rcjuark  applies  to      formttto  I.  and  II,  of  236. 
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2Xyi...T.p^«l,  if  8.p/»'e0; 

or  in  mtdSf  the  ptmer  fu^iBa  fMraut^  imder  this  oooditUm  of  ntiangvUrii^* 

(18.)  For  ttompb  (oontp.  842»  (7.),*  tad  the  duxtfy  ftillewing  furmttk 

xzvni.), 

XXVU. .  .  i/=€^i'  =  -iki      =  + 

and  gmenlly,  if  the  bate  be  an  unit-linef  and  the  ffspoiMiil  a  line  of  any  lengthy  bnt 

perpendicular  to  the  base,  the  axi*  o/fAe  jyotct-r  is  a  line  perpendicular  to  both  ;  un- 
less the  direction  nf  that  aT?«  becomes  indetermituUe^  by  thepwur  ndooing itMlf  tO  A 

tcalar,  which  in  ct'rtiiin  cases  may  liappen. 

(14.)  TliuA,  whatever  scalar  c  inuy  be,  we  may  write, 

XX7IIL . .  iQ^s  «4W»  «-iiMr»eM       illin -i ; 

2  2 

this  power,  then,  is  a  rertor  ''12  \  nn<l  its  ar/a  is  generally  the  line  ^  A  ;  but  lu  iLe 
Case  when  e  is  any  whole  and  ertn  number,  tins  versor  di  tjeneratts  iuto  positive  or  ne- 
gative uiitVy  (153),  and  the  axis  becomes  indeterminate  (131). 
(15.)  If,  for  any  rettl  quateroiOD     we  mite  again, 

XXIX.  .  .  IJV7  =  V,  and  therefore  XXX.  .  .  vtj  =  qv,  and  XXXI. .  .  u>  =  -  1, 
the  process  of  239  will  hold  good,  when  w  e  cluuigu  i  to  t;;  the  series,  denotetl  in  I. 
by  c9,  is  fhiNAm  alwa|f»  mt  but  ^vcrcfeut,f  kewentrgrtat  (but  Oiute)  the  tensor 
tqmayht;  tad  hi  like  BMiuMr the  two fbUowiog Other Mrlei^ derived 
lapnent  (ootmp.  942,  (8.)  )  what  we  shall  pMuraJ^,  bgr  aaekg7  te  kaowa  ex- 
]»resrion%  the  «os&Mead  lieeof  the  gnatemim  9,  aie  always  mUmwidff  ceaeeiytaf  .> 


XXXlii.  ..  sin  g  =  -(•"«  -  r^)  =  i  -  +  .  ^\  .  .  -  &c. 


7  r'_   

.8  1.2.8.4.5 


(16.)  We  dudi  also  that  the  MCoar,  coseeax/,  tangent,  and  cotangent  of 

a  fnoffrNSM,  sapposed  stffl  to  be  reoi;  are  the  ftmetioiis : 
XXXrv. . .  secf  =  ;  eoseega 


tan  OS  ^;   ootos—^  ^ 

aad  thas  shall  have  tlM  nsoal  rslatioBs^  sscf  » 1 :  oosg,  fto. 
(17.)  We  Shan  also  have, 

XXXVL . .  f'Vsooef-l-vsiaf,  r^BOOSf-vsia^s 


*  In  the  theory  of  complamar  fuattmkmft  It  was  foand  conrenient  to  admit  a 
certain  multiplicity  0/  value  for  a  ptnMf^  when  the  exponent  was  not  a  whole  nvm- 
her  :  and  therefore  a  notation  for  the  principal  value  of  a  power  wascmplojed,  with 
which  the  conventions  of  tho  present  Se«  tinn  ruable  us  now  to  di-'-jit-nse, 

t  In  fact,  it  can  bo  [iroved  that  this  linai  coiivcrgenoe  exists,  even  when  the  qua- 
ternion is  imaginary,  or  when  it  ia  replaced  by  u  biquaternion  (214,  (8.)  )  ;  but  we 

hareao  oeceiion  hers  to  eonsidsr  any  but  rcaf  qvatOToIoos. 


Digitized  by  Google 


388 


XLBUBNT8  OF  QUATERNIONS. 


[book  III 


and  therefore,     in  trigonoiuetrj'  (conip.  315,  (.l.))* 

XXXVII.  .  .  (cos 8)HC«n«)'  =  «'^ = 
whatever  quaternion  q  nuiy  be. 

(18.)  And  all  the  formula:  of  trigonometry,  for  cosines  and  iineeflimuuoftwo  «r 
more  arcs,  ice,  will  thus  hold  good  for  quaternion*  also,  provided  that  the  quater- 
nions to  be  combined  are  in  any  common  plane  ;  for  example, 

XXXVIII.  ..  cos  (9'4  v) co>4<7' cos  7  -  sin    sing,    if  9'||!?- 
(19.)  Tills  condition  of  complanarity  is  here  a  necessary  one;  because  (corop. 
(y.))  U  is  necessary  for  the  establishment  of  the  e*t/)Oji«»lio/r«laliflw  between  awwMd 

(20.)  Tliiia,  «•  nuj  Indeed  writer 

ZXXIX  ..ff'f-cf.cf,    if  q\\\q\ 

but,  in  general^  the  developmenta  of  theie  two  ezpreerfons  give  the  diflbrenoa, 
XL. . .       -  tf  it  s^^^^-^^-l-terme  of  third  aad  higher  dimeoiiMe; 

and  XLI. . .  KW'-S'?)  =  V(Vg.V3'\ 

an  expression  wUdi  does  not  vanish,  when  the  quatendooi  q  tad  9'  are  di^pl—T. 

(21.)  ▲  ftw  nippleiiieiituy  fbrmulas,  conneeled  with  the  pneent  Chapter,  may  be 
appended  h«re^  as  was  mentiened  at  the  eommenoement  «C  this  Article  (816).  And 
flnt  it  najr  be  ramarked,  as  oonneeted  with  tha  theory  ofpeiMra  ef  vedort,  that  if 
a,  /3, 7  be  fliy  IAtm  wU^-IImm,  oa,  ob,  oc,  and  if  a  denote  the  area  of  the  epherieel 
triiogle  ABO|  then  the  formnla  298,  XX.  may  be  thns  written: 

xui...|±^..?if°  ^'-^ 

/3+y  a  +  /3  y  +  a 

the  exponent  being  here  a  scalar. 

(22.)  The  immediately  preceding  formula,  298,  XIX.,  gives  for  anjf  three  vee- 
tort,  the  relation : 

XLIII.  ..  (Ua/ir)»  +  (U/37)»  +  CUay)«+(U«/3)«  +  4Uay.S0ai3.SU/5y  =  -2; 
for  example,  if  a,  /3,  7  be  made  equal  to  1,^',  A,  the  first  member  of  this  equation  be- 
comes, l-l-l-l  +  0  =  -2. 

(23.)  The  MHawlag  la  a  mneh  moie  eonpleK  identity,  involving  aa  it  doea  not 
only  tAree  orMlraryMetorff  a,  A  y,bata]oo>b«r  arUCrofyaealara,  a,  ft,  e,  and  r-, 
but  It  has  some  geometrical  appUeations,  and  a  atndent  woidd  findit  agood  asevdse 
in  ftwn^/braMlibM,  to  investigate  a  proof  of  it  for  hunself.  To  abridge  notatioo,  the 
time  Tectois  a,  /3,  y,  and  the  three  scalars  a,  b,  c,  are  considered  as  each  composing 
a  cycle,  with  respect  to  which  are  liarmed  mum  £,  uadfroduet$  n,  oa  a  phui  wiikh 
may  be  thus  exemplified : 

XUV. .  .  2aV/3y  =  aVpy  +  ftVya  +  cVa/3 ;    Ha"  =  a'ftV. 
Thb  being  undentood,  the  Ibrmala  to  be  proved  is  the  following: 

XLV.  . .  (Sa)3y)»  +  (XaV/^y)^  +  r»(2V^y)'  -    (r«  (/3-  y)  )« 

+  2  n  (r2  +  S/3y  +  tc)  -  2  n  (r>  +  a2)  +  2 1 1  a» 
+  S  (r2  +  a2  +  ««)  { CV/3y)«  +  26c(r«  +  S/3y )  -  r>  (^  -  y )«  }  ; 

the  sign  of  rammation  in  the  last  line  goveming  all  that  follows  it 
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(24.)  For  example,  hy  making  tlie  four  scalar*  bf  r  each  =0,  thisformul* 
gives,  for  any  three  vectorn  u,  fi,  y,  the  relation. 

XLYI. . .  (8a/3y)»  +  2nS/3y  «=  iUa*  +  S .  a«(Vi3y)» ; 

irliidi  aginm  with  tht  ytry  vmM  «|iiitloo  294,  UII.,  tMcaaw 

ZLYIL  . .  o«(V/5y)«««»{(S0y)"-/5*r*}  =  (aS/3y)«-nflt. 

(25.^  Let  a,  j3«  y  be  the  veetora  of  three  points  a,  ii,  c,  which  are  exterior  to  a 
given  sphere^  of  which  the  radius  is  r,  and  the  equation  is, 

XLYIIL  . .  pa+  r«  «  0  (comp.  202,  XIIL)i 

«od  let  a,  b,  e  denote  the  lengths  of  the  tangents  to  that  sphere,  whldl  an  drawn 
from  thoae  three  pointf  xnpectiTely.  We  ahall  then  have  the  reUtiooe: 

XLIX. . .  a* -(-«s»/3»  4- M « 7*4 f«; 

lbtisr*+aSa-a3,  &c.,  and  fhe  Moond  HMOnber  of  the  fonnida  XL V.  Ttnfahea;  the 
fiiatmenberef  that  fbmntobtheNlbn«boeqaal  to  sera,  for  these  rfgnMoetieas  of 
the ktlen:  and  thna  a ikeonm  la  oblahied,  whidkis  fonnd  to  be  extnnelf  oeeAd, 
in  the  innatigaliwi  bj  qnatenlono  of  the  ayatem  of  the        (real  or  Imaginary) 

tmatt  drtiUif  which  touch  a  given  $et  of  three  small  circles  on  a  igvAere. 

(26.)  We  cannot  enter  upon  that  investigation  hero ;  but  may  remark  that  bo- 
cause  the  vector  p  uf  the  foot  p,  of  the  perpendicular  or  let  Call  the  origin  o  on  the 
right  line  as,  ia  given  hy  the  expression, 

r,                 «  Y/3a 
L...poflS-^  -f /3S  

/^-a  a-ji  a-p 

as  may  be  proved  in  various  way^,  the  condition  of  contaet  o(  thAt  right  line  ABwith 
the  sphere  XLYIII.  is  expres^d  by  the  equation, 

LL  .  .  TVfta  =  rT  ((t~fi);    or    LI  I.  .  .  (V/?a)«  =    (a  -  ^)«  ; 

or  by  another  easy  transformation,  >vith  the  help  of  XLIX., 

LIIL  . .  if*-¥Bafi^^if*+  a«)  (r>  +  /3»)»a4>. 

(87.)  Thie  hat  eqaatioo  eyidentfy  adndta  of  dooonpoiHioii  into  tmojk^mra,  ra- 
maaanfina  liao  aUtnutliBt  fiuuKiitmti  namalv. 

and  if  tia  atill  oonaider  the  tmgmUa  «  and  &  (25.)  as  positive,  it  is  easy  to  prove,  in 
ooTOial  diArant  wayai  that  tbujtrwt  or  tfie  Mcemf  ISMlor  U  to  bo  aeleeted,  aoooidhig 
aathapoialF,at  whiehtholtNtf  ABfoneAattfe^piUrit,  diMf  or  dbot  aof  fUl  A«tig»eis 
HUptbdt  A  and  b  ;  or  in  other  words,  aooordng  aa  tlM  Imgth  of  thai  Una  la  eqoal 
to  the  sum,  or  to  the  difference,  of  those  two  taQgHHtan 
(28.)  In  fact  we  have,  for  the  first  case, 

LYL..T(/3-a)  =  ft  +  a,    or   0  =  03-a)2  + (6  +  a)>«-2(r»  +  Sa/3-«fr), 

an  ▼irtuaof  the  relationa  XLIX.}  bat,  for  the  teeond  one^ 

LTII...TO-a)«i(fr~a)^  or  0^(fi-a)*  +  (b-d^^'t(r*^BaP  +  4b)i 

and  U  uagr  bo  fimarked,  tlmt  wo  mli^tlnthbrngrhaTebMnladtoflndthoayatem 
of  the  two  eondUtom  (ST.^  and  thoneo  the  cqnation  LIII.,  or  lla  tranafimsationa, 
LIL  and  U. 
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(S9.}  We  may  conceive  *  «oim  of  tangents  (torn  a,  circvmtcribinf  tLe  tpktrt 
XLVIII.,  and  totu:hing  it  alonp  a  small  circle,  of  which  th»piam;wti»pohrphM 
t(f  tk*  point  A,  is  easily  found  to  have  for  its  equation, 

LVUL  . .  Sop  +  r«  »  0  (oomp.  294,  (28.),  and  215,  (10.)  ) ; 

uid  in  Uke  manner  Uio  oqxuUion, 

wpwwntt  the  pokr  plaiM  of  the  pc^t  b,  «Ueh  pkoe  enta  the  sphere  in  a  «e«owf 

mo//  fire/*  :  and  these  two  circles  touch  each  other,  when  either  of  the  two  con- 
flitions  (27.)  h  aatufied;  mch  tomktei  being  mUrmU  for  the  caaeLIV.,  baiwlcmol 

fur  tlie  C4i»c'  LV. 

(30.)  Tlio  condition  of  contact  (2C.).  oflhr-  line  and  sphere^  might  have  l^xD 
otherwise  found,  iia  the  condition  of  equaiUj^  of  roots  in  the  quadratic  equation 
(oomp.  210,  (2.)), 

IX  . .  0«(jfa+y/3)»  +  (x  f  y)>r«. 
or  LXL..OB»t(r*  +  a<)-t'2«y(r*+S«j3)<|-^(r*-|>/3S); 

tbe  M«tecf  bdoff  Uuu  cooaidend  here  ks  •  omb  of  aofliofafciMw  of  iai«nt€tiom, 

(81.)  The  cyiMlMii  tf€«m^^  (fiomp,  216,  (18.)),  wfaioh  aacpwtm  that 
each  of  the  two  pofaite  ▲  and  b  ie  hi  the  polar  plane  of  the  other,  ie  (with  the  preewit 
ootationa), 

LXII.  .  .  r-  t  S«,3=0; 

the  equal  but  opposite  roots  of  T  XI..  which  then  cx'i-t  if  the  lino  cuts  the  sphere, 
answenng  here  to  the  wcll-kiiouit  hurmunic  diritiuu  <;{  the  secant  line  ab  (comp. 
215,  (16-)  ),  which  thus  counccta  two  conjugate  points. 

(32.)  In  like  manner,  from  the  qtudnHo  aqnation*  216,  III.,  we  gettUa  anakn 
gone  equation, 

LXIII.  ..  S-  S^-s[  V  ^.V^V^i 

COBOeeUng  tha  vectofa  X,  fi  of  any  two  points  k,  which  are  eo^jngate  relatively  to 
tkt^t^pMtid  216,  II. ;  and  if  we  place  the  point  l  on  the  surface^  the  equation  I.XUL 
will  represent  the  ianprnt  plane  at  that  point  i>,  considered  as  the  locus  of  the  conju- 
pnte  point  M  ;  whence  it  is  ea?y  to  dcdii«'e  the  nnrmnl,  nt  nny  point  of  the  ellipsoid. 
Hut  all  researches  rcspcctinfx  normals  to  sinficis  «  an  be  better  conducted,  in  con- 
nexion Willi  the  Differential  Calculus  of  Quaternions,  to  which  wo  shall  next  pro- 
ceed. 

(33  )  It  may  howaver  ba  added  beta,  aa  i?garda  ^emra  of  QmaUrniMf  ivtth 
weahr  t^tmmit  (ll.)t  that  the  qnnbdl  g^rg-<  npcaMota  •  qnatenloQ  fBtmadfbomr, 
byaooidcalnitatioiiofitaaxiaroaiidthatof  9,  throngfaaa  angla«9<Z9;  andthat 
both  mambcra  of  tha  equatioD, 

LXIV.  . .  Ctrq-iymqt4q'\ 
an  sjrmbola  of  one  common  qnatamion. 


*  Corrected  a4  iu  the  first  Note  to  page  298. 


CHAP.  II.]  DKFIfilTIOK  OF  OIFfBRKNTlALS. 


891 


C'HAPTEK  II. 

ON  DIFFBRBNTIAL8  ARD  DBTBLOPMENT8  OF  FDVCTI0N8  OF 
QVATERVlOlf S ;  AVD  ON  80MB  APPLICATIONS  OF  QUATER- 

KIONS,  lo  GEOMETKICAL  A^D  I  UYSICAL  QUBSTIOKS. 


6FXTI0N  1  O/i  the  Definition  oj'  Simultaneous  Uiffcrentiah. 

317.  In  the  foregoiDg  Chapter  of  the  present  Book,  and  in 
several  parts  of  the  Book  preceding  it»  we  haTe  taken  occasion 
to  exhibit,  as  we  went  along,  a  considerable  variety  of  Exam* 

pics,  of  the  Geometrical  Application  of  Quaternion:/ :  hut  tlase 
have  beeu  given,  cliieHy  as  assisting  to  iini>re«8  on  the  reader 
the  meanings  oj  new  notations,  or  oi  new  combinaUons  of  sym» 
Lois,  ^vhen  sucli  presented  themselves  in  torn  to  our  notice. 
In  this  concluding  Chapter,  we  desire  to  offer  a  few  additional 
exampie$t  of  the  same  geometrical  kind,  but  dealing,  more 
freely  than  before,  with  tangents  and  normah  to  curves  and 
surjucts  ;  and  to  give  at  U'Libt  some  specimensy  of  the  applica- 
tion of  quaternions  to  Pltijsiral  liirjinries.  But  it  sf'crnt*  ne- 
cessary that  we  should  iirst  establish  lirre  some  FrincipLes^  and 
some  XotatiimSf  respecting  Differentials  of  Quaternions^  and 
of  their  F$inction»f  generally. 

318.  The  usual  definitianSt  of  differential  coefficients^  and 
of  derived  functions^  are  found  to  be  inaj)plicable  generally  to 
the  present  Calculus,  on  account  of  the  (generally)  non-com- 
mutative  character  of  quaternion-multiplication  (168,  191).  It 
become?,  therefore,  necessary  to  have  recourse  to  a  new  Dffi' 
nition  of  Differentials^  which  yet  ought  to  be  so  framed,  as  to 
be  consistent  tcttk^  and  to  include^  the  usual  Rules  ofDiffi^ 
rentiation:  because  seniors  (131),  as  weU  as  vectors  (292), 
have  been  seen  to  be  indudtdf  under  the  general  Conception 
of  Qiiateniio/i.i. 

319.  in  seeking  for  such  a  new  de^uitiun,  it    natural  to 
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go  back  to  the  first  i)rlncii)le8  of  the  whole  subject  of  Diffe- 
rentials :  and  to  consider  how  the  great  Inventor  of  Fluxions 
might  be  supposed  to  have  dealt  with  the  questaon,  if  he  had 
been  deprioed  of  that  powerful  resource  of  eommim  ealculaiitm^ 
which  is  supplied  by  the  eommuiaiwe  property  of  algebraic 
muliiplieaHon  ;  or  by  the  familiar  equation, 

considered  as  a  general  one^  or  as  subsisting  for  every  pair  qf 
factarff  x  and  y;  while  limit  should  stall  be  allowed,  but  m- 
Jimiesimah  be  still  exehtded:  and  indeed  the  fluxume  ihem^ 

selves  should  be  regarded  as  generally  finite^'*  according  to 
what  seems  to  have  been  the  ultimate  view  of  Newton. 

320.  The  answer  to  this  question,  which  a  study  of  the 
Principia  appears  to  suggest*  is  contained  in  the  following 
Definition^  which  we  belieye  to  be  a  perfectly  general  one^  as 
regards  the  older  Calculus^  and  which  we  propose  to  adofi 
for  Quaternions : — 

**  SlinultaneoHs  Differeiitials  (or  Corresponding  Fluxions) 
arc  Limits  of  Equimultiple  &\  qf  iSimultaueous  and  Decreasing 
Differences" 

*  Compaiv  the  remarka  annexed  to  the  Second  Lemma  of  the  Second  Book  of  the 
Princixna  (Third  Edition,  London,  1786) ;  and  especially  tbo following  paaugc  (page 
244): 

**Neqne  enim  spectator  ia  hoe  Ijenuiiate  nugottndo  noacDtonnn,  ted  pilna 
naaoeDtinm  pvopoitiow  Sodeni  Mddit  il  looo  monientonim  nrarpeolnr  Tel  velooitafee 

inereniMitoram  ac  dccrcmcntorum  (quM  etlam  motus,  mutationes  ct  fluxioiiee  quail* 
tiutum  nominare  iioet)  vel  floit«  qiueria  qoantitatea  velocitatibas  hiaoe  pwportfoBp 

ales." 

f  A<^  rop.'Ufl'i  tlu-  iiKtioii  -  r  multiplying  such  differences,  or  generally  any  quanti* 
ties  which  all  diminish  tutjctinr^  in  order  to  rondor  tlu'ir  ultimate  relations  more  evi- 
dent, it  may  be  suggested  by  various  parts  of  the  Principia  of  Sir  I^c  Newtou ;  but 
especially  by  the  Fint  SoQtioQ  oriho  Hist  lloolc  See  for  example  Uie  SevenUi  Lemnut 
(p.  Sl),  nnder  wbkh  anch  expraesioDB  aa  the  following  ooenr :  '*  intdllgantar  aamper 
AB  et  AD  ad  poneU  longinqn*  hfid  prodnd,** ....  **ldeoqno  recUe  aemper  finitas 

Ad,  * . The  difecdoo,  **ad  ptineta  longinqnn  imdnd,"  ia  lepeated  in  ooo- 
nezion  with  the  BighUi  and  NInUi  Lenunaa  of  the  aaoM  Book  and  Secdon;  whila 
under  the  former  of  those  two  Lemmas  we  meet  the  expression,  "  triangnia  semper 
finila,"  applied  to  magnified  representations  of  three  trianf/hs,  which  aW  diminish 
indefinitely  together  :  and  under  the  latter  Lemma  the  word<  occur,  "  manf  nto  longt- 
ladino  where  Ac  is  a  finite  and  constant  line,  obtained  by  a  constanfly  increas- 
ing multiplication  of  a  constantly  diminishing  line  AE  (page  S3  of  the  edition 
cited). 
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And  convenely,  wheneyer  any  Hmnltaneau*  differences,  of 
any  system  of  variables,  all  tend  to  vanish  tor/ ether,  according 
to  mj  hw,  or  system  of  laws;  then,  if!  any  equimultiples  of 
those  decreasing  differences  ail  tend  together  to  any  ^stem  of 
finite  limits,  those  Limits  are  said  to  be  SmmUanmoui  Diff^ 
rmtittU  of  the  related  Variahlei  of  the  System;  and  are  de* 
noted^  as  each,  by  prefixing  the  letter  d,  as  a  eharaderisik  of 
differentiatianj  to  the  Symbol  of  each  such  variable. 

321.  More  fuUj  and  symbolically,  let 

I.  •  •  Sf  m  •  • 

deoote  any  system  0/ connected  variables  (quaternions  or  others);  and 
let 

It. .  .  A^,  At,       . . . 

denote,  as  usual,  a  system  of  their  connected  (or  simultaneous)  d^e» 
fences;  in  such  a  manner  that  the  snmSi 

shall  be  a  neto  system  of  variables,  satisfying  the  same  laws  of  con- 
nexion, whatever  they  may  be,  as  those  which  are  satisfied  by  the  old 
^/slsn  L  Then,  in  returning  gradually  from  the  new  system  to  the 
old  one,  or  in  proceeding  gradually  from  the  old  to  ihe  new,  the 
timnltaneons  dijferences  II.  can  all  be  made  (in  general)  to  i^prow^ 
together  to  gero,  sinee  it  is  evident  that  they  may  aU  tHmwft  togdher* 
But  1/  while  the  differences  themsdves  axe  thna  supposed  to  decrease 
Md^fndd^  together^  we  multiply  them  oil  by  some  one  common  but 
«iers8fM^  mmber,     the  system  of  their  equwuUtipks^ 

XV.  . .  nAq,    nAr,    nAs, .  •  • 

WQf  fsNd  to  become  ejuai  to  some  determined  system  finite  Um^. 
And  10^  fJUf  i^a/)p<ns^  as  in  all  ordinary  cases  it  may  be  iiM^ 
by  a  snitabie  adjustment  of  the  increase  of  a  to  the  decrease  of  A^, 
de.,  the  UtsUs  thns  obtained  are  said  to  be  SNnti&!afieo«»  differenHeis 
ef  therdated  variables,  9,  r, « ;  and  are  denoted,  as  such,  by  the  sym- 
bols^ 

V» . .  d J,    dr,    d^,  •  •  • 

*  A  ftudeniom  msj  te  idd  Co  ditreost,  wbea  lU  fmaor  decreases;  and  to  de* 
cTMse  htdt^tfy,  when  that  tensor  femb  to  sere, 

3b 
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Al^etra  and  Qeemeirp, 

322.  To  leave  no  possible  doubt,  or  obscuritj)  on  the  uit* 
port  of  the  foregoiog  DefinUUmy  we  shall  here  apply  it  to  de> 
termine  the  dijffhrential  of  a  *quar$^  in  ai^ebra^  and  that  of  a 
rtctai^Uf  in  gwmetry}  in  doing  vhieh  ve  shall  flhow>  that 
while  for  snch  cases  the  old  rtdeg  are  r^nrodueed^  the  diffisrm' 
Hats  treated  oi'need  not  be  small;  and  that  it  would  be  a  vitia- 
tiorty  and  tiot  a  correction^  of  the  results,  if  any  additional  terms 
were  introduced  into  their  expressions,  for  the  purpose  of  ren- 
dering all  the  differentials  equal  to  the  coxresponding  diffe- 
fences:  though  same  of  them  may  be  assumed  to  be  so, 
namely,  in  the  first  Example,  Me,  and  in  the  second  £zBni-> 
ple^  two, 

(1.)  In  Algebra,  tb«ii,  lat  oftMuUertlie  equatioo, 

L  . .  y  =  x', 

•od  tberefore,  as  oahaI,* 

III.  . .  AysSxAap-i-^'i 
«r  «ka»  oooMt  l»  tte  anw  thina, 

where  n  is  an  arbitrttry  multiplitT^  which  may  be  sapposed,  for  simplicity,  tp  be  a 
poiltiTe  whole  nmnlMr. 

(3.)  Coooeiye  now  that  wMia  lh>  Am  and  feimtotB|gahfiy»w» 

Mclad  with  6mA  other  end  with  «  bgr  tlie  eqnetfdn  IIL,  dmmoMt  end  Umi  togdkm 
to  t*rOt  the  MimScr  « inerta$egy  in  the  transformed  equation  IV.,  and  foMir  lo 
ni^,  in  8ach  a  manner  that  the  product,  or  multiple,  n^x,  tends  to  some ^ile  /teit 
a ;  which  may  happen,  fior  esanpl^  bgr  oar  obli^^  ^  to  aatieQr  Mwv*  ^ 
ditton, 

V.  .  .  A««sjr>a,    or  nAzf^aj 
after  a  prerioiis  $$leetion  of  8omep'«en  and  jSiute  0oA(«  for  a. 


•  We  write  here,  as  Is  common.  Ax*  to  denote  (Ax)2;  while  A.z'  woald  be 
written,  on  the  same  known  plan,  for  A(x^),  or  Ay.  In  like  iiKiuucr  we  shall  write 
iin  usual,  for  (dx)'  ;  and  shall  denote  d(«^)  by  d.x\    Compare  the  notatioaa 
S^»,  S.j»,  and  Vj',  V.^',  in  199  and  204. 
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(3.)  We  shall  then  have,  with  this  last  condition  V.,  tiM  feUtvl^  «it|nri« 
by  lY.,  for  the  cgimwiiftyj^  n^,  of  the  o(A<r  d^g^nnM,  Ay: 

BntbeeHMabaidtlMNflm«»,kpiMi  (2.),  whUt  ibi  mnber  m  in- 

CMM*  indednlti^,  «Im  imm  in  iUs  wgmdm  YI.  ibriiAy,  MflAiiitilj  Hm* 
to  cwo^  and  ite  JiMtf  U  ryoroiid^  mir.  Hmn  thn  ftro  jfwih  iiMiiiififlM,  u  md  B 

(since  x  is  supposed  to  be  finite),  are  Am  rimmltaneoMM  limitt,  to  whieli,  mdw  the 
supposed  conditions,  tho  /wo  equimultiples,  nAxandnAy,  tend;*  thqr cie^ IhenAlN^ 
by  the  definition  (320),«nM(ira»«Mw  di/^miiiaU      and  y :  and  wamajiorteaie* 

or,  at  neaal,  after  cUmination  of  a, 

VIIL  .  .  d^  =  d.x»  =  2a:a«. 

(4.)  And  it  would  not  hmprove^  but  vitiate^  aounding  to  the  adopted  defMHom 
(320),  this  asTial  expression  for  thp  tUfT'  rential  of  the  tquareota  variable  x  in  alge- 
bra, if  we  were  to  add  to  it  the  term  dx^,  in  imitation  of  the  formula  III.  for  the 
difference  A.x^.  For  this  woultl  come  to  supposing  that,  for  a  ^'reii  and  finite 
valne^  a,  of  cU,  or  of  nAx,  the  term  n  a-,  or  n  'dx*,  in  the  expresaion  VI.  for  nAy, 
mmldfitU  t0  imd  te  mm,  tliile  the  mmmber,  »,  by  which  the  t^are  of  dx  U  divided, 
imwmm  witkttit  Umit,  or  f«Mlr  (aa  atiote)  to  infinity. 

(fc>  Aa  an  ttnikmtHemI  way  It,  U  than  bo  tha^fam  oaibw^ 

IZ...#b2,  f»n*s4,  dnrrlOOO; 

and  lit  ft  bo  nqabed  to  compute,  aa  a  oonseqnenoa  of  Che  d^finUiim  (320),  (be  oriTA- 
HMiMfMooftwertbo  amal(«MOMid|g06rMi^       Wo  have  now  the  lbllowh« 

X..iiA«>-AialOOO}  ii4r"40004lOOOOOO»-i; 

IwttbelMir  of  thon^jMrf  of  naillKM  (orof  aayp«alkr,bnt^lMnandJlNlfeiM^ 
b«r)ia«Ml^MFO,  ifn^efcaaawttJMlMiir;  thaiequtndnaibffof^ifli^tbenlbii^ 
r^^Mttlf^  fei  tUa  osaapli^ 

XI.  .  .  dy  =  4000. 
(6.)  And  we  aee  that  these  two  eimultaneout  differentia^ 

XU.  ..dvalOOO,  (^BiOOOb 
an  net;  in  iMt  osanifli^  orcn  ts^pnmmaMf  eywg  to  the  two  rfwaltoa wt 

XIII.  ..  4x  =dx=  1000,    Ay  =  1002»- 2*  =  1004000, 
which  answer  to  the  value  »  =  1 ;  althongli,  no  doubt,  trom  the  very  conception  of 
aimultaneoua  differenUaU,  aa  embodied  in  the  definition  (320),  they  must  admit  of 
liavingeochegiiiinftaiatf^iiof  tlMMadfaitaba^ 

XIY.  . .  i»''da;   and   fi  'dy, 

•  &I  tUacaac^  Ittdeed,  the  miiUi|do  nA»  bw  bgr  T.  a  cowftwf  edbc^  namely  a ; 
bntftiaiiKind  coBTtnicnttooztondthe  naa  of  tbewoid,ISbnii^aoaBloracladW  dia 
eaae  of  conatanli :  or  to  aaj,  gsntaS^,  that  a  coaafiiar  i«  its  omm  IM. 
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as  to  be  nearly  equal,  fur  large  values  of  the  number  n,  to  some  system  of  &iuiaiU> 
ncoua  and  decreasing  differences, 

XV. . .  dx   and  djr; 

tad  aura  and  mort  mmHf  §qmoi  to  Mieh  a  lywCiM,  9fm  Im  tlw  way  ofral^  aa  tfa^f 

«//  become  tmaUtrand  smaller  together,  and  (end  together  to  venutk, 

(7.)  For  example,  while  the  difftrentiaU  thm§riwB  xeUia  Um  oOMfost  mIm» 
XII.,  tbeir  milHotUh  parts  ate^  uMpecUTelj, 

XVI.  ..ii-«d«- 0-001,  and  ii-id|y«0004,  if  ii»  1000000; 

and  tha  aama  valna  of  tha  Bnmlwr  n  gives,  by  X.,  the  equally  r^gocaoafiliHlof  two 
itevftancow  diffiremettf  aa  ibUowa, 

XVII.  ..  Ax  =  0  001,    and    i^y  =  0  004001 ; 

80  that  these  values  of  the  decreasing  differences  XV.  may  already  be  considered  to 
be  nearly  equal  to  the  two  equitubmultipUs,  XIV.  or  XVI..  of  i\\c\\so  simultaneous 
differentials,  XII.  And  it  is  evident  that  this  approximation  >¥Ould  bo  improved, 
by  taking  higher  values  of  the  number,  n,  without  the  rigorcma  and  wnstaast  value* 
XII.,  of  djc  aud  dy,  being  at  all  affected  thereby. 

(8.)  Itb,  howavir,  efidntalao,  t]iataft«raaiumiogy  =  a:^,and»fl8  2,aauiIX., 
wa  hava  oMMaiMl  day  vtktrJMi*  mibt9/br  Mt  d^fintiiUi  d«,  kuUad  of  tlia 
TalaalOOO;  and dmdd than hawa dkAcarf « dg^Srvaf  (but atm/allv) 
ofAtr  difirtmiiaif  nAmat  th»Jhrmarfy  dadnoad  valtte^  4000:  bnt  tlMva  wwdd 
alwaja  exist,  in  this  exompfe,  or  for  this  form  of  the  fknction,  y,  and  for  this  value 
of  the  variaHtf  tha  ryoroM  raloliM  betwaen  tha  Iwo  mmaltmmtem  dig^niUiaUp 
datand^, 

XVIIL  ..<^«4d«^ 

whlehiaobvioaily  acoMof  tfaaaq;aatioiiVIIL,  and  can  ba  proved  1^  ehnilar  lea- 
Bonfaige. 

323.  Proceeding  to  the  promised  Example  from  Chomdr^  (322)^ 
we  shall  agam  iee  that  differencea  aod  differentials  are  not  in  gene> 
ral  to  be  ctrnfoundecl  with  each  oUier,  and  that  the  latter  (like  the 
former)  tued  nd  be  smofiL  But  we  shall  alto  see  that  the  dijferMtkib 
[Uh  the  dijf'er€nce9)t  which  enter  into  a  statement  of  relation,  or  into 
the  enunciation  of  a  proposition,  respecting  quantities  which  9my  to- 
gether, according  to  any  law  or  laws,  neeti  not  even  be  honvogenttm 
amcnuj  themsdves :  it  being  sufficient  that  each  separately  should  be 
homotjencom  with  the  variable  to  which  it  corresponds,  and  of  which  it 
15  the  differential,  as  line  of  line,  or  area  of  area.  It  will  also  be  seen 
that  the  definition  (320)  enables  us  to  construct  the  dtj'trential  of  a 
rcctiuujlc,  as  the  sum  of  two  other  {finite)  rectangles,  without  any  reft- 
rence  to  units  of  length,  or  ot  area,  and  without  even  the  thought  of 
employing  any  numerical  Qolculalion  whatever. 
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(1.)  Let,  then,  as  in  the  annex»i  Fif^ure  74,  abcd  be  auy  given  rectanglei  and 


let  BE  and  ix;  any  arbitran'  l>ut  given  and  Unite 
increments  of  its  sides,  au  and  ao.  Complete  the 
iacreaaed  rectangle  oa£F,  or  briefly  at,  which  will 
,  the  given  feetangle  ac,  or  ca,  by  thAnm 


f  / 

1  ^ 

1 

1  ^ 

^  

1 

• 
a 
1 

Fig.  74. 


wh«liraiMi7a]lfli»pMMM,*OBBiooo.  Ontlw 
iBagMiit  or  tftk»  •  poiiit  i,  lo  liliat  ilM  lim  ci  may 
Iw  afljsrilitmily  selected  submultiple  of  that  tfigo* 
nal;  Mid  draw  through  i,  as  in  the  ^gnre,  linfltBM, 

KL,  parallel  to  the  sides  ad,  ab  ;  and  thorofore  in- 
tercepting, on  the  sides  ar,  ad  prolonged,  equisubmultiplet  bu,  d&  of  the  two  given 
increments,  be,  do,  of  those  two  given  aidca. 

(2.)  Conceive  now  that,  in  thla  conatructiun,  the  point  i  approaches  to  c,  or  that 
we  take  a  series  of  new  points  i,  on  the  given  diagonal  cf,  nearer  and  nearer  to  the 
gtrw  point  c,  by  taking  tha  1Sn«  ci  wtocmArAj  a  mMtt»  amd  smaUtr  part  of  that 
dlagooiL  Tbn  Hbtivotuw  Umar  falsrvali^  bh,  dx,  and  tha  Mw^aoaian,  obhoddo, 
nrtha  awn  of  Hia  tkrm  nmpariial  rtetmgietf  ch,  d,  ok,  will  nH  indafinltallj 
CTMS^  and  nfll  famf  to  vani$h  tocher :  remaining^  linwavor,  ahvaya  n  lyatan  of 
three  tinmHamMm  d^crence$  (or  tRcrmMN<s),  of  tlia  two  gly«n  aidn,  ab,  ao^  and 
of  the  given  orra,  or  rectanglt^  AC. 

(3.)  But  the  qiven  increments,  bk  and  n<;,  of  the  two  given  sidfs^  are  ahvars 
(by  the  construction)  t  quimultiples  of  the  two  Jirst^  of  the  three  new  and  dto  f  using 
differences  ;  they  may,  therefore,  by  the  definition  (320),  be  arbitrarilt/  taken  as  two 
BtMudianeouM  differentials  of  the  two  sides^  AB  and  ad,  provided  that  we  then  trsat^ 
m  Iba  eotn^Kwdiog  or  riwntttmtaiu  SffinwHai  ofth$  rtetimsfy  ao^  tha  JSbmI  t^tkM 
tquimultiplt  of  <A«  navpmiM  (2.^  or  of  tha  docrauing  differmutbtiiniia  tho  two 
rfCfMflea,  AO  and  Ai,  irtimof  tha^fnt  ia^von. 

(4L)  Waai«tbaii,>lp«i,tom«ria(MthianivpioiBion,orthetf(0fi^^ 
the  nan  (S.)  of  tha  tlu«e  partial  xactanglee,  cu,  ci,  ok,  In  tho  ntHo  of  bx  to  bh,  or 
of  DO  to  PK ;  and  secondly,  to  seek  the  limit  of  the  area  io  increased.  For  this  last 
limit  will,  by  the  definition  (320),  be  exactly  and  rigorously  equal  to  the  sought  dif- 
fertntial  of  the  rectangle  AC  ;  if  the  given  and  finite  incTcmtnU,  ui;  and  DOy  bo  o*- 
tumed  (as  by  (3.)  they  may)  to  be  the  diff'irentials  of  (he  sides,  ab,  ad. 

(o.)  Xow  when  we  thus  increaae  the  two  new  partial  rectangles,  cu  and  CK,  we 
get  precisely  tha  Iwa  altf  partial  iwtangles,  cx  and  OO ;  which,  as  being  given  and 
oomfgaf,  moat  bo  oonaidond  to  bo  tkehr  mm  Umii9,f  But  whoo  ira  mcraasc^  faitha 
anaM  roMo^  tho  of  A«r  turn  partkU  tmUu^  cr,  m  do  nof  rtctntr  tho  M  partkd 
rettaa^  or,  oomaponding  to  it ;  but  obtain  tha  me»  lootani^  cz,  or  tho  oqnal 
xaelangla  Ol^  which  is  not  oonsfnnf,  bat  diminishes  indefinitely  aa  tho  point  I  ap- 
proacbes  to  o ;  in  sncb  a  mamiflr  that  tlw  UmU  ifftkt  orco,  of  tlda  oowractaB^OL 
or  cm,  is  rigctrw$fy  mUL 


*  The  word,  gnomon^  is  here  used  with  a  slightly  mOffO  OXtCndod  tjjglliUfatiMI, 

tlian  in  the  Second  Book  of  Euclid, 
t  Compare  tha  Note  to  page  895. 
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(C.)  then,  the  given  incremt'>it$^  be,  do,  be  ttiU  <isswncd  to  be  the  different 
t\ah  of  the  given  sides  An,  Ai>  (an  assumption  which  ha«  been  seea  to  bo  permitted), 
tiio  differential  of  the  given  area,  or  reetangle,  ac,  is  proved  (not  cuenmed)  to  be,  aa 
a  mooaaary  eantf^menet  of  ike  deftmUkm  (320),  exactly  and  rigorontljf  equal  to  lia 
Mm  o/«Ae  twQ  partiai  neiamgU§  cm  ad  0G>}  bwiOM  mtdk  it  tlM  IM  (5.)  o/lAt 
M»tt^  4^Ma  MW^MMM  (9.x  in  tiM  oooilniotiai. 

(7.)  And  if  M7  cue  mn  to  mppoM  that  Im  cowld  Iwfirtiii  tUa  kiwwB  mAw  itr 
the  d^ereaMei  of  a  rectangle^  by  add&ng  to  tiM  rtetangle  cf,  as  a  new  frm,  or 
part,  so  as  to  make  it  equal  to  the  old  or  fjw»  pnoaum  (1.),  he  would  (the  definition 
being  granted)  commit  a  geometrical  error^  equivalent  to  that  of  supposing  that  the 
tico  similar  rectangles  ci  and  CF,  bear  to  each  other  the  simple  rolso,  ioataad  oC  bear- 
ing (^as  thfl|y  do)  the  duplicate  ratiOf  of  their  homologous  ndes, 

Sbctiok  3. — On  some  general  Cansequencee  of  the  Defimiicn, 

324.  Let  there  be  any  proposed  eq^uation  of  the  form, 

and  let  d^,  dr, ...  be  any  asswncd  (but  generally  finite)  and 
simultaneous  differentials  of  the  variables,  r,  .  . .  whether 
fiCftlars,  or  vectors^  oi  <][iiaternious,  on  which  Q  u  supposed  to 
depend^  by  the  equation  I.  Then  the  corresponding  (or  simol- 
taneouB)  differential  of  theur  fimetum^  Q»  is  equal  (by  the  de- 
finition 320,  compare  321)  to  the  fi>Uowing  MmU: 

11. . .  dQ=lim.ii{-F(jr  +  n-idj',  r  +  »-"dr,...)--^(^>''>  •••)]» 

where  n  is  any  whole  number  (or  other  positive*  scalar)  wliich, 
as  the  ibrmula  expresses,  is  oonceived  to  become  indefinitely 
greater  and  greater,  and  ?o  to  tend  to  infinity.  And  tA\  in 
particnUur,  we  consider  the  function  Q  as  iuTolving  only  one 
Tariable    so  that 

then 

IV. . .  d Q  =       lim.»(/(y  +ir>dy) -/^  1; 

%  formula  for  the  differential  of  a  ei$igU  eseplicit  ftmetion  of  a 
single  variable^  which  agrees  perfectly  with  those  given,  near 
the  end  of  the  First  Book,  for  the  differentials  of  a  vector^  and 
of  a  scalar ^  considered  each  oa  a  function  (100)  of  &  single  sea' 

•  Except  ill  some  rare  cases  uf  discontinuity^  not  at  present  under  our  ooaaidan" 
tion,  this  scalar  n  may  as  well  be  conceived  to  teud  to  negative  infinity. 
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lor  variaMef  t :  bot  which  is  now  extended,  as  a  oonseqnenoe 
of  the  geMtal  definiiion  (320)9  to  the  case  when  the  connected 
variaikMy    Qy  and  thev  dtfirenUalsj  dq,  d  Q,  are  quaiemume  : 

with  an  analogous  application,  of  the  still  more  general  For- 
mula of  Differentiation  II.,  to  Functions  of  several  Quater- 
niansm 

(1.)  As  an  QZAmple  of  the  aae  of  the  fonnak  IV.,  let  the  fanetion  of    bo  its 

square^  so  that 

TIL . .  d.f*     .df -f  i^.f ; 
or  vitboot  the  pointsf  Iwtiiwn  f  d^i, 

TO'. .  .  d.92  =  gd9  +  d9  7; 

an  expression  for  the  differentutl  of  the  square  of  a  quaternion^  which  does  not  tit  yene* 
roi  adaiifc  of  aoy  foTtlMrfwAwifMr  beauuwf  aaddf  jmaotgoiflnlljApimmiraitw, 
m  fatten  in  nraltiplicatioo.  WlnO|  bowem,  it  A^)9|p«ai',  as  Id  algtbra,  that  q,dq 
B»dg«f^  ty  <h»  two  qailfimiwii  §  and  df  being  ijayhw^  th>  ifw|Miiigiii  VM.  ttoa 
affidw^  wptodaeaa  tfca  mmafam,       TOLy  ag  bacoiaa^ 

Tin...d.9«-Sgdf,  tr  dff||9(»8> 

(2.)  As  tnollMr  txampK  lat  tha  ftmetioD  ba  tba  neiproeal, 

IX...  Q=fq  =  q-\ 


X.  .  ./C7  !  n-l<l7)  -  rqr-  {q^n-^^)-\~q-\ 

=  -  i»-K9  +    '  dj?)- ' .  dg .  y- 1 , 

af  which,  when  multiplied  hj  n,  the  limit  is  -  y'^d^.^"!,  wa  bava  Ilia  Miowbl|rCI> 
pWMiaii  for  Uaa  di^^nntial  4ff  Uu  neipro9al  o/a  gnattmigmf 

XL  • .  d.jr'        1  .d^.f* ; 


*  OoBipaia  tba  Nota  to  paga  89i. 

t  Tbapoiaf  batwaaadaadf*,  intbaSntiiMmbarofTO.,  U  indUpmiaabte,  to 
dbtblgnlBh  the  d^^bwiHaf  of  the  tqttart  from  the  «^are  0/  f  A«  differential.  But 
joat  aa  tlus  latter  ffvinv  b  denoted  briefly  by  d^*  so  the  prodncis,  7  .  dg  and  dy .  9, 

may  be  written  m  q'\q  and  d7  7  ;  the  symbol,  d7,  being  thtis  tront*  d  as  a  whoh  one, 
or  aii  if  it  were  a  *jn^/e  /eifw.  Yet,  for  groator  clearness  of  espressiun,  we  shall  re- 
tain the  point  between  7  and  dy,  in  several  (though  not  in  all)  of  the  subsequent  for- 
mula, leaving  it  to  the  student  to  omtl  it,  at  his  pleasure. 
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or  wfthoat  IbejM&iCt*  in  tlM  Meood  mtmber,     being  mated  (m  in  TIT.)  «•  « 

XI'.  • .  d.y-'ss  — ^-*d^ 

■B  «qil«wion  which  does  not  genertdfy  adnilt  of  iMfafg  fiuflMT  ffdhrarf,  liol  N- 
oomei^  M  in  the  oidiiwiy  calcaliu, 

xiL..d.r>»-r*^  (T  ^lllf* 

tiial  ill  for  tlM  COM  ^mmfUmarUg,  of  the  quatenioii  and  ite  diAnntiaL 

825.  Other  ggawyfai  o/Quaternion  DiJkrmiiialioH  wiU  be  given 
in  tbe  following  Section ;  but  tbe  two  foregoing  may  serre  enffieien  tly 
to  exhibit  the  netnie  of  the  opera^n,  end  to  show  the  tmaloffy  of 
its  vesnlts  to  those  of  the  older  Gslealns,  while  exemplifying  also 
the  dUimditm  which  generally  exists  between  them.  And  we  shall 
here  proceed  to  explain  a  noUUmn^  whioh  (at  least  in  the  HafMMNf  of 
the  present  theory  of  differentiaU)  appears  to  possess  some  adTSn* 
tages;  and  will  enable  us  to  oiler  a  still  more  hnei  syv^boUcal  defi* 
ntiioiif  of  the  dijferenliai  of  a  /unction  fq,  than  before. 

(1.)  We  have  defined  (320,  824),  that  if  be  called  the  differential  of  a  Cqpia* 
tankn  or  otfior)  tona&Ie,  9,  than  tha  UwtU  of  ike  maUipUt 

l,,.n{/(q  +  n^6q)-fq}, 

of  an  indejinitely  deereating  difference  of  the  fundion  /q,  of  that  (single)  variable  9, 
whaa  takoa  rdativdj  to  an  md^iuU  ■Mcraaaf  of  tlw  wmltiplying  number,  n,  ia  tho 
ootmpoadtog  or  rfnniltaaaoaa  d^HnaiUI  of  tkat  Jkuuiiem^  and  ia  dmoiodt  aa  aaci^ 

(2.)  But  before  vre  thus  paaa  to  the  limit^  relatlTd^  to  m,  and  while  that  multi- 
pSery  N,  is  still  consldand  and  tnated  as  fniie,  the  multtph  I.  is  evidently  n  func- 
tion of  that  nymber,  n,  ag  well  as  of  the  two  independent  variables,  q  and  dq.  And 
we  propose  to  denote  (at  least  for  the  present)  Mm  newftmetiom  of  the  three  variabl^^ 

IT. .  .  N,  9,  and  dg, 

of  irtiich  the  form  depends,  according  to  tbe  law  eTpWI—ll  by  the  focmnla  L|  OnlAo 
fbrm  of  the  give»fiuutum,ff  by  the  nete  symbol, 

df); 

iasnch  anaanaraato  ivrita^  CoroayiMsiariaMbiv  gand^f,  and«VM8ifts^^ 

which  may  obvioosly  be  also  written  thu3, 

V.  .  ^f{q^n-iq  )  -/7  r  n  \f.,  (7,  9*), 

and  Is  here  rPcr^T-iIrd  a?  rirjarnusly  exact,  in  virtue  of  tbo  dlf^laifMNM,  and  witlMNit 
anything  whatever  being  neglectedf  as  $maU, 


*  Compare  the  Note  immcxliately  preceding. 


CRAP. 


DimiBUTITB  PROPBETT 


401 


(B.)  FortsuipKitapiwtnihimtlMlitttocdMl^ 
aadllraB  914,(2.),  that, 

(4.)  And  tlMdifliiillcacfdy^ntty  sow  Im  briefly  tbwcxpKMd: 
er,  if  tfM  MMadkf  .  be  Mndtratood,  we  may  write,  still  more  ftiioply, 

this  last  expression, /(^,  dq),  or/(j,  9'),  denoting  thus  a  function  of  two  inriepen- 
dtmi  9aHabh$,  q  and  q\  of  ifU^  the  form,  i»  derived*  or  deduced  (comp  (2.)  ),  from 
the^MW  or  propoted  fofrm  of  the  flmetion  of  a  «tii^«  e«Ha6/e,  9,  according  to  a 
low  whteb  It  b  one  of  the  maiii  objects  of  the  JHjg^fnOki  CMht  (ai  leaak  aa  m- 
gavda  QBatamioBa)  to  atadj. 

326.  One  of  the  mo«t  important  general  propertie$^  of  the 
JuneUons  ofthk  e1asBf{q^  is  that  they  are  all  disirihutwe 
with  respect  to  the  second  independent  nariabie^  q\  which  is  in- 
troduced in  the  foregoing  process  of  what  we  have  called  de^ 
rivation,^  from  mme  given  function  ft],  of  a  single  variable,  q: 
a  theorem  which  may  be  proved  as  follows,  whether  the  two 
independent  Tanables  be^  or  be  not,  quaternions. 

(1.)  'L'-ii  q  be  any  third  independent  varlaMo,  and  let  n  Ix*  any  numhtr  ;  then 
the  fomiuhi :; 25,  V.  gives  the  tJuree  foUowiog  equatioiu,  reauUing  from  the  lam  o/d»- 
rivatioH  of/»(j,  q)  (romfq  : 

I.  .  .f(q  +  n-^q'')=fq  +  n  %{<j,  7'); 
II.  ../(«  +  +  =f(t  +  +  «  '/,. (q  +  «-> q\  q')  ; 

III. .  .f{q  +  n*q  +  n-'j  )  =/2  r  f»  g'  +  O; 


•  It  was  remarited,  or  hinted,  in  818,  that  the  mmal  dejiuitiom  of  a  derived  fune- 
lien,  namely,  that  giTm  by  Lagnoge  in  the  CalaU  dn  F^metimu,  cannot  be  taltan 
aa  a  finmdaAom  for  a  dUSBrential  calcolas  of  quaimdnma:  altlwiigh  «ncA  Arfoirf 
JimeHoM  ^dwdan  present  themtdree  oooateally  in  the  apfilicationa  of  that  cal> 

cuius,  as  in  100,  (8.)  and  (4.),  and  in  someanalogoas  but  more  general  caa«e»  wUdi 
will  be  noticed  sonn.  Tlie  pretent  Low  of  Derivation  is  of  an  entii«]y  diflferent 
kind,  since  it  conducts,  as  we  sop,  from  a  <,-ivri.  fuiw  tinn  of  nnf  variable,  to  a  derived 
function  of  tico  variable",  wliii  h  are  in  ^'ciUMal  inrL p>  nd,  nt  of  cnch  other.  The 
function  fniq,  q')y  of  tilo  three  variables,  n,  9,  q  ,  may  aha  be  called  a  dTt'  e  l  func- 
tion, since  it  is  deduced,  by  the  fixed  law  lY.^  ftrom  the  $ame  given  function  fq, 
althongh  it  haa  in  general  a  fast  timple  form  than  iu  mm  Umit,  f^  (g,  q  )^  or 

t  Cooipainthe  Nota  inuaedlaHly  pneeding. 
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comiNuriiig  which  we  im  at  ooea  Chat 

IV.  .  q  +  q")  =Mq  +  «  '^^  q')  -fMq,  q\ 

ih ft  form  of  the  oriymal  function,  fq,  ami  the  valves  of  the  four  variables,  q,  q',  q", 
and  «,  n  niniiiing  alloi,'ether  arbitranj :  except  that  n  is  supposed  to  be  a  numbtr^  or 
at  least  a  scalar,  while     q,  q"  may  (or  may  not)  be  quaternions. 

(2.)  For  example,  ifwa  Cake  the  particular  faneUon/f;  =  js,  whkb  gh«  tin 
form  8S5,  YI.  of  the  derived  fbiieUoD/„(7,      we  have 

V.  .         q")=qq"^  q"q  \  n-'q  ^; 

and  Ihcrcforo 

Vn.  .  q+q")-Mq,       =  + "  '(^'^  +  «V +  f^O 

aa  required  by  the  formula  IV. 

(3.)  Admitting  then  that  formula  as  proved,  for  all  valaea  of  the  number  fi,  we 
hav«  Mdj  to  oone^Te  that  nurnbtr  (of  tealar)  to  tmd  to  mjbiiljf,  in  order  to  daduee 
this  UmUimgfBm  of  the  eqoationt 

▼I".  • .  /.  (q.  ?'+ ?")  =/.    ql        q") ; 

ur  simply,  with  the  abridged  notation  of  325,  (4.), 

IX.  .  .  fiq,  /  -f  <?")  =/(^,  q)  ^f(q,  O ; 
which  contains  the  expression  o(  the  functional  property,  abore  asserted  to  exist- 
(4.)  For  example,  by  what  has  been  already  shown  (comp.  325,  (8.}  aad  (4.)), 

X.  .  .  if  yV  =  then    f(q,  q)  =  y./'  +  qq  ; 

and  XL  .  .  if =  9"',    then  /(?,  y')  =  -(? 'iV 
in  rnrA  of  which  instances  we  see  that  the  derived  function  f(q,  q')  is  distributive 
relatively  to  q\  although  it  ia  only  iu  tbe^«l  of  them  Uut  it  happeot  to  be  diatri- 
bative  with  respect  to  y  aUo, 

(6.)  It  follows  at  ouce  from  the  formula  IX.  that  we  have  generally*  ^  ^ 

XII.../(Y,  0)=0;  -mZLj     ^  ^' 

and  it  ie  not  difficult  to  prove,  as  a  result  including  this,  that 

XIII.  .  .f{(i,  xq')=xf{qt  9%  if  »  be  any  eeolor. 
(6.)  As  a  confirmation  of  this  last  result,  we  may  obeerve  that  the  defimiiam  of 
/U>  O       ^  expmiMd  by  the  following  focmala  (comp.  824,  IV.,  and  8S6,  IX.)  : 

we  have  therefore,  if  «  be  any  finite  scalar,  and  mtstr'^ny 

XV. , ./(?,  «jO  =  «.liin.m{/(^+m-ljO->>>  ; 

a  transformation  which  give  the  recent  projx;riy  XIII.,  since  it  is  evident  that  the 
letter  m  may  be  written  instead  of  a,  in  the  formula  of  definition  XIV. 


•  We  ab:itract  here  from  some  exceptiouai  caaea  uf  discontinuity,  Ac. 
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327.  Beemning  then  the  general  ezprepmon  3269 IX.,  or 
writing  anew, 

'L  . .  ^  ^9)9 

we  see  (by  326,  IX.)  that  this  derived  function,  (1/^,  of  q  and 
d^,  is  always  (as  in  the  examples  324,  VII.  and  XI.)  distribu- 
tive with  respect  to  that  differential  d^,  considered  as  an  inde- 
pendent  variable^  whatever  the>&rm  of  the  gioen  function  fq 
may  be.  We  see  also  (by  326,  XIII.),  that  if  the  differential 
dg  of  the  variabie,  be  multiplied  by  any  scalar,  x,  the  diffe* 
rential  d/q,  of  the  function  fj,  comes  to  be  multiplied,  at  the 
same  time,  by  the  same  scalar,  or  that 

II.  •  •f(Sf  xdq)^xf  (9,  d^),  if  a;  be  any  sealar. 

And  in  fact  it  b  evident,  from  the  very  conception  and  defni- 
tion  (320)  of  simultaneous  differentials,  that  every  system  of 
such  difterentials  must  admit  of  being  all  changed  toyether  to 
any  system  of  equimultiple s,  or  equistdmuUiplee,  of  themselves, 
without  eeaeing  to  be  simultaneous  differentials:  or  more  gene- 
rally, that  it  is  permitted  to  muU^ly  aU  the  differentials^  of  a 
system,  by  any  common  sealar, 

(1.)  It  follows  that  the  $«ol»M«, 

III.  .  .  d/y  :  6q  d^)  :  lU/, 

of  tbe  two  timnUaneous  dtjf  erentials,  ti/<^  and  dy,  doe»  not  change  when  the  differen- 
tial d^b  thuB  mvUiplUd  hjf  any  sealar  ;  and  coiueqaently  that  this  quotient  III.  ia 
intUpfdeni  c/tke  tmMr  T&g,  although  it  is  nof  gmttnlfy  indtpendemt  tfihM  vtnar 
U6q,  it  q  and  d^  be  ftuiUmliom  :  ezcspt  that  it  lemaina  in  general  imekanged^  when 
w«  iiMreljr  change  that  9er§er  to  its  own  €ppatU»  (or  ncgatiTe),or  to— Udf,  heeanse 
this  ooncs  to  m^t^lying  df  — 1|  whidi  is  a  seslar. 
(3.)  For  aouuDpIs,  the  qiootlent, 

17. . .  d.^ :  d^B  ^  4  d^.^.dfi     +  TJdq.q.  Udf ~^ 

in  whidi  d^i  and  XJd^  denote  the  vsdprocslsefd;  and  Ud^,  is  veiy  Ihrfltom  being 
fndepcndcntof  df,  oratlesstoCUd^;  since  itieprcsenti,  as  we  see,  the  earn  of  the 
fiN»  qnatsrnlon  f,  and  of  a  oertahi  Uhtr  qnatenion,  iriddi  latter,  in  itBgtamtirieai 
imterpretaihm  (ooinp.  101,  (5.))i  he  considered  as  being  derived  from  ^,  bgr  a 
timical  rotation  of  Ax.q  round  Ajr.d^,  through  an  angU^  %Ldg :  so  that  both  the 
mxi»  and  the  putmtUjf  of  this  rotation  dqtemd  on  the  versor  Udg,  and  e«fy  with  thai 
versor. 

(3.)  In  general  we  tnay,  if  we  please,  nay  tliat  thr  ijuotii  nt  III.  is  a  Differential 
Quotient;  but  we  oupht  not  to  call  it  a  Differential  Coftjicient  (comp.  318"),  be- 
cause dyV  dctes  not  generally  admit  of  decomposition  into  two  factors,  w  hereof  one 
shall  be  the  differential  dq,  and  the  other  a  function  of  q  alone. 
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(4.)  And  for  thii  samo  reason,  we  ought  not  to  call  that  Quotient  a  Derived 
Function  (comp.  agnin  318),  uiilcs"^  in  so  s[>t  akiiig  we  understand  a /lutci ton  of  Two* 
independent  Variables,  namely  of  q  and  L'd^,  as  before. 

(5.)  Whttu,  however,  u  i^uaitmion,  q,  is  conudered  as  a  ftmetiom  of  a  scalar  va- 
HtbUf  tf  so  tiMt  W9  ham  an  eqintioB  of  thafiDnn, 

V.  .  .  g—ft,  where  t  denotes  a  scalar, 
it  is  IAm  |>«nnittid  (comp.  100,  (8.)  aad  (1.))  to  write, 

a>a 

and  to  call  this  Itmit,  as  usual,  a  derived  fknction  of  <,  because  it  it  (in  fact)  AfvnC' 
tion  of  that  »calar  variable^  alone^  aod  is  imdepemdent  of  the  $calar  difftrtntialt 
At. 

(6.)  MftmiftSmwiU^  under tkeM  ctoemitiBMi,  ^e  differential  tq^miitm, 

▼II.  . .     =  Dfi?.  d/,   «r  VIIL  . .  d/7  =ftM, 

anii  may  ca//  //le  derived  (quaternion,  D<9,  or  a3  usual,  a  dtjJWential  coefficient  in 
<Aw  formula,  becaote  the  aeofar  d^firemtia/,  d/,  ii  (in  fact)  mmitiplitd  6y  in  the 
txpnarfoii  Alia  found  for  th«  quaUmkm  differential,  dq  or  d/l. 

(7*)  But  M  rqgtfds  Ibe  lo^  of  the  qoestlon  (eoai|i.  igalii  100,  (8.)),  it  Is  Im- 
portant  (oranamber  that  we  regard  tbia  dtrimi/kmHiam,  or  d^gkrtutial  to^fttkid, 

IX... /%  or  IVil;  «  Di9^ 

M  being  an  aehHil{piolj«ii<  yi.f  obtained  bjr  ditvuliM^  m  oetaal  fnofermbn, 

X.  .  .  d/r,    or  dq, 

by  an  actual  tealar,  dt,  of  which  the  value  is  altogether  arhitrartj,  and  may  (if  we 
choose)  be  supposed  to  be  large  (comp.  822);  while  the  divieUnd  quaternion  X.  de- 
pendB,  fir  il»  msiiw,  m  tk§  mImm  o/<Ae  fM*  imdtpmdmtt  te«^ant  t  and  dl,  nd  om 
tkeform  of  the  function /I,  aocofding  to  flM  to  ivUdi  la  ajcpwaad  bj^pmtrti 
^rainli  Sitd^  ^^*»  fo'     d^fi^ttMutltn  of  exj^usii  j^naffoaa    ^n^f  iA^^lt  MvteUc. 

328.  It  is  easy  to  conceive  tbat  nmOar  renttin  apply  to 

quaternion  /unctions  of  more  variables  than  one;  and  that  when 
the  differential  of  such  a  Junction  is  expressed  (comp.  324,  U.) 
under  the  fonut 

I.  .  .  dQ-di^C^-,  r,  #,..)"        r,    .  .  d^,  dr,  d^, . .), 

tbe  new  function  F  is  always  distributive^  with  respect  to  each 
sepomtdj  of  the  diffkrentiaUf  d^,  dr,  d«,  • . ;  being  also  Aomo- 
geneouB  of  ike  first  dimemum  (comp.  327)9  vith  respect  to  aU 
those  differentiab»  coosideved  as  a  sjfittm;  in  snoh  a  ouuuier 

*  Comparo  tlia  Nola  to  SSI,  (4.). 
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tbat»  whfttever  may  be  Inform  of  the  given  quaternion  June" 
Hon,  or  P»  tlie  derived*  Jimetian  F»  or  tlie  third  member  of 
the  formula  must  possess  this  gQUGr^lJuneHonal  property 
(comp.  326,  XIII.,  and  327,  II.), 

II.  •  •  F{qf  r»    . . xds  . .) 

-  xF{q^  f » #, . .  d^y  dr,  dj, .  .jt 

where  a;  may  be  any  scalar:  so  that  products^  as  well  as 
equates^  of  the  difierentiaU  d^,  dr,  &c.,  of  ^,  r,  <&o.  considered 

as  80  many  variables  on  which  Q  depends^  Meezcluded  from  the 
expanded  expression  of  the  differ  eniial  dQ  of  the  function  Q. 

(1.)  For  example,  if  the  fuactioD  t«  be  differentiated  be  a  prpdutt  e/ftmo  qii»* 

III...g«F(g,r)=^r, 

tlMD  tt  it  «m47  tad  ftoB  tiM  cBBod  ftnanU  S24,  IL,  tbat  (bMHUi  tbe  iM  if 

irt.dtf.dr  ia  «M|j;  vIhh  tha  mni^  •  imenw  wUkmd  KmU)  tha  dUftvantial  «f  the 
ftmetiQii  it, 

IV. . .  dQsd.^ad^^, r) a FCf^ '» %        f  > dr "l-df.r ; 

vltli  MuIofOQi  nMlt%  ftn  itlflhiinrt*ttlT  Iff  ifitflnrtf         i^gg  futmiou* 
(S.)  A^ilB,  if  m  take  tUa  otiiar  ftmction, 

V...  Q«J^(f,r)ar»n 
fhtt,  appljiag  tlMaaiMg«BttallDtttBl«  834,  II.,  and  obaarriiB that wa  lunra,  Ar 
gg  aialMflt  af  tiia  awailifr  (or  atlier  aaafar), «,  and  af  1t»fim  fitfariifoai,    r,  ^,  ¥^ 
tlM  identical  Cwf^SiraaliM  (oomik.  824,  (3.)  ), 

-  flrr*(»'+ 

wafind,«atbai«qaifed  liMli;^ilMn»tanditolR(^liij^  tfMlblloif!iigd!j^&r«il&il  of 

TO. . .  dQsB  d. g-*r B dF(9,  r)  -       r,  df,  dr)  s     . dr- ^r* .  dg.  g-»r ; 

wliidi  ia  again,  lilta  tha  aspnadon  IV.,  d&ilHMM  with  icapaet  to  mcA  of  Uia  dS^ 
Jluiiffoii  df,  dr,  of  tSia  noriaUta  9,  r,  and  doea  not  iavolva  tiw  ^rodbatof tJioaa  two 

diffr rent; alt;  altllO^gb  thoaa  two  diilsfantial  exprearfou,  IV.  and  TTT.,  are  both  «s« 
tirely  riporout,  and  are  not  in  any  vay  dependent  on  nj  aoppoiltion  tfiat  tha  Im- 
ton  of  dg  and  dr  are  tmaU  (oomp.  again  832). 

329*  In  thus  differentiating  a  function  of  more  variables 
than  ODOi  we  are  led  to  oonsider  what  may  be  called  Partial 
DiffereuOali  of  Fkmetione  of  two  or  more  QuaienHonM;  which 
may  be  thus  denoted^ 

*  Compare  the  Note  laat  nAmd  to. 
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I* .  .  dqQf  drQf  dgQf . . . 

if  Q  be  a  ftinction,  as  above,  of  y,  r,  ^, . . .  which  is  here  sup- 
posed to  be  ditlerentiated  with  respect  to  each  variable  s(pa- 
rately,  as  if  the  others  were  constant.  And  then,  if  dO  de- 
note, as  before,  what  may  be  called,  by  contrast,  the  Total 
DifferetUiai  of  the  function  Q,  we  shall  have  the  General  For^ 

or,  briefly  and  symbolically^ 

III.  .  .  d  =  dq  +  dr  +  d,  + . .  ., 
if  qfT^s,,..  denote  the  quaternion  variables  on  which  the 
guaternian/uncHon  depends,  of  which  the  total  differential  is 
to  be  taken ;  whether  those  variMet  be  all  indqtendetU^  or  be 
eatmeeted  with  each  other,  by  any  relation  or  idations. 

(1.)  For  example  (cooipi  828,  (1.)  ), 

IT.,  .if  Qb^,  tbendfOBdf.r,  inddrQef.dr; 

and  tiM  mm  of  then  Iwo  fartkA  ^hrmtiati  lilt  Quakes  apiU  Mo/  differtnHalAQ^ 
at  othenriae  Ibiuil  abort, 

(8.)  Again  (comp.  888,  (t.)  >, 

V.  ..if  Q»^>r,tli«iid«Qe--9'ld9.9rlp;  drQ^^^9r\ 

and  dgQ+drQaUiaaamedQ  MtfiatiiliichwaaotlMririaeiisandbelion^ftrtbisIb^ 
of  tiiaftinetioii  Q, 

(8.)  To  exemplify  the  poMlbOitj  of  a  rcloHon  oxialing  between  the  oaftaUct  q 

and  r,  let  those  variables  be  now  snppoeed  equal  to  each  other  in  Y. ;  we  ihall  tbeo 

have  Q=l,  dQ  =  0;  and  arcordinf^ly  wo  have  here  d^Q  =  —  7  ^7-  — rl^Q. 

(4.)  Agaiu,  in  IV.,  let  qr  —  c  — any  constant  quaternion »  WO  shaU  then  again 
have  0  s=dQ=:    Q  +  drQ  ;  and  may  infer  tbat 

VI.  .  .  dr  —  -  7  1 .  d7  .  r,    if     =  c  =  const.  ; 

a  rcsiilt  which  evidently  agrees  with,  and  indudea,  the  exprauion  82^  XL,  for  tha 
differential  of  a  reciprocal. 

(5.)  A  quaternion,  q,  may  happen  to  be  expressed  as  a  function  of  two  or  more 
scalar  variabla,  «,  .  .  .  ;  and  then  it  will  haTO,  as  tncb,  hy  the  present  Article, 
its  pafHal  difftrtntidUy  dt?,  d»9,  &«.  Bnt  beoanse,  \tf  887,  VIL,  we  may  in  UKi 
eaaawiita^ 

yiL  . .  dfgsDi9.d#,  d^sI>ii9.dK| . . . 
whore  the  eoeffieituli  are  indepmiuU  of  the  differentials  (as  in  the  ordinary  calott* 
loa))  we  shall  have  (by  IJL)  an  expimion  for  the  total  difftrential  df ,  of  tha  form, 

YIII. . .  d9»di9+<i««-l>  •  •  •  "Dig.dl  +  Dyf.dii-I-. . . ; 
and  may  at  pleamre  lay,  loufer  tK*  oondSliMt  ktre  n^qMoirf,  that  the  dbrwatf  qm* 
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are  either  the  Partial  Drnt^htt^  or  the  Furtial  D^^rmHal  CotfidmUt,  of  tht 

X.  .  .  q^F(t,  M,  .  .  .)  ; 

with  analogous  remarks  for  the  com,  when  the  guaternioHf  degntratu  (oomp. 
289)  into  a  vector,  p. 

330.  In  general,  it  may  be  considered  as  evident,  from  the 
definition  in  320,  that  the  differential  of  a  cnnstuHt  is  zero; 
fiO  that  ii  Q  be  changed  to  any  constant  quaternion^  c,  in  the 
equfttion  324, 1.,  then  d  Q  is  to  be  replaced  by  O9  in  the  diffe^ 
reniiated  e^tiaHoHi  324,  II.  And  if  there  be  given  taij  system 
i^equaiianif  connecting  the  quatemian  variablesf  qtTfSf,, 
we  may  treat  the  correeponding  system  of  differentiated  equa^ 
tionsy  OS  holding  good,  for  the  system  of  simultaneous  different 
tialSf  dq,  dr,  d^,  .  .  .  ;  and  may  thcixi'oic,  legitimately  in 
theory,  whenever  in  practice  it  sliall  be  found  to  be  possible, 
eliminate  any  one  or  more  of  those  differentials^  between  the 
equations  of  thia  system. 

(1.)  As  aa  example,  let  thera  be  the  two  equat&na, 

I.  ..grsa^  and  11. . . 

ivliere  c  denotes  a  constant  quaternion.  Then  (oonp^  828,  (1.),  anid  894,  (1.)  )  W« 
hsen  tbe  two  differaDtiated  equations  comqioiidiiig^ 

IIL  • .  9.dr<(>df  .rwO;      17. . .  dtiBr.dr'i'dr.r; 
In  which  the  psjiilt*iDl^t  bo  omitted.  The  ftnner  givei, 

V.  .  .  drra-q  idq.r,  &a  in  329,  VI. ; 

and  Mlien  TTt:  substitute  tlii»  value  in  tlic  latter,  we  thereby  tlimintUe  tk*  d^Hrtn' 
tiai  dr,  aud  obtain  this  ntw  dijjtrentxal  etjuatwn, 

▼L . .  ds=— rjf  >,dg.r  — g-».dg.r*. 

(8.)  The  equatkm  I.  gives  alio  the  espfNdoii, 

VII.  ,  .  r=g-'c; 

tlie  equation  il.  gives  therefore  this  other  expression, 

VUL  . .  ««(9-»c)»  a  j->cg-'e, 

hj  «liMMM0ftni  h€/^  diffisraUiaHam,  And  il^  in  the  fbrmala  YL,  we  snbetitnte  the 
Mipnisriniis  TIL  sod  VEIL  fbr  r  and    we  get  this  cthtr  dtCbrentlal  equation, 


*  Compare  the  seoMid  Kote  to  824,  (I.). 
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331.  Ko  special  rules  are  required,  for  tlie  differentiation  of 
Junctumt  of fimctions  of  quaternions ;  but  it  may  be  instructive 
to  show,  briefl/y  how  tbe  oonsideration  of  mcA  differentiation 
oondncts  (oomp.  326)  to  n  gmtral  property  offimctUnu  ifftht 
dassfiqy  q) ;  and  how  that  property  can  be  MtrunBe  esta- 
blished. 

(1.)  Let/,  ^,  and  ^  daaote  any  Auwliaiul  opcratoi^  Ndi  llMlft 
tlun  wntijig 

II. . .  ra^,  and  III* .    =  f^ir,  we  have  IT. . .  ts^g ; 
wlienoe  T. .  •  dt  s  dt^^  =  d^r. 

That  i.H,  we  nuiy  (as  usual)  differentiate  the  comjwund  function^  ^(fl)^  °*  *//'!  " 
an  independent  variabk,  r ;  aud  then,  in  the  expression  so  found,  replace  the  difft' 
rmUial  d/q  6jr  it$  valme^  obtained  bj  ^ffiremOaiimf  the  timpU function^  fq.  For  this 
comee  TiitoaUif  to  the  •Hmimatim  tftke  i^gkmM  di*,  or  of  the  ggwM  d/g,  in  a 
way  which  we  have  aeen  to  he  permtttad  (8S0). 

(9.)  Bnt,  bj  the  d^immt  of  4^  and/nC^,  «0>  w«mw  (8S6,  VIIL  IS.)  that 
tbedilbretitia]  J/9  idight  generally  be  denoted  {^/.(f,  df),  or  brieSy  hf  /(f,  d9)i 
whence  d^r  and  d^  may  also,  bj  an  extension  of  the  same  notation,  be  represented 
by  the  analofona  ijmboli,  f .(r,  dr)  and  ^'•C?*  <^f)t  or  aimply  by  ^r,  dr)  end 

(3.)  We  ought,  therefore,  to  tiiid  that 

▼I... K(f»dtf)-#.(/ff./.C». ^  'h'^fiMi 

erbrieiy  tihat 

for  O^y  toe  fKofaraioiw,  9,  9',  and  any  two  function*^  f,  ^;  provided  that  the  ftmc- 
ti<W/ii(^t  0»  9  )i  '/'"C?'  9  )  '""^  deduced  (or  derived)  from  the  functions y^, 

1^7,  according  to  the  hitv  expressed  by  the  formula  1^25,  IV.  ;  and  that  th:n  the 
/imt7#  to  which  these  derived  fuuctiont  fn(g^  tend,  \vht>n  the  number  m  tcnda 

to  infinity,  arc  u*  lu.icil  by  thefie  other  functional  iymboU^f  ^q,  q'\  &c. 

(i.)  To  i  rove  thl^  otherwise,  or  to  establish  this  gtneral property  VII.,  of  func- 
tioM  of  this  claaifiq,  q),  wUkout  any  uje  of  differentials^  we  may  obatrve  that  the 
geMml  Mid  fifOfOQi  Cr«M^bnaafje»  SSfi,  Y.,  of  the  fbnnida  885|  IV.  hgr  wldeh  the 
ftmetlcMa  /»(#,     «•  'l^bwd^  givea  Ibr  all  valooa  «f  » the  equatloo : 

Vllf. . .  0/(9 +  »-'g')  =  0(/g +»-'/«(?,  9')) 
«^/9  +  e-«^(/9,/»(9,  lO); 

but  also,  by  tbe  same  general  transformation, 
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bence  gtneruOjfy  for  all  vahut  of  the  numUr  a,  u  well  as  for  all  Mtfeet  ^tU  tw0 
imiUpemdmi  faaUmaam,  9,  ^,  and  for  Mfiirm  of  the  twofimHStmB,/,  ^  «•  may 

X.  .  .  l//„  (r/,  y')  =  ^„  (  /y.        ( if  =  ; 

an  equation  of  which  the  limiting  form^  for  n  s  od,  b  (with  the  notatioiu  lucd)  the 
•qnation  Til.  wUdi  was  to  be  proved. 

(5.)  It  if  seamljr  mth  wiilto  to  TttUy  the  gwenl  fbraiiila  X.,  bj  any  parti- 
edarflaumple:  7«fe,  nureljr  aa  an  eamdii^it  nayU  iwuifcadlhatifwatolM  tlia 

XI.  ../9  =  9»,   ^j  =  g*,  ^f«f% 
of  wlikb  tlM  two  first  giT«^  by  326*  VL,  the  ooaunoii  deriv«d  fttin, 

wUdtilgiiM  irilfa  tbe  valoa  dadooed  immadiatdy  firom  the  Ita^^ 
drihrition  8S5»  IV.,  naaMly, 

(ft.)  In  gUMcal,  the  tibemi,  or  f«lt,  for  diffirnMaHMjf  aa  ia  (1.)  * JlMc<iM  ^ 
aftmetiout  of  a  quatemioo  or  olhtt  TuiabK  Bwy  ba  tMj  and  lymboUeally  ax- 
pVHMd  by  tha  *ffTT*^«i*ft| 

XV.  ..d(^/)7  =  d^(y^); 

and  if  wo  did  not  otherwise  know  it,  a  proof  of  its  correctness  would  be  supplied,  hy 
the  recent  proof  of  the  correctness  of  the  equivalent  formula  VII. 

Sbctiov  4, — Hxan^s  tff  QuaUmum  IHfferentiatunu 

332.  It  will  now  be  easy  and  useful  to  give  a  short  collection  of 
Examples  of  Differentiation  of  Quaternion  Functions  and  EquaiioMy 
additional  to  and  inclusive  of  those  which  have  incidentally  occurred 
•Iretdy«  in  treating  of  the  piine^plu  of  the  tabjeot 

(1.)  If  e  be  any  eontUmi  (loatcrmon  (as  in  330),  then 

I.  .  .  dc  =  0  ;    11.  .  .  d(/(7  +  c)  =  d/g  ; 
IIL  . .  d.c/^ac<y^;    IV.  .  .  d(y9.c)  =  4/j.e. 

(2.)  In  general, 

V...d(/g  +  fg+...)»<Wr  +  dfg  +  ...?   or  bria^,  VI. .  .d£s£d, 
if  B  be  wed  «•  a  nitk  of  ramnuitSoii. 

(S.)  Alao,  m  . .  dO^.#j)-4/i.ff +/f-d*«  5 

and  iliiiOaily  for  a  pmdiwt  of  num  Itanelioos  than  two:  tba  riilt  being  limply,  to 
^S^IrniCCalt  «aeA>be#or  e^porofei^,  la  to  oam  plaec^  or  without  diitnrirfng  tha  orvfer 

So 
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qT fSb^fa^on  (ooiB|k       819){  wdtbao  to      iogdim     forltel  rmOU  (epoip. 

829). 

(ii)  laputicalar,  ifmbtaqjrpoaltiTttwlMileiiaiiilMr, 
ud  boeMM  w*  bavt  mm  (884,  (S.))  Oat 

IX.  .  .  <l.q  \=-q-\  .dq.q'\ 

wc  have  thU  aiuiloguus  ( xpnacioo  Ibrtktt  diftwatial  of  >  jmwr  of  >  fatoalwi,  with 
a  uegaHtt  bat  «c/Nm«n/, 

X.  .  .  d  .       =  —  9  ""d  .  g"^.  J 

=  —  9"'  d^  .  q~^  -  r/"*  df/  .  7'     —  .  .  —      ™  d^  .  q'*  —  q^  dq  .  q  K 

(6.)  To  differentiate  a  square  root,  we  are  to  reeolve  the  Hnear  eqvaHonf* 
XI.  .  .  ^i.d.fi  +  d.fi.ftsd^;  or   XT. . .  rr'4>rrBf', 
if  we  writer  for  abridgment, 

ZU*.*rB^y   q'm^q^  r'aad.fftsdr. 
(6.)  WiUiiig  ako,  for  thb  pufpow, 

whoDOO  (by  190^  196)  it  wffl  fidtow  that 

the  product  ami  sum  o(  ihesc  two  eoi^ugnte  quaUrhiom,  r  uiid  «,  baitig  ihOB  ecalare 
(140,  146),  HVteve,  by  XI'.,  /fc-'A'A/ 

XVI.  .  .  r->3«  =  r*  i  *r';  ,     A  ^A-'^O^^O^' 

wb«oea,  by  addidan,  s  V  <#  ''^^ 

and  finally, 

an  eicpraaaloii  for  the  difonntlal  of  tlia  aqoaro'ioot  of  a  qvatanrioDi  wUdi  wSl  ba 
Ibond  to  admit  of  many  tianrfinnulioM^  not  naedU  to  ba  cooridmd  hcra. 

(7.)  lo  the  three  last  sub-article8|  ailntiiathvea  praceding  them,  it  has  been  rap- 
posed,  for  the  sake  of  generality,  that  q  and  dg  are  two  diplanar  quaternions  ;  but 
if  in  any  application  they  happen,  on  the  centrnn-,  to  be  complanar^tJan  expreadooa 
are  then  simplified^  and  take  uaual^  or  algebraic  forrnt^  ae  foUows ; 

XX. ,  ,  d.j*»  =        '     ;       XXI.  .  .  d .      =  —  wj'"^id^ ; 
and  XXU...d.^»i9-id9,  if  XXIII. . .  df  Hlf  (128); 


*  Although  such  eotutUm  of  a  Kneetr  equation,  or  equation  of  the  first  decree,  in 
qaatemiong,  is  easily  enough  accomplished  in  the  prc^<.Mit  instance,  yet  in  general  tht? 
problL'tn  presents  difficulties,  without  the  consideration  of  which  the  theory  of  diffe- 
rentiation of  implicit  functions  of  quaternions  would  be  entirely  incomplete.  But  a 
general  method,  fur  the  »olutiou  of  all  tuch  eqnotionif  will  bo  sketched  in  a  sobse-' 
qnent  Section.  j  , 
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because,  when  t(  is  complanar  with  9,  and  thflRAm  with  9*,  or  with  r,  in  th«  ex- 

preaaion  XVIII.,  the  numerator  of  that  exprps<«ion  mny  bo  written  as  r"'  q  (r  +  s). 

(8.)  More  gfnerally,  if  r  be  any  snilar  exponent,  we  may  write,  as  in  tha  ordi- 
nary calculus,  but  still  under  the  co«i</atoii  of  eomplanarUy  XXlil., 

333.  Thaflmeikm  of  qnaternioDB,  wbidi  have  been  lately  diff»> 
rentiftted*  may  be  said  to  be  of  algehwe/brm;  the  following  aze  a 
few  examples  of  differeotiala  of  what  maj  be  called,  by  eontrasty 
transeendental  fimttuma  tfqwiiermani:  the  oonditbn  of con^pilanarily 
(dg  III  9)  being  however  hat  supposed  to  be  satisfied,  in  order  that 
the  expressions  may  not  become  too  complex.  In  fact,  wUh  thiBrimr 
plification,  they  will  be  fonnd  to  assume,  for  the  most  part,  theibuNOfi 
aod  usual  forms^  of  the  ordinary  differential  calculus* 

(1.)  Admitting  the  definittoca  in  816,  and  sappoaing  thronghoot  that  dy  ||j  f . 
wa  hum  Ihs  esail  UM^tmkm  fcr  fta  dW— tfaJi  <f  at  sad  If ,  asmijy, 

L  .  .  d.lffeiffd^  ;        IT.  .  .  6\q  =  q-^dq. 
(2.)  We  have  aho,  by  (ho  same  Kystcm  of  definitions  (316), 

ITT.  .  .  d  sin  ej  =  cos  fyd^  ;         IV.  .  .  d  COS  </  =2  -  aiu  ^d^  ;  &C. 
(Bb)  Alao,  if  r  and  dr  be  complanar  with  q  and  d^,  then,  by  316, 
TV'.  .  .  d.^*^    d.rW  =  q'^d.rlq  =q^Qqdr-t  q-^rdq)  ; 
or  ia  tba  aotetion  of  parUal  difiimtiala  (329), 

y. . .  df.f^a  r^^,  and  YL  . .  dr .9^  »  f^lfdr. 
(4.)  In  particular,  if  the  ba$e  9  be  a  ffiven  or  eonstant  vector,  a,  and  if  the  «»- 
powmf  r  be  a  rariaU*  aeolor,  I,  tbflo  (I7  tha  Tabu  816,  XTV.  of  If)  tha  faemtflor* 
oiiila  IT.  beoomaii 

VII. . .  d.a<«^  lTa-«->  Ua  ja^dt. 

(6.)  If  then  the  base  a  be  a  given  mmit  trnt,  ao  that  ITa  =  0,  and  Ua  »  a,  we  > 
may  willa  nmply,  V   '  ' 

VIII.  . .  d.a'  =  ^a*  id<,    if   da  =  0,    and    To=l.         *t  ' 

(0.)  TUa  asafid  fonaola,  fbr  tlia  dUhnnlial  of  a  powar  of  a  constant  anlt  line, 
with  a  variable  scalar  espaoMit,  OMy  ba  obtainad  nMte  lapldly  ftmn  tiia  aqoatioa 
MS,  VII.,  wUeh  gim 

IX^.o^-ooaY-l-aBiny,   If  Ta«l; 

since  it  is  evident  that  t)i*>  difTorential  of  this  expression  is  equal  to  the  exprewlon 
itself  multiplied  by  ^ira>\t,  h.can^o  n'i^  -  1. 

(7.)  The  formula  VI II.  admits  also  of  a  simple  geometricai  interprttatwn,  con- 
nected with  the  rotation  through  t  right  angln,  in  a  phm*  perpendicular  to  a,  of 


Digitized  by  Coogle 


412 


BLBlfSaT8  OF  QUATBRMIOVS.  [BOOK  lit 


which  roUtion,  or  ver$ion,  the  power  a',  or  the  rrr$or  Uo*,  i«  COlMfalflCtA  (SOS)  tO  be 
tho  uutrmmmd;*  or  flycal,  or  9p«ratar  ^oomp.  298). 

334.  Besides  algebraical  and  transcendental  forms,  there  are  f  .'/it  /- 
rtsulia  of  QperOthn  on  a  quaternion,  9,  or  on  a  function  thereof, 
which  may  be  regarded  as  forming  a  new  class  (or  kind)  of func- 
tioTiSy  arising  out  of  the  principles  and  rules  of  the  Quaternion  Cal^ 
euUu  iudf:  namely  those  which  we  have  denoted  in  former  Chapters 
by  the  9jfnM8, 

L  . .  Kj,  Sy,  Yq,  Nj,  Tj.  Uj. 
or  by  symbols  formed  through  eonifhifMlkm  of  the  same  tSgm  0/ 
apenUumf  each  ss 

XL  . .  SUf ,  VU^,  UV}, 

And  it  is  essential  that  we  should  know  how  to  difirenHate  ezpres- 

sh  iis  of  these  forms,  which  can  be  done  in  the  following  manner, 
with  the  help  of  the  priuciples  of  the  present  and  former  Chapters, 
and  without  now  assuming  the  com^lanarity,  d$  jj{  ^. 

(1.)  In  general,  let /represent,  for  a  moment,  aay  disMbmlMm  ^fmbcl^  so  that  ki 
any  two  qmitemioiii,  q  and  ^,  we  shall  hava  tha  aqoatioo, 

and  fhanfiwa  alsof  (comp.  326,  (6.)), 

IV.  .  .  f(xq)  —rfq,  if  x  bo  any  scalar. 
(1.)  Then,  with  the  notation  325,  IV.,  wo  shall  have 

aiul  therefore,  hy  826,  VIU.,  for  any  tueh  fonctioD/^,  we  ehall  have  the  a;flr»rtntM 
expression, 

(3.)  But  S,  V,  K  hare  bean  seeo  to  be  disirUndist  $ymboU  (197,  207)  ;  we  can 
thoafore  Inliv  at  onca  that 

VII.  .  .  dKfsKd^;      VIII.  .  .  dSf  sSd^;       IX.  .  .  SVq^Ydq; 

or  in  woni-',  that  the  diffcrentiaU  of  the  conhniate,  the  scalar,  and  the  vector  of  a 
quaternion  are,  respectively,  tht  eo^vgate^  the  »caiar^  and  the  vector  0/ the  differtn- 
tial  of  thai  quaternion.  * 

(4.)  To  And  Ilia  ^imUiai  of  ihs  norm,  N9,  or  to  dodmsa  an  s^prtukmfir 
dN;,  we  have  (by  YII.  and  145)  tha  aqoatUw, 


•  Compare  (he  pccond  Note  to  page  13". 

f  In  quati  minus  the  equation  III.  is  iwL  a  necessary  con»eijucnc«  ofFV.,  al- 
though the  latter  is  so  of  the  former;  for  example,  the  equation  IV.,  bat  mot  Uie 
equation  III.,  will  ba  latfsHed,  if  we  aesame  fq  =  qcq  '  c'q,  where  r  aad  ^  are  any 
two  cooetant  qoatemioae,  which  do  not  (iegencrate  into  eealan. 
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X  .  .  dN*7  -  d  .  qKq  ^dq  .Kq  +  q  .  Kdr/  ; 
bat  gKg  =  K.q  Kq,  by  115,  an.l  1D2,  II.; 

Md      (1  4K).j'Kj  =  2S.yK7-2SCK7.j),  by  196,  IL,  and  198,  L ; 

therefore  XI.  .  .  dN^  =  2^Kq  .  dq). 

(5.)  Or  we  might  have  doduceU  this  expression  XI.  for  dN^,  mor<?  immediately, 
by  the  general  fomuila  324,  IV.,  from  Ute  oarlier  expreauoa  200,  Vil.,  or  210,  XX., 
fbr  tht  warm  of  a  mat,  nodcr  the  ftm, 

XT..  .  dNy  =  lim.ii{N(9  +  n  •d^)-N£} 
elim.  {2a(K9.d9)  +  »'^Kd9} 

(6.)  The  ien$or,  Tq,  is  the  tquare-root  (190)  of  the  norm,  t^q  ;  and  bccaase  Tq 
and  N9  are  sc&kra,  the  formula  332,  XXII.  niny  Ik>  applied;  which  gi?M|  for  the 
differential  c/  the  tensor  of  a  quaternion,  the  expression  (comp.  15b), 

XIL . .  dT,  =  ^^-S(KU9.d»)-S^ 

•  letolt  which  ia  more  eaaily  remembered,  under  the  form. 


X1IL..?^  =  S"^ 


T9  q 

(7  )  The  ver$or  Vq  ia  equal  (by  188)  to  the  qw  tient,  q  :  Tq,  of  Um  quateillioo 
q  divided  hy  ita  tensor  Tq ;  hence  the  differential  of  the  ver$or  is, 

whence  folkma     onot  this  fonmila,  analogoaa  to  Xill.,  and  Uka  it  aariljr  nomib* 

beied,  Q 

XV...  ^^-V^^  '  

(8.)  We  might  alao  hcv«  obNnred  that  tweanae  (by  188),  we  hare  geoerallx 
g^Tq.  \Jg,  tharafoi*  (hj  88S,  (8^))  ««  bave  also, 

XVI. . .  dg»dTy .     4-     .  dU(7, 

and 

XVII.  ..—  =  -—-+      -  ; 

9  Iq 

if  then  we  have  in  any  manner  established  the  equation  XIII.,  yro  can  immcllMtely 
deduce  XV. ;  and  ocmTersely,  the  former  equation  would  follow  at  once  from  the 
latter. 

(9.)  It  may  be  considered  as  remarkable,  that  we  should  thus  have  generalijf,  or 
for  any  two  qmaUndontt  q  and  dj,  the  formola:* 


*  Wbao  the  connexion  of  the  theory  of  normah  to  surfaces^  with  the  diffimttiai 
etilemimi  of  guaiemionty  shall  have  been  (oven  briefly)  explained  in  a  subeeqofliik 

Section,  the  student  will  perhaps  be  able  to  perceive,  in  thi's  fonnuli  XVII 1.,  a  re- 
cog!)ition,  though  imt  a  very  direct  one,  of  the  geometrical  principle,  that  the  racfu 
of  a  sphere  are  its  normtde.  ^ 

7<?       /*        '4  ^ 
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XVin.  .  .  S  (dUq  :  Uy)  =  0  ;    or    XVIII'.  .  .  dUy  :  Ug  =  S"»  0 ; 
but  thU  vector  chnmrfer  of  the  qvoiimt  dUj  :       can  easily  be  confirmed,  fol- 
lows.   Taking  the  conju^foU  of  that  qaotioit,  we  have,  bjr  VXL  (ooiii[k  192,  II. ; 

158  ;  and  324,  XI.), 

XIX. . .  K(dU£.Uj-«)  =  KITr>.dKUj  =  U£.d(UrO  =  -dUf.Ur*; 
whence 

zx . .  (1-1-  K)  (du^.UrO" 

wlifdi  «gt«M  Qay  196»  II.)  ullh  ZVIIL 

(tO^)  TIm  «mIsp  cAamMlir  of  the  fmMr,  Tf,  eublit  at  Almgn  to  Vfita^  m  fa 
tiM  ovdfatty  odoiilitii 

XXL. .  dlTj«=dT9  :  Ty; 

bni IT9  =  SI;,  b7  816»  T.)  the  nent  temnU  ZIIL  magr  tiMnfim  bgr  Tin.  ft* 

thus  written. 

XXlL..Sd]9»dSl9r=dTf  :d9«S(d£:9);  Or  Z2Ur. .  .  dl^-^-'df  ^S'O. 

(11.)  Whendf  ||t9,thlilMtdifinB00VMilifaa%^8a8»II.;  and  tho  oqwtfOB 
XV.  ukMtlMtom, 

XXni.  .  .  dlUg  =  Vdl?  =  dVly. 

And  in  fact  wf>  have  prneralh,  11  7  ^  Vl(/,  by  31 C,  XX.,  although  the  rfijfrrrntiaft 
of  these  two  cqiml  cxprps^ions  do  not  stpnratphj  coincide  with  the  members  of  the  r<»- 
oent  formula  XV.,  when  q  and  d;  are  diplanar.  We  may  however  write  generallj 
(eomp.  XXII.), 

XXIV. . .  dlUff-dUy  :  Uj-  V(dlj-dj  :  9)edJf-dy  :  q, 

335.  We  have  now  difleren tinted  the  six  simpla  functions  334,  I., 
which  are  formed  bjr  the  operation  of  the  six  characteristics, 

K,  S,  V,  N,  T,  U; 

and  fts  regards  the  differentiation  of  the  compound  fimetioHa  334,  IL« 
wbidh  are  formed  hf  wmlbim/BdiUm  of  tboae  former  operational  it  is 
mtj  on  the  aame  principles  io  determine  tliem,  aa  maj  be  aecn  in 
the  few  following  ezamplea. 

(1.)  Tln^  uxi$  Ax.q  of  a  quaternion  h.iB  beon  soon  (291)  to  adroit  of  being  re- 
presented by  the  combination  Wg  ;  the  diffcrtntial  of  this  axis  may  Uierefore,  bj 
884,  IX.  and  XIV.,  be  thus  expressed ; 

I. . .  d  (Ax.  q)  =  dUV;  «  V  (Vd; :  V;).  UV; ; 

vhonco 

d(A^    dUV,  Vd; 

Tbi  4[^&rcafMl  rfikt  aaU  b  tiMnAmi  generally,  a  line  perpendicular  to  that  axiM^ 
or  situated  tn  the  plane  of  the  quaternion  ;  but  it  vanithes,  when  the  plane  (and 
tbenfore  the  axia)  of  that  qoalomloii  it  ctmtUmltt  or  wh«  ttao  qioaloniloii  and  ila 

difTercntial  arc  compkmar* 
(2.)  Hence, 

IU...dUV9aO,  tf  IV...d9|||^; 
and  conversely  this  complanaritp  IV.  may  be  expretsed  by  the  eguatitm  IVL 


» 
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(3.)  It  il  May  to  prove,  on  rfmlkr  priuciitles,  t^iat 

V.  ..dVUf«TdUjav(  V'i^.  Vq\\ 

and 

(4.)  Bat  in  general,  for  tuf  two  qinatoiiioiii^  f  ind  ^,  w*  htm  (compi. 
)  Um  traoafoniMtioiiay 

YIL . .  8(7^. » B (V/.  Vf) -8.  jTy } 

and  wlun  w« thus  tnppnM  tha  ehancUriitfe  Y bcfon  dgtf,  and  InMrt  it  beftifa 
Uft  under  the  sign  S  in  the  laat  expreaion  TI.,  ire  nuqr  replace  tba  naw  Ikeloryng 

hy  TVC^ .  UVUf  (188),  or  by  TVUy  JJYq  («74,  XIUX  «  by  -  TVU<y  :  XTVq 
(204,  v.).  where  the  soUar  factor  maj  be  taken  ontaide  (by  196,  VIIL); 

also  for      :  UV7  we  may  aabstitote  1 :  {\jYq  .      W  1 : f  UVf,  btoaiui  UVf  (i|  f  | 
the  formula  VL  ouy  therefore  be  thus  written, 

▼m. . .  dSUy  =  -  S         .  TVUy. 

(5.)  Now  it  may  be  remembered,  that  among  the  earliest  connexions  of  qnater- 
ternions  witb  fryoaeaiirfijf,  the  IbUaidag  fomvla  ooeaned  (196»  XVI.,  and  204, 

XUL),  /  '  '/ 

IX  .  .  SUg  =  cos  ^       TVU7  =  8inZ9;  .  •! 

wa  bad  also,  in  316,  these  expreaaiona  fur  the  angle  of  a  quaternion, 

X«  .  .  Z7=TV17  =  T1U^; 

wa  may  therefore  eiraWiwh  tha/SDUowing  expnato  for  tha  <ii^irMl«aZ  ^lAa  oay/e 
<tf  a  qnatemioo, 

XL . .  d ^ go dTYl^  =  dXlUg*- 8 

(6.)  The  following  id  another  way  of  arriving  at  tlie  same  result,  through  the 
dlAMBtiationaf  tliaaineliutead  aftto  aoflaacf  tliaaiii^ortliroas^tliacaleala- 
tioii  ofdTTUf,  intlead  9t68Vq^  For  tUa  parpoae^  it  la  tnlfy  womuj  to  mmarlc 
thatipakaw^  bjm4»  XII.  ZIT.,  and     mm  aaqr  traaaiMiiuiiioaa  cTtbaldBd 

litely  employed  in  (1.),  tha  ftmonila, 

dividing  which  by  SUg,  and  attending  to  IX.  and  X.,  we  arrive  again  at  the  ex- 
preaaion  XL,  for  the  dUtarentltl  of  the  angle  of  a  quattnioii. 

(7.)  EOniiiating  S  {dq :  (jVVq)  between  VUL  and  XIL,  we  obtain  the  different 
tialtqmatum, 

XIIL  • .  8Uf  .dSUf +'nn79.dTVU9-i«; 

ef  vldflli.  en  aeeoont  of  tha  aealaf  ciianctar  of  tha  «Wilh— iriafci^  — taliliiB  tin  laf  a 
pro/  is  tridently  of  thaybna, 

XIV. . .  (8Uf)t'|.Cmr9)*»«onrt.{ 

and  accordingly  we  saw,  iu  201,  XX.,  that  the  amnin  the  first  member  of  this  equa- 
tion is  constantly  equal  to  positive  unity. 
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(8.}  The  formula  XI.  may  alao  be  tbus  written, 

with  the  verification,  that  when  wc  supp<:)9C  d^Hi^i  as  in  IV.,  and  therefow 
dUV/^  =  0  by  III.,  the  cxprt-ssion  unckr  the  sign  S  becomes  the  UilTereatiid  of  tiM 
quotient,  Vl^jr:  UV9,  and  therefore,  by  316,  VI.,  of  the  angle  l  q  iteelf. 

836.  An  important  application  of  the  foregoing  principles  wad 
rules  consists  in  the  differenUatittn  of  scalar functions  of  vectors^  when 

those  functions  are  defined  and  expressed  according  to  the  laws  and 
liotatious  ol"  quateruiuus.  It  will  be  lound,  m  I'act,  that  snch  dille- 
rentiations  play  a  yery  extensive  part,  in  the  applications  ofquaier- 
nions  to  gromdrf/  ;  but,  for  the  moment,  we  shall  treat  them  herc^  as 
merely  exercises  of  calculation.  The  following  are  a  few  exam- 
ples. 


(1.)  Lit  p  dsnrts^  to  tbsss  sob-wticH  •  99fiMs  9Hier ;  and  Isi  tlie  fiiliowtog 
eiinatioii  bs  pvopossdi 

I. . .  «*+p*sO,  in  whidi  Vr «  0, 
10  that  r  is  a  (geoeraDj  varialbio)  so^ur.  DUftnotiatbiif,  and  obisrytog  ttiak,  hj 
tI9f  ULf  pf/ + p'p  >  S8pp'»  if  p'  be  anj  snsmd  vceCsr,  soeh  as  ws  aoppoes  d|p  t»  b% 
m  baf%  hf  8SS,  VUL,  sad       YII.,  tbe  sqaation, 

n...fdr-h^f)dp<BO;  or  Ul. ,  ,drm^rtSpd/mrap'^ip, 
InfMt,lfrbssttpiMMsdpodlto«,itii]Mra»bj28S,U.,  thefouor  of  p;  so  Cfeat.|bis 


lost •zpnssioBni.fbrdrkiBcladed to thoganoril  CNianls,  884,  XIII.  Sp^i^ 
(8.)  If  Ibis  tensor,  r,  bo  oomfaol,  the  difinadil  oqutioD  n.  booomos  slaBpi|^  i 

iy...S|idpaO,  if  -p*BO0iist.,  or  if  dTpsO. 

(8.)  Agsin,  lot  tbo  pnposod  oqoatioa  bo  (oompw  888,  XIZ.), 

T. .  .9«bT(ip  +  p«),   with  dieO,  igmO, 

so  fliot »  ssd  c  an  hors  Am  comttmt  Metenu  Thon,  squaring  and  tfdtomtistmg, 
ifobaTo(bj884,XL,  booansoKipopi,  Ike.),  ^ 

VI. . .  Sr*dr8|dN((p  +  pr)  =  S(pt  +  cp)  (»d/>  +  dpc) 


briefly, 

VTI.  .  .  2r  idr  =  Svdp, 
if  y  be  an  awUiarjf  vtetor,  dctcrmiucd  by  the  equation, 

VIII.  .  .r<v  =  (4«+K«)P+2V«p«; 
wllidi  admits  of  several  tnuuforraations. 

(4.)  For  eouunplo  we  may  write,  by  296,  VIL, 

IX.  .  .f4fa(t'  +  C*)p  +  Kpl  +  lpK 

= *  («i> + p«) + «  Cp« » 

or,  by  884,  ni.,  and  888,  XIL, 

X  . .  r«i/  =  (»«  4  c')  p  +  8  (cSip  -  pSir  +  iScp) 
s(«-K)*p  +  2(iSffp-|>KSfp)i  Ao. 
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(5.)  The  eqofttioa  Y.  givM  (oompw  190,  V.),  when  squared  without  difierentia- 
tun, 

Zl. . .  r*BN(ip  +  pO  «  (ip  +  pr)  (pi  +  cp) 
-(**  +  i^)p»+ipI?p  +  ^ 

s(««4-c*)p*+S8cpKp 
(i  -  r)»  p«  +  4Sip8cpnfte., 

Iiy  transformationa  of  the  lUM  Idod  as  before;  wc  have  therofurc,  l^y  the  recent  ex- 
preasiona  for  r*y,  tlm  CoUowiq^  iMMritably  iun|^  rwlaiiom  between  the  iuo  variiMt 
vtetvn^  p  mdYf 

XII.  ..Svp-l;    or    XII'.  .  .  Spi/=  1. 
(6.)  When  the  ecalar,  r,  b  cojMfaiii,  we  liave,  by  Vil.,  the  differential  cj«(f- 

XIIL  ..Svdp«Oi  wheneaalM  XIV. . .  SpdrsO, Iqr Xn.$ 

•  riiiirtu  of  red^TMAlir  thiia  aadaliiig^  between  the  laoo  vaelora  p  and  y,ofwUAtl» 
fftomdrieal  tignijietMam  iHU  toon  be  aeak 

(7.)  IfMAwhila^  Nppoaiiig  r  again  to  ciavjr,  wa  aea  that  tba  laat  axpnailaii  YI. 
fbr  Mb  maybe  otherwiaa  obtained,  by  taking  half  the  dUlbiential  of  dtbor  of  tho 
two  laat  expanded  expieeriona  XL  finr  H ;  ii  being  nmemberad,  In  all  theae  Uttlo 
calouliitinn.4,  that  cyclical  permnttUkm  •fjkttont  muter  IA«  tiffn  8,  is  permiiUd 
(223,  (10.)  ),  even  if  those  factors  be  ywafemfawe,  end  whatever  their  number  may 
be:  and  that  if  they  be  vecton,  and  if  their  numli  r  ho  odd,  it  is  then  pcrnuttcd, 
mmdUr  the  tign  V,  to  invert  their  order  (295,  tO  Write,  fOT  inataooe^ 

Vipic  iiwt«a<l  of  Vjcpt,  ill  the  formula  VIII. 

(8.)  As  anoUior  example  of  a  tcafor  function  of  a  vector, ]ct  p  denote  the  prosct- 
mitjf  (or  meametti)  of  a  variable  point  r  to  the  origin  o ;  so  that 

XV.  .  .|»  =  (-p>;  *  =  Tp  »,    or   XV'.  .  .j)-»+p«  =  0. 

Then, 

XTL  • .  4p«8vdpk  If  XYIL  . .  ve^p«^*ITp; 

V  being  hen  n  am  wusiHmnf  Meter,  dlMinet  firam  tba  ona  1at«fyooBaidand(yiIL), 
and  having  (aa  wo  aee)  tlia  aa««  orner  (or  fha  aaaia  d&wefien)  aa  tho  vector  p 

bot having ita Imaor  equal  to  the  egiMrt  ^rila  jwoaMilr^rteo;  oreq^ 
to  tho  iaoim  eyre  tfikM   ef— oe,  dooa  of  thoee  two  potnta  ftom  the  otbor. 

337.  On  the  other  hand,  we  have  often  occasion,  in  the  applica- 
tions, to  consider  vectors  as  functions  of  scalar Sy  as  in  99,  but  now 
with  forms  arising  out  of  operations  on  quaternions^  and  therefore 
such  as  had  not  been  oonsidered  in  the  First  Book.  And  whenever 
we  hnve  thus  an  espreasion  tuoh  as  either  of  the  two  following, 

I...p«i#(f),  or  II...p>f(#*0« 
for  the  vai^ftUi  vector  of  •  curve,  or  of  e  surface  (com p.  again  99)*  9 
and  I  being  ^100  parkAU  jeotm,  and  f(t)  and  ^(5,  /)  denoting  any 
functions  of  vector  form,  whereof  the  latter  is  here  supposed  to  be  en- 
tirely independent^  of  the  former,  wc  may  then  employ  (comp.  100, 

*  WoarafheiefDConot  ooipleylng  Aert  tliO  tenpoimiy  notation  ofaome  leoint 
Artidee^  according  to  wMcfa  wo  shonid  have  bad,  df;  m  f  (f ,  d^). 
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(4.)  and  (9.),  wa&  the  more  recent  sub-articles,  327,  (5.),  (6.),  and 
329,  (5.)  )  the  notation  of  derivatives^  total  or  partial;  and  so  maj 
write,  as  the  differeniiaied  equationSf  resulting  from  the  forms  I.  and 
II,  respectively,  the  following : 

III. . .  dp=i>fi.dt='t/di^Ufp.6t; 

of  which  the  geometrioal  sigDificfttkmi  have  been  already  partially 
seen,  in  the  aub-artifllea  to  100,  and  will  loon  be  more  fully  deve- 
loped. 

(1.)  Tlhn,  ftr  Iba  tbttOattoemt  S14,  (1.)*  br  which 
we  hare,  by  333,  VIII.,  the  following  dtrived  vector, 

(2.)  Ami  for  the  elliptie  locus,  314,  (2  ),  for  which 

VII. .  .  p  =  V. a*A    Ta  =  1,    but  imI  Sa/3» 0, 
we  have,  in  like  manner,  thie  other  derived  veotor, 

VIH...p=D,p  =  ^V.o«*V3. 

(8.)  As  an  example  of  a  Mefer>>laMijbnerflMr»fe«faf9ll«n  Mi^lelaannaw 

the  eatpwirion  (808,  XVIIf.), 

in  which  we  shell  now  mppoee  that  the  teneorr  fa^fMn,  so  that  p  le  theeorialfc 
eeelor  of  a  point  upon  a  ^twii  ifiM^  of  wUeh  the  rwAn  is  r,  and  the  eca- 

lr«  ia  at  the  origin ;  while  «  and  t  are  tuMt  fwdipi  niiiinf  teaJar  mrtMrn^  wKh  nipeet 

to  which  the  two  partial  derivatitei  of  the  vector  p  are  to  he  deCernined. 

(4.)  The  derivation  relatively  to  f  is  easy ;  ftf,  ehiee  «^  aw  9Mt&r^mA$  f»$X 
and  aince  we  have  generally,  by  833,  VII L, 

X  .  .d.o--*^«^idi^  andtlNnlbffe   XI. . .  Dt.a'  =  -a'*'D<«, 

irTa»l,  andifa;beany8cahrrnactioiiorf,weinaywrfte^at  oBoe^hym,  IV., 

XIL  .  .  Dtp=^ikp-pk)xzirykp', 
and  we  see  that  ^ 

XIIL  .  .  SpD/p  =  0, 

a  nsnlt  which  was  to  be  expected,  on  aooonnt  of  the  eqnalioo^ 

XIV...|)»+fa«o, 
which  foUowa,  hy  808»  XXIY.,  from  the  iwmt  nf|iniwlim  lX.ktff. 

(5.)  To  form  an  oxpreesion  of  about  the  same  degna  of  aiiBpllcity>,  Ibr  tlia  otktr 
partial  derivative  of  p,  we  may  oheem  that/t^l^ft  is  eqwil  lo  iH  o,^  VWCor  pvt 
(ita  scalar  vanuhiog) ;  hence 
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XVII.  .  .  SpD^  =  0, 

wbicb  tsanalogiitu  to  XI 11.,  aud  luigbt  have  boeu  oUierwiM  obliiaid,  iakia^  Um 
derivativt!  uf  XIV.  with  respect  to  the  variable  scalar  «. 

(6.)  The  partud  dehvative  Dtp  mast  be  a  vtclor ;  hence,  by  XV.  or  XVI.,  p 
nuM  be  ptrpemSaJmr  to  As  mtor  A09H»  or  il*Vf  or /ft**' ;  a  reeuU  which,  under 
tbtltiWi  hoMi^r<wtooiiytfco  ■■piwtlMo  >16,ZILftr^  Is  flMA  thift 
iiiiiiiwifin  liT  (>•)  ud  <4.X  Md  bj  tte  MoiBi  mhw  ZIL  XYI^  thin 
ctkir/ormt  tot  the  two  partial  darivatiyti  off*,  which  have  ban  abora  eoMklerBd  j 

XVIIL  . .  Di^»wri(^nr.i>i;      XIZ. . .  ly -wrCil^nr.lPi^i-y.lPO; 

wUdi  night  hava  baon  fmiBadlataly  abtalnad,  by  partial  derivational  fhMi  tha  ax- 
ptwalnn  816,  XII.  ltMl(  and  of  whidi  ftaCA  ara  eecCor-ZbraM. 

(7.)  And  benoai  or  Iwmadlate^y  hj  «lirlM<My  (ba  aapaaiid  axpoBMha  tl0, 
Xilln  we  oUaiolbeaaaaw  fBtaalbr.tha  partial  deriTativ«B  of  ^! 

XX.  . .  Dip  =  irr(y  cos  tir  - 1 8lnfir)ai0ari 
XXL. .  D«psirr{(teoa<«'+>iiiil«')ooaaw-ifcrfBair). 
(8.)  We  may  add  that  not  onll^  ii  the  variable  voolar  p  ptrpenfHmAmt  to  each  of 
tte  two  derived  vtetor*^  T>,p  and  Dif>,  hat  aliB  Oijf  ara  parpwiliiiiilii  in  aoa&  ttimi 
toe  wa  oiay  write,  by  XII.  and  XVI., 

XXIL  . .  8(Dip.D,p)  =  -  7r'8.i6>«>/i»A«ir»r«S.*«l«0; 

and  tka  same  conclusioo  maj  be  drawn  from  the  expreasiona  XX.  and  XXI. 

(9.)  A  vector  may  be  considered  as  a  fiinetiun  of  three  indrpendmt  nealar  varia- 
bfes,  such  a-s  r,  f ,  f ;  or  rather  it  mu$t  be  so  considered,  if  it  is  to  aUnut  of  being  tlie 
vector  of  an  arbitrary  paint  of  ipae«:jjkA  then  it  will  have  total  dij^ttUial  (it9) 
of  the  trinomial  form^ 

XXIII.  .  .  dp  =  drp4^d,p  +  (l,/)=Drp.dr-f  D«^.d«-f  Dip.dii 
and  will  thua  have  three*  partial  derivative$. 

(10.)  For  example,  when  p  haa  the  expreosioa  IX,  we  have  this  ikud  (mrlud 
derivative, 

XXIT...I)^«r-i^«Dp^ 
vlikli  naay  dio  ba  tfcoa  nwa  ftJly  oitHiii  (oaaap^  agalo  aiS»  XIIL^ 

XXV. . .  Dy.p«A'^4f*i^«<taoa<ir+/dafr>ataa«  +  *caa«ir ; 
wa     thai  4a  diw  ^briaatf  aeefaioik 

XXVI. . .  Drf>,  D,p,  Dip, 
compose  here  a  rtcttutgular  gyatem. 


*  That  la  to  iqr,  lAfiM  o/<A«/f«f  anfcr;  te  «a  MlMM  hava  oenaiaD  toora 
iMM  wmmm&ki  ^SUfnwmtidk,  of  faadiooa  afaaa  ar  mom  «aiiaUa%  andao  AaU  be 
coodneladtoChaooMiteathHiafanlwv  af  illlliiMrtaii  and  dwiratifii^  higktr  Maw 
Oajlral. 
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Sbction  5. — On  Successive  Differentials^  and  Developments, 

qf  Functiont  qf  Qmtemiom, 

338.  Thm  will  now  be  no  difficulty  in  the  moeeMwe 

fereniiationf  total  or  partial,  of  functions  of  one  or  more  qna- 

tcri)iun3 ;  and  siic/t  diflorentiation  will  be  found  to  be  uaefiily 
a8  in  the  ordinary  calculus,  in  connexion  with  developments  of 
functions :  besides  that  it  is  necessary  for  many  of  those  geo- 
metrical  and  physical  applications  of  difierentlals  of  quater- 
nions, on  which  we  hare  not  entered  jet.  A  few  emmpHee  of 
Buooeesive  differentiation  may  serve  to  showy  more  eauly  than 
any  general  precepts,  the  nature  and  effiscts  of  the  operation ; 
and  we  shall  begin,  for  simplicity,  withtfjiplietir  fimetions  o/one 
qwatemion  variable. 

(1.)  Take  thm  tlie  square,  9*,  of  a  quateraion,  u  •  ftiiiction/9,  which  U  to  b« 
fwiM  dUftmiCirtML   W«  WW,  In  8t4.  VII.,  that  •  >ir«  diSfanBtktloa  gav*  tte 

faol  w« aranow  to  diftrantiate  ^I'a,  to oriar to  ftmntba  m9€md4i0kmMiffy 

oi^Jkmetion  9%  trcaUag  tile  differential  of  Clw  variable  q  at  tUtt  aqnal  to  d^,  and 
tn  gtneral  writing  tl  '7  =  d*9,  where  d^g  is  a  new  arbitrary  quatemiom^  of  wliich  the 
tentor,  Td<7,  need  not  be  tmall  (comp.  322).  Ari  i  thu^  we  get^  Ml  putrmif  thio 
tmic*  d^erentiaUd  expretnon,  or  differential  of  the  tecond  order^ 

II.  .  .  dV?  =  da.9«  =  qA*q  +  2dy«  +  d*^.^. 

(2.)  The  ttcmid  difftraMal  qf  ikt  rcdjproool  of  a  quataniioB  i^gmwaUg  (comp. 
324,  XL), 

III.  .  .  dtY«««(9  idy)«y  i-<7->d'y.9-i. 

(S.)  If  |i>  be  a  variahte  vector^  Iben  (comp.  336,  (I*))  we  have,  for  the  ftrat  aud 
Moood  diflta^eatia]e  of  it*  aqoata^  tbe  expraMioiM : 

I V.  .  .  d .  p«  =  2Spdp ;       V.  .  .  d».  p«  =  2SpdV  +  2dp«. 
(1.)  If  fp  hQ  any  other  aealar  function  of  a  variable  vector  p,  and  if  (coui(>.  a^aia 
the  sub-articles  to  336)  its  first  differential  be  pot  under  the  form, 

VI.  .  .  d/p  =:2Svdp,  when  v  is  anollier  variable  vector, 
than  tiie  second  dilFerential  of  the  same  function  may  be  expreased  as  follows: 

VII.  .  .  d>/p  =  2SvdV  +  2Sd»'dp ; 

to  which  we  have  written,  briefly,  Sdvdp,  instead  of  S(dv.dp). 

(5.)  I  he  following  very  simple  equation  will  be  found  uaefol,  in  the  theoiy  of 
mi^iont,  performed  under  the  influence  of  central  forces  : 

VIII.  . .  dV(Hin  =  Vpd'p  ;    because  V.  d,/-  =  0. 

(6.)  As  AO  example  of  the  second  diHerenlial  of  a  quaternion,  considered  as  a 
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Jkmetiom  of  a  Mcalar  rariabit  (comp,  838,  VIII.,  and  887,  (1.)  ),  tMollowing  may 
be  a«eigned,  in  which  a  dcnotet  a  glvio  vnH  Um^  ■»  that  a'  1,  da»0,  bttt « 
if  a  variable  ocular  : 

(7.)  Tlie  second  differential  of  the  product  uf  oity  twofuu^uma  of  a  9iui<«r»toi» 

9  may      eji()rviK»cd  as  follows  (comp.  II.) : 

339.  The  second  differential,  d«^,  of  the  variable  quaternion 

enters  generally  (as  has  been  seen)  into  the  expression  of  the  second 
differential  d^^Jp,  of  the  function  ftj,  as  a  imv  and  arhUranj  quater- 
•  nion:  but,  for  that  very  reason,  it  U  }wmitt€d,  and  it  is  frequently 
found  to  be  convenient^  to  asj^ujue  that  this  ^tcand  differential  d'^  is 
equal  to  zero :  or,  what  comes  to  the  same  thing,  tlmt  die  Jir.^t  dif- 
ferential dq  u  constanL   And  when  we  make  this  new  eupposUion^ 

I.  • .  dq^conMoM^   or  K  . .  d*gsO, 

the  expressions  for  ^fq  become  of  eoorse  more  simple,  as  in  the 

following  examples. 

(1.)  With  Ihli  last  mpsnMm^  I.  or  1%  w«  have  the  ftOawliif  teomd  diehnn- 
tiali^  of  the  afvar*  and  the  rto^piwMl  of  a  qoatomloB: 

n. .  .d^.9i»Sd«a;      IIL  . .  d>.9-i«3(9'idf>*f-l-iSr*(^.r'/  ^' 
(S.)  Agrin,  if  wo  ooppoto  that  coteuH^xfUf  thioo  ooMteal  qoatoraioBi^  and 
takathoflnctkii, 

IV.  ../«/  =  c^ci^ei, 

ire  flad,  nnder  the  aamo  condition  I.  or  1'.,  tliat  ita  dnt  and  second  differeatiali  an, 
V. . .  4^««odf  .oiffli-i-apftidtf'Ck;     VI* . .  dV^s2Mff>0Adf  .ci; 

fa  writing  which,  the  pointt*  may  be  omitted. 

(3.)  The  firtt  differential,  df/,  n  in aining  still  entirely  orfti/rory  (comp.  322,  (8.), 
and  825,  (2.)  ),  so  that  no  supposition  Is  made  that  itis  ten$nr  T(hj  h  nmaU^  althOQgb 
we  now  sappooe  thu  difierenUal  dy  to  be  comtant  (I.)  we  have  rigorousljff 

Vn.  .  .  (}  +  dj)J  =  jHd.g«  +  ^«.fl»; 
SB  sqpnttlon  which  nay  be  also  written  thus, 

VIII.  . .  (9  +  d9)s  a  (1  ^  d-l^id!i).«>. 

(4.)  And  in  like  manner  we  ihaU  tiavo,  mom  genaaH^i  noder  tlie  tomo  ooodi- 
tiOB  of  ffOiiftoiM|f  of  dq,  the  equation, 

IX. . .  /(j + dff)« (1  +  d  +  id')/?, 

if  tlis  ftmelioa     1m  tlie  $um  of  aay  umither^wHmmeaf  mcA  Mpaiately  of  iheySma 


*  Compare  the  ttcood  Note  to  poge  899. 


IV.,  and  tliexi-ite'e  each  rational^  integral^  and  homoymcout  of  the  »econd diimnnon^ 
■witb  rv'.sj>oct  to  the  vamble  (|uatemioD,  9;  or  ot  such  motioiuea,  combined  with  oUit  r* 
uf  tliu  Jirst  diinensioa,  aud  ytiUi  constant  trrms :  liiaL  is,  if  ooi  A)i  ^'h  *  • 

^Oi  ci,  ca,  c'u,  c'l,  c'l,  . .  be  aN|f  eoM<an<  <^a<er*unM,  and 

340.  It  is  easy  to  carry  on  the  operation  of  difFerentiating,  to  the 
third  and  higher  orders ;  remembering  only  that  il',  iu  any  furmer 
stcuje,  we  have  denoted  the  Jirst  differentials  of  7,  d//,  .  .  by  dy,  d^^, ,  . 
wo  then  continue  so  to  denote  them,  in  every  .subsequent  stage  of  the 
successive  differentiation:  and  that  if  we  find  it  convenient  to  treat 
any  one  differential  as  constant,  we  rnnst  then  treat  oB  its  MOOCMmt 
differe&tiab  as  twniMAti^.  A  few  eicamplen  may  be  given,  chieflj 
wi  A  a  view  to  the  extuman  of  the  recent  formnla  339>  IX.,  for  the 
fimetion/{q  ■^dq)9fa  mm,  of  any  (too  jiMriMibfu,  9  and  df,  to  jw* 
IjfnoaMfirmB^  of  dimeiinbiif  higher  than  the  second, 

(1.)  Tht  llirrf  d^lirmHat      tfmn  hgtmmJfy  (aomp.  388,  IL), 

(2.)  More  gensrally,  Un  IMrrf  dMBwMtfal  cfaj»rwlMCl  ^ftwo  fmasniiomfmc» 
Hm$  (cQmik  888>  X)  may  b«  thai  faquwad  *. 

II. .  .  d'(/7.(;&9)  =  dVg.09  +  3d"/g.d^  +  8d/9.d>^9+/7.d^f^. 

(3.)  More  geoenlly  still,  the  «^  dilfonootial  of  a  product  14,  as  in  the  ordinary 
ealculua, 

IIL  .  .  d'»(/g.^)«d»/«-^«  +  Md"  «/9.d^g  +  «ad*-«/9-d*^«  +  ♦  • 


if 


the  only  thing  pecuUar  to  quatemioD3  being,  that  wo  arc  uUiit^  to  rettUM  (gene- 
rally) the  order  of  the  factors^  in  each  term  of  this  expaaaon  III. 

(4.)  HflMi^  in  partkolar,  teotfag         tha  Anollon/g  by  r,  and  cteai^ 

to  9, 

IV.wd^.fVedV.«-f fld^>r.df^  if  d^sOL 

f Hsnoa  alux  udar  lUt  amdlUiioa  tliat  da  !■  firmtaiit-  if  c  ba  anv  aCAtr  eon* 
atant  ^aatenloD,  wa  Inva  tin  tianabnutioQ, 

(e.)  BeiM^lij889,(4.),Hla«aqrtoialvtiiatlfiroftilir^ClwiyaM 
tba  tfmMm  (eomp.  S18, 

VI. , .  t«  =  1  +  d  -Hd*  +  -i-  dH  &c., 

tlut  it,  if  we  intarpnt  tUa  alAer  symbol  i^y^,  as  conainlj  danoting  the  «crwt  wUdi 
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b  tarmAfmmJ^  bftp§rmKK0ta  llirfa  til*  apMh  tertkpoMnt;  and  tf  Um 
fimeHon  fy,  tfm  cfMnlfld  00,  b»  m^JbiUM  potifmmtf  farroWng  (lilMthe  MpvtHioii 
8t9,  X.)  noj^weticmml  nor  negativt  erptmeitUt  MJ  ^iMK  lilHl^  M  M  MliaiiM 
Of  A IM*  aqutta  (839,  IX.),  the  foraMl* : 

m..tV^-*/(f-fdffX  if  *f-0; 
wfaidi  it  htn  a  fvlMlfy  fyow*  one,  all  the  Itrm  of  this  erpandm  Imt  a JimtHm 
o/a  nam  ct  two  qaatamSooi^  9  snd  df,  beeoming  sepftntely  equal  to  zero,  as  aooo  M 
tllB  symbolic  expoiunt  of  d  becomes  greater  than  the  dimension  of  tlie  polynome. 

(7.)  We  shall  soon  see  that  there  i.i  a  scnsr,  in  which  this  eTponcntial  tranffor- 
utdtiuu  VII.  may  be  extended,  to  other  functional  forms  vvliicli  an-  not  turnposod  as 
above  :  and  that  thus  an  caudogue  of  Ta^lor'g  Tktorem  can  hv  esUbliahcd  fur  Qua- 

inmitm  IbmwAik  U  maj  ki  oltiirf  tluit  changing  d^  to  Ay,  in  the flmttt 
MgMDiiiM  obtainad  aa  alM»v«^  wa  naj  writa  tha  fiB^^ 

.   VllL..  *''/y=/(9  +  A9)  =  CH-A)>^,  atbiMljr,  IX . . ff<>l  4Af 
wUdi  last  ignaMteof  sywifioii  may  be  uptraUd  on,  or  froM/farawd,  as  in  the  ««m/ 
tak)^9t4ffirmettaBd  differemtUb,  lor  inatanaa,  Ik  baiqg  mdMilaod  thai  ara 
tnat      aa  wdU  aa  dif  aa  vanUiiagi  i»a  havB  thoa  (iir  aBf  podtiva  and  wholaax- 
aiX  tl>»      MUowfa^  t>n><""M^ 

Z... A^bCi^-I)",  and  Xl...d«'«(lag(t4'A)>"{ 
ifaygraiwij;^  witiithaiyaMi  Ana  s^iaaiMi;  an  aay  ^a^a  wl«l>fc»ai8aa 
>^  of  the  Mad  abafta  dwcribad,  bdi^g  alwaya/afla  tapmtimw,  whbh  aw  fijpgww^f 
•9«Mf  to  oaoh  alh«; 

341.  Let  Fx  nnd  ^.t  be  <??/?/  /iro  /unctions  of  a  scalar  va- 
riable, of  which  both  vanish  with  thai  variable  i  so  that  thejr 
Mtiflfy  the  two  oonditkNM^ 

I.  ...FDbO,  ^0«0« 
Then  the  three  simultoiieous  values^ 

of  tlie  yariable  and  the  two  functioDB»  are  at  the  same  time 
(eomfi.  3S0,  S21>  iAiw  rfamftamgiw  differences,  aa  compaied 
with  this  <?^AeT  system  of  three  Fimultaiicous  values", 

III.  .  .  0,    FOt  ^0. 

tlien,  any  ejpiiiaiHl^pfafy 

IV.  .  .  IMC,    n^ic,  ii^ir, 

of  the  three  values  II.,  can  be  made,  by  any  euitable  increase 
of  the  number,  oorobined  with  a  decrease  o\'  the  variable,  x, 
to  touf  together  to  any  J^<f^  qflimitSf  those  /tmrV^  mtist  (by 
tbe  dSg^iiftofi  in  320,  compare  again  321)  admit  of  being  con* 
aidered  at  a  syMtem  ofsimiUtaMffHt  differentiabt 
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V.  . .  dap,   dft,  d^x, 

aafiwehug  to  the  system  of  initial  values  IIL ;  and  must  be 
proportional  to  the  ultimate  wtlw$  of  the  oonnected  sif»tem  ^ 
derivativeSf 

VI.  • .  1,    F  x,    ^  jCf  whea  x  tends  to  zero. 

We  mty  therefore  write,  as  expremotu  for  those  v/lMiafo 
iuet  of  the  two  last  derived  funetUme^ 

VII. . .  FO - lim. iifI,    fO-lim.ii^l,   if  /Y)«fO-0. 
And  eoen  ifthe$e  hist  valaes  iMmiiA«  or  if  the  A0O  new  cmufi- 

VIII. . .  f'O « 0,  ^'0«0, 

are  satisfied,  so  that  jc,  and  ^'x  are  now  (comp.  II.)  a  new 
system  of  eimmltaneous  differences^  we  may  still  establish  the 
following  eqmHan  of  limiU  <f  qnatientif  which  is  mdqpendeni 
of  these  iaet  conditions  VIII., 

IX. .  .  liin(Fx:fc)-lim(F'x;^'«),    if  FQ^^Q^O; 

it  being  understood  that,  in  certain  cnsesy  these  two  quotiaits 
may  both  vanish  with  x ;  or  ma^  /eiu^  together  to  ij^fimty^  when 
«  <eR<£«,  as  before,  to  zero, 

(1.)  Thi«  theorem  is  so  important,  thnt  it  will  not  be  useless  to  confirm  it  by  % 
gtometrical  illuttration,  which  may  at  the  same  time  serve  for  a  geometrical  proof; 
et  least  for  the  extensile  case  where  both  the  functions  fx  and  0x  are  of  $calar  formt^ 
and  oonaeqiMatly  may  be  reprmmUd,  or  tmUrutUdy  by  tlM  eantipomdimf  orrfi- 
maits,  XT  tnS  XZ  <or  MdlnatM  aonrarioK  to  om  «piwm»  atoirfw  OX),  of  «m 
CMTM  QyT  oad  OxZ,  wbleh  tnimwmt  end  aii  oat  fron  (or  |ins  tbroqib) 
one  tfownw  oriff'm  0,  as  in  the  annexed  FIgnn  76.  We'olwll  ftAflnnifdi  no  that 
the  resnit,  so  obtained,  can  be  extended  to  quaternion  fkmtetoms* 

(2.)  Suppose  then,  fir!»t,  that  tho  ordinates  of  these  two  cnrves  are  proportional, 
or  that  Ui^  bear  to  eodi  other  waafxed  and  coaatoiU  ra/io;  oo  that  tbo  oqnatiooi 

X.  .  .  XY  :  XZ  =  ay:««, 

ii  latijined  for  every  pair  of  absciMstt,  OX  ami  O  r,  howerer  preat  or  mvumII  the  corre- 
•ponding  ordinntrs  may  be.  Pndonging  thfii  (if  necessan,^  the  chord  Yy  of  the 
/ir$t  curve,  to  iin  ct  the  «jrt*  of  abscissae  in  gomo  pol/it  t,  and  so  to  ilL-torriiiuc  a  ntb- 
secant  tX,  we  sco  at  unoe  (by  similar  triangles)  that  the  eorretponding  chord  Zz  of 
thoff  eeomd  cufM  wlB  moot  tho  mum  axb  in  tho  $ttme  point,  r ;  and  therefore  that 
it  will  doloraiine  (Hftreiuff)  the  sawu  faAooMmf ,  CX. 
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(3.)  Hence,  if  the  point  x  be  conceived  toapprcach  to  X,  so  that  the  Mceant  Yyt 
of  the  Jirst  curve  tends  to  coincide  witli  tlie  tangtnt  YT  to  that  curve  at  the  point  Y, 
the  $f.cant  7.zt  of  the  second  curve  must  tend  to 
coincide  with  the  line  ZT,  which  line  therefore 
mnt  b«  <he  tmm^emi  to  fluit  Meond  earf :  or  In 

otfMrwOldi^  MrrM|pMdlfll^M6<aayCTi/tMllMUIp, 

«nd  of  ooone  ArtcgHol,  ondar  the  aappoeed  mm- 
^i(»M  X,  of  «  constant  prvporHMoHty  o/onU" 
nates. 

(4.)  Suppose  nezttbatoomqMMidiogordl* 
nates  only  tend  to  bear  a  //I'  f «  or  constant  raH» 
to  each  other  ;  or  that  their  (^lutw)  variable  ratio 
tfTids  to  a  given  or  fixed  limit ^  when  tlie  com- 
nion  abscissa  is  iudefinitely  diminished,  or  when 
\ixe  point  X  <<mrf«  to  0;  and  let  T  l)e  still  the 
Tariable  point  in  wliicU  tiie  tangent  to  liie  Jir»t  curve  at  Y  mcet^  tlie  luxuj,  so  that  ilio 
line  TX  ie  ttill  tbf^Jtnt  tuUamffem,  Thn  the  eomtpooding  tangent  to  the  steomd 
com  At  Z  win  not  m  general  pa«9  throogh  the  point  T,  tmt  will  neet  the  axis  in 
tone  i^^erMt  point  U.  Bat  the  mile  of  the  two  eorrupmihig  m&lin^^mCt,  TX  and 
tFXy  wfaieb  had  been  a  nlio  titeqwHipf  when  the  condition  nt  fropt^iamaUty  X. 
«ae  •etialled  rigaromify,  will  now  at  least  ttmd  tomeA  a  ratio;  eo  that  we  shall  bav^ 
ndar  this  mv  eaniUiaitt  titemdeiu^  to  proportiottalitj  of  ofdinatei^  the  IhMtg 

XI.  .  .  lim  (TX  :  UX)  =  1  ; 

whence  the  equation  I X.  results,  under  the  geometrical  form, 

XII. .  .  Um  (tan  XTT :  tan  XUZ)»  lim(XY  :  XZ). 

(5k)  We  might  also  have  observed  that,  when  the  propmHiim  X.  is  rigarotu^  cor- 
responding arfos*  (such  as  xXYy  and  xXZ;)  of  the  two  enrves  arc  then  ezaetljf  in 
tbeffefn  ratio  of  the  ordinates  ;  so  that  thia  other  equation,  or  proportion, 

XUL  . .  OXYfO ;  OXZxO  »  XY :  XZ, 

is  tiien  «!■•  rigorooa.  Henoe  if  we  onlgr  snppoee,  as  in  (4.)^  that  the  ordfaiatM  UaA 
to  some  fixed  Umitinp  ratio,  the  orew  must  tend  to  the  tame ;  so  that  i/the  ueomd 
mtmher  of  the  equation  IX.  have  any  definite  value,  as  a  /I'mtV,  the  first  memher 

mnst  have  the  same:  whereas  tiie  recent  i)roof,  by  snbtangents,  served  rather  to 
<ihow  that  tythe  first  (or  left  hanJ)  limit  in  IX.  txisledf  then  the  «ccojui  limit  in 
that  equation  exiitted  also^  and  wa^  etjual  to  the  Hrst. 

(6.)  If  theyimc/ion  Fx  he  a  quaternion,  we  may  (by  221)  express  it  as  follows, 

XIV. ..  Fx=  jr^  ix-\^jy^kz, 

where  fF^  JC,  Y^Z  tnfoitr  sailor /unctions  of  a:,  of  which  each  separately  can  be 


*  Compare  the  Fourth  Lemma  of  the  First  Book  of  the  Friucipia ;  and  see  espe- 
cially its  CoroUaiy,  in  which  the  laasonbig  of  the  piestnt  anb*article  it  virtoal^  an* 

•  3i 
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tad  tht  recent  gtometrieafi 

will  thas  apply  to  each  of  them,  and  therefore  to  thdr  Nmmr  c  >mhinnt!on  Fx:  iMA 
qnatrrnion  function  mlaces  itself  to  a  vector  JwnHion  of  x,  when  W=  0. 

(7.)  And  if  i//r  werr  annthn"  quaternion  or  vector  function,  we  might  first  tub- 
slitvff  it  fur  />,  and  then  eUminate  tiie  scalar  fuiirtion  ;  •so  that  a  limiting  equa- 
tion of  the  farm  IX.  uiay  thuii  be  proved  to  hold  wlien  both  the  f uodiona  oom- 
pnrcd  are  rectorg,  or  (quaternion*,  eupposetl  still  to  rantvA  with  jr. 

(8  )  The  gen«rml  coiuideimtioiiSi  bow«v«r,  on  wliidi  the  equtioa  IZ.  wat  \Mj 
ertabliehed,  tppear  to  b»  mora  timple  and  diveet ;  and  it  b  evident  that  thqr  sNre^ 
la  tike  mannefi  this  other  bat  analogone  oqaation,  in  whidi  and  f'M  afe  Moami 
dnitativet,  and  the  oonditions  YIII.  are  now  enppoeed  to  he  aatidhdt 

XV.  . .  Km  (r* :  f '*)  =  Um  (FV ;  ^"x),   If  F'O  =  0,  ^'0=0. 

And  so  we  mij^ht  p  oceed,  as  long  m  tucecssic*  derivatiots,  qf  lagktr  order*^  conti- 
nue tu  vanish  together. 

(9.)  Uouce,  in  particular,  if  we  take  this  aealar  form^ 

wfaidi  evideotfy  ghree  the  valoai^ 

and  if  we  suppose  that  tiie  function  Fx  is  such  that 

XVIII.  .. /X)  =  0,  J^0  =  0,  F"OaO,. .  . »>o«o^ 
while  FMO  has  an/  finite  valii^  wamajtiiiiieatahlUithialfaBitimpaqiiatkBt 

XIX. . .  lim  (/^ sfMO ; 

in  which  the  fitnetitm  Fx,  and  the  value       0,  are  A«re  supposed  to  be  generally 
qmatnmUm§  ;  although  they  may  happen,  in  paitionlar  caaM,  to  rtdbet 
(}92)  to  vedore,  or  to  Mlwrt, 


*  Instead  of  the  equation  IX.,  It  has  become  nsoal,  In  modem  woika  on  the  DIf- 
ftrenthd  Calcidas,  to  give  one  of  die  following  fbtm  (dedoeed  from  prindploe  of  La- 
grange): 

9  denoting  fOMeprdpff  ./Mien,  or  qoanti^  between  0  and  1.  And  a  jeonfrseay 

Hhutmtion,  which  is  also  a  geomHrieal  proofs  when  the  fu.iction$  Fx  and  fkr  can  be 
^tutrucled  (or  conceived  to  be  constructed)  as  the  ordinates  of  two  plane  eurtiet,  is 

sometimes  d' rived  from  the  axiom  (or  grometrical  iutuition),  that  the  chord  of  any 
f'Tiitf  niid  ;».'</np  ore  must  be  parallel  to  the  taurjcnt,  drawn  at  somr  point  of  that 
Jiniti  arc.  I'ut  this  parallelitm  no  longer  ccitls,  in  geufial,  when  the  curve  is  one 
of  double  curvature  ;  aud  accordingly  the  equation  in  this  Note  is  not  gcnerallg  true., 
when  the/tmctwKs  an  {mrfeniidM  .*  w  even  when  one  of  them  it  a  qnatsralon,  or 
a  M«f or. 
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342.  It  will  now  be  easy  to  extend  the  ExpanenHnl  Tram^ 
Jbrmaium  340,  VIL;  and  to  show  that  there  is  a  sense  in 
which  that  very  important  Formnia^ 

I.  ..  j^y  dy;,    ii    d^y  =  0, 

whioh  is*  in  fuct,  a  known*  mode  of  expressing  the  Series  or 
Theorem  of  Tajflar,  holds  good  for  Quaternion  Functious  ge- 
nerallyy  and  not  merely  for  those  functions  of finite  and  pohf" 
nomialform^  with  positive  and  whole  evptmeniSt  for  which  it 

was  lately  deduced,  in  340,  (fJ.).  For  let  f<j  and  f  {<{  ^  d'/) 
denote  ann  two  states,  or  values^  of  which  neither  is  injinitc,  of 
any  Junction  of  a  quaternion;  and  of  the  m  first  dltitircutials, 

II. . .  d^,    d'-fj,,,   d'7'y,    in  which   d^» const., 

let  it  be  supposed  that  no  one  is  infinite,  and  that  the  last  of 
them  is  different  from  zero ;  while  ail  that  precede  it,  and  the 
functionsy^  and  f(q  -f  d^)  themselves,  may  or  may  not  happen 
to  vameh.  Let  the  first  m  terms^  of  the  exponential  develop* 
ment  of  the  symbol  (i^  -  \  )fqy  be  denoted  briefly  by  yi,  y„  . . 
qm ;  and  let  r„,  denote  what  may  be  called  the  remainder  o^the 
series,  or  the  correction  which  mutit  be  conceived  to  be  added 
to  the  sum  of  thcdc  m  terms,  in  order  to  produce  the  exact  value 
of  the  difference^ 

III.  .  .       ^f(q  +  £iq)  -fq  ^f{q  +  dy)  ^fq  ; 

in  such  a  nuuincr  that  wc  shall  have  riyoromlifi  by  the  notU' 
lions  employ edy  the  equation, 

IV. .  ./{q  +  dq)  =^ 4    +  ^3  +  . .  +  y«  +  r^,  where  q„,  =       ^ ; 

this  term     being  different  from  zero,  hut  no  one  of  the  terms 

being  infinite,  by  what  ha6  been  above  supposed.  Then  we 
shall  prove,  as  a  Theorem^  that 

•  Lacroix,  f<  r  instance,  in  page  1G8  of  the  First  Volume  of  his  larger  Treatise 
OQ  the  Diff«irentiAl  and  Imcgral  CalcaluA  Claris,  1810),  presents  the  Theorem  of 
Taylor  noder  the  form, 

irhMt  ^  diBolii  tlM  valat  whkh  the  flnctioD  «  reoelvw^  w1m&  tiM  vaiiabto  s  re- 
dim  tht  m¥Srm$  IncrMMmt  Ac  (TMtwimaint  qoakonqm  dir^ 
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V. . .  lim (Tr« : T;,») - 0,   if  Um.Td^«0; 

or  in  words,  that  the  iemor  of  the  remainder  may  he  made  to 

bear  as  small  a  rath  as  we  please^  to  the  tensor  of  the  lait  term 
retained,  by  d'> minishimj  the  tensor^  tcithout  cJian<jing  the  ver^ 
*or,  of  the  d'fftrcntinl  (or  difference)  Hq,  And  this  very  gene- 
ral  reaulty  which  will  soon  be  seen  to  extend  to  functiooB  of 
several  quaterDionsy  is  in  the  present  Calculus  that  analogue 
of  Taylor's  theorem  to  which  we  lately  alluded  (in  340,  (7.)  ) ; 
and  it  may  bo  called,  for  the  sake  of  reference,  **Tayhr*e 
Theorem  adapted  to  Qualerniotis" 

(1.)  WriUng 

we  shall  have  the  following  succoBBhre  deriratives  with  respect  to  x, 


VIL . .  < 


'?jr  =  d"»-  '/(<y  i  xdq)  -  d*"      ;  and  finally, 
.  F^"'  X  =  tl'"/(y  f  xd9) ; 

Ixraiiso,  by  327,  VI.,  and  321,  IV., 

Vm.  ..  £»f(9  +  4Hi9)  =  lim.ii{/(9+«d9  +  »->df)-/(f +«d9)}B(^(f4«^ 
•ad  In  likt  ntmiv, 

IX.  .  .  D3 f(q  +  rdq)  =  d» /(g  +  xdq),  kc.  ; 

the  mark  of  dcrivAtion  D  referring  to  the  scalar  Tariable  x,  while  d  operates  on  q 
alone,  and  not  hero  on  ar,  nor  ou  dq. 

(2.)  We  have  therefore,  by  VI.  and  VII.,  the  values, 

X.  .  .  FO  =  0,    F'O  =  0,    F"0  -  0,  .  .  F     10  =  0,    Fi^'O  =  d«/j ; 

whence,  by  341,  XIX.,  we  have  this  limitiog  equation, 

XI.  .  .  llm  .  (  FjP  :  -  /"*   ^  ]  =  A'-fq  ; 

XII..  .  Iim(rjf:^*)«i,   if  ^jre(-^"^\ 

(3.)  Rut  these  two  functions,  i-x  and  «^.r,  are  formed  bv  IV.  from  q,n  f  and 
9 M,  clumging  dy  toa^^;  and  instead  of  thus  multiplying  dq  hy  a  decreasing  tea- 
lar,  X,  we  may  SmbM  Itf  tauor  Td^,  witboul  dianging  ito  venor  Udf .  We  may 
tlMNibn  wy  that,  whsn  this  Is  doiitt,  Um  fuoHmi  ((jm+rm)  :  qm  Unds  to  Mu/y,  or 
this  othsr  qnolisnk  r«, :  qm  to  zero,  as  iU  Hmiis  or  iq.  other  words,  th« 
ttdii  V.  holds  good. 


or 
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(4.)  As  an  example,  let  the  function  fq  be  the  iwyrgcai^  gri;  then  (eomp.  889, 

UL)  iU       difTerential  is  (for     =  consL)^ 

XIII. =  2.8...  w.y-»(-r)«,   if  r«d«.f-^ 

and  it  Is  eiqr  to  pravvb  avAtevt  dij^irmfiali,  tiiat 

xiY. . .  + ff =r  »0 + I  -»•+'•—+(-  0* +(-       + r)^ ) ; 

we  luiTe  thenfore  heve 

XV..  .  y«  =  9->(-r)"«^   r,«  =  -?mr(l  +  r)       T(r«  :  9-)  =Tr .  T(l  4  r)  i ; 

mod  this  last  tenaor  indeflnitely  dimiuiiliea  with  Td^,  the  quat«rnioQ  9  b«ing  sup- 
pcMd  to  have  tone  i^ven  vbIim  dUftrait  fiDom  sera. 

(6.)  logeiMralyifiraeitaUiihtiiefbllofwiiigeqwitlmi, 

XVI. ../(,+ .-idfl) +  »     +  Y  d«/r  + . .  +  d-  y. 


M  «  dbyieaKeMil  MlM«<M  of  the  eqoAtioii  8S5^  T. ;  and  If  we  aappoee  that  neither 
the  ftiiictk»i>^  itaeli;  nor  any  one  of  its  dUllHnntialB  as  iiur  aa  d**^i>^  Is  ininito;  the 
raanlt  <iniitoiiwd  in  the  lindtiiig  eqoatloa  XL  xut^  thsii  be  s«pwsMd  lijtlie  fonDala, 

XVIL../S-)(g.dtf)«d«^l 

fAicb  for  the  fMuilcnlar  Talue  m  « 1»  if  we  mpptm  the  upper  index,  oofaiddee  with 
tha  feim  8S8,  VIIL  of  the  deflnition  d/k^  hut  for  M^Atr  Talaea  of  m  oontahis  a  <Wo- 
rem.*  namely  (when  d"^  Is  snppoaed  neither  to  ranijA,  nor  to  become  h^fkdie), 
what  we  haTO  oaOed  SfayiSor^s  TlUereai  oAqpfsd  lo  Qtialfniim«. 

343.  That  very  important  theorem  may  be  applied  to  cases,  in 
wbich  a  quaternion  (as  in  327«  (S*))*  v^or  (as  in  337),  is  ex- 
presied  as  b  Junction  of  a  sealar;  also  to  iranieendental/orm  (3d3X 
whenever  the  differeDtiations  can  be  effected;  and  to  those  nmo 
firm  (334X  which  resuU  from  the  peculiar  operaUona  of  the  present 
Calculus  itself  A  few  suoh  applications  may  here  he  given. 

(!.}  Taking  fint  this  tran»ceodental  and  quaternion  fuDction  of  a  variable  acalar, 
t..q=ft  =  a*,    with   Ta»l,   dasO,  dl«oonat., 
we  liafe,  by  888,  VIIL,  the  general  term, 

dividing  then  .  a*  by  a*,  we  obtidn  an  it^buU  Mrue,  whloh  b  found  to  be  eorrcri; 
and  eeaeeryw*/  namely  (oompb  808|  (4.)), 

IIL  .  .  a^'=l^  xa  +         4^  ■ .  ^-  ^ —  +  ..  =f"  =  C08  — +  a8in  — . 

(8.)  Correct  BoAfimiU  ea^oMMOMt,  for  S(9  +  dfX  ^(9  +  ^)$  K(g  +  df),  and 
NC"?  +  dq),  are  obtained  when  we  operate  with  t**  on  S7,  V7,  K9,  and  N7 ;  for  ex- 
ample (t\q  being  still  constant),  the  third  and  higher  differentials  of  Taniah  by 
884,  XI.,  and  we  tiare 
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IV.  .  .  i-^N^  =  (I  +  d  +  id«)N J  «  Nj  +  2SCK^  •  dy)  +  "Sdq  =  N(?  +  dq) ; 

an  Mcpwion  for  tbe mtrm  ^amm,  whieh  agnM  with  310,  XX,  and  witli  SOO, 
VII. 

(3.)  To  (lovelope,  on  like  principle;*,  the  tensor  and  rer$or  of  a  sunt,  let  us  again 
writ«  r  for  :  q,  aud  dcuuto  U>e  scalar  aud  vector  partaof  ihia  quotient  by  $  and  r ; 
•0  that,  by  S3i,  XIII.  and  XV., 

(4.)  Then  writing  al^,  for  abridgment,  a»  in  a  known  notation  of /actorialt, 

m ..[- 1] 1 ).(-«).(- 8) ....(- 

we  ||iaUliAf«,ligr  84S,  Xltl.,  df  bdqgalill  tnatad  as  comtant,  the  cqnatkii, 

m  fH 

VIII.  .  .  d'-C*  +  r)  =  d-»r  t=  [_  l]r«'»  =  [-  1]  («  4  p)'" 

of  wbicb  it  is  easy  to  separate  the  !>calar  und  vector  parts  ;  for  exanijvle, 

IX.  ..  d*  =  -«.(*  ^  r)'^=-(#2+P»);       d»  =  -V.(«  +  e)»  =  -2*i;. 
(6.)  We  bave  alao,  hy  V.  and  VI., 

X . .  i:i?,(,+d)iilli  (.+4)-i,  .-.J^fTfi  *0*if^t 

tbe  notation  being  such  iliaL  wu  have,  for  instance,  by  IX., 

Xn.  .  .  («  +  d)l  =«;    (t-rd)M-(*  I  d)*  =  »>«  +  d#--i>2; 
XIII.  .  .  (r  1  d)l  =  r;    (p  +  d)2 1  =  (e  +  d)t?  =     +  dp  =     -  2#P. 
(C)  The  exponential  jvrmula  342,  I.,  gives,  therefore, 

XIV.  .  .  T{q  +  ^q)^t^Tq-.t»"^\.1q-, 

XV.  . .  U(g  +  dj)=««>Ug«=*«  ''i.Dj; 
or,  difiding  and  substituting,  < 

XVL . .  T(l  +  a  +  i»)-«»*«>i;      XVII. . .  U(l  +  «  +r)  =  ; 
•  and  V  bebig  here  a  tealar  and  a  vector^  w)ilch  an  entirely  independent  of  each 
other ;  but  of  which,  in  the  npplicalioiiib  ^  taMOiv  nmt  not  be  takea  too  Isiya^  in 
order  that  the  series  may  converge. 

(7.)  Tbe  symbolieal  erpressions,  XVI.  and  XVII.,  for  those  two  series,  may  be 
developedhy  (4.)  and  (5.)  ;  thus,  if  we  only  write  down  the  terms  which  do  not  excee<I 
tbe  second  dimtiuionf  with  respect  to  a  and  v,  we  have  by  XIL  and  XIII.  thedeve- 
lopment, 

XVIIt  • .  T(l-|>«  + v)- 1 -f  «  -  |c3  + . ... 

wMA  aocMwding^y  tbajwwfcirf  ii  1  -ha-l-fb  to  the  iiiiie  ocder  of  approximation. 
(8.)  A  function       mm  titmqiUtlKnlooB  can  aometiiMilia  developed,  witk* 

out  differentials,  by  processes  of  a  more  alptbraical  character ;  and  when  this  bap- 
pens,  we  may  compare  tbe  result  witfi  ihv  form  given  by  Taylori  Series,  as  adapted 
to  quaternions  in  342,  and  so  deduce  the  vat  ties  of  the  successive  dtjfirentials  of  the 
function ;  for  example,  we  can  infer  tbe  expression  842,  XIII.  for  d*".  9  (torn  the 
serie$  342,  XiV.,  for  tbe  rtciproeat  of  a  turn* 
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(9.)  And  not  only  may  we  veri/y  the  recent  develapnmUi  XV  ill.  and  XIX.,  bj 
cpnipuring  them  with  the  more  al^aftmleaf /bmw, 

XX.  .  .  T(l  +  » -f  r)  =  (1  +  *  +  tj)l  (1  +  «  -  p)\ 

XXI.  .  .  U(l  +«  +  »)  =  (l+«-Hi>)*(l  +  «-»)  i, 

but  also,  if  the  first  of  the>e  for  example  (whtn  expanded  by  r—finniy  jWitfOTlit, 
wUich  arc  iu  this  case  applicable)  have  given  Ui|  without  ditTerentialSi 

UIL..T(f  +  fO"(l+«-i****>Tf,  whM«  t^SfVi,  and  9*V«^rS 

m era tiMD ii^  tlM Tahfli  dt^^  and  nemd i^gkmOiah  immr  ^tt^ 
quatamioiiy  at  fcilowa: 

XXIII. .  .  UTj  =       .  Tq  i    d«T^  =  -  ^V^^*Tj  { 
wbmtf  Iha  iaftagm  With      XIL«r  ZUI^  aad  die  aMOBd«BDba  dadMid  ta 

'*"*'*'^^...*.T,  =  d(8^.T,)-((8^)'-S.(jy)T,. 

(10.)  In  general,  if  we  can  only  devclope  a  function  f(q  +■  q')  as  far  as  the  tenn 
or  terms  which  are  of  the  Jirtt  dimension  relatively  to  q',  we  ahall  still  obtain  thua 
an  expression  for  the  Jirtt  differential  d/g,  by  merely  writing  in  the  place  of 
But  we  haTe  not  chosen  (oomp.  100,  (14.)  )  to  regard  tkit  property  of  the  different 
tial  tffa  Jimelkm  aa  thtjkmdmmmkd  oa«,  or  to  adopt  it  as  the  d^butiom  of  4/^ ;  be- 
canie  we  heve  Bet  eheewi  te  pothJmlt  fSbmfmtrai  pouibany  of  aodi  iwwftytals  o/ 
JkmOkm  ^aaaiii  aliia  wwi,  ef  whkh  fa  fcet  H  It  to  amiy  eaeM  dfperir  le  diieeier 
ilto  latN^  er  em  te  praet  lAa  ««iiteMi^  enipl  fa  iOBe  aoeh  wpj  ae  tlM 

(11.)  This  opportunity  may  be  takeo  te  ebeim^  tfait  (with  leMBt  aetattaii)  wie 
benri^  lij  TIIL,  the  ymbeBeal  etjwinn,. 

ZXV...fl*«*^<lBl+ or  ZXTL..f'«<tat+r. 

344.  Smoemive  diJereniiaU  are  also  oonsected  with  suecesmed^" 
ftrmeetf  fay  bwi  which  it  is  mtj  to  iiiTOttigtte^  «nd  on  which  only 
•  few  wonfa  need  here  be  lud. 

(1.)  We  can  eeeOf  ptoveb  ttom  the  deflaltioii  $t4,  IV.  tiify,  that  if  df  be  eoop 
elaiiti 

1.  . .  UVj  =  lim  .  j.^.  {X«  +  2i»-'  dq)  -  y a"  >  d«)  +/f  )  i 

with  aaakgooi  eaiproeitone  fbr  diflbrentials  of  higher  ordos. 

(%)  Heoce  we  may  eey  (eompb       X.)  that  the  aaMeMiM  dtjfirmMaU, 
IL..d>^,  d'/r,  dW,..  tn  dV«0. 
are  inntte  te  which  the  foUewiqg  wimlliph§  ^fmutrndm  diffknnui, 
IIL..«AAr,  a*AV^,   "'AWt*-  fiv  A'faO, 

all  rfmultaBeoaely  Isad^  wImb  the  mampleiiAg  ieeUhercoutentfyefM^tedfterat 
leait  ImA  to  beeome  equal  tbento^  while  the  anmber  a  increeiee  indedidtely. 
(8.)  And  haooe  we  night  prere,  fa  a  new  way,  that  if  tk»  yimcCfea  /(q  +  df) 
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can  bt  developed,  in  a  series  proceeding  according  to  ascemliiiy  ami  whok  «l'men?u)ns 
with  respect  to  d^.  the  partt  of  this  seriM,  which  are  of  thus«  succestive  dimensions, 
oniit  Iblknr  the  low  wcpraaed  hy  Taylor't  Thttum^  ndapttd  to  Qmaltnumu 
(342). 

345.  It  is  easy  to  oonoeiye  thst  the  forcing  lesolta  nuiy  be  ex- 
tended (oooip*  8^),  to  tbe  sacoeasiTe  differentiations  of  liiiietions  of 
Mvmd  qualemwm;  and  tbat  thas  there  arises,  in  each  such  oasci  a 
s^itm  o/tucetttwt  diJfkrenUaU,  tcUd  end  paHud:  as  also  «  system  of 
parUal  derivatives^  of  orders  higher  than  the  first,  when  a  qwderman^ 
or  a  vector^  is  regarded  (comp.  337)  as  a  function  of  severed  sealan. 

(1.)  TbB  gmitrat  expmdm  t»  libit  eteemd  Ulmi  d^fkimiSa^ 

involves  d-9,  d^r, .  .  ;  bat  it  is  often  convenient  to  suppose  that  all  these  second  dif- 
ferentials vaiiisA,  or  that  th»  Jtrd  dlAnotiali  d^,  dr, . .  are  eotutmU  ;  and  titm 
d"*Q,  or  d"*/X9,  r, . .),  beoMMt  a  ratiooal,  iiilcgral,  and  homo^aoosfnactioii  of 
(ha  dimanaloD,  of  those  fitit  diflbnntiala  d^,  dr, . . ,  wUeh  11147  (oonp.  829, 
III.)  be  time  denoted, 

IL.  .d"*QB(d«4'dr+..)"Q;   orbrieflj,  IIL . .  d»B(d,  +  dr+..>*, 
la  developing  whidi  ^ynftoKeof  jNiiPtr,  the  amttnioflBtei  Haorm  uStigthta  maj  he 
eai|dojed :  beeante  we  have  gMMndty,  for  qaaternioiii  at  ia  the  ocdfakaty  eakoloa, 

lY. . .  d,df«d«dr. 
(2.)  For  example,  if  we  denote  d^  and  dr  by  7'  and  r',  and  suppose 

V.  ..Q  =  rjr,    then    VI.  .  .  d,Q  =  r/r;    Vil.  .  .  d,  g  =  ry  i  rgr'j 
and  VIII. . .  d,d,Q:=  d^g  =  r'q'r  +  rgr. 

And  in  general,  each  of  the  two  equated  symbols  IV.  gives,  by  its  openUieil  en 
JXgf  r),  the  limii  of  thia  other  fimctioii,  or  ptodoet  (comp.  844, 1.), 

IX. . .  W{J^J+«-ld^.  r+iir-»dr)- Jl^,  r +  i|Mdr)-lt9+iridg,  O  +  I^f,  r)}; 

in  which  the  numbers  n  and  n'are  supposed  to  tend  to  infinity. 
(3.)  We  may  alio  wiite,  for  ftmctiona  of  sMtrof  qoateniloot, 

X.  . .        AQ  =  /i:^  -f  d9,  r  +  dr, . .)  =  c\*^"  F{q,  r); 

or  brietly,  XI.  .  .  1  +  A  =  c'',*^*  ••=€**; 

with  interpretations  and  transformations  analogous  to  those  wiiicii  have  occurred 
already,  for  ftineliona  of  a  ringU  qaatnrnlon. 

(4.)  Finally,  aa  an  example  of  wcMaslot  and  pmtid  dbrMisn,  if  we  nnnne 
the  Toetor  espieaiion  S08,  XYIIL  (oomp.  815,  XIL  and  XIII.),  namely, 

XIL..pBr4V«V^i 


*  Some  lemailDi  on  the  adaptation  and  proof  of  tUs  impairtaat  tbeonm  wfllbe 
found  in  Um  Lcelarit,  pagea  589,  dco. 
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which  haa  been  seen  to  XiP  cnpable  of  representing  the  vector  of  ouy  point  of  tpace, 
we  may  obsenre  that  it  gives,  teithout  triffonomeiry,  by  the  principle  mentioned  in 
308,  sub-articles  to  816.  not  ouly  the  form, 

XIII.  . .  p  -  rk*j^k^     aa  iu  308,  XIX., 
b«lt  $iao,  if  a  be  any  Mcfor  unit, 

XIV.  .  .pa. r*«  i>>»*«  =  rA'(AS.a>'  +  iS.a«*  ')•*  '» 
whence  XV. .  .  p  =  rV.       +  r4«nr.  i"%  m  in  815,  XIL 

(5.)  We  have  therefore  the  following  new  expressions  (compare  the  sub-articles 
to  337),  for  the  two  partial  derimtkm  of  tha/rjtf  ordfr,  of  tbi*  Tsriable  Tedor  p, 
Uken  with  respect  to  «  and  t : 

XVI.  . .  D4)«  jrr*<J*y  'A  's-irp*^/*-*, 

with  the  Terifi coition ,  that 

XVII.  .  .  pD4iz=irr^.k*j'kj  *k  *.k'jHj-»k  '  =  TrrH'jk  '; 
and         XVIII.  .  .  D,p  =  »rrA«'V.^""=  7rr*"yS.a>'-'  =  r  ipD.p. S. o2^», 
whence    XIX.  .  .  pD/p  =  -rDip.S.a*»-',  and    XX.  .  .  D«p. Dip=  w'rpS.a*^'; 
whHe  XXI.  .  .  Drp  =  r  'p  =  k'j'kj  'k-',  aa  in  887,  XXV. ; 

so  that  we  have  the  following  ternary  product  of  these  dtrived  vtctort  of  the  first 

order, 

tbe  Mttlsr  dbanwftr  of  irliidi  prodact  depends  (comp.  299,  (9.) )  on  the  clfeom- 
■UBiee^  tfuit  tiM  voeton  Ihiii  nraldpUed  eompoM  (S97i  (10.)  )  t  rMCnyKlar  tgHmu 
(6.)  It  b  eaij  then  to  Infer,  ffur  die  si*  jmHioI  dMatfvet  of  p,  of  tbe  sMond 
owlir,  taluB  with  rMpoct  to  fho  Mine  tbm iodir  Tufalta,  r,  s^  f,  th«  oxpnMtono: 

XXIII.  .  .  Df'psO;    DrD,p  =  D.Drp  =  r-lD,p ;    D.D.p  ^  D,D,p  =r-'D,p  ; 
XZIV...D«V»-'ir'p;   DtDip-DiD^p-irWHT./**!;  D«Sp»-ir*rAS<V.iX*. 

(7.)  The  three  pmrtkA  OfffmrmOUth  of  tbojlrvf  ovdkr,  of  tlw  mbm  vukUo  vector 
^,      tho  following : 

XXV. . .  drpsr-ipdr;  d«psD^.d»i  dip»Dip.dl; 
with  the  pfodnct^ 

XXVI.  .  .  d.p  .  d.-p       jrrpdS  .  a^*.  d< ; 
XXVII. . .  drp  .  rf,p  .  d<p  =  wHdr.  dS .  «••. dfc 

(8.)  These  differential  veetor$^  drp,  d«p,  d^,  are  (in  the  present  theory)  gene- 
rally finite  ;  drp,  like  D,p,  being  n  Une  in  tho  direetloa  of  p,  or  of  thercMiuM  of  this 
Mpktn  nnnd  tho  oifgfn,  at  loMt  If  dr,  liko  r,  be  poiltlTe;  wUle  d«p,  like  D«p,  ie 
(ooovk.  100^  (9.)  )  a  tmtgmt  to  ikt  nuruUm  of  that  iplmie  BOfAei^  tot  whkdi  r 
and f  am ooMtenl;  batdip,]lkeDip,ieoatbeooati«7alaiVM<telil««HMffeArWW 
(or  parallel)^  on  the  sarac  sphere,  fyi  whkh  r  and  $  are  oonetaftt. 

(9.)  Treating  only  the  radius  r  as  constant,  and  writin*^  f>  =<>*•»  >f  we  pass  from 
the  point  P,  or  (*,  /),  to  another  point  o.  nr  +  ^j?.  on  the  tame  meridian,  tbo 
chord  PQ  is  represented  by  thr  finite  dijjl^rence,  ;  and  in  like  manner,  if  we  paw 
from  p  to  a  point  b,  or  (s,  t  f  A^),  on  the  same  parallel,  the  new  chord  rn  is  repre- 
sented by  the  other  partial  and  iinite  ditVercnce,  ^ip ;  while  the  point  (« -f  A«,  i  f  At ) 
may  be  denoted  by  a. 

(10.)  If  now  ih»ho0pahi$  q  and  r  be  ooneeived  to  ofpnaek  to  p,andto  come 
to  be  ecfy  acor     the  ehorA  pq  and  pb  will  very  iMorlir  coiaeMs  with  the  two  cor- 

3  K 
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rapoodiiig ore* of nMridian ind parallel;  or wUh tha loayaaft to tha aama two dr- 
oiaaatp,  aodnwaaatolutfiathalin^^of  tlMMatwoaKi:  oriaatt/ withtba 
yimHal  and  laafanM  oaelan^  ^  tad  if  no  anppoaa  (aa  wo  may,  oompw  81S) 
that  the  two  arbitrary  and  scalar  d^nntialt,  4t  and  dl;  aio  ao  atMumed  as  to  be 
eonstantlj  «giMi2  to  tba  two  diffirmet$f  A$  and  At,  and  conaeqiiant^  to  diwnmiik 
with  th<m. 

(llO  Whether  the  differentials  ds  and  (U  !  o  /rtrj?*-  or  tmall,  \h(  product  d,o.dff», 
like  the  product  D,p  .  V>tp^  repnsents  rigorously  a  normal  vector  (as  in  XXVI.  and 
XX.)  ;  of  which  the  length  bears  to  the  unit  of  length  (comp.  281)  the  Mime  ratio,  aa 
that  which  the  rectangle  under  the  two  perpendicular  tamgeiUs,  daf>  and  dtp,  to  th« 
igvAerr,  baaiB  to  thoimiV  of  area,  Henct,  wttb  tbo  facant  aappoaitiooa  (10.),  wo 
may  regard  tbia  proAui  dip .  d<f>  aa  repreaentiog,  with  «  eontiaaally  and  lodcflnitdy 
inoraaiingaoenia^,  ortn  in  tho  wigr  of  ratio^  what  wom^r  call  OntdiMettdakmmi 
oftpitrkmufaet,  roaai  ooBiidcnd  aa  thna  nprmmM  (or  oonatiuctad)  bj  n  mt* 
«mI  at  f;  and  tha  iemor  ti  tbo  aaao  piodoct,  namdljr  (bj  ZZVI.), 

XXYUL . .  T(dif> .  d^)  —  wr«dS .  o*«. d#, 

b  which  tbo  Mfoliao  a^  ia ntaiaad,  bacanaa  8.  daenaaaa from 1  to- 1,  whilo 
cincnaaaaftom  Otol,iaanospioailoaoatboaanoplanfbrwliatwoniayoollbj-oaa- 
trast  tha  mdintttd  dmmt  ^qiAfrjearao,  or  that  danantoanaidend  with  lalafaDco 

merely  to  quantity^  and  not  with  reference  to  direction. 

(12.)  Jntegnttimfff  thaOi  this  last  differential  arpregeion  XXVIII.,  from  f  =  0  to 
f  =  2,  and  from  a  =  «o  to  «  =  ai,  that  i.s,  takinj^  the  limit  of  the  sum  of  all  tho  «lrm*mt$ 

PQBa  between  these  bounding  value.^,  we  liiid  the  following  equation  : 

XXIX. . .  Ana  qf  Spheric  Zomt »  2wr*S  (a'<b  -  a»i) ; 

whence 

XXX.  .  .  Area  of  Spheric  Cap  (•)  =  2irra(l  -S.a»')  =  4irr»(TV.a«)«; 
and  finally, 

ZZXL  . .  Area  ofSphmre^A^^  as  oaoal. 

(18.)  Inlikamannartha  axprmion  XZYII^  wlA  its  aign  changed  (on  aooonnt 
of  tbo  doooaaa  of  8  *  a**,  aa  In  (11.)  ),  repreacota  tba  afcaienl  ofvahmt;  and  tho% 
t^int^pratiagftomrKf^  to  ran,  fton  §mO  to  asl,  and  from  fsO  to  f»t, 
wo  obtahi  anaw  tha  known  vahiaa: 

4n- 

^     XXXII.  .  .  Volume  of  Spheric  S>htii  =  —  (n'  -  r^*) ; 

and 

4irr3 

UXm. . .  Fbfoaia  ofSpihtn  (r)e  — ,  aa  nanal. 

o 

(14.)  These  are  however  only  specimens  of  what  may  be  called  Scalar  Integra- 
tion, n!th(  'Ugh  couuected  with  quaternion  forms  ;  and  it  will  be  more  characteristic 
of  the  present  Calculua,  if  we  apply  it  briefly  to  tako  tho  Fklor  Integral,  or  the  Umt 
(ftk9V9«ihr-'tmmtiih»dir§9ttddmeni§  (11.),  of  a  portion  of  a  aplMrie  amftaa: 
a  pcoblam  which  oonespond%  in  kjfdro§Uak»,  to  calcniatfaig tha  rwmftawr  c/thtprt^ 
Mrev  on  that  aafihoe^  each  pvMaora  having  a  naraial  d&M<jo»,  and  a  fmlj^  pro- 
portional'to  the  eitmemt  pfaroa, 

(15.)  For  this  purpose,  we  may  employ  tha  0¥pramton  XXYI.  with  iu  sign 
diaiiged,  in  order  to  denote  an  inward  normal,  or  a  pressure  actiag/^«M  wirAowf; 
and  if  we  then  substitnte  for  p  its  value  XV.,  and  observe  that 
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XZZIT. . .  || 0,  baeauM  A* 1, 

and  remember  that  V.^»*'  =*S.  a*',  wo  qubxIj  deduce  the  exprewions: 

XXXV.  .  .  Sum  of  Directed  Eiements  of  Elementary  Zone=  irr'AriJ .  (S  .  a-')' ; 
XXXYL  .  .  Sum  of  Directed  El  ementt  of  Spheric  Cap  («)  =  —  irr'A'^l  —  ^8.0**}'^ 
=  7rr«A:(V.  a'' )' ^  ^  'A- (Drp)' =  7r;t  (VA'p)'. 

(16.)  But  the  radiuM  of  the  plane  and  circular  hate,  uf  the  iphetic  Megment  cor- 
respoDding,  is  TVA/j,  so  that  its  area  in  m  quantity  -  tt  {VkpY  ;  and  the  common 
directum  of  all  itl  inward  normal*  is  that  of  -f  A' ;  hence  if  we  still  represeut  the  Ui- 
iMtod  dnmlf  lij  oomab  fbw  dmwii  imward$t  m  btTO  €bi»  mw  oxpmtion : 

XXXni. . .  Smn  ofDh^rted  EfementM  of  Circular  Ba$t-^wk(Ykpy  ; 

comparing  which  with  XXXVl.,  we  arrive  at  the  formula, 

XXXVIII.  .  .  Sum  of  Directed  Element*  of  Spheric  Sfymmt  —  Zero  ; 

a  result  which  may  bo  greatly  extended,  and  which  evidently  answers  to  a  known 
case  of  equilibrium  io  hydrostatic*. 

(17.)  These  few  example*  may  serve  to  show  already,  iheX  Differential  $  of  Qua- 
Utmimt  (vr  of  Ftelcn)  may  be  applied  to  vaiions  fftometrUal  «nd  physical  quea- 
HmBS  tad  tbtt^  wbM  lO  applM,  it  itptmitted  to  traat  VumngmaU^  if  any  con- 
wtmimtt  bo  grinod  thaioliy,M  in  caow  of  lulytibis  thwe  alwyi  to.  But  wo  mutt 
nour  poM  to  an  important  investigation  of  aiiotharltlnd»  with  whidi  d^/imUMf  will 
ba  Iband  to  bava  only  a  wrt  of  mdbreei  or  nyyfil^  cooaaxlos. 

SscTiON  6 — On  tht  Differentiatum  o/Implicii  Ikmetunu  ^ 
Quaiemiant ;  and  cn  ike  General  Invenian  qfa  Linear 
Function^  of  a  Vector  era  Q^atemitm:  wUh  iome  connected 
Investigations. 

346.  We  saw,  when  differentiating  the  Bq[uare-root  of  a 
qoatendon  (332,  (5.)  and  (6.)    that  it  was  necessaiyfor  that 
purpose  to  retohe  a  Hnear  equation,*  or  an  equation  of  the 
j^ret  decree;  namely  the  equation, 

I  .  .  r/  +  r'r  «  q'f 

in  which  r  and  q'  represented  two  given  quaternions^  qi  and 
d^,  while  /  represented  a  sought  quatemion»  namely  dr  or  d .  gik. 
And  generally,  from  the  linear  or  dietrihutive  form  (327)>  of 
the  quaternion  differential 

U...i\Q-dfq^/{q,  dq), 

of  any  given  and  explicit  function  fg,  when  considered  as  de- 
pending on  the  differential  d^  of  the  quaternion  variable  q,  we 
see  that  the  return  from  the  former  differential  to  the  latter, 

*  Compare  the  Note  to  page  410. 
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that  is  from  to  dfy,  or  the  differ  tut  iatiuu  oi  the  inverse  or 
implicit  function  Q,  requires  lor  its  accomplishment  the  So- 
lution  of  an  Equation  of  the  First  Degree :  or  what  may  be 
called  the  Inversion  of  a  Linear  Function  qf  a  Quatemum. 
We  are  therefore  led  to  oonsider  here  that  general  Problem; 
to  which  aooordingly,  and  to  inveetigatuHia  oonnectod  with 
which,  we  shall  devote  the  presient  Section,  dismissing  how- 
ever now  the  special  consideration  of  the  Differentials  above 
mentioned,  or  treating  them  only  as  Quaternions^  sought  or 
giyen,  of  which  the  relations  to  each  other  are  to  be  etudied. 

347*  Whalew  the  partieuhr  form  of  the  glTeo  Unsar  or  dis- 
tr&Mthfs  fimetiont  fq^  may  be,  we  oan  always  diaoonnpots  it  as  follows : 

taking  Uien  separately  soalara  and  vsctors,  or  operatiiig  with  8  and 
Y  OB  the  proposed  fiinsar  sjimCkiii, 

II. .  ./7«r, 

where  r  is  a  given  quaternion,  and  q  a  sought  one,  we  can  in  general 
dmmaU  S^t  and  so  reduce  the  problem  to  the  sokitioa  of  a  Umar 
and  vsttor  sgmiion^  of  the  form, 

III.  .  .  ff>  =  r; 

where  r  is  a  given  vector^  but  p{-  Wq)  is  a  sought  one,  and  f  is  used 
ss  the  characteristic  of  a  given  linear  and  vector  function  of  a  veetor, 
whkh  function  we  shall  throughout  suppose  to  be  a  real  one,  or  to 
inTolTe  ns  imaffiMty  eonstands  in  its  composition.  But|  to  erery  siioft 
function  there  always  corresponds  what  may  be  called  a  eonjugate 
linear  and  yector  function  connected  with  it  by  the  following 
Equathn  of  Ccnjugationy 

IV..  .  SX^>/>  =  S/>fX; 

where  a  and  p  are  an^f  two  vectors.  Assuming  then,  as  we  may,  that 
/I  and  p  are  two  auxiUarjf  Tectors,  so  chosen  ss  to  satisfy  the  equa- 
tion, 

V. . .  Vfty^o, 

and  therefore  also, 

where  \  is  a  f^irtf  auxUiary  and  arbitrary  vector,  wo  may  (comp.  312) 
replace  the  one  vector  equation  III.  by  the  three  scalar  equations. 
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VII. . .  Sp^'x  =  SA/iv,  Sfi^>=-  0,  S/>^>'v=a 

And  these  give,  by  priocipks  with  whkh  the  reader  is  rapposed  to 
be  already  £uiiiliajr,*  the  espreuioBt 

VIIL  .  .mp  =        or   IX, . .  pmf*^  m  nr^-^y 

if  m  be  a  vector -constantj  and  t/^  an  auxiliary  linear  and  vector  function, 
of  which  the  value  and  the  form  are  determined  by  the  two  following 
eq.uation8:  i^T-^C^*         ^  ^ 

XI.  .  .  V^CV/O')- V(f>.^V);  f  L  ;      J  >^ 

or  briefly,  ^  v^-v  ' '  ' 

X'. . .  wS>\fiv  =  S .  ^'  X^>^' V, 

and 

XI'. . .  ^V/i»- V.^^i^ 

And  thus  the  proposed  Problem  of  Inversion^  of  the  linear  and  vector 
function  may  be  considered  to  be,  in  all  its  generality,  resolved; 
because  it  is  always  possible  so  to  prepare  the  second  members  of  the 
equations  X.  and  XI.,  that  they  shall  take  the  forma  indicated  in  the 
first  members  of  those  equations. 

(1.)  For  example,  if  we  assume  any  three  diplanar  Tectora     a\  a"|  and  deduct 
from  them  three  other  vectors  /3y,  /3'o,  fi  o,  by  the  cquatious, 

XU.../SbSaaV'«Ya'a",  iToSoa V « Ta'o,  ^~flSaa'a"» Yaa, 

then  «mr  TMlor  p  may,  1^  294,  ZV.,  be  tzpfanedu  feUowt, 

if  Umd  we  write, 

XIV.  ..^  =  f^    /3'  =  ^»/3o',    ^"  =  0^"o, 
we  eha]]  h.ivc  the  f<  llowing  General  Expreasioiif  OT  Standard  THnomial  Form,  for 
a  JLimear  and  VecU>r  Function  of  a  Vector ^ 

XV. . .  fps/3Sa/»'|-/3Sa>  +  /TSap; 
coBlaliiiais^  si  we  le^  fArae  mcCot  eomtaif*,  A  jS*,  jS^,  w  iiiiM  fcafor  coMlaiil*, 


XTL . .  SoA  Sa'A  Sa''^;  SajS',  So'/T,  Sa''/9'|   So^,  Sa'/T,  Sa'^/S*; 

whidi  may  (and  generally  will)  all  eary,  in  pasaing  fnm  mte  Uaaarand  wtetorjknc' 
Uom  fp  to muiktr  aaeh  ftmetton;  but  whieh  an  df  sappowd  to  be  rtai,  aaA^wm, 
fbr  mihpmrtktdarftrm  of  tbst  ftuwtloD. 

(S.)  Pasrisfflo  what  we  hare  eaUed  the  coi^^iyBte  liuer  f noctioii  ^Vk 
XT.  g^st,  bj  lY.,  tbe  ezpfBMkiD, 


*  A  student  might  fiad  it  useful,  at  thia  8tag«,  to  read  again  the  Sixth  Sectioo  of 
the  pgreoeding  Chapter ;  or  at  least  tbe  early  saVarticIes  to  Art.  294,  a  famUiar  ao- 
qnaintaace  with  which  ia  preaumed  in  the  present  Section. 
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XVH. .  .  ^>  =  aSfip  +  a'S/3'p  +  a"S^> ; 

bnt 

thM«foi«  tbe  Imiiltemailoii  XI.  ioeoaed^  tad  gtvM^ 

MM  to  vqmMioii  for  Ui«  owviKavy  AmetiMi  ^;  of  whicb  the  eoii^iyalr  biaj  be  tliw 
wiitttti| 

XIX. . .      «  V/3'/rSa''a'p  +  V/T/SSoaV  +  Y(ifi'Sa'ap ;      t  T  w* 

M>  that  i/'  is  changed  to  r^,  when  f  la  changed  to  f%  bj  interduuigUig  ooc^  <if  tbe  * 

three  alphat  with  the  corresponding  &efa. 

(8.)  If  we  write,  as  in  thi^  whole  investigation  we  propose  to  db^ 

tbe  fomralie  XL  tod  X  beeeaM^ 

XXL..^X'>iy.f>fV,  and  XXn...«i8XX'B8.fVX', 
with  the  imieiort  of  obiidgnHmt  of  DOtatioD  as  in  XI'.;  and  beoaaee  the  ooeflUent 
of  Soa'a"  to  thii  laift  expfearfoii  XXII.  la  by  XVII.  XVIIL, 

the  Mdm  hj  8XX',  or  by  SX/iv,  snoeeeda,  and  we  find  the  ezpreMbo, 

XXIII.  .  .  m  =  Saa'o"S/3  /3'/3  ; 
which  may  also  be  thua  written, 

XXnr.  .  .  m  =  S/3/3'/3 "Sa  "a  a, 

so  titat  m  does  not  change  whui  we  pass  from  f  to  ^'t  on  which  account  we  raay 

write  also, 

XXIV.  .  .  toSXX'=  S.^X»//'X',    or    XXIV'.  .  .  mSX/iv  =  S.^^/if 

became,  by  (2.),  we  can  dedncc  from  XI.  the  conjugate  ezpxeasioii, 

XXV...  4r'X'sY.f|«^K 

(4.)  We  ougbt  then  to  find  that  the  Umut  e^Koilow, 

XXVI. . .   a ^ B /3Sa|» ^  firSe^p  +  fi^'SoTp, 

has  Its  «oielio»  expressed  (comp.  VIIL)  by  tbe  fbnnulai 

XXVIL  . .  f»8aa'a'^/3"/3'/3«V«V'S/3  V3'(r+ Va"aa^/r*+Vao'S^/3<r ; 

and  accordingly,  if  we  operate  Oil  the  expreaaioa  ZXVL  ftf  9  with  the  three  qrn- 
bols» 

xxviiL . .  s./r/s*.  B,fifir,  s./r^ 

we  obtiln  the  thioe  seokr  eqnttloiia^ 

XXIX. ! .  8^^/8'9«fl^/SV38a|>,  Ao., 

from  wbidi  the  eqputtioii  XXVIL  follows  ImsMdiatsly,  witfurat  asy  iBtrodnetioa  ef 
tbe  auiUaiy  Toetois  X,  /i,  v,  although  these  are  nssfol  la  the  theocy  gensnlly. 

(6.)  Gomrmsly,  if  tlM  eqnatioii  XXVIL  wevepfoen,  and  Che  valne  of  #  «oi^l> 
we  might  opsnte  with  the  time  lymboli^ 

XXX.  *  •  S'ttf   8.j8|  8.y, 

and  so  obtain  the  three  scaUr  equations  XXIX.,  from  which  the  exprsssioo  XXVI. 
for  9  wonid  follow. 
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(6.)  It  will  be  found  an  useful  check  on  formula  of  this  sort,  to  consider  e-ach  beta, 
in  whAt  webATe  called  the  Standard  Form  (1.)  of  ^p,  as  being  of  the  Jirtt  dimention  ; 
tat  tbn  w  nmj  say  that  ^  and  ^'  an  oho  of  thejiraf  dtaMmioii,  bat  ^  and  ^  of 
the  memidf  and  ai  of  tba  ikird;  and  troy  forarala,  into  whldi  fheao  tjnnbolt  onttr, 
irin  tins  be  AoMyciMtM.*  a,  o^,  a",  and  X,  m  v,  being  soT  aamnMt,  In  thiamoda 
of  oMiinaling  dtmmu&iUt  but  9  USag  tnatad  aa  of  tbtjiral  dimaniioii,  wbon  it  ia 
talcen  as  representing  ^p. 

(7.)  And  although  the  trinomial  firm  XY.  haa  been  leen  to  bo  wffitknttp  gmu* 
ralf  jH  if  wo  diooio  to  take  the  more  ozpanded  form, 

XZZL . .  #p  Si  ^fiSapt   wbicfa  gives  XXXIL  • .  f  >  »  ^aSfip, 
oay  ■■■liir  of  Urm§  of  fp^  auch  ai  jSSop,  /3'Sa'ipf  ftc ,  being  now  inclnded  In  the 
svm  S,  then  is  no  difflenlty  ia  proving  tliat  the  equations  TIIL  and  IX.  aio  satia> 
fted,  wbCB  wa  wilt^ 

ZZZin...^psSyaa1l^/Vi  wiOi  ZXZIV. . .  ^p  a  ZY/SyS'Sa'aih 

nd 

XXXV.  ..111  =  2Saa'a"S/3"/3'/3=  SS/^^V^'Sa'aa. 

(8.)  The  important  property  (2.),  that  the  auxiliary' futti  tion  4/  is  changed  to  its 
own  conjtipote  1^,  when  ^  is  changed  to  <p',  may  be  proved  without  any  icfLTcnce  to 
ti  e  form  IpSap  of  (pp,  by  means  of  tlie  definitions  IV.  and  XL,  of  ^'  and  ^,  aa  fol- 
lows.   Whatever  four  vectors  fi,  v,  fii,  and  vi  may  be,  if  we  write 

XXXVI.  ..  X'i  =  V/i IV,,    and    XXXVII.  ..  i//'V,iv  =  V.^;t^v, 

adopting  here  this  last  equation  as  a  definition  of  the  functinn  \p\  we  may  proceed  to 
prove  that  it  is  conjugate  to  i//,  by  observing  that  we  have  the  transformations, 

XXXYIU. . .  8X'i^'X'=  S(V/iivi.V.^^^v)=  S.^,(V.  viV.^^^v) 

=  S./i  ( V.  vV.  ^> ,fp'vi)  =  S  (V,iv.V.  f /ii^'vi)  =  S\'»//\'i  i 

wbich  establish  the  relation  in  quej*tion,  between     and  4^'. 

(9.)  And  the  not  less  important  property  (3.),  that  m  remains  unchanged  when 
we  pads  from  ^  to  may  in  like  manner  be  proved,  without  reference  to  the  form 
XT.  or  XXXI.  of  ^o,  by  observing  that  we  tiave  by  XXXVII.,  Ice.  tiM  tnaifbr- 

XXXIX. . .  8 .  akf^  s  8 .  fX^' «  SX'^^X  «  »8X'X  » iii8X|in 
iMcnte  the  equations  IIL  and  Till,  give, 

XLi  .  .  y^^p  -  mp,  whatever  vector  p  may  be ; 

so  that  the  value  of  this  scalar  constant  m  may  now  be  derived  from  the  original 

linear  function  ^,  exactly  as  it  was  in  X.  or  X'.  from  the  conjugate  fuuciiou  <(t\ 
■ 

348.  It  is  found,  then,  that  the  linear  and  vector  equation, 

as  lis  formula  of  solution;  with  the  general  method,  ahoYQ  ex- 
plained, of  deducing  m  and  \p  from  ^.  We  have  therefore  the 
two  ide$UUieSf 
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III. . .  m9  ■         mp  ■  ; 

or  briefly  and  aymboUcally, 

nr. . .  ffi«^^"^^; 

with  which,  by  what  has  been  shown,  we  may  connect  tluse 

conjugate  equatitm$^ 

III\  .  •  m  »  ^'i^'  a 

Changing  then  succesaively  ii  and  y  to  and  ^'y,  in  the 
equation  of  definition  of  the  anziliary  fonctaon  ^,  or  in  the 
ia^nuh^ 

^V^v  -  V.f >^V,  347,  XI 

we  get  these  two  other  equations, 

IV. , .  - ^ V. - mV.n^'v ;      V. .  .  *V.^>^'v - w^V^v ; 

in  the  former  of  which  the  points  may  be  omitted,  while  in 
each  of  them  accented  may  be  exchanged  with  unaccented 
symbols  of  operation :  and  we  see  that  the  Imr  of  homorfeneity 
(347,  (6.)  )  is  preserved.  And  many  other  tnmsformatious  of 
the  same  sinrt  may  be  made,  of  whidi  the  following  are  a  few 
examples. 

(1.)  Operating  on  V.  by       or  by  w'^,  we  get  thia  d«w  formola, 

VI.  .  .  V. =  m^V/iv  ; 

oompariag  which  wiih  the  lately  cited  definition  of  we  sec  that  we  wni/  change 
f  t/'i  if  fhe  same  time  chauge  ^  to  m^,  and  therefore  also  m  to  m* ;  f '  being 
then  changed  to      and  ^'  to  mf'. 

(2.)  For  tnmple,  we  noAy  thna  paM  from  lY.  aod     to  the  fonmibB, 
Vn. . .  -  ^Vi'^'/*  =  V/n^  V,    and  VIII.  .  .  fY.f'ftf'v  =mYfiv ; 
In  Mhich  we  sec  that  the  lately  cited  law  of  homogeneity  is  ftill  observed. 

(3.)  The  equadoii  YII.  might  bwra  bMn  otherwise  obUined,  by  intencbanging 

|iaiidyiaIV.,udop«olliigwlth-nrV,or«lth-V'~ii  ^  tho  fcniralft  Tltt 
iMj  bo  at  Qooo  dodoeed  flmn  tho  oqwtka  of  diSidtloii  of  ^  by  operating  on  H 
wtlhf.  iBfiMtiOw  nilff  ^jMwniM,  ofthol«M«r>lm^ 
coDtoioed  hi  tho  fbmnls, 

IX. . .  ^-iy|iyeai-iy.f 
where  m  is  a  scalar  oomtaBt,  M  above. 

(4.)  By  atailar  operations  and  sabetitntiooii 

XI.  .  .  ni0V.  ^'fi^'v  =  m'Y/tv  ss\l/V.\p'fii^'v  ; 
Xlt.  .  .  m'V.  «^'//^V-»l^4^V/lv=:,^«V.^//)i;/''l•; 
XllI.  . .  V.fV^'>vs^V.f)if  v  =  ^«V/iv;  &c. 
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(5.)  Bat  «•  hKW  oImv 

«o  that  th>  mtmdfimMmt  ^nAf'^mn  tm^ngtU  CooiBp«n847, 17.) ;  Imbcb^Iij 
Zni^tf^it  teiMd  ftwi  ai  ^  fronf  t  «wl  8>BmU7ltiri]lbefoiiiid,tlMtir 
«  bea»y«Ao2t  mtmhtr^  and  tf  iw  cbMln  ^  to  ^  wchmyt  th>  Mint  limit  to 

^  to  to       and  m  to  m». 

C6.)  U  inij  «1m  be  mwhed  that  tba  diangM  (1.)  ooodnct  to  the  aqnatioiv 

X7. . .  (8.  ^/if  tr)s.8X|i»8..  ^Xifrin^y  5 
«Bd  to  BM^j  ottnr  •ndosoM  fcRmdH. 

349.  The  ezpresnone, 

with  the  Bignificatioiie  347>  XX.  of  A',  ft',  and  others  of  the 
same  type,  are  easily  proired  to  wmuh  when  A,  /i,  v  are  com- 

planar,  and  therefore  to  be  divisible  by  SX^v,  since  each  such 
expression  involves  each  of  the  three  auxiliary  vectors  A,  /u,  v 
in  the  Jirst  degree  only ;  the  quotients  of  such  divisions  being 
therefore  certain  constant  quaternions^  independent  of  A,  ^« 
and  depending  only  on  the  particular  Jbrm  of  ^  or  on  the 
(acalar  or  Tootor,  bnt  real)  eonstafits^  whidi  enter  into  the 
eomposition  of  that  given  fanetion.   Writing,  then, 

and  II.  •  •    B  (A'^ + +  v ^v) :  SA/iv, 

we  shall  find  it  useful  to  consider  separately  the  scalar  and 
vector  parts  of  these  two  quaternion  constants^  and  q^\ 
which  constants  are,  respectively,  of  the  Jirst  and  second  di' 
mensUnu^  in  a  sense  lately  explained. 

(1.)  Since  VX'0X=  fiSv^X  -  vSA^'/*!  ^<^->  »t  follows  that  the  vector  part?  of 
and  qi  change  signs,  when  ^  U  changed  to  <p\  and  therefore     to        On  tin  ntlur 
hand,  we  may  change  the  arbitrary  vectors  X,  ^,  v  to  X',      v',  if  we  at  the  same 
time  change  X'  to  V/i'v',  or  to  -  XSXfiv,  fcc,  and  SX/xv,  or  SAX',  to-(SX/iv)*  ;  di- 
viding thm  by  -  SX/xv,  we  Snd  tteae  new  expresdoni, 

III.  .  .     =  (X^X'  +  fi^/i'  +  I'^v') :  SX^K, 

IV.  .  .  q^r=(\^\'  +  ^v//;,'  +  vt/^v')  :  SX^v ; 

operating  on  which  by  S,  we  return  to  the  acalars  of  theeipreaeioas  I.  and  U.,  witli 
^  and  y\f  changed  to  0'  and  \^'. 

(2.)  Hence  the  conjugate  quaternion  constants^  K91  and  K^j,  are  obtaioed  by 
paaaiiiK  to  Uia  conjugate  linear  funetiont :  and  thus  wa  may  irrit^ 

/  3  L 

■ 
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m  . ,  Kfi-(XfV+|ifV  +  »f  v-)  S^»t 

(%,)  Optnttng  frltb  Y.p  m  Tfi,  tad  obMrviog  that 

wblk  '      ^  (XSX'p  ^  /iS^'p  +  vSkV)  =  f  pSX/»r. 

aad  X'fiX^'p  +  h^t^<p'p  +  v'Sv^  V  =  f <>SX^«'t 

wtoh  abnilar  CniMftNnMtloiii  fer  V.pTysi  w«  And^bat' 

IX.  .  .  Y.pTqi  =  ^p- 
and  X  . .  V.f»V9,-  4^  - ^> 

(4.)  ABtrnMof^ty^  ttanf 

the  Ttelor  fp  -  f 'p.  If  U  do  Mi  fuOA,  iMdl  be  « liM  mMdkd^ 
fore  of  the /bm, 

XI.  .  .  (pp-  <p  p=  2Vyp. 

ia  wkkh  y  ie  aonw  cmutaat  vector;  so  that  we  mny  write, 

where  the  fbnciion  ^  is  tfti  m  eoii^jwet^  or  ietho  eew -y  ee«>rt»  part  e€ 
^  iod  f>;  iMHMf  the  pert, 

Xin...fi^-»(#p4fp>. 
And  we  aee  that,  with  this  elgniikeUiinii  of  7, 

whUo  we  havi^  ih  lihe  meHBar, 

XV,,.V(XVX  +  /*W'A»  +  »'V^^J=-««X|»es  er  XV'.  - .  Vfe"-t«, 
if  XVL  . .  4ip~ i^prntTifh 

Am  a  oonfifmation,  the  part  ^0  of  ^  hai  by  (1.)  no  effect  oa  Yfi;  and  ifwe  cfaaofo 
fX  to  T7X,  4c^f  in  the  Itiit  member  of  XIY.,  we  have  Ihoib 

(XS7V+  nSyti'  +  vSyr')-  78(XX'  +  pp*4- wO-ySXpi^-BySXpir. 
(6.)  Since  VX'f  X=-  ^VX^V,  he,  by  848,  VII.,  while  wa  m^wiile,  l»jr(l.>, 
(2.).  an<l 

XVII.  . .  V(X0X' +  M^/i' +     v')  =  -  2rSX/i V, 

XVIII.  .  .  V(Xi//V  +/4V'/*'+  >''^»'')  =  -  2^SX|iv, 
or                     XIX.  .  .  V(X0'X'  -h +  >'^'»'')  =  +  2ySX^v, 
and                 XX.  .  .  V(X'^'X  +  fi^'fi  +  p'4^'v)  =  +  25S\fiv, 
we  Iwve  Uib  rttetioa  between  the  two  new  vector  constanta, 

XXI. «=»-^y«-fy«-for; 
fbr  f,  f*,  end  fo  have  all  the  wme  ej^iet,  on  fAti  particular  vector,  y. 

(6.)  We  may  add  that  the  vector  constant  y  is  of  the  fir  ft  dtmennon^  end  that 
g  13  of  the  second  dimenalon,  with  respect  to  the  betas  oi ih^  standard J^rm  ;  iaiact» 
with  that /em,  347,  XV.,  of  ^p,  we  have  the  expreeaione, 


Digitized  by  Google 


CHAP,  n.]       8T1IB0UC  aHD  CUBIC  XQQATIOV. 


443 


XXII.  .  .  y  =  i  V03a  +  ffa'  +  ^"a"), 
and  XXIII.  .  .  ^  =  JVCV/S-/^  .Va a  +  V/3"/3.V«"a  +  V^.V.a'). 

(7.)  If  we  denote        tad  mq,  what  faiidmbMOiMwIwn  fit  changed  lo^ 

we  easily  fmd  that  ^ 

XXIV.  .  .      =  1^0^  -  ySyp  +  V^p ;       XXV.  .  .  ^/'p  =      -  ySyp  -  V^p  ; 
so  that  the  telf-conjugate  part  of  i//p  contains  a  term,  -  ySyp,  wbkh  illTolTee  Ibe 
vector     bat  only  in  the  ttcond  dtgnei  and  in  like  manner, 

XZYI. . .  M  «  Ma-I^  By' ->  «•  -  Syf  r ; 
y  ngifai  entering  only  in  an  4MII  d^rei^  lMetnnMnaHdMiiiMliaiiged,irlMiiirtpaM 

from  ^  to      or  from  y  to  -  y. 
*  (8.)  It  ie  evident  that  wc  have  the  relations, 

XXVII.  .  .  Wo  »  V'ofo ; 

and  that,  in  a  sense  alr^dy  explained,  ^  ^o,  and  Mo  are  of  thejinf,  ueomd^  and 
third  dimenaionii  leepectiTely. 

350.  After  thus  conaideniig  the  vector  parts  of  the  two 
guaiendon  eanttantiy  qi  and  we  proceed  to  consider  their 
wcalar  parts  s  which  will  introdaoe  two  new  seaiar  constants^ 
wT  and  nc',  and  will  lead  to  the  employment  of  two  new  confu* 
gate  auxiliary  functions,  yp  and  xp  1  whence  also  will  result 
the  establishment  of  a  certain  Symbolic  and  Cubic  ^quation^ 

I. . .  O-m-m'^-f  mV-^S 

which  is  saiisjied  by  the  Linear  Symbol  of  Uperationy  0,  and 
is  of  great  importance  in  this  whole  Theory  of  Limar  Func- 
tions. 

(1.)  Writing,  then, 

11. . .  m  "•Sfi,  and  III.  . .  m'  - 

we  see  first  that  neither  of  these  tee  ntw  eomskutt  dumges  value,  when  we  p«M  Irom 

f  to  p\  or  from  y  to  —  y  ;  bwause,  in  such  a  passage,  it  has  been  seen  that  we  only 
change  qi  and  93  to  K71  and  K^q.  Accordingly,  if  we  f!fr,r>te  by  wi'q  and  m"o  what 
»' and  m"  become,  when  ^  i'^  changed  to      wc  easily  iiiid  the  expreseioniy 

IV.  .  .  m"  =  m"o  ;    and    V.  ..»«'  =  iw'o  -  y*. 
(2  )  It  may  be  noted  that  m",  or  m^i^  is  of  the  Jirst  dimension,  but  that  m'  and 
m'o  are  of  tlic  second,  with  respect  to  the  standard  form  of  f ;  and  accordingly,  with 
that  form  we  have, 

VI. . .  mr^Bafi+Ea'fi  +  BsrfiTi 
and  VU. . .  «'«S(Vo'^.V/r0'+ Va^«.V/fl^+Vaa'.V/ri8). 

(3.)  If  we  introduce  two  new  linear  Junction* ,  xP  x'p^ 
and  IX. . .  x"^V»'  ~  ^'(/'^>'  '  /*)f 
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it  is  easily  proved  tliat  these  functions  are  conjugaU  to  each  other,  and  that  each  is 
of  the  ^rtt  dimeniion ;  in  fact,  with  the  standard  form  of  fp^  we  have  the  expnt- 

MiAB.Xay^sS.p/SYaX,  Ae.  AIm,  If  xo  Im  ANnwd  flran  foi  ux  ^i^^t^^ 
btliMiidlhftt 

xiL..xp«x«p-^r<»»  •»*  xat..x>»XiP+VrP5 

whan  xo  ^  of  Uw  flnt  tfinrioa. 
(4.)  BiiiM 

tiM  mprwitnn  II.  gives,  by  349,  V.,  the  equation, 

XIV.  . .  m^aXX' -S.X(^  t  x)X', 

X  And  X'  Mug  two  apMrafjr  and  ftuftpwifail  Taoton;  wUeh  ctn  on^jr  be^  Iqr  o«r 
having  the  ^IouMom/ rrlolioih 

•fp+XI»*"V? 

or  briadjr  and  svmboUcaUj, 

XVI.  .  .  x  +  ^  =  »" 

Accordingly  it  h  evidfiit  that  th«'  relation  XV.  la  vpriued,  by  the  form  X.  of  xp. 
combined  with  the  aiaud&rd  funn  oifp,  and  with  the  expression  VI.  for  the  con- 
stant  m", 

(6.)  Tin  HwmaiU  XTT.  glTMi 

XVII.  .  .  xf  =  "«"^  -  0*  =  0X 
and  accordingly  the  identity  uf  x^  <^iid  ^x         ^>ly  be  oUicrwbe  proved,  by 
dianging  ^  and  w  to       and      In  the  definition  VIII.  of  x*  and  remembering  that 

y.^^^ysm^V^v,    ^'^'  =  m,    and  V^j^ys-fWf'/ij 
for  thus  we  have, 

XVIII. . .  x^V/ii'  =  V^i^ V  -  v^f'n)  =  ^ VO»f  V  -  vf  ti)  =  ^xV/»»'. 
as  required. 

(6.)  Since,  then, 

the  valua  III.  of  m  gives,  by  849,  VI.,  the  equation, 

XIX. . .  «'SXX'»S.X(^  +  ^x)V, 
X  Mid  X'  being  lnd«p«dent  veetofs;  bMioe^ 

.  .^f»4fxP""»>i 

or  MflAj, 

XXI. . .  4/  +  ^x  =  "«'. 

And  la  Unci,  with  tb«  itandard  form  of  fp,  wo  lutvo 

XXII. . .  fx<»-X*l>-VOW  VpV«'«*+  y^/S.VpV*"*  +  V^.VpVaiO; 

wUeh  vorilloi  tlio  oqmtion  XX.,  wImo  It  It  comUmd  irith  tho  ▼ahw  yil.  gf  •»',  and 
with  the  oxpwoiloii  847,  Xyill.  Ibr  ^p. 

(7.)  gftntifrty  the  qmAol  Xt  botwoon  tbo  two  eqttttiooo  XVL  and  XXI.,  and 
mnombering  that  km,  wo  And  tho  ajmboUc  aspnirion, 


Digitized  by  Google 


CHAP,  n.]  BnOMUL  VOBM,  f  IZID  LVOB  AMD  PLAMB8.  445 

XZin. . .  mf^m^^m'-m'f+i^; 

and  tint  Ch*  4pM0  Mtf  mUv  ifMMM  L  it  pvmd. 

(8.)  And  btotatt  fht  w^^dtwli,  m»  m^,  ofthtt  tqwlion,  bavt  btit  ttn  to 
ftaain  ontlitid,  In  Ifat  p«tat*       ^  ^     irt  omj  mitt  dtt  lUt  m^fufoU 

XXIV.  .  .  0  =  m  -  m>'  +  m"<p'*  -  ^  ». 

(9.)  MuHiplving  frrmbolically  the  eqaation  I.  by  —  m-*^,  and  Itdadng  bjf 
^  MM,  w«  ttHminttiir  tbe  qrinbol  f,  tnd  obuiu  thb  raMe  m 

XXY. . .  0-fll>--mi*^+«r4rS-^; 

in  whidi  ^  may  be  ttthttitnltd  Iw  ^ 

(10.)  In fmnl, it  naj bt  Mnnkid,  Uuit  niMniPt  cbanft  f  to ^,  and  tlivt- 
fiin  ^  tt     at  bitab  in  fltei^  not  tn^  M  tt  flt^  bat  aitt    to  AM 
«*{  wldlt  X  It  at  the  same  timadancad  to  fx*     ^  quaternion  91  ia 

ehanftd  ta  ga.  Accordingly,  we  may  thoa  paia  from  tha  lalatlon  X¥L  to  ZZL ; 
and  conreraely,  from  the  lattor  to  the  former. 

(11.)  And  if  the  two  new  auxiliary  functions,  x  ^^^^  x'-  he  considered  as  Jr/tned 
by  the  equations  VIII.  and  IX,  their  conjugate  relation  (3.)  to  iMch  other  may  be 
proved,  without  any  refercncfs  to  the  $tandard  form  of  ^p,  by  reasonings  simikr  to 
those  which  wan  employed  In  847,  (8.)>  to  aataMtiii  tha  oonciponding  conjugation 
of  tha  fkaelioiia  ^  and  ^. 

(ItOItmaybaaddadthatthardatlonabatwaanf.ffX.X't  and  ai' giva  tha 
IbHowing  addltiooal  tfanafimnalioaa,  wUdi  an  aocaaionaUj  nsafid: 

XXVL .  .  f^iiv  =  VOixv  +  vfn) «  -  VC^x/A  +  tifv) ; 

xxvn. . .  fV»M»-vo»j^«'+»f»— T(»xV+iif^»)j 

with  others  on  which  we  cannot  here  delay. 

351.  The  cubic  iu  ^  ma^  be  thus  written : 

where  p  is  an  arbitrary  vector.  If  then  it  happen  that  for  some 
particular  but  actual  vector,  p,  the  linear  function  ^p  vaniahcs, 
80  that     »  0,       a  o»  ^'p  -  O9  &c.»  the  constant  m  must  be 
;  or  in  symbols, 

II.  .  .  if     =  0,    and    Tp  >  0,    then    m  =  0. 

Hence,  by  the  expresuon  347,  XXllI.  for  m,  when  the 
standaid  form  fbr     is  adopted,  we  roust  have  either 

III.  .  .  Saa'a  «  0,    or  else    IV.  .  .  =  0  ; 

ao  that,  in  each  case,  that  gnutraUff  trhiamialjbrm^  347,  XV., 
must  admit  of  being  reduced  to  a  hhumiai.  Conversely,  when 
we  have  thus  a  function  of  the  particular  /ormy 
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we  have  then, 

VI. . .  ^VW  «  0 ; 
BO  that  if  a  ftnd  a'  be  actual  and  non-^paroBel  linee,  the  rro/  aod 
aehittl  vector  Vaa  will  be  a  Taloe  of  f»»  whioli  will  satisfy  the 
equation  0;  but  no  other  real  and  actual  value  of  ex- 
cept i>  ^  xVaa  i  will  t^atidiy  that  equation,  it  p  and  p  he  actual, 
and  n  >n-parallcl.  In  thirf  case  V.,  the  operation  ^  reducts 
every  other  vector  to  the  Jixed  plane  of /3i  /3'»  which  plane  i» 
therefore  the  loau  of  fp ;  and  ainoe  we  luMPe  also, 

VII.  ,  ,  fji  p  =  aS^p  -^  a  ^^  pf 

we  aee  that  the  locue  of  the  funetumaUy  conjugate  vector^  ^p, 
b  another  Jixed  plane,  namely  that  of  a»  a .  Aleo,  the  normal 
to  the  2at<er  plane  is  the  /m«  which  b  deeiroifed  by  the  ^rm^r 

operation,  namely  by  ^ ;  while  the  normal  to  the  firmer  plane 

is  in  like  manner  the  ///^« ,  which  is  annihilated  by  the  /aWrr 
operation^      since  we  have, 

VIII. .  .  ^'V00'  -  0, 

but  not  cp'p  =  0,  for  any  actual  p,  in  any  direction  exce])t  that 
of  V/3/3 ,  or  its  opposite,  which  may  however,  for  the  present 

purpose,  be  roLraitled  as  the  same.*.  In  this  case  we  have 
also  monomial  Jorms  for      and  ^'p,  namely 

IX. . .  ^p  -  Vaa'S^'^p,   and   X. .  .  ^>  -  V^/S'Sa V ; 

so  thai  the  operation  \p  destroys  every  line  in  the  first  fixed 
plane  (of  /3,  /3'),  and  the  conjugate  operation  \p'  annihilates 
every  line  in  the  second  fixed  plane  (of  a,  a  ).  On  the  other 
hand,  the  operation  \p  reduces  every  line,  which  i?  out  of  the 
first  ptane^  to  the  fixed  direction  of  the  normal  to  the  second 
plane s  and  the  operation  yf/  redooes  every  line  which  is  out  of 
the  second  plane,  to  that  other  fixed  direction,  which  b  normal 
to  the  first  plane.  And  thus  it  comes  tu  piiss,  that  whctlier  we 
operate  first  with  -il,  and  then  with  ^;  or  hrtt  with  <p,  and. 
then  with  ^ ;  or  tii  st  with  ^  and  then  with  ^' ;  or  first  with 

•  Accordingly,  in  tfi'  prctent  iavestipntiim,  whenever  we  shall  speak  of  a  "tixeii 
(Urection"  or  the  "  diicitum  of  a  given  linr,"  &c.,  we  *re  alwaya  to  be  unUcntood 
as  ine.iuing,  '*  or  the  oppotUc  of  that  rlirtclion." 
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and  tbeo  with  ;  ia  ail  ihete  CMes,  we  arrweat  la$i  ai a  nmll 
Ime^  in  oooibniiity  with  the  symbolic  equftdons, 

whieh  belong  to  the  ease  here  oensidefed. 

(1.)  Without  recurring  to  the  ttamlard  form  of  ^j),  the  equation  348,  VI., 
namdy  V.t//'^^V  m^V^v,  aod  the  analogotu  equation  V.  ^f<^  =  la^'V^y, 
aifpait  htv»-«nftbkd  nt  to  t&mm  that  aad  if  they  do  not  bctii  «wMftpi%ii». 
Miift,  SMist  (ff  MS  0)  hrnn  each  mjbetd  dBrtetkmi  Mod  Ihenftm  that  aaeh  most  ba 
cxpraaribla  by  a  aMn«M|  aa  abora:  ttmlbudMntHam  oT^pbaiqglliakof  attna 
wliicb  ia  awaflWfaiHy  tba  yaratfaw  ^,  and  fhallaify  ftr  ^>  and  f*. 

(S.)  AjBd  baeaaae^  by  347,  XL  aad  ZXV.,  «e  hm 

ao  tliat  tba  Una  fV*^*^*"*'*  ^  paipendievlar  to  f  Tf»^  andtbaKaa  ^  peipandka- 
lar  to  i^ftp,  wa  aea  that  tmdnifAt  tm  Uau^  f'p  and  and  miut  hava  (hi  tha 
praaeot  caaa)  a  plane  Iocu» ;  whence  the  binomial  Jbrmn  of  the  two  eoi^mfoit  owCor 
Jkmetiont,     and  f'fit  nif^  hara  baan  towwaen :  ^  and  ^'p  bahyhataaoppaiad  to 

be  actual  rectors. 

(3.)  The  relatiofit  of  rectaitguhirUy^  of  the  tn-n  ri.re(i  Hvi  b  (or  directions),  to  the 
two  fixed  planes,  might  also  have  U'in  thus  lie'liutd,  tlirmigti  iJnj  two  conjugate  bi- 
nomial formt,  V.  and  YII.,  withuul  tiiu  previous  i-suiblisUmciit  of  the  inorn  general 
trinomial  (or  atamdard)  form  of  ^p. 

(4.)  Tha  axiiianoa  of  a  plana  locoa  for  fp,  and  of  another  for  f'p,  for  tha  eaaa 
when  »  =  0|  might  alio  have  been  fofaiaan  from  tha  eqiiatloo% 

«ad  tha  aanw  aqnatiana  ndght  liava  anahlad  na  to  ftwaee,  that  tha  aeolar  oaaateNtf 
m  auHt  ba  tan,  if  foranif  oat  aelMa^  metor,  aoebaaXt  dtiwr  fX  or  p'X  beeomea 
nmIL 

(5.)  And  the  redueihility  of  the  trinomial  to  the  MMMalal/bim,  when  thia  last 
condition  sati»fivd,  might  have  been  anticipated,  without  any  reference  to  the  com- 
position of  the  constant  m.  hvm  tli'-  simple  considers  I  ir«n  (comp.  294,  (10.}),  that 
no  actual  vector  ^  can  be  perpendicularf  at  ouce,  to  three  diploMor  liitet. 

352.  It  may  happen,  that  besides  the  recent  reduction 
(361)  of  the  linear /undum  to  a  binomial  finu^  when  the 
relation 

I. .  .  maO 

exists  betwetiii  the  cr/7i5/aw/5  of* that  function,  in  which  case  the 
symbolic  and  cubic  equation  350, 1,  reduces  itself  to  the  form, 

tbud  lusiiig  its  absolute  term,  or  having  o/ic  root  equal  to  zero^ 
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tliis  equation  may  undergo  a  f  urther  reduction,  by  two  of  its 
roots  beooming  e^mU  to  each  other;  namely  either  by  oar 
ba?ing 

III.  ..m'»0»   and  IV. . .  ^*(^ -m*) -0; 

or  in  another  way,  by  the  existence  of  these  other  equations, 
V.  ..«'^-4m'-0,   and   VL  . .  ^(f-^my  ^0. 

In  eaek  of  these  two  eases,  we  shall  find  that  oertain  new  geo^ 

metrical  relations  ai  ise,  which  it  may  be  interesting  briefly  to 
investigate;  and  of  which  the  principal  is  the  mutual  rectan- 
gular ity  oi  two  fixed  planes  y  which  are  the  loci  (comp.  351)  of 
certain  derived,  and  functionally  eonfugate  vectors :  namely,  in 
the  oaae  III.  IV.,  tiie  loci  of  and  f'p ;  and  in  the  case  V. 
VI.,  the  lod  of and  if 

VII.  .  .  <E>  =  ^  -  im",   and   VIII.  .  .  ^'  =  ^  -  ^w", 

so  thati  in  this  last  case»  the  symbol  ^  satisfies  thb  new  cMe, 

IX.  .  .  0  =     (*  4  im")  ; 
wlule  ^  satisfies  at  the  same  time  a  cubic  equation  with  the 
eame  coeffidents  (comp.  350,  (8.))»  namely 

X  .  .  0  =  4>'»(4>'  +  im'). 

(1.)  We  saw  in  351,  (1.),  (2.),  that  when  m  —  0  the  line  \p'p  has generalljf  nfijced 
direction,  to  which  that  of  the  line  <pp  h  perpi  ndicular ;  and  that  in  like  manner  the 
line       has  then  another  fixed  direction,  to  which  tp'p  is  perpendicular.    If  then  the 
plant  loci  of      and      be  at  right  angles  to  each  other,  we  must  also  have  the 
fixtd  lint*  ^'X  and      rectangular,  or 

XI  .  .  0  =  S.^/'Xt/z/x  =  SX^Vi 
independeatljr  of  the  directions  of  X  and  ^  ;  whence 

XII...0»4/>^   or   XIII.  ..^*bO, 
«nce    is  an  arbitrary  vector. 

(2.)-  Now  in  general,  by  the  fttuctional  reUUon  360,  XXI.  combined  with 
s     we  have  the  transformation, 

tfOm.  »bO,  MiaL,  the  lymbol  ^  moit  latU^  the  dtpn$a9d  or  pmdnOit  equm- 

XV.  .  .  0  =  m  4/  -  4/* ; 
which  b  accordingly  a  factor  of  the  cubic  equation, 

XVI.  .  .  0  =  mj^3-)|/», 
whereto  the  gpnenl  equation  350,  XXV.  ia  ndneed,  by  Ihia  aoppeeitioo  of  m  va* 
niihiiia* 
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(tJ)  If  tbea  we  have  not  ottly  m  ~  0^  an  in  I.,  but  aUo  m'  =>  0,  aa  in  III.,  the 
cooditioo  XIIL  ia  Miti«fied,  by  X  V.  {  %ad  Um  two  pUmu,  alK>v«  itiiBrrod  to,  are  ge- 
ncnllj  rectoa^Hlor. 

(4.)  We  might  indeed  propeee  to  mtiaif  tlMt  eoodilloa  XIII.,  by  snppoaing  that 
we  bed  alwaji, 

lbr«MrydbwciiMiQfp;  but  ia  <lii  cMi^  the  qmntwMm  wwif im<^>  woald  wlat  (by 
M9,  U.);  udtherafoietbecooaCaBt  a',  b«i«g  iti  leoAr^  (hlf  8M^  UL), 
wonld  efilf  be  equal  to  acrv. 

(iS.)  The  particular  aiippocitioo  XVII.  would  howerer  aiter  completely  the  geo» 
metrical  character  of  the  question  ;  for  it  would  Imply  (comp.  351,  (2.)  )  that  the 
directiona  of  the  lines  and  (^vhcn  not  evanescent')  wnfixtdf  Innfltad  of  tboee 
lines  having  only  certain  planes  for  their  /o<ri,  as  before. 

(6.)  On  Iho  8iile  of  caU-ulation,  we  sliould  thus  havfi,  for  the  two  e<mjugaU 
JismctionSj      and  ^'(),  mon>,mial  expressions  of  the  furm^, 

XVIII.  .  .      ^  pSapy    0'p  =  aS/3p; 

«ht  ncf>,  hy  347,  XYIIL,  and  360|  Vll.,  we  should  recoTer  the  eqoationa,  0 
and  m'  =  0. 

(7.)  ^  ^  should  have  also,  iti  tins  particular  case, 

XIX...  ^p=0,    if  pxa,    and    XX-..fp  =  0,   if  p -i- fii 
to  that      now  vanishes,  if  p  be  any  lin*  ia  the  fixed  plane  pcrpendicalar  to  a  ;  and 
in  like  manner  <p'p  '\&  a  null  line,  if  p  be  in  that  other ^fixed pkmt,  which  ia  at  right 
%Ug}^^  to  the  other  given  line,  (i. 

(8.)  These  two  planes,  or  their  aenaoli  a  and  /3,  or  ilm  fixed  directions  of  the 
two  iime*  <f'y  aod  ^p,  wiU  be  reetangulur  (compc  (1.)  if  we  have  Uiis  uew  ot^aa- 
llaaL 

ftrevmydifwttonerp;  aad  aeaeidlagly  the  ezpntiloB  XTIIL  gfvia 

^'p  =  Sa/?.  0p  =  0,    if   /9  J-  <i,  and  reciprocally. 

(9.)  Without  expressly  introdacing  a  and  /3,  the  equation  860,  XXIII.  shows 
that  when  =  0,  and  therefore  also  m'  =  0,  &a  in  (4.),  the  symbol  ^  satbfies  (comp* 
(2.)  )  the  new  quadratic  or  depretaed  cqvatbrn^ 

XXII.  .  .  0  =  ^*-m>; 

which  ts  accordingly  a  factor  of  the  cubic  IV.,  but  to  which  that  cubic  ia  noi  redm^ 
eib/e,  unless  we  have  thus  i^  =  0,  as  weil  as  iw' s  0. 

(10.)  The  condition^  then,  of  the  exittenee  and  rcetmngmiaritjf  of  the  two  planee 
(7.),  tor  whieb  we  bave  iwiMctlvely  ^p  s  0  and  ^'p  =  0,  witliout  generally  va^ 
niahing  (a  caae  wUcb  it  woold  l»e  Did««  to  oomider),  b  that  the  foor  following 
tqoatioBa  abooid  anbdat: 

XXIII.  ..ai»a,  ai'-O,  ■--O,  and  Xyn...f»0; 
or  that  the  cm  bic  IV.,  and  its  jwadraHt/aeier  XXIL,  ihenld  rednae  IhaMwdfaa  to 
the  rtrj  rimple  forma, 

XXIV. .  .  ^>  =  0,   and  XXV. . .  ^=0; 
the  cubic  in  f  having  thus  its  thrte  roots  equal,  and  nuU^  aod  ^p  vaauAiay. 

3  M 
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(11.)  We  may  also  obaenre  thi  m,  nb«  t?in  — lootrf <htg— il  aaUo  HO, 
I.  i»  M>»,  Iht  it  wUa  i»  ■  0,  th»  »w»r  ■giwtf w 

ZX7L.. 

was  seen  (in  351)  to  be  satisfied  1>j  om  rtml  dtneHmot p,  mnAmwhtmrnbrn 
»'sO,  orwh«at]MGiil>iein^bMlw»  wmU  rotU,  or  Ukm  tht  fom  lY^thMtb* 
Cm  MAtor  agiMrtwift 

XXVII.  .  .  ^p^O,    ypp  =  0, 

are  satisflod  by  one  ram m on  direction  of  the  rra/  and  acteoi  A'lM  p ;  becaose  we  haTe^ 
by  850,  XV 11.  and  XX.,  the  general  relation, 

(12.)  And  because,  by  350,  XV.,  wo  have  also  the  relation  xP  =  w'p  -  ^p,  it  fol- 
lows that  when  the  three  roots  of  ibe  cubic  all  vanish,  or  wltoi  the  three  scaUar 
•gnofiOM  XXII L  are  satisfied,  then  the  three  vector  equaiiont^ 

XXVllI.  .  .  ^p=0,    yi^p^O,    XP  =  0, 

have  a  commnn  {real  and  ocfiMi/)  t>e€tor  root ;  or  are  all  satiaded  bj  one  coauRoai 

direction  uf  p. 

(13.)  SiDMNi''-^  xi  tbACobielV.  majbewiittaniiBteaiijoM  «rihalBl* 
tovliig  ftemi, 

XXIX. . .  0»f>x-#X^->Xf*«f  fX-^ 
in  which  aoeentod  may  be  tobititetod  for  omoMnlad  symbolt :  and  Ito  faowafrii^g 
tiffni/icatwi  auQr  be  ilfankntted     •  rateeoee  te  dtUiaJhtdUimf  toAJtmtdf  lamn, 

as  follows. 

(14.)  iSuppH'se  first  that  m  and  m'  both  vanish,  but  tb  at  m"  is  different  from  zero, 
80  that  the  cubic  in  ^  is  reducible  to  the  fomi  IV.,  but  not  to  the  form  XXIV. ;  and 
that  the  operation  i/^,  which  i«  here  equivalent  to  -  ^x»  ~  annihi- 
late every  vector  p,  eo  that  (comp.  (1.)  (5.)  (6.)  )  and  f'p  havCMC  tlM ffirBedene 
of  <lMjlseclliMe,  batbftve  enly  (comp.  (1.)  and  (3.))  hco  ftaed taA  rgeUmfnUmt 
plammt  U  and  IT,  eatlMlr  led/  MidleltlM«enMltteaieeetwopiaiieebedBneCed 
bj  X  and  X',  eo  tbet  tbeee  two  wrtangnhr  linee,  X  and  X',  ere  ehaeted  mpeetiTe^ 
in  the  pianos  11'  and  11* 

(15.)  Then  it  is  easily  shown  (comp.  351)  that  the  operation  0  desirmji  the  line  \' 
iff  fir.  while  it  reduces*  cvprv  other  line  (that  is,  everj'  lino  whi«  b  n<>t  ttf  tht^  form 
x\\  with  Vi  —  0)  to  the  plane  II  J- X;  and  that  it  rt  dure-v  every  liiK'  in  that 
plane  to  a  fixed  direction,  ^,  iu  the  same  plane,  which  is  thu-s  the  common  directioa 
of  all  the  lines  ^'p,  whatever  the  direction  of  p  may  be.  And  the  symbolical  eqoe- 
tion,  X  •  =  Oi  e^presiee  diet  thie  fixed  difeetion  |i  of  nej  abo  be  denoted  ^ 
X'*0;  or  that  wo  have  the  eqaadon, 

XXX.  .  .  0  =  x/i=  "^f** 
wbicli  can  accordingly  be  otherwise  proved :  with  similar  results  for  the  coujogata 
eymboU,  f'  and  x'. 


•  We  propoeeto  Inclade  theceeewheie  aa  cyewrfien  ef  tfiie  eort  rfeifrxyt  >  Maob 
orrednoee  it  to  mto,  under  liw  ceee  when  the  eeme  operation  rtrfm  a  Unetoa/xW 
dfreeftbn,  er  to  Bjhtdpkuu, 
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(16.)  For  example,  we  may  represent  the  conditions  if  tho  piliiiil  case  by  the 
following  qratem  of  eqwUioiia  (eomp.  861,  Y.  YU.  UL  and  860,  YI.  Yll.  X. 
XI): 

,    l^P  =  /3Sap  +  /3'Sa'p,    ^'p  =  aS/3p  +  a'S/3>, 
|0b  M's  8(Va«'.V/3'/3)  =  Sa/3Sa'/3'  -  Sa^'Sa'^, 

'  XP  =  V(aV/^  +  p^fiTp^mmrp  -  fp, 
XXXII..  x'P=V0^«P+/5T«».iii"p-^>, 

-      =3  ^XP  =  X^P  =  Vaa'S/3/3'p, 

[  -  '^'P  -  «?»'x'p  =  X>P  =  Y/?j3«ao> J 
and  may  then  write  (not  here  suppoaiug  V  -  Vftv,  &c), 

'X  =  V/3/3',    V  =  Vaa',  SXV=0, 

f/^Uf/y,    /»'  =  f«'llfai   SX/i  =  SX>'  =  Oi 
ate  nUA  ire  easily  find  that 

(17.)  Sineewa  hmituB  j^ft'^Otiibm p^itrnVm  la  tlio  flzid  dkeetlon  tt 
fpi  w  have  aba  the  eqiqatioii, 

XXXV. ..o=Spxy=SM'xp,  at  xp-^m; 

fbe  ioem  of  xp  it  thtrelbre  a  plam  perpendicakr  to  tba  Um  fC\  and  is  like  manner, 
|i  le  tin  aomol  to  a  filaae^  wbidi  le  the  foeaa  of  tbe  Une  xh  ^be  qrraboUcal 
eqoatioMr  f,fX  "<^f  t**X  *  ^  maybelatorpnlidaaaxiinHing^  that  tba  opeiathm  f 
rwimvn  wntf  Une  in  this  mw  jrfoM  of  xp  to  tbe>l««l direction  of  ^-'O,  oti4V\  and 
that  tbe  operation  ^'  destroys  every  line  in  this  plane  -t>  with  analogous  resulti^ 
when  accented  are  interchanged  with  nnaccented  symbols.  Accordinprly  we  see,  by 
XXXI  I.,  that  <pxp  baa  the  fixed  direction  of  Vaa',  or  of  X' ;  and  that  f  ,fxP  ^ 
because      =  0. 

(18.)  We  see  also,  that  the  operation  0x»  XPt  destroys  everj'  line  in  the  plane 
n,  to  which  tbe  operation  f  rednoea  every  line ;  and  tlitt  tbua  the  symbolical  eqoa- 
^X  •  ^  =  ^>  X^  -  ^  =  ^>       ^  interpiefeed. 

(19.)  As  a  Teiijication»  It  may  be  renarked  that  tha/awtf  dintHom  \\  of  0xP 
ar  xfpt  Mg^t  to  bo  that  of  tba  Urn*  i/  itUeneetum  of  the  two/aatf  plnae  of  fp  and 
XP;  and  accordingly  it  b  perpendicular  by  XXXIII.  to  their  two  normah,  X  and 
ft' :  with  similar  romnrks  respecthlg  tho  fixed  dinotion  X,  of  f  y V  ^  XVpf  wfaiob 
io  perpendicular  to  \'  and  to  ^, 

(20.)  Let  us  next  suppose,  that  besides  m  =  0,  and  m'=  0,  we  have  <//  =  0,  but 
that  m"  is  still  different  from  zero.  In  this  case,  it  has  been  seen  (6.)  that  the  expres- 
sion for  reduces  Itielf  to  tbe  mmumialform^  /3Sap;  and  therefore  that  the  opera- 
tion f  dutroys  every  lino  in  a.  fixed  plane  (->-  a),  wbilo  It  reAtewoTOiyelAcr  One  tO 
Ajbuddirweiiam  (|j3),  trblcb la aol  oonfoinefr  In  that  pbmr,  hecanae  wa  hava  tui 

BOWfl^aO. 

(21.)  In  <Mf  caw  wa  bavo  bj  (18.),  equating  a'  or to  0,  tbe  espvavlaiii^ 

( XP  =  V.aV/3p  =  (m--  ^)p,    x'P  =  V-i^Vap  =  (m"  -  f  )p, 
so  that  the  equations  XVIII.  are  reproduced;  and  the  depressed  cu&tc,  or  the  faa- 
tiraiic  XXII.  in    may  be  written  aadnr  tiie  very  simple  form, 
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XXXVII.  . .  o«^x*=xf- 

(22.)  Accordingly  (comp.  (5.)  and  (7.)  ),  the  operation  ^  here  rcdaces  an  arbi- 
trary line  to  the  fixed  dir«x  tiuu  of  ^,  while  x  destroys  every  line  in  that  direction; 
and  conversely,  the  operalion  x  reduces  an  arbitrary  line  to  the  fixed  pUne  perpea- 
dicnUr  to  a,  and  ^  destroys  every  Una  In  that  iland  plant.  But  bMaoaa  ir«  do  noC 
Ai9w  suppose  tbat  m"  «  0,  the  fixed  dbtetien  of^p  bnpfeontalMrfiii  thajbred  ptmm 
ofxps  and  (ooiap.  (8.)  and  (10,) )  the  diwcttom  ti  fp  and  j^p  wn  m^t  rtHnm^mUr 
to  aadi  other. 

(88.)  On  tha  olhv  hand,  If  we  suppose  that  the  three  root$  of  the  cubic  in  f  9m- 
W«A,  or  that  we  hare  m  =  0,  m'  =  0,  and  m'*  =  0,  as  iu  XXIII.,  but  that  the  eqna. 

tion  Tpp 0  13  not  satisfied  for  all  directions  of  p,  then  the  binomial  forms  XXXL 
of  pfi  iii'l  <^/f)  rt-appoar,  but  with  tlicso  tu-o  equations  ofooodttioo  betwaeo  their  Mctor 
eonttantSt  whereof  only  one  hud  occurred  before : 

XXXVIII.  ..0  =  Sa/3Sa'^-8o^Sa'/3,   0    8a/3  +  8a'^. 

(24.)  Wo  hava  also  now  the  oxgwrioin, 

cod  tha  cnhle  hi  f  baoomei  dmply  ^'  =  0,  as  in  XXIV.t  hot  it  is  tmportanl  to  ob* 
serve  that  wohavo  not  ktn  (oomp.  (9.)  )  the  depreued  or  fiuulnafjeoqaatioo  f's  0, 
ainoa  wo  hart  mv  on  tho  contrary  the  two  conjugate  expressions, 

whiahdonolgaMnQjrTBM.  Aadthaai|ttatioiif*«Oisnowlaisf:pNCsd;  hgro^ 
Mndqgthat  ^  h«o  reduces  every  line  to  the  Jired  dveetioH  off  ~tO ;  while  f  ndooaa 

an  arbitrary  vector  to  thnt  Jized  plants  all  lines  in  which  are  destroyed  bj  fK 

(25.)  la  this  lost  cane  (23  ),  In  which  all  the  roots  of  the  cubic  in  ^  ten  eqnul. 
and  are  null,  the  theorem  (12.),  of  the  existence  of  a  common  r€cior  roatl)£ik»  thnt 
equations  XXVIII.,  may  be  verified  by  observing  that  we  have  now^ 

XU. . .  fVaa'^O,  ^Vaa'^O,  x^'^'^^i 

tha  Mirrf  of  whidi  woidd  not  havo  hen  haU  food,  unltta  wo  had  wppoirf  ai'i*  0. 
(S6.)  ThtehuitaoBditioBallowavatowriti^lOrOCX 

the  lines  ft'  and  /i  thus  coinciding  in  direction  wiih  the  normals  A  and  X',  to  tho 
planes  II  and  11' ;  if  then  we  write, 

XLIII...sr«VXX'iy/ft/i',   aothai  SpvmO,  $p'»mO, 

thb  BOW  Toetor  tr  will  ho  a  Ihio  hi  tho  ialsnecflM  of  thoea  fwo  rMtarngtOar  ptmim 
which  were  lately  Hc-cn  (14.)  to  be  tho  lad  of  (he  linea  fp  and  f'p^  and  are  mtm 
(conp.  (17.)  )  the  lod  of  XP  Mid  x>  *  tod  (ha  thnt  lmt»  |i,     y  (of  \%  X,p)M 

Compose  a  rectangular  eystem. 

(87.)  In  general,  it  is  eai(y  to  proTO  tbat  the  expreauons^ 

XLIV         =  i3r«.'^j  +  j'^,, 

lBwhiGha,/^a',jrflM7hoa^if>h«r«i««0rs,anda,  6,  a  ,  6  may  be  a«y /o«ir  tea- 
lar*»  ooodaoCto  tha  foOowfaig  tnnilbnnationa  (In  which  p  may  be  any  vector) 
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XLVI. . .  ftiSaip  +  /T,Sa  IP  =  pSap  +  ^Sa>; 
XLVII.  .  .  Vaia'i.V/?'i^i  =  Vaa'.V/3'/3  ; 

80  that  the  «ca /or,  Sa/3  t  Sn'/3' ;  the  vector,  /3Sa(>  + /3'Sa'p ;  and  the  7Ma/ernJon,* 
Vaa'.V/3'/3,  remain  unaltrTcd  in  value,  when  we  pass  from  a  ytr^w  lystem  of  four 
r€ctort  a^a'^^  to  amotker  ^fattm  of  foor.TKton  aifiia'i^it  by  expreMiooB  of 
Jorms  XLIV. 

(28.)  With  tlio  hdp  of  this  general  principk  (27.),  and  of  tbe  raiutfks  in  (26.), 
flMaj  1w  tera,  villioat  dUbottj,  thai  fa  IIm  eue  (23.)  tbe  vwtor  conitaiiti  of 
the  binonUl  «zpNMioo  fiSmp+fifSa'p  tot  mj,  wilhool  angrvMl  lo«  of  gmni* 
Uty,  6e  luypoitd  MbJ«et  to  tb»fim  ftHowlflf  oondMonib 

ZLYin. . .  0«8a/l-8aV9-8^-i8aVr; 
wtSA  ovUfltttlj  eandnet  to  time  otlwr  oipiMnlniw, 

XLIX.  .  .       =  /3Sa/3'Sa>,        =  0 ; 
and  thus  put  in  evidence,  in  a  ver\'  simple  manner,  the  general  noH-depre*non  of  tho 
cubic     =  0,  to  tbe  quadratic^  ^  =  0. 

(29.)  The  OMT,  or  mA  nu,  whm  wo hovo not  onlj  oisO,  «'«0,  m"»  0,  bat 
«Em  rff^l^  ondtiimlbnfSBO,  aoodifiniMdliwnof  f*BO,bjt]ioBinirl^^ 
^  lOdodBgitMlf  to  tbo  aiOBoalil  /98«f,  wltli  tfio  rMen  8a/3»0  batwon  its  ooo^ 
•toali,  hu  been  already  oomldered  (in  (10.)) }  th«f  tho  oo«OBqn«DBM  of  tho 
toppofition  IIL,  that  there  are  (at  leaat)  Am  Ofnol  but  mtff  roa<f  of  tho  ooblo  Id  f, 
bOTO  been  perhaps  sufHciontly  di»cu:»sed. 

(30.)  As  reg^irdf  the  other  principal  case  (tf  criual  roots,  of  the  cubic  equation  in 
^,  namely  that  in  wliich  tbe  rector  cunatanta  ore  connected  by  tbe  rcbuion  V.,  or  by 
the  equation  of  condition, 

JU  .  .  0  =  m"3  -  Am  =  (So^  +  Sa/T)"  -  4S(Vaa'. V/3'/3) 

e  (Sn^3  -  Sa'/3')'  +  4Sair8a% 

it  may  8a£fi(»  to  remark  that  it  conducts,  by  YL,  or  by  VII.  and  IX,  to  tbe  aym- 
bolleol  equation, 

U...Osf«>,  if  ♦sf-fm"; 
md  IhatfhiultelofaimtafiMiopneiidyriinllarto  Ihttof  tl^ 

X^»=0,  when  x««''-f*  ZXtX, 
fli  l^fMi  in  (14.),  md  in  tho  ftllowiDg  mb-orddei. 

353.  When  we  have  m«0,  but  not  m'»0,  nor  m*'«4m', 

the  three  routs  of  the  cubic  in  ip  are  all  unequal,  while  otic  of 
them  is  still  nully  as  before ;  and  the  two  roots  of  the  qmdratic 
and  scalar  equation^  with  rea/  coefficients  (347)» 


•  Wo  luwo^  in  thciB  tmt^kmaHom,  examples  cf  vhot  nay  ho  oilled  Qmai9r' 


Digitized  by  Google 


454 


ILBMSMTS  OF  aVATSRllIOBS.  [bOOK  III 


wbioh  is  Ibrmed  from  the  eabioby  changing  ^  to  -c^  and  then 
diTiding  by  c,  are  also  neoeaaarily  unequal,  whether  they  be 

real  or  imaginary.  We  shall  find  that  when  tlicse  two  scalar 
rootSj  Ci,  C;,  are  ffal,  there  are  then  tiro  real  directions^  pi  and 
^2,  in  that  Jixed  plane  11  which  is  the  locus  (351,  352)  ol'the 
line  poeaessing  the  property  that  for  eacli  of  them  the  ho^ 
mogeneout  and  wcior  equation  of  the  eecond  degree^ 

II. .  •  \ p<^p  «  0,   or   f^p  II  p, 

iri  satisfied,  without  p  vanishing ;  namely  by  our  having,  for  the 
Jirtt  of  these  two  directions,  the  equation 

III.  . .  ^,--eipi,   or  ^ipi"0,   if  ^ff  +  d; 
and  for  the  second  of  them  the  analogous  equation, 

I V.  .  .  f^pt  =  -  c,pt»    or    ^jp2  =  0,    if   03  =  ^  +  Ci : 

but  that  no  other  direction  of  the  real  and  actual  vector  p^  sa- 
tisfies the  equation  V.,  except  that  third  which  has  already 
been  oonddmd  (351),  as  satisfying  the  Uncar  and  vector  equa- 
tion, 

V.  ..^peO,   with  Tp>0. 

It  will  also  be  shown  that  these  two  directions, 
only  real,  but  rectangular^  to  each  other  and  to  the  third 
direction    when  the  Unear  Junction  fp  b  sel/'conjugate  (349> 
(4.)  ),  or  when  the  condition 

VI.  .  .  <p'p  «  0/>,   or   Vr.  .  .  SX^p  —  Sp^X, 

is  satisfied  by  the  given  form  of  0,  or  by  the  constants  which 
enter  into  tiie  composition  of  that  linear  egmbol;  but  that  when 
this  condition  of  ee^confugoHon  is  not  satisfied,  the  roots  of  the 
quadratic  I.  may  happen  to  be  imaginary:  and  that  in  thie 
case  there  exists  no  real  direction  of  p,  for  which  the  vector 
equation  II.  of  the  second  degree  is  satiisficd,  by  actual  values 
of  p,  except  that  one  direction  which  has  been  seen  before  to 
satisfy  the  linear  equation  V. 

(1.)  Tfie  most  ol)vious  mwle  of  seeking  to  satisfy  II.,  otherwise  than  throu^-h  V., 
is  to  assume  an  expression  of  the  form,  p  =  x/?  f  x'l^',  and  to  seek  (hi  rcbv  to  ^.iti^fy 
the  equation,  +  c)p=  0,  with  =  /3Sap  +  /i'Sa'p,  by  satisfyiug  fteparaiely  the  two 
scalar  equations, 

VII.  .  .  0  =  Jc(c  +  Sa/j)  ^  x'So^',    0  =  x'  (c  +  SaV^  )  +  *S)a'/J, 
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Vm. . .  (e  +  8a/3)  (e  +  8a'^)  =  Sa^Sa% 

wUchiiMd^  MM  lobe  only  anoChfr  ftm  of  I.  DanoCfaig  tfMB,  u  above,  by  cj 
•ad  «i»  tfio  rM<»  of  tiiat  qutetie  I.,  MpfOMd  Ibr  tbo  pwwel  to  tt  nal,  no  bavo 
tlMie  two  rfol  dSrcefioM  Ibr    in  the  plaM  II  of /i,  jS": 

wbkhitfidy  thooqottiootiaaBdiy.  In  fcoi,  flio  wpiiwloii  DC  gifoi 

f^^^fp-¥wffim^9ifnt  or  fi/noO, 
boemw  wo  may  wrlto  ft  thiu, 

and  ill  like  manner,  the  expression  X.  may  be  thus  written, 

XIL  . .  pa  =  (m  +  ca;/3 -     =  -  c,/3  -     =  -  f -     - »Vi3, 
and  ^vetf 

fp%  -  ca^/B  +  m'/3  =  -  cap,    or         m  0. 
(S.)  We  may  also  write, 

XIII.  .  .  p'l  =  /^Cc,  +  Sn/3)  -  /3Sa/3'  =      +  V«Vj3/3*=-       ||  p, ; 
XIV.  .  .  p's  =  ^(c2  +  Sa/3) - /SSa/y  =       +  VaV>3/3'  =  - ^iJs'U pa ; 
and  shall  then  have  the  equations, 

XV.  .  .  fpip'i  =  0,    ^op'i  =  0 ; 

but  tho  directions  of  p  \  and  p'j  will  l^e  the  jowif  by  VIII.  as  those  of  pi  and  pa,  and 
BO  will  furnish  no  new  solution  of  the  problem  jlut  resolved. 
(3.)  Since  vre  have  thus, 

XVI. .  .  ^II^Upil^i-JQ,   and   XVI'. .  .  #ij3' || ^i/3 a  pa  |i  j>3 '0, 

it  follows  that  the  operation  ^3  reduee$  every  line  us  lft«  ^eil  plan*  of  ^totho 

fired  direction  of  ^r'O;  ami  that,  in  like  manner,  the  Ofieration  rs,  reduOBSevery  Une, 
in  the  tame  fixed  plane  of  ^p,  to  the  other  fixed  direction  of  ^a  '0. 
(4.)  Henoe  we  may  write  the  symbolic  e<juation.s, 

XVII.  .,  ^1.^-0,    f2.?>i0  =  O, 
in  which  the  points  may  be  omitted ;  and  in  fact  we  have  the  transformatitmi^ 

XVUL  . .  ^1^2 -  ^S-:?^  1  -     +  ci)     +  c)  =  0«  - m>  +  ^, 
80  that  01^2.^  =  ^2^1. 0  =  1^^  =  m&sO* 

(5.)  If  we  propose  to  form  t^i  from  ^1,  hj  the  Mmo  gcnentl  rule  (847,  XI.)  by 
whkh  ^  is  formed  from  ^  we  have 

aadtherafore^  bj  tho  deOoftioB  MO,  YIU.  of  %, 

ZX.  ..^s^p^^eiXp-f  oiVf        XXL  ^s^r+oiX+ei'; 
and  fai  like  muiacr, 

XXII...V^B^4-eix-l><^» 

^odi  If  M  bo  dUhioaft  ftoai  Mtw^  oad  If  d,  c»  bo  arMtnarjf  scolsri. 

(0.)  Aoeoffdfaigfy,  wHkaiMt  oiramlog  thit  m  oooliAso,  if  wo  opoiato  on  ^ip  with 
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^1,  or  symbolioUljr  mwitiffy  tb*  vqfnmim  JJLL  te  t^i  by  fa*     gifc  tlii  ifMb^ 

product, 

XXin.  .  .  fiin  =     +  c)  (i^  +  eix  ^  ci») 

•ai-|'«i«r-|.«i*M'4«i*««i, 

wImiviiii  b  wliat  the  iciJar  ■>  becomes,  when  ^  u  changed  to  ^i,  or  is  sucL  ib^i 

XXIV. . .  miSV»r «  8.f  iX^>f>  -  S.(f  X-l-  eiX)  (^V  +  ci^)  (f  V  +  C|»r)  ; 

u  appm  by  tbe  deflnitionf  off,  f ,  <  H*,  and  bf  Um  rakdoM  batwM 
those  symbols  whiojilMif  bewmCabliihed  fci  WMt  Artidiii  or  fa  dMiab-«rtidM 

appended  to  them. 

(7.)  Supposing  now  -vriin  that  m  =  0,  and  that  ci,  ca  are  tbe  roots  of  tbe  quadn- 

tie  I.  in  c,  we  have  by  XX 11 1., 

XXY. .  .  fi4fi  =  mi  =  0 ;    and  in  like  maniMr  XXYL  . .  ft^mmt^ 0, 

if  IH2  be  formed  from  mi,  by  chaoging  ci  to 

(«.)  Compnrinf^  XXV.  with  XVII.,  we  may  lio  le<l  to  siisfx-ct  the  cxi«f.'ncc  of  an 
intiniato  l  onin'xidn  existiiiLr  l>ef  wren  i/^i  and  ^j^,  since  each  re(lur<^'<  an  arbitrary  vec- 
tor to  the  li.\td  direction  of  '  0,  or  of  pi ;  and  in  fact  these  two  ojKratiKn-*  arc  tden- 
iictdf  because,  by  XXI.,  and  by  the  kauwo  relations  between  ttie  symbols,  we  have 
tiia  tmuftnwtioiit, 

t=  fi  -  (m"+  ci)  ^  =  ^*  4  r>0  =  ^fz  ; 
aad  rimflarly,  XXYIII. .  .  4^  »  f «  +  cif  =  f  ; 

while  ^  =  ^1^  aa  before. 

(9.)  Wa  bam  thai  ttNMwayMAalfoiViHrfiM, 

XXIX. . .  ffifi  ~  0, 

fa  whiob  tbe  ikree  symhoite  factoru  0,  ^i,  0^  may  be  in  nny  manner  grouped  sod 
trantpoted,  so  that  it  inctudea  the  two  cqtiations  XVII.  ;  and  in  which  the  subject 
of  operation  is  an  arbitrary  vector  p.  Its  interpretation  has  been  already  partly 
pven;  but  we  may  add,  that  while  ^  reduces  everj'  x-cftor  to  the  fixed  plune  II, 
fi  reduces  every  line  to  amoUur  fixed  plaae,  II  i,  and  tp^  reduces  to  a  third  plane, 
Ot;  thm  or  «U)»  H  iminga  tm  Imm  pu  pa*  and  tbanrfm  awry  Ifaaia 
tiie  plana  n,  nimem  m  orNfravy  Una  to  tbajIsBerfiiirtcfios  of  thefafanarthwoftba 
taajilaiMt  nills,  wbich  fatanM^oa  vnal  thna  taaTO  tha  dbfcotfan  of  friOt  and  fa 
lika  mannvi  tha  ifaad  dlraekion  pi  of  f  i-'O,  aa  befag  tfaU  to  whicb  an  arbitrary  vao- 
tor  is  reduced  (3.)  by  the  oomponnd  operation  ^2^,  or  0^  mnok  ba  that  of  tbe  Inter- 
section of  the  planes  11172 ;  and  p^.  or  '0,  has  the  direction  of  the  intersection  of 
IIIIi  J  while  on  tlie  othi  r  hand  (p(p2  drstroys  every  line  in  FIi,  and  f<P\  over\-  h'ne  in 

:  so  that  thrst  thn  e  planes,  wkh  their /Arf? /iwf»  o/ infer««c/ttiii,  are  the  cbiof 
elements  in  the  gtumeirical  interpretation  of  the  equation  ^^102=  0. 

(10.)  The  coiyugate  equation, 

XXX.  .  .  fi'^'i  1^  —  0, 

m.iv  1k'  interpreted  in  a  similar  wa)',  and  so  conducts  to  the  conaideratinn  of  a  con- 
jugate aj/ttem  i){  plauc*  and  lines  i  namely  the  planes  n',  Il'i,  H'],  wbich  are  tbe 
Isai  of  0'p,       ^'spt  ^^1^  ^  operatioas  ^'i^'s.  ^'jf  i,  and       destroy  ill  liatt 
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in  th^e  three  pianos  reapectivelj',  iind  reduce  arhitrarjf  lines  to  the  fixed  directions 
of  the  inttrteetioiu,  U'lO't,  n'tH\  U'Wi,  which  m  also  thoM  of  f'  Hi, 

(ll.J  It  ia  inaportant  to  obser\'e  that  these  three  la&t  linet  arc  the  normal*  to  the 
ikne  planUy  II,  n',  11";  and  that,  io  like  manner,  the  three /omi*r  Uhm 
tiXQ  perpendktiar  to  the  thiw  UMtr  pImm,  To  prov«  Uuii  it  ia  sofficieut  to  ob- 
MTvt  that 

XZZI. . .  Sp>p  =  Sp^y    0,    if  f'p'  =  0,   or  that   fp  4.  ^'-iO ; 

(12.)  iMtoad  rftiimlimfag  tftxWmm  tbt  two  •quatioot  TIL,  we  might 
liava  wHnrfnated     wtaieh  wonU  havo  gfwD  this  tihtr  fvadnHc, 

XXXIL  . .  0««»Sa'/3  +  x*'(8tf'i5'  -  Safi)  -  ar^Sa/T  j 
alM^  if  jc't :     and  xa' :  a;«  be  the  two  rala^  of  x' :  x,  tlien 

XXXIII.  .  .  Pi  li  jr,/3  +  x'l/r,    p,  II +  x'j/T, 
and    XXZIY.  .  .  XiXa :  (Xix'a  +  x»r',)  :  x\x'i  =  -  Sa/3' :  (Sa/3  -  Sa'/3')  :  Sa'/3 ; 

iMBoe  the  eonditum  of  reetangtUaritj/  of  the  two  limn  pi,  pj,  or  ^i  >0,  ^  '0,  is  ex- 
pfottsd  \^  tho  aqoattoa, 

XXXT.  .  .  0«-/3«Sa/3'  +  S/3/3'(Sa/3-  SaV?)  +/3-*Sa'/3  =  S./3/3T (/3a +  /3'«'); 
and  consequently  it  ia  satisfied,  if  the  given  function  0  be  tH/'Omjvgai*  (VI.),  be- 
came WO  haro  then  the  relation, 

XXXVI.  .  .  V/3o  +  V/3'a'  -  0  ; 
in  fact  the  binomial  form  of  5)  givca  (comp.  349,  XXII.), 
XXXVII.  .  .  0'p  -     =  («S/3p  -  /3Sap)  +  (a'S/3'p  -/rSap)  =  V.pVOSa  +i3'o'), 

which  cannot  Taoiah  indepeodBoUjr  of  p^  nnlim  tho  ^<*«»^iioft  aetia^  tho  <v»^ftttfln 

XXXVI. 

(13.)  With  this  condition  then,  of  self-cotyug€Uion  of  ^  we  liave  the  relation  of 

ZZXVin. ..  SpipseO,   or  friO-l-^K); 

at  liMt  if  thMt  d&wiieaa  pi  aad  pt  be  rtfoi,  which  they  can  eaailj  be  proved  to  be^ 
aa  IbHowa  Tha  oondifeloii  ZXXVI.  gives, 

XXXIX.  . .  0  =  S .  aaT(/3a  +  /3'a')  =  a»Sa'/3  +  Saa'(Sa73'  -  Saj3)  -u'So^ • 
heooe  (a'^Sa'/3-a'2Sa/3')3  =  (Saa')«  (Sa/S-Sa'/?)', 

rfa^M'«-4iii>a«o^{(Sa/3-  Sa'/^)'  +  4Sa/3'Sa'/3} 
B<a*c^  -  (Soa')»)  (a^  -  Sa'/3')«  +  (a^Sa'/S  +  «*«Saj3';2  >  0, 
and  XL. . .  (Sai3-8a'/9^  +  48a^8o'/3-»'«-4ai'>0| 

ao  that  each  of  the  two  quadratics,  L  (or  VIII.),  and  XXXII.,  has  real  and  unequal 
r»oi»:  a  coodniloift  wtdcfa  naf  alio  ha  oUmtwIm  dMived,  from  the  expresjuons 
fi»ma-¥ha%  fif^ha'¥a'a%  which  tho  eoBdItioii aOowi  astomfaatitiitolbr/3and  /T. 

(M.)  Theaame  ooDditim  ZZXTI.  abowa  thattho>bap  oadora  a^pr  an  ceai^ 
fhatar^  or  that  wo  have  tho  lolatiQiiih 

XLI...S«t/3/r-0,   So/3/3'  =  0,   V(V«o*.V/3'^)  =  0; 

hence  Voa',  or  <^  '0  is  now  normal  to  the  plane  fl ;  and  therefore  hy  (13.),  wA«» 
<A« /un€tion  ^  is  telf-conjugaie  (VI.),  /Ae  rArce  directions^ 

3  N 
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XTJI.  .    p,      p:,    or    f-'O,      '0,  ^  »0, 
compote  a  real  and  rtctnnrjuhir  tystrm. 

(15.)  In  the  prrsmt  xnics  of  siibiirticles  (to  853),  wc  suppose  that  the  thrrr 
root*  of  the  cubic  in  ^  arc  all  unequal,  the  caaofl  of  equal  roots  (witb  m  =  0)  having 
beeo  <BMaand  In  ft  pnoidliig  avies  (352) ;  bat  il  naj  be  remarked  fn  passing,  that 
when  a  welf-eoi^ugate  fimtHm  fp  U  ndadble  to  flM  mmtm^ial/orm  (iSap,  we  ■nai 
IwTstlMNlalieii  Y/8a»0;  and  tluitt]iiittlielHM/3»  tothe^MdMAmervMA 
(oomii.  Mi,  (•.)  aad  (e.))  tha  aputiton  f  then  riAnw  ap  i^hf  f  Teeter,  ia  jwr- 
jMMMbrlotbajMpieM  (7.) )» my  Una  in  wMA ta  dbfr^idlly  tfatf 
operation  0. 

(16.)  In  general,  if  (p  bo  thoe  aelf-conjupatc,  it  ia  evident  that  the  three  planm 
rr,  n'j,  ir?,  wWch  arc  (comp.  (10.)  )  tho  loci  of  ^'p,  ^i'p,  ^'i^  C9tiici(ie  with  ibe 
planes  II,  lit,  IIj,  which  are  the  ioci  of  <pp,  fp\p,  f%p. 

(17.)  When  f  b  not  self-conjugate,  that  and  ^'p  are  not  generally  oqvuJ, 
it  haa  bean  reniailMd  Ikifc  thaaaafor  quadnHk  I.,  and  tlMvafbM  alaa  the  eymbolkal 
cnbie  in  f,  amy  hvn  kmaglmmf  neit;  andthitb  inUfccaae^lhaaeelereyMifatlf. 
af  thi  aaeanrf  dhfrat  cannoi  ba  laiiBtaa  by  my  raal  jjpirfeii  af  ^  rmrmt  Ifeaft  ana 
wbicbaatiafleatbaiiaMraqQationY.,  orcanaaa^iladf  to iMriU^  iddtopMaiNa 
real  pnd  aeCnaL  As  an  example  of  such  imaginarff  tfidan,  V  f«a<i  of  1.,  and  of 
what  be  called  imaginary  direetiont^  or  imaginary  vetton  (comp.  214^  Cl^))* 
which  corretpond io  ihooo  scakrs.  and  arc  themselves  MMyteaiy  roottfd  U.,irenMgr 
Uke  the  rvy  lioiple  expre-^sions  (comp.  349,  XII.)| 

XLIII.  .  .  ^p  =  yyp,    ^'p  =  — Vyp; 
in  which  y  denotes  some  real  and  given  vector,  and  which  evidently  do  not  satbfy 
the  condition  VT.,  the  function  <*>  boing  here  the  n<"^fireof  its  own  con jogAtOi ao  Ihat 
ita  trif-conjugate  part  ^  is  zero  (comp.  349,  XIII.).    We  have  thus, 

XLIV.  . .  mo=: 0,    m'o  =  0,    m"o=0,    0o  =  O,    ^e^O,  Xa^^i 
and  eonaaqiiantly,  bj  the  aab-artidaa  to  849  and  860, 

XLy...ai-0,   ai'  — y*,   wTm^  ^—787^  X^—VWi 
tba  ^naAnlie  I.|  and  HaiooCa  ^i,  rj,  beooBaa  fhanSifB^ 

XLVL..c«~y»  =  0,    «i  =  +  v/^.Ty,    c»  =  -v/^'Ty, 

where  ia  tho  imtigiiMnf  ^a|riftm  (m^.  S14»  (B.))  (  tbvaby  2X  er  XXL, 
and  XXII.)  we  taftra  nov 

XLVn. . .  ^ff— i«y*-inVyf +ai»#*(y-ai)Tya^  ^»(r-«l)Vr'; 
banaa 

and 

XLVUL . .  ^i^ir »       ai>fn<r-(y  +  ei)  (r  -•i)Tr^-(r*- «i*)Tr«- 0( 
•nd  in  lik»  manner     XLVUF. . .  fi^.O; 

if  tinai  we  take  an  grtftwy  aaator  g ,  nnd  dariya  (or  inthar  cwieriae  aa  darirad)  Ihim 
it  !■»  (fauqrHMvy)  r«c/or«  pi  and  pi  by  tlia  (An^plRnry)  ({pmlfaw  ^  and  ^  wa 
■ball  haTa  (cenp.  lU.  and  IV.)  tba  aqoalioni^ 

and  U,,^m^^  ^*0,  fpie-^  Tfn^^-O^ 
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as  ones  which  are  at  kast  f^ifmholicaUy  true.  Wc  find  then  that  the  two  ituat/inary 
tlirectiont,  p\  and  po,  tatis/y  (at  least  in  ;i  tymholical  8<>nse,  or  as  far  as  calculation 
L»  concenieU)  the  vtctor  equation  11.,  ur  that  pi  aud  pi  arc  Iwv  imaginary  rector  root  a 

of  ypfp  0 ;  but  that,  became  Um  •eaUtt  quatb^0§  I.  has  here  imaginary  root$, 
tliia  vwtor  •qvatkn  II. baa  (aaatev«4Atid)  mrtai  Mdltr  rwl  ^  «ieipl  «w  in  tt« 
dfr«c<li0ii  «f  tbe  pvm  and  rwil  Mdttr  y,  whidi  Mtidiei  the  lie«ar  eqnalion  or 

(I&.)  lUi  partMer  eisaai|ile  mlgjit  hanre  bean  aamw  dmffy  tiealad,  bjr  a  kaa 
faaeral  Method,  aatollewi.  We  wiib  to  aatiity  the  eqoatioii, 

whkh  giTCib  when  we epeeate on  it  bj  T.y  and  Y.pt  theie  oChen^ 

UI...  OcrVyp.Syp,    0  =  p3Vyp; 
if  then  we  wbh  to  aooid  gappoatng      =  Vyp  =  0,  we  mnat  aeek  to  iatiify  the  two 

mi.  • .  Sy^sO^  P*s0; 

and  coawnAjf  if  we  can  aatiaiy  UUit  bj  anj  (nal  or  iroaglnaiy)  p,  we  eball  have 
aaftlelled  (laaliy  or  qrnboUeally)  the  etcfor  equatioii  LI.  Now  tliejiM  cqnatlon 
LIIL  b  aatiM,  whiii  we  aammetheexpieiBion, 

LIV.  .  .  p  =  (c  +  y)Vyff  =  Vy<7.(c-  y), 

where  a  is  on  arbitrary  vector,  and  c  is  any  scalar^  or  symbol  subject  to  the  laws  of 
$ealar§i  aod  thia  expression  LIV.  fur  p,  wilU  its  traiii»i'uruiatiuii  just  assigned,  give* 

LV...f»»=(c«-y»)(Vy<r)«oO,  if  c»-ya»Oj 

the  quadntie  XLVL  ie  thanlbra  rsfirodiioed,  and  we  have  tbe  mmm  faigyfagyy  rool*, 

and  imaginary  directions,  aa  before. 

(19.)  Geometrically,  the  imnaginary  character  o(  the  recent  problem,  of  satiafying 
tbe  equation  V.  pVyp  =  0  by  any  direction  of  p  except  that  of  the  given  line  y,  ia 

apparent  from  the  circumatance  that  ^p,  or  Vyp,  is  hort'  a  vector perpendicuiar  to  p, 
if  both  bo  actual  linca  ;  and  that  therefore  the  one  canuol  be  adso parallel  to  the 
other,  so  luug  as  both  are  reeU.* 

354.  In  the  three  precediug  Articles,  and  in  the  bub-arti- 
cies  annexed,  we  hftve  supposed  throughout  that  the  absolute 
ierm  of  the  cubic  in  ^  is  waniktff^  or  that  the  condition  m  «  0 
is  satisfied ;  in  which  case  we  haye  seen  (361)  that  it  if  always 
poasible  to  satisfy  the  Hnear  equation  ^p«Oy  by  at  least  one 
real  and  actual  value  of  p  (with  an  arbitrary  scalar  coefficient) ; 
or  by  at  least  one  real  direction.  It  will  be  eaay  now  to  show, 

*  Accordingly  the  two  imaginary  directions,  above  found  for  p,  arc  easily  seen  to 
be  those  which  in  modern  geometry  are  called  the  directions  otlineg  drawn  in  a  given 
pkme  (perpcn^ttcnlar  here  to  the  given  ttne  y),  to  tlU  dretdar  poinU  tu  injunty  of 
whieh  supposed  dirccfiinii  the  bnu^nmnf  charueter  may  l»e  aaid  to  be  preciflely  this, 
that  cocA  b  (in  the  ^trm  fHaoe)  tts  own  ptrpmHadar, 
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that  although  coBTonelj  (oomp.  361»  (4.)  )  the  funetion  fp 
eatmoi  vamtsh  for  mi^  actual  yeotor  ^«  mlesM  we  have  thus 
«  •  0,  yet  there  is  aJway$  at  Ua$t  one  real  direction  for  which 

the  vector  equation  oj  the  second  degree, 

I. . ,  y^p^p  "  Of 

which  has  ahready  been  conodered  (353)  in  cmbination  with 
the  eonditum  m  ■  0»  is  satisfied ;  and  that  if  ihe  ibnction  f  be 

a  self^onjugate  one,  then  this  equation  I.  is  always  satisfied 
by  at  least  three  real  and  rectangular  directions^  but  not  gene- 
rally by  more  directious  than  three;  although,  in  thia  case  of 
teff-cot^ugaJtioHf  namely  when 

II.  ..^>-^/»,  or  IF. . .  SX^ » SpfX, 

for  all  values  of  the  vectors  p  and  X,  the  equation  I.  may  hap- 
pen to  become  true,  for  one  real  direction  of  and  for  evenj 
direction  perpendicular  thereto :  or  even  for  all  possible  dircc- 
tionSf  according  to  the  particular  system  of  constants,  which 
enter  into  the  composition  of  the  functitm  fp.  We  shall  show 
also  that  the  scalar  (or  aly^aic)  and  cMe  equatiaHf 

III.  .  .  0  -m  +  m'c  +  «V  +  c*, 

which  is  formed  from  the  symbolic  and  ctdfic  equation  350,  1., 
by  changing  ^  to  -  c,  enters  importantly  into  this  whole 
theory  ;  and  that  if  it  have  one  real  and  two  imaginary  roots, 
the  quadratic  and  vector  equation  I.  is  satisfied  by  only  one 
real  direction  of  p ;  but  that  it  may  then  be  said  (comp.  353, 
(17.)  )  to  be  satisfied  ako  by  two  imaginary  direetionef  or  to 
haye  two  imaginary  and  vector  roots :  so  that  this  equation 
I.  may  be  sud  to  represent  generally  a  system  of  three  right 
lines,  whereof  one  at  least  must  be  real.  For  the  case  IL,  the 
scalar  roots  of  III.  will  be  proved  to  be  always  real;  so  that 
if  and  m  \  be  formed  (as  in  sub-articles  to  349  and  350) 

from  the  eelf'Coi^ate  part  of  any  linear  and  vector  fimC' 
tumfpf  as  fii'»  and  m"  are  formed  from  that  function  ^  iV- 
selff  then  the  new  cubic, 

IV.  .  .  0  =  wio  ^-    oC  +  m  ,fi-  +  c*, 
which  thus  results,  can  never  have  imaginary  roots. 
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(1.)  If  we  write, 

V.  . .  ♦pafpf       ♦>«fp  +  cp,   or  briafly,   V.  .  .  ^  =  ^4  c, 
where  c  is  an  arbitrary  scalar,  and  if  we  denote  by  and  M  what  if/,  and 

m  become,  by  this  change  of  0  to  ^-|-c  or  th»  calcalations  in  868,  (6.),  (6.), 
•how  that  we  have  the  expressions, 

and  VII.  .  .  if  =  m  +  to'c  +  mV  f  r3, 

with  VIII.  .  .  A/=      =  >|r<i)  =  « 

(2.)  Heooe  it  nay  be  inferred  that  the  fonetkoB  Xi  x'»  and  the  eooetante  «•', 

IX. . .  X  =        -  X  +  2c,    X'=  D,>^'  -  x'  +  «e, 
r  3/'  =  Df  A/  =  m'  +  2in"c  +  8c», 

with  the  verifications, 

XI.  .  .  *  +  X-*  +  X'=Af".    *X  +  ^c«^X'  +  *'=  Af, 
aa  we  had,  by  the  sub-articles  to  350, 

^  +  X=^'  +  X'  =  "»".    ^X  +  '^'  =  ^V  +  ll''=«'- 
(8>}  The  mm  hmmr  $ymbol  4>  must  satisfy  the  new  cvhiOf 
XIL . .  O^M-M'^  +  M"*^-^', 
whtcb  aoeoidiiigfyenibe  it  onoe  dariyed  from  the  otd  tmbk  880, 1.,  under  the  fbrio, 
ZIU. . .  08M  4  »'(e       +  mXe-     + (c- 
(4.)  Now  It  ia  ahriji  poailUe  to  ealitfy  the  condltien, 

xiy...itf-ia, 

by  substituting  for  c  a  real  root  of  the  $calcur  cubic  IlL ;  and  thereby  to  reduce  the 
new  epkboRealt  nftie  XII.  to  tiie>bnii, 

XV.  .  .  0==*»-Af"*a  +  Af'*; 

which  ia  precisely  similar  to  the  form, 

0  =  ^"  -  m     +  m>,  352,  1 1 . , 

and  conducts  to  analogous  consequencos,  which  need  not  here  be  developed  in  (U  tuil, 
since  they  can  ea^Wy  be  supplied  by  any  one  who  will  talce  the  trouble  to  read  again 
tlie  few  recent  series  of  sub-articles. 

(5.)  For  example,  unless  it  happen  that  "^p  comtantly  vanithe$,  in  which  caso 
JIf's  0,  aud  «l>p  (if  not  idaUically  null)  takes  a  monomial  form,  which  is  reduced  to 
xero  (comp.  352,  (7.)  )  for  everjf  dtrmHm  of  p  In  npjeai  plane,  the  optttlkMi  Y 
(cemp.  351)  an  nrNfrofy  omCpt  to  a  givem  ^UreetUmt  and  the  operation  • 
I  eveiy  Boe  in  Iftat  diNcdon :  iot]int,lKmiyciMt,thefeiaaffMi<oiMrMl 
of  Mtiifyiag  the  Motar  eymlfim  ^p^^  0,  and  thenfore  alio  (as  above  OMerted) 
tbn  eqoation  L,  iriUiottt  canring  p  U§9^U>  vanish. 
(8.)  And  lince  that  eq[nation  I.  may  be  thna  written, 

XVI. .  .Tp^paO,  or  •pQp. 
wn  see  that  It  ean  be  ntiafled  tpUkout  4p  oanuAtj^,  if  thiaiicvMalar  and  qwtidrmtw 
OQsniiiOD, 

XVII. . .  0  *  C»  +  Al"  C  -i-  AT,  comp.  363, 1., 
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hftTe  rflol  tmd  mufutU  rooU  Ci,  C$i  tot  it  ^  thm  wrilt^ 

tkt  Um  *p  will  ^«iMr«l^  hten  tot  its  loeut «  ^'wn  pftaM,and  there  will  be  iw  rml 
and  dutmet  direeiiomo  pi  and  p»  in  that  plane,  for  one  of  which  0,  while 

<P:iPi  -  0  for  the  other,  so  that  eneh  s^iti^fies  XVI.,  or  I. ;  «ii<i  these  are  precuely  the 
jixed  directions  uf  and  U  iTi  and  iTf  he  formed  Crom  "ir  by  changing  •  to 
♦i  and  4'..  respectively. 

(7.)  CiU4^  ut  «jua/  oud  of  tmaytnary  ruoi4  ucoil  uot  be  dwelt  un  here ;  but  it  may 
ba  umoAtA  in  pMritig,  Uut  if  die  Ainctioo  have  the  purtkmlar  form  (j  being 
•ngr  teakr  eooatant), 

TLX. . .  ^p-gQ,   then   XX.  .  .  (9-^)'aB0,   and   XXI. . .  JIf  =  (57  +  c)* ; 

the  cubic  XIV.  or  III.  haTing  thus  uU  ita  roots  egvoi,  and  ttie  equaliou  1.  beiug  aa- 
tiafled     cMrjr  dbwiiMi  ef    Ib  tlib  pirtiGalv  ciMb 

(8.)  TbepflMrof  esMmee  oS%roai  and  rtetampdar ^§Um  titkm  ^BntHam 
•iliaiyiag  Ly  whan  tlw  eewrfWeM  II.  it  aatfiaad,  ouqr  be  iNrorad  aa  in  868^  (14.)} 
and  it  Is  nanwinaary  to  dwaU  on  tlie  caaa  whan^  bj  two  roott  of  tba  cnbie  ^tiwfipfag 
egiMt/,  all  linei  in  A  ghoH  plane^  and  ofao-tha  normaf  to  tlint  plam^  an  Mder  nooCi 
of  I.,  with  the  same  condition  II. 

(9.)  And  l>ecausc  the  quadratic,  0  =  +  m  c  +  m'  (363,  1.),  has  been  proved  to 
have  always  real  roots  (353,  (13.)  )  when  f'p  -  ^f>,  the  analogom  quadratic  XVII. 
mast  likewise  tlien  have  real  roots,  Ci,  C'j ;  whence  it  immediately  follows  (conip. 
XII.  aud  XIII.),  that  (under  the  same  condition  of  self-conjugation)  the  cubic  III. 
liaalArMiwlioota,  e^c+  Ci,  e+  C3;  and  tiMnlbm  that  (aa  abovo  atntod)  the  eCfter 
cuftic  iy.,wbiohialbnnadltalhaaf(^«af|^9Mf*|Nvf  foof  tfae^oMrall^^ 
oector/nulMn  ^  and  wbSeh  Biaj  on  tbtt  aoamt  bo  thoa  denoted, 
XXII. . .  Mo"  0^  Am  Ite  fveCt  dboyo  fvoL 

(10.)  If  «•  denote  in  Uke  manner  by  tbe  symbol  ^  i  c,  the  equaCiaa 
«  aaio  -  ftyfey  (S49,  XX7L»  oomp.  849,  XXI.)  beeoBMa, 

XXIII.  ..  jr-Afo-87«»r; 
wbenoe,  bgr  comparing  poweiB  of  Oi  «i  leoenr  tba  nlatlona^ 

m'.w'o.y^  and  »*>B»"e,  aain  860,  (I.). 
(11.)  On  •  rfnilar  plan,  tba  eqnalion  w^yf»  *  ▼•^f^tf'v  beaomaa, 

XXIV.  . .  WYiiy -y.'T^v,  oomp.  848,  (I.), 
in  wUdi  ft  and  v  tra  mtitrary  vecton,  and  «  b  an  arUhwj  oealar  f  or  moie  folly, 
XXV.  .  (m  f  m'c  +  m"c«  +  c*)  +  c)V/4vca  V.(^/»  +  cx/i  +  c^/i J  (if  v  i  c^v  +  c^f)  i 
whenoo  follow  these  new  equations, 

XXVI.  ..(mi  Tn'<p')\fiv  =  V(4//i ,  xy  - 
XX.VIL  .  .  (m  +  m"^')\fiv  =  V(/*\//»'  -  vj//^  -f  XA**  xWi 

XXVIII.  .  .  (m"+  f  )V/iv  =  V(/iX>'- vx/i), 

which  con  all  be  otherwise  proved,  and  from  the  last  of  wbkh  (by  p^i«tiging  f  to 
&c.)  we  can  infer  this  other  of  the  same  kind, 

XXIX.  .  .  (to*  f  »f')V^v=  ^  {fiipxi     i-^xf  ^• 

(12.)  As  f  j  amph  (if  the  existence  of  a  real  ami  >  cctany^<hi>  syi-ttm  ^A  t^irce 
directions  (^.),  rciircscalcd  jointly  by  an  equation  of  the  forml.,  aud  of  a  system  of 
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three  real  roots  of  IIm  M«br  fliW*  IIL,  wIhb  tka  emdM§m  IL  ift  iilfaflwly  Wi  nt 
Uka  Uw  form, 

^  bciof  here  any  rea/  and  ^tr«»  scalar^  and  A,  /a  an^  real  and  non-p;ualici  ffiven 
Mvtor*  ;  to  wUcfa/onn,  indeed,  wtt  dufl  MMm  Had  tfwl  ewry  •dC^mJugate  ftuetiiMi 
cas  be  Iwoqght  Wt  hftve  now  (after  ioiiM  rednetloaaX 

XXZI.  . .  iff  wsYXp^fi  -  YXf^SXpfi  -  9(\HfAp  +  fiSXp)  +  ^p, 
XZZIL  . .  x^— CX8|ip  +  |iSAp)H>VP» 
Md    XXXIU...i»-(#*8ll|i)(p*.X«|^,  XV-^fiV-l-^ 

where  the  port  «f  i^  wUeh  is  hidependnt  of^  augrbopnttiiitetevwaIoCheriinB% 
each  M  the  Aiilo«l«g^ 

and     1K»  Z,  Jl^  M*,  V"  Hoar  he  ftniMl  te  ^  ^  x*  •»  <V  «*«S^f 

diam^Bgy  to  e+jr.  Tbo  eqiiatioB  Jf  s  0  hn  dMibra  hm  Ihnt  pmI  aad  naoqail 
wMttt  SMMly  the  Uneo  fellMriBi^ 

•od  the  ue>i  eipoiidim  flMroui  ot     ave  ftand  to'te^ 

UXVL  . .  ♦poTX/iSX/tp,    >l'ip=-  (XT/4  +  /tT\JS.p(XT/* t ^TX), 

'llxm  ^p,  i'lp,  and  have  in  fact  the  three  fixc-d  and  rectangular  directions  of 
TX^  XT/ft  +/iTX,  and  XT/«  ~  /tTX,  naaelr  otthoaonnal  to  the  giTen  plane  of  X, 
fi,  and  the  Meeeten  of  the  aqgki  laodo  bgr  theaa  two  glTm  Uaai;  aad  Iftew  mi  ae> 
cofdingly  the  <mfy  dlrecticoe  whkh  eatiel^  the  Tector  equation  ef  the  aecond  degree, 

XZXVU.  . .  (Vp^p  =  V.  pYXpn  =) VpXS/ip  +  YpftSXp  -O? 

ao  that  Ihlilaal  afMMtfM  iagmli  (aa  waa  tspaefeid)  a  tpttm  aftkrte  riffkt  Ifaev, 
in  theaa  thiaa  laipeethra  JSnttima. 

(19.)  JmptMrai,  If  oi,  eg^  en  dnola  the  fftne  roatt  (no!  oc  Imaghiaiy)  of  the 
caWe  aqnatioB  Jf-sO,  and  if  wa  writa^ 

the  conreeponding  values  of     will  be  (comp.  VI.), 

XXXIX.  ..  %i  =  ^  +  CiX+cx»,    ♦t«V  +  <»X-+«^t   ^a«^  +  c»X  +  «4'i 
niao  wa  hava  tha  nllatloii% 

fei  +  C3  +  C3  =  -m"  =  -^-X, 
'•2<*3         4  ''if^  -  +  m' «  ^X  +  ^» 

whence  it  is  ea^  to  infer  the  expressions, 

XU. . .  *i »  (ea  -  r ,)  '  (^^';  -         *2  -     -  ei>->  (t'l  - 

*3-(fl-C3y'(^2-*l); 

vrhich  enable  us  to  express  the  functions  4»ip,  4»2p,  4»jp  ns  hinomiah  (romp.  3r»l, 
&c.),  when  S'lf),  S':ip  have  boon  expressed  as  monomex,  and  to  assign  the 

pUmta  (real  or  imaginaiy),  which  are  the  loci  of  the  linct  4>ip,  <t>2p,  «fr3p. 
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(11.)  AoootdlDgly,  tht  ttfw  wptmKmu,  «,  *u  ^  wUdi  BiM  in  tlM  thm 
lately  dAtarmiiwd  dirtelfoM  (19.)  an  dttlraftdi,  «r  ndneid  to  mti^  ad  wUch  at 
fiitt  praaent  tberatelTti  nndor  tiio  IbfiM^ 

an  foand  to  adntt  af  tlw  tnuufbrmationf^ 

tvhere  'i',  ^i,  ^3  have  the  recent  forms  XXXTJU,  and  the  loci  of  ^ip,  00m- 
poee  a  system  of  three  rectangular  planet. 

(15.)  la  geueral,  tho  relations  (13.)  give  ftbo  (comp.  353,  (8.)), 

XUV.  .  .  ^1  =  *2*3,      ^2  =  *3*1,     '^S  = 

and  XLV. .  .  ♦i^i  =        =  ♦s^s  =  ♦1*2*3  =  0, 

wlmiea  alM^  ZLVI. . .  "^1^% = t's'i'a  "  tra'Ti »  0, 

tiM  qriaM  (te  aay«M  QTilm  of  tUt  Mrt)  adinitUiig  oflNingfp^^ 

at  pleanire;  if  then  the  roots  of  AfsQ  bo  roof  and  miufwlf  Own  ailieaa  tjHtn 

^  three  real  and  dUtinct  planet^  which  are  connected  with  the  interpretatum  of  titt 
$ymbolical  equatum^  *i*t4>s  =  0,  exactly  as  tho  three  pfauMa  in  868,  (9.)  were  oon- 
nected  with  the  analogous  eqnntion,  (p<*>\^2  =  0. 

(16.)  And  when  tho  cubic  has  two  imarrtnanj  roots,  it  may  then  be  said  that  there 
Is  one  real  plane  (such  as  the  plane  -i-  y  in  353,  (18.),  (19.)  ),  containing  the  two 
imaginary  directiont  which  then  satisfy  the  efiuatioii  I. ;  and  two  imaginary  plants^ 
which  respectively  contain  those  two  directions,  anil  intersect  each  other  in  one  real 
line  (:iucli  tlM  line  y  in  tlM  example  dted),  namely  the  one  real  vector  root  of 
thoaanaoqiialioiiL 

355.  Some  additioDal  light  may  be  tlurown  upon  ihat  vedor 
tquation  of  the  MOMuf  cUgree^  by  coQBideriDg  the  system  of  the  Use 

scalar  equations^ 

I. .  •  SAp^p  «  0,    and   II.  . .  SAp  a  0, 

and  investigating  the  oondition  of  ihe  rtaUty  of  the  too*  dktetkm. 
Pi  and  ps,  by  which  thoy  are  generally  satisfied,  and  for  each  of 
which  the  plant  of  p  and  fp  contains  generally  the  given  Une  x  in 

I.  ,  or  is  normal  to  the  plane  loema  IL  of  p.   We  shall  find  that  these 

two  directions  are  ahca7/s  real  and  rectangular  (except  that  they  may 
become  indeterminate),  when  the  linear  function  <?>  is  its  own  conju- 
gate ;  and  that  then^  if  A  be  a  root  po  of  the  vector  equation, 

UL.  .Yp^p^O, 

*  Geometrically,  the  eqaation  I.  represents  a  cone  of  the  second  order,  ^  itb  X 

for  one  side,  and  with  the  fAree  lines  p  which  f^atisfy  III.  for  three  other  sides;  and 

II.  rcprescntsa  p /une  through  the  vertex,  perpendicular  to  the  side  ,\.  The  two  dtreC' 
tioHM  sought  are  thus  the  two  tides ^  ia  which  this  plane  cuts  the  cone. 
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'which  hM  been  ilreedj  otherwiee  diientied,  the  Unti  pi  end  /4  ere 
aho  rocU  of  thet  eqnetitm;  the  gmmiA  txkUnee  (354)  of  e  iryvim  of 
three  real  and  reetangtdar  dkreethne,  which  eatisfy  this  equetion  IlL 
when  f^pmfp,,  being  thne  pr<mi  anm :  whence  elm  will  follow  e 
new  proof  of  the  retUd^  of  the  icalar  rode  of  the  eubh  if  =  0,  for  this 
caee  of  $Af<oi^ugQtiim  otf\  end  therefore  of  the  neeeeearff  reaUijf  of 
the  rooti  of  thet  other  aihic,  ifo  =  0,  wbiob  is  formed  (354,  lY.  or 
XXII.)  from  the  eelf-oonJugaU  part  ^  of  the  ff€Mr<d  linear  and  Tec- 
tor  I'uoctioD        M-Q  was  formed  from  f. 

(1.)  Lei  X,  /I,  y  be  a  ignCtm  Ottkne  rtetamgnlarvtHortaUUf  foUowbig  la  dl 
n^peeto  tin Iiwb (18f,  188),  oUSbeepahOe      *.  WiHtaf  tlMn, 

IV.  .  .  p  =  y/i  +  rv,    and  therefore,    \pt=jfv—tfif    (pp  =  jf^ft  ^  z^v, 
the  eqUAtioil  IL  b  iiatUlU'U,  ami  I.  lavumes, 

V.  .  .  0  =  y•S^.;^/i  +  yz(Sv^v-S/i^/<)-«»fl|ifyi 
the  lOoU  of  which  qnadnUc  will  be  real  and  aoequal,  if 

TI. . .  (Svfp  -  Bftfn^ + A8fif¥Byfti  >  0 ; 

nd  the  eoRMpoodinff  dinfltfoM  of  ^  will  be  notinsidar,  if 

TIL  * .  0»8(yi/i  +  ziv)  (yift  +  t%v)  =  -        +  ; 

tiaii^ir 

\IIL  ..BvfftmS^, 

at  Icaat  fcr  mi  pafUcalir  pair  of  vwlen,  ji  aad  y. 

Intradodng  now  tho  ezpiwdao,  fp^h^-^^rP  (H^t  ^^U-X  tbe  eondS- 
tiono  VI.  and  VIII.  take  the  (bcma, 

IX..(8yfoy-fl|^)*-l-480ifay)'>4(8xfiy)>,  aad  X...8r^»r«0$ 

which  are  both  satiaAed  generill/  wh«a  7  =  0,  or  ^  =  /  b  fo;  the  only  excepUoo 
beiog,  that  the  quadialie  V*  way  bei^MD  to  boeooie  aa  idtmtity,  by  all  ItaeooOldiBta 
vaniablQg:  bat  tbe  lygMfttt  ineqtiaiUg  (te  VL  aad  IX.)  eaa  aicew  boM  good,  tbat 
iatoaay,  Aef«el»of  tbalqinadtetle  ean  Dover  be  immguuirg,  wficn^iatbaa  t^- 

(3.)  On  the  other  hand,  when  y  Is  actual,  or  ^'p  not  generally  =  the  coDdl- 
tion  X.  of  reetan^lariftf  can  only  accidentally  ho  entisfied,  nanK-Iy  by  the  given  or 
fixed  line  y  happciiiii;j,  to  be  in  the  assumed  plane  of  /i,  v  ;  and  whc  n  the  two  diree- 
tiona  of  p  are  thus  not  t(  ctungular,  or  when  the  sculHr  ^ypv  docs  not  vanish,  we 
have  only  to  supi>ose  that  the  square  of  this  scakr  bt  conicu  largt  enougk,  in  order  to 
render  (by  IX.)  thoee  dhwctlono  eoleoMnii;  or  l»ay<Nury. 

(4.)  When  ^'  -  f!*,  or  y  =0,  we  may  take  /i  and  y  llsr  the  two  notaagoiar  diree» 
tkaaof  ornay  iedBeethe(|aadimtietotheTCf7abnpleli9nB  jreaO;  b«t,fiM'thia 
pwpoao,  we  aniat  oaCaUiA  the  lelatieBa, 

(5.)  And  if,  at  the  same  time,  X  satisties  tbe  equation  III.,  so  that  fX  li  wo 
shall  have  these  other  scalar  equations, 

3  o 


Digitized  by  Google 


466 


BLKMSN'iS  or  QUATSBNIOMS. 


[book  III. 


XII.  .  .  0  -  Sfi<p\  =  Svf\  =  SX^^  =  SX^v ; 
whence  ffi  U        H       and       [J  VX/i  jl  v, 

or,  Xni. . .  0  =  VX^X«!V/i^/i  =  Vv^v; 

X,  ^i,  V  thus  forming  (aa  above  stated)  « jy«tefli|  of  t^ree  real  and  rectangular  roots 
of  that  vector  equation  III. 

(6.)  But  in  general,  if  III.  be  satisfied  hj  even  two  real  and  dUtimet  directions 
«r  p,  the  sealor  and  tMe  aqnttioii  Mm  0  can  hava  no  imaginary  ndf  t»  if  tbew 
two  directions  give  taw  fougna/lmt  real  and  moCbt  «a/Mt,  «i  and  ei,  fSor  the  gm^- 
"fP*^  *i  on  ai«  fwa  Msf  mC*  oftlie  anbic,  of  wlddi  tfaenlbva 
tlie  third  root  it  olio  nal  {  and  if»  on  tlia  otfiar  band*  tha  two  diiaoliont  pi  and  pt 
givo  one MMMnoa  real  and  aealar  value,  sucb  as ci,  fbr that qnotient,  then  fp'^'^ cip, 
or  4>ip  a(^'|-«i)p  sz  0,  Ibr  every  /ine  in  M«  /i/an«  of  pi,  pj;  so  that  must  be  of 
the  form,  -  cip  +  /3Spipap,  and  tlia  cadM  will  liava  at  leoat  twQ  tfmal  rooit,  tinoa  at 
will  take  the  form, 

XIV.  .  .  0-(c-c,)3  (c-fi+Sp,p2/3), 

as  is  easily  shown  from  p  inciplcs  nnd  forraulie  already  eslablishcd. 

(7.)  It  is  then  proved  anew,  Uiut  tlio  equation  M-0  has  all  its  roots  rea/,  if 
^'p  =  •  and  therefisre  that  the  aqoation  ilf^aO  (ai  abore  stated)  can  mmt  liava 
an  iauqiiiMrfy  roo#. 

(8.)  And  we  Mfl^  at  th«  aame  tlme^  liow  thofMlor  ciiBee  Jf  s  0  night faava ben 
dednoed  from  the  ^rmMMeaftlv  850,  L,  or  from  dia  eqaation  851, 1.,  aa  tha  eon- 
didon  finr  the  Tietor  equation  III.  being  mtiifled  by  any  aefaa/  p ;  namely  by  ob- 
itrving  that  If  fp SB -co,  then  ^*p   c*p^  ^pa8-.c*p,  Ao.,  and  thenfiuw  Afp^Oy  in 

which  p,  by  mppodtlon,  is  different  from  zero. 

(9.)  Finally,  as  regards  the  f<7.«e*  of  {mtefermination^  above  alluded  to,  whon 
the  quadratic  V.  fails  to  assipi  any  drfinile  values  to  y  :  z,  or  any  dejiaUe  dirtctiomt 
in  the  given  plane  to  p,  this  ca.sc  is  evidently  distinguished  by  the  condition, 

XY.. .  S^isbSi^v, 
in  combination  with  the  eqiottlonB  XL 

356.  The  existence  of  the  Symbolte  and  Cubic  Equation  (350), 
which  is  satisfied  by  ihe  Un$ar  and  vector  fjfwM  f,  suggests  a 
mff     Qeomdrioal  Defmnaiion^  whioh  may  be  thus  eniinciated;— > 

*  It  wni  be  found  that  this  east  eonespoiida  to  the  esfcwlar  eeotioM  ofa  mafiM 

of  the  second  order;  while  the  less  particular  case  in  which  f'p  =  <Pfi,  but  mot 
Sft^fi  =  Sy<py,  so  that  the  two  directions  of  p  are  determined,  real^  and  rtetampJm'^ 
corresponds  to  the  axes  of  a  non-circvlar  section  of  such  a  surface, 

f  This  theorem  was  stated,  nearly  in  the  same  way,  in  pai^e  5t".8(>fthe  Lectures; 
and  the  problem  of  inversion  of  a  linear  nnd  vector  fmu  tion  wa:*  treated,  in  the  few 
preceding  pages  (559,  &c.),  though  with  somewhat  less  of  completeness  and  perhaps 
of  limpUdty  than  in  the  present  Section,  and  with  a  slightly  different  notation.  The 
gtmmd  form  of  meh  a  ftmeliott  wUeh  was  then  adopted  mey  now  be  thm  ex- 
pramid: 

f  p  B  Z|3Sap -I- Yrp,  r  being  a  given  qnatendon ; 
the  nenlting  valne  of  ai  wae  fonnd  to  be  (psge  561), 
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«*ijr,^  wn^pnm  Mcde,  cr  Law^  of  ZAiuar  l>6thationt  of  the 
kind  above  denoted  by  the  Bymbol  ^  wepati  flim  any  amtmed  Vec- 
tor p  to  a  Seriet  ofSueeeuMif  Dermd  Vectors,  p,,  p,,  p„...  or  ^'/i, 
f*P%  .  and  if,  hy  ecruirueHnff  a PanUleleptped,  we  decompose  any 
Xiirie  of  ihit  Series,  saoh  as  mio  ihree  partial  or  component  lines, 
mpt  -m'pi,  m"p^in  the  Directions  of  the  three  vldch  precede  it,  as  hero 
of  p,  Pu  Pz\  then  the  Three  Scalar  CoejJlcittUs,  m,  -  m\  m",  or  the  Three 
Ratios  which  these  three  Components  of  the  Fourth  Line  p-^  bear  to  the 
ITiree  Preceding  Lines  of  the  Scries,  will  depend  only  on  the  given  Mode 
or  Law  of  Derivation,  and  will  be  entirely  independent  o/theamumed 
Ijength  and  Direction  of  the  Initial  Vector.** 

(1.)  As  an  Example  of  such  successive  Derivation,  let  us  take  tbe  lam^ 
I.  .  .  pi  =      =  -  V/ipy,    Pa  =       =  -  Vj3piy,  &0., 
which  answers  to  tlic  conatruction  in  305,  (1.),  &c.,  when  we  suppoae  that  /3  and  y 
are  unit-line*.    I'reatiDg  them  at  tint  as  amg  two  gintm  vtcUtn,  ovr  gaacnl  mthftd 
conducts  to  the  equation,  * 

11.  ..  p3  =  mp  -  m'pi  +  m''pt, 
with  the  foUowing  values  of  the  coeflkients, 

as  may  be  seen,  ^Tithout  any  new  calcuUtion,  by  merely  ''hvi^f^r^g  g,  X,  and  m 

in  354,  XXXIII.,  to  0,  ft,  and  -  y. 

(2.)  Supposing  next,  for  cuuipari-ou  ;vith  305,  that 

IV.  .  . /32=y^=- 1,    and  S/3y=-A, 

so  that  ft,  y  are  unit  liuesy  and  /  is  the  cosine  of  their  inclination  to  each  other,  the 
values  III.  become, 

y.  m's-l,  m^s-l; 

end  Ch«  tqiutkNi  IL,  «QiUMcting>^  ra^MMivr  Aiict  of  the  series,  ukes  the  form, 
VI.  .  .  p*sJjp-l'Pi-/p3,    or   yil. , ,  pi- pi^-l{p%- p)\ 


m  =  2Saa'a"S/3"y3'/3  +  2S  (jVaaWft'ft)  +  SrSSa/Jr  -  £SarS/3r  +  firTr« ; 

and  the  auxiliary  function  which  we  now  denote  by  \p  wns, 

mfie  «        :&YaaBff^ + XV.oV(V/3<r.r)  +  (YarSr  -  YrSor) ; 

where  the  sum  of  the  two  lait  terms  of  4'<r  might  have  been  writtao  «•  erBr^rBer, 
A  iludent  might  find  it  an  useful  exerciso,  to  prove  the  correctness  of  these  exprcs- 
tions  by  the  principles  of  the  present  Section.  One  way  of  doing  so  would  be,  to 
treat  TSSap  and  r  as  rcspcclivtly  equal  to  ^.,p  +  Vyp  and  C  +  «}  which  would 
transform  m  and        as  above  u-rittm,  into  tht;  following, 

Mo- S(y-f  0  (^0+  0  (y  I  <),  and  4^o£T-(r +  0  S(y  +  «)  <7  +  V(r(^o  f  0  (y  f  t)j 
that  is,  into  the  new  values  which  the  M  and  ^cr  of  the  Section  assume,  when 
Ukes  the  new  value,  ♦p  =     +  c)p  +  V(y  +  «)p. 
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imiirwtJ  rxTi  was  =  -  /  x  rPa. 

(3.)  And  !\s  r<»t;arda  the  inver$io»  of  a  linear  and  Tcctor  function  (347),  or  the 
return  from  any  one  line  pi  of  such  a  $eriet  to  the  line  p  which prtctdu  U,  our  ge> 
aeral  method  gives,  for  the  example  I.,  by  854,  (12.), 

sad 

a  rdsuli  which  it  i«  easy  to  verify  aad  to  iflUcprot,  on  priacipUis  already  explaia«l 

357.  We  are  now  prepared  to  assign  some  new  and  gene- 
ral Forms,  to  which  the  Linear  and  Vector  Function  (with  real 
constaDts)  of  a  variable  vector  can  be  brought,  im'Mou/ assum- 
ing its  M^-eot^ugoHon;  one  of  the  amplest  of  which  forms  is 
the  following, 

!• .  •     »  V +  VAf>/i,   with   r. . .  go "  ^  +  y » 

^0  being  heie  a  real  and  eonUaiU  qwUemiim^  and  X,  /t  two  real 
and  eoitffoff <  veef or«,  which  can  al/  be  definitely  aieigned,  when 

the  particular  form  of  0  is  yrren  ;  except  that  X  and    may  be 
interchanged  (by  295,  VII.),  and  that  either  may  he  multiplied 
by  any  scalar,  if  the  other  be  divided  by  the  aame.    It  will 
follow  that  the  scalar,  quadratie,  and  homogeneomM Junction  of 
a  vector i  denoted  hj  Bpfpf  can  always  be  thus  expressed: 

II*  • .  Sp(pp        +  SXppp ; 

or  thus, 

11. . .  Qp^p  -yy  +  2SkpSfipf   if  g'^g-  »SAfi » 

a  general  and  (as  above  remarked)  definite  transfiyrmation^ 
which  is  found  to  be  one  of  great  utility  in  the  theory  of 
faces*  of  the  Second  Order, 

(1.)  Alti'ii'ling  lirst  to  the  case  self-conjugate  txxnciions  pop,  from  which  we 
can  pass  to  thii  general  case  by  merely  aUdiiig  the  ttinn  Vyp,  supi>osing  (in  vir- 
tae  of  what  precedes)  that  axatot  are  three  rea/  and  rectanffuJar  vtctor'tniitt  and 
cidci  thiw  rial  woAirs  (tbt  vooU  of  tbe  cabfe  ifo^  0),  such  that 


*  In  tlw  tfuoory  of  such  aurfaoes,  the  two  con^taut  uud  real  veoorsi  \  and  /i, 
hava  flM  dinetiooa  of  wbal  are  callad  tha  €gtlie  MmMln 
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we  nMj  writ* 
mnd  Uiartfor* 

V,  .  .      3  tiaiSaip + «iai8aip  +  tgajSaap  ; 

^  =  (C3  -  Ci)a3Sa3p  +  (ci  -  <"2)aiSnip, 
=^  (ct  -  ca)  a\Sa\p  +  (c^  —  03)0380^1 
the  binomial  Jbrms  of  ^1,       ^3  being  thus  put  in  pvidrnco. 
(2.)  We  have  thus  the  general  but  tcalar  expre&^iuud : 

VII.  .  .  -  p«  =(Saip)2  +  (Sa2p)»  4  (Saap)* ; 
VIIL  .  .  Sp^&p  =  8ppi^=  Ci(Saip)-T  Ci(Sa-ipy^  CsCSajp)' 
ts-  cipJ  i  (c3  -  ci)  (8a2p)>  +  (c3-  ci)  (Saap)" 
cup*  -  (ca  -  ci)  (Saip)«  +  (cj  -  C3)  (Saap)* 
—  «SP«-  (c*-«i)  (8aip)»-  (c-     (8a,p)» : 
In  wbidi  It  b  in  gMMtal  pennitttd  to  Mnune  tbat 

IX. . .  ei  <  C3  <  c:j,    or  tint    X  . .     — ci  =  2e",    C3-Ca  =  2e'*, 

«  and  «'  being  reo/  acalars,  imd  the  numerical  co^jffMenU  being  introduced  for  a  mo- 
th«  of  coovmianoo  wUdi  will  prwitly  appear. 

(8.)  Comparing  Uio  Uwt  but  oiio  of  the  expweriona  VIIL  witli  n%  wo  aee  tbtt 
w*  iMgr  bring  Spfp  lo  tho  propowd  form  II.,  by  Mwnntag, 

bflflUM  8X^«  ih-      +  «i> 

(4.)  But  in  genmal  (oomp.  849,  (4.))  wo  caxmot  hxft,  tot  all  TtloM  of  p, 

ZII. . .  Sp^p  =  Sp^  p,  tmleas  ZIII. . .  fop^  pV 
that  ii^  imlaM  the  ulf-cotyugate  parte  of  p  and  f*  bo  tquaJ  ;  we  can  therefore  ii^er 
ftom  IL  tbat  f^p^pp+VXp/A,  bacavm  VAp^iBV/ipXaita  own  oonjugate;  and 
tboo  tba  tranrfbrmatkm  L  It  proved  to  bo  poealUi^  and  rwL 

(5.)  Aoooffdin^,  with  tho  ▼ahiM  XL  of  X,  m  p^  the  exprmaioH, 

becomcfl^ 

XV.  .  .pQP«-0ip  +  («^Ot-l-«ii)  S(e'as-«ai)p+(«0|-Mi)8(«'<l»-|-«ai)p 

=  -  Cip  -  2«*ai8aip  +  Se^oaSoip } 

which  agrees,  by  X.,  with  VI. 

(G  )  (  onversoly  if  f/,  X,  anil  p  bo  constants  such  tbat  ^op  =^irp  +  VXpp,  then 
^^iVXp  —  ^'VX/i,  where  ^  =g  -  SX/i,  a^i  bfforc  ,  hence  -  g'  must  be  one  of  the  throe 
roots  ci,  Cj,  C3  of  the  cubic  JA*  =  0,  and  the  normal  to  the  jilano  of  X,  iiuisi  !iavo 
one  of  the  three  directions  of  aj,  02,  aa ;  if  then  wo  awume,  ou  trial,  tbat  this  plane 
ie  that  Of  ai,  aj,  aod  write  aocordingly, 

XVI.  .  .  X  =  aai  +  a'aa,    p  =  feai  +  6'a3,    ^^p  -  XSpp  +  pSAp, 
we  are,  bjr  VI.,  to  B<K:k  fur  scalare  ao'6&'  which  ahaU  satisfy  the  three  conditiooa, 

bot  tbiee  give 

XV IlL  .  .  C8o*')»  =  (2*a'/  =  («»  -  ei)  (ca  -  c,), 
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80  that  if  the  transformation  U  to  be  a  real  one,  we  must  su[>p<>se  that  c:  —  r,  and 
d  — C]  are  either  both  pontive,  as  iu  IX.,  or  else  both  negative  ;  or  in  oiLer  wonis> 
we  miitt  M  arraMjf€  the  three  real  roots  of  the  cubic,  that  0%  nuy  be  (alguliraically) 
iidmMditit§  In  tiIm  betuwa  tlie  oCbar  two.  AdopUng  tbm  the  order  UL,  with 
thoTaliMtX,  woMtbtydwooadilioiMXTII.  by  Mpporing  <hift 

trmwuhd  bMk  from  XVL  to  flia  iKpimlpm  XL,  — flit  wii^  rea/  onei  for  X, 
fi,  and  ^  whldi  nodar  poMible  U»  tnogfonutioDi  I.  and  II. ;  a»apt  thot  X  ond  fi 
nuqr  bo  mttrdUmftd,  ka.,  billMO. 

(7.)  Wosee,  bowevor,  tbat  im  o»  fwiyiwory  mom  tboN  osfat  AwofJkcPM&riipat 

oftfaoprablmD,tolraii«/^rH^iiid8pfpos«bove;  for  ifwontain  the  order  IX.,  and 
oqnotesr'  in      to  either  -  ri  or  ~     wc  may  in  each  caae  ooaedre  the  correqMwding 

turn  of  two  gquaref  in  YIII.  as  brini:^fhe  product  of  two  imapinary  but  linear  fac- 
tort ;  the  planei  of  ilie  two  imaijinary  pairs  of  vectors  which  result  being  reo^  aod 
perpendicular  respectively  to  ai  and  a^. 

(8.)  And  if  the  real  expresaioa  XIV.  for  ^^p  be  piven,  and  it  be  required  to  pass 
ftom  it  to  tbo  «Kpi«erfMk  witb  tfio  order  of  Inequidity  IX,  the  inmitigatioo  in 
M4,  (12.)  enabki  u  «t  one*  to  trtnbliiib  tbo  Ibnnalas 

XX. . .  eies— y-TX/ii,    ets^-ff+SXfi,    c3  =  -i7  + TX/i ; 
XXL  . .       U(XT/i  -  /iTX),    OfB  UVX/i,   as «  UCXT/i  +  /4TX) ; 

in  wUdi  bowerer  It  Is  pemdttsd  to  diango  tbo  rign  of  007  one  of  the  three  vector 
mdtOi  Aoeordingly  the  exprsMlons  XL  glre^ 

TX/<  +  SX/is2^G:ca-ci,    TX/i-SX/tsS/>»c«-e,,    SX/*  =  y  +  ca; 

(9.)  We  bore  also  tbe  two  idnHeal  trendbnnotlons, 

XXIL  .  .  SXp/4p  =p3TX/x  +  {(SX|ip)2  +  (SXpT^  +  S^pTX)'}  (T\n  -  S\p)  \ 
XXIIL  . .  SXp/ip  =  -  pnXfA  -  {(SX/ip)»  +  (SXpT/i  -  S/ipTX)i}  (TX/i  +  SX/»)  I, 

which  hold  good  for  cmjf  lArst  fltetor«,  X,  /i,  p,  and  may  (among  other  ways)  be  d»> 
dnead,  throngh  tbe  ezpreHioBB  XX.  end  XXL,  from  II.  «nd  VIIL 

(10.)  Finely,  M  ragaids  tbe  expresaiona  VI.  for  ftfi,  toe,  if  wo  denote  tbe  oar- 
nqModbg  Ibnns  of  Iqr  if^tpt  fto.,  wo  bovo  (corap.  854,  (16.)  )  tbaao  otber  os.- 
praarianai  wUcb  mo  oa  nraol  (oomp.  Ml,  fto.)  of  mmumiiat Jbrm : 

Iiup  =  faihP  «  (ei-*!)  (<i-e»)oi8aip ; 
^  -  ^plp  =  («*-«*)(«!-  ei)  aaSaspi 
^apBfifip «(«!-<!))  (<ft-c»)asSa^; 

ond  wliiafa  iraiUy  tbo  lalitioiis  854^  XLI.,  and  aerand  otbar  paita  af  tha  lAole  foi^ 
going  theory. 

358.  The  general  Umar  ud  odcfor  jWfiofi  of  a  v$dU>r  bfts  been 
Been  (347i  (1.) )  to  contaiD,  at  least  impUcitlj,  mine 
and  aoeordingly  tbe  expression  357|  I.  inTolves  that  number,  namely 
four  in  the  term  Yq^p,  on  acooant  of  the  constant  quatemitm^  and 
Jice  in  the  other  term  Y V/H  doeft  of  the  two  imd-twelorfb  UX  andU/s 
counting  as  two  icahto,  and  the  tnuor  TX/t  as  one  nwn>  Bat  a  «s{^- 
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conjugaU  linotr  and  Teetor  fnnetUm,  or  the  nif-conjugate  pan  ^q/i  of 
the  genmd  fooction  0/),  ioTolTeB  only  flcalAr  oonsUDts;  either  be- 
cause  tkree  disappear  with  the  term  of  (pp\  or  because  the  con- 
dition of  self -conjugation^  2V^o  =  27«s0  (com  p.  349,  XXII.  and  353, 
XXXVI.),  which  anscs  when  we  take  for  (pp  the  form  'S.fiSap  (347, 
XXXI.),  is  equivalent  to  a  system  of  three  scalar  equations^  connect- 
ing the  nine  constants.  And  for  the  same  reason  iha  general  quadra- 
tic  but  scalar  function,  Sp^p,  involves  in  like  manner  only  5ix  scalar 
constants.  Accordingly  there  enter  only  six  such  constants  into  the 
expressions  357,  II  ,  IT.,  V.,  VIII.,  XIV.;  c„  c,,  e^t  for  instance, 
being  three  such,  and  the  rectaogular  unit  sjstem  ai«  An  at  aoawer- 
ing  to  three  others.  The  following  other  general  transformations  of 
Bpfp  and  although  not  quite  so  simple  aa  367«  II.  andXiV*,  in- 
volve the  same  number  (six)  of  scalar  conitanti,  and  deeenro  to  be 
briefly  conaidered:  namely  the  forms, 

L  .  .  Sp^p  =  a(Vapy  +  h{Sftpy; 
n.  .  •  ^oP  =  ~  aaYap  f  6/^S/i/>; 

in  which  Qy  h  are  two  real  scalars,  and  a,  ft  are  two  real  unit-veo- 
tors.  We  aball  mereiy  set  down  the  leading  formnle,  leaving  the 
reader  to  anpplj  the  analyais,  which  at  this  stage  he  cannot  find 
difficnlt. 

(1.)  In  aecwDpUiJhing  ths  redaction  of  ths  sapwulcBi^ 

8pfp-ei(8aip)t4-«»(8a]^>+«»(8«ip)«,  867,  VIH. 

and  fopm  «iai8aif  -1-  «m8a4>  -I-  cmSdip,  B(7,  Y., 

to  tlHss  n«w  finnw  L  and  n.y  it  it  Ibnnd  tliat,  if  the  remit  it  to  be  «  tm/  one,-a 
Botft  bo  IW  mat  «f  tlM  lealar  onblfl  JToB  0,  Uw  iv«^pf«Ml  of  wbicb  it  algtbi^^ 
imisnudiaU,  botweoo  tho  rtdpioetlt  of  tbo  other  two.  It  It  thcidbn  oonTtalent 
Aort  to  tttBBM  tiiit  iM»  flondttCm,  iMpecting  tho  order  of  tho  InognolftjM^ 

IIL . .  er*>*»-«>c3-' ; 

which  will  indeed  coincide  with  the  arrangoment  357,  IX.,  if  the  iliree  roota  ci,  cj, 
f  J,  be  all  positive,  but  will  be  incompatible  with  it  in  every  other  case. 

(2.)  Thit  boing  laid  down  (or  ov«n,  tfwochooae,  the  ofiwiftt  order  being  taken), 
the  (real)  Talntt  of    hi  a,  (3  may  bo  that  ezpraieed  t 

IV.  .  .  a  =  —  c>,    6  =  ri  —  Co  (-  C3 ; 

tawkkh 

VI..  ...iS^, 

e,-i.^-i>  0|-i-ct-*' 

VII. . .  ^  -  ^  -      + «0 — M«/3«(My) 
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X.  .  .  ftj-'z'  =  r>rr  ; 

XII.  .  .      -  -  6/3Sa/3  =  Ci«ai  -j-  cjzot ;  ke. 
(a.)  And  Umi«  rnoU  Um  tnoifoniiAtkat: 

XIY. . .  fapsciaiSaip  +  OMSoip+ciaaSaip 

C1C3 

which  hurt,    C|Ct  htpomHwtt  givM  this  eCAir  tml/bnt, 

fl^  and    bdng  dctamiMil  bj  dM  CBpnaioM  VL 

(4.)  ThaM«K|iraMiMM«lloir«toalingetlniym«rK:«^a^ 

mine  a  second  pair  of  rra?  itnt/  /me«,  a  and  /Ef)  wUdllMy  besolMtitntodlbr  a  aad/l 
in  the  forma  I.  and  II. ;  th«  order  of  inequalities  III.  (or  theopponteonler),tiidAt 
Taln'>t  TV  of  aaad^  mnaiiiiagvDdMaged.   We  haT«  thenftm  tiM  db«N^ 
JgrmatioM  .* 

+  (ci-«ii+«!i)(S^p)t. 

XYUL  . .  fo^ a c»aY«p  +  (oi n)/3S^ .eiaTa'p  4(«i      +  «l)jS^P> 

(S.)  If«ltherorih«tiroeniiwMI>tat  J.  and  IL  badbMn^vm,  m  ini^t 
have  proposed  to  deduce  from  it  the  valncs  of  CiOjc^  and  of  ^iffm,  hj  tha  jiafiirf 
aM<  W  of  this  Seotion.   We  ahoald  thua  Jiato  had  the  c«Nc^ 

ZI3L  . .  0«Jr«-»(c  +  «){ei4(a>»)e-a»C8<i/8)*); 
and  becavse  fhe  qnadratle  (c  ^  a)-iAfo  =  0  may  be  Uma  h  littcn, 

XX.  .  .  (c  i  +  a      (Sa/3)2-(c  i+a-')  (a  'S.(a/3)a  +  *  »)  +  «-*(Va^  =  0, 

it  gives  two  real  values  of  c'l  +  a  ',  one  positive  and  the  other  XNgatlw;  if  thea  we 
arrange  the  raclprocali  of  the  three  loote  of  j|fo»0  ui  the  older  IIL,  we  haTe  tha 
expresttonsi 

\, 3  -  i  (6  -  (i)  -       V(a-«  +  2a-«6-iS.  (rt/3)»  +  6-2) ; 

the  aigni  of  the  radical  beiug  determined  by  the  condition  that  :  afc(Scj.'^)' 

=  ci''  -  ca"'  >  0.    Accordingly  these  expressions  for  the  roots  agree  evideoti^jr  with 
the  former  results,  IV.  and  XI.,  Ixcaupo  S ,  {aj^)"^  ~  2(Sa/3)2  -  1. 

(6.)  The  roo/4  C|,  C2,  c%  being  thus  known,  the  same  general  method  gives  for 
the  directiom  of  ai,  as,  as  the  vtrsort  of  tlie  following  expressions  (or  of  tbeir  nega- 
tivaa): 
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=  aes-i(eBa  +  6/3Sa^)  8(<^+  hfiBafiy^ ; 

=  oci  «(cia  +  6/3Sai3)  S(eia  +  b^Sa^p ; 
oTwliieh  lha  wwiwirittl/bw>  may  ^giin  to  aotad,  and  wUeb  glve^ 

(7.)  Accordingly  the  expresssions  in  (2.),  give  (if  we  suppose  a^ai  =  +  at), 
XXUL  .  .  cyi  4-  =  (c!i~  ci)«ai,    Ya^  =  (x'z  -  xz') a«,    cia  +  &^Sa/3 

and  as  an  additional  verification  of  the  consitteney  of  th«  Tlrioas  ptitS  ol  thk  fitolt 
tbeoiy,  U  maj  to  otoenred  (oomp.  867,  XXIY.),  ttot 

(8.)  Aa  ngarda  tta  aaoaatf  CnH^raMfioM,  ZTII.  and  X7IIL,  U  ia  caigr  to 
ptm  ttoft  wa  naj  inttab 

XZY. ..(«!-  Ci)o'  =  6/3a/3 -  oa,    (cj  -  ci)/3'  =  aa^a  -  6j3, 

ao  tbat  we  have  the  followlog  cqimtiuu, 

XXVII.  .  .  {a(Vapy^  b{i>3py)  (a»  +  2a6S.(a/3)a  +  6«) 
=  a  CYC6^/3  -  aa)p)>  +  6  (S(aa^a  -  6/3)p)«, 

which  ia  true  for  any  vector     any  two  unit  lines  a,  /Si  and  any  two  aaUars  a,  &. 

(9«)  Accordingly  it  is  evident  from  (4.),  that  ai,  03  must  be  the  bisectors  of  the 
angles  made  by  a,  a\  and  also  of  those  made  by  /3,  /3'  i  and  the  exinesaioas  XXV. 
may  be  thus  written  (because  6  -  a  =  cj  +  C3), 

wtanaa^  ligr  XXm.,  ira  m$j  wrftab 

XXIX- .  .  o  +  a'  =  2xai,  a-a'alsras; 

ao  that  ai  bisects  the  internal  angle,  and  as  the  external  angle,  of  the  Unea  a,  a', 
(10.)  At  the  same  time  we  have  these  other  expressions, 

XXX  . .  («i -  c,)  03  +  /S*)  =  2 (ci/3  -  aa Safi),  (c, - -  /3')  =  2 («^  - ooSa/S)  ^ 

which  can  aaaily  to  ndaoad  to  lha  aim|>le  romii 

XXXL-./S-f/STsSi^ai,  fi'fi'mUtm, 

wlihttofaentiiiaBQia0iofttooMilldaiitaa^  anda^. 

(11.)  And  altfaoa|(b,  for  fto  aaka  of  oblaininff  nai  irmu/bmaihM,  m  hsra 
inppoaed  (conpb  III.)  lhaft 

XXXIL . .  («r>-a|->) (•»-»- •a->)>Oi 

because  the  assumed  relation  w^xai+Mo^  totWUll  tto  thiaa  natt  vacCon  oaioi, 
wtonoTttotwa  laMararanelaqgBlart  i^i^-t-i^Bl,aainIX»aathat  aaeb  oe 
tto  two  axpiaariona  VL  InToNaa  tlia  oUwr,  and  thafr  oompariioo  gitaa  tto  lalio^ 

XXXUI.  .  .  JP«;z«  =  (ci->  -ca-0:(c2  ')» 

3  P 
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ytt  ire  M>  tlMU»  wkktm  thb  inm^H^y  XXXIL  ^^Hj^  Uie  fcwgoiiig  tr«Mfatm>- 

tiOQS  bold  good  la  an  imaginary  (or  merdy  yftoJfawl)  amm  s  to  that  we  ni^Mgr, 
In  gncral,  that  the  functions  Spf  p  and  ^  can  be  bitraigbt  to  the  ^nM  L  and  H. 
inrix  distinct  ways,  whtTc^f  two  are  reo/,  a!iil  (hf"  fnur  others  aro  imaginary. 

(12.)  It  may  be  added  that  the  first  equation  XXIL  admits  of  being  replaced  bj 
the  following, 

XXXIV.  .  .  ii/jo  — - A<?i-'(ci/3  -  S(ci/S -attSo/3)p, 

witli  a  corresponding:  furin  for         and  that  thuf|  instead  of  XXli'.,  we  an  at 

liberty  to  write  the  expre^Mons, 

for  tha  feetangnlnrnnit  qrttaSii  dednoad  fton  L  or  II. 

369.  If  we  callt  as  we  ofttnnlljr  may,  the  ezpxeiabns 

end       II. . .  8^  «  c,  (S4t,/»y  4-  thiSthPf  +  <?i(8«i^)%  357,  VIIL, 

the  Rcctangnlar  TraHs/omicUions  of  the  Functions  and  Sfi(f>p^ 
then  by  another  geometrical  analogy^  which  will  be  seen  when  we 
come  to  speak  brieily  of  the  theory  of  Surfaces  of  the  Secfmd  Orders 
we  may  call  the  expresaioaa, 

IIL . .  f^^fff-^Tk^f^  367,  XIV., 

and  IV. . .  8/>^^»^tSVm  357,  n., 

the  CydU^  TranafiinniationM  of  the  same  two  ftmetione;  and  may 
say  that  the  two  other  and  more  recent  expressions, 

V.  .  .  0,^/>  =  -  auYap  +  bi^^^p,  358,  II., 

and  VI. .  .  S/>0/)  =  a( Va/»)«  +  6(Sy3/j)%  358,  L, 

are  Focai\  TranrfomuUioni  of  the  same.   We  have  already  shown 

(357)  how  to  exchange  reeUmgular  formi  with  CjfeUe  ones;  and  also 

(358)  how  te  pass  from  rstftwyifar  expiesskms  to  focctl  ones,  and 
reciprocally:  but  it  may  be  worth  while  to  consider  briefly  die  mn- 
tmd  rdaUoDt  whtoh  eadsty  between  eydk  andybcof  expgemioni^  and 
the  modes  of  passing  from  either  to  tiie  other. 

(1.)  To  piM  from.  IV.  to  VL,  or  from  the  cyclic  to  the  focal  form,  vtc  may  first 
aecomplish  the  rsetenpnlv  Cransfonnation  II.,  with  the  valaes  357,  XX.,  and  XXL, 
of  ^1  <ii  <^  and  of  at,  Oil  ai,  tbe  order  of  ineqnali^  being  aammed  to  be 


•  Compare  the  Note  to  Art.  357. 

I  It  will  be  found  that  the  (wo  real  vectors  a,  a',  of  368,  are  the  tvo  real  focal 
lines  of  the  real  or  imaginary  cone,  which  is  atjfmptoHe  to  the  tmfitet  oftka  tteomd 
order,  Spf p  =  const. 
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1 — r  T.  TT)  thn  fiillii  iilin  n|irtiiii 

TUL  ..4fl^-{S-K«)iKt'X-U,i)+«gl(UX  +  U^))}« 
-  {▼.^>(ei»(UX+  U|i)+ci»(IJX-.U|i)))t, 
VIU'. . .  {S.p((-c,)*  (UX-U,,) +  (-«,>  (UX  +  0|i)))t 

+  {  V.p((-  ci)»  (UX  +  \Jft)  f  (-  Oi  (UX  -  U/i))}«; 
IX  . .  (es  -  C!i)»  Bp^p  =  {  V.  p (C3»  VX/i  f  (-  e^y  (XT/1  +  ;*TX)) }  • 

+  (  S .  p  ((-  C2)»  VX^  -      (XT,*  +  pTX))  }  3  ; 
X.  .  .  («»-Ci)»Sp^p  =  -  {V.p((-  ci)i  VX,i+  c.»(XT/i  -  ^TX))}» 

-  {8./>(-  c,lVX/*  +  (-  Ci)»  (\Tp -pT:k))}t; 

is  which  it  if  to  be  remembered  thAt  (by  357,  XX.), 

XI.  ..«|->-^-TX/4,  «i«-p-fSX|(,  c»«-^-.lX|i; 
and  of  which  all  are  tymboUeaUy  true,  or  giv»  (as  in  IV.)  Um  ml  awlbf  ^ + Skppp 
for  Sp^f»,  if  <7,  X,  ^,  p  l>e  r^a/.  An(i  in  thU  STmbolical  aeiue,  although  they  hat« 
W-iin  written  down  &afour,  they  only  count  ns  /Ar?*-  dx&tinct  focal  tranfformationg, 
of  a  ^itCTi  and  real  cyclic  form  ;  because  the  »  xpressiou  VIII'.  is  an  immediate  con- 
•eqaence  of  YIII. ;  and  other  formaliB  IX'.  and  X'.  might  in  like  nuuuMr  be  at  onoa 
itdrtd  from  IX.  aod  X. 

(S.)  Bat  if  m  wUk  to  mdtat  mmilm  to  nml/htul/ormt,  there  an  then  /<ntr 
MMt  to  Im  eoorfdand,  in  eaeA  of  wlilcb  mm«  am  of  tbe  ,/b«r  efMltew  TUL  YUF. 
IXXiitobtadoftod,  toai««B«A«<MortlMaacr(lm.  Thm^ 
if  XIL  .  .^>c»>«t>0,  miUhewflm  9i'^>tfi>^-t>0, 

HbufirmYllLkilkBmfyfmiom.  If 

TOL  . .  c»> cj > 0  > ci,  C2  « >ca-»  >  0  >  ci"*,  then  X.  is  the  real  form. 
If  AlV. . .  tt>0>ei>ei,  cj-'>0>  cri>ca->,  the  only  real  form  ia  IX. 
Vtadlyir  Xy. . .  0>e8>ei>tfi,  0>tfi->>c*->>fs-«, 

that  is,  if  all  the  roots  of  the  cubic  Mo  =  0  he  negaiicCf  then  ¥111'.  iatbe  form  to  b« 
adopted,  under  the  fame  condition  of  reality. 

(3.)  Wluo  mB  tbt  roots  0  axe  positive,  or  in  the  ca^e  n  beu  Vlli.  ia  the  reai  fo- 
colybrai,  tlM  unit  linte  Uffiin  YI.  may  be  tluu  opwiwcl : 

with  frBCi-«i  +  «|  wbel^  (358,  IV.)- 

(4.)  In  the  same  case  VIIT.,  the  expres^ons  for  ii^ppp  may  be  written  (comp. 
858|  XVI.)  nnder  either  of  these  two  other  real  forms : 

XVH.  .  .  4Sf)^p  =  N  { (fa*  +  cii)  p .  UX  +  (cj*  -  ni)  L> .  p } ; 
XVn'. . .  4Sp^p  =N  Ci»)  UX.p  +      -  Ci*)p.U/i)i 

so  that  if  we  write,  for  abriilgmeiit, 

XVIII.  .  .  10 « i  (c»*  +  ciO  UX,    «o  =  4 (<J|i  -  Cii)  U^. 
we  ibaU  baye,  briefly, 

XIX. . .  Spf  p  =  ^Oop  +  pf^o)   N(f)io  +  (tap). 
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(6.)  Or  we  mtj  nuln 
and  duiU  thao  htsn  the  tnuuliMiiialkB, 

ivUeh  niaj  ba  compttvd  witli  the  aquation  381,  ZXIZ.  of  thaaUvMotd^  andftrtha 
f«d!a^of  wUa]ilbnn,araf  itatwo  aadar  aoMtantei  i,  c»  it  li  nacaaiaiy  that  tha 
reota  a  af  tlM  eabie  ahoold  an  ba  pofMM  aa  abova. 

(6.)  It  waa  lataly  ahown  (in  858,  (8.).  &c.)t  bow  to  paaa  from  a  ytven  and  real 
/iMdJbrm  to  a  teeond  of  tbe  same  kind,  with  its  new  real  unit  lines  a',  in  the 
game  plane  as  the  two  old  or  piven  /tnei,  a,  /3 ;  but  we  have  not  yet  shown  how  t0 
pass  from  a  focal  form  to  a  cyclic  one,  although  the  eonverse  paa^ag^  ha-s  re- 
cently discussed.  Let  us  then  now  suppose  that  the  form  VI.  is  real  and  given,  or 
that  the  two  scalar  constants  a,  6,  and  the  two  unit  vectors  n,  /3,  have  real  and 
given  values ;  and  let  us  seek  to  reduce  this  expression  VI.  to  the  earlier  form  lY. 

(7.)  We  might,  for  this  purpose,  begiu  by  assuming  that 

XXII.  .  .  cr'  >  cr^>e%'^y  as  In  858,  III. ; 

which  would  give  the  c^pro'isiuns  358,  XXI.  and  XXII.,  for  exc^fi^  and  aiaioj,  and 
80  would  supply  the  rectanguiar  tran^rmation^  from  which  we  coold  jkaia,  as  be* 
fore,  to  the  cyclic  one. 

(8.)  Bat  to  vaiy  a  little  the  aoalysia,  let  Ha  now  aappose  tbat  tiia  given  fbod 
Jbrm  la  aaoaa  one  off  tbe  ftmr  ftdlowiiig  (comp.  (1.)  ) : 

TXIIL . .  Spi^p  =  (S/3op)*  -  (V«np)»;  XXIII'. . .  Spfp  =  (Vaof>)«  -  (S/V)*  i 
Xny. . .  8pfp  =  (S/3op)«  +  (Jaopy  ;    XXIV. . .  9pfp  »  ~  (Ja^py  -  (S/3op)«; 

in  each  of  which  oo  and  ^  are  conceived  to  be  ghtn  and  real  vedon,  bat  net  geoe> 
laO/  mtU  Ibmt  and  which  an  in  ftet  V»fimr  ta»m  Indndad  nadar  tha  gmmwi 
Jbm,  a(yap)>-|-6(S/3p)',  aoeoidtaigaathaaeahmaaadSarapoailifaorMfatifa. 
It  will  ba  anilldaat  to  oondder  the  two  caaea,  XZm.  and  XXIV.,  from  which  tbe 
two  olhan  win  Mlow  at  OBM.: 

(9.)  For  tbe  caaa  XXUI.  we  tuRy  derive  tbe  real  cfofie  traaa/hiiMfio*, 

e  8  (/3o  +  atO  p .  S  C^o  -  flo)  p  +  «^ 

=ffp*  +  SXp^  =  ((/-  S\/i)p»  +  2S\tiSfip, 
where      XXVI. . .  X  =  j3o  +  ao,   M"*i09e-ao)b  y  =  i +  W *» 
and  tha  aqaatkma  867,  (9.)  enable  na  to  imbb  thanoa  to  the  two  m^mor^  tftik 
forme, 

(10*)  For  example,  if  the  propoeed  function  bo  (comp.  XIX), 
XXVIL  . .  Sp^ +  |»«e)= (S(io+  «e)p)«  -(VCio  - 
wanu^wiita 

ao«ie-ng^  /3»«io+ad»  XaSi«k  ^"•«^  +  a«P; 

and  tha  nqnind  tnnrfmnation  la  (ooaap.  886,  XL^ 

ZXVIIL  . .  N(iflp4  pic»)<s(c(^+K^)p*<l-S8<«p«i|». 

(11.)  treat  tha  caaa  XXIV.  bgr  our  gnaral  method,  wa  may  codt  Ar  afanpl- 
dty  tbe  anbfaidioai  ^  and  write  lioply  (comp.  V.  and  VI.)  tha  aspnarioni^ 
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XZIX...^— aYap+ZM^  and  XZZ. . .  fl^-(Tap)*+(S^f»)* ; 
Iniriiidiliowinrvitblobeolmnrtdlliaitf  9BAfifi3bott^naimeian,mmaimm 

lioBf: 

Xm...1»««»(Sa/3)«,    m'  =  a«(a«-/3»)-(Sa/?)«,    m"  =  /5»-ia»; 

i^l/p  =  Va/3S/3ap  -  o«(aVap  +  /3V^) +aV 
=  Vap/5Sa/3  +  a  (a«  -  /3»)  Sop, 
XP  =  -  (aSap  +  ^S^)  +  03»  -  a«)  p ; 
and  therefore       XXXIII.  .  .  M  =  (c  -  a«)  (c«  +      -  a«)c -  (Sa/3)«), 
and    XXXIV. . .  '*'p  =  Vap/3Sa/3  +      -  a')  (ep  -  aSap)  -  e(aSap  +  /3Spp)  +  c«p 
=  (a(a«  -  /3»  -  c)  +  /3Sa/L3)  Sap  +  (aSa/3  -  c/3) S/3p  +  (c«  +  03» -  a»)  c  -  (Sa/3)*)p. 

(IS.)  Introducing  then  a  ml  and  podtive  scalar  constant,  r,  sach  that 

XXXV. . .  r«  =  Ca»  -  /S^)'  +  4  (Sa/3)'  =  (a'  +  i3')a  4-  4  (Va/S)' 
«  «•  +  (aj3)«  +  (/3a)a  +  ^*  =  a*  +  2S.  (a/3)»  +  |3« 
•=  «-»  (a»  +  /3a^)»  =      0^  +  ai3o)»  =  Ac, 

iawUeh  (by  199,  &c.), 

S .  (aj3)»  =  (Sa/3)«  +  (VafSy-  =  2  (Sai3)«  -  a«j8»  =  2  (Va/3)»  +  a:/3», 
the  roots  of  i/=  0  admit  of  beiag  expressed  as  follows  : 

XXXVI.  .  .  r,  =  K«' - +  »•').    (-i^  a^,    f3  =  i(a«-/3*-r«); 
mad  when  tbej  are  thus  arranged,  we  have  the  iocqualiUes, 
XXXVII.  ..  ci  >  0 >  ca > cj,  cr»>0> 
(JLS.)  Hm  comiponding  liMnu  <tf  ^p  are  the  three  monomial  expressions, 

TTYVIII      r*iP««»-'(«e»+/3Sa/3)S(ac  +  /3Sa/3)p»  i^ifimYafiSfiafi, 
W  =  cr'(«i  +  ^Sai3)8(aci  +  /3Sflp)p; 

wUch  may  be  TarioiiBly  tmuConned  and  Terified^  and  give  the  three  following  rect- 
angular vector  QBlfa^ 

in  eoiuuadon  wiUi  whidi  it  It  MOT  to  prora  that 

XL. . .  |TVa/5=  (tfi  -  <^)»  ; 

the  radicals  being  all  real,  by  XXXVII. 

(14.)  We  hftTO  thiMi  tan  the  §intn  focal  farm  XXX.,  the  ftU»gidat  ^taufitf 
muUion, 

XLL . .  &pfp  =  (Vap)«  +  (S/3p)« 

^<l(S(gfi^^-^8a/3)p)«  _^      g2(9a/3p)3      ^  o,(S(aci  + /3Sa/3)p)» 

-AlC«l-<*)'^.        C«l-«»)C«l-<^)  ffi(<»-«4)r*  ' 

or  briefly, 

XUL  . .  Spfp  =(Vap)«  +  (S>3p)»  =  ci  (S.pU(ar3  +  /3Srt^)p)» 

+  a«(S.  pUVa/3)'    03(8  .pU(aCi  +  /3Sa/3))2  ; 

.   in  which  the  first  term  is  positive,  but  the  two  others  are  negative,  and  ci,  are 
tha  loota  of  tba  quadratic, 

•  XLUI.  ..0  =  c«+03*-a»)tf-(8«/J)». 
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(Id.)  We  have  alau  the  parallelisms, 

beca  u»e  cic^  =  -  (Sa^)*  ; 

and  may  thcreforo  write, 

XLV. . .  Sp^  ^  (V<v>  =    (8  •  pU(j3<-,  -  a^^y 

wUlt 

XLVI. .  .  T(/3<fi  -a8«/3)  =  rc,4(c,  -  <-2>»,    T03es-d8«/5)  =r 

and  r  =  (fi  —  rj)!,  with  real  radicab  as  before. 

(IC.)  Multiplying  then  by  H(TVo/3)',  or  by  (ci -  ob- 
taio  this  new  equation, 

XLVII.  .  .  (<n  -      {(TVa/3)»  ((Vap)«  +  (S/3p)»)  -  a'  (Sa/3p;>} 

which  18  only  anothar  way  of  expressing  Uic  same  rectangular  traniiformauon  as  be- 
fore, but  baa  Um  advantage  ef  bdag  fttid  fron  dMnn. 

(17.)  Developing  the  Moond  manber  oT  ZLVIL,  ad  dividing  by  ei-t»,  w 
•Hain  tliif  mw  tnmilbnMtioii! 

In  whidi  we  lunre  written  tut  elwMgmMt, 

XLIX.  .  .  Cseie»~tt*(«i-f 
(Id.)  The  ej^roMiona  XXZVI.  Cor  ci,    give  thna^ 

•nd  aocmdingljri  wboi  thit  Tthie  ii  aabitttated  Cw  C  in  ZLTIII.,  tbm  tfrntim 
beeouMS  an  ideniU^,  or  hoida  good  tot  ait  vatun  of  Uia  lAm  ceclori^  «f  A  Pi  « 
maj  be  pvored*  in  varfona  waja. 

(19.)  Admitting  thia  leault,  we  aee  fhat  for  the  mere  eatabUdraiwt  of  the  eqn^ 
tion  XLVII.,  it  is  not  nece$$aiy  that  ei  and  ej  dionld  be  roots  of  the  particular  qua- 
dratie'SUll,    It  ie  aoflkient,  iorCMe  tnopoaa^  thatthigrahoBkibexootaof  oayqo^ 

dratic, 

LI.  .  .  f2+ J?=0,    with  the  rWoiion    Lll.  .  . -<4a«  +  P+ a* -I- (Va/3)'  =  0, 

between  its  coefficienta.  Bat  when  we  eemMae  with  tUa  the  eamdUkm  o/reetey- 
lori^,  as  «^  ait  or 

UII. . .  0-S.(«ii3-aSai3)(^-a8^»J(8a^4^  J^  +  a«(a^, 

we  obtain  IhianMeeiitfnUtion,  which  gives  definitdy,  fcc  the  two  ooeffidenti,  tbn 
▼alaai^ 

LIY...^ai3i-a%  Sa-(Sai3)>; 
and  aa  oondn«l«i  In  n  new  w^Ti  to  the  o^natioii  ZLIIL 


•  Uiny  aneh  pioolh,  or  ▼erideatloaa)  aa  the  one  hare  alloded  to^  ait  pnpeaiijr 
left,  at  thia  ataga,  aa  esardaaab  to  the  atodant.  * 
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(90.)  IiilUtBiaiiiMr,tk«H  wtt  M^hftTttbMMtopirceive  the  trath  of  the 
IWUVgdtr  llMMiMnuition  XLYIT.,  with  tho  quadratic  equation  XLIII.  of  which 
ci  and  e%  are  roots,  withoat  having  previously  found  the  cubic  XXXIII.,  of  vrhicb 
the  qaadratic  is  i\  factor,  and  of  which  the  other  root  is  ej  =  a'.  But  if  we  had  not 
employed  the  general  method  of  the  present  Section,  which  conducted  us  to  form  first 
that  cubic  equation,  there  would  have  been  nothing  to  $ujfgtti  the  particular  J'orm 
XLVII.,  which  could  thus  have  only  been  by  some  sort  of  ekmet  arrived  at 

(21.)  The  TaloM  of  aiatas  give  also  (comp.  857,  VII.), 

LV.  .  .  -     =  CS.pU(/Sci  -aSa^))«+  i&.pUYmfiy +  {&,p\](^^  aHa^))*  ; 
tbat  ie,  by  XL.  and  XLVI., 

LVI. . .  «i<^(et  -     (pKVg/S)*  -  iSafipy) = ci(cs  -  a«)  (ciS/3p  -  8af3Sapy 

■iia  MciBwHigjyyi»TtlMiTTTVI.offt,»iMM>  mto  tipiMS  muk  Mte  of 

this  last  equation  imdor  tho  common  form,  —         ~  rj)  (aS/3p  -  /3Sap)>. 

(S2.)  Comparing  the  reoent  inequaliUes  ci  >  >  cj  (XXXYII.)  with  the  ar- 
rangement 3.')7,  IX.,  we  sec,  by  3.^7.  (6.),  that  for  th*>  real  cyclic  trantformcction 
(6.)  at  present  snup^ht,  the  plane  of  X,  /t  is  to  be  perpendicular  to  (and  not  to  03, 
as  in  357,  (3,),  ic).  We  are  therefore  to  eliminate  (ttjS/ip  —  Sa/3Sap)'  between 
the  equations  XLVII.  and  LVL,  which  gives  (after  a  few  redactions)  the  real  trans- 
forauUko: 

LVII.  .  .  ((Sa/3)«  -  eipt)  {(Yapy  4  (S/3p)' )  -  (ci  -  a»)  (Sa^p* 
e  (tfi8/3p  -  Sa/3Sap)«  -  «i(Sa/3p)« 

which  is  of  the  kind  required. 

(23.)  Aocordfaigly  it  will  bo  ftxmd  tiUit  tho  following  equation, 

LVIIl. .  .  (CSa^«-  c/33)  (Vap)a+  (c-a«)  (K  S/3p)«  -  p«S(a^») 

(cS/3p  -  Sa/3Sap)2  -  c(6ay.ip;-', 

is  an  identity,  or  that  it  holds  good  for  ail  values  of  the  scalar  r,  ami  cf  the  vectors 
a,  /3,  p  ;  since^  by  addition  of  c(Va/3;*p>  on  both  aidea,  it  lakes  this  obviously  iden- 
tical fonn, 

LIX.  .  .  ((Sa/3)»  -  e^)  (Sap)«  +  c(c  -  a»)  (S/3p)»  =  (cS/3p  -  Sa/iSfrp)» 

—  c(aS/^p  ~  pSrtp /  ; 

80  that  if  ei  be  «t<A«r  root  of  the  quadratic  XLIIL,  or  if  ci(ci  -  a-)  -  (Sa/3)'  -  ci/3*, 
th»  tenf^taoto  LTII.  is  tt  lout  tjfmUKtalfy  vaUd :  but  we  moat  take,  as  above, 
the/ooifite  rM<  of  that  quadratie  for  ei,  if  ira  with  that  tnuufonnatioii  to  be  a  mi 
OM,  M  ngindt  the  caiukiMt$  which  It  emphiTS.  And  if  wo  liad  k^pentd  (bompw 
(SO.))  to  pflmiTO  thb  Ml>M<jll^  LIX.,  and  to  we  its  tnnifoniiatfam  LTIII.,  w« 
might  have  been  in  that  way  led  to  form  tht  jwmirmlh  XUIL,  wllho^  haivfaf 
pKviously  formed  the  cubic  XXXIII. 

(21.)  Already,  then,  we  .see  how  to  obtain  one  of  the  two  imaginary  cyclic  trant' 
formation*  of  the  ^iccH  focal  form  XXX.,  namely  by  changing  ci  to  C3  in  LVII. ; 
and  the  other  imaginary  transformation  is  bad,  on  principles  before  explained,  by 
*ihninating  {Sa^y  between  XLVII.  and  LVI. ;  a  process  which  easily  oondacts  to 
the  (qnation, 
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LX. . .  CV«l>)»+Wft»y+«V-(«I-««)'4«i-K«^-Sa^p)» 

Moond  ■ipiMrinn  LYII.  would  also  beoomo,  if  n  were  replaced  bj  e*.  Aooordiagfy, 
each  member  of  LX.  ia  equal  to  (Sap)t  4.  (fi^)s,  if  ct,  a^  b«  Um  noCi«rMyqMdm- 
(to       with  oclj  tlat  mm  condition, 

LXL  , .  ttf^-B^-CSaPy ; 
wUdi  howerrer,  when  combined  with  the  eondition  of  re^OMffulariiy  LIII.,  suffices 
to  give  also     =/3*  — a',  as  in  LIV.,  and  so  to  lead  us  back  to  the  quadratic  XLIII., 
which  had  bean  dednoed  Iqr  ihtt  general  metbod,  as  of  the  aibic  eqaatioa 

XXXIII. 

(25.)  Aud  since  the  values  XXXVI.  of  cy,  03  reduce,  as  above,  the  second  mem- 
ber of  LX.  to  the  simple  form  (Sap)>  +  (S/3p)',  we  may  thus,  w  vrtn  without  am- 
ployixig  the  fvetoei,  es  at  all,  d«daet  th»  ftUowfaig  azprate  for  tha  lut  hnagfaiOTy 
cgndte  tnuutonuUloii : 

LXn.  .  .  Sp^p  =  (Vaf))>+CS/3(0---aV-  +  S(a  i  v/^/3)p.S(a -v/^j3)p. 

where  \/—  1  is  the  imaginary  of  algebra  (comp.  214,  (6.))  ;  while  the  rea/ 
of  XXXV.  majr  at  the  same  time  receive  Uw  connects  imagimaqf  form^ 

(26.)  Finally,  as  regard*  the  passage  from  tho  given  firm  XXX.,  to  t 
fwl  /oca/  ybnR  (oompb  858,  (4.)  ^  or  Cho  CnuAmBntioD, 

LXnr. .  .  (Vap)>  +  (S/3p)»  =  (Va»«  +  (S/yp)*, 
in  which  a'  and  /3'  are  real  rectota,  disthiek  from  j:a  and  ±j3,  bathithonm 
irith  tiMBi,  it  miij  bo  raffidAit  (eomp.  868,  (8.)),  to  write  down  11m  fomotes 

LXV.  .  .  r«a'  =  ~  (a'  +  /3a/3),    r»^'  =  -  (/^^  ^  a/3a), 

with  theMatofMlTalaoofr«as  btlion;  ao  tbAk  (t^  XXXY.,  Itc)  we  have  the 
zelatioDa, 

LXVI.  .  .  Ta'  =  Ta,         =  T)3,    Sa'/3'  =  Saj3  ; 
T TlTlf       Z*"'^"  +  a')  =  a  (r'  -  a*  +  jS^)  -  2/3Sa/3  =  -  2(ac5  +  /3Sa/3)  I  ai, 
LXYII. .  .  1^,^^  (r>  +  a»  -      +  2/3Sa^  =  2  (an  +  /3Sa^)  i  o^; 

^  rr2  (/3  +  /r)  =  i3  (r*  +  a3  -  /3«)  -  2oSa^  =  2  (/3ci  -  aSa/3)  B  ai, 

•    \r2(/3-/y)  =  i3(r»-a»  +  /3')  +  2aSa^=-2(/3c,-aSa^|«» 

(27.)  We  have  then  the  identity, 

IXIX. . ,  CV(«»+iM)«»)»  +        +  P)' 

vilh  whidi  niQr  be  eombfaiod  thia  othor  of  tho  tamo  Und, 


LXX.  . .  -  (V(a»  -  ^a/3)p)«  +  CS(/3»  -a/5a)p)^ 

-  (a»-f  S.(«/J)^  +19*)  (-(V«py  +  (8ft»n 

which  enables  us  to  pasd  from  the  focal  form  XXII L,  to  a  second  real  focal  form, 
with  it3  two  new  lines  iu  the  aame  phuw  as  the  two  old  ones :  and  it  flto^  ba  mild 
that  we  can  pass  from  LXiX.  to  LXX.,  b)  changing  a  to  a  s/-  1. 
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360.  Besides  the  recUngalar,  oycHo,  and  fooai  tttssrormationt 
of  S/>0/>,  which  haye  been  alread/  considered,  there  are  others,  «!• 
though  perhapt  of  lets  importance:  but  w€  shall  here  mention  only 
two  of  them,  as  speeimeDS,  whereof  one  tnaj  be  called  the  Bifocal^ 
and  the  other  the  Mixed  Tnuuftrmaiion, 

(1.)  The  two  lines  a,  a',  of  359,  LXV.,  being  caHed  Jbeal  Hmn,*  an  mprrmlon 
^hich  Aall  inttodace  Mum  hatk  mtf  be  taUad  m  ilmk  awmil  a  b{fb9ai  trmmi^mm* 

Hon. 

(2.)  Uctaining  then  tlie  vhIuc  359,  XXXV.  of  H|  aod  iatrodociiig  a  oew  atuU* 
Ikuy  cODstAUt  e,  which  shall  mlisfy  the  equation, 

L../l«-a«  =  r»f,    andUicrefore    II.  .  .  4(Sa/3)««r*(l 
80  that  III.  .  .  ie»  (Sa/3/=  (X  - «»)  (/S*  -  a'J^, 

the  first  equation  309,  LXV.  gives, 

IV.  .  .  r« (ea-  rt  )  =  2/?S<7/3,       V.  .  .  r« CcSap-SaV)*) 2Sa/3a^p} 
and  tbenfon^  with  tU  form  869,  XXX.  of  Sp^p, 

YL . .  (1  -  e' )  Hp^p  =  C 1  -  e«)  ((Vap)«  +  (S^p^) 

=  (1  -  e')  (Vap)»  +  (eSrtp  -  Sa'p)» 
=  (e2  -  I )  n  V  +  (Sap)«  -  2eSapSa'p  +  (Sa'p)* ; 

In  which  gi*  =  a'-.  l»y  359,  LXV  I.,  so  tliat  a  and  a  may  be  considered  to  enter  lyw- 
metricallf  lata  this  kst  tnuufonoatton,  which  k  ol  th«  b^fbettl  kind  abore  bmq* 

tioned. 

(3.)  For  the  same  reason,  the  exprcMion  Inst  fouml  r>i  S{i<pp  involves  ngaiu 
(o)inp.  858)  fix  scalar  constants;  namely,  e,  Ta(=Ta'j,  aud  Uie  four  iuvulvcd  in 
the  two  wa/Ht  Ihiea,  Ua,  Utf*. 

(4.)  la  aU  the  fengoliig  tramfonaalioas,  the  seahr  andquadratfeftmelloo  Sp^p 
baa  bam  tmdn^  k9mogt»tpm,  or  baa  bcaa  aaaa  to  bivoivo  no  tanna  balow  the  aa- 
€amd  digne  in  p.  Wo  nay  boweror  alao  omploj  tUa  ^itpanmtilf  kHtngmtom  or 
aifaaf  ibfin, 

m , .  Spf p  =  /  (p  -  o«  +  2SXCP  -  o  «M  Cp  -  0 + •  i 

fo  wfaieb  X,  ft  have  the  aaasa  rfgaiiaaaoiia  aa  io  867,  b«l  a,  {  asa  llraa  aav 
ooatftmli^  aubjaet  lo  the  two  eondUiou*  of  homogeneity^ 

VIII. . .   + xs/i2:  +  psx: = 0, 

•Dd  IX.  .  .  j^'t*  4  2S\:S^^  +  e  =  0, 

In  oidar  (bat  the  fspfeMbai  Yll.  may  admit  of  redaction  lo  tba  foi^ 

(6.)  Ote  gneral  Aaai^pfMow  ttanafennatlooa  of  8p^,  wbleh  aftrtbanaaNaa 
tmit  alOMOgli aOMHolatf  wlUi  km^ik»$\  tgtSc/brm  icm^       (7.) X  baoaoM 


•  Compare  the  Note  to  Art.  350. 

t  Xj  +  ^/ —  1  ^j,  and  X3  f  y^-  1  /is,  may  here  be  said  to  be  two  pairs  oftma- 
ffinary  cyclic  normah,  of  that  real  MurJ'ace  of  the  second  order,  of  which  Uio  equa- 
Uoa  is,  as  before,  Sp^p  =  const.    Compare  the  Notea  to  pages  4C8, 474. 

3  Q 
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a  firm  of  hco  aquttreg  of  linear  and  scalar  functions  ia,  in  an  imaginaiy  aeoH^  a 
dmd    two  mdi  ftmctkai^  §n  the  two  foUowing  (comp.  357,  (9.)  ) : 

XL  . .  Spfp=ffp^  +  SXp^«^'+  (SXip)«  +  (S/iip)'; 

in  wbicb  (comp.  867»  (S.)  and  (&)  )^ 

XIII-  .  .  /7i    /7  +  TX/i  ^  -  ci,       -  g  -  TX/i  =  -  cj, 
XIV.  .  .  Xi  =  VX/1  (TX/i  -  SX/t)  *,   ^1  s=  (XT/i  +  ;iTX)  (TX/i  -  SXft)^ 
and    XV..  .Xi«VX/i(TXn  +  8A|ft)-4,   ^8  =  (XT/i-/iTX) 
W  that  !f[,  X],  /II,  and  ^  Xs,  /is  are  rtmif  if    X,  /i  be  such. 

(6.)  We  have  thenlbre  the  two  new  mixed  transformatioHt  following : 

XVI.  . .  Sp^p=y,0>-«0«  +  (SX,(p- W+(8/*i(p-^;,))*+ei; 
X  VII. . .  Sfifp  =  jh  (p  -«»)»-  (8X,  (p  -  Cs))'  -  (S|i»(p  +  i 

with  tlMie  two  new  pain  of  eqiiatioii%  at  Mii4{lioM  of 

XVIII. . .  <7i».  +  XisriX,  t  /iis:i^i»o, 

XIX.  . .  Pitt*  +  (S^,X,)«  +  (S;,/i,)«  +  e, 
and  XX. .  .      -  XaSCtX* -  /ijSia/ii ~ 

XXL  .  .^-(SCiXi)»-(ai^  +  a»=0. 

361.  We  saw,  in  the  sub-articles  to  336,  that  the  diffif' 

rential,  dfp,  of  a  scalar  f  miction  of  a  vector^  may  in  general  be 
expressed  under  the  form, 

I.  . .  «ftSiK]p» 

where  v  is  a  derived  wctor  fimetum,  of  the  same  variable  veo* 

tor  p,  and  72  is  a  scalar  coefficient.  And  we  now  propose  to 
show,  that  if 

II.  .       =  Sp0p, 

still  denoting  the  linear  and  vector  function  which  has  beea 
considered  in  the  present  Section,  and  of  which  ^  is  still  the 
eelf-oonjogate  part,  we  shall  have  the  equation  1.  witli  the  va- 
lues, 

III. .  •  «»2,  v  =  0op; 
so  that  the  part  0op  may  iIhh  be  deduced  from  (^p  hj  operat- 
ing with  ^dS.p,  and  seeking  the  coefficient  of  dp  under  the 
sign  S.  in  the  result:  while  there  exist  certain  general  rekt^ 
turn  of  reeiproeUif  (comp*  336,  (6*))»  between  the  bpo  veetorM 
p  and  V,  which  are  in  this  way  eonneeUdf  as  Imear/kiietiens  of 
each  Mer» 

(1.)  We  bayt  heie^  lij  the  mppoaed  HnmrJ^  9/tfp,  tbedMhnntial  eqnaliQtt 
(ooaip.S84,VL)b 

IV. . .  d^p  =  ^pi 
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hiOM^  bj  849,  ZIIL,  w»  ham,  ■■  aamtod, 

T. . .  dSp^p  s  S (^p  +  ^'p)<lp  =  29. ^of>dp. 

(2.)  As  an  example  of  the  employment  of  tliis  formula,  in  the  deduction  of 
from      let  us  take  the  expression, 

VI.  ..fp  =  X^&ap,  847,  XXXI., 

whidi  f^tntf 

YU. .  ./p  8  Bpfp  m  SBopSilV* 

and  therefore 

TTTI. .  .  d/p=  r(/?Sap  +  aS^p)dp. 

mparing  this  with  the  general  formula, 

nr.  .  .  Id/p  =  Sf dp  =  S.  fopdp, 
m  find  that  the  fonn  YL  of  ^  has  for  its  seLT-con jugate  port, 

and  in  Ihct  w«  Mw  (S47,  XXXIL)  tlwl  tUt  ftm  glv«i^  m  ita  po^fmgttt,  th»  tx- 

pfBMlOP, 

XI.  .  .  ^'p  =  SoSi^p. 

(3.)  Supposing  now,  for  simplicity,  that  tlie  function  <p  h  piren,  or  made,  srff- 
conjufjatr,  hy  taking  (if  neces9ar\')  the  sotnisum  of  itsi  lf  and  ita  own  conjugate  func- 
tion,  we  may  write  ^  insteuil  of  ^.j,  and  shall  thus  have,  simply, 

XIL..v  =  ^p,       XIll. .  ./p  =  Si/p,      XIV.  . .  <^p  =  2Sydpi 

-whence  also  (comp.  348,  1.  II.), 

X V.  .  .  p  »  f'^v  m  »->4ry,   and   XVI. . .  Svdp  «  Spdy. 

(4.)  Wxitiqg,  than, 

XYIL . .  FvBSvf'iyaM-iSyV^y, 

wa  ahall  have  tha  aqaatkMU^ 

XYUL . .  Ars/p,      SIX. .  •  dF^^29^y  » 2S.^'iydy ; 

ao  that  p  aiay  dtAutdfrom  Fy,  «w  v  apot  dMftMMf/itMi^;  and  ganerallj,  aa 
aliore  stAted,  there  exists  a  perfect  reciprocity  of  relationa,  batwat  tha  »ae<artp  and 
Vf  and  also  between  their  actUar  ftmetUnu^  /p  and  Fv. 

(f).)  As  ro<»an!s  the  lUdnction,  or  derivation,  of  v  from and  of  p  from  /V,  it 
may  occasionally  be  convenient  to  denote  it  thus  : 

XX. . .  v»  i (8.dp)-i4^  I      XXL . .  p  »  KS.dO'klfV ; 

in  ISwt,  tiiaaa  last  may  ba  aonaldand  aa  only  tffmhoUeeH  tranefonmaUoiu  of  tba  ex- 
pflaMkMiit 

XXIL  . .      B  2S (dp. y),   dF»  =  2S(dv.p), 

whldi  fUlow  hmnadlataly  from  XIY.  and  XIX. 

(6.)  Am  an  neaa^lr  of  tha  passage  from  an  eacpnidoa  such  as  to  an  equal 
egfnadom  af  tha  vMiproedlfirm  #V,  let  aa  lamma  tha  ^fdi^fwrn  867,  II*,  writfaig 
thni^ 

XXIII. .  ./p  =  Sp^f  ^  9P^  -\  ^^PPPt 

and  supposing  that  g,  X,  and  fi  are  rtuil.  Here,  by  what  has  been  already  shown  (in 
sub-article*  to  354  and  357),  if  fp  be  supposed  self>conjugate,  as  in  (3.),  we  have, 
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XXV. . .  mm(^^QKtt)(j^~\*fi*)^-€i€gBi; 
XXVI.  ,.if,pm  YXvfiSKfi  >  YXfiSK^ti  -  ^(XS^v  4  |iSXv)  4  ^ v ; 

udthtrtim 

XXVII.  .  .  mFv-Si  x/zv 

=  (<7' -  X V')      f  XnS^i')^+  /in^  Vi')-'-2i/5.\i  S/i»'; 
which  la'*t,  when  compared  with  360,  VI.,  U  s^-cn  to  !>e  ^hat  we  have  railed  a  hifo- 
ca!  form  :  hs  fhcal  linrt  a,  a'  (300,  (1.  ))  lia\  iiig  lifTo  the  directions  of  \,  ft,  that  is 
uf  what  may  ba  called  the  cgclic  iineM*  of  the /orm  XX ill.    The  cyclic  and  bifocal 
traiufbrwuaioiii  Ai«  thinfoTO  rteiprocaU  of  each  other. 

(7.)  Am  anoCber  example  ef  tliia  redprocal  leladon  between  cyclic  and  fbeal  Unea, 
ia  the  passage  ttomfp  to  A^,  or  eonTeisely  from  the  latter  to  the  former,  lei  ns  now 
btfiim  with  theybewfyhrai, 

XXVIII. .  ./p>»8pfp«(Va(9)i+(9^)*,  859,  XXX., 

in  which  a  and  /i  are  supposetl  tu  be  given  and  real  vectors.  We  have  now,  by  359, 
(11.). 

WIT  +  m»a«(SaiS)», 

. .  Vov/38ai8+  a(a«-0«)8ai', 

anU  thsfefbrs^ 

XXX. . .  mFv  =  a«(Sa/3)«  Fp  -  Sri^v 

•       =Sav/3»'Sa/?  +  (a«  -  /?»)  (.S.il')» 

=  - (S«/?)»  +  Sar((a»  -  /J*)Sai/  +  2Sa/)S0»') 

an  expreasiOD  which  is  of  eyelie  form;  one  cyclic  line  of  A'  being  the  girem  focal 
line  a  cf/pi  and  the  other  cyclic  line  uf  Fv  having  the  direction  of  +  (n'  +  /3fi>?% 
and  coaaeqneoUy  (by  359,  LXV.)  of  +  a',  where  a  is  the  «ecMtf  real  and  focal  line 

ofy!>. 

)  And  to  verify  the  eqnation  XVIII.,  or  to  show  hy  an  examplcthat  tlie  two 
functiont  fo  and  Fv  are  equal  in  value,  although  they  are  (generally)  different  in 
form,  it  ia  sufficient  to  subetltate  in  XXX.  the  value  XXIX.  off  p ;  which,  after  a 
few  reductions,  will  exhibit  the  asserted  equality. 

362.  It  is  often  conTenient  to  introdaoe  a  oertato  scedarand  sym- 
mark  Jknetion  of  two  iudqmdetU  vedon,  p  and  which  is  imear 
with  respect  to  each  of  them,  and  is  deduced  from  the  linear  and 

self-conjugate  vector  function  <pp,  of  a  single  vector  /»,  as  follows: 

With  this  notation,  we  have 

*  They  are  in  Aict  (compare  the  Note  to  page  468)  the  cyc/ie  noraia/s,  or  the 
normals  to  the  qfcUe  planet,  of  that  ttirfaet  o/lAe  Metmtd  order^  which  has  for  its 
eqnation const. ;  while  they  are,  a«  above,  the /oro/ Itnei  of  that  other  or  rt' 
djprocal  smfkct,  of  which  v  is  the  variable  vector,  and  tbe  eqnaliea  is  /'v  »  const. 
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II. .  ./0»  +  ^)-//i+2/0i^ 

and  as  a  Terification, 

a  reault  which  might  have  been  obtained*  without  introducing  thia 
new  ftinction  I. 

(1.)  It  appears  to  be  nnnecessaTj',  at  this  stage,  to  writo  down  proofs  of  the  fore- 
going consequence*,  II.  to  VI.,  of  the  definition  I.;  but  it  ma}'  be  worth  remarking, 
that  we  here  di  part  a  little,  io  the  formula  V.,  from  a  notaiio%  (325)  which  was 
U5ctl  in  Boiue  early  Articles  of  the  present  Chapter,  although  avowedly  only  as  a 
temporary  one,  and  adopted  merely  for  couveuieuce  of  expoaitiou  of  iho  principle*  of 
Quatendoa  DUfowotUIi. 

(S.)  la  pmUoaal  ootatloa  (eompi.  'S20,  IZ.)  we  ahooU  bm  lia^  te  tiM 
dUbPBBliatioa  «r  tb»  itant  lioMtloa    (S61,  IL),  fha  teaud*, 

th>«MMttodcMflBiiBtb<iag>huttrtMH^Ml  fivai  a»  «f  IImbi  ta  fba  ote,  aa 
acaqiawd  wf tii  the  reocat  equaUou^  L  aad  Y.  Bat  then  it  a  cflavwdoooa  mm  ia 
adopting  llMMlail  aqutfoas    and  I.,  BMBclf» 

became  thbyiiiiefim  8pVp>  ^''^  Sp^p',  oeoue  flreqaently  ia  the  applicatiOBi  af  qoa- 
tandooa  to  aarfkMe  of  tlM  seeoad  Older,  aad  aot  atwayt  wIUi  the  00^^ 

(8.)  Betafaiaff  then  the  feeeat  notaHMM^  and  treating  dp  as  eonitaati  or  d*f»  aa 
naU,  mbtmkn  diftfaatiafloa  e(>  ifi^^h     I^*  wd  V.,  thaConoaH 

TIII...d^>«V(d(»);  di^.O;Aa( 
ao  that  tha  theonm  84S,  L  ia  heie  derided,  aader  the  fona, 

lX...«yp  =  (l  +  d+id')/p 

ov  hriefl/,  Z.  • .  cV{>b/Cp-I-  dp), 

an  eqaatfoa  wliich  by  II.  is  r^fmvue^r  txuH  (conpw  889,  (4.)),  without  aiqr  sappo* 
aMoB  whatefMP  brfag  auid^  leepectia^f  aiqr  liiii/ftnni  of  the  imjory  Tdp. 

363.  Lktear  and  tectm'  fmidtiotu  of  Teetors,  such  as  those  con- 
sidered in  the  present  Section,  although  not  generaUy  satisfying  the 
condition  ot  tdf^sonjugatum^  present  themsehres  generallj  in  the<2^ 
firenOailon  of  fitm-UiiMr  hat  vector  Junetion§  of  Tectors.  In  fact,  if 
we  denote  for  the  moment  such  a  non-linear  Amotion  by  a;(/>},  or 
simply  by  wp,  the  general  dittriMve  property  (32(3)  of  difl^srential 
expressions  allows  ne  to  write, 

L  .  .  dw(j>)  =  (p  (d/»),    or  brieU^,    V, , .  dt^p  -  qnip ; 
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where  ^  hat  all  the  properties  hitherto  employed,  includiDg  that  of 
iielbemgyeiMpatfjf  edf-ooDjogate^MhiebeeDjiut  obs^^  There 
11,  howerer,  as  we  ehell  soon  aee^  en  exteneiTe  end  importaat  eoM^ 
in  which  the  property  of  eelf-oonjiigttioii  exuta^  for  eoeh  a  fnnetioik 
^;  nmmelj  when  the  differtntiaUdfimotumf  top,  is  Uself  the  zesult  v 
of  the  dtjfkmtiathn  of  a  scalar  flmcUou  fp  of  the  yariable  "vector  p, 
although  no/  iMomanly  a  function  of  the  second  dmentiony  such  as 
has  been  recently  considered  (361);  or  more  fully,  when  it  is  the 
coulHciont  oiWfi,  under  the  sign  S.,  in  the  diflferential  (361,  1.)  of 
that  scalar  function //>,  whether  it  be  multiplied  or  not  by  any  sca- 
lar constant  (such  as  w,  in  the  formula  last  referred  to).  And  gene> 
rally  (comp.  346),  the  inversion  of  the  linear  and  vector  function  0 
in  1.  corresponds  to  the  dijferentiat ion  of  the  inverse  (or  implicit)  func- 
tion oj'^ ;  in  such  a  manner  that  the  equation  L  or  I',  may  be  writ> 
ten  under  this  other  form, 

II.  •  •  d«rV ■  ^dtf s  mr'^dff,  if  ^swp^ 

(1.)  Ai a Ywy stopto tawyli of » non-Unor but  vador  ftnetioB,  ]<t  utaka 

III.  . .  irmm(p)'*papt  wliera  a  is  a  oooituit  Tsctor. 

Tliisgivesyif4f>ep', 

lY.  •  dpp' m  fdp  =  durp  s  p*ap  +  pap'  ■»  SYpup' ; 
V.  .  .  SX^p'  =  2S\pap'  =  Sp>'\ ; 

•0  UiAt  ^p'  and      are  unequal,  nd  the  linear  ftuiedoo  fp'  is  md  s«lf*«ia|ii0ita. 

(2.)  To  find  its  setf-coi^jasite^  lij  the  nsthod  of  Ait.  861»  we  an  t» 
ftNrm  Um  scalar  ezpnsrfon, 

YIL..i/},'«|8|»'fp'»p'«Sap; 
of  wliidi  Hw  diftfeotisl,  tskso  with  respflct  lo  pr,  is 

VIIL  .  .  |<l/p'  =  S  .lpv^f)'d^>'  —  2Sa()S(>'d^',    giving    IX.  .  ,  ^op'=  2p'8ap  ; 

and  accordingly  ibis  is  equal  to  the  SMBisam  of  the  two  expreisions,  lY.  and  YI^  for 

and  its  conjugate. 

(3.)  On  the  other  hand,  as  an  exampU  qf  tho  ttlf- conjugation  of  the  linear  and 
TCctor  function, 

X.  .  .  dv  =  dwp  =  ^dp,    when    X'.  .  .  dyp  =  2Si'dp=  2S.wpdp, 

even  if  the  $calar  function  /}>  bo  of  a  higher  dimwiskwi  than  the  second,  let  this 
last  f onction  have  the  fomit 

XL  •  •/^ B Bqpq'p^Pf  q,  9^,  q"  being  three  constant  qnatenloiis. 

Here  XII. . .  V  =  wp  =  HViqpq'pq"  +  q'pq'pq  +  q*'pqoq') ; 

Xlll. . .  dv = fd|» =^'= iYCwVw^  +.«'mV«) + iy(9pYp<i + q"MP'q') 
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and  XIV.  •  .  Skfp'm^.^'pfQXqfi' -i-(/qk)  + Suk^Bp'fXi 

80  that  0'  =  ^,  as  aaserted. 

(4.)  In  general,  If  ^  be  used  as  a  $eeotid  and  imd^mdtmt  ^fw^bol  of  diffiemtUi- 
tioo,  we  ma7  write  (oompu  845,  IV.)i 

XV.  . .  idfq  =  dSfq, 

where /9  maj  denote  any  function  of  a  quaternion ;  In  fiict,  each  member  h,  by  the 
principle  of  Um  preeeat  Uiapter  («mp,  84^  L,  and  846,  IX.),  an  expnMkn  for 
the  limU,* 

XVL  . .  lim.  iMi'  i/iq  +  wr^  +  n'  t^g)  -/Cf  +    'dj)        +  •'"*^«)  +/f  I  • 

(5.)  As  another  statement  of  the  same  theorem,  we  may  remark  that  a  first  dif* 
Cmnliatkm  Of^,  with  each  symbol  separately  taken,  give^  results  of  the  fomii^ 

X  VH.  .  .  d/9  =/  (9,  d7),    ^/g  =/(9,  iq) ; 

and  then  the  assertion  is,  that  if  we  differentiate  the  first  of  tbeae  with  9,  and  the  se- 
oond  with  d,  operating  only  on  q  with  eadit  and  not  on  dg  nor  on  wo  obtain 
ogiNs/  rumlUf  of  these  other  forms, 

XVIII.  . .  m^f(9*    h>  -/(f.  h*  d«)  - 

For  example,  if 

XIX.  .  .  /7  ~  qrq,  where  e  b  a  constant  quatemioo, 
the  common  valoe  of  these  lost  csprcssians  is, 

XX.  . .  ^d^ad^B^j.c.dg  +  df.c. jg. 
(6.)  Writing  then,  by  X., 

XXI.  .  .  dfp  =  2Siupdp,    ifp  =  2SupSp, 
•ad              XXlL.,impBfifi,   with  ditpmfdp,Mbdon, 
w  htm  tlw  gensal  aqoatioii, 

in  wldeh  &p  and  9p  mtj  rsptmnt  «y  tm9  vutant  tha  Humr  mtd  wtcier/kauttm, 
f,  wfaieb  b  tkmt  deriwed  from  a  acalar  function  fp  by  i^mHttiem^  it  thtnllm  (at 
above  aiaarled  and  exemplified)  alwayt  $elf-conjugate. 
(7.)  Tho  equation  XXIII.  may  be  thus  briefly  writton, 

zxIy...sd^^y»s^pdl^s 

and  it  will  be  found  to  be  virtually  equivalent  to  the  followingqnltn  Of  tluM known 
•qnationi)  in  the  eakolos  of  partial  diflbreaUal  ooeffldentM, 

ZXV. . .  I>«D^aIVD«,  D^DbaDbl^  D>D«sDbDb. 

364.  At  the  oommenoement  of  the  praeeni  Seotion,  we 
reduced  (in  347)  the  problem  of  the  Miwer#t(0fi(346)  of  tkHnear 
(or  distributive)  quaternion  Junction  of  a  quaternion,  to  the 

♦  We  may  also  say  that  each  of  the  two  symbols  XV.  represents  the  coefficient 
of  ar'y',  in  the  development  of/(<?  +  a-dr/  +y^})  according  to  ascending  powers  of* 
and  y,  when  such  development  is  possible. 
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coiraponding  problem  for  veeiarM;  and,  under  tlib  redneed 
or  simplified  farmf  have  resohed  it.  Yet  it  may  be  interest- 
ing,  and  it  will  now  be  easy,  to  resume  the  linear  and  quater^ 
nioH  equuliony 

^•••/sr-r,   with   lL../(q  +  q')mfg+^', 

and  to  M8s\gn  a  quatenKum  exprestian  for  the  solution  of  that 
equation,  or  fbt  the  tnoerte  quaternion  fimction^ 

III.  .  .  9«/-»r, 

with  the  aid  of  notetions  already  employed,  and  of  reaolta  al- 
ready eetablbhed. 

$47,  lY.)  fej  tht  efittoa, 

IV.  .  .  ?^pfq  ~  Sijfp, 

in  which  p  aad  f  an  wtilnqr  qvaUnuon^  if  wt  tet  oak  (oooqi.  847,  XXXL)  wiik 

V.  .  .  /g  =  <7t  +       +  •  •  = 
In  which  «,«',...  and     I  ,  .. .  are  ca-hitrary  but  roiufanf  quattrniom*,  and  which  it 
mon  thaa  tofficiflotly  general,  wa  than  have  (comp.  817,  ZXXIL)  IIm  eonjufftde 

VI.  .  .  fp  =  $pt  +  $'pt'  +  .  ,  .  -  "Slspt ; 

wlMoet  VIL../1-S«i,  Md  YUX. . ./I « S«<; 

it  It  thai  poarfbk^  Ur  eidi  pimn  ptu  Hmkr/orm  of  the  linear  ftaaiOoii^^,  to 
OM  icabr  mmM    Mid  Ivo  Mdior  tonatiiit*^  f ,  i',  aach  that 

IX.../l»a+i,  yi»«+a'| 

aad  thiwaaMM  halt  tb>gMMiiHffaadhfaatia«a(oaa>>b  $47,  L)t 

Z. . .  %^ «- a.cri  i-«6fl- 8«'f ; 

XL . .  1%«<07+V./Tf  «f8f -f-^T^; 
and  XIL .  +  c)8ff  ac^f +#T<r; 

In  wbldi  8f'<9*  S.fTf,  and  ^Vy  or  V/Vf  la  a  iMoar  aad  oMiar /kmeUam  of  Vf^  of 
aw  Mad  aipaady  narfiwuii  la  ihia  gaaHaa;  Wns  aba  aaah  thai,  with  tha  Imb  T. 
of  fy,  wa  hava 

XIII.  .  .<f>p=  SV/p*. 

(2.)  As  regards  the  number  of  independent  and  scnhtr  constantt  which  enter,  at 
len<it  impIiciUy,  into  the  coinpo«ition  of  the  quaternion  function /y.  it  nmy  in  variona 
ways  be  shown  to  be  tixteen;  and  accordinirly,  in  the  c\pn--Mon  XII.,  the  scalar  e 
It  one;  the  two  vector t^  i  and  t\  count  each  as  thrtt;  auU  the  Unemr  and  vettor 
fumetivH^  fYq^  counts  aa  nine  (comp.  347,  (1.)). 

(8.)  Sinoa  wa  ainadj  know  (347,  &c.)  how  to  hntrt  a  fonctioa  oTthbhaiUad 
^,  we  may  in  geaaiml  writa, 

XIV. .  .r«Sr+Vr«8r+f^  whew  XV.. .  p  =  ^ 'Vr«»i->^Vr; 

the  »calar  constant^     and  the  auxHiarjf  limear  and  MCior/kfM^mi,  ^,  being  deduced 
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§nm  ^  function  ^  hy  methods  already  explaliied.  It  b  icqtdrad  tlMO  to  npmm  f, 
«  8f  nid  Yf,  iB  t«M  ff  r,  w  of    ud  f ,  M  M  to  artiiiy  Ikt  ilatw  tqaM^ 

the  consteBta    t,  t\  and  tbo  farm  of  ^  bdqg  gfrow 
(4.)  Awiwifng  far  this  porpoao  the  nuineilDn, 

XVII. 

ia  vMfih  ^  b  *  Mv        qiaimioo,  «•      tfao  otir  Mipaiioa, 

XTin. .        fir -1.  fp      «8(r-  I'p)  J 

mad  XX. . .  ff-/»  +  8(r •  a»./-il  | 

Oat  It  only  ranaina  to  detennioo  dia  mrnkmrnn  but  (wmrfmif  fliMifir»faH./-*l^  or  to 
ToaolTO  the  |Mr(jeii2ar  «jiwfi0«, 

XXI.  ..>V»>1>  ittirtiicli   XXIL  ..foaO+yM/ll, 

c  Wng  •  iMv  nd  «0a^  smIbt  epiMtaiii;  ODd  y  betog  ft  Mw  ood 

atanf. 

(5.)  Taking  <ica!nr  nnd  vector  parts,  the  qottendOB  «qi»tion  IfTt,  btMka  ap 

ioto  the  two  following  (comp.  X.  and  XL}: 

XXIII.  ..  1  =  S/(c  +  y)  =  «  +  Si'7 ;      XXIV. . .  0«V/(«+y)» w+^y ; 
wliidi  giTo  ibo  req^dved  TohMi  of  «  and  y,  BMBoljr, 

XXy...e-(«-8^^->f)-i,  and  ZXYL . .  y«-e^'i«; 

and  aoQCfdiqgljr  we  hatra^  b7  XIL,  tha  eqpatioi]^ 

xxvni. .  ./XI  Siy«f»v-»a. 

(I.)  TbBptnIMm  ni  pmkmkm  numiom  is  thaicfefo  ndaeed  amem  to  that  of 
tftttcr  imvenhmi  and  aofaaal  thvebj;  but  we  can  aow  adTanoe  aomo  atape  farthar, 

in  the  eliminatUm  of  invtne  operatiotu,  and  in  the  subttiiution  for  them  of  divcol 
onea.   Tboa,  if  wo  observe,  that     ■        as  before,  and  write  far  abridgneoti 

.    so  that  fi  ia  a  mm  and  kmmm  §eaUr  eaiutmiif  wo  ahall  baT«^  by  XV.  XX.  XXVII. 
XXIXn 

XXX.  .  .  mp  =  <|/Vr;        XXXI.  .  .  n/-» i  =  ra  -  • 
and  XXXI  I.  .  .mnq  =  ni^/Vr  +  (mSr  -  St'^ Vr) .  (m  -  ^f), 

an  expression  from  which  all  inverse  operations  have  disappeared,  but  which  ttfll  adr 
miUs  of  being  siraplified,  through  a  division  \>y  m,  as  follows. 

(7.)  Substituting  (by  XXIX.),  in  the  term  n^/Vr  of  XXXII.,  the  value  me 
—  S«'>//«  for  n,  and  changing  (by  XXX.)  j//Vr  to  wp,  in  the  terras  which  are  not  ob- 
viously divisible  by  m,  audi  a  dlvlaion  givea, 

XXXIII.  .  .nq  =  {m-^^,^)Sr  +  e4,\'r-Sl}pVr+<T, 
where  XXXIV. .  .    - -pSi'i^t  +  i//iS«>  a  Y.t'VpxI^t. 

But  (by  348,  VII.,  interclianging  accents)  we  have  the  tranafannaiiou, 

XXXV.  .  .  Vp^t  =  -  if>'Vt^p  =  V*Vr, 

3  R 
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^«Tr,  hf  XIV.  «r  ST.;  •f«7tUi«  i^mm  tiMnftn 
iridi  1Mb  um  «UmiB«ta«i  of  Cte  anUitiy  vMlor  pb  «d  im  htva  Ibfa  flml 


XXXVI.  .  .  nq  =«/  Jr  =  (me-Sf'\f'0-/'''' 
^  (m  -  ;^i)Sr  r  ei/^Vr  -  Si'^pXr  -  Yt'fYtYr, 

in  whicli  each  pyiiii>ol  <>f  t'poration  porems  all  that  follows  if.  excppt  where  a  point 
iodicAtes  the  contrary,  and  which  it  appeani  to  be  impossible  further  to  reduce,  a« 
HkbJbrmKta  ^fjolwliw  of  thsjiwiywrtiwi     with  the>»i  XIL  ofthe  jMter- 

(8.)  SMhliavlqgbeMtte«adH>»<if«bBpiold«n^  bgrwldeh  «■ 

^  potttrion  proef  of  the  oomcta«n  of  the  moltiiig  ftimik  to  to  bo  givn,  oi^  to 

simplified  by  ming  the  «ea/ar  valao  XXIX.  of  /(m  -  ;  and  It  iB  ooflkiait  to 
show  (denoting  Vr  by  u),  that  for  OTMj Mctor  » the  foUowingoqaolionhoiUisood^ 
with  the  same  fomi  XII.  of/: 

XXXVII.  .  ./(«^u»-S«>u.)  -/Vi>'V*«  =  (««-S«'^i).e». 

(9.)  AcoonUngly,  thot  fona  of/giToo,  with  tto  help  of  tto  prinelpie  tn^LojmA 
in  XXXY., 

XXXVIIL  =  *('^« ^  '"w),  -(e  + OSi'i/zw, 

'  •  \~/V«yVf  ui  -  -    V« '0'  V< (1  =  V  (Vtu) .  yp't')  =(S«',^«  -  u»Sf 'f », 

because  8u>i//'('  =  Sc'^'w,  &c. ;  and  thus  the  equation  XXXVI.  is  proved,  by  actaally 
operating  with / 

(10.)  Aa  M  0aeample,  if  wo  toko  the  pardcnlar  ftrnn, 

XXXIX.  m  <  T  =/g  =  pq  r  qpy 

In  wUdi  XL. . .  p  =a  -f  a»  a  given  qaotMrnkn, 

we  have  then, 

XLI- .  ./l-s/'l  c:2/>,    e  =  2a,    «at'e2a,  ^ps2ap; 

whence  by  the  theory  of  linear  and  vector  functions, 

XLII.    .  ^'p  =  2ap,    i^p  =  Ja^p,  msSo*, 
and  therefore,    XLI 1 1. . .     =  m  -  i/^e  =  8a»  (a  -  o),   «  « 1 6a'  {a^  -  a«) ; 

ao  that,  dividing  by  8a,  the  formula  XXXV 1.  bet  oines, 

XLIV.  .  .  2a  (a*  -  a3)  9  -  a  (a  -  a)  Sr  +  a^Vr  -  aS .  a  Vr  -  aV.  aVr, 
or  XLV.  .  .  2a(a  -t-  a)g  =  aSr+  (a  +  a)Vr-  Sar, 

or  XLVI.  .  .  2p7Sp  =  S .  rKp  +  pYr    rSp  +  V  (\p . Vr), 

or  XLVII.  .  .  ipqSp  =  2rSp  +  (pr  -  rp)  =/>r  +  rKp ; 


or  finally, 


xLviii  «-/ir-lt£iS-!l±S:22 


Aoooidingty, 

XUX. . .  (pr  +  rKp)  +  (ip -|-B|».r)  =  2r(|»  +  X|»)« 

(11.)  In  $o  simple  an  oxamplfl  «§  tto  hut,  we  may  with  odTontoge  avifl  ovr- 
mItoi  iktp«M  wutkod$f  for  iniluieo  (oomp.  S46),  wo  may  mo  ttot  wUch  was 
ooiplojod  In  882,  (6.),  to  d^ffkmUtah  tibo  jfnore  roof  tfa  fmtatmhm,  and  wUdi 
ooadnctod  than  moio  lapidly  to  a  fotmnla  (882,  XIX.)  agnehig  with  fto  necnt 
XLTIU. 

(12.)  Wo  might  also  tovo  obaonrod,  hi  tho  aamo  oaao  XXXIX.,  that 
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L. .  .^-ip-^f -fii»-«V(V(p«).Vg)-4a!p.V(Vp.Vj)«ai^.(W-ff»); 
whmotpf^  gp^  and  ttenlbrt pq  and  fp,  can  be  at  once  deduced,  witli  tba  aaint  i** 
salting  Yolw  for  9,  or  for/  ir,  as  befivt :  and  geoanlljU  is  pQHiU«tod^b«i(jal0r 
€0  •  rfnllar  plan,  the  «^  raal  ^  a  j^aahialaii, 

365.  We  shall  conclude  this  Section  on  Linear  J^metianif 
of  the  kiiidfl  above  oonsldered»  by  proving  the  general  ezbt- 
ence  of  a  SjfmboUe  and  Siquadratie  Equatumf  of  the  form, 

which  is  thus  satisfied  by  the  Symbol  (/)  of  Linear  and  Qua' 
tendon  Operation  m  a  Qwilmitofi,  as  the  Symbolic  and  CMe 
Mquatimf 

was  satisfied  by  the  symbol  (</>)  of  linear  and  vector  operation 
on  a  vector;  theybwr  corfficieiits^  ri,  n\  n",  n'",  bcinf^^&tir  *ca- 
constants f  deduced  from  the  i'unction  /  in  this  extended  or 
fwUemian  theory^  as  the  three  Bcnlar  coe£Bcient8  m,  m\  m" 
were  constants  deduced  from  ^,  in  the  former  or  vector  theory. 
And  at  the  same  time  we  shall  see  that  there  exists  a  System^ 
of  Three  Auxiliary  Functions,  G,  11,  of  the  Linear  and 
Quaternion  kind,  analogous  to  the  vector  functions,  xf/  and 
^,  which  have  been  so  useful  in  the  Ibrcgoing  theory  of  vec- 
tors, and  like  them  connected  with  each  other*  and  with  the 
given  qoatemion  function    by  several  ample  and  useful  re- 

(1.)  The  formola  of  eolation,  864,  XXXViU,  of  the  linear  and  qnatenhNl  aqwi^ 
tion/9  ssr,  beiag  doioted  briefly  as  follows, 

II.  • .  ii9*si|f*ir8i>, 

to  that  (comp).  S48|  III'.)  m  0117  init%  hiMy  and  qrnbolkallj, 

tt  naj  aajtt  ba  pcepeied  to  asaaiiM  the  diaogei  iiUdi  tha  iea^ 
JViiiidvgo^  whnfr  la  ehaaged  to/r+cr,or/to/+e,  when  e  ia  anjr  scalar  ceo* 
fCmt;  that  lib  tij  864,  XII.,  whan  a  la  changed  toe and  f  to  f-f-e;  ^',^,and 
m  being  at  the  same  tlma  changed,  aoeordUng  to  the  lawa  of  the  cailier  theoix* 
(2.)  WziUng^  then, 

IV.  c,    «^B«^eiy   ^«e^4c,    ^V-^'  +  e, 

and  Y.  ..^ts^-f  ex+e*,   «««« +  «'<?  + m''c«+«», 

w«  maj  xapmiDt  the  aaw  fom  of  the  eqsatioD  864,  XXXVL  aa  IbUowat 
TL  . .  %/«*«r«F^,  or  YII. .  .>;F«»a«; 
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(I.)  ])fttUiMMrititMaMiraBiqnntt% 
■ad  ZI..  .nffBii^-nV+RV+m^c^+e'; 

niHn  j;    Jsr,  M  OfwyiiMiiBMrfQpMiv  «wh  dm 

Brm^^wT  ~  i)Sr  +  (•  -f  x)V<*  -  8iV  s 
aad  »,  s',  a*     wnfim  sealv  wihiBft,  naaidgr, 

(4.)  Dtvdqiiaf  te«h«i7mlNlied«q^iate 
and  comparing  powers  of  ^     dbtain  tlnw  otw  fj^mboUeil  oqnatfoiv  (00019^  160^ 
ZYI.ZXLXXIU.): 

XIY. .  .  j  C  =  n"  -/fl-  =  a"  -  n-y  f ; 

( a'  -/I?  -    -  a  /+  n  p  j 

■adnuulfi 

XY.  • .  •-igr«ny-ii7«+ii7«-/«, 

whioh  !■  only  aaotbtr  waj  of  writing  tte  4ra6oife  cm!  Myw^^ 

(5.)  OM«r/m«lioMlrwlal<OMaxiit|belwentliM 
wbidi  wtoannotharedalay  todevakpe:  but  w«  nu^  miuuk  tbili  aa  io  Um  thMix 
of  Unaar  and  aaefor  ftmctions,  these  usuallj  introdsoo  a  mlxtoio  of  flmelioiia  nUh 

their  conjugattM  (comp.  347,  XL,  4m.). 

(6.)  This  seems  however  to  be  a  proper  place  for  observing,  that  if  wa  writ%  aa 
tamponiy  nutations,  for  any  four  fuaternionM,  p,  9,  r,  «,  the  equalioos, 

XVI.  .  .  [pql  =pq-gp  ',         XVII.  .  .  (jtqr)  -  S.p  [qr'\  ; 
XVm.  .  .  ipqr}  =  {pqr)  +  [rg]  S/>  +  [pr]S«  +  MSr| 

and  XIX.  .  ,  (/)7r«)  =  s.p [</rt], 

BO  that  f  /»'/"]  i*  a  vector,  (p'/r)  .md  (p^/rj)  are  acalan,  and  [pjr]  ia a  quateroion,  wa 
shall  have,  in  llio  first  place,  tlio  relations: 

XX.  ..[/.7]=-[?p],    [pp]  =  0; 
XXI.  .  .  (pr/r)  =  -  (^qpr)  =  (r/rp)  =  &c.,    (ppr)  =  0  ; 
XXII.  .  .  Ipqr]  =  -  [qpr]  -  [q*v]  -  &c-,    [pp*"]  =  0  ; 

and      XX  III.  .  .  (P7r»)  =  -  {qpra)  -  {qrps )  -  ~  {qrtp)  -  ic,    (ppr»)  =  0. 
(7.)  In  the  next  place,  if  t  bo  any  fijth  quaternion,  the  quaternion  equation, 
XXIV.  .  .  0  =  pC7r*0  \^q(rttp)  +r(*/|>g)  +  «(<pjr)  +  l(/>y«), 
which  may  also  be  thus  written, 

XXV.  . .  q(,pnt)mp(qnt)  +  r(jtq9t)^9{pt^)'^l(j^t 
and  which  ia  aaalogooa  to  the  Mctor  eqmaiomf 

XXYL  . .  0 -  aS^ya-  jSSy^a  +  yS^  - iSafiy^ 
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is  ntfaM  ^lOMrv^jr,  baoMiM  it  la  MtiiM  Ibr  tte 

X2TIII..  .f  ajV    9«r,    {aB«^  faf. 

(&)  Jn.  tiM  tlilid  plMi^  ir«  haift  thto  of Ao'  gmmti  qtmtmdtm  o^moMm, 

XZIX.  .  .  q(pr$t)  =  [r»#]  Sp^  -  [•/p]  Srq  +  [/pr]  S#g  -  [pr*]  S/^, 

which  id  aniilogoua  to  thia  oiAerf  ustj'nl  lecior  formula  (comp.  2i>4,  XV.), 

XXX.  .  .  SSaPy  =  V/^ySa^  +  ¥708/3^+  Va/^Sy^; 

becatise  the  equatioD  XXIX.  gives  true  resalUi,  when  it  i«  operated  00  by  the  fimr 
distifut  $ymboU  (comp.  812), 

XXXI.  . .  S.^,   S«r|   Smtf  S.t. 
(9.)  Aammbiff  tfatn  w^ffimqimUnd9m,Pfr,  $,  C,  which  an  Mf  eonMeted  bgr 

XXXII.  .  .  (fr*0  =  0, 
and  dtdmeiiig  flDom  them/i«r  of&cra,  p\  r', bgr  the  equationi, 

iawUdi/iartflliappoiMltolMaqniiboloriiiMBr  and  qaatandoii  optialioii  on  a 
qnateraioii,  the  ftnnida  ZXIZ.  aDowa  ni  to  write  genenlfy ,  as  aa  tmpmdm  for 
tha  fiiiKlka>^  which  msj  htfa  be  deooled  hj    (becaase  r  is  now  otherwise  used): 

and  its  «tx/f(rn  scalar  constants  (comp.  364,  (2.))  are  now  those  which  are  involved 
in  its  /our  quaternion  constants,  p',  r\  s\  t\ 

(10.)  Operating  on  this  last  equation  with  the  firar  synibob, 

XXXV.  ..S-C/.V],    S.[«'<p'J,    S.£<p'r'J,  S.|>'rVJ, 
iva  obtein  the  frar  fi^owing  results : 

a^ys't')  =  (p'rVO  SP? ;    (^Vr'pO  =  (r'sV'p')  Srq ; 
•  •  \(9rpV')  =  {sfpr-)  Ssq ;    (jyrV)*  (<>'rV)S<j ; 

and  when  the  Talnee  thus  found  for  the  four  scakrs, 

xxzyn. Si^,  Stfi  stg, 

an  anhetitnted  hi  tha  Ibimnia  XXIX,  we  have  tha  lbih>wiag  Mwybranila  ^faolerw 


-[m]  (jVVO+ W  («viy)+[^?pr]  (gi>>)+|>«j  («>>v)  j 


•  Tha  equations  XXVII.  and  XXX.,  which  had  been  proved  under  slightly  diffe- 
lani  forms  in  the  anb-articlos  to  294,  have  V>ocn  in  fact  frtely  employed  as  trans- 
formations in  the  course  of  the  present  Chapter,  and  are  suppoesd  to  \k  familiar  to 
the  student.    Compare  the  Note  to  pngc  437. 

t  Compare  the  Note  immediately  preceding. 
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which  shows,  in  a  new  way,  how  to  re$olv€  a  linear  equation  in  quatemionSf  wbea 
put  under  what  we  may  call  (comp.  347,  (1.))  the  Standard  Qmadrimwmtl  Ftrm^ 
XXXI7. 

(11.)  Aoooidiiiglj,  if  ire  opmto  on  the  fbnimU  XXXYIIL*  witb>;  attaadiDg  to 
tlM  eqiutiaos  XXZIIL,  and  divUiog  by  (pni),  iv«  gtt  this  neir  equtkn, 

(12.)  It  lias  been  nnaifcod  (9.),  that  p,  r,  a,  ia  neoit  fbmrala,  maj  be  «a|r 
ybiir  fiMlMiiioM^  wbidi  do  not  ittiaty  the  cqoftti^  we  maj  thanftm 


..jial,  rmi,  t«j,  <-*, 
wUh  the  hwi  of  182,  fto.,  lor  dio  qrmbola  i^Jfk,  boeuM  tliOiB  Umu  give  ben^ 

XLI.  ..(IyA)  =  -2; 
and  Ihen  it  wUl  be  fooiid  that  the  eqoationa  XXXIIL  give  rimplj, 
XUI...j^-/l,  f'—A  /—if.  >»; 
•0  tint  the  aCendM  fnad^ieoeilelybrai  ZXXIV.  beooaMi»  viih  tUi  edeelSoa  of 


and  edalte  of  an  Immediate  varifleetioo,  beoaow  any  guolmiaa*,  9,  may  be  ex* 
pieewd  (oomp.  S81)  bj  Hie  qmaMiommi, 

(13.)  Convenely,  if  we     on!  with  the  exprcasionf 

XLY..  .fBW+tc-i-jy  +  ilr,  221,111., 

which  gives, 

3a*VL  .  ./r  «  »/l  +  0^+ jolSr -l-ff/l, 

or  brie^ji 

XLVII.  ..c  =  aM?  +  6x  +  cy+ci«, 

the  letten  abeiU  bdng  A«re  used  to  denote  five  known  qmdtniiont,  while  wxyz  ave 
ybur  tought  Bcalartf  the  problem  of  jun/tfrnion  int-er^joit  comes  to  be  that  of  the  *e- 
parate  determination  (comp.  312)  of  these  /our  scalars,  so  as  to  satisfy  the  one 
equation  XLVII. }  and  it  is  retyped  (comp.  XXY.)  by  the  ^stem  of  the  four  fol- 
lowing fonnols: 

ZLYUL      /*^(°^^*^)  =  («*<;«')  ;    x{abcd)  =  {aecd)  ; 

*  *  \y  {abed)  =  (abed) ;    x(abed)  =  (adcc)  j 

the  notations  (6.)  being  retaincU. 

(14.)  Finally  it  may  be  shown,  as  follows,  that  the  biquadratic  equation  I.,  for 
linear  fimctiona  of  ^uatemiomgf  Uuihidn*  the  cii5ie  V,,  or  850, 1.,  fat  veehn,  Sqp- 


•  In  like  manner  it  may  be  smcI,  that  the  cubic  equation  includes  a  quadratic 
one,  when  we  confine  ourselves  to  the  consideration  of  rectors  in  one  plane  ;  fur 
which  case  m  =  0,  and  alao     ~  0,  if  p  be  a  line  in  the  given  phine :  for  we  have 

then  ~  V'  =     <*  • 

♦«-m>+m*eOi 
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poM^ftrttpvpoM^lhiiftllMliaatraiid  qnalHiiioii  flmotfoBy^,  ndaM  llnlf  to 
the  iMt  term  of  U»  gwiwl  tapmicn  W,  PL,  or  Ucwmi^ 

the  ooeffidente     n\  n",  n"  take  then,  by  XIII.,  the  values, 

LI.  ..hbO,  W«b«, 
nd  the  Uqnadntie  L  beoomti^ 

Uh . .  0«(-«+«'/-iiiV«+/»)/ 

Bat    it  aoir  ft  fMlfir,  by  ZUX,  aad  it  NMy  be  oi^  vMli^^ 

/le      eqidraleiit  to  tint  denoted  by  ^  vlin  iiie         ^  tlM  opent^ 

tor;  veBiy  thereCne^  fall  the  caee  lien  Qooeldmd,  write  tUslMtequUaoLILiii^ 

the  fNiiif 

LTTI.  . ,  0  =  (-  m  +  w>  -  my  +  ^»)p, 

^hkh  egrees  with  861,  L,  end  repcodaeee  the  lyrteJieal  entiit  wheo  the  ymbel  ef 
She  pptramd  (p)  ie  enppraeid. 


CHAPTEE  in. 

ON  SOME  ADDITIONAL  APPLICATIONS  OF  QUATERNIONS,  WITH 

SOME  COKCLUUING  KKMAKKS. 


Sectioh  1. — Remarks  Introductory  to  this  Concluding 

Chapter, 

366.  Wbbh  the  ThM  Book  of  the  present  Element*  was 

begun,  it  was  hoped  (277)  that  this  Book  might  be  made  a 
much  Bliorter  one,  than  either  of  the  two  preceding.  IViat 
purpose  it  was  found  impossible  to  accomplish,  without  injus- 
tice to  the  subject;  but  at  least  an  intention  was  expressed 
(317)9  the  commencement  of  the  Second  Chapter^  of  render* 
ing  tliat  Chapter  the  kui:  while  some  new  Examplet  of  Geo^ 

mSihtkUmidtntonibifMtoAe^pmmA  In  Hut,  the  cuMe  glfee  hm  (becuee 

—m  ^  +  m  )  60  =  0  ; 
and  therefore  (jp^  —  m  "f  +  to  )  <y  =  0  ; 

if  (T  be  already  the  result  of  an  operation  with  f ,  00  9Bf  TVCtor  p :  that  it  if  it  be^  at 
aboTO  snppoeed,  a  line  in  the  gi?eo  plane. 
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metrical  Applicationsy  and  some  few  Speeiment  of  PAysieai 
ones,  were  promised. 

367.  The  promiset  lliiis  referred  to,  has  been  perliaps  al- 
ready in  part  redeemed ;  for  instance,  by  tbe  investigations 

(315)  respecting  certain  tanf/eiits,  normals,  areas,  volurnes,  and 
pressures^  which  have  served  to  illustrate  certain  portions  of 
the  theory  of  differentials  and  integrals  of  quaternions.  But  it 
may  be  admitted*  that  the  six  preoeding  Sectioas  have  treated 
cluefiy  of  that  Theory  ^Quaterman  DiffirenHaU^  including 
of  course  its  Prineiplee  and  Rules;  and  of  the  connected  and 
scarcely  less  important  theory  of  Linear  or  Distributive  FitnC' 
tions,  of  Vectors  and  Quaternions:  Examples  and  A  pplica' 
tioni  having  thus  played  hitherto  a  merely  sidwrdmate  or  iUue* 
irative  part,  in  the  progress  of  the  present  Volume. 

368.  Such  was>  indeedi  designed  fiom  the  outset  to  be, 
atpon  the  whole^  the  result  of  the  present  undertaking :  which 
was  rather  to  teach,  than  to  ajjply,  the  Calculus  oj  (Quaternions, 
Yet  it  still  appears  to  be  possible,  without  quite  exceeding 
suitable  limits,  and  accordingly  wc  shall  now  endeavour,  to 
condense  into  a  short  Third  Chapter  some  Additional  Exam* 
files  i  geometrical  and  physical,  of  the  appHcaHon  of  the  prmet- 
plee  and  rules  of  that  Calculus,  supposed  to  be  already  knaum, 
and  even  to  luivc  become  by  this  time  JaimUar*  to  the  reader. 
And  then,  with  a  few  general  remarks,  the  work  may  be 
brought  to  its  dose. 

Sbction  2, — Off  Tangents  and  Normal  Planes  to  Curvet  m 

Space, 

369.  It  was  shown  (100)  towards  the  close  of  the  First  Book, 
that  if  the  equation  of  a  curve  in  space,  whether  piane  or  of  double 
curvature,  be  given  under  the  form, 

where  t  is  a.  scalar  variable,  and  0  is  a  functional  sign,  then  the  dS' 
rived  vector^ 

IL  .  .  D/»  =  D0<  =  v  '^=/  =  d/»:d/, 

•  Aeootdingly,  even  refermBe§  to  Ibitaer  Articlet  will  now  be  supplied  mon 
•paringly  than  bofim* 
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lepretente  a  Um  which  is,  or  is  pmllel  to,  the  tangmU  to  the  enrre, 
diswn  at  the  extremity  of  the  rerieble  veotor  ^  If  then  we  rap* 
poee  that  t  is  a  pdnt  situated  apon  the  tsagent  thus  drawn  to  a 
onrre  pq  at  r  end  that  u  is  a  point  in  the  corresponding  normal 
pkne,  so  that  the  angle  tpu  is  right,  and  if  we  denote  the  rectors 
OP,  OT,  ou  by  p,  r,  V,  the  equatitm  of  the  ttmffeni  Utu  and  normal 
plmu  at  P  may  now  be  thus  expressed: 

m.  .  .  V(t-p)p'  =  0;       IV.  .  .  S(t;-p)p'=0; 

the  vector  r  being  treated  as  the  on/y  variable  in  IXL,  and  in  like 
manner  v  as  the  only  variable  in  lY.,  when  once  the  cturve  PQ  is 
yMMis,  and  ihepouU  p  is  eekcted. 

(1.)  It  i«  p«'rmitted,  howev!  r,  to  express  these  last  equations  under  other  forvn ; 
for  example,  we  may  replace  p'  by  dp^  and  thus  write,  for  the  same  tangeut  Uae  auU 
uormal  plane, 

v. .  .y(r-p)d|»«>0;      TI. . .  S(«-p)d^«0; 

vliBn  tba  Mdsr  d^^hmHal  dp  may  represent  any  line^  partiM  to  tht  Umgtui  to 
tht  earre  at  r,  and  to  Ml  aaciMaft^  maU  (ounpaie  again  100). 
(9.)  We  may  abo  init«^  as  (ht  eqaatiMi  «f  the  tangent, 

TII. . .  rs^+cp',  wheretftoaiealarTwialile; 

and  ae  the  eqnatien  ef  the  nennal  plane, 

Vin. . .  dpT(i;-p)  =  0,    or  Vlir. .  .dT(i'    p)=0,    tf  dv«0; 

because  tbb partial  dtjferential  of  Ti  y  ~  p),  or  of  PI',  is  (by  834,  XII^  &c.j, 

IX.  .  .  dT(i;-p)-S(U(r-p).dp). 
(8.)  For  the  drtmlar  hcu*  814,  (1.),  or  337,  (1.),  of  ivhich  the  eqnadon  to, 
Z...  peat/3,   with   Ta»l,   and  Saj3»0, 
the  eqnniion  ef  the  tangent  to,  by  YIL,  snd  by  the  velne  887,  TL  of  ^, 

XL  . .  rap+jrap,  nheie  y  to  anew  scalar  variaUe; 
the  perptmdieiUarify  of  the  ttn^trnt  to  the  nduu  bdng  thai  put  in  evidence^ 
(4.)  For  the  p/ime  but  tOipHc  hemt,  814,  (2.X  or  887,  (t},  for  whtoh, 
XlL.psY.a^  with  Ta-l,   botMX  Sa^  =  0, 

the  Taloe  887,  VIII.  of  p'  showe  that  the  tangent,  at  the  eztiemity  of  any  one  eaml- 
diemeter  f,  to  panXM  to  the  eo^fugaU  ennidianMter  of  the  eurve;  that  ie,  to  the 
one  obtained  by  altering  the  excentric  anoauUif  (814,  (8.))*  1>X  s  fWulirmU;  or  to 

tlie  Taloe  of  p  which  results,  when  we  change  itot  +  1. 
ifi,)  For  the  heliXf  814,  (10.),  of  which  the  equation  !», 

XIU.  ..pBCla -I- a'iS,   with   Ta»l,  and  Sa/3=>0, 

e  baing  a  scalar  ponatant,  we  Iuto  the  dcriTed  vector, 

XIV.  .  .  p'  =  ca  +  ^  a'^fi ;    whence    XV.  . .  Sa      =  e, 
XVI...TV«-»p'«|Tft    Md    XVII.  ..(TV:S)«-ip  =~T^; 

3s 
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the  tangent  line  (p')  to  the  helix  \s  therefore  inclined  to  the  axis  (a)  of  the  eylincUr 
whereon  tlint  curve  is  traced,  at  a  constant  antjle  (a),  whereof  the  trigonometrical 
tangent  (tan  a)  is  given  by  this  formula  XVII. ;  and  accordingly^  the  numerator 
wTfi  of  dut  formula  repreients  the  aemieiremmfirmee  of  tho  ^lindric  btue ;  wbilo 
fho  denominator  So  b  an  oxpnalon  for  Ao^  tho  faltnyf  betwoen  two  tmeceuim 
^ir$$f  niMwmd  in  a  dlnotion  jkirallol  to  tiio  axiii  Wo  mtj  than  wrilo^ 

XVIII.  .  .  7rT/3  =  2c  tan  a  =  2c  cot  6, 

if  a  thus  denote  the  conttant  inclination  of  the  helix  to  the  axis,  while  6  denotes  the 
constant  and  complementary  inclination  of  that  curve  to  the  ftoM,  or  to  the  circle* 
which  it  cromes  on  the  cylinder. 

(6.)  In  general,  the  pwrtHtU  |i'  to  tto  Hm$md§  to  n  onrvt  of  A«U>  owiwhiwv 
wUoh  on  dmwn  from  Ajbttd  er^fim  <h  hvn  m  oeitain  mm  for  thofar  Jbcw;  and  for 
tho  CMO  of  tbo  A«Kr,  tho  tfmalUm  of  tldt  oono  is  s^von  bjr  tho  fonmila  XviL,  or  by 
any  legitimate  tnuufonnation  thereof^  neh  as  the  following, 

XfZ. . .  Sna-y<B±eoaas^Bin6s 

it  is  thenfero,  in  this  oasi^  a  oons  ^rf«oAiifj«i»  irith  Its  semfani^ 

(7.)  As  an  oaampio  of  tho  dotoraination  ofanonaalpJbaotoaonmof  donMs 
cnrvatun^  wo  maj  obaervo  that  tlia  oqnatioo  Xin.  of  tho  hsUx  givss^ 

XX.  .  .  p»=  /3»  -  cV,    and  therefore    XXI.  .  .  Spp'  =  -  c«/ ; 

the  equation  IV.  becomes  thereforsi  for  the  case  of  this  curve, 

XXII. . .  OaSp'v-f  <^  ^Ui  tho valoa XI7.  off*. 

(8.)  If  than  it  boMqnirsd  to  assign  the  point  V  inwhieh  tfasnofmal  plane  to  Ihs 
bdiz  aisifs  th§  ocir  of  tho^Hnder,  wo  have  onfy  to  oombine  tUs  sanation  XXII. 
with  the  oonditioa  v  |  a,  and  we  find,  1^  Xllt  and  XIV., 

XXIII.  .  .  ov  =  v  =  - c^ta-.Sap' =  eta,        XXIV.  .  .  Sa(ii  -  p)  =  0  ; 

th>'  lino  pu  ia  thereforotfwyeaA'cM/or  to  the  axis,  being  in  fact  a  nonmd  to  the  «y- 

linder. 

370.  Another  view  of  tangents  and  normal  planes  may  be  proposed, 
which  shall  connect  them  in  calculation  with  Taylor's  Series adt^j^led 
to  quaternions  (342),  as  follows. 

(1.)  Writing       L  .  .  p«  =  po  +  ^htp'o,    or  briefly,    1'.  .  .  pt  =  p  +  itfp', 
the  OffiUeicnt  ut  or  h  will  generally  bo  a  quaternion,  but  its  limUimf  v«dm  will  1m 
pofMoo  iMi(^,  when  t  tends  to  xero  ss  its  limit  i  or  in  ajmbolfl^ 

n. .  •  110=  lim.  UB  1. 

(2.)  Admitting  tliis,  which  follows  either  from  Taylor's  Series,  or  (in  so  &iinj.]e  a 
case)  from  the  mere  dej/htUhm  of  the  duivtd  eocfor  p',  we  may  conodvo  that  ▼octor 
f»'  to  be  owMfrailaJ  bj  sem«  given  line  fr,  witbont  jfet  supposing  It  to  be  kncwm  that 
this  Hum  is  tamfftaUai  at  f  to  the  onnw  9^  of  whidh  the  wkibh  wtict  h  oqsf% 
while  opBpoBp^  as  that  the  Una  Btrfp'  isa  enoior  eiorrfftom  r,  wMsh  dimmhkm 
indsAnitelj  with  the  seofar  9»UM§,  i;  and  is  srmII;  If  I  be  smalL 
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(3.)  Conceiviag  next  that  w  =  ob  =  the  vector  of  some  new  and  arUtnury  point 
Bt  W9 najletlUl  a  perpendicular  ^  on  Uw  Una  n,  and  ao  deeompott  tlia  cAortf 
>Q  into  fha  law  rfaCoafiilBr  Sma,  rtt  and  mq  ;  which,  whan  ^vided  by  tfaa 
cfaoid,  give  wigamulf  tha  imo  (gsnannj)  qmaHrmtM  putimli. 


PM     8iH>'(»-p)  HQ  Yt»X»-p) 

tha  variable  f  tbaa  diaa|j)>aaiing  tbrongh  the  dirlaioo,  except  aofSir  aa  tt  antaca  into 
«,  which  tmd§  aa  abova  to  1. 

(4.)  Paaiing  than  to  the  Jintttt  wa  ha?*  Ifaaaa  a<A«r  ilgoimia  aqoat^^ 


by  comparing  which  with  369,  III.  and  IV.,  we  see  that  those  two  cquaUona  nptt' 
Bent  respectively,  aa  before  stated,  the  tarngmt  and  the  normal  plane  to  the  propoeed 
cnrva  at  p;  bacanae,  if  \p\ia  -  p)  =  0,  tha  cAard  rq  Umh,  by  V.  or  7L,  to  eofo* 
tidB^  both  in  /Sn^A  and  in  dtmUm^  with  ita  pnyMion  pm  on  tha  Ibia  pe;  wliilai 
cntliaatharhand,  if  8^(M-p)sO,lAa<p«ojaetiontandatova«iA,evanaaeoa^pariil 
with  ihadHNNl  pq;  which  chord  taoda  worn  to  aoindda  with  ita  odkar  prajaetioii  mq, 
arwitb  tha  perpendkmlar  to  tha  Ihia  pb,  ereotad  ao  aa  to  raacfa  tha  point  4} :  whMwa 
PB  must,  in  tliia  last  case,  be  a  normal  to  the  emne  at  P. 

(5.)  We  may  also  investigate  an  equation  for  the  normal  plane,  by  considering  it 
as  the  limiting  position  of  the  plane  which  perpendicularly  bisecta  the  chord.  If  r 
be  supposcHl  to  be  n  point  uf  this  ia^t  plane,  then,  with  the  recent  notations,  the  veo* 
tor  w^OR  must  sati.-^ry  the  condition, 

VU...T(i»-fi)=:T(a.-po),    or   YIII. .  .  (a>  -  p-«|f»')'B(<«-p)», 
or  DL  . .  2^X*»  -  P)  °  K^py* 

in  whieh  it  bmj  ba  noted  that  sy'  ia  a  Motor  Qn  tha  diiaetioii  of  tha  cAord;  rq),  air 
fboogh  a  itself  ia  generally  ft  fiMlcniioiiyaabaftwat  anefa  than  ia  tha  aqnation  of  the 
ti$teiii^phm^  with  » Ibr  ita  Tariabla  vaetor,  and  ita  HmUm, 

X. . .  8pXm-p)b 0,  aa  belbra. 

(C.)  The  lost  process  may  also  be  presented  under  the  form, 

• 

nod  thoa  tha  aqoalion      VIIL  may  ba  obtafaiad  aaaw. 

(7.)  Gaoawtrical^,  if  we  set  off  on  bq  a  portion  na  equal  in 
length  to  Rp,  aa  in  tha  annazad  Jlgma  76»  wa  diaU  hava  the 

limiting  fqpatMHIi 

Xn. . .  £aQ:PQ»Cit%-BP):p««(td!flMaf«^)-ooaBPT; 

which  agreea  with  369,  IX. 

(8.)  If  than  tha  point  r  ba  taken  onf  ^  tha  nonnal 
plane  at  p,  thia  Ml  of  tha  fnofimf,  Sq-S  diyidad  by  pQ,  i^ig.  76. 
baa  a>lniif  aialiir,  podtiva  ornogatlTai  and  if  the  dkonf  pq  ba 
calladaBMffof  tiia>ln<opdS(r,  tha  difftmim  ^Mumnm  of  Ita  aaUremitiea  from  r 
may  then  ba  aaid  to  be  tmall  of  the  tame  (first)  order.  Bat  if  B  be  taken  In  the  nor- 
oua  pfaoa  al  p  (and  not  coinddtfit  with  that  point  p  sMOk  ^  diHteenoa  of  dia- 
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talMit  OMgr  ikm  be  hU  to  be  mudl,  of  ao  order  hightr  than  tkejbrat:  which  an- 
Aim  to  the  •wmwcwic* el iBbufini dlfinnikU^S^  f«wor,  T(w  -  ia  XI.,  or 
T(v-(»)iit869,Tnr. 

371.  A  eurvB  may  oocasioDtlly  be  represented  in  qoftteraioiis^  by 
sn  eqnfttum  wbioh  is  not  of  tbeybrm,  969f  I«>  ilthough  it  must 
always  be  oonoei?ecl  capable  of  nduetiim  to  that  form:  for  instanoei 
tbis  new  equation, 

I.  .  .  Yap.Ypa'  =  iWaa'f,     with  TVa«'>0, 

is  not  mmkUaitljf  of  the  form  p  >^  but  it  is  reducible  to  that  form 
as  follows. 

An  equation  such  as  I.  way  therefore  hare  its  dtfermUalot  ite  deri* 

votive  taken,  with  respect  to  the  scalar  yariable  t  on  which  p  is  thus 

conceived  to  depend,  even  if  tlie  exact  law  of  such  dependence  be  un- 
known: and  dp,  or  may  then  be  changed  to  the  tangential  vector 
u>  -/>  to  which  it  is  paraHel,  in  order  to  form  an  equation  of  the  tan- 
gent, or  a  condition  which  the  vector  a>  of  a  point  ou  that  sought 
line  must  satisfy. 

(1.)  To  pass  from  I.  to  II.,  we  may  first  operate  wiUi  tlie  M*;n  V,  which  gives, 
III.  .  .  pSau'p  =  0,    or  simply.    III'. .  .  Saa'p  =  0 ; 
wlienoe,  I  and    bdng  Malar*,  we  may  wriu^ 

IV.  ..p»te+<V,   TaperVaa',  Vpa'mtYaa',  it  mi, 

and  the  required  ledneHoa  i«  efltetrd :  whOe  the  reiwn  from  II.  to  L,  or  CbeclfaM- 
iialiMi  of  the  eealar  <,  ia  an  even  eaiier  operation. 

(S.)  Under  the  Unm  II.,  it  ia  at  once  eeen  that  p  ia  the  Tector  of  aplano  Jlfper 

bola,  with  the  origin  for  emftv,  and  the  lines  a,  a'  for  atymptotmg  and  a«eofdin|^ 
all  the  properties  of  such  a  oorre  may  be  dedoeed  from  tho  eacprewicn  IL,  tho 

rules  of  the  present  Calculus. 

(3.)  For  example,  ainca  the  derivative  of  that  cxpreauoD  ii, 

V. .  .  p'=  o  — <  *a', 

the  tangent  mi^  (oomp.  869,  YII.)  have  ite  equation  thns  written  t 

VI. . .  «»(f +  a)a-(-H(<-c)<i'$ 

it  inteneeta  tlierelbn  the  lines  a,  a'  in  the  points  of  whieb  the  vectoit  am  tfo,  ; 
10  that  (as  ie  well  known)  the  imieretpl,  upon  the  tangent,  between  the  cuyMplota^ 
ifl  bisected  at  the  point  of  eonlod;  and  the  interoepted  ana  ia  wwnfawrf,  beeawe 

\(ia.t  'a)  =  \aa'.  Sec. 

(4.)  But  we  may  also  operate  immediately^  as  above  remarked,  on  the  j'nnn  I  ; 
and  thus  arrive  (by  substitution  of  w  —  p  fur  dp,  &c)  at  the  equation  of  comjujfa' 

VIL  . .  VttM.ypa'-t- Viip.y«ii'«S(Taii')^ 
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which  expresses  fcomp.  216,  (13.))  &c.)  tliat  if  p  -  op,  nnd  w  =  or,  as  before,  then 
either  k  is  on  tlio  (anient  to  the  curve,  at  the  point  p,  or  at  least  each  of  these  two 
points  is  situated  on  the  polar  of  the  other,  with  respect  to  the  same  hyjH^rbola. 

(5.)  Again,  it  is  frequently  convenioit  to  consider  a  curve  aa  the  intersection  of 
two  tmrfaeet;  and,  in  connexion  with  tku  conception,  to  represent  it  by  a  system  of 
imo  tetiar  tquaiiontf  not  explicitly  involving  uny  Mofar  WaHMt:  in  vllieh  CWM^ 
Mft  •qoatfoBi  an  to  be  diftnntistad,  ordcrtTatad,  wMi  faltmnoa  to  mmA  a  vairlap 
ble mmJtwwUai,  and     «r didnead,  ornplaead by  « - p aa befbia. 

(6.)  Thus  we  may  snbstitute,  for  the  equation  I.,  fha  qratam  «f  tha  two  follow- 
lag  (whanoT  tba  fiiat  bad  occnmd  aa  lU'.) } 

and  tha  daiHralad  aqnationa  oonaipoiidiiiK  an^ 

IX  . .  ScmV bO,  S8aa'8^'-&iy»1Sa>-8apSa>'*0 ; 
«r,  with  tha  anbatitatfon  «f  w-p  for  p\  kc^ 

X . .  Sao^M  bO,  iSaa'Spu  -  SawSo'p  -  SapSa'M-  f  (VaoO* ; 
tbe  last  of  which  might  alio  have  hoeii  dedooed  from  VII.,  by  operating  with  S. 

(7.)  And  it  may  be  tanunhed  that  the  two  equatioaia  Yin.  rapnaant  t«apaetlTal|f 
in  genaral  n  plasa  and  an  kjfptrboMdt  of  which  tha  lalwiidjan  (0.)  ia  tha  lyparMa 
L  or  IL;  or*  plana  and  an  kifp$rholU  t^Hwdtr,  If  Saa's  o. 

SscTioH  3 — On  Narmab  and  Tangent  Planes  to  Surface$, 

372*  It  was  early  shown  (100,  (9.))*  when  a  curved  iurfoM 
ia  represented  bj  an  eqoation  of  the  form, 

in  whioh  ^  is  a  functional  sign,  and  r,  y  are  two  independent  and 
scalar  variables,  then  either  the  two  partial  dijferenliak,  or  the  two 
partial  derivativeSy  of  the  first  order^ 

IL  . .  d^,  d|P,   or  UL  . .  D«p,  D^, 

represent  two  tangmUkd  «eefor#,  or  at  least  Teotors  pandid  to  ftoo 
tanffmtB  to  the  snrftoe,  drawn  at  the  extremity  or  term  p  of  ^ ;  so 
that  the  p/an«  of  these  two  differential  vectors,  or  of  lines  juirallel 
to  them,  is  (or  is  parallel  to)  tlie  tangent  plane  at  that  pi>iiit:  and 
the  principle  has  been  since  exemplified,  in  100,  (11.)  and  (12.), 
nnd  in  the  sub-articles  to  345,  &c.  It  loUows  that  any  vector  »', 
which  is  perpend iadar  to  both  of  two  such  non-parallel  dillV  i  entials, 
or  derivatives,  must  (comp.  345,  (H.))  ^  normal  vector  at  p,  or  at 
least  one  having  the  direction  of  the  normal  to  the  surface  at  that 
point;  so  that  each  of  the  two  vectors, 

IV. . .  V.dwHV»,      V. . .  V,  D^D/>, 

if  actualy  represents  such  a  normal. 
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(i.)  As  an  additiuDAl  example,  let  us  tako  the  case  of  the  ruled  paraboloid^  oo 
wbtdi  m  ghrto  pmncka  qmirihivui  abcp  k  iiyiafliA  Tht  exprwarion  §m  13m 
vector  p  of  aTwialikiMfaitr  ortUtanflMa^  coiMUerad  aa  ftftnetloii  of  two  inda- 
pandMt  and  aoalarTuiabliHi «  and  jr,  auj  ba  thna  wifltaa  (aeoipii  99,(9.)): 

VL . .     ifra +(1  -  «)jr/5 +(1 -*)  (1 -jr)y +»(! -y)«  I 
whan  tlM  aoppoaitlon  y  =  1  plaosathapofaitF  onthalliiaABi  «sOpUcaalteBBc; 
jr«0,oiiOD;  and «s  1,00  DA. 

(S.)  Wa  hava  han,  bgr  partial  dariratioiii^ 

m . .  Hi|i»rc«-i8)+(i-jr) (^-y)i  lV»«(a-a)+(i -*) 08-y)i 
thaaa  tbao  npnaant  tha  diiaetiaaa  ofliM  diatinct  laiv«>^  ^  ^  pataboioid  TL,  at 
fr]iatiiiajbaoa]led<il«^oAi<(«,  jf);  wbanoe  it  la  aa^j  to  dadoea  tha  raiyal  pfaiw 
and  tha  tianiial  at  that  pointi  by  amiatradtona  on  whlah  na  cannot  bora  dalaj,  ac- 
cept to  remark  that  if  (comp.  Fig;  81,  Alt  96)  we  draw  two  right  lines,  oa  and  WBt, 
throng h  p,  10  as  to  cot  the  sides  ab,  bo^  od^  wl  of  tha  qnadrihitand  in  pointa  %  n^ 
%  T,  wa  ahaU  hava  Iqr  VL  tha  voctors, 

roQ  =  ara  +  (l-«)/3,    OB=y/3  +  (l-y)y, 
\oa-Jti  +  (l-a:)y,    or-jra-l^  (1 

and  tiMfafiM*^  by  YIL, 

ao  that  IAm  tiro  tangnta  are  ainiplly  tha  liPOjwiMnrfliiy  ibat  of  ^  anrihee^  wUch 

pan  through  tha  propoeed  point  p. 

(3.)  For  example,  at  the  point  (1,  1),  or  a,  the  tangents  thus  found  are  the  sitUt 
BA,  DA,  and  the  tangtiU  plame  U  that  of  tiio  a»gU  bad,  aa  indoed  ia  ovidanK  Iron 

geometn'. 

(^4.)  Again,  the  equation  of  the  screw  surface  (^comp.  314,  XVI.), 
X  . .  p  =  cxa+jra'/3,   with   Ta-l,    and   Sa/3  =  0, 
l^vat  the  two  taogeota, 

whereof  the  latter  is  perpendicular  to  the  former,  and  to  the  axis  a  of  the  cylinder ; 
00  that  the  corresponding  Hormal  to  the  anrfaoe  X.  at  the  point  (x,  y)  is  represenud 
by  the  product, 

XIL  .  .  V  =  D«f .  Dyp  =  ca'  1/3  +  ^y/J^a. 

373.  Whenever  a  variable  vector  p  is  thus  expressed  or  even 
conceived  to  be  expressed,  as  a  function  of  two  scalar  variables,  .r  and 
y  (or  5  and  &.C-),  if  we  assume  any  three  diplanar  vectors,  such  as 
«•>  7  (or  i,  K,  \,  »S;c.),  tlie  i/<?Ytf  scalar  expressions^  Snp,  S/3p,  S7p 
(or  b(p,  Sep,  Sap,  &c.)  will  then  be  functioDS  of  the  same  two  scalar 
Tariables;  and  will  therefore  be  connected  with  each  other  by  some 
one  scalar  eqvaHon^  of  the  form, 

I..  .^So|»»SA>,  S<y(»)aO, 

or  briefly, 


Digitized  by  Googl 


CHAP,  m.]  comzioN  wm  QUATiBinoii  DirnBSNmLs.  508 

wbere Cist Bcakr ooiiftant,  introduced  (instead  of  sero)  for  greater 
generality  of  expreaston;  and  F,  f  are  need  as  ftinctional  bnt  scalar 
signs.  If  tiien  (comp.  361 ,  XIV.)  we  express  the/r^  difermM  of 
tliit  scalar  functioD  /p  under  the  form, 

ni.  .  .  d/p  =  2Svdp, 

in  which  v  is  a  certain  derived  vector^  and  is  here  considered  as  being 
(at  least  implicitly)  a  vector  function  (like  p)  of  (be  iwoeadat  varkh 
Hee  above  mentioned,  we  sball  bare  tiie  two  eqiiations, 

IV.  . .  Si^^  =  0,  8 vdyP = 0, 
or  the^e  two  other  and  corresponding  ones, 

V.  .  .  SpD^  =  0,    S*'D^  =  0; 

from  which  it  follows  (by  372)  that  v  has  the  direction  of  the  nor- 
mal to  the  surface  L  or  11.,  at  Uie  point  p  in  which  the  Teeter  p  ter- 
minates. Hence  the  equoHim  of  that  normal  (with  «  for  its  variable 
vector)  may,  nnder  these  conditions,  be  thns  written: 

VI.  .  .  Vv(«-.p)  =  0; 

and  the  corresponding  equation  of  the  tangent  plane  at  the  same  point 
p  is, 

VIL..S»'(a;-/>)  =  0. 

(1.)  For  example,  if  wc  take  the  expros^ion  308,  XYIIL,  or  845,  XII.,  BtllN^ 

Ylll.  .  .  p  -  rk'j'//j  'Jr\    in  which  kj'*=j*i,&c, 

treating  the  scalar  r  as  constant,  but  t  and  t  as  variable,  W8  bftve  then  (comp.  846, 
XiV.),  the  equations,  a  denoting  any  unit- vector, 

IX.  .  .  Sip  =  rS.n*'S.a«-i,    S/p  =  rS  . a»'-«S. a'-',    S/^p  =  rS.a^-*; 
betwf«>n  which  $  and  t  can  be  eliminated,  by  simply  adding:  their  squares,  beoanw 
(a')-' +  (a'-i)*  =  1,  by  315,  V.,  if  Ta  =  1.   In  this  maniu  r  tli*  n  we  arrive  at  cqua- 
tioiw  of  the  forma  I.  and  II.,  namely  (comp.  357,  VII.,  and  ao»,  (10.)  aod  (13.)), 

X. . .  (Sipy  +  (sjny  4  (s*p)«  -  r«  =  o, 

and  XI.  .  .  fu  =     =-ra  =  const.,    or    XI'.  .  .  Tpar; 

which  last  results  li.ul  indeed  Ijcen  othorwii?e  obtainofl  before. 

(2.)  With  this  form  XI.  of /p,  we  have  the  differential  exprtuion  of  the  firrt 

Oder, 

XIL..d^«28ydp'>S8pdp,  wImom  ZIIL..y«pt 
■ad  if  we  ttill  «OMCffiM  that  p  is,  as  above,  Bomt  vtdor  fimetUm  of  two  scalar  vario' 

bs  toppoMd  to  bo  imAmwii  (or  to    CoffoClM),  wo  maj  writ*  al^ 

XIV.  .  .  |d/n  =  Svdp Spdp  =  Sp(d,  +  d<)p  =  SpD,p.dj  +  SpD<p.d< ; 
if  then  the>»e/toM/p  have  (oe  above)  a  Mine,  m-r\  which  is  emutant^  or  iamtU* 
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pemdetU  Of  MA  tbe  variablet,  «  and  <;  whUe  lA«tr  diflbnntlAb  are  arUlraty,  and  ar« 
tndapanJit  qImcA  «(Aer,  we  than  thna  hvn  aapamtafy^  (Mnp.  V.,  and  887,  XIIL, 

xvn.), 

XV..  .SjkD^bO,  S|iD^aO; 
TIm  rmiiM  p  of  the  ylan  ZI.  la  tliwefore  in  tbia  way  tan  to  ham  the  dfamtkA  of 
the  Mfmal  at  its  own  extremiQr,  becanae  it  \a  perpendiemlar  tohoo^tUnet  tangeiUt, 
Vrf)  nnd  Dtp,  at  that  point;  which  are icdead,  in  the  prewBt  caai^  perpeDdkalar  ta 
9ueh  other  also  (337,  (8.))- 

(3.)  Instead  of  treating  the  hco  scalar  variables,  x  and  y,  or  «  and  t,  &c.,  as  both 
entirely  arbitrary  and  independent^  we  may  conceive  that  one  u  an  arbitrary  (but 
acalar)ykiic<jM  of  the  othtr:  and  DUmi  dio  voelor  p,  dotamined  by  the  equattoa 
IIL,  will  ba  oMtt  anaw  to  be  tbo  momal  at  tha  axtrenitj  p  of  |»,  bocMia  it  ia  jmt- 
fMadKntlar  t»thalaaf«a*aftPto«ncrNlraf3fai»^  «UA  paaMB 

throogh  that  point:  or  (othetwiaa  atatad)  baoanaa  it  ia  >  Una  In  an  arMtwaiy  aorawl 
plant  at  p,  if  a  nonnal  plana  to  a  cwoa  on  n  ovCmo  ba  callad  (aa  vmtX)  n  oocnHl 
plane  to  that  nrfiiet  alao. 

(4.)  For  example,  if  we  conceive  that  $  in  YUL  ia  thna  an  arfaitillj  fbnetkin  of 
tf  the  last  expression  XIV.  will  take  the  form, 

XVI. . .  0  =  id/p  =  S .  p(«'D|^  4-  D4>)d/,   if  da  » a'dl ; 

whinca,  di  being  still  arbitrary,  we  bavo  tha  m«  scalar  oqnatioiii 

ZVIL  ..8.p(a']V  +  IV)-<N  «r  XTIII.  ..p-i-alV4lV> 
and  althoofl^  on  aoooant  of  tiio  aiUtmy  ooeffidant  a',  thla  ana  aquation  XVIL  ia 

equivalent  to  the  system  of  tbe  two  equations  XV.,  yet  it  immtdiatefy  signifiea,  aa  in 
XVIII.,  that  the  directed  radius  p,  of  the  sphere  XI.,  is  perpendicular  to  the  arbi» 
trnry  tangent,  t'D^n  -|-  Dtp  ;  or  to  the  tangent  to  an  arhitrarfj  spherical  curve  throq^ 
p,  tlie  centre  o  atul  tensor  Tp  (or  undirected  radius,  r)  reiiiiiining  as  l>efi)rc. 

(5.)  As  regards  the  logic  of  the  subject,  it  may  be  woith  wliilo  to  read  a ira in  the 
proof  (331),  of  tbe  validity  of  the  rule  for  differentiating  a  function  of  a  function  ; 
because  tbia  nt/«  b  virtoally  employed,  wlitt  altar  thna  ndodng,  or  conceiTiiig  aa 
reduced,  theaealarfinictloii>^of*M«lorp,  to  another  BcalarAinetioiiBnchaa  A  «f 
a  aealai*  I,  hf  traalli^  p  aa  equal  to  aome  vector  fonetion  ft  of  thto  laat  aealar,  «t 
ta/ir  that 

X]X...dABd/fls88.vd^  if  d/ji-SSvdp) aabefim. 

(6.)  And  aa  ragarda  tlie  applietotom  of  the  fonnabe  YI*  and  TIL,  or  of  the  eqea* 
tkoa  fl^v«n  by  tham  for  the  neniMl  and  fai^wnl  plena  to  «  aar^Swa  ganeraUy,  tha 
dilBealty  ia  only  to  adwl,  out  of  •  mnltitiide  of  eumplaa  whidi  might  ba  gim: 

yat  It  may  not  be  useless  to  add  hfew  such  here,  the  caae  of  the  ijpAare  having  of 
course  been  only  taken  to  illustrate  the  theory^  because  the  normal  property  of  ita 
nufit  was  manife'^f,  independently  of  any  cnlculation. 

(7.)  Taking  then  the  equation  of  the  ellipsoid,  under  the  form, 

XX.  .  .  T(ip  +  pk)  =  ic*  - 1»,  282 ,  XIX, 

of  which  tha  fint  diifiaiential  may  (sec  the  sub  -articlea  to  886)  ba  tboa  wiittaui 

XXI.. .  0eS.{(ft-c)^+S(iScp+KScp)}dps8v4Pf 
and  faitrodndng  an  anniliaiy  vector,  on  or  |,  anbh  that 

XXIL  . .  OK  B  C      2(«  -  a)-*  (iSap  +  cSip}, 
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wohave  v||p>C,  andnaf  wrilfl^MtlMcqiMiioD  of  the  nonul  at  Om  estifniltj  r 

Itt  pf  the  f oliuw  ing, 

XXIII. ..  V.(5-p)(«-p)  =  0,   or  XJUV...Me|»-|>»(|-p)» 
in  which  x  ia  a  scalar  variable  (coinp.  869,  VII.) ;  making  then  x=  1,  we  tee  that 
K  is  the  vector  of  the  point  n  in  which  the  normal  intersects  the  plane  of  the  two 
fixed  lines  i,  c,  aupposed  to  be  drawo  Crom  the  origin,  which  is  hen  tha  eemtn  of 
the  ellif^oid. 

(8.)  If  we  look  back  on  the  sub-articles  to  21G  and  217,  we  ^Iiall  see  that  these 
lilUa  i»  c  htva  the  directions  of  the  two  real  cyclic  normalSf  or  uf  the  normals  to  the 
tw0  (real)  qfcUc  plmms  wUdi  pianea  are  aaar  repraaeoted  bgr  tha  two  eqoatioaa, 

XXT. . .  Sip  *  0,    S(cp  =  0. 

Accordingly  the  equation  XX  of  the  ellipsoid  may  be  put  (conip.  336,  857,  869) 
tha  t^cUc  foriMy 

XXVI.  . .  Sp^p  =  {y  +  -f  2SipKp 

-  (»  -  «)a  p«  +  4SipSifp  =  (».•«  - =  const. ; 

i  af  the  tmo  dkmctral  pkau$  XXV.  cuts  the  surface  in  a  ctrc/«,  the  com- 
mon rodfaf  of  theae  two  cbrtmtar  tteUem  bdng 

XXVII. . .  Tp»  "  ; 


whara  5  daoalaib  aa  ia  219,  (1.),  tha  length  of  tha  wua»  tmiamb  of  tha  diipsoid ; 
and  In  fw^  thia  Talna  of  eaa  ha  at  onaa  obtaloed  tnm  tha  aqoatioii  ZZ.,  bj 
making  either  ipe-pi,  or  pca^vp,  In  viitna  af  ZXY. 

(9.)  B7thaaab-articlahMteltad,tfaa^fwatei<aiidlMsf  MflrioMf  bavalbr  their 

XXVIII.  .  .  a  -  T4  +  IV,    c  =  T»  -  T* ; 

and  the  construction  in  219,  (2.)  fchowa  (by  Fig.  53,  annexed  to  217,  C^i))  that 
these  ttu'ee  semia&es  a,  6,  c  liave  the  respective  direction*  of  the  lines, 

XXIX.  .  .  »Tic-rT(,    V(/c,    iTc  +  cTii 

all  which  agrees  with  the  rectangular  trans/ormatiom, 

XXX... ^(IOP±£i)Y 

^/8.pU(tTc-gTi)Y     /T(t-<c)S.pUV«0\'     (  S.pU(.Tc-HcTt)V 
TifTie        j"^V       Tt»-T<c3        j  Ti-'IV  j' 

in  deducing  which  (oomp.  3.VJ,  (1.))  from  iiol,  VIII.,  by  means  of  the  formulae 
357,  XX.  and  XXI.,  we  employ  the  values  (cuuip.  XXVI.), 

XXXI.  ..  <7  =  !«  +  «:»,    X  =  2i,    fi  =  K. 

(10.)  The  Jixed  plane  (7.),  of  the  cyclic  normals  i  and  k  (8.),  is  therefore  also 
the  plane  of  the  extreme  semiaxts,  a  and  c  (9.),  or  tliat  which  niny  \>c  calli  d  {»er- 
tuipa  the  principal  plane*  of  the  ellipsoid  :  namely,  the  plane  of  ihu  generating  Iri- 

*  TUs plaMm  OMy  also  be  said  to  be  the  {dane  of  tha  pHmipal  elliptic  eectitm 
^219,  (9.)) ;  or  it  may  be  distinguished  (comp^  tha  Note  to  page  231)  as  the  plana 
of  the  focal  hyperbola,  of  which  important  curra  «ra  shall  soon  assign  the  aqnatkm 
in  qoatemiona. 

3  T 
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angle  (218),  (1.)),  in  that  eonstruction  of  the  surface  (217,  (6.)  or  (7.))  which  i$ 
iUnstratcd  by  Fig.  5.^,  an<l  was  deduced  a**  an  interpretation  of  the  (juatcmion  equm^ 
Hon  XX.,  or  of  the  tome  what  1«m  simple  form  217,  XYL,  with  the  value  T(>-  Tc* 
of  f. 

(11.)  Let  n  denote  the  length  of  that  portion  of  the  normal,  which  id  iutcrc<:pttii 
betffMn  the  waxtiot  and  the  principal  plane  (10.),  so  that,  by  (7.), 

XXXII.  .  .  i.  =  NP  =  T(p-£),  n*^-(p-l)\ 

with  the  value  XXII.  of       Let  <t  -  os  be  the  vector  of  a  point  3  on  the  surface  of 
a  new  or  auxiliary  sphere^  described  about  the  point  H  as  centre,  with  a  radius  = 
and  tlMfefofd  UmffettHal  to  tht  cJUpaelil  at  P ;  and  let  vt  inqoira  in  what  carat  or 
earvee,  ml  or  lawfinaiy,  cloee  this  tphara  eal  tha  Opioid. 

(12.)  Tha  eyiatfaaa  (oonpb  371,  (6.))  ^  ^  toaght  taltfMcfiea  ara  tha  twoftl- 
lowiag, 

XXZlII...(9-O*+"'"0»   ^  XXXIV...  T(<a4aa)»K*-t*; 
whereof  the  fint  aspvenee  thai  a  ia  a  point  of  tba  apfaer^  and  tha  aeooad  that  it  ia  a 
point  ofthaalllpeoidt  wldla  p  or  opentm  vittaallx into XXXIII.,  throogh  I  and 
Imt  is  A«r»  treated  as  a  eotutant,  the  point  p  being  now  supposed  to  be  a  ^tren  one. 

(18.)  Wa  ahatt  rmnaat  (18)  Me  oryia  to  this  poiat  f  of  tha  eUipaoid,  if  we 
writer 

XXXV.  .  .  a=  p-f  <t',    or    XXXV'.  .  .  ff'  =  ff -p  =P8i 
and  thns  we  obtain  the  new  or  trinsfurmed  equations, 

XXXVI. .  .0^9'*+i8(fi-K)9\      XXXVIL  . .  0-N(«a'  + «'«)-!- 2S»«'; 
in  which  (aa  in  (7.),  aonp.  alio  810,  XX.), 

XXXVIII. . .  y  »(«-  c)»p«|.8(iSkp  +  K8<p)a  (•  -  a)*  G»-0> 
and  XXXIX. . .  M  (la"  «"«)«(•-«)««'> -I- iSiaW. 

(14^)  EMwrfnathig  tlicn  a**,  wa  obtain  fnm  tha  two  oqnatlona  XZXYI.  aad 
XXXVIL  this  other, 

XL.  .  .  S*ff'.S«:(T'  =  0; 
which  like  thorn  is  of  the  itecond  (hrrree  in  <t',  but  breaks  tip,  as  we  8*^,  into  two  linear 
And  acalar  fuclurs,  t\  irv^knn'wv^  (tro  distinct  planet,  parallel  }<y  XXV  to  th^'  two 
diametral  and  lyciiv  planes  v(  ihc  oWipm'ul.  The  sought  i'lter.-cclion  consi-U  tlien 
of  a  pair  of  (^real)  cirele$,  upon  that  given  surface  ;  namely,  tico  circular  (but  not 
dBaaielra/)  aeelieaa,  which  paaa  through  the  given  poini  p. 

(16.)  Oonvenely,  becaasa  the  equaUooa  XXXVIL  XXXVIIL  XXXIX.  XL. 
gifa  XXXVL  and  XXXIII.,  with  tha  foregoing  ybIom  of  |  and  a,  it  liikllowa  thtt 
tlieee  <w»  plana  aaeMana  of  tba  ellipeoid  at  P  are  on  one  aeaiaioa  tphtn^  mndy 
that  which  has  n  for  centre,  and  m  for  radius,  aa  abora;  and  tbns  wa  migiit  bifa 
finmd,  wUkout  differentiah,  that  the  lino  vv  U  the  normal  at  p ;  or  that  thi^  nennal 
erotsea  the  principal  plane  (10.),  in  the  point  determined  by  tlie  formula  XXII. 

(\t].)  In  general,  the  aj die  form  of  the  equation  of  ot^jf  etmtral  nurfattoftkt 
second  order^  namely  the  furm  (comp.  357,  II.), 

XLI. . .  Spfp=:g'p^  +  2S\pSfip  Ccsconat, 

ihowt  that  tba  two  tknim  (real  or  Imaglnaiy)  in  which  tliat  cufaee  ia  cat  bj  a^f 
fiao  jrfaiiei, 

XLIL  .  .  SXp  =  /,    S/if>  =  iR| 
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drawn  pwroXUl  respectively  to  the  two  real  qreltc  planet,  which  §n  jointly  npn* 
MDtad  (ooap.  XL.,  «id  216,  (7.))  by  the  one  eqiutioo, 

an  kwnoipkiriealf  bdBg  bdk  m  that  <«e  qpiMn  of  which  tho  equtloo  i% 
XLIV.  .  .  gy  +  2  (/S^p  +  mSXp)  »  2&i+  C. 

(17.)  But  tbe  centre  (^ay  ji)  uf  tiiia  new  sphere,  has  for  its  vector  (say  (), 
XLY. . .  oii»|»-/'«(/|i  +  mX); 

itbthtnftm  dtnatad  &  cA«|W(im«of  the  Aw  reof  qrefie  fMramltp  Xand/t}  and  if 

/  and  m  in  XLY.  receive  the  values  XLII.,  then  thia  new  C  ia  tlw  wteior  tj^imUnte^ 

Hon  of  that  plane,  with  the  normal^  to  the  twface  at  p  :  because  it  is  (comp.  15.)) 
tho  vector  or  tlic  centre  of  a  sphere  wliich  /oiteAc*  (though  also  cmMm^,  in  the  two 

circular  sections)  the  surface  at  th.it  point. 

(18.)  NVo  can  therefore  thua  injtr  (comp.  again  (15.)},  wihnut  the  differential 
calculus^  that  tbe  line, 

XL VI.  ..gijp-  i)  =^'p  +  XS/ip  4  /tS\^  =  <ip, 

as  having  the  direction  of  xp,  is  the  normal  at  P  to  the  surface  XU. ;  which  agieea 
with,  and  may  be  considered  a«i  confirming  (if  confirmation  were  required),  the  COB* 
duaion  olberwiae  obtained  through  the  ditTcrential  expression  (361), 

X LVI  I.  .  .  dSp^p  =  2Si'dp  =  2S^pdp ; 

the  linear  function      being  here  supposed  (comp.  361,  (3.))  to  be  self- conjugate. 

(19.)  Hence,  with  the  notation  3G2,  I.,  the  equation  of  the  tangent  plane  to  ft 
central  surface  of  the  second  order,  at  the  same  point  p,  may  by  Vll.  be  thus 
written, 

XLTIII.  .  . /(w,  p)  a  C,    If  Sp^peCeCODlti 
in  which  it  Is  to  be  remembered,  that 

xLix. .  -      p)  =  y"(p,  w)  =     p  =  Sp0<«>. 

(20.)  And  if  we  cJioosc  to  interpret  this  equation  XLVIH.,  which  is  only  of  tlie 
Jirst  degree  (362)  with  respect  to  each  separately  of  the  tuo  vectorsj  p  and  w,  or  op 
and  OB,  and  involves  them  tymnuMealty,  withont  requiring  that  p  shall  be  a  point 
cm  lAa  mofu90t  wa  maj  then  any  (comp.  215,  (13.),  and  816,  (Si,)),  that  the  for- 
iBiila  in  qnestloQ  ia  an  cynalfoii  eftee^igedim^  which  expraasea  that  cadbof  Uiatwo 
po&ala  F  and  R,  la  aitnated  in  the  jmfinr  pIsM  of  the  ocAer. 

(21.)  In  general,  if  we  anppoee  that  the  length  nnd  direction  of  a  line  y  are  ao 
•djnited  aa  to  aatiaQr  the  Cwo  eqnationa  (oomp.  336,  Xil.  XllL  XIV.), 

L...8vpBl,  SydptsO,  and therafofaabo  LI.  ..SpdysO; 

then,  beeanaa  the  equation  VIL  of  the  *at^fmi  pUimt  tom^  cHrearfjwj^iMeniaj  now 
be  thna  wiittio, 

Lll.  ..S>'(*»-v-')  =  0» 

it  followa  that  tri  lepraaenti^  in  length  and  direction,  the  perpendicular  from  o  <m 
tkai  ietntgcnt  plane  at  v\  so  that  v  iteelf  represents  the  reciprocal  of  that  perpendi- 
cular,  or  what  may  be  called  (comp.  336,  (8.))  the  vector  of  prnrimitij.  of  (he  tan- 
gent plane  to  the  origin.  And  we  see,  by  LI.,  that  the  itvo  vectors,  p  and  v,  if 
drawn  from  a  common  origin^  terminate  on  two  turjacee  which  are,  in  a  known  and 
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impwtant  MDM  (comp.  the  sub- Art*,  to  861),  reeiproeah*  of  one  another :  the  line 
p'\  for  instance,  being  the  [>erprndiou1ar  from  o  on  Um  Ungc&t  plane  to  the  mecmd 
■ur£ioei  at  the  extremitjr  of  the  vector  v. 

374.  Id  the  two  preoediDg  Articles,  we  haye  treated  the  symbol 
d/>  as  representing  (rigorously)  a  tangent  to  a  curve  on  a  given  surface, 
and  therefore  also  to  that  surface  itsdf;  and  thus  the  formula 
Sud^eO  has  been  considered  as  expressing  that  y  has  the  direction  of 
the  normal  to  that  ntr/aeej  because  it  is ptrptndkidarto  twotangmlB 
(^3),  and  therefore  generally  to  every  tangent  (373),  which  can  be 
drawn  at  a  given  point  p.  But  without  at  present  introducing  any 
other \  signifioati/m  for  this  eynM  d^  we  may  interpret  in  another 
way,  and  with  a  reference  to  dwrde  rather  than  to  cktm*,  the  diffe- 
rential equation, 

I. . .  d/;9s2Syd/N 

supposed  still  to  he  a  riyonnts  one  (in  virtue  of  our  (/<?/?mYibn*  of  dif- 
ferentials, which  do  not  require  that  dp  should  be  small) ;  and  may 
still  deduce  from  it  the  normal  property  o{  the  yectoi  i',  but  now  with 
the  help  of  Taylor'*s  Series  adapted  to  quaternions  (comp.  342, 370). 
In  fact,  that  series  gives  here  a  diferenced  eqwOhn^  of  the  form, 

where  72  is  a  scalar  remainder  (comp.  again  342),  having  the  pro- 
perty  that 

III.  ..lim.(i?:TA/>)=0,    if    lim.Ti^/^  =  0; 
whence  IV. .  .  lim. (A//) :  TA/>)  =  2  lim.  Si'UA/*, 

wAoleiw*  ike  ulHmato  direction  of  ^  may  be.  If  then  we  conceive  that 

*  Compare  the  Note  to  page  484. 

t  It  U  permitted,  for  example,  by  general  principles  above  explained,  to  treat  the 
differential  dp  a?  denoting  a  chordal  vector,  or  to  Bubstitate  it  for  Ap,  and  80  tO  n* 
present  the  differenced  equation  of  the  auriace  under  the  form  (comp.  342)| 

0 = 4/?)  o  (•*  -  1)>J> = d/> + HVI» + ! 

bat  iM  lAlf  mmimg  of  the  tymM  dp^  tlw  •qm^km  d/}f  bO,  «r  8y4p«0,  b  m 
kmytr  riyomua,  and  nniat  (for  rigoor)  be  rspbuod  by  andiaa  aquation  as tho  fbUoir- 
Ing, 

0s2SMip-l-Sdvdp-t- A,   if  4^  »  2Sy4p,  aa  before  s 

the  remainder  R  tanithinfj,  when  the  Murface  is  Oflty  of  the  second  Order  (comp. 
862,  (3.)).  Accordingly  this  last  form  is  HMt/ul  in  some  investigations,  especially 
in  those  which  relate  to  the  curraturf^s  of  normaf  secttont :  but  for  tho  present  it 
9«ems  to  he  clearer  to  adhere  to  the  recent  signification  r.f  dp,  and  therefore  to  treat 
it  as  fttUl  denoting  a  tangent^  which  may  or  may  not  be  tmall. 
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£^  I«|iment8  a  smciU  and  indtfinitdy  decreasing  chord  Pa  of  the  m*- 
fiM^  dxftwn  from  the  eziremi^  p  of  ^,  so  that 

V...  A/p=/(/»+Ap)-//»«0,   and  liiii.T^»0, 
tiie  equation  IV.  becomes  simply, 

VI..  .lim.  Si'UA/»  =  0; 
sod  thus  prores,  in  a  new  way,  that  v  is  normal  to  the  aurfae$  at  tht 
propotedpomt  p,  by  profing  that  it  is  lUtimatdif  perpendknUar  to  aU 
the  ehordt  mfiom  that  pokU,  when  those  chords  become  hdeJbUt^y 
amoBf  or  tmd  indefinitely  to  vanish, 

(1,)  F«raaMapl«^if 
VIL../ps^   vsp^  tiun  YIII. ..  il»A^*,  and  Jt:  TAps-TA^; 
tboi^  for  «MPf  poiai  ^ipaee,  w  bar*  rigortmafy,  witfi  tUi  fimn  of 

IX.  .  .  A/p :  TA/o  =  2SpUAp  -  ; 
and  tat  mfery  point  q  of  the  fpherie  tmrface^fp  =  eontt.f  we  h«Te  wtM  «yiM/  rigour^ 

X.  .  .  2SpU^p  =  TAp,    or    XI.  .  .  pQ  =  2op.co3oi'g  ; 
in  fiict,  either  of  these  two  last  formul.-v  expresses  simply,  that  the  projection  of  a 
diameter  of  a  sphere,  on  a  e<mterminout  chord,  is  equal  to  that  chord  itself,  and  of 
coim>  iffmfnfaUfi  with  it. 

(2.)  PaastDg  tluD  to  tlw  Hmk,  or  ooocdving  the  point  q  of  the  mifluB  to 
^noooA  itideilnholy  to  p,  wo  dnivo  tho  Uoiitisg  oqoatlono, 

XII.  . .  Um.  SpUAp  =  0 ;      XIII. .  .  Um.  cos  opq  =  0 ; 

either  of  which  show?,  in  n  new  way,  that  the  raffli  of  ri  sphere  arc  its  nnrrnnfi  ; 
with  the  analor^nui  result  for  otJier  surfaces,  that  the  vector  v  in  I.  has  a  normal  di- 
rection, aa  U  fure :  heeaute  its  projection  on  a  chord  tends  indefinitely  to  cUminish 
with  that  chord. 

(3.)  Wo  aiay  abo  iatorimt  tiM  diflbrential  equation  I.  as  expressing,  through 
IL  and  III,  that  tho flmo  B78»  YII.,  wUch  is  diawn  through  tho  potot  p  In  a 
dlnetkn  p&eptaOamlar  to  v.  Is  tho  fajyeaf  plmu  to  tho  snifkoe:  beoonae  tho pro» 
JweHam  ^iht  tkord  Ap^mtht  normal  p  to  tkatpUme,  og  thoyiyiiidltnrtor  ditttmot, 

XIV  8  (Vv.  Ap)  =  lR.Tv-\ 

of  a  near  point  Q  from  the  plane  thus  drawn  through  r,  is  small  of  an  orrler  higher 
than  thejir$t  (comp.  370,  (8.)),  if  the  chord  pq  i<«e//be  considered  as  small  of  the 
fini  cfdtr, 

875.  This  occasion  may  be  taken  (comp.  374, 1.  II.  III.),  to  give 
a  new  Enunciation  of  Taylor^ s  Theorem,  in  a  form  adupicd  lo  Quata  - 
nionSf  which  has  some  advantages  over  that  given  (342)  in  the  pre- 
ceding Ciiapter.  We  shall  therefore  now  express  that  important 
Theorem  as  IblJows: — 

1/  none  o/ihem-^l  funclions, 
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L  •  .fyy  d^,  d*^, , . .   d*/f,   in  wbieh  d^^^O, 
kooffM  tii^fuir«  til  fftf  imm/ikU  vidnUjf  of  a  (juxu  quai0mion  q,  then  the 

II.  . .  a  -  t  /(2  +    )  -fq  -  d/q  -       -  i|  -  &c. 

2.3. .ml  '  2. 3. .TO* 
caw  6e  maJe  fo  /ent/  indefinitely  to  zerOjfur  any  ultimate  value  of  tk€ 
versor  Udg,  bjf  ind^ftniUljf  diminuhing  the  Untor  Td^.'' 

(1.)  Tlie  />roo/ of  the  theorem,  as  thus  enuuciatod.  can  onsily  !>e  i^upplied  hy  an 
attentive  irndcr  of  Articlo*  341,  842,  aud  thsir  sub-arliclcs ;  a  few  huii*  may  how- 
ever here  be  given. 

(2.)  Wt  do  iMt  mm  ittppose,  at  ia  MS,  Ihal  i'*/q  mwi  be  dtgkrmitftnm  g»ms 
m onlf  MranM tbat  VLUwUh^fmU:  aad  w««dU;totlw  taEpraMioai  8i2,TLte 
A,  the  iMWy 

in. . . 

(3.)  Hence  each  of  the  expressions  342,  VII ,  for  the  sacoeaive  dtriwoHma  ot 
recMTee  en  additional  t'-rm  .  the  la$t  of  them  thus  becoming^ 

IV. . .  Hi^Fs  «  F^'is = d"»/(ff + -  d">%5 

eo  that  we  btfe  mom  (cemp.  849,  X)  the  Tehiae 

Y...JFO>0,   /*0,   i^«0,...  JPt«»0«0,  Fl«»>0«0. 

(4.)  Aaeaming  Iheielbie  now  (tamp.  84S,  XII.)  the  new  anxUivy  function, 


VL..^»— =2-,   with  Tdff>0. 
•  aO  ■  •  •  n 

which  giree, 

TII...^«0.   ^OoO,  O»0,..  fO»-l)OaO,  ^«)0»df«, 
we  find  (by  841,  (8.),  (9.),  oomp.  again  842,  XII.)  that 

VIIL..!lm.(/x:»^*)  =  0. 

(6.)  But  theso  two  new  functions,  Fx  and  aroformfd  frmi  the  dividend  and 
the  divisor  of  tin.  qiK  ii.  nt  Q  in  II.,  by  changing  d</  to  and  (comp.  342,  (3.)) 

instead  of  thus  multtithjiuy  a  ijn  en  quaternion  differeutial  dg,  by  a  small  and  iiidofl- 
ni(*'ly  dtcreating  scalar,  x,  wc  may  indtiiiuitely  diminish  the  tensor^  Td<^,  wUitout 
changing  the  veraor,  Udf. 

(6.)  And  otm  t/Udf  8t  ehomgtd,  while  the  ffiffwentlal  df  iethna  made  to  Uui 
fa  we  oaa  alwaye  conoelye  that  it  Umia  to  mm^.  Umti  which  UmSHmg  or  nlfK 
MMrftf  Mim  of  that  Tenor  Ud^  mtj  then  be  treated  at  (f  itwereaooMtealone,  with- 
out afTecting  tlic  Hmit  of  the  quotient  Q. 

(7.)  The  <A«oreiii,  aa  above  enunciated,  is  therefore  fully  proved ;  and  we  arc  at 
liberty  to  choose,  in  nny  application,  between  the  two  forms  of  stateinent,  842 
876,  of  which  one  is  mora  convenient  at  one  Umo,  and  the  other  at  another. 
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Sbction  4. —  On  OsetUatit^  Planetf  ondAhtohiteNarmalifto 

Curves  of  Double  (havature, 

376.  The  variable  vector  />,  of  a  curve  in  space  may  in  general 
be  tbas  expressed,  with  the  help  of  Tajlor*8  Series  (oomp.  370, 

(1.)): 

l.  , .  Pt  =  p-\-tp'  -\-  \f*np'\    with    tto  «  1 ; 

Pt  ffU  being  here  abridged  symbols  for  ^  ff^  ff'^  fit;  and  the 
product  Uff*  being  a  Tector,  although  the  factor  tc  is  generaUy  a  qua- 
ternion (comp.  370,  (5.}}*  And  the  different  terms  of  this  expres- 
sion I.  may  be  thus  constructed  (compare  the  annexed  Figure  77) : 

n. . .  p  =  OP;    ///ss  WP;    \f}np^'  =  tq; 
while    III...  pt=QQLy    and  it^w/J^spQ; 

the  line  tq,  or  the  term  \f'up'\  being  thus  what 
nay  be  called  the  defitssixm  of  the  curvt  pqr,  at  a, 
from  its  tangent  pt  at  F,  measured  in  a  direction 
which  depends  on  the  law  according  to  which  pt 
▼ariee  with  <,  and  on  the  ditUmee  of  a  from  p. 
The  equation  of  the  plane  of  the  triangle  ptq  i« 
rigoroud^  (by  XL)  the  following,  with  w  for  its  Fig.  77. 
Tariable  vector, 

iy...o=8ii/y(w-p); 

this  plane  IV.  then  touches  the  curve  at  p,  and  (generally)  cuts  it  at 
Q;  60  that  if  the  point  Q  be  conceived  to  approach  indefinitely  tor, 
the  resulting  formula, 

V. ..osS/i'ycw-p),  or  v. ..o=S/»y'{«-rt. 

is  the  equation  of  the  plane  ptq  in  that  Unaiing  poeStion^  in  which  it 
is  called  the  oeenlaUng  ptane^  or  is  said  to  oecidaU  to  (he  curve  pqb, 
at  the  point  p. 

(1.)  If  the  90fM«  rector  p  be  hmediatdif  ^ma  m  tftmeliom  p,  of  a  MHa5/« 
MealaTf  j,  wUch  is  itec^fa  Ametion  of  the  /hnur  Maltr  TsriaUa  f,  w«  ohall  tlien 
bavo  (compw  S81)  the  expieirioiu, 

VL.  .p'ts^DipM   p^t-^V^M+^Dt^p,,   with  •'sDit,  •"m'Dpt; 

thus  the  vector  p"  may  change,  even  in  direction^  when  we  change  the  independent 
ecttfao*  varialbhi  bat  p"  will  oXmo^t  be  a  Une^  either  m  or  pmUH  to  tlie  o»mtating 
flam  t  whAa  p'  wiU  always  represent  a  trntgrnt,  whatever  scalar  ToiiaUe  be 

(2.)  As  aa  exaiD|iIe»  let  us  take  the  eqoatleii  814,  XV.,  or  869,  XIII.,  of  the 
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helix.  With  the  indepflodait  vwikU*  t  of  Uiat  oqmtion,  wo  Iiato  (eonp.  868|  XIT.) 
tbo  derived  eyprwiioiii, 

p"  has  therefore  here  (comp.  369,  (^.))  tho  direction  of  the  normal  to  the  cylinder; 
and  consequent!)',  the  o»culatimg  plane  to  (he  helix  ii  a  normal  plane  to  the  cylinder 
of  rerolution^  on  which  tbat  ennre  It  traced :  »  remit  trail  kooini,  and  which  will 
•ooa  be  greatly  eztoktaL 

(8.)  Whett  >  canre  of  deMt  twmltan  d^mmnin  Into  •  piam  canre,  iti  o§em- 
ftdb^  plam  beoomet  owelwtf,  and  Todpneally.  The  comUMm  rfptmmrHf  of  a 
omw  At  4Met  may  thonAm  be  aTptnJ  bj  the  eqoatioii, 

YIIL . .  lJypy^±  ft oooitaiit  imit  Um; 

or,  by  88S,  II.,  and  888,  TUI., 

IX.    o  =  vB^'-v^. 

Vpp  Vpp 
or  finals,  Z. . .  Sp»'*-Q^  or  ZI. . .  p-HlpVp*. 

(4.)  AoooidiAglj,  ft»r  A^laM  canw^  if  X  bo  a  givw  aomal  lo  ftt  piane^  m  havo 
the  three  eqnationi, 

XIL..8V'«0,   SJ^^bO,  SV-sO; 

which  oondnot,  by  294,  (ll.),  to  Z. 

(ft.)  For  example,  if  wo  had  not  otherwise  known  that  the  eqoatloii  887,  (8.) 
fepfiwnlad  a  |»laa« we  might  have  perceived  that  it  waetheeqaitioiiofafnc 
plane  eonra^  boeanie  it  givee  the  tkr^  inoceMlvo  derivatively 

ZIIL  . .  p' « ^       "/S,     P"—{j y  Va'A      P"'  —  ( ^ y  Va*''/^, 

whidi  an  complamar  Unm,  the  tfdrd  having  a  diieelion  oppotUa  to  tta  flnt. 

(6.)  And  generally,  the  fttmnla  X  enablee  as  to  aaign,  on  cny  ewwt  of  dbaftit 
ewatun^fbr  whichp  ia oxpreieed  aa n flinction off,  the pouilt*  at  wUohiti 
A  jriione  carve,  or  ^n»vadbft  aioef  doec^r  to  its  own  oacalatiwg  plana. 


377.  An  important  and  chamcteriMie  property  of  the  Oiculaimg 
plane  to  t  cunre  of  double  cunraturo,  it  thai  the  perpeiuUcttim  let 
fall  on  it,  from  points  of  the  ennre  near  to  the  point  of  oeenlation, 
are  mnaU  of  an  order  h^fher  than  the  Meond^  if  thnr  dUtaneeB  from 
that  jwMif  be  considered  as  mnaU  of  the^M  order. 

(1.)  To  exhibit  tUa  fay  qaatamioni^  let  aa  b^iin  by  oonddeiing  an  orMKrarr 
pime, 


o  Namely,  in  a  modem  pbiaaeolegy,  the  placet  of  fimr-point  eoatecf  with  a 
piamt.  The  equation,  Ypp"  -  0,  Indicates  in  like  manner  the  places,  if  iny,  at  wUeh 
a  curve  has  three-point  contact  with  a  right  line.  Forearvee  of  doable  corvatorey 
theie  are  also  called  points  of  nmph  and  double  ii^exiom. 


\ 
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I.  ..fiX(«-p)«0,   wUh  TX«1, 
•  drtwn  through  a  point  p  of  the  cnrre.    Using  the  ezprenion  376,  I.,  for  the  vector 
OQ,  or  pt,  of  another  point  q  of  tho  same  curve,  we  have^  for  ttM  ptrpendicalT  di*- 
taoce  of    from  tbe  pUuM  JL,  this  other  rigorous  expres^ioa, 

n. .  .  Sk(fit  -  p)  =  <SXp'  +  iPSkup" ; 
'which  lepuMMt^  im  ffourmif  >  muD  quantity  of  tiie>iiv<  onifr,  ifl  1m  mmoimiI  to 

be  such. 

(2.)  The  expression  II.  represents  however,  gcneral^^  A  small  quantity  of  the 
second  order,  if  tho  direction  of  X  satiikfy  the  condition, 

ni. .  .SXp'aO; 
tliat  ia,  if  the  p/ait«  I.  touch  the  cttrot. 
(3.)  AAdif  theooodiOoii, 

nr. , .  sxp'*=o, 

btafa»Mlklid^X«  Hm,  bat  Ml  iHtrwin,  the  tx|mioD  II.  fiiMii  to  tatr  hi 
■^■MWMlfiort»tol^<»towidl<f  ■ii0rfirJK|j>«'l>Mtlw<f<wA 

(4.)  But  tito  wibiimlwi  of  tht  Aw  <wtdiKo«»,  IIL  aid  IT^  MBdnoli  t»  Um 

■■HiiMlnin  V. . .  X« ± OVpp'j 

«giqpii^riiUabwilbS7e,y.,  woiiithill]iBpnp«<yi^bo^  ono  wfaidi 

mongi  to  tho  >iwiftiWiy  plm^  ttd  to  m  ott«r. 

378.  Another  remarkable  property*  of  the  oKukcting  plane  to  a 
dtm  is,  that  it  is  the  tangeiU pkmt  to  the  cone  of  paralUiio  tangenU 
(369,  (6.)X  whioh  has  iti  vertex  at  the  poml  of  MciJaiien, 

(1.)  In  goneral,  if  be  (comp.  869,  I.)  the  equation  oft  eurvt  in  apace, 
the  equation  of  the  com  vUeh  haa  ita  rartoz  at  tho  origiii,  and  puMO  thioiigh  thia 
canre,  ia  of  the  form, 

I.  .  .  p  =  y^x ; 

in  which  x  and  y  are  dco  in  lependcnt  and  scalar  variables. 
(2.)  We  have  thus  the  two  partial  derivatives, 

II.  .  .  T>;rp  —  yp'r,    Dyp  =  (ftx ; 
•ttd  the  tangent  plane  along  the  $ide  (x)  has  for  equation, 

III. .  .  0  =  S(«.     .       ;    or  briefly,   lU'. . .  0  =  Sw^^'. 

(3.)  Changing  then  ar,  ^,  0',  w  to  p',  p",  «-p,  we  sec  that  the  eqnatlon  876, 
v.,  of  the  osculating  plane  to  the  curve  876,  I.,  it  olao  that  of  the  Umgmtt  piam§  tO 
the  COM  o/paraUtUt  &o.,  aa  asserted. 

379.  Among  all  the  normals  to  a  curve,  at  any  one  point,  tlicre 
are  two  which  deserve  special  attention;  namely  the  one  which  is  in 

•  The  writer  does  not  remember  seeing  thit  property  in  print;  but  of  course  it 
is  an  easy  consequence  from  the  doctrine  of  mfinUtrimiUff  which  doctrine  howev^  it 
baa  not  baoo  thought  coBTMiient  to  adopt,  aa  the  ftastt  of  tho  pnaent  exposition. 

3  U 
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tbe  osoulAting  plane,  and  is  called  the  absolute  (or  prmeipal)  normal ; 
tnd  the  one  which  is  jurpendicular  to  that  plane,  and  which  it  btm^ 
been  latel/  proposed  to  name  the  binormaL*  Ift  is  easy  to  assiga  ex- 
pressions,  by  quaternions^  for  these  two  normals,  as  follows. 

(1.)  The  nl.iolute  normal^  AS  being  perpendicular  to  (>',  but  comi»l.inar  with  p' 
and  p",  ha$  a  iUr<K:tioD  expressed  by  any  one  of  the  following  fonnols  (comp.  203, 
884) : 

I.  ..TpW^i;  or  lh,,dUp*i  or  IIL..dUdp. 

(S.)  Thvo  tt  an  oxttniivo  cfauHf  of  osm,  lbrwlilclitliofiil]owiiigoq[iiatiooslMld 
good: 

IV. . .  Tp'soomt ;      V. . .  p'>  -oooat ;      VI.  . .  Sp>"= 0 ; 

and  in  all  sveh  cases,  the  expression  L  lodneai  itsdf  to  p",  whieh  k  thenfim  tkm  a 

representativo  of  tho  absolute  normal. 

(3.)  For  example,  in  tbe  ca.$e  of  the  Ae/tx,  with  tho  oqaation  ^:^vf  r:il  times  be- 
fore einplvnl,  till- conditions  (2.)  are  satisfied  ;  and  accnrdin^rly  tlie  :il'-.cilutc  nor- 
mal to  that  curve  coincides  with  the  normal  p"  to  the  cylinder^  on  which  it  is  traced  ; 
tbe  locu»  of  the  absolute  normal  being  here  that  Mcrew  surface  or  Helieotd^  which 
haa  bosn  already  partially  oooddand  (comp.  314,  (11.),  and  372,  (4.)). 

(4.)  And  aa  rsgavda  tbo  Maoraiai;  U  may  be  auflkfant  bom  to  taaiailc,  tliat  bo- 
eauia  It  ia  parpandioiilar  to  tfio  oaeolating  fdaooi  It  liaa  tiie  JBMUm  oxpr—ed  by 
onoorotfaMroftbatwo^yaibola(ooinpi  877,  Y.)* 

TIL..Tp'p*    or  Tir. . .  Tdpd*p. 

(5.)  Thoieosiita,  of  oome,  a  systan  of  fAfstrestaii^ar  p/aaes,  tbo  oasnlafAv 
plana  being  oms^  wtdeli  aro  oonnaeled  iiitli  tba  isjatam  of  tbolAros  rfcfoiyviv  finals 
tbo  taqganli  tbo  abadalaaonnal,  and  tbo  binoraial,  and  of  wUeb  wbj  ona  who  baa 
studied  the  Qaatarnlona  so  ftr  can  oaiily  ftna  tba  OTpwInns 

(6.)  And  a  eoiutruetionX  for  the  absolute  normal  may  be  asilgnad,  analogona 

to  and  inoliidinrr  that  lately  given  (378)  for  the  osculating  plane,  as  an  interpreta' 
Hon  of  the  oxprcdaion  II.  or  II 1.,  or  of  the  symbol  dUp'or  dl'dp.  From  any  origin 
o  conceive  a  system  of  unit  lines  (Up' or  Udp)  to  \w  drawn,  in  the  directions  of  the 
successire  tangents  to  the  givtn  aave  of  double  curvature ;  these  lines  will  terminate 


*  By  U.  de  Saint-Yenant,  aa  being  perpendicular  at  once  to  two  consecutive  ele- 
fMnU  of  the  cnnre,  in  the;.biflnltasimal  treatment  of  tUa  aal;|aet  See  page  261  of  tba 
voiyTalnabloTkoatiso  on  Amiiflis  Gtometry  ofThrmDhmtrnmemt  (Hodges  and  SnHb, 
Dablbi),  by  tboBoT.  Gooiga  Salmon*  D.D.,  wbUh  baa  bson  pabMahed  to  tbo  prssent 
yoar  (1862),  bot  not  till  aflar  tba  printfaig  of  tbsso  BbaisMa  ^  QuattmtoM  (bsgaD  bi 
1880}  bad  been  too  tu  advanced,  to  allow  tbe  writer  of  tham  to  profit  by  tbo  atndy 
of  it,  so  much  as  he  would  otherwiae  have  sought  to  do. 

t  Namely,  those  in  which  the  arc  of  the  etnt,  or  that  aro  wnllipliod  \ij  a  scalar 
OOnstaot,  is  tnkon  as  the  independent  vannhle. 

X  This  construction  also  has  not  born  met  with  by  the  writer  in  print,  so  far  aa 
he  remembers;  but  it  may  easily  have  scaped  bia  notice,  even  in  tbe  boolcs  which  ho 
baa  seen. 


Digitized  by  Google 


CHAP,  in.]  AB80LUTB  KOBMALS,  OSOOBTXC  LIMS8.  515 

on  a  cotabl  tfktrieal  curve;  and  the  tangent,  uj  88^  to  thia  new  cnrvc,  at  the  point 
8  which  eprre$poneU  to  the  point  F  of  tbe  alrf  oiM^  will  luiY«  tlie  direotion  of  the  ab- 
aolote  normal  at  that  old  point. 

(7.)  At  the  same  time,  the  plane  oss'  of  ihe  great  circle,  which  touches  the  new 
enrve  upon  the  unit  sphere,  being  tho  tanr/ent  plane  to  the  cone  of  parallels  (378)| 
haa  the  dircciiun  uf  the  oaculating  plane  tu  the  uid  curve  i  auU  the  radius  drawn  tO 
il8  poU  b  paralU  to  Hift  kmemA 

(8.)  At  Ml  €(emmple  of  tho  tuuHHarjf  (or  Mphtrieal)  enrvc^  oooftrnctod  88  in  (9.), 
we  nu^  toko  again  tin  Adiv  (869,  XIIL,  Ac;)  ao  tho^oM  onrvo  of  dooUo  «ianr»* 
ton^  and  obiam  that  tlM  oxpiOMion  868,  ZIY.,  namoly, 

YUL  . .  p'sea-l-  ^a**V3|         IZ. . .  p'ta-e»  +  -^aocnot.  (oonip.  (8.)); 

whence  Tp'  ia  constant  (as  in  iy.)i  and  we  have  tho  equation  (comp.  369,  XV. 

xixo, 

X  .  ,  SoUp'as-cl  C*--^  J  cs-GOOascODtt., 

a  being  again  the  inclination  of  tho  helix  to  the  axia  of  Ita  qrlinder ;  which  ahowo 
that  tho  utm  onrvo  ia  in  iUt  oaao  a  j»laat  ooo^  namolly  a  oertain  muM  cAndo  of 
tho  nnit  ^horo. 

(9.)  In  goncral,  if  tlio  pM»  OMnw  bo  ocBoriTod  to  be  an  orKC  doicribed  hj  a 
poiai,  which  awMo  with  a  oOMfoaf  wdoeity  talcen  for  imiiy,  the  oMxUkarjf  or 
rioaf  cam  booonoa  whatwoharo  propooed  (100,  (6.))  to  call  tho  MoyngiA  of  that 

motion. 

(10.)  Ami  if  the  given  enrve  be  stipposed  to  be  describeii  with  a  variable  velo' 
ct^y,  the  hodograph  is  still  mme  carve  upon  the  cone  of  paraUeh  to  tangcnta. 

Sbctiov  5. — On  Geodetic  Lines^  and  Families  qf  Surfaeee. 

380.  Adopting  as  the  definition  of  a  geodetic  line,  on  any  proposed 
curved  surface,  the  property  tiiat  it  is  one  of  which  the  oiicrdaiing 
plane  is  always  a  normal  plane  to  that  surface,  or  that  the  absolute 
normal  to  the  curve  is  also  the  normal  to  the  surface,  we  have  two 
jf principal  modes  of  expressing  by  quaternions  this  general  and  cAarac< 
tetistic property.    For  we  may  either  write, 

I...  Si7»'/»''«0,   or  IL..Si^/>dV=0» 
to  express  thtt  the  normal  v  to  the  eurface  (comp.  373)  is  perpen* 
diddar  to  the  Hnormal  Yp'p^  or  Vci/>dV  to  the  carve  (comp.  379i 
Vll.  VII'.) ;  or  else,  at  pleasure, 

III. .  .  V  v(U//  =  0,    or    IV. .  .  Vi'dUdp  =  0, 
to  express  that  the  same  normal  v  has  the  direction  of  the  absolute 
mrmal  {Up')'  or  dUd|>  (oomp.  379*  II-  HI.)*      the  wmeffeodeUe 
Hne,  And  thus  it  becomes  easy  to  deduce  the  known  rdtOione  of 
such  Iviis  (or  carvet)  to  some  important /mii/tw  o/eur/aceBt  on  which 
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they  can  be  traced.  Accordingly,  after  beginning  for  simplicity 
with  the  sphere^  we  shall  proceed  in  the  following  sub-articles  to  de-. 
terminc  the  geodetic  lines  on  cylindrical  and  conical  surfaces,  with 
arbitrary  bases;  intending  afterwards  to  show  how  the  oonrespond* 
ing  lines  can  be  inrestigated,  upon  dioelopabU  mufam^  tnd  torfimt 

(1.)  On  A  fpWe,  wtth  ontre  at  the  origin,  we  have  v  ||  and  fbe  il^i— Waf 
equatiut^  I Y.  admits  of  aa  Immadlata  falyratfaw  /•  ftw  it  hm  beoooMiy 

y. . .  0  sYpdHdp  s  ^ftXS^  wImdos  YI.  .  •  VpUdp  bm,  and  YII. . .  8«p  «  0, 

w  being  soma  constant  vector;  tba  curra  is  fhcrafiife  In  this  esse  a  ^rral  cMi^  as 
beiug  contained  In  one  diametral  plan^ 

(2.)  Or  wa  may  observe  that  tha  cqoatlOD, 

YUL . ,  8pp'prB%  or  DL  ..  8pdpdV»0, 
obtained  by  changing  v  to  p  in  L  or  II.,  has  gaumdUff  for  a  flnt  integral  (fomp^ 
986,        whelber  Tp  ba  comtsnt  or  nuiablflb 

X. . UVpp'enypdpaeiBcensfc.; 

it  aziNtesMS  Chenftire  that  p  Is  the  vector  of  mm  cmrm  (or  lias)  <■  a^lma  ^knugk 
ikt  oriplm  ;  which  canrs  matt  cooeeqnently  be  here  a  praaf  eirtit,  as  befoia. 
(8.)  Aeeordingljr,  «•  «  Tsri0cation  of  X.,  if  wa  wilts 

XL . .  pBoW'^'Py,  aaadjrbdngocalarfonctioBaofl^ 

when  t  is  siHl  soam  ladspendent  seslar  variaUs^  and  «» ars  two  vsolar  cemtaal^ 
we  shall  have  the  derivatively 

XII...p'»aa^+/V.  p-^^^+ZVIIIP^p'? 
10  thst  tha  sqaatlon  Till,  is  aatiafied. 

(4.)  9or  an  wrbUwy  lyliMiir,  with  gneiating  lines  paialU  to  a  flxad  Has  a, 
wemaj  writc^ 

XIIL . .  8av«0,      XIY. . .  8«dUdp»0,      ZY. . .  SaUdp-aenst ; 

ap«adSi«e  on  a  cjUadsr  erecMs  tbsrefbra  tiw  ftrntruUnff  Arm  at  a  caMCml  angle, 
aadconssquantlyhsoonssar^JUJeas  when  the  cjUadar  is«i>hl<Mintoa^faa«7 
both  which  known  ptopartiee  are  acoordiaglj  veriflad  (caaip.  889,  (A.),  and  876^ 
(2.))  for  the  caia  of  a  cylbder  of  rfoofofipa,  in  which  esse  tha  geodatie  is  a  Mac 
(^)  For  aa  orUftwy  conc^  with  vertex  at  tha  oifgln,  we  have  the  eqaatioa% 

XYI. . .  Svp  a  0,      XYII. . .  SpdUdp  =  0, 
XYIIL . .  dSpndp«S(dp.17dp)s-.'Np; 

mnltlplying  the  last  of  which  equations  by  2Sp\jdp,  aud  observing  that  -2Sf)dp 
a  -d.p*,  wa  obtaia  the  trsnsfiMfmations, 


*  We  here  assnme  as  evident,  that  the  differential  of  a  vanuble  cannot  be  con- 
steal^  acre  (comp.  335,  (7.)) ;  sad  wa  employ  the  principle  (comp.  338,  (5.)), 
that  Y.  dpUd^  B  -  YTdlp  «  0. 
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Fig.  78. 


XIX. . .  0«id((9|»l7ilp)iH-p*|  -d.CV^Udp}»,     XX  . .  TV|indp-eoiMt{ 
ih»perpemdkmlar/lrpm  tk»  Mrtn,  em  a  tanffmi  to  OHf  tm*  fmdtHewficm^ tcm^^  hm 
ibanfiiM  a  temwtnt  Imglk;  and  all  mtk  tm^ts  twicAafcg  »  Mmrmirk  ipkmt,* 

or  one  which  has  its  ceutxe  at  the  vertex  of  tiw  cone. 

(6.)  Conceive  then  that  at  each  point  p  or  p'  of  the  geodetic  a  tangent  ft  or  p't' 
is  drawn^  and  that  tJta  anglfla  OSF,  oi^r'  an  light »  we  thaU  haT%  by  what  hatjut 
bemahown, 

XXI.  ..01'  =  6t'  =  const  =  radius  of  concentric  sphere ; 

and  if  th<>  eone  be  developed  (or  unfolded)  into  a  plam*^  tJu»  ooJUtaQt  QX  common 
length,  uf  ihc  perpendiculars  from  o  on  the  tan- 
gents, will  remain  unchanged^  because  tlie  length 
OF  sod  the  angle  opt  are  unaltered  by  such  de- 
\  thegeodilkbeMiiMithnifinasMRa 
with  dM  ame  prtptrtif  at  bofigfai 
tad  ■khongb  ikk  property  would  biloiig,  not 
onltr  to  a  r^U  ISm,  hot  alto  to  a  drdSs  with  o 
Ibr  centre  (compare  the  second  part  of  the  an- 
nexed Figure  78),  yet  we  have  in  this  result  0^ 
merely  an  effect  of  the  foreign  factor  S^UJp, 
which  was  introduml  in  (5  ),  in  order  to  facili- 
tate the  int^ration  of  tho  ditleruntial  equation 
XYIII.,  and  which  (by  thut  verj'  equation)  cannot  be  constantly  equal  to  zero.  Wo 
•It  therefore  to  exclude  the  curvea  in  which  the  cone  is  cut  by  ephcree  concentric 
with  it:  and  there  ranaio,  ae  the  aought  geodaUe  ffaet,  only  theia  of  whi^  the  df 
vdapmmtg  ara  rtetUbuoTf  ae  in  (4.). 

(7.)  Another  mode  of  wUrpnth^,  aod  at  the  aaiiw  Hum  of  hitgndS^g,  tlie 
eqaetiooZVin.,iaoQoneetedwitbthehiterpntatiooof  the^raiftolTd/*;  whichcea 
be  proved,  on  the  principles  of  the  preeent  Calcalus,  to  represent  rigorousljf  the  dif- 
fereniial  di  of  the  arc  («)  of  that  curve^  Tvhatcver  it  oiay  be,  of  whieh  p  ie  tha  ioria* 
bl$  vnUtri  eo  that  we  have  the  general  and  rigorotu  eqQatiQl^ 

XXIL . .  Tdpsda,  if  a  that  denote  tha  ore  : 

whether  tiiat  arc  ittelf,  or  some  other  scalar,  /,  be  talien  as  the  independent  oariaUt; 
and  whether  its  differential  d«  be  small  or  large^  provided  that  it  be  positive. 

(8.)  In  fact  if  wo  siippose,  for  the  sake  of  greater  p:<"nerality,  that  the  vector  ^ 
and  the  scalar  t  are  thus  both  functions,  pt  and  tt,  of  some  one  inde[)endent  and  >ca- 
larvariaWe^  t,  our  principles  direct  us  first  to  take,  or  to  conceive  n<^takr:n.  a  suhmuU 
tiple^  »~'d<,  of  theyfntff  differential  df,  considered  as  an  assumed  and  arbitrary  tii« 
ovewnf  viiSbaihtd^^endgiU  varUAle^  t ;  to  determine  next  the  vector  ptm'^att  and 
theae»lara»Hr'^whichoctreepoadtothejw<»f  >)hi>-lj|of  thacareeoD  which|»t^ 
ninetee  hi  Ttt  tad  of  whieh  «f  ie  tlia  ore^  neaanred  to  n  ftom  eome  dzed  pefait 
Veen  theaamaenrva;  to talM the tff^firaioaiv 


*  Wbeniheeoaeieef  thaasooatf  enicr,  thfeheeeineeaeaeeof  aknowDtheovBai 
rcepecting  ^ioMe  llnet  e«  a  aM^^ce  of  tha  aaiM  ateoatf  ecder,  tha  iMfMtft  to  ^ 
eat  of  which  tmnm  toaeh  olio  a  eai|^haol  ««i^e». 
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which  repreient  respectively  the  directed  ek^rd,  Mid  the  lengthy  of  the  are  rtrt^-^u, 
which  arc  vrill  generally  be  Mmnll,  if  the  nnmbor  n  be  large^  and  will  indefinitely  di" 
minish  when  tliat  numher  tcnd^i  to  infiuiti/;  to  multiply  these  two  <!tcrLa5ing  cliffo- 
rence?,  of  pi  and  by  n ;  and  finally  to  seek  the  limit$  to  which  iho  product >  te-n  i, 
when  n  thu3  tcndA  to  oo  :  such  limitt  being,  by  our  defiHiiiont^  the  values  of  ibc  two 
sought  and  timuUmuout  difflereiUiaUt  dp  and  da,  wUch  anawer  to  the  aasomed  va- 
Umt^itaddL  And  bMMiM  the  Midi  «rc,  ^,  uidUiala^A,  TAp,  of  Its  Mil/ 
€k€rd,  in  tlM  fungjiAag  cooilmtfoii,  taid  iikltflnftdy  to  a  mlio  of^fiuSiir,  waA 
anutbotba  r^^orow  Mfib  of  da  and  T^p^  whkh  aio  (fioaqpi.  820)  tho  iiMili  tfAtir 
tftdmultiples. 

(9.)  Admitting  then  the  exact  eqnality  XXII.  of  Tdp  and  ds,  at  leaat  when  tbo 
latter  like  the  former  is  taken  potitirely^  we  have  only  to  substitute  -  (?*  for  -  Tdp  in 
the  oqnatioB  XVIII.,  which  then  becomes  immediately  integraUe,  and  givea» 
XXIU. . .  a+SpUdp  =  <  -  S  (p  :  Ud^)  eoooat.  % 

wlmo  8(p :  Udp)  denotes  the  prqjtetiom      of  the  vector  p  or  op,  oa  tkt  tangent  to 

the  geoflotic  at  r,  considered  as  a  potitive  scalar  when  p  makes  an  acute  avf;!e 
with  d(),  that  i-i,  when  tho  distance  Tp  or  oP  from  the  vertex  iaincreaninQ ;  whil  ?  s 
denote'-,  as  abovo,  tho  hncjth  of  the  arc  I'oP  of  the  same  curve,  measur«;d  fn.tm  same 
f.red  jioint  I'o  thcreou,  and  cuusidered  as  a  scalar  which  changes  sign^  when  the  va- 
riable point  V  passes  through  the  potiiLion  Po. 

(10.)  Bat  the  Unifth  of  tP  doee  not  change  (comp.  (6.))^  when  the  eone  b  dlrva- 
kptiy  M  befiira;  we  here  theralbie  the  eqwtima  (oonq^        FIgi  78), 

—  /->  — .  —  — 

XXIV. .  .  PoP  -  TP  =  const  =  PqP  -  x  p  ,      XXV. .  .  pp'  =  t'p'  -  tp, 

which  mint  bold  good  both  before  and  after  the  supposed  development  of  the  conical 
turfaee  ;  and  it  is  ea«"y  to  see  that  this  can  only  be,  by  the  geodetic  on  the  cone 
cominj^  a  right  line,  as  before.  In  fact,  if  ot'  in  the  plane  be  Nuppt^ed  to  intersect 
tlie  tangent  tp  in  a  point  t\  and  if  r'  be  conceived  to  approach  to  p,  the  sc-cond 
niembcr  of  XXV.  bciu-s  a  limiting  ratio  of  equality  to  the  first  member,  increased  or 
diminished  by  XT«  •  which  latter  lime^  and  therefore  elao  the  angle  tot'  between  the 
perpendiditan  on  the  two  nev  taagentai  or  the  angle  betweea  thoae  tangenta  ttMie- 
ielvei^  If  exiiliiig^  mnet  beer  an  indeflnltelj  deeieiring  latio  to  the  ore  io  that 
thef«dMt  ofemtvutMM  of  the  auBpewrfearee  fain^iato^  oc  «^  tahuiin  wHh  t,  and 
the  dtvtUpmmi  ia  recMf ieeor  aa  belDNL 

(11.)  The  inpoctaiit  and  ganenl  eqaatioo,  Tdp»  d«  (XXII.),  condoolatoiiiaqr 
odier  ooiMeqQence!<,  and  may  be  pot  noder  aemal  othev  fonaa.  For  eacamfii^  we 
maj  write  generally, 

XXVI.  .  .  rn.p  =  1,       XXVII.  .  .  (n.p)'  +  1  =  0; 
also         XXVIII.  ..  (n,())>+(D<s)»=0,    or    XXIX.  .  .  p'^  +     =  0, 

if  p'  and  «'  be  the  first  derivatives  of  p  and  f,  taken  wi(h  respect  to  anjr  inde|>eadeat 
scalar  variable,  such  as  / ;  whence,  by  continued  derivation, 

XXX...  Sp'p"  +  St"  =  0,       XXXI.  .  .  Sp  p  '  +  p"2  +      +  ,"i=  0,  &c. 

(12.)  And  if  the  arc  $  he  itself  taken  as  the  independent  Taiiablei  ihen(ooa^». 
879,  (2.))  tlic  equations  XXIX.,  &c.,  become, 

XXXII. . .  p'»  + 1  =  0,   Spp  =  0,    bp p  +  p''  =  0,  &c 
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381.  In  general,  if  wc  conceive  (comp.  372,  I.)  that  the  vector  p 
of  a  given  surface  is  expressed  as  a  given  function  of  two  scalar  varia- 
bles, .''  and  whereof  one,  suppose  y,  is  regarded  at  first  as  an  un- 
knoum  function  of  the  other,  so  that  we  have  again, 

I»  • .  but  now  with  II. . .  if^fx^ 

where  theybm  of  0  is  hnown^  hat  that  of /is  soi^A<;  we  may  then' 
vegard  p  as  being  mplfeitf^  a  fnnetion  of  the  iimfU  (or  independent) 
doalar  varkAU^    and  may  eonsider  the  equation, 

III.  ,  .  />  =  0(x,/r), 

as  bcinp:  that  of  some  curve  on  the  given  surface,  to  be  di^tcrmined  by 
assigned  conditions.  Denoting  then  the  unknown  total  derivative 
i><p{x,fx)  by  p\  but  the  known  partial  derivatives  of  the  same  first 
order  by  d^0  and  Dy0,  with  analogous  notations  for  orders  higher 
than  the  first,  we  have  (oomp.  376,  YI.)  the  expressions, 

IV. .    =  D,0  +  y'D^0,    p"  =D/0  +  2y'i>j>/t>  +  y  V0  y"i>i<0.  &c- ; 

in  which  y'  =  p,?/  =  /'a^,  =  p,'?/  =/'3',  <&&  Hence,  writing  for  the 
normal  y  to  the  surface  the  expression, 

V. , .  »  «  V(Dj,0  .  Py0)  =»  V.  D,0Dy0,   comp.  372,  V., 

or  this  vector  multiplied  by  any  scalar,  the  equation  380,  I.  of  a 
geodetic  line  takes  this  newform^ 

or,  by  a  general  transformation  which  has  been  often  employed 
already  (comp.  352,  XXXI.,  &c.), 

VII. . .  0^8f/D^.Spf'j>j^-Sp'ujt.Spf^i>/Pi 

and  thus,  by  substituting  the  expressions  IV.  for  //  and  p'\  we  ob- 
tain an  ordinary  (or  scalar)  differential  equation,  of  tlie  second  ord^r, 
in  X  and  y,  which  is  satisfied  by  all  the  geodetics  on  the  given  surface, 
and  of  which  the  compkte  integral  (when  found)  expresses,  with  two 
ai  hitrary  and  scalar  constatUSy  the  form  of  the  scalar  function  f  in  II., 
or  the  law  of  the  dependence  of  ^  on  a;,  for  the  geodetic  curves  in 
question. 

(1.)  As'an  txampUf  let  us  take  the  eqaation, 

VIII. . .  p  -      jr)  - W«i  comp.  878,  l, 

of  a  MMwIthltsTertcsattlMoriglB;  whidi  oom  beeonei  a  ihMMi  on«^  when  the 

^/^m  ef  ths  Twtor  ftnwtioa  ^  legfvtB,  tlist  li^  wiin  w«  Ini^ 

Unvngfa  wbich  the  mdn  of  the  eooe  aU  pan.  We  have  here  the  partial  derivativee, 
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IX.  .  .  n^^  =  yD,»^*  -  y«//',        e  \^jr  =  ^,      coKfb  A78»  IL  j 
and  X. . .       =  yo«3,|/d;  ObC^ **^t   I'/f"*  0 } 

tki  nijniriiWM  lY.  bMOoe,  tben, 

XL  p'«y^+^V'. 
and  since  00^7  tiM  diratrt—  cf  tfu  boomI  ii  laportaati  nt  mtj  dMde  T.  tgr 
and  writc^ 

Xn.  .  .  V  =  V\^;|''. 

(1.)  The  expressions  XI.  and  XIT.  give  (comp.  VI.  and  VII.)  tor  the  jfmdKtkM 
M  lA*  MM  VIIL,  the  differential  equation  of  the  aocond  order, 

XIII.  .  .  0  =  SCV»/.;//'.Vp>")  =  ^p">l^^^'^'  -  Sp"i//'Sj»'^ 

-  (ySi/.'>|/"  +  2y'.//'2  +  y-'S,/.,//')  (yS-^r//'  +  y'l^^), 

in  which  and  tp'i  are  abridged  symbols  for  (^x)^  and  ;  but  thii  eqoAtioii  ia 
m  and  y  maj  be  greatly  umpUfied,  by  some  permitted  suppositions. 

(3.)  Thu,^  ara  alltWtd  to  tuppoift  (hat  the  guiding  emne  (1.)  It  tiht  lihrir 
Of  tha      with  the  tomMirie  mtU  yjUra,  ao  that 

and  if  we  further  assume  that  the  arc  of  this  spherical  curve  is  taken  as  the  indt* 
pfndmt  Mriaft/e,  waharathen,  by  880,  (12.),  oooibliMd  with  tbo  liit  msattkm 
XIY., 

(4.)  With  dUN  ilBpliaeationa,  tha  diffkmUUi  tftuHm  Xm.  baeomtib 

. .  0  -  (y  -  y ")  (-  y)  -  (-  2y')  (-  y 0  =  yy"  -  2y'«  -  y« ; 
and  ita  comphit  imUgnJ  It  found  Ay  ordinary  methods  to  be, 

XVII.  .  .  y  =  6  see  (x  +  c), 

ia  which  6  and  c  arc  two  arbitrnr^'  but  scalar  constants. 

(5.)  To  interpret  now  this  intef/ratf  d  nnd  scalar  equation  in  x  and  y.  of  the  »:r.>- 
deties  on  an  arhitrary  cone,  we  may  oliservc  tfiat,  by  the  suppositions  (H.),  i/  repre- 
sents the  distance^  '£p  or  oFi  from  the  vertex  o,  and  x  -he  represents  the  angle  aop, 
in  the  dmUqptd  tiaU  of  cone  and  conrey  from  some  /ixtd  line  oa  in  the  ]^antf  to  the 
vaiiaUaHiMOF;  the  projec<im  ofthiBiiMv  or  on  tfaalj^lMrfliiMOAiatbatatoesa^ 
aCBMf  (betog  ftj  ZTIL),  and  tiia  iMgpirf^mM  Is  agido 
ttMv  «B  befiDn. 

382.  Let  ABCDB . .  •  (flee  the  amezed  Figure  79)  be  oity  gwm  M> 
ritB  of  ;)otn(5  in  ^pace.   Draw  the  saoces-  ^, 

alTe  right  lincfl,  4Ji,  BC^  cd,  db,  . .  uid  pro-   ..^"-^^v. 

long  them  to  points  b',  o*,  d',  b',  . . .  the  ^^-'g"'^"''tf^"Ap' 
lengths  of  these  prolongations  being  n»  ^  ^'^^^ 
bitwtfy;  join  s18obV,gV,]/b%...  We  ^• 
AtSi^VLihiKre 9k Hries of phne triangles,  b'bo',  c/cd',  d'de',...  off  ge- 
nertlly  m diffHretU pUmu  ;  so  that  boi/Cb',  cdb'd'c',  ...  are  generally 
gauchi  ptnlagons^  while  mtit'd%'  is  a  gauche  heptagon^  &c  But  we 
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eta  oonceiTe  the  first  iriangfe  b'bc'  to  turn  round  its  side  bcc\  till  it 
come$  into  the  plane  of  the  second  triangU,  c'a/;  which  ^kIW  trans- 
form ikefiret  gauche  pentuffon  into  m  phne  one,  denoted  still  by 
BOi/cy.  We  can  then  oonoelve  iki$  plane  figure  to  turn  round  its 
side  cDi/y  till  it  comes  into  the  plane  of  the  third  Irum^  d^db'; 
wherehj  the  first  gamtke  heptagon  will  have  become  a  plane  one,  de- 
noted as  before  by  bcdb^i/c^':  and  so  we  can  proceed  indefinitely. 
Passing  then  to  the  UnUt,  at  which  thepontf*  abcdb  . . .  are  conceived 
to  be  each  indtfinitdy  near  to  the  one  which  precedes  or  follows  it  in 
the  series,  we  conclude  as  usual  (comp.  98,  (12.))  that  the  lucus  of 
Oit  tangents  to  a  curve  of  double  curcature  is  a  developabie  surface :  or 
that  it  admits  of  being  unfolded  ^like  a  cone  or  cylinder)  info  a  plane^ 
without  any  breach  of  continuity.  It  is  now  proposed  to  trduslate 
these  conceptions  into  the  language  of  quater-nions,  and  to  draw  from 
them  some  of  their  consequences:  especially  as  regards  the  determi- 
nation of  the  geodetic  Unee,  on  such  a  developable  surface. 

(L)  Let  yf/,,  or  «imply  \p,  draoto  tlic  vari.iblo  vector  of  a  point  upon  tfie  cvrre^ 
or  cutp-edge,  or  edge  uf  rtgrestion  of  the  developable,  to  wliicb  curve  the  generating 
lines  of  that  surface  arc  th\i9  tnngentg,  conmdc  red  as  a  function  \p  cf  its  arc,  r,  moa- 
aured  from  some  fixt d  point  a  i4>on  it ;  so  tbat  while  the  equalion  of  Uie  surface 
win  be  of  the  form  (comp.  100,  (8.)), 

J.  .  .  p  -  f  (x,  y)^\P^  +  j^',  =  4 

y  Uiing  a  second  scalar  variable,  we  shall  have  the  relaiiona  (coinp.  381,  XV.), 

11.  .  .Ti//'.=  1,    ^  =  -1,    Sf<//"=0,    Sfi^'"' if  x«T^". 

(8.)  Hence  in.  .  .       =  i//'  -f  y^-",    V,<p  -  ; 

IV. ../»'«  (1  +  y') +  y .//",    p"  -  y>'  +  ( 1  +  2y')  4^"  +  y j 
and  V.  .  .  V  =  V^'«A"  =  multiplied  by  any  scalar. 

(3.)  The  differential  eqoatioa  of  the  geodetic*  nmy  tberefure  be  thus  nnitten 
(oomp.  881,  XIII.), 

VL  . .  o  =  s(v^'^''.Vp>'';=Sfi'^'s<»v-Sj»'f  'S*»'f  i 

la  wbkb,  by  (1.)  and  (2.), 

VIL     /W  =  -y''.  Sp",^'  = -y"  +  yz«, 

•  •  XSp'^i^"^  -  (1  +  2y')z«  Sp'V^'—  (1  +/) ; 

the  eqoaliMi  beeones  thefefoN^  after  diviaioD  bj  -s^ 
sr  simiiijr, 

IX. . .  s-l-  v'a 0,  or  IX'. . .  Td^'+dvaO,  if  X. . .  tao  = 

I  +  jr     1  +y 

(4.)  To  ifi/ei7>rrf  now  tbb  very  simple  eqoation  IX.  or  IX'.,  we  maj  obterre 
that  ar,  or  T<//",  or  Td\|/':  dx,  expresses  the  timitinp  ratio,  whicli  tho  trn^/r  l»ot\vpi  n 
<wo  SCOT  tangsnU  ^  and  ^'  +       to  the  cuap-tdg*  (^1.),  bean  to  tbe  fmol/  arc  Jkx 

3  X 
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of thrtflorvtwWabtoiatanqptadbelivtnClMirpoiBtiofeoiitart  wiiIfe«i%bjIF^ 

that  other  anffle,  at  which  tuck  a  rariable  tangent,  or  ffeneraiimg  line  of  the  derVb. 
lofMble,  crasMet  tht  ptodttie  on  that  surface;  and  therefore  it«  derivativt^    or  dr :  da^ 

nprejM^nts  the  limitint;  rntio,  which  the  change  of  this  last  angle,  in  pa?3ing  from 
ooo  ^'pnrrating  line  to  another,  bean  to  the  tame  small  arc  ^  of  the  carve  wlaioh 

those  lines  touch. 

(6.)  Referring  then  to  Figure  79,  in  whidi,  instead  of  fro  continuoua  curves, 
there  were  two  gamehc  polygon* f  or  at  least  two  ayBUmu  of  mcceenae  right  2uMf ,  oon- 

IX.  or  IZ*.  ts  eqnivaleiii  to  llib  IMiiiy  «fMfiM, 

XI. . .  Um.  ■  —  1 J 

bat flwn thm wyfat remain iw/fernd;  In HhtdtothpmtiU of tht totftMo;  thoAnf 
l&M  bW  lor  boeomM  thanAm  nJMMla^r  a  alnif^  Uno  in  the  ji/aae^aad  rf- 
flrflarijlbr  cDo^Wportkot  of  t]Morigilldpl780l^  or  iviMitec^  a VoV.  of 
which  B  Vo'  was  a  jmtI; 

(6.)  Returning  then  to  atrt-^  an  I  turfacea  fnipMi^  the  quaternion  ana^yila  (B.) 

is  found,  by  this  simple  reasoning,*  to  conduct  to  an  nr[irCBiiiiiii  for  the  known  and 
eharaeterittie  property  of  ili^^  pr-odeties  on  a  developabh  :  namely  that  they  6eeo«^ 
right  line*,  as  those  on  cylinders  (380,  (4.)),  and  on  comet  (880,  (6.)  and  (10.),  or 
881,  (6.))i  >vore  lately  seen  to  do,  when  the  tmrfaee  on  which  the}'  are  thos  traced 
is  umfolded  into  a  plane. 

388.  This  known  result,  respecting  geodetics  on  deveiopnhles,  may 
be  very  simply  verified,  by  nieans  of  a  ut^w  deteriuiuatiou  of  the  ab- 
solute] normal  (379)  to  a  curve  iu  space,  as  follows. 

(I.)  The  arc  t  of  any  curve  being  taken  for  the  indt  pcndcnt  variable,  we  may 
wiite(comp.  376,  I.),  Liy  Taylor's  Serlea,  the  following  rigorous  exprenlona, 

\.  .  .  p  t  -  p  -  tp'  +  ^«-u-^",    po  ^  p,  p.  -  p  t  If}'  +  J«'«»«p",    with       =  1 , 
for  the  vectors  of  tijree  near  points^  f.„  I'o,  p„  on  the  curve,  whereof  the  second  6i- 
<ec/«  Me  arc,  2«,  intercepted  between  the  first  and  third. 

(2.)  If  then  we  conceiv  tho pamtMognm  p^pop«b«  to  bo  oompletad,  wt  Ml 
h«f«^  Ant  tiM  Cwo  dHoymoli  oftUo  bow  figure  fhoae  otiber  rigorous  exprawioMi 

II.  .  .  P-*r,--rp,-p.,  =  2*p'+if'(«,-u,,)p"; 
IIL  • .  PoR«  =    +     -  2po  =  i»\u,  +  «_,)p'' ; 


•  In  the  Lecturet  (page  681),  nearly  the  same  analytit  was  employed,  for  geo- 
detics on  a  developable ;  bat  tho  tUtrprttatiom  of  the  result  was  made  to  depend  on 
an  equaUoa  whioh,  with  tho  notat algnifioatioBiof  ^  and  o,  oiij  bothvt  wiltm,M 
tho  int^l  of  IX*.,  0  +;Tdf' «  oooit ;  whoro  /Td^'  lepreoeoto  tho^^bte  be- 
twou  tho  ortMt  iamgtmta  to  thojNjto  aro/Td^,  or  Ajr,  of  (ho  mp  tip*,  whsB 
that  ciirvo  ia  dnttoped  into  a  ploM  om 

t  Callod  alio^  and  pofhapo  more  oenally,  the  pHmtip^  normal. 
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wbida  give  Lhe  limiUog  equatious, 

lY. . .  Urn.  «~ip.irj »  Sp' s      Y. . .  Urn.  «-^Fou«  =  p". 

(3.)  But  Im^A  rl^«  of  whit  nMqr  be  «all«l  tbe  /on^  diajfonalt  or  tfM  eA4rrf 
«f  tiM  dbiiMff  oncv  is  ufUmaiefy  eqtui  to  Uiit  doabto  axes  m  lunre  thanlbre,  by 
IT.,  the  •qmHoa, 

yi...Tp'=l,  if  p'«D,p,  aiidlffdflBOtoChoarv^ 

eosridered  as  the  scalar  variable  on  \\hich  the  vector  p  depends:  a  mult  agreeing 
with  what  waa  otherwise  found  in  3b0,  (12.). 

(4.)  At  the  same  time,  ebioe  th*  mUimait  dirteiiom  of  tba  taine  long  diagonal  Is 
•vhhntly  that  of  tbe  teayMt  at     w«  tee  «mw  that  thaaaiM/rfl  dirMveetor  p 
TwprnBti  wbat  inaj  ba  eallad  tba  tmH-taiftiil*  to  tha  enrva  at  that  point. 

(A.)  A]idbaMiMtlialfii!pCft«orthaAM«trfwp^aiidp)Dp«,ooi^^ 
of  the  two  maxmArt  and  ogvol  era,  a  and  «,  are  Mltimately  tquat  to  tbem  and  to 
each  other,  it  follows  that  the  paralMoffram  (2.)  is  ultimately  equilateral,  and  there- 
fore that  its  diagonali  are  ultimately  rectangular ;  but  tliese  diaponnis,  by  IV.  and 
v.,  hare  oltimatdjr  the  diiectiooa  of  p'  and  p"  i  we  find  therefore  anew  the  equation, 

TIL  . .  8py«0,  if  tba  aitt  ba  tba  indapandant  vailahlai 

«bidi  had  bean  oCbarwiM  dadocad  bafon^  in  880,  (12.). 

(6.)  Bat  nndertba  aana  ooodlUon,  wa  aaw  (879,  (2.))  that  lha  moMf  ArfoMf 
nwlBr  p**  haa  tha  diiaetion  «f  tha  a&folnla  warmml  to  tha  cum ;  soeh  than  ia  by  V. 
tba  mbSmaim  dirtetum  of  what  we  may  call  the  tkort  diagonal  Pqr.,  oonatrneted  aa 
b  (S.);  or,  vltimaUfyf  tha  direction  of  the  bisector  of  the  (ohtnae)  angh  p^oPm  be- 
tween the  two  near  and  nearly  equal  chords  from  the  point  Po:  wiiilo  tbo  |)/aM  of 
the  parallelogram  becomes  ultimately  the  osculating  plane. 

(7.)  All  thia  is  quiie  independent  of  the  consideration  of  any  surface,  on  which 
the  curve  may  be  conceived  to  be  traced.  But  if  we  now  conceive  that  this  curve 
ia  formed  from  a  right  line  b'c'd'  . . .  (comp.  Fig.  7!J),  by  wrapping  round  a  develop* 
aUr  aorfaea  a  pUm*  on  which  the  line  had  been  drawn,  and  if  the  ancceiaiva  por- 
tionaBV,  €fD', ..  of  that  Una  ba  snppoiad  to  bava  baan  afmt,  than  bacanaa  tha  Am 
'^pAf  Iniei  ffB*  and  <fi>'  arffbutlfy  jnada  tmythm^arp  om^Im  with  any  alker  lino 
c'c  in  tha  pUm,  tha  Iwo  elanli  <fn'  and  cfD'  of  the  caroe  on  tba  davdopablatmrfto 
make  supplementaTy  angles  with  the  generatrix  c'c  of  that  aurCace ;  on  which  ac- 
count the  bUettor  (6.)  of  their  angle  bVd'  tends  to  be  perpendicular  to  that  ffrnttTttt- 
ing  line  c'c,  as  well  as  to  the  chord  is'lV,  or  ultimately  to  tlie  tangent  to  the  curve  at 
C,  when  chordit  and  arcs  diminish  tt)^i'thf'r.  The  absolute  normal  (G.)  to  the  curve 
thus  formed  is  therefore  perpendicular  to  two  distinct  tangents  to  tlie  surface  nt  c', 
Md  is  consequently  (cump.  372)  the  normal  to  that  surface  at  ttmt  point;  whence, 
by  the  definition  (380),  the  cmtm  is,  as  before,  a  geodeUeom  ik§  developable, 

(8.)  As  regarda  tha  aatertad  teHai^ubmty  (7.),  of  fha  bii§etor  of  tha  ai^ 
bVhT  to  tha  lino  ifo,  wlien  tha  anglea  ocf^  and  ctft/  are  mppoeed  to  ba  iin^plf* 
Meafar)^  but  no<  la  out  plana,  a  olnpla  pcaof  may  ba  givaa  by  conoaiTing  that  tlia 


*  Oompaic  tha  NoCa  to  page  162. 
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riu'ht  lino  b'c'  ia  prolonged  to  c",  in  each  a  manner  that  cfd'=cfi>' ;  forthtn  thVse 
two  equaUy  long  lines  from  c'  make  eqval anglrt  with  the  line  cV,  «m->  that  tlic  one  may 
be  fomie-l  from  the  otiier  l>y  a  rotation  round  that  line  as  an  axis;  whence  c"d\ 
which  is  eviilcully  parallel  to  the  bisector  of  i\'c'i>\  is  also  perpendicular  to  c'c. 

(9.)  In  qaatemiona,  if  a  and  p  be  any  two  vector*,  and  if  f  be  any  scalar,  wa 
liAVa  tb«  equation, 

VIIL  . .  8.  aifi*^-*  -  p)  «  0  i 
which  lip  fagr  908,  (8.),  an  axpnnloii  fbr  the  feometifeal  prinoipto  laat  lUted. 

384,  The  recent  enaljsie  (382)  enables  us  to  dedaoe  willi  etse, 
bj  quaternionsi  other  known  and  important  properties  of  develop- 
able surfaces:  for  instanoe^  the  property  that  each  such  surface  may 
be  oonsidered  as  the  mv€kp»  of  a  sertw  o/planUf  invdving  only  oms 
scalar  and  arMbnarjf  centkmt  (or  pammdtr)  in  their  common  equatiomf 
and  that  each  pkmo  of  this  series  osenktei  to  the  cusp-<  dge  of  the  do- 
vdopabU, 

(1.)  ThaeqaatiaBo(thtdavalopablafw;^b«iiiff  atUl, 

L..^»-#(»,jr)-^,+jrf'.-^+jr^,  »taS81,L, 

IttaonMf  yiaaMQylbaiidtohAfaaain883,T^  tha  dMfoi  cTT^'^',  nhalte 
the  icabr  Ttriablt «  ha^  or  ha  sat,  tha  ora  of  tha  awgi-ad^  of  wUdi  oanrt  tho 
aqqotioiii% 

IL  . .  p  =  t^x- 

(S.)  Hflooa,  fay  878»  VIL,  the  equation  of  the  tangent  ptom*  takat  tha  lonn, 

trom  which  tha  wttond  lealflr  variable  y  thus  ditappeart :  iHis  tommon  equatiim,  of 
all  tha  taugant  planes  to  the  developable,  involves  therefore,  as  above  stated,  only 
one  Taritible  and  scalar  parumeter,  uamely  x;  and  the  enctiope  of  all  thca»j>/aiiai  ia 
tlie  developable  surface  itself. 

(3.)  The  plane  ill.,  for  any  given  vnhir  of  thi-i  parameter  r,  that  is,  for  any  i^ireM 
point  uf  the  cusp«edge,  touche$  the  surface  along  the  whole  extent  of  the  genemiinff 
Km,  which  b  the  tangent  to  this  laat  cwm; 

(4.)  And  by  comparing  ita  equation  IIL  with  tha  Hgtmnla  87i»  wa  aeaat 
oooa  that  thia  plana  aacidatei  to  tha  mnia  eiup^ge^  at  tha  point  of  OMtoaf  of  that 
etmra  with  tha  aaina  generatrix  of  tha  deralopabla. 

385.  If  the  rcc^uroeaU  of  the  perpendiculars,  let  fall  from  a  given 
origin,  on  the  tan^Jif  pttmei  to  a  developable  surface,  be  oonsidered 
as  being  themselves  vectors  from  that  origin,  they  terminate  on  a 
curvCt  which  is  coimeoted  with  the  cusp-tdgc  of  the  developable  by 
some  interesting  relations  of  rodproeitif  (comp.  373,  (21.)):  in  such 
a  manner  that  if  this  utw  curve  be  made  the  cusp-edge  of  a  nets  dt- 
velopable,  we  can  refurn  from  it  to  theyormtr  surface,  and  to  Its  cu^ 
cd^e,  by  a  similar  process  of  construction. 
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(1.)  In  general,  if  ypr  and  Xry  or  briefly  i//  and  x>  be  two  vector  functioM  of  ft 
scalar  variable  x,  sucb  Uut  x  ^7  be  deduced  from  4^  by  the  three  ecalar  eqaa* 
tiona, 

in  wMeh  8^x  I*  ^mittiii  bflafly  for  S(^».x«X  <  1*  *i>7  Mtlar  OMHUiiti  iftlum 
thm  thi»  reiyw<iliyita»  of  thtu  wch  eqoationi, 

an  ftiteniMdIakfl  aCep  being  the  eqnattoDf 

lIL..8fx'  =  Sx'f  =«a. 
(S.)  Hfloea,  gtnnally^  ^  • 

IV.  ..ifx  =  ^S^«    ^  V...^=''^^^ 


(8.)  But  If  p  be  thft  Tukbte  vodor  of  a  enm  In  opMOy  and  ft%  p"  its  fiitt  ind 
■•eood  dsrivntHrw  with  t«q»eet  to  wnj  Milnr  TMlable,  then,  bj  the  oqnatloii  876,  T. 
«f  tlM  oioalating  plann  to  tlw  enrve^  wa  hate  tiM  gonoal  AXfinii^ 

«  Spp'p" 

YL . .     ■;  „  s ptrptndteular  from  origi*  ou  osculaiinff  planet 
\pp  • 

aothatlf^andxbaoQorfderMlaitlieTietoiioflieocMnMa,  aaeA  Toctor  la  e  x  tha 
reciprocal  iiMpciidSetilar,  Una  latftUftoia  aoonumMi  poink,oa  tha  aaenktlnff 
plane  to  the  other. 

(4.)  We  have  therefore  this  Theorem : — 

Jf,  from  any  atsumefl  point,  o,  there  be  drawn  lines  equal  to  the  reciprncuh  nj 
the  perpendicufaiB  f'om  that  point,  on  l/if  nsculatinfj  plants  tn  a  giien  curve  afdon- 
hle  curvature,  or  to  thute  perpendicular*  multiplied  by  any  given  and  constant  aca^ 
lar  ;  then  the  locus  of  the  extremities  of  the  lines  so  drawn  will  be  a  second*  curve, 
/roM  wMeA  vc  eon  nhm  lo  thejint  cmtm  by  a  precisely  dtiiUar proonB, 

886.  The  theory  of  developable  surfaces,  considered  as  envelopes 
ofjiLwMt  with  09M  scalar  and  tutnaNe parameter  (384),  may  be  addi- 
tionally illustrated      connecting  it  with  Taylor  a  Seriee,  as  follows. 

(1.)  Lot  Oi  doaota  any  0Mlcr>iinef ion  of  a  cmIbp  vailabla  f,  to  that 
I. . . arBflo-f  <»ia'oBaH'<«Mi',  with  ut^li 
or,  by  another  step  in  the  expansion, 

where  «  and  v  are  generaJly  ^atemiont,  bat  ua  and  oa"  are  vectors* 


*  Ilia  fwenrvet  may  IM  add  to  bo  jMlorrM^^'^Mali^  with  Mipcet  to  tha  (iwd  or 
imaginaiy)  npJbrt,  p*^  c;  and  an  aaalogont  rthtion  ofreeiprptHjfvxi^ta  yenmtm^ 
wboO  lha  JmAiM  of  one  curve  are  the  polet  of  tho  9»eulating  planes  of  the  other,  with 
iai|lOet  to  amy  eurface  of  the  second  order:  corresponding  tangents  being  then  reci- 
procal polars.  Compare  tlie  theory  of  developnbles  reciprocal  to  cun^fs,  given  in 
Salmon'!5  Analytical  Geometry  of  Three  Dimension*,  page  89;  see  also  Chapter  XL 
Q>age  224,  &c.),  of  the  aame  excellent  work. 


Digitized  by  Google 


526 


ILUIBNTS  or  QUATSRIII0H8.  [BOOK  III 


(2.)  'Thea^  M  tha  rifforoui  equation  of  th«  variable  plane^  the  isdpracal  of  Um 
(terpendicuUr  on  which  frum  tb«  origia  iA  -  at,  we  luire  eiiber, 

111. . .  - 1  *  So^  «  Sop -t- «9«a>y 

or 

IV.  .  .  - 1  =  Sap  4  tSa'p  +  il'Sro-p, 

aocording  as  we  adopt  the  expressioa  I.|  or  the  ^uoiiy  but  aot  more  rigoroua  ex- 
pfMdan  II.,  for  the  vnteUe  VMlor  ^ 

(8.)  Bmb  bgrtheftrallL,  the  Bm»  o/imimteUam  of  the  imoplam«9,  vhUh 
eimver  to  the  IM  mAm  0  and  t  of  the  iGehtf  vaiUhle»  er  ^mni^^ 
uprawntiil  ty  the  grtttin  of  the  tie  eeeler  eg— 

(4.)  AaA  the  IMiiyjMiMra  of  this  lb«  which  ensm  te  the  cod- 
erived  htdt^hdU  tq^proaek  of  the  naeeif  jthee  to  the/wl,  it  girea  with  f  r(ipeer 
hu  the  iiqnietlBBH| 

YI...Sap-f  1«0,  Sa'p^Oi 

wheiioritleieMithettbeeMo«tfn«jheilirnndftom  Ofjbtt,  hydbrM&^wiih 
iwpeet  to  and  treating  p  as  eoiutaaf ;  althoqgh  «•  tMA  mlv  ef  paleulation  bad 
been  prtnausfy  laid  cUmrn,  lor  the  eompefttiTi^  jpeneisliMiMl  preeaai  which  ie  faaie 

aupposed  to  be  adoptt^d. 

(5.)  Tilt"  locus  of  lUl  the  lines  VI.  is  evidently  some  ruled  surface;  todetermiue 
the  normal  v  to  which,  at  the  extn  iiiity  of  the  vector  p,  we  may  consder  that  vec- 
tor to  be  a  function  (372)  of  ticu  iudepuidcni  and  scalar  variables,  whereof  one  is  <, 
and  the  other  may  be  celled  for  the  moment  w  j  end  thtie  we  shall  have  the  two 
pmrHat  ittifWl&nB, 

VII.  . .  SaD^p  =  0,    SaD»p  =  0,    giving    v  ||  a. 

(6.)  Hence  the  line  a  h&»  the  direction  of  the  nquireU  normal  v;  the  plane 
Sap  +1=0  touck€»  the  surfae*  (comp.  384,  (3.))  along  the  whole  extent  of  the  H' 
mitim0  itet  VL ;  and  the  Imm  ef  ell  jwA  tmm  ie  the  meelBpe  of  aH  the  planes,  ef 
the  system  leowtlj  eoiuideved. 

(7.)  The  Ime  VL  cHfs  gmnlly  thepleaelV.,  in  a        which  ieifgofoodyde- 
termined  by  the  three  eqnationa, 

VUL  ..Sap4l«>0,  SaVaO,  8pa>»0t 
andthelMtHyiMsillMorthb  uUentaHom  ia^  with  equal  rtgoor,  the  pofait  deler> 
miDed  bj  tfdt  otlMr  igratem  ef  eqaattoni^ 

IX. . .  Sap  +  1  =  0,    So'p  =  0,    Sa"p  =  0 ; 

in  w  liich  it  may  bo  remarked  (comp.  (4.)),  tliat  the  third  is  the  daivativ*  of  the 
second,  if  p  be  treated  as  constant. 

(8  )  Tiie  locus  of  all  these  points  IX.  is  generally  some  curve  upon  the  surfaet 
(5.)i  which  U  the  hemt  of  the  IfiMe  VL,  and  has  been  seen  to  be  the  enesi^  (6.)  of 
thepfaaee  III.  oc  IV.;  and  to  find  tiie  tmgnt  to  tliie  amnt,  at  tlie|wint  aneweriag 
to  a  p'em  eofat  of  or  to  upi^m  ttst  VI.,  we  have  by  IX.  tiie  derived  eqinalioni^ 

X.  ..Sap'=0,    Sti'p'  =  0,    whence    ()' II  Vna'; 

comparing  which  with  the  equations  VI.  we  see  that  th«  luu$  VI.  touck  tkt  cktvc, 
which  is  thus  their  common  envelope. 
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(9  ^  We  sp^  thfn,  in  a  new  way,  that  the  envelope  of  the  planes  III,,  which  have 
one  scalar  parameter  (/)  in  their  common  equation,  and  may  rcprc«€nt  any  system  of 
planes  subject  to  this  condition,  is  a  devfJnpahle  surface  :  because  it  is  in  general 
(oomp.  3b2)  the  locus  of  the  tangents  to  a  curve  in  space,  altboagh  thia  conre  may 
ndaee  hadf  to  •  pointy  aa  we  aball  shortly  we. 

(10.)  W0iMjaddtbftttfa«iBULbteoarid««dMtlMTMtoror«fta<MrM; 
ti^  earn  Uthi  halt  the  poU»*«t^tm»gmiplmm  to  the  dtwdt^t,  Ukm 
villi  iwpMt  to  Oe  wttitipktni  and  cgnvmijr,  that  the  denlopthl*  mite  ia  thd 
<MdSqM«rtha|Mlv^faMorthepoMleof  the  mbm  gfm  ewek  with  leipeetto 
the  same  sphere. 

(1 1.)  If  then  it  happen  that  this^iecii  eam^  with  «|  ht  Ttetor,  ie  A pimu  OM^ 
eo  that  we  have  this  new  condition, 

XI. . .  S/3a(+ 1  =s  0,  ^  being  taj  eooBtent  Teetor, 

namely  the  vector  of  the  pole  of  the  supposed  plane  of  the  given  curve,  the  — riaMr 
plane  TIL,  or  Spfit  +  1  =  0,  of  which  the  surface  (6.)  is  the  envelope,  passes  con> 
stantly  through  this  Jixed  poh;  so  that  the  developable  becomes  in  this  case  a  mm, 
with  ^  for  the  vector  of  it.s  vertex  :  the  equations  IX.  giving  now  p  =  j3. 

(12.)  The  same  degeneration,  of  a  developable  into  a  conical  surface,  may  also 
be  eoneeived  to  take  place  iu  another  way,  by  the  cusp-edge  (or  at  least  some  finite 
portioii  Ihenof)  Utadiag  to  beeono  htdefinUdy  mall,  while  yet  the  dineihm  oTiti 
*eiyto  doee  net  teod  to  beeoiae  eeeiTeof.  Per  <»«iBpliv  with  wcent  Dotetlona,  the 
AwrfapaWa  which  ie  the  leeoe  of  the  tangaiiftt  to  the  AeKo  nay  hoTe  Its  eqnaCleii 
written  thwt 

2 

XII.  .  .  p  =  f  (ar,y)  =  c(xa+  — tana. o*U/3)+ya(l  + Una. a*U/3); 

which  when  the  qmrUr-iaUnt^  e,  between  the  ipvu,  tends  to  nro^  without  thdr 
inclination  a  to  the  axis  a  being  chaBfsdf  Umdb  to  beeone  a  cene  ^  raoejeliM 
looad  that  0x1%  with  its «Misaayl« bo. 

387.  So  far,  tbeoi  we  may  be  said  to  have  considered,  in  the  pre- 
sent Section,  and  in  connexion  with  geodetic  lines,  the  four  following 
families  of  eurfneet  (if  the  first  of  them  may  be  eo  called),  Firsty 
spherical  turfam^  of  whieb  the  chartetemtic ^m^iarty  is  ezpresaed 
by  the  equation, 

L  . .  yi'(/»-o)->0,  if  o  be  iwefor  0/^c«tl»v; 

second,  cylindrical  surfaces,  with  the  j)roperty, 

IT.  .  .  Sva  =  0,  if  a  be  paraUd  to  the  generating  Unes; 
third,  eoniad  murfsoes,  with  the  property, 

III. . .  8y  (/» -  a)  sO,  if  a  be  vector  ofvmies  ; 

and  fourth,  developable  surfaces,  with  the  distinguishing  property 
expressed  by  the  more  general  equation, 

*  Compare  the  Note  to  page  626. 
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lY. .  .  Vvdr  sO,  if  d/>  lit^e  lira  dtrtcHan  of  a  geuminx; 

V  beiog  in  each  tlic  normal  vector  to  the  surface,  so  that 

V. . .  Svdfi  =  0,  for  all  tangential  dtrecUotis  of  d^; 

•ndthB  fourth  fmilj  mdudimg  the  Aird,  which  in  its  tarn  ineladet 
the  JMond  A  few  tdditbnel  lenuurkt  on  these  equations  msj  be 
here  msde. 

(1.)  Tho  geometrical  ritjnifieation  of  ih*^  rquation  I.  (a%  regards  the  radii)  n  oh- 
vioas ;  but  on  the  of  calculation  it  may  b«  oadul  to  remark,  that  eUmutOtum  U 
»  between  I.  aud  V.  give?!,  for  sphtrts, 

VI.  .  .  S(r,    rt)<lp  =  0,    or    Vn. .  .  T(p-a)  =  con5t, 
(2.)  The  equations  11.  and  V.  show  thnt  <]p,  and  therefore  Sn.  mnv  hjive  the 
given  direction  of  a  i  for  an  arbitrary  cylinder ^  then,  we  have  the  vector  efuatitm 
(872), 

Vni...p»f(«,f)«^.+jw, 
(8.)  Vnm  TIIL  we  can  at  odm  iofer,  that 

IX... S/?p  =  s^^„  Syp^sy^/^  If  a^VjSr: 

the  scalar  equaiiom  (373)  of  a  cffUndrical  turfaee  is  therefore  generally  of  the  fwm 
(mp.  371,  (C),  (7.)), 

/3  and  7  bdsg  two  oonitaat  vectoiii  and  the  fanerating  Knee  being  peqwmdicolar  to 

both. 

(i.)  Tbe  eqoaticii  III.  may  be  thoa  written, 
XL . .  SyUaBTor^St^p;  whanoe  XII. . .  SrUasO,  If  Tobob ; 
the  equation  Ibr  tmm  Indvdee  tbcfefion  that  fbr  tgUmitn^  ae  waa  to  be  enpectad, 
and  rcdneei  Itielf  tberetoi  when  tbe  vertex  beoomee  infinitely  distant 

(5  )  The  same  eqnation  TIL,  when  compared  with  V.,  shows  that  df»  may  have 
the  direction  of  p  -  a,  and  therefore  that  p  -  a  may  be  multiplied  bjanyacalar;  the 
Meier  equation  of  a  oomwal  surface  is  therefore  of  the  form,  * 

XIIL  . .  p  -B  a + f^9,      being  an  aibltrary  vector  fonctiMi. 
(6.)  The  scalar  eqvaiiom  of  a  cone  may  be  said  to  be  the  remit  of  tbe  ftSmhaikim 
of  a  ecalar  Tariable  I,  between  two  eqoationa  of  the  forms, 

XIV. ..  B(p-a)XfeO,  S(p-o)x«-0, 

which  ezpreee  that  lha  eent  to  tho  trnwlope  (oomp.  SM,  (11.))  ef  a  wtrUbk  plane, 
which  paieea  throogh  a  fixed  pointy  and  involves  only  me  scalar  parmmeter  in  ita 
equation :  with  a  new  ledaction  to  a  epHnder,  in  a  caaoon  which  we  need  not  liera 

delay. 

(7.)  Tlic  equation  IV'.  inii>lie.<,  that  for  paeh  point  of  tbe  surface  there  is  a  direc- 
tion aloiif^  which  we  may  move,  without  changing  the  tangent  plane ;  and  therefore 
that  ttie  surface  is  an  envelope  of  planeSf  &c.,  as  in  386,  and  consequently  that  it  to 
d»9dopablef  in  tho  aeme  of  Art.  88f. 

(8.)  The  eoeCer  ttpuOim  of  a  pmcrof  divoel^Mf  «wr^et  may  bo  written  nnder 
the  Am, 
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XV.  .p  =  0Ca?,y)  =  ^.+|fU^',i 

llh»i%a  of «  wermr  being  here  introduced,  for  Um  Mkt  vtfMSIMtatg  tiM  pUMfiv 

at  a  certain  limits  to  a  cone  (cotnp.  38f),  (12  )). 

(9.)  And  the  scalar  equation  of  tlie  Kiiine  arbitrary  derelopable  may  b6  t^HPft" 
seated  as  the  result  of  the  elimination  of  t,  between  the  two  equationSi 

XVI.  . .  Spxn  1  =  0,    Spx'< » 0  i 
ia  whkh  x<  is  m  arfaitrmrf  yMt<»'  function  of  t. 

(10.)  The  envelope  of  a  plane  with  two  arbitrary  and  ocalar  paratnctcrs,  f  and 
«,  ii  generally  a  curved  but  undei  eJopabU  mrjate^  which  nuj  be  repmented  by  the 

tJTStem  of  the  three  tcalar  equations^ 

XVII.  .  .  Spx<t  u  +  1  =  0,       SpDix  =  0,       SpD^x  =  0 » 
where  —  x  denotes  the  reciprocal  of  the  perpendicular  from  the  oifgin  oa  tha  IM^ 
gent  pkne  to  the  auziaci^  at  what  may  be  called  <A«  pmmt  (t,  u). 

388.  It  remains,  on  the  plan  lately  stated  (380),  to  consider 
briefly  surfaces  of  revolution^  and  to  investigate  the  geodetic  lines,  on 
this  additional  family  of  surfaces ;  of  which  the  ^uation^  analogous 
to  those  marked  I.  II.  III.  IV.  in  387f  for  spheres,  ojlinders,  cones, 
and  devdopeUes,  is  of  the  form, 

I»  • .  8a/»y«0» 

if  a  be  a  given  line  in  the  direction  of  the  axis  of  revolution,  sup- 
posed for  simplicity  to  pads  through  the  origin  ;  but  which  may  also 
be  represented  by  either  of  these  two  other  equations,  not  involving 
the  normal  i^, 

where  /  and  F  are  used  as  characteristics  of  two  arbitrary  but  sea* 

lar  functions :  betwecQ  which  S"/3  may  be  couceived  to  be  eliminated, 
and  so  a  third  form  of  the  same  sort  obtained. 

(1.)  In  fact,  the  equation  I.  expresses  that  v  |]|  a,  or  that  the  normal  to  th« 
■vftce  intergects  the  axis  ;  while  II.  expresses  that  the  di$Umce  from  ti  fixed  point 
opn  that  aadi  ia  tLjktutitm  of  its  own  projection  on  tbo  same  jloMf  or  that  the 
acdiDiw  made  by  plmtt  ptsrpmiiatlwr  to  the  axio  are  dniwtf  and  the  same  cirww- 
of  tbeee  MCliona  ia  otberwiaa  axpiened  by  IIL,  siaco  that  eqaatlon  oigiiiflca 
tbat  the  dSatenee  fi'mm  lA*  depends  on  the  po§Uiom  of  the  outing  plane,  and  is 
twutant  or  variable  irith  it :  while  the  two  last  forms  are  connected  with  each  Other 
ia  tnlculaftom,  by  flMnna  of  the  general  relation  (comp.  204,  XXl.)^ 

IV. . .  (Tap>»  =  (Sapy  +  (T Vop)«. 

(S.)  The'eqnation  L  is  amalogemy  in  ^atemione,  to  a  partial  differential  cjna- 
(ion  of  the  firtt  order,  and  either  of  the  two  other  equation.%  II.  aii*l  HI,  iamclcyoat 
to  the  imUgnU  d  that  equation,  in  the  vsual  differential  calculua  of  eeaiart, 

3  Y 
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(3.)  To  accomplish  the  coTrmpondxng  inteffration  in  quatemioiu^  or  to  puM  from 
the  fonn  1.  to  II.,  whence  III.  can  be  deduced  by  IV.,  we  may  obsenre  that  tbe 
equation  T.  tlloirs  qs  to  write  ( because  Bvdp  =  0), 

V.  .  .  !■  =  X(T  +  y/>,        VI.  .  .  jSndp  -f  ySpdp  —  0, 

so  that  the  two  scalara  Sap  and  Tp  arc  together  coiutaiU^  or  togtltuT  variable^  and 
iDQSt  therefore  be  function*  of  taeh  othtr. 

(4.)  CoDTBTKly,  to  dlwrfmiftt  the  arhitwif  fimtiSom  from  ths  Ibm  II.,  qpatar- 

VU.  .  .  0  =  S  (Up .  dp)  +/'  (Sap) .  Sodp  =  S .  (Up  +  a/'Sap)dp ; 
benee      TUT. .  .  v  |  Up -f  of  Sap,   end   IX. . .  v  |]1  a,  p,  as  befbre; 

so  that  we  can  return  in  thia  way  to  tbe  equation  I.,  tbe/kiiclioiuii  tign  / dUappuT' 
ing. 

(ft.)  We  have  thus  the  germs  of  a  Calculut  of  Partiai  DijffirmtuJt  t»  QmaieT' 
■iMw,*  oMliiyoiit  to  that  em  ployed  by  Monge,  ia  Ui  Teeetrehoe  rmptetiagJiamUk* 
iftmfatm:  bat  wo  eiiuioft  attonpt  to  pnrtiie  tfao  nilileet  farther  hci«. 

(8.)  Bntaengftidstho^eoMeltiMt  ii|Mii  aiorfMeof 
to  mbetltnte  for     in  the  recent  formula  I.,  bj  880,  IT.,  tho  tajnmha  dVUfi, 
whieb  f^ym  at  onee  tho  d^knmtk^  ognafioiH 

Z. . .  OsSa^dUdpsd.SapUdp  (bocanae  S(«dp.ndp)«-SaTdfiBO); 

whence,  by  a  first  integration,  c  being  a  scalar  constant, 

XI. . .  esSapUd|)sTVa/>.SD(Vap.d/>). 
(7.)  Thoeb««eterlitie|nropertyorthaMiigfatairv«ti%  tiMnCn^  thai  fbr  oodi 

of  them  the  perpendicular  distance  from  tk*  4UtU  o/repolution  variet  invergelg  a§  the 
eoeinef  of  the  angU^  at  which  the  geodetic  eroues  a  paralJel,  or  drcmittr  $ection  of 

the  surface  :  because,  if  Ta  =  1,  the  line  Yap  has  the  length  of  thp  perpendicular  let 
fall  from  a  (Mint  of  tbe  curre  on  the  azia,  and  baa  the  directum  of  a  tangent  to  the 
parallel. 


•  The  same  remark  was  made  in  page  574  of  the  Lecturet,  in  which  also  was 
given  tho  elimination  of  the  arhitrary  function  from  an  equation  of  the  recent  form 
III.  It  was  also  observed,  in  page  67b,  that  geodelice  furni&h  a  very  simple  example 
of  what  may  be  called  the  Cb/ra/tu  of  Variationt  in  Quatermians;  since  we  may 
write, 

^  /  d*  =  ^  J  Tdp  =  J  ^Tdp  =  -  J  S  (Udp .  adp) 
a  -  JS(Udp.dap)      AS(Udp.  dp)  ^/  B(dVdp.dfi), 

and  therelbve  dUdpl  v,  or  YydUdp  as  in  880,  IT.,  in  order  that  tho  oxpnerfoi 
mder  the  last  integral  sign  may  vaniah  for  all  variationa  ip  ooorirtent  with  the 
tqtuUhmcftkfmirftefS  wUkthooraoeioenoeof  the  part  which  is  oartticb  that  dgn 
/  snppUeo  the  eqwatkm  ttf  limits,  or  shows  that  tho  aftorlesi  /car  telnin  lino  aows 

on  a  given  surface  is  perpendicular  to  6ofA,  as  usuaL 

t  Unless  it  happen  that  this  cosine  is  anutantlif  ttro,  in  which  case  os  0,  sad 
the  geodetic  is  a  meridian  of  tbe  snrfaoe. 
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(fi.)  The  equatfoii  XI.  nuiy  §Uo  be  thus  written, 

XII. .  .cTp'sSopp',  wbm  p'^Bip; 

and  if  tibd  indipciidiiit  vuUlito  t  Iw  mppotid  to  dettoto  tba  Imm,  while  tlMfsoMe 
b  oooedvad  to  be  «  oonr*  deiBribed  bf  «  MfwAiiy  Jm^i  thM  whib  Tp^  evUflntltjr  fa- 

presenta  the  linear  relocity  of  that  point,  as  bdllg  «  d« :  df,  if  «  denote  the  are  (comp. 
100,  (5.)«  And  380,  (7.),  (H  ))*  it  is  easjr  to  prove  that  Sapp '  represents  the  dotihU 
OTtal  velocity  J  projected  on  a  plane  perpendicular  to  the  axit;  the  one  of  these  two 
velocitiet  varit-a  therefore  directly  as  the  other:  and  in  fact,  it  is  known  from  mecha* 
nic3,  that  each  vt  lnity  would  be  constant,*  if  the  point  were  to  describe  the  curve^ 
subject  uuiy  to  the  normal  reaction  of  the  surfacef  and  uudLiturbed  by  any  other 

(9.)  As  regards  the  «M^sl9,  it  b  to  be  obeamd  thtt  the  dtJUrmUUil  tptaHam 
X  b  letiefied,  Mf  omfy  hf  iha  peodtHet  ou  the  eofflMe  ofnTolatioii,  but  aXiobgrtiM 
pmrMtt  OB  that  emflwe :  whieh  Ihet  of  oalenbtion  b  eonnacted  with  the  obfioni 
geometrical  properlj,  that  every  iioraM/ jtee  to  ioch  a  parBllal  oomIoIm  tkt  axk  of 

lerolution. 

(10.)  In  fact  if  we  draw  the  normal  plane  to  any  curve  on  the  surface,  at  a  point 
where  it  crosses  a  parallel,  thi«  pJnnts  will  intersect  the  axu,  in  the  point  wbere  that 
axis  is  met  by  the  normal  to  the  .surface^  drawn  at  the  same  point  of  crossing;  but 
thi»  con&tructiuii  Juiis  to  determine  that  normal,  if  the  curve  coincide  with,  or  even 
touch  a  parallel,  at  the  point  wbere  its  normal  plane  is  drawn. 


SscTiON  6. —  On  OMdaHng  Cirdet  and  Spheres^  ia  Curves 
m  Space;  wUk  tame  conneeted  CanetrucHinu. 

389.  BesiuniDg  tlie  expression  376,  L  for  /»«,  and  referring  again 
to  Fig.  77>  we  see  that  if  a  eMe  pod  be  described,  so  as  to  touch  a 
given  enrre  P(|B»  or  its  tangent  vt,  at  a  given  point  f,  and  to  evt  the 
curve  at  a  near  point  Q»  and  if  pn  be  the  projedian  of  the  chord  pq 
on  thediameUr  pd,  or  on  the  radius  cp,  then  because  we  have,  rigo- 
xousl/, 

I.  ..pa»f/tllHl/>^^   with  t«si   for  <»0, 

we  have  also 

and 

*  *  *  PC  "  PD    pft»  *  (f^-i-^tuf/yp^ 

Conceiving  then  that  the  near  point  q  approaches  indejinitely  to  tlie 
given  point    in  which  case  the  uUiinate  state  or  limiting  position  of 

•  This  remark  is  virtually  made  in  page  443  of  Professor  De  ^forgan's 
rential  and  Integral  Calculus  (Londoo,  lt(i2},  wMch  was  alluded  to  io  pa|;e  678 
of  the  Lectures  oh  Quaterniont. 
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the  circle  rao  is  said  to  be  that  of  the  osculaiuig  cireU  to  the  curve  m,t 
that  point  p,  we  see  that  while  the  plane  of  this  last  circle  is  theM^ 
cukUmg  piam  (376),  the  vector  k  of  its  onUre  k,  or  of  the  limitrngpo^ 
mHm  of  th«  pdnt  q»  U  rigoroasl/  tzpraiMd  by  Um  forauUt 

which  may  however  be  in  maoy  ways  tranf/ormed,  by  the  rules  of 
the  present  Calculus 

(1.)  Thm^  wt  mtj  wittiv  as  inn»J^mutim»  cC  tbs  txprarioo  IT.,  tbt  Mtov> 
lags 

▼  P'  Tp'  __V_ 

or  tatrodadng  dijUkrmtiala  instead  of  ifcfiaiillsat,  but  leaviiig  ttiU  ths  bdepsadMSt 
rariaUe  orMrwy, 

If  «  be  the  arc  of  the  curve  ;  so  that  the  last  expression  gives  th!3  very  simple  for- 
mula, for  tho  r«eiproc€U  of  the  radiu$  of  curvaturtf  or  for  the  uUimaU  votmt  of 
1 :  cr, 

YIL..(p-«y'-I><Up',  U^aUd^asbcfovs. 

(2.)  To  interpret  this  result,  we  may  employ  again  that  auxiliary  and  tpherical 
cttroe,  upon  the  eone  of  parallels  to  tanffente,  which  has  already  served  us  to  co»- 
ttrmett  in  879,  (6.)  and  (7.)>  the  afedbft'iviilaM,  tbt  etkeokOe  mmmat,  and  the  W- 
aemol,  to  the  ^e«a  canw  in  epaoa.  And  thus  we  ie«^  tfiat  while  tbe , 
fo  has  nttimstclj  the  dtrnHom  of  dUp*,  and  therefore  that  of  tbe  aMbte 
(879,  II.)  at  p,  the  temftk  of  the  sanM  ladlos  is  ollimately  eqial  to  the  ar«  vq  (er 
At)  tfthe  given  enntt  tUlridtd^lf  tk§  evrmpontUng  are  of  the  auxiliary  tmrm;  or 
that  the  radius  of  curvatmr*t  or  radius  of  the  osculating  circ'e  nt  v,  is  equal  U>tha 
ultimate  quotient  of  the  arc  r<>.  divided  by  the  angle  between  the  tanyentn.,  rr  aaj 
(say)  QU,  to  timt  arc  pg  itself  at  l',  and  to  its  prolongation  QR  at  Q,  although  these 
two  tangents  are  generally  in  different  planes,  and  have  no  common  point,  so  long^ 
as  i*q  remains  Jinite:  because  we  suppose  that  the  given  curve  is  in  general  one  of 
4aiM»  tunmkirtt  althongh  tlie>hrm«&^  and  tlie  ooMlrMefieii,  above  given,  are  ap- 
plicahle  to  pttm»  eanwe  ml$o, 

(8.)  For  the  Aeffx,  tbe  fonnnla  IT.  gives,  hjTalnssalNadjrasrigaedlior  p,  p\  p", 
and  a,  Uia  esprMsion, 

YIII. . .  c«e<n-«</9eol*ch  whenoe  IX « .  p-c«o^ooeBe^a, 

a  being  tbe  faidination  of  the  given  helix  to  the  axis;  the  iMw^cfteemiiwertba 
mOTlBftiig  ciide  Is  therefore  in  this  caee  a  mooimI  ktHm,  on  tbe  «ane  lylBMlir,  if 


«ss^,  but  otherwiae  od  a  co-axal  cylinder,  of  which  U>e  reuUu*  =  the  given  radios 


T^,  nnlUplied  by  the  square  of  the  cotiingent  of  a;  and  the  radius  of  cur 
=  T(p  —  k)  =  T/3  X  cosee'  a,  so  that  this  radius  always  exceeds  the  radius  of  tbs  CJ- 
Under,  and  is  ent  perpendicularly  (without  beiug  proUmgtd)  by  tbe  osit. 
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(i.)  Id  g«oend,  if  Tp'»c<tti«t.,  and  tbcnto  Sp'p"*  0  (oomp.  87d,  (2.))i  tba 
ttpttMMNi  lY.  becomaa,* 

p 

that  fa,  if  the  arc  be  taken  as  the  independent  variable  (aHO,  ("1-2.)).  Under  Uue 
List  coDdition,  then,  the  formula  VII.  reduces  itntlf  to  the  fuUuwiiig, 

XU.  • .  (p  -  s)-^    p"s  i>,*p=^iiUiii»at*  rteiproeal  o/rmdhu  of; 

9othatp''(ferTprei)ma]rbecdkdtlie  Feefor  ^Clraterw,  becnit  III  fMier 

Tp"  *  Mnmieal  mtatmn  for  what  b  utually  called  currafuref  at  the  point  F, 
aod  its  ter$or  Uo"  repnrsenta  the  mUmaiM  dir^ttiam  of  tbe  MmidmrnHtr  ro,  of  the 

ore^  constructed  as  above. 

(5.)  As  an  example  of  the  application  (2.)  of  the  formula  lY.  lor  a,  to  a pUmi 
let  U8  t4ike  the  eliipte, 

XIII... paYo^  Tflsl,  Bafi^9,  9$7,CL\ 

COnadered  as  an  oblique  section  (314,  (4.))  of  a  right  cyUnder.  The  expressions 
t76»  (5.)  for  the  derivatives  of  p,  combined  with  the  expression  XUX.  for  that  vec- 
tor indf,  gtve  hen  the  idatkiMi 

XIY...Ypp''-0,  Vpp-«0; 
•■d  therefore  comp.  (338,  (6.)), 

XY..,Ypp^„eoort.t-|/9y,  Yp'p'-coMt-^^y/Jyt  If  r*Wj 

henoe  fur  the  present  curve  we  have  by  IV., 

X VL . .  a  -  p  -        -  Va«/8  -  (Va^ W  C/5y)-». 
vpp 

(6.)  To  taliiiyrel  thiaweult,  we  nay  wriUUaa  foUow% 

XVlL..a«p-^^!^,  whew  XYIM. . . pi«-p'«Va'^»/3; 
V  pp  *  p  w 

■0  that  pi  ia  the  cei|pyafe  trnX/iUmtttr  of  the  elHpee  (compi  869,  (4.)),  and  Ypp'jp' 
>9  the  pfrpemtSoAmrfrmm  lAe  emlrt  ef that  eunre  ea  liU ta^peal;  We  raooverthen, 
V  this  idniple  analyns,  the  known  result,  that  the  radius  of  curvatura  efan  elUpee 
!■  equal  to  tbe  square  of  the  conjugate  scmidiameter,  divided  by  the  ptrpmUdUar* 
(7.)  Wa  may  also  write  the  equation  XVL  under  the  form, 

XlX..,K  =  p-  wheia  XX, Vppi=^y ^ooMt j 

vppi 


*  The  eatpiwleni  X.  XI.  nfty  aba  baeeaify  dedneed  by  Hmile,  ftem  fha  eoo- 
ttnKtSoiiin888,(S.> 

t  It  oMj  be  MOMikad  that  the  qontlty  «,  w  T^T,  fm  the  lBfeiC%alieB  (889) 
~MHiilbnj|iiiif  f  I  o»  a  rfrsslyaWr,  represents  theertie  wi aafcae  ^tte  wjp  tdifiv 
'breny  proposed  value  of  the  arc.  r.  of  that  curve. 

t  These  values  XV  n  ight  have  been  obiainud  wUkout  imtegrutimSf  bat  this 
"wwMid  to  be  the  leedisst  way. 
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and  may  intarpivt  it  as  expressing,  that  the  radlu  orcarrature  U  cqial  to  tlM  aalr 
of  Um  0Otym^t€  Mmidiameter,  divided  by  the  eoiuta»t  paralleloj^ram  uaHmmm/fim 
snrh  conjugates ;  or  by  the  rectangle  under  the  mq;«r  and  amor  atmUoottf 

are  here  the  vectors  /i  and  y  (comp.  314,  (2.)). 

(8.)  The  expression  XVI.  or  XIX.  for  c  ia  easily  seen  to  vanish,  as  it  oupht  to 
do,  at  the  limU  where  the  eliipse  becomes  a  eireUf  by  the  cjfliuder  being  cut  perpcib- 
dkMlarty^  or  bjr  tbo  eondltioo  6a =  0  being  satined ;  and  accordingly  if  we  write, 

XXI.  .  .  «  =  SUa  ?  —  ereentrieitjf  of  eiiipte,    or    XXII.  .  .  y«  =  ^1  —  e')^, 

we  easily  find  the  expre».sion.<i, 

XXIU.  .  .  ps/3S.aHrS.a<'i,    pi  =  -/3S.a»  i  +  yS.a'; 

so  that  the  formula  XIX.  becomes, 


thus  c<mtauiing  e>  at »  flwtor. 

(9.)  And  It  nay  to  nmailnd  in  paiilag^  tlial  tlia  txpnmkn  XyL,or  itamcMt 
ifWHiDfiMitloo  ZXY.,  ibrcaa«ftni€lk«  cTl^m^to  conaiderad  as  bdnginqM' 
tamiona  dM  Mcfor  tqwihm  (conip.  99,  L,  or  369,  L)  o/tkt  mialr*  of  Um  allipai^ 
or  tho  aqiution  of  the  heut  of  centre$  afemrvaimrt  of  that  plane  cnrro;  and  tbaitto 
last  form  givoii  alimination  of  /  (comp.t  816,  (l.^  md  S71,  thafbUowing 
ijitan  of  Iwo  aoalor  afwltoas  for  the  aamo  ordiala^ 

or  XXVr. . .  (flyfc)^  +  (Sya)*-(s^^*  Acs 

whieii  win  to  taid  to  agroa  with  known  rHoHa. 

(10.)  Aanootlioroznmiiioofappllcitioii  toajilBnacnmb  wo  may  couidirtto 
i^jpartolo^ 

XXYIL . .  f  Bfa + ^l/3,  eonp.  871,  II., 

with  a  and  Am  n^ptolei^  and  with  lis  omtN  at  tto  origin.  In  thia  etaa  ttodo- 
lirod  TootoKt  art^ 

XXVIII.  .  .  p'  =  a  -  <  2/3,    p"  -  2r»A 
whence  XXIX. .  .  Vp"p  =  2/  'V/ia  =^  <  ^Vpp', 

and  tto  ibiinvia  lY,  tooomet, 

XXX...  a- 

wtore  or  it  tto  ptrptndicnitr  from  tto  otntro  o  on  tto  ttngant  to  tto  onnrt  ti  p, 
and  IT  iatto  portion  of  that  tang«nt|  inttroepltd  bttwatn  tto  ttmo  point  f  and  an 
aqmptoto  (oomp.  (6.)  and  871,  (8.)). 


*  Ttot  It  to  say,  of  the  ptamt  aoolalv;  Ibr  wo  tlndl  aooa  hnvt  occasion  to  oonsto 
dtrhriailythotaaoolMlai^MlsMrafMrih  whlehtovthaai  ahown  bjMoogtto 
asitt,  t9m  whtn  tto^orn  enm  li^plaaa. 

t  In  lately  referring  (373,  (I.))  to  the  formak  816,  Y.,  that  formula  waa  inad> 
▼ortMitty  piinttd  at  (aO>  4- 1,  tto  tign  8.  btlim  ttdi  powar  toing  ondttod^ 
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(11.)  We  may  also  interpret  the  denominator  in  XXX.  aa  denoting  the  projee- 
Hon  of  the  temidiameter  or  on  the  normal,  or  as  the  line  np  where  w  is  the  foot  of 
the  perpflOiKentar  frDm  thecniT*  on  that  normal  line ;  if  then  k  be  the  sought  centra 
of  fha  flUMilitlBg  drde^  ira  hvn  the  geomttHeal  eqnfttknu, 

XXXI. . .  ap.rK=:rr>,      XXXIL  . .  iLnsss^; . 

vlMiMf  tlMlutflinilihwevldtnayaii  cdraiielj  sitnpU  tomlruHkm  tat  emin 
^avMfMTe  ofaa  Xfspcrtolo,  wUdi  ji%  ahtU  toon  And  to  adaiit  «r  btiiig  — tfwiMi 
wtth litU«  nodGUiettioD,  to  «q»M<al Mme*  and ilo ^pMife orof. 
(IS.)  Tbo  loyoHUbile  qi&al  with  itijMl^  at  the  or^ 

XXXHI. . .  p  =  a'/3,   Sa/3«0,   Ta^l,       comp.  814,  (6.) 

my  be  takflii  M  s  Iftirtf  MMaqife  «f  A  ^Ibm  am,  IbrthaippBeilioB  of  ^ 
temiila.   A  flnt  deiivetioo  glvM,  by  888,  TII^ 

XXXIV.  ../>'  =  (c+y>  =  p(c -y),  pV»  =  c  +  y,  if  tf  =  lTa,  and  y«^Ua; 

the  0WM<i—l  fHotm^  fwoftarf,  p' :  p,  here  ihowing  that  the  prolonged  vectw  op 
nakee  tritb  the  ttmgtui  Tt  a  eoMfmf  oN^/e,  n,  whidi  ie  given  by  the  fonwda, 

XXXT. .  .tanfiB(T7:8)  0»':^)»e*iTy,  or  eotma^lTajf 

and  a  aeoond  derivation  gives  next, 

XXXVI.  . .  p  • «  (c  +  y)ap,    Vp'p  »  («»  -  y«)  p^y  «  ply. 

The  Ibninda  IV.  bceonMa  thersfiiM^  hi  fhie  eaea^ 

21Ta 

XXXVII.  .  .  K-p  +  py«  =  pcy-J=-cy-ip=  -— .a«*»/S; 

IT  la 

the  eeollKft  Ie  therefore  a  second  spiral,  of  the  same  kind  as  the  first,  and  the  radbu 

of  atrtfature  kp  subtends  a  right  angle  nt  the  common  pole.  But  vt^  cannot  longer 
bore  delay  on  applications  within  the  plamtf  and  must  roBome  the  treatment  by  qua* 
temions  of  carves  of  double  eurvaturs, 

390.  When  the  h^ic  by  which  the  expresnoii  389,  TV.  was  ob- 

tuned,  for  the  vector  r  of  the  centre  of  the  osculatinfr  circle,  has 

once  been  (\i]\y  understood,  the  process  may  be  conveniGnily  and  safely 
abiidged,  as  follows.  Referring  still  to  Fig.  77,  we  may  write  briefly, 

*  It  wae  hi  feet  for  the  4»A«rfcal  carve  that  the  ^eeaMfrieoleoMl^^ 
to  waajinf  pereelved  by  the  writer,  aooo  altar  the  bventioB  ofthe  quatemioni,  and 
ae  a  oooaeqwiieeof  caleulation  with  them:  bat  it  hae  bew  thought  that  a  aab-artl- 
de  er  two  might  be  devoted,  as  above^  to  thejiCBM  mar,  or  hfperMU  UmU,  wUeh 
umj  serve  at  leaat  aa  a  verification. 

t  If  r  be  mdhia  vector,  and  0  polar  angl^  and  if  we  auppeee  forrimpUclly  that 

TjSs  1,  the  ctdlnaiy  polar  egnolfoii  of  the  ipbal  beeooMO  rso^,  with  aaT<^,  and 
cot  Asia,  aaoaoaL 
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m  eqwitioiM  wbioh  tre  all  MUimMdf  Itm,  or  tnie  at  At  UmM,  im  m 
MDte  wbich  it  rapposed  to  be  now  diitiiietly  Men: 

hj  203, 4a;  whence^  ultimately, 

FQ«     PT»  a/i' 
IL.  .ic-p«W-HZ==  5X3  = 


2pm  2pif  Vd>d/»' 
ai  before:  this  last  expreBUoOy  io  which  Vd'/>d/?  denotes  briefly 
Y(dV*^)f  being  rigorous,  and  permitting  the  choice  of  any  teatar^ 
to  bt  nttd  » the  taiiywirfarf  wriaWi.  And  then,  by  writings 

III.  .  .df  =  p'dt,    dH^O,  d'p^p"di\ 
the  iaetor  dl*  disappear^  and  m  past  at  onoe  to  the  expression, 

which  had  beeu  otherwise  found  before. 


(1.)  Whm  tlM  AM  oftlMeiimbUkin  far  thafadtpwdswt  fwliMtb  thw  (eosipL 
SeO,  (IS.),  Ae.)  tlis  wprawiioB  IL  ndnew  iCMlf  to  the  fbltowioff, 


do* 

Y.  ..ir-^e^,   because  Sd*pdf»0| 

and  accordingly  the  angle  ITQ  in  Fig.  77  Is  then  vltimaiely  right  (comp,  383, 
»o  Ui&t  we  may  at  once  write,  with  tkia  cAotct  of  the  scalar  variable^ 

(t.)  Soppoae  then  Ihtt  we  have  thus  peometrioaBy  (and  Mrfr  mmply)  dfdvced 
tbe  expression  Y.  for  c  -  p,  for  thiii  particular  ehoie*  of  the  aeebur  variable ;  aod  let 

ns  considtT  how  wc  miplit  thonct>  pnfs,  in  rttlrntatinn,  to  the  moro  penrral  formuli 
II.,  in  wtiu  h  thut  variable  is  left  arltUrarf.  For  tliia  porpoee^  we  maj  wntBi  bj 
|»riBd|>les  alreaUy  stated, 

WTT    r-  ^yi^  d»p       1     dp    dUd<p^  Vdtpdp-'.Udg 

^•^"^     Ci^dp)«    Td^   Tdp     Tdp  "  Tdp 

VdV^lp-'  _  Vdpd>  ^ 
dp  dp* 

and  the  required  tiamlanMtiMi  It  ■wwiiiHiiMd. 

(3.)  And  generaUjr,  if  a  dsnotothaorv  of  aaj  earn  «r  «Uah  ^  is  tha  wriahit 
r  M  Hiav  ^aUkk  tha  SMiialfaaf  I 


(4.)  For  Gs ample  (comp.  389,  Xll.),  the  Vector  of  Curvature,  D,'p»  admits  of 
being  expressed  gtneralljf  under  any  one  of  the  five  last  forms  YII. 


Digitized  by  Google 


CHAP.  III.]     POLAB  AXI8,  POLAR  DBVBLOPABLB.  537 

391*  Iii8t«ftdof  d«toramiingtli«Tector  «oftheoentr»of  ^ 
enktlng  ourcle  bj  om  ^tttibor  exfnmon,  tmdh  as  389>  IV.,  or  woj  of 
ito  trantfonnmlioiis,  wo  moy  determino  it  by  a  system  of  l&rM  scalar 
ifaationSf  saoh  is  tbo  following, 

I.  •  .  S(«-/>)/>'=0;        II.  .  .  .S'v-/>)^'-//»«0; 

m...  s  =0, 

of  whioh  it  may  be  observed  tbet  Ibe  aeeond  is  ihe  derioaihe  of  tbe 
firsts  if  c  be  treeted  as  oonstaat  (com p.  386,  (4.)) ;  aod  of  wbicib  tbe 

first  expresses  (369,  IV.)  that  tbe  sought  centre  is  m  the  normal 
plane  to  tlie  curve,  while  the  third  expresses  (376,  V.)  that  it  is  in 
the  osculating  plane ;  and  the  second  serves  to  fix  its  position  on  the 
abMltite  normal  (379)i     which  those  two  planes  intersect. 

(1.)  Using  differentiala  instead  of  derivatives,  but  lea^^n5  still  the  independent 
▼Aiiable  arbitrary,  we  may  establish  this  equivalent  system  of  three  equations, 

flf  fAldi  the  seeoDd  is  Am  diflhKiilU  of  the  first,  if  c  Im  Sfsia 

(S.)  It  b  also  psmiiUsd  (conp.  869,  (2.),  876,  (3.),  and  880,  (i.)),  irltb  Oo 
SUM  snppomtidi  nepecdog    Co  writo  these  eqaatioas  under  tbe  fornu^ 

TO. .  .dT(K-p)=0;    TOL.  .d5T(c-p)»0;    IX. . .  dUV(«-p)dp  =  0} 

and  to  connect  them  with  gcometrieal  interpretatiom. 

(3.)  For  instance,  we  may  say  that  tbe  cnt/rc  of  tbe  osculating  circle  is  the  point, 
taiiriiicbtboosealstiagjriSBM,  III.  orYI.  orlX.,  IsiiifcfvecSftfl^Cte  oait  oftbat 
cbdo;  aamdy,  by  the ryA^ line uliioli  Is  dnira  thfongli  Its  oentie^  ali||^SBgles 
tolls ptaaoi  and trUch is fopmeotsd bj tho fM0 seslar eqiiatioa% 

I.  and  II.,  or   IV.  and  V.,   or   VIT.  and  VIII. 

(4.)  And  we  may  observe  (corap.  870,  (8.)).  that  whereas  for  a  point  r  taken 
arbitrarily  in  the  normal  plane  to  a  cnr\'e  at  a  given  j>o!nt  r,  wo  can  only  say  in  ge- 
^ral,  that  if  a  chord  rg  be  called  tmall  of  the  Jirst  order,  then  the  difference  of  dts- 
—  BP,  small  of  an  order  higher  tban  tbe  Jirat ;  yet,  if  tbe  point  r  be 
tskflQ  on  th§  aab  (3.)  of  tfio  oscolating  circle,  then  this  dUftranes  of  dlstsDess  IS 
salsil,ofanoldcri^pAcrlAeBlCiW•NOl■d;inThtnoofth«sqastiolls'^  sodYIIT. 

(8.)  Hw  Hfht  Ime  I.  IL,  or  lY.  Y.,  or  YII.  YIU.,  ss  being  the  hew  ^pokOi 
widdi  may  1m  called  poka  of  tbe  oeedating  circlet  on  til  poaiible  ^pAcrvt  pssring 
throngb  it,  is  also  called  the  Polar  Jbrie  of  tho  curs*  Uml/f  oormpooding  to  fho 
^▼es  point  of  otculation. 

(6.)  And  because  the  equation  II.  is  (as  above  remarked)  the  derivative  of  I.,  tbe 
known  theorem  follows  (conip.  380),  that  the  locv*  of  all  such  po/or  axes  is  a  deve- 
lopahU  surface,  namely  that  which  is  called  the  Polar  Developable,  or  the  envelope 
9f  the  normal  plancM  to  the  given  curve ;  of  which  surface  we  shall  soon  have  oc- 
cnrioii  to  coMider  briefly  the  eiup'td^. 

3  z 
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392.  The  following  it  an  entirely  different  method  of  inTesttgai- 
ing,  bj  quaternions,  not  merely  the  radius  or  the  eentre  of  the  omk- 
laUng  evrcU  to  a  eurv$  in  space,  hot  the  vector  cqMati(m  of  thet  eireU 
iMf:  and  in  a  way  which  ia  appUcMs  aUts,  to  plans  coryee,  and  to 
ourres  of  doMs  cnrratmei 

(1.)  In  genenlf  oonoalvtt  that  orar  ba         imigemi  to  a  dida^  at  agh« 

point  which  is  for  the  moment  taken  as  the  <»igln ;  and  let  rv'^sp'  npresest  a  mi> 
riable  tangent^  drawn  at  the  extremity  of  the  variable  chord  opop:  aiao  let  c  be 
the  intersection,  ot*pp',  of  these  two  taiigent«<.  Then  the  i.^isceles  triangle  OCP, 
combined  with  the  fomoU  824,  XL  for  the  differential  of  a  reciprocal,  gives  eaaily 
the  eqaationSf 

I.  .  .p'Ipr-'p;      n.  .  .  Vrp-Jp'p  «--(Vrp  >)'=0; 
III.  .  .  Vrp-»  =  const  =Vra-»,  aa  in  2l>6,  IX." 

if  a  be  the  rector  OA  of  any  second  piren  point  a  of  tho  circumference. 
(2.)  The  rector  elation  of  the  circle  pud  (,389)  is  therefore, 

IV. . .  V  i^.  cv-^  =  I  v.(i + HapV'^^-'V-vy^V-Ki  +  4*¥>V0-' ; 

u—p       pt-p  * 

whence,  passing  to  the  limit  ((  =  0,  m=  1},  the  analogous  eqaadoa  of  the  otcuUUing 
ticcle  is  at  once  found  to  be, 

v...v-!!!l=-Y^,  «  TL..v{?^fL,l!LM=,; 

ui  -  p  p  \oi  -  p     dp  J 

nith  Um  Ttrificafcioii  (oomp.  296,  (9.)),  that  whan  m  rappoith 

tlM  VMlor  a  «f  tba  CMirt  !i  aaen  to  latiaiy  the  equation, 

Yni...-^«-V^,   or  IX...^  +  V^^=Oj 

ullieh  agreea  with  recent  results  (389,  IT.,  Sec.). 

(3.)  Instead  of  conceiving  that  a  circle  is  described  (389),  so  as  to  touch  a  gpvon 
curve  (Fif?.  77)  at  r.  and  to  cut  it  at  one  near  point  q,  wc  may  conceive  that  a  circle 
eutt  the  curve  in  tlic  r/irrn  point  j*,  and  aho  in  ^tt'o  near  points,  q  and  R,  uncon- 
nected by  any  given  iaw,  but  both  tending  togother  to  coincidence  with  r  ;  and  mar 
inquire  what  is  the  limiting  pa$ition  (if  any)  of  the  circU  p^k,  which  thus  inUr$ecU 
tba  curve  In  tkrti  ntar  poiutSt  wlienof  one  (r)  is  gitm, 

(4.)  In  general,  if  a,  /S,  p  be  Ukrw  co^tMo/  eAord^  OA,  OB,  op,  of  aajoae  dr- 
oh^  Ifaair  rce^prooolt  a-i,  /9-*,  p'H  if  atill  co-initial,  an  ivanao-eoffiaMr  (260);  ap* 
plying  which  priudple,  we  are  led  to  inveatlgats  the  condition  for  the  three  oo4ni- 
tial  veetora, 

X.  .  .  (a,  -  p)       (.p'  +  |*-«^")-»,    (*p'  4  if««rp")  ^ 
with  uo  =  1,  thus  ultimately  terminating  on  cm  right  luus  or  for  our  having  oiti- 
mately  a  relation  of  the  form, 

ei-p     p'  +  isp^  p'  +  iip"* 
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"  *+ y  -  *  (» +yOp>'-* + : 

ia  which  last  «qiiatioo,  both  members  are  generally  quttUrmion*. 

(5.)  The  companion  of  the  scalar  parti  gives  here  no  useful  informatiMI|Oll 
count  of  the  arbitrary  character  of  the  coefficieuts  x  and  y  ;  but  these  disappear,  with 
the  two  other  scalar?,  s  and  t,  in  the  compArbon  of  tho  vector partSf  whence  foUowa 
the  determinate  and  limiliny  equation^ 

which  evidently  agrees  with  Y. 

(C.)  It  is  then  found,  by  this  little  qoatemion  calculation,  as  was  of  oonrae  to  be 

exp€(  t*-tl,  *  that  the  circle  (3.),  through  arty  three  near  pointt  of  a  curve  in  space, 
coincides  ullin>atc}y  with  the  osculatirtrj  circle,  if  the  latter  be  still  defined  (389)  with 
reference  to  a  given  tangent^  and  a  near  point,  which  teiu/*  to  coincide  with  theytoew 
point  of  contact. 

393.  An  osculating  circle  to  a  curve  of  double  curvature  does 
Dot  generally  meet  that  curve  again;  but  it  iDtersects  generallj  a 
plane  curve,  of  the  degree  n,  to  which  it  osculates,  in  2n  -  3  points, 
distinct  from  the  point  p  of  osculation,  whereof  one  at  least  must  be 
tva4  although  it  may  happen  to  coincide  with  that  point  p :  and 
taeh  a  circle  intersects  also  generally  a  spherical  corye  of  doable 
oiir?atnre,  and  of  the  degree  n,  in  n  ~  8  other  points,  namdy  in 
those  where  the  osenlating  pkme  to  the  ennre  meets  it  again.  An 
exompis  of  each  of  these  two  last  casesy  as  treated  by  quaternions, 
ney  be  nsefnL 

(1.)  In  gMMial,  if  weckar  ttw  fsont  eqnatisa,  80S,  Y.  or  XIIL,  of  ftadloiM^  It 


L  . .  0  =  2p'2Vp'  (ft»-p)  +  (<.>-p)«Vp"p  ; 

in  which  p  =  op  =  the  vector  of  the  given  point  of  osculation,  and  p',  p"  are  its  first 
and  second  derivatives,  taken  with  respect  to  any  scalar  variable  f,  and  for  the  par- 
ticular value  (whether  zero  or  not)  of  that  variable,  which  answcra  to  the  particular 
point  p ;  while  w  denotes  generally  the  vector  of  aay  point  uyoa  the  circle,  which 
Qtenlates  to  the  given  curve  at  that  point  P. 
(2.)  Writing  then  (comp.  889,  (10.)), 

XL  .  .  p  a  *a  +  r>/3,   p'  =  a  -  <  2^,    p"  =  2t^^ 
sad  III.  .  .  w  =  OQ  ss  xa  +  »->/3, 

tS  axpresa  that  we  are  seeking  for  the  remaining  intersection  Q  of  a  plan*  hjfperhola 


*  ThboondorfoaisiadosdsowtUlaiowi^aiidiblkmssoobvi^^ 
of  infiniletimals,  that  it  is  only  dedaoid  here  as  a  twyU&Hm  offfftfioiis  An^ 
ntilM,  and  for  Um  sake  otpfUice  in  ths  pnowt  Cskulas. 
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with  its  oaeulaiimg  eireU  at  p,  the  equatioD  I.  becomes,  after  m  tnw  flUJ  ffadycti(iii% 
indiidillg  a  divillon  by  Va/9,  the  following  hiqvadratic  in 

Sn  wUcfa  the  e*Aie  factor  It  to  be  nt  aside,  as  answering  only  to  the  point  p  itaaK 
(8.)  Bobttitntiiig tfMD, la  IIL,  Um mnaiiiing  valm  IV.  ofj^  we  flad  ttecs- 

comparing  which  with  071,  C3.\  we  see  that  if  the  Ungoiit  to  hyperbola  at  the 
given  point  v  iuter»ccts  the  us} mptotcs  in  the  [wiut:  a,  h,  tUeu  the  tangent  at  the 
•ought  point  Q  mdetd  the  same  Hues  oa,  on  in  points  a',  b',  such  that 

VI.  .  .  OA  .  OA'  -  OU-,     OB  .  Ol.'  =  OA  ; 

whence  q  is  at  once  found,  ns  the  bisecting  point  of  t)ic  lim'  a'b'. 

(4.)  A  still  more  simple  construction,  and  one  more  obviously  agreeing  with 
known  results,  may  be  derived  from  the  following  expression  for  the  eAantf  ffiQ: 

VII. .  .  PQ  =  «  -  f)  =  (f'/r*  -  <  *o-»)  (/a*/3  - 1  'a^) 

-=(l»/5-«-rio-»)ap'/3|lajo'-»^; 
viMMt  tt  Mlow»  (oomp.  226)  tbti  If  tUi  cbofd  r%  bolh  ways  prolonged,  MtU  tiM 
two  aqnnptotw  ob  and  oain  tha  painta  b  anda,  wabavalheB  tba  immm  aimUitmit 
^tnamgin  (118), 

Yin.  .  .  A  R08  «' AOS. 

(6.)  As  regards  the  eqvality  of  tht  imUrceptSy  rp  and  qs,  it  can  be  verified 
ynthout  $pecifyinp  the  tteond  point  <>  ^n  the  hyperboln,  or  the  tecond  tcalar,  ?  by 
observing  that  the  fbrmuU  IlL,  comhioed  wilb  the  fiat  equatioa  li.«  oondncta  to 

the  exprcs.Hion.o, 

wfaidi  fjn^f  gnmaDji 

X.  • . .  BP  sQl  *  fa  -  ori/SL 

(8.)  Aad  as  regards  the  general  rtdbcMoay  €f  tibe  d^ermlnation  of  theoeeolttlaf 

circle  to  a  q)herioal  curve  of  doable  curvature,  to  the  determination  of  the  osea- 
lating  plane,  it  sufBciont  to  observe  that  yshtXi  we  take  the  ee&tia  of  tfaa  ^thenfor 
the  origin,  aod  therefore  write  (oomp.  381,  XIV.), 

XL . .  pSsooMt,  8^p'«b0,  ^"**~p\ 

then  if  wo  opante  on  the  Toetor  oqaation  L  with  tbe  T.    oad  difide  bj 

p'\  tbeia  VMolts  tbo  acalar  oquation, 

XIL . .  0  «  2Sp(«  -  p)  +  (•»  -  p)»  -    -  ^ 

whidi  azpMM  that  Iba  cirvis  Is  ontMy  eontained  on  tte 
tbionmi  wbUatlMolAeriadaroqQatioOi 

ZIIL...0-8^V(«-I»)> 
obtitaMd  by  operating  on  I.  witb  8.  p",  expmsH  (comp.  876^  V.)  Chat  Iho  amo 


•  This  concluiuon  is  geometrically  evident,  bat  ii  here  drawn  as  abova,  fmr  the 
•ake  of  practice  iu  the  quaternioiu. 
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dnte  ii  d»  a«  McvteSnf  pfane.**  m  that  to  cm<r»  k  is  the  >M  orth«^«pMid». 
emiar  let  £dl  «ii  tivt  pIsM  fron  lh»  ocfgiii,  and  wa  najr  tbanAwa  wiita  (aempi. 
aSo,  YL). 

Xnr. . .  0K»K»%4^,  witht]iaNktioDi,XV. . .  8-  =  S ^-1; 

and  with  the  verificatiaa  that  tha  vs^mman.  XIV.  agraei  with  Uia  goural  iiafmala, 
S89,  lY.,  because 

XVI. . .  pVp-y     «  Sp"/)>, 

when  the  conditions  XI.  are  satisded. 

(7.)  And  aren  if  the  giTen  eorve  be  aat  a  tphmad  one,  yet  if  we  retain  tha 
f  layn/  aK|iraailPB  Ibr  a, 

and  eparata  an  L  nith  S.p"  and  S.p^p',  w»  find  agab  tha  aqoatioB  XnL  of  tha  oa- 
cnlatfaig  plana^  aemhined  with  a  new  tealar  aqnatlan,  wbhsh^maj  after  a  ftw  ledoa* 
tiooa  be  written  thoe, 

XVIU. . .  («  -  k)s    (p  -  c)a ) 
•ad  wUch  raptMenti  «  mv  ^tJUra^  whenon  tha  eernlattng  oiide  to  tha  com  ia  n 

394.  To  give  now  an  example  of  a  spherical  curve  of  double  onr- 
vtture,  with  its  osculatiDg  circle  and  plane  for  any  proposed  point  F| 
And  with  s  detemination  of  the  point  q  in  which  theie  meet  the 
curve  again  (393)»  we  may  consider  that  tphericdl  eonk^  or  ^lUrv- 
ODfiae^  of  which  the  equations  are  (oomp.  357i 

I..  .p'-i-r2  =  0,       II.  ..5'/>HSX/),wp  =  0; 

namely  the  intersection  of  the  9pha^  which  has  its  centre  at  the 
origin^  and  its  radios  =r«  with  a  cone  of  the  second  order,  which  has 
the  same  origin  for  yertese,  and  has  the  given  lines  X  and  ^  for  its 
two  (real)  eydic  normals.  And  thus  we  shall  be  led  to  some  suffi- 
ciently simple  spherical  coiulriidtbRi^  which  indude^  as  th^  j^^omis 
UnUts^  the  analogous  constractions  recently  assigned  for  the  case  of 
the  common 

(1.)  Sfaiee Skpftp  =  2SXpS/ip - p'SX/i  (comp.  867, 11'.), the eqnatians Land II. 
alUnr  na  to  writa^  aa  their  fliat  dailTativaa,  or  at  leaat  aa  eqoationa  eonitatant  theia- 

IlI...Spp'sO,  S\p'  +  SXp«0,  8/<p'-8ppaO, 

hieanat  tha  independent  TaiiaUe  ielwia  arUtiaiy,  ao  tliat  wa  maj  ceocalva  the  flrat 
dMffad  Tectar  p'  to  be  nndtiplied  bf  aaj  aoovanient  aeakri  hi  Ihel,  It  is  only  tha 


*  Compara  tha  Note  immediate^  praeeding. 
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direction  of  this  tangential  vector  p*  which  is  here  important,  although  we  must  ca«- 
tinue  the  derivatioaa  cooaLsteilUj,  and  wo  omL  write,  m  consei^uences  of  III.,  the 
equations, 

IV...Spp-  +  p^  =  0,   SXp'+SXp^O,  8/ip*-Si^'B0. 

(2.)  Introducing  then  the  auxiliary  vectors, 

V.  ..i|  =  VX/i,    a  =  XS/ip  + /ibXp,    r  =  p  +  p',  — p*» 


yi. . .  0  B  899 B  8Xr  e  S/< V,   Sp^B  28XpS/<p,   S/ir  =  2S/ip,  SXir»S8X|iv 

8X^— SXv, 

we  ase  fint  that  r  and  «  an  tha  Teeton  or  and  otr  of  the  poiata  in  which  tta  reeK- 
/tnear  tangent  to  tha  oarva  ftt  P  me«t8  tb«  two  q^cKe  plan0i,  patpcndicular  respec- 
tively to  X  and  ;  anfl  beonuse  the  radius  or  is  seen  to  be  tha  jirpjlarffnriar  Nssetar 
of  the  linear  intercept  Tu  between  thoae  two  pUuMS,  so  that 

YIII. .  •  p'm  vTBUp a. oP|  we  have  IX.  • .  voTvFor, 

or  X.  .  .  AJJpssnpB, 

if  the  tangent  are  on  the  sphere,  to  the  same  conic  at  the  same  point  r,  meet  the  two 
cyclic  arcs  c\  nnd  CB  In  the  points  A  and  b  :  the  intercepted  arc  ab  being  thas  W- 
tected  at  its  point  of  contact  p,  which  is  a  well-knowTi  pro{>erty  of  such  a  curve. 

(3.)  Another  known  ptoju  rfy  of  a  spftero-conic  19,  th.it  for  any  one  such  curve 
thu  turn  of  the  two  spherical  augle$  CAB  and  ABC,  and  therefore  also  the  area  of  the 
tflktrxcal  trttm^  abc,  is  eo«afmt  Wa  aan  only  hera  lemaifc^  in  passing,  that 
qaaternloni  laoogniaa  this  property,  noder  tha  form  (comp.  II.), 

XL  . .  coa(A  +  B)=a-SUXp/ip  =  -5r:TX;4s=coii8t. 
(4.)  The  icalar  eqoatioDa  HI.  and  lY.  give  immediately  the  vector  expresBoiM, 

Of  by  (2.), 

XIV.. .p'=^,  and  XV...p--p-{,  if  XVL..C«g^ 

=  T  —  r*  t=  V  +  i<', 

the  new  auxiliary  vector  C  being  thus  that  of  the  point  x,  in  which  the  osculating 
plane  to  the  conic  otr  meota  the  line  if  of  intersection  of  the  qrclic  planes  ;  so  tJiat 
we  have  the  gconulrlcal  expressions, 

XVII.  ..p"  =  xr,    r'  =  XT,    -v'  =  xu,    if   C  =  ox, 
and  the  lines*  r  and  v  are  the  traces  of  the  osculating  |>lana  on  those  two  qrdic 


•  We  may  also  consider  the  derived  vectors  r*  and  v',  or  the  lino^  \t  and  xc, 
as  corre$ponding  tangents^  at  the  points  t  and  u  (2.),  to  the  two  sections,  made  by 
the  egcKc  planes,  of  that  developable  tur/ace  which  is  the  hcu$  of  the  tat^ftnU  m 
to  the  tphtrictU  conic  in  question. 
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plaaob  or  of  tlitt  latter  ontlwftnMr;  iiliiI0  9aiid«r',MlMiiigporptndieQ]arfMpoo- 
tiTetytop)'aiid|>,  vhlkoidiXif,  antliAtiMMOiitiieplMwXitoftlMtwo  cjoUo 
iionn«l%  of  tho  nomul  plMM  to  tbo  oofdo  «t  the  poiot  p,  and  of  tho  tangnt 
pluMtotboapliinattiMtpoiot:  or  at  loiot  IhoM  liooa  hayo  the  dSroeliMt  of  thoao 
traces. 

(5.)  Already,  from  the  expression  XVI.  for  the  portion  ox  of  the  radiu<<  oo  (2  ), 
or  of  that  radius  prol<^ng<*d,  which  is  cut  off  by  the  osculating  plane  at  r,  we  can 
derive  a  simple  construction  for  the  position  of  the  splitrical  centre,  or  pule,  say  k, 
of  the  $maU  circle  which  osculates  at  that  point  p,  to  the  proposed  sphero-conic, 
¥ar  if  we  take  the  radius  r  for  unity,  we  have  the  trigonometric  expression^ 

XYIIL  . .  aae  cs  000  SF  s  (T4  B  TH :  QTJ^-ip    lecs  pb  aec  cp  i 


Fi|S.  80. 


or  letiiog  lall  (comp.  Fig.  80)  tbo  perpeodicalar  CD  oa  tbo  normal  arc  rs, 
XUL  •  .eoaDBaooiDPootn.eoinooinBooaDBooaBB; 

<m:  finalfy,  ZZ. . .  dbb  (or  dam)  »  Z, 

(6.)  But  although  it  is  a  perfectly  legitimate  process  to  mix  thus  spherical  tri- 
gomowutry  with  quatemio%$  (since  in  fact  the  latter  include  the  former),  yet  it  may 
1»  iatiaflKloijIo  dodaea  tf^  lait  iwolt  bj  a  more  purely  quatomkwrieBiothod,  wfaldi 
can  oarfl/ bo  done  aa  foOowi.  Tboya]tt08(4.)    p' p''giT^ 

XXL  . .  Ypp'SjipopSffp"- <tSpp"==  pSp<T  +  p'*(7 

=  (r  -  p  )  S«Tr  +  (rSpV  =  r Sar  +  VrpV  1 1 1  r,    V  rp  <r, 

m  which  pa  denotes  a  vector  -t-  p  (because  SpV  =  0),  and  1 1 1  p' (because Stjp'p'a 
=  O)  »  this  line  p'c  has  therefore  the  direction  of  the  projection  of  the  line  on  a 
plane  perpendicular  to  p\  and  we  arc  tlius  led  to  draw,  through  the  line  oc  of  intcr- 
aecUoD  of  the  cyclic  planes,  a  plane  cod  perpendicular  to  the  normal  plane  to  the  conic 
at  F,  or  to  kt  ftll  (aaln  Fig.  80)  a  perpen^otdararoCDonthe  nonnal  aroFD;  aftw 
wUch  tiM  Boraial  to  the  aoqght  ooenlating  plane,  or  the  ostf  on  of  the  oeealathig 
circle aoo|^t,aa  firing  ITp'fTt  irfU  he  contalnwl  im  thtptmu  lAnnyA  tkMinut  r,or 
or,  or  OB,  which  iijwqunrffewfar  fe  lAo  jilant  ^fr  mi  pV»  or  to  the  plane  dob; 
and  therefore  tho  ^heiieal  oflfb  OBB  (or  dab)  irfll  be  a  right  angle,  as  before. 

(7.)  We  nuqr  alio  observe  that  if  k  be  the  eentn  of  the  osculating  circle,  consi- 
dmd  In  Ub  9mm  ftmmt^  or  the  /eel  oftkM  ptrpatdimSwr  on  that  plane  firom  0|  th«i 
tyXZL, 
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XXIII.  ^^p*i   XXIV. .  .  UQSP^^sin^PBOOiPOi, 

iriddi8if«i««aAtlMaiigiiliffnbtioaXX.|  the qootint ZXUL  biiaglfcMAt 

for,  M  it  ought  bgr  S98,  XV.  to  b«;  and  tb«  tri§9mmdrit  fctwila  XXH 
laiMd  from  its  wpriMinn,  Iqr  obMrvi^g  thai 

.  •  TpV»  =  pT :  OT  =  «in  POT  =  no pb,   and   (V :  S)p(r«U|p'. 
#-i-pV,  tat  ilipkpV,  «r  pV^«^  bat  IHp^eSi 

(S.)  Tht  lidlahidiiitr  of  tbi plaatt of  r, «  and  r,pV it  aloo  oapMBOi ^ iho 

oqnatkiOf 

XXVI.  .  .  0  =  S  (Vict  .Yp'ar)  =  ScrSp'orr -  HSpVc ; 

an  proving  which  we  may  employ  the  values, 

XXVII.  .  .  Sric->  =  1,   SpW « =  (-  r- V«8vp ■)  SpVr" «. 

(9.)  We  miqr  obo  tutotpwt  thow  ogBtioiio  XXYIL,  it  oapworing  tho  lyotaa  of 
the  two  raUtiono, 

XXVUI...c-»-r-»-A-r,  «-» - r-i p> s 

from  which  it  followi  that  f\  and  thonfino  also  that  a,  it  a  liao  ia  tho  plaao  ao 
drawn  through  r,  as  to  be  perpeodicTilar  to  the  plane  through  r  and  p'(r,  as  batm. 
(10.)  And  tho  two  nUtiooa  XXVUL  an  both  indodod  ia  tho  foUowfaif  «x- 


XXIX.  .  .  jr»-  r-'  =  Yr-'n'a  Sptr. 
(11.)  We  may  also  easily  deduce,  from  the  foror^',.ing  spherical  cont^ntction,  the 
following  trigonometric  exp'essions,  for  the  arcual  radtus  r  =  kv  of  the  o$culating 
wmaU  c^fwle  (5.),  and  for  the  cm^  a  « if  AM  «  sbf  whidi  it  tabtendt  at  ▲  or  at  a : 

ZXX..taarstfaf  tana;     ZXXI...  taB««|(ootA4ottB); 

A  and  B  here  denoting,  as  iu  XL,  the  base  angles  of  the  triangle  a.bc  with  c  for  ver- 
tex, and  c  denoting  as  usual  the  base  ab,  namely  the  portion  of  the  aretud  tamgaU 
(2.)  to  tho  oooie,  which  ia  intercepted  botwaea  tiio  ^die  aroiL 

(12.)  Tho  cecnbtiqg  plaiw  and  eirelt  at  f  being  thno  Mfy  and  In  vaiioM  waja 
dotenniood,  wo  may  next  inqnire  (898)  im  wkai  pefmt  «  do  they  wml  tftt  eaaic 
ayacn*  IniijfmbolaidenotingbjMtliovoetor  of  thiapoin^  wo  liavothoCArieM^ 

XXXII.  .  .  Siru  =  Sxp',    SXoiS/to)  =  SXpS/ip,  i#*Bp% 
whicli  are  all  evidently  satisfied  by  the  value  w  —  p,  but  can  in  general  be 
also  by  one  other  tector  value,  which  it  is  the  object  of  the  problem  to  as&ign. 
(13.)  We  satiaQr  the  twojirtt  of  tbeee  three  eqoaiiona  XXXIL,  by  aaawmingthe 

expression,  * 

XXXIII. . .  «».e+|(«-ir^-«aO^ 

in  w1ildi«iaai7  scalar;  In  Cut  «a  liaTO  tlio nilatlMiai 

XXXIV.  ..ScC» Sep,   8Xt^e>2SXp,  S/ir'->2S|ip, 

whence  XXXIII.  gives,    XXXY. . .  SXms  xSXp,    Spw  s  ar'S/ip,  &c. 
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And  becaiwe 

we  shall  satisfy  also  the  third  equation  XXXII.,  if  we  adopt  for  x  any  root  of  that 
new  scalar  eqaatioD,  which  is  obtained  by  equating  the  square  of  the  ejcpre^tsion 
ZXZIII.  Ibr  w,  to  whit  tbat  squAra  btettniM  iibm  « it  ehtngad  to  k 

(14.)  To  IkdWteto  tiM  fomuitloii  of  this  mw  eqaatioo,  w«  may  obforre  thit  the 
RbtkMit^ 

r'  =  p'  +  p-.   «'«=p'-p".   8pp'-0,  Spf|•=-p^ 
wUdi  hftTO  an  occurred  before,  give 

XXX  VII.  .  . -4S{r'  =  3T'«  + w'*,    4.S$u' =  r'»  +  3u'>  ; 
the  resulting  equation  is  therefore,  after  a  few  alight  reductiooa,  tiie  following  6iyM<j- 

ZXXVIII. . .  0»(s-l)>  (»'»*-.r'«)5 

€f  which  the  embU /actor  is  to  be  nilcclsd  (eomp.  898,  (2.)),  as  answering  only  to 
thepomtpitsoU: 

(18.)  WohATOthsatbo^ius» 

XXXIX...  Cvr^*"-*,    and    XL.  .  .  OQe«e:(+^ 

comparing  which  Ust  expression  with  the  formula;  XVIT.,  we  «<?c  that  the  re^juired 
p'int  of  intersection  g,  of  the  sphero-conic  with  its  0M:ulaiing  circle,  can  be  contiructtd 
by  the  following  rule.  On  the  tracer  (4.),  of  the  osculating  plaue  ou  the  two  cyclic 
planea,  determine  two  points  Ti  and  Ui,  by  the  conditions, 

XLI.  .  .  XT. XTi  =xu',    xu.xui  =  xt3;    then    XLII.  .  .  TiQ  =  quii 

or  in  words,  the  riyht  line  T|Ui  is  hitected  hy  the  sought  point  Q. 

(16.)  I?tit  a  jlill  iii'-rc  simple  or  iwore  praphic  con>tructiun  may  be  ubtaint  tl.  hy 
invcaligating  (coni(».  3'M'>,  (  I.))  the  dirtctson  oj  the  chord  vq.  The  vector  value  of 
this  rectilinear  chord  it^,  by  XXXV 1.  ami  XL., 

XUIL  .  .  FQ  s  «» -  p  s  i      -  r'»)  (  u'  I  +  T '  » )  «  4  (r'-t  -  »'-*)  r'  (r*  +  iT)  a* 

=  [ ^*  -  ^-i-! ]  r'p'-V,  becanss  p^ -|(/+  O  j 

the  chord  rt>  has  therefore  the  direction  (or  its  opposite)  of  the  fourth  proportional 
(22G)  to  the  three  vectors,  p\  r ,  and  -  or  it,  xt,  and  xu ;  if  then  we  conceive 
this  chord  or  its  prolongations  to  meet  the  tracea  xt,  xu  in  two  new  |K>inti  J^  Ui, 
we  shall  bave  (comp.  393,  VIII.)  the  two  invertely  similar  triangles  (118), 

XLIV.  .  .  A  T.xi  j  «'  vxT. 

(17.)  To  deduce  hence  a  spherical  cnrutructiun  fnr  (.>,  we  may  conceive  /our 
pl'iurs,  throiiL'li  tlie  arts  OK£,  perpendicular  resp^Uvely  to  the  four  following  right 
lines  in  the  osculating  plane  : 

XLV.  .  .  r',  -  u',  p',  in-  p,    or    xt,  xir,  pt,  rg ; 
which  planes  will  cat  the  tphere  in  four  great  circlet,  whereof  the  four  arc§, 

XLVI.  .  .  EF,  EG,  HP,  En, 

are  parts,  if  F,  g,  h  (see  again  Fig.  80)  be  the  feet  of  the  three  arcuai perpcitdieidara 
frum  ttu  pole  E  of  the  escttlatiing  circle  on  the  two  qrcUc  arcs  ob,  oa,  and  on  the 
arcoAl  chord  r^, 

4  A 
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(18.)  The^tC  four  arcs  XLVI.  arc  thcrcft  re  criuiecteil  by  llu"  i  irnt  iimjular  rtla— 
tion  as  tbe/bttr  /imm  XLV.  ;  and  we  have  thua  ihe  very  siiupb  furuiula^ 

XLVII.  .  .  GRH  -  PEF, 

expre»ji!n£^  an  equality  Ix  twecn  two  spherical  angles  at  the  K,  which  serves  to 
determine  th<  dirt  cdoH  of  the  arc  Eu,  and  tberefore  alao  HMpo9UUm»  of  the  poimts 
H  and  Q,  by  meaod  of  the  rdationa, 

If 

XLVUL  .  .  PBX  B  ~,     npu-O  B<}. 

m 

(19.)  If  tiMArcmldundPQk  both  ways  prolonged,  oraoj  cboidoftbe  eooie, 
eat  tbe  cgrcilo  troi  ob  and  oa  In  tlw  points  b  ud  s  (Ffg;  80X  b  woU  known  thaft 
tlMVt  oziito  tho  «9iM%  0/  jiifcreqrfi  (oomp.  S70, 

nd  eoafwaelx  thia  equatioo,  ooaUned  with  the  ftcmnto  (l  or  with  the  trigono- 
mttiio  expniiioo, 

L. . .  tanPBsBtanr=  I  sin  ^ (cot a  +  cot b). 


IbrtbetBngMitoltboBmBlradfawof  the  osculating  drdt,  onablMnsto( 
what  may  be  called  perhaps  the  arcual  chord  of  osculation  rg,  by  determining  th* 
aphBriCil  angle  RTB,  or  simply  r,  from  principles  of  spherical  trigonometry  alone^ 
in  a  WB/  which  may  aerve  aa  a  Tehfication  of  the  reauUa  above  dedooedfrom  fiMtcr- 
aioiw. 

(20.)  DcnolinfX  by  t  tlio  seniitransversal  bh  =  us,  and  by  c  the  seiuichord  fu  =  bq, 
the  obU<iuc-aiiglcd  triangles  hi'B,  spa  give  the  equations, 


LI... 


cot  (f  ~  0  WD  I  ts  OQB  F  cos  - -f  dn  p  eot  B, 


oot(l-fi)iin^  BooiPcot-->ainFeot  a; 


while  the  right  angled  triangle  rxiv.  gives, 

LII.  .  .  tan  «  =  sin  p  tan  r. 

Equating  then  the  values  of  cot  2<,  deduced  from  LI.  and  LIT.,  wc  eliminate  s  and  t, 

and  obtain  a  iiu.nlratic  in  tan  r,  of  which  one  root  is  zero,  when  tan  r  has  the  value 
;  such  then  mii^ht  in  tliis  new  \\ay  be  intVrml  to  be  the  tangf-nt  of  the  .ircual  n- 
dius  uf  curvature  uf  the  cuuic,  and  ilio  remaining  root  of  the  et^uaiiun  is  then, 

OOi-CcOtB-OOtA) 
UII.  .  .  tMlPa  * 


e  • 
eot  ▲  eot  B  4- OQO*  s  -  tan*  r 


8  formula  which  ought  to  determine  the  inclination  p,  or  rpb,  or  qpa,  of  the  chord 
PQ  (u  the  tangent  pa,  but  which  does  not  appear  at  first  sight  to  admit  of  any  aimple 


*  We  might  however  at  once  see  from  this  formula,  that  P  =  a  •  b  at  tho piame 
limit ;  which  agr(M><!  with  the  known  construction  (i.),  for  the  OOTTMpoOdillg 

chord  r<)  in  the  case  of  the  plane  hyperbola. 
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(21.)  On  the  other  lumd,  the  eomtiructum  (17.)  to  wbich  the  quaternion 

amtdjfftM  led  gives 

UV.  .  .  RSPsOBP-OSBsOV-rarMVBB-f-OBA, 

and  Uwffcfove,  bj  <h«  flwr  n^t-wgled  triaoglii,  phi^  bfb,  aob,  md  bps  or  bpa, 
ANtdncts  to  this  oywr  formnlfti 

LV.  .  .  cot"i  ^cos  r  cot p)  =s  oot"' ^ooi r  cos  ^  tan  (u  +  0)"^ 

—  cot-*^oo8r  cos  ^ tan  (A  +  a^ 

io  wliieh  a  i«  the  Mune  anxilUiy  angleasin  XZXI. ;  we  oaght  therefore  to  find,  as 
the  proposed  veriJUaium  (19.),  that  this  Issl  sqostioii  LY.  sxpitsMSTirCnaUy  the  msm 
*flafi(wbetwwii  a,  b,  «|  sad  p,  ss  the  tomala  LUL,  slthon^  thsre  ■esnw  at  distto 
be  no  eonnmdon  betirecn  them ;  and  sneh  a^praeiiMnt  caa  aooev^Qglj  be  proved  to 
exist,  by  a  chain  ef  otdinaiy  Iri^pNMoaMlrie  trmuJbrmaUomB^  wlikh  It  be  left  to 
the  feeder  to  ioTeatigate. 

(22.)  A  geometrical  proof  of  the  validity  of  the  construction  (17.)  (18.)  may 
W  derived  in  the  following  way.  The  product  of  the  tineg  of  the  arcual  perpendi' 
cvlars,  from  a  point  of  a  triven  sphero-conic  on  its  two  cyclic  arcs,  is  vrcU  known  to 
be  constant  ;  hence  also  llio  rectangle  under  the  distances  of  the  same  variable  point 
fiom  the  two  cyclic  planet  is  constant^  and  the  carve  is  therefore  the  intersection  of 
the  SpAcre  with  an  hyperbolic  cylinder,  to  whidl  thoee  phUMS  are  ant/mptotic.  It 

nay  then  be  oonddeied  Io  be  thna  geometricslly  erideoty  that  the  mis  which  om«- 
hUf  to  the  sphericsl  cwrre,  at  any  giyen  point  p,  eeenlates  also  to  the  hyperbi^ 
whieh  ie  the  efdjea  of  that  cy/MMfaf,  made  by  tlie  otemkOii^  pimu  at  tide  point; 
and  that  the  pohit  %  of  leosnt  imreitigatiefis,  is  the  pobit  in  wfaidi  this  hyperliolais 

QKt  again,  by  its  own  osculating  circle  at  p.  But  the  determination  398,  (4.)  of 
nch  a  point  of  intersection,  although  above  deduced  (for  practice)  by  qoatemions, 
is  a  plane  problem  of  which  the  solution  was  hnoirn  ;  we  may  then  be  considrrod  to 
have  reduced^  to  this  known  and  plane  problem,  the  com'spuinliii:^  sph<  ricnl prob- 
lem (12.);  and  thus  the  inverse  similarity  of  the  tiro  plane  triiirujhs  XLIV., 
although  found  by  the  quaternion  analysis,  may  be  said  to  bo  yeometrically  ex- 
plained^  or  accounted  for :  the  traces  XT  and  xu,  or  r  and  -  v\  of  the  osculating 
plane  to  the  conic  on  the  two  qrolie  planes  (4.),  being  evidently  the  atymptotet  of 
tiie  hyperbola  in  question. 

(Sa.)  In  qaalenionsi  the  constant  precfaict  rfriu§§t  Ike;,  is  exptesied  hf  tlds 
Ann  of  the  eqoation  II.  of  the  eone, 

LVI. . .  SlTXp.  SVpp  =  (i7  -  SX/i) :  2T\ft  =•  oomt ; 

and  the  scalar  equation  of  tlic  liyperboHc  cylinder,  obtained  by  eliiuinatiog  be- 
tween I.  and  11.,  after  the  tirst  substitution  (1.),  is 

.  LVII, . .  Skp&ftp^  k^^d/"  SX/i)  « const. ; 

while  tile  eaipreieion  XXZIII.  for  ei  may  be  considered  as  the  vector  eqnatlon.of 
the  kgperhela,  of  which  the  Intersection  q  with  the  circle,  or  with  the  sphere,  tode* 
tennhied  by  eombining  that  eqoation  with  the  condition  t»*  a  p>  (s  -  r>). 
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with ite e^c orw (f.):  bat  U  wodd lum teeo abovt wiiiiillf  to  Wv» CnMcd 
the  same  curve,  with  refenoce  to  !t» ^borf prfufi »  or  to  Um lines  of  the  roue, 
of  which  it  iii  the  inter$ertion  with  a  concentric  tpktrt*  (Compare  what  has 
oiled  the  bifocal  tran»formation,  in  360,  (?  )^ 

('2.'i.)  We  rail  however  only  state  generally  here  th  -  rrwit  i  -f  such  an  appHcatk 
of  qiuiternioiis,  as  reganls  the  con«tructiou  of  the  ostulatiii;^  small  cirtlc  to  a  spheri- 
cal conic,  con»idered  relatively  to  its  Jbei :  which  cnnstruction*  can  indeed  be  aUo 
ftomttrieallif  dcdnoed,  aa  «  certain  pofar  ot  the  one  giv«n  above.  Two 

liMal  polols  (not  mutually  opposite)  being  called  r  and  Ot  let  nr  be  the  Mnaol 
at  P,  which  it  thua  tqmallg  nuimtd,  bj  a  weIl«luiowD  prindploi  to  the  two 
oret,  pp,  op;  ao  that  If  the  foens  o  be  tnitably  dialioguiehed  ftom  Ha  own  oppoaiteh 
the  epberleal  angle  ppo  Ii  hitecttd  bgr  tiie  arc  pit,  which  b  h<  re  aoppoied  to  finnt- 
Mfr  on  the  given  arc  ro.  At  B  crecf  a»  art  ifittt,  perpenSenlar  to  px,  and  Unni- 
nafbi^  im  Q  and  R  on  firo  rector  arct.  Perpendieulart,  qe,  RE,  thete  l<ut 
aret,  vill  meet  on  the  norma?  arc  r\.  in  thf  soupfit  poh  (or  fphcriral  centrt)  ^ 
tht  ton jfht  small  circl'-,  irfnch  ngrtihtits  to  th--  conic  nt  lh>  i;ii  en  point  P. 

(26.)  The  two  focitl  uu'l  arciial  chords  of  curi  niure  from  r,  which  pawi  thmujjh 
F  and  o,  and  tcnntnate  on  the  osculating  circle,  are  evidently  bisected  at  q  and  r. 
In  vlitae  of  thefitr^ng  (mutrutdon,  which  may  fheiefiofe  bo  (hna  enoactated :~ 

Tha  gnat  circle  qtt,  MriUdb  i$  the  eomaum  bisector  of  At  two  fieat  and  arcmal 
ok§rd$  of  tanaharo  ftom  a  jKam  poMf  P,  iaiUroodto  fho  normal  are  Pir  om  tho  fixed 
are  vo,  coaaecHmp  the  IwefbHs  that  la,  on     nrcnal  taajor  aade  tftha  eome. 

(27.)  The  constmcUon  (5.)  fails  to  determine  the  poi«ition  of  the  auxiliary  point 
D  In  Fig.  80,  for  the  caae  wli.-n  the  given  point  p  is  <m  the  minor  axis  of  the  conic; 
and  in  fnot  the  exprearions  (4,)  for  p'  and  (»"  bccomo  infiiiiT<>,  v  hop  the  denominator 
S\r»f>  i*'  zr  ro.  Tint  it  is  easy  to  soe  that  the  auxiliary  vri  t>  r  r,  which  represents 
grnerally  th'  trt:ce  of  the  normal  plane  to  the  curve  on  the  plane  of  the  two  ct/clie 
normals,  hec  mcs  at  the  limit  here  considered  the  required  axi#  of  the  oaculating 
circle  ;  and  accordingly,  if  we  a^umc  simply  (comp.  (1.)  and  (2.)), 

LVIII.  .  .  p' -  V(»<T,    and  therefore    p"  =  Vp'*r  t  Yptr', 
we  have         \A\...<r'-0,    and    Vp'p"  jl<T,    when  S\pp-0. 

(28.)  In  general,  if  we  determiue  three  points  u,  8  in  the  pUne  of  X^,  \^  the 
formuhe  (corop.  again  (2.)), 

««r  MP*  "P*  ^ 

IX  . .  ot.:=  — OM  =    - ,  oae=  ^  -  =  |(0L  +  on), 

SXp  h^p  S<rp 

then  L  and  m  will  be  the  intersections  of  the  cyclic  nonnala  A,  ft  with  tite  tangent 


•  The  ro'tder  can  easily  draw  the  Fi'^nire  for  himself.  As  regaui>  the  known 
rate,  lately  alluded  to  (in  893,  (4.),  and  394,  (22.)),  for  detcmuniug  the  chord  of 
interaeetion  of  a  plana  conio  vHh  ll»  oamlafi^  eirvlt,  It  wffl  be  found  (for  inatanoe) 
in  page  194  nf  AtmdlKon'e  Obme  StetSmte  (in  Latin,  London,  1768).  Thn  two  tpke- 
rieal  eonetruetiww,  for  «ha  anMrif  awde  oeeidath^  to  a  eftherieal  eoaia,  were  earl|y 
d«dtioed  and  pnbliahed  bgr  the  pvHent  wril«,  aa  cemeqnencea  ef  qnatanion  eel- 
cahitiona.  Gompaca  the  diet  Note  to  page  680. 
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plane  to  the  sphere  at  i\  and  the  normal  pluno  to  tho  curve  at  the  same  point  will 
Mnrt  the  ri^lU  line  lm  ia  the  point  s  ;  \s  e  ^hall  aim  have  this  proportiou  of  &inea, 

LXI.  .  .  sin  LOS  :  sin  soM  =  SUXp  :  ^Vftp 

=  cos  LOP  :  COS  roM  =  sin  ri*t :  sin  Prj,  comp.  (23.), 

if  iM'i,  rv:  h«e  the  arcinl  perfK-ndirular-i  from  the  point  pof  the  conic  on  the  two  cyclic 
arcs,  anii  tliii  yentrid  ruh  for  (it 'I'rin'hiitjt;  tho  {H>sition  of  tlie  line  o«,  or  fT,  applies 
even  to  the  limiting  case  (27.),  wltcn  that  variable  line  becomes  the  axis  of  tho  oscu- 
lating circle,  At  ft  iRnior  ramilf  of  th*  corre. 

(29.)  Am  aa  trmmpie^  Ici  na  aoplioM  thift  Iha  fWMhintw  y,  X,  /tt  in  the  equation 
II.  am  QoiiMeM     tiM  Nklkm, 

LZn. .  .^«-SX^,   wheoM  LXUL  . .  S(VXp.V/ip)sO; 

th«  w7te  normals  are  tlwrefore  in  cose  niiBr  of  the  cone,  and  thefipo  planes 
-which  connect  th«m  with  any  third  sids  are  mntually  reeiangular;  tothAt  the  ewuc 
m  now  tiM  Imm  c/tkt  vttUm  of  a  tigkt'tmgled  spherieai  trian^e^  of  whidi  tlio 
i^atnam  u  gktm.  And  by  applying  eithir  the  formidft  LXI.,  or  tho  oonatnutioQ 
(28b)  whidi  itfopmenta,  wo  fin^  that  tho  trigoDometric  te^^waf  of  thoarmalrodiwff 
of  tho  owoUtiog  unall  drclo  tooaeA  •  ooido,  at  dthtf  and  of  the  given  hypotonose, 

is  equal  to  half*  the  tangent  lit  that  hi/potmuse  itself. 

(30  )  It  is  obvious  that  every  determination,  of  an  osculating  circle  to  a  spherical 

cmrve,  is  at  the  same  time  the  detennlnatitn  of  wh.nt  may  he  (nnd  is)  called  an  os- 
culating right  eone  (or  cone  of  recolution),  to  the  cone  whi(  h  rrMti  upon  that  curve, 
an»l  has  its  vertex  at  th«-  centrr  of  tho  sphere.  Applying  this  remark  to  the  last  ex- 
am pk  (29.),  we  arrive  at  the  foiloAving  theorem,  which  can  however  be  otherwise 
deduced 

J^a  tone  5e  e«<  la  a  «tre^  6jr  a  plane  perpendknUw  to  a  aMf^  lAe  m*U  •fA» 
r^At  eoae  MA  WHiatm  <e  ii  aleiy  that  ridt  pmmu  UbveyA  lAe  oeaCr*  ^<Ae  acr- 
Hon, 

395.  Wben  •  given  cunre  of  doable  curratare  is  nol  a  iipAmW 
cuTMy  we  may  propoee  to  inTestigate  the  tphaie  surface  which  ap- 
proaches to  it  moaf  dossfjr,  at  anj  assigned  point.  An  caeulaiing 
cMe  has  been  defined  (389)  to  be  the  jtmd  of  a  cifde,  which  loucto 
a  given  enrve,  or  its  tangent  pt,  at  a  given  poirU  p,  and  etfto  the  same 
cnnre  at  a  near  point  q  ;  "while  the  tangent  pt  itself  had  been  regarded 
(100)  as  the  Itinif  of  a  rectilinear  wca;j/,  or  as  the  ultimate  position 
of  the  small  choni  i  Ii  is  nfttural  then  to  define  the  oscvlatinfj 
sjihtye,  as  being  the  iitnit  of  a  spheric  surface,  whicli  passes  titrough 
the  osculating  circle^  at  a  given  point  P  of  a  curve,  and  also  cuts  that 
curve  in  a  point  Q,  which  is  supposed  to  ajip  oach  indetiuitely  to  P, 
and  idtiruntfhj  to  coincide  wiUi  it.  Accord.ii^'ly  we  shall  find  that 
this  d^finttiwi  conducts  by  quaternions  to/ormtUa  sufficiently  sim- 

•  This  may  al»o  be  inferred  by  limits  from  the  formulae  (11.)  ;  in  whidi  r  and 
a  Mere  used,  pruvUtonally,  to  denote  a  certain  spherical  arc  and  aaffo. 
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pie;  and  that  their  geometrical  hiterprdaUtm9  are  oonsiatent  with 

known  resul  ts :  for  example,  the  centre  of  .^herteat  curvature,  or  the 
centre  of  the  oacvhiting  ffphere,  will  tliUvsbe  shown  to  be,  as  usual,  the 
point  in  wliich  the  polar  arts  (31)1,  (5.))  touches  the  ctu^p-edge  of  the 
polar  devih^pahJe  (391,  (6.)).  It  will  also  be  seen, that  Avhereas  in 
(fencral,  if  r  l  o  a  point  in  tht  normal  plane  (370,  (8.))  to  a  given 
curve  at  r,  we  can  only  say  that  the  difference  of  distances,  rq— rp, 
is  small  of  an  order  higher  than  the  firsts  if  the  chord  pb  be  small 
of  the firtt  order;  and  whereas,  even  if  r  be  on  ^ polar  axii  (391, 
(•!.)).  we  can  only  say  generally  that  this  difference  of  distances  is 
amall,  of  an  order  higher  than  the  second;  ^  if  K  be  placed  iU  the 
centn  8  of  spherical  eiirvaim%  the  difference  i^-ip  is  small,  of  an 
order  higher  than  the  third :  to  that  the  dietanee  of  a  near  peitU  %^Jr€m 
the  oeenUuing  ephere  at  the  given  poiiU  p,  at  genertdlg  email  of  the  fmth 
order^  the  chord  bong  still  small  of  ihefltet, 

(1.)  OporatiDg  with  S.X,  wImts  X  is  aa  aibitnij  Hdc^  od  Cha  vwlor  aqaafkii 
892,  V.  of  the  osculnting  drcle,  we  obCaia  Um  scalar  sqoatioa  of  a  vfhen  throogh 
Ibat  circle  under  the  form, 

I.  ..0«s2S  —5-  i  S  ; 

<JJ- p  p 

which  may  however,  by  393,  (7.),  be  broogbt  to  thii  other  form,  better  soitied  to 
oar  present  porpose, 

II.  ..(«-«)«  =  (p  -  J6)a + 2cS^> >'  («  -  f») ; 

e  befog  any  scalar  oonstant,  while  k  is  still  the  vsolor  «f  (be  oentrs  k  of  tha  drde : 
and  the  vector  «  of  the  oeotrs  a  of  the  sphere  Is  given  hj  the  fonnula, 

III. .  .  ir«=c+cV/9*y, 

wh!ch  evidently  expresse-«  that  this  last  centre  is  on  the  jjolar  nxi?i. 

(2.)  To  express  now  Uiat  tbid  sphere  cuts  the  curve  in  a  near  point  we  are  to 
subetitttta  Ibr  m  the  expresrion, 

IV..  .  w  =    =  p  +  if,'  +  |<ip"  +  ^»M^ ",    with    «o  =  1 ; 
bot  K  has  been  seen  (in  :VH)  to  satisfy  the  three  equation?, 

redndag  then,  dividuig  by      and  pasring  to  the  Unit,  w«  And  fbr  the  ft^fhffity 
ipAere  the  oonditioo, 

VI. . .  S(e-0»-ie)  +  aSp>''»«S(rpV8 
so  tiist  finally  the  vector  9  satisfies  the  three  scalar  eqnatlons, 

VII. .  .  0=  bp  (a-p\    0  =  Sf>"(ff-p)-p'»,   0  =  Sp"'(a-p)-3Sp'p'', 

by  which  it  is  completely  determined,  and  of  which  the  two  last  ars  SSSB  to  be  the 
euoceesive  deriralivce  of  the  first,  while  that  first  is  theeqoatim  of  the  normal  plane : 
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whcooa  tiM  cmlre  8  of  Udf  ^kert  it  (bj  tlie  aub-arte.  to  886,  oonp.  891,  (G.))  th« 
point  wImm  tlM  polar  oxk  u  UmdiM  lAe  tmtp-edff  of  the  polar  doralopftble. 

(8.)  Difltewtiab  may  bo  mbitltntad  Ibr  dttivatiTta  in  tho  oqoatioiis  VII., 
wUdi  mKf  abo  bo  tlias  wifttn  (oomp^  891,  (4.)), 

Yni...0»dT(p-4r),   Oad*TO>-9),  Osd*T(p-9),  if  d<r«Os 

the  dlMmee  of  a  aoar  point  q  of  tlie  givon  cnnre  tarn.  Vtu  oaeolatipg  tpher*  ia  there- 
Ibto  Midlf  (aa  above  taid)^  of  an  order  ih^A«r  tteMeiUrd;  if  the  cAomtrq  be  amall 
of  the  Older. 

(4.)  The  two  Ibat  eqnatiooa  YII.,  combined  with  Y.,  give  alao 

which  expreis  that  the  Hne  u  ia  perp<adicnlar  to  the  oefmlaffng  plane  and  abadute 
nonnal  at  v,  aa  It  on^t  to  be,  becauee  It  la  part  of  the  polar  asb. 

(5.)  Conceiving  the  three  points  P,  K,  8,  or  their  irectore  p,  <c,  <r,  to  tcgt^ktr, 
the  equations  V.  and  YU.,  combined  with  their  own  derivatiTea*  give  among  other 
leanltA  the  foUowhtg: 

of  which  the  geometrical  intaipietatione  are  eaaily  perceived. 
(6.)  Another  eaqr  cwnHnatinn  ia  tlw  foUowing, 

XL . .  OaSc'(ff  +  (»-2«), 

aa  appean  bj  darivathig  the  laat  eqpialioa  IZ.,  with  attentloa  to  other  relationa; 
hot  2c-  p  b  the  vector  of  the  eztnmitj,  eaj  it,  of  the  dkmdtr  of  the  cecniatmg 
«lrele,  drawn  from  the  given  point  p  :  we  Imvn  thereCare  thie  oonatmction 

On  the  tangent  k.k'  to  the  loeuB  of  the  emtre  ^ik9  Otadating  circle^  letfati  a 
ptrptudieular  from  the  extremity  h  of  the  diameter  drawn  from  the  given  point  F; 
thtM  perpendicular  prolonged  will  intentet  tkM  poltw  oant,  i»  tkt  emtrt  a  o/tkaotem* 
lating  sphere  to  the  given  curve  at  p. 

(7.)  la  general,  the  three  scalar  equations  VII.  conduct  to  the  vector  exprcs- 
aion, 

BYp'p'Spy  +  p'*Yp'-p 


XII. . .  a=p  + 


or  with  diflbrentiala, 


SppY 


SYdpdySd  f>d?p  +  dp2Vd»pdp 
XIII. .  .  ir«^»+  SdpdVdV  ' 

the  scalar  variable  being  still  left  arbitrary. 

(8.)  And  if,  aa  an  example^  we  introduce  the  values  for  the  helix, 

thereof  the  three  first  occurred  before,  we  find  after  some  alij^ht  reductions  the  ex- 
pre^ion,  in  which  a  denotes  aguiu  the  constant  inclination  of  the  curve  to  the  axis  of 
the  cylinder, 

XY.  •  .  9^p^0ffi9IBIKll^a^€ta  —  tfi^9lBffu\ 

but  this  is  precisely  what  we  fbond  finr  r,  in  889,  YIII.  $  >br  ih*  htUx^  then,  the 
tmQ  casfrce,  x  and  %  of  oMIafe  and  $pkerieal  eitroaliire,  eomeide. 
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(9.)  Tbte  known  innlk  li  •  eonstquMMi  and  mayam  aBiOnalmtfaa,  of  At 
gtaml  ttfmftwili'wi  (g.);  bmiiM  it  is  auy  to  inftr,  from  what  mt  AowalnSM, 
(8.),  TC^Motiag  tlM  Cmm  «r  th«  cMliw  K  rftha  otwrfahy  cirrf»  to  tlia  lidix, 
moCAcr  on  a  fio-«sal  tjfHmdtr,  that  tlio  Iwiyinl  xi:'  to  tkb  loom  U 
color  to  the  radias  of  curTmtore  kt,  while  the  saoio  tangent  (kk'  or  c')  U  aJ 
porpendiculnr  (X.)  to  the  tangeDt  (fp'  or  p')  to  the  cortw  j  xxf  U  thorefore  Aerr  aC 
rif^ht  angles  to  the  osculatinp  plane  of  the  pirn  helix,  or  coincides  with  its  polar 
a-rit :  so  that  the  perpentlu  uhtr  on  it  from  the  extrpiiiify  m  of  the  diameter  of  olt- 
rature  falb  at  the  point  k  iUe/f,  with  which  cootfoqueutl/  the  point  8  in  the  preaeot 
case  cuincidef,     fuuud  by  calculation  in  (8.). 

(10.)  In  general,  If  wo  Introduce  the  expressions  876,  VI.,  or  the  following, 

XVI. .  .  p'  =  «'Di^,   p"  =  +  •  "i>«Pi    f "'  =  «''i>,'p  +  '6st"i>t*p  +  t'UtPf 

in  wlilcli  9  denotes  the  are  of  the  cnrre^bot  tlioaooMitaatill  indicate  derivations  witii 
nipoet  to  an  orUlrofy  scalar  I ;  and  if  wo  obstrvn  (eom|».  880,  (12.;)  that  tbo  le- 
lationsi 

XVII.  .  .  D»jj2  =  -  1,    S.  i>,pu,V  -  0,    S.D,pn,'p  +  D,2p«  =0, 

In  which  n,t>*  and  n.'f)-  denote  the  squares  of  r^p  and  v*f>,  aii'l  S.D,pD,'p  deno(4?s 
S(nip. i>,*p),  &C.,  exist  indepfiidontly  of  the Jorm  of  the  curve  ;  we  find  that  s"  and 
**"  disapijear  from  the  numeratur  and  denominator  of  the  expression  XII.  for  <T-p, 
and  that  they  have  for  a  common  factor:  setting  aside  which,  we  have  thus  the 
slnplof  fccnrakSi 

VvTfl                         V.l),|)D.>p  D,.I>,pD,'p 
A  V  ill.  •  .     —  p  »  I   ^  =  '  .  . 

And  aoooidlngly  tho  (bne  sealsr  equations  Yll.,  which  dolemiinotho  oentn  of  the 
osedating  sphoro^       now  bo  writta  thas, 

XIX.  .  .  S(<T  -  p)  1)4)  =  0,      S(ff-p)D,'p  i  IsO,  S(<T-p)D,'psO. 

(II.)  Conversely,  wlu-n  we  have  any  formula  invohing  thus  the  succtasive  <!•  ri- 
vativca  of  the  vector  p  taken  with  respect  to  the  arc,  *,  we  can  always  and  eaawh 
generalize  the  expression,  and  introduce  an  arbitrary  variable  (,  by  inverting  tbs 
oqoations  XVI. ;  or  by  writing  (com p.  ;J90,  Vlll.j, 

XX.  .  .  orp  =*"»(•'- V)'  =  *'-V  -  *'  V>',  &c 

(12.)  It  may  happen  (comp.  879,  (2.))  that  the  independent  variable  /  is  only 
prtpoHiomal  to  «,  without  being  tfutU  thereto ;  but  sa  wo  havotlio  ganenl  wilalieni 
XXL  .  .D^psa'Miv^,  if  a'sDisaTp'soooat, 

it  is  nearly  or  qoito  as  oaqr  to  sAot  the  transformations  (10.)  and  (11.)  in  tho  esse 
horc  supposed,  or  to  pass  from  ( to  «  and  reciprocally,  as  if  we  had  «'  =  1. 

(13.)  If  the  vector  a  be  treated  as  constant  in  the  derivations,  or  if  we  on-iiler 
for  a  moment  the  centre  s  of  the  tph'  ri  -i  fixed  pt,int,  and  attend  only  to  the  va- 
riaiions  of  distance  of  a  {Kjint  on  the  curve  liom  it,  lUen  (rinionilMTiiii;  that  Ifp  —  <tV 
=  -  (o  —  a)')  we  not  only  easily  put  (comp.  Vlli.)  the  three  etjuauous  XIX.  under 
the  lurms, 

XXII.  .  .  0  «  OlaT(p-  tf)  m  D/r(p  -  9)»Vt^(fi  -  O), 

hot  also  obtahl  by  XVII.  thls^arfA  oqoatioa, 

XXIII. .  .  T(p  -  o)  D.<T(p  -  cr) -  S. («T -  p) i>.*p  i  D,V'. 


Digitized  by  Google 


CHAP.  Ill.j  COEFFICIBNT  OF  DBVIATION  FUOM  8PHBRB.  65^ 


(U.)  If  then  tre  write,  for  abridgment, 

XXIV.  .  .  r  =s  T(k  —  p)  =  TDj'p"'  sa  radiut  0/  osculating  circle  ; 
ZZY.  • .  £sT(ff  -  p)  s  radhu  ofitnalating  sphere ; 

XXVL  . .  8»  B(g-p)D<V  ^  S .  D4)»p,Vp,«p 

-  D,*p«  S  .  D,pD,'p'D,*p* 

we  see  that  this  ucalcWy  8y  must  be  amstamtlp  equal  to  iraidr,  for  every  ^kerieal 
curte  ;  but  that  for  a  curve  which  is  non-spherieal,  the  distance  of  a  near  point 
Q,  frori)  the  crntre  s  of  the  osculating  sphere  at  r,  is  geuerally  given  by  an  expres- 
sion of  the  form, 

BO  thttt,  at  least  for  near  points  q,  on  each  side  of  the  given  point  p,  the  curve  lies 
wkkmdOfwSU^  the  ipAcrt  which  osctdates  at  that  given  point,  according  as  the  $ca- 
UtTf  a,  determliMd  u  ■ba?«,  it  greater  or  Iim  than  todilQifv 

triMDce,  by  canying  the  MntiOllt  MS  glap  teClMr  tiMB  In  (8.),  we  And  forlh* 

XXIZ..^ffscoeec^«>l,  or  ZXIX*. . .  5-laooC^«>0; 

and  aeowdfaiglj  it  ii  eaqr  to  prore  that  tkU  corre  Ifai  wAo^r  wftAont  lit  oecuJeting 

aphere,  except  at  Uie  point  of  ooenlation. 

(16.)  In  geneimt,  tiie  $ea^ar       \  ,  which  vanishes  (14.)  (or  all  spherical  curves, 

and  which  enters  as  a  coefficimt  into  the  expression  XXVII.  for  the  dn'iation 
SQ  —  ^  p  of  a  iieur  point  of  any  other  curve  from  its  own  osculating  sphero,  may  he 
called  the  CoeJJlcienl  of  Non- Sphericity  ;  and  if  qt  be  tho  perpendicular  from  tliat 
near  point  g  on  the  tangent  ft  to  the  curve  at  the  given  point  f,  we  hare  then  thia 
UmUinjf  equtition,  by  which  the  value  of  that  coefficient  may  be  ezpresaed, 


ZXX... 


/  8q'-  ir'^ 


(17.)  Berides  the  forms  XVIII.,  other  transformations  of  the  expressions  XII. 
XIII.  for  the  vector  a  of  tlie  centre  of  an  osculating  sphere  might  be  assigned ;  but 
it  seeroa  sufficient  bere  to  suggest  that  some  useful  practice  may  be  had,  in  proving 
that  tlHoaanprarioQi  ftr  9  ndnce  themadwogonetillyto  wtn,  when  the  condition, 

XXXI.  . .  Tp  =  const. 

iaaatlM. 

(18.)  It  may  JiHtbafinarlGed»thataar->toolleneallodCcoiBpb  889,(4.)) tha 

ahsolute  curvature,  or  simply  the  curvature,  of  the  COfve  in  spaoa  which  is  consi- 
dered, so  A  I  is  sometimes  called  the  spherical  curvahire  of  that  enrvo :  while  r  and 
M  are  called  the  radii*  of  thoae  two  corvatureo  reqpeetively. 


•  We  chall  toon  have  oocadon  to  oondder  another  $ealar  racBw,  wbleh  wepr»> 
poaa  to  denota  bf  Hia  email  foman  letter  r,  of  what  la  not  nncooimonly  calM  the 
tardoHf  or  tlw  uccmd  careofare,  of  the  eanio  carve  in  apace. 

4  B 
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396.  When  the  are  («)  of  tbe  curve  ie  macle  the  independeDi 
Ttriable,  the  etdeuhUom$  (m  we  have  seen)  beoome  oonsidenbl y  situ* 
plified,  while  no  essential  generality  is  lost,  because  the  tnnsfonna- 
tioDS  requisite  for  the  introduction  of  an  arMfrory  scalar  Tariable  (t) 

follow  a  simple  and  uniform  law  {'695,  (11.)*  <^c.)*  Adoptiug  then 
the  expression  (com p.  395,  IV.), 

I,       =  t  «T  +  J«V  +  i«H<,T",    with    Mo  «  1, 

in  which 

II. .  .  T  =  D^,    t'  =  t"  =  D//>, 

and  therefore 

nr. ..t»+i=:o,  8tt'=o,  Stt"+t»-o, 

we  shall  proceed  to  deduce  some  other  afftd.ions  of  the  cwriv,  besides 
its  spherical  aire  at  ure  (395,  (18.)),  which  do  not  involve  the  consi- 
deration of  \.ht  fourth  power  of  the  arc  (or  chord).  In  particular,  we 
shall  determine  expressions  for  that  known  Second  Cwvature  (or 
fornon),  which  depends  on  the  dtange  o/the  oaculaiiitg pitmen  and  Is 
measured  by  the  nUmuUe  roth  of  that  change,  expressed  as  an  angle, 
to  theLore  of  the  curve  itself  i  and  shall  assign  the  quaternion  equa- 
tions of  the  known  JStetifymg  Planer  and  BeoUJjtmg  Line,  which  are 
respectively  the  tangeni  j^mi,  and  the  generatmg  Unit  of  that  known 
SMtifyhg  Developable,  whereon  the  proposed  curve  is  tk^eodtUc  (382): 
so  that  it  would  heeame  a  r^kt  Une^  bj  the  ui^foldmg  of  this  last  mr- 
face  into  a  planie.  But  first  it  may  be  well  to  express^  in  this  new 
notation,  the  principal  affections  or  properties  of  the  curves  which 
depend  only  on  the  three  first  terms  of  the  expansion  I.,  or  on  the 
three  initial  vectors  />,  t,  t',  or  rullier  on  the  tico  iast  of  these;  uiid 
which  include,  as  we  shall  see,  the  rectifying  plane,  but  not  the  recti- 
fying line :  nor  what  has  been  called  above  the  second*  curvature, 

(I.)  Using  then  first,  instead  of  I.,  this  lesa  expaoded  bat  still  rigoroas  expre»> 
sion  (eomp.  S76,  I.), 

IV. . .  p.  =  p  +«r+  |««Mir',   with  tn>=  1, 


*  la  a  Note  to  a  vaiy  abto  and  inCowtlng'lCemoir,  **  Star  hm  Ug»e§  mtm 
plmte^  (tdmtd  to  1^  Dr.  Salmon  In  tbo  MotB  to  pogo  277  of  hU  abtadj  dlfd 
TtMtiM,  and  pabllahod  in  Cakhr  XXX.  of  the  Jmmal  di  FEeot^  Pc^fUdiUfm), 
M.  do  Sdnt-Venaat  brings  forward  several  objectioos  to  the  use  of  thia  af^ellatiao, 
and  also  to  the  phraaes  tor»ion,  flexion,  &c.,  instead  of  which  he  propoms  to  intro- 
duce the  new  name,  "  fnmfcrMr* but  Ihe  exprcs:*ion  ^'second  curvature"  nviv 
servo  us  for  the  present,  as  being  at  least  not  unusual,  and  appearing  to  be  suffi- 
ciently soggettive 


Digrtized  by  Googld 


CHAP.  III.] 


SMTANAMT  LIMBS  AMD  PLAHB8. 


and  with  the  nUdons  II.  and  III.,  we  have  at  once  the  following  system  of  three 
rectajtgmtor  Bmm,  which  An  coooaivad  to  be  idl  drawn  fkom  Ibe  given  point  p  of  the 

cunre: 

V. .  .  r  =  vnit  tangent ;       VI.  , ,  r—  vector  of  curvature  (389,  (4.)j 
and         VI  I.  . .  V  =  rr'  =  -  r'r  =  rV"*  =  binomutl  (comp.  379,  (4.)) ; 
r  being  a  linn  drawn  in  the  direction  of  a  concoived  motion  along;  the  curve,  in  virtue 
of  which  ih**  arc  (f)  increases ;  while  r'  is  directed  towards  the  centre  of  curvature^ 
or  of  the  oseulniing  circle,  of  which  centre  x  the  vector  is  now, 

VIII.  .  .  OK  =  jc  =  p  -r'->  =  p  +  r*r'  =  p  +  rUT', 
If    IX.  .  .  r'^  =  Tr'  =  curvatrtre  at  i%    or    IX'.  .  .  r  =  Tt''^  =  radius  of  evrtature  ; 

and  the  third  lino  v  (which  is  normal  at  P  to  the  surface  of  tangents  to  the  curve) 
ha3  the  game  length  (Tvar-1)  ««  r',  And  ia  dir*et€d  ao  that  the  rotation  round  it 
from  r  to  r  is  positive. 

(2.)  At  the  same  time,  we  have  evidently  a  system  of  three  rectangular  vector 
miU  Uram  tiw  saina  point  p,  wUefa  maj  be  called  leepeettvefy  the  teMgent  unit,  the 
nereM^  tmiif  and  the  MMnanl  wtU,  nantety  the  three  lineay 

X. . .  Urer,   Ur'«rr',   Uir«rrr'  j 

the  normal  unit  being  thus  directed  (like  r*)  toweantt  fA«  Ctfufrf  of  curvature. 

(3.)  The  vector  equation  (oomp.  892,  (2.))  of  the  ci>c/«  ofcurvatur*  talcea  now 
the  form, 

XI.  .  .  V  —  a-  V  I 

with  the  verification  that  it  is  satisfied  by  the  valoe, 

XII.  .  .  w  =  /4  =  2»c-p  =  p-2r'  », 
in  which  ;i  (comp.  395.  (6.))  it  the  vector  on  of  the  extremity  of  the  dlamef^r  ef 

curvature  PM. 

(4.)  The  normal  plane,  the  rectifying  plane,  and  the  osculating  phm§,  to  the 
curve  at  the  given  point,  form  tk^reckaffular  system  of  planee  (comp.  379,  (5.)), 
perpendSadmr  raepeetlTely  to  the  ikrm  Utm  (1.) ;  eo  thai  their  acilar  eqnatione  art^  hi 
the  preeent  notation, 

XIII. . .  8r(«-p)  =  0;       XIV. .  .  8r'(w  -  p)=  0  ;      XV. . .  Sv(cu- p)  =  0 ; 

by  pairinr;  ^\hkh  wo  can  represent  the  tamjeitt,  nomiol,  and  binormal  to  Uie  ciurei 
regarded  as  indejinite  right  lines  ;  or  L>y  the  tlirt-e  vector  equations, 

XVL..Tr(ii»-p)»Oi   XVII...  Vr'C«^>p)»0;   XYIU. . .  Vy(«»-p)»o. 

(5.)  Jn  gfomH,  If  the  two  veetor  eqoatiooe, 

XIX.  . .  Vi7  (w  -     =  0,    and   XIX'. . .  V^, (w,  -  p.)  =  0, 

represttit  two  right  lines,  rit  and  iv.u,,  which  arc  conceived  to  emanate  aC(K>rdiog  to 
any  given  law  from  any  ytven  curve  in  space,  the  identical  formula,* 


*  It  w  obvious  tliut  wc  have  thus  nn  ca.sy  quaternion  solution  of  the  problem,  to 
draw  a  common  perpendicular  to  any  two  right  Unes  in  tpac*. 
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gbowi  lhat  the  common  perpendicular  to  these  tico  emanantt^  which  a«  a  vector  ia  re- 
pnteotod  by  tUktr  mmmlbtr  of  tbb  fonnnla  XX.,  imUrMetg  Ibe  two  limn  in  the  imp 
poM  of  wUeh  tba  TMlon  ara, 

V 17171 

(6.)  In  jftneral  alao,  the  pauagt  of  a  rijfht  Umt  flrom  any  one  given  pociilioa  ia 
■pioetoanyoliktfriiiajboeooedvditotefteooaipliilied  by  « lort  cf  kww  ■gft'w,  wUh 
the  rww—  ptrpemdiaihiirtoit  tho  gjriig  of dio  tciwr,  «nd  wtth  ftwg pnpurtimwl  wai0- 
§itimf  of  fcn— i/otioii  afa^  lad  of  rilBifOT  wrftlMitttfa ;  tholtat  of  thoiaoff— i 
Mid  of  all  tho  ^RfmniriMt  ^iftfioi  of  tlM  ttit  (wfaoo  lAw  iVrfiijwIufMl)  boii^  • 
Strm  Smfiuty  such  as  that  of  wbieh  llw  ▼tctor  oqyatioD  wu  «igDod  in  914,  (1 W), 
tad  wag  naed  in  872,  (4.). 

(7.)  Again,  for  Mf  ftMMan,  f,  wo  havt  (by  816,  XX.  and  XXiU.*)  tbo  tw 
•qoations, 

XXII.  .AUq^L  9.U79,      XXir. . .  VD« «ilB  tq.UVqi 
ftffinratfr'if  ui<ii^ii  w<>  that 

XXllL..yU9:lU9»oin^«:If-(f«ynoK|y)  1, 

iftlio  Mffe  of  the  quaternion  be  nutts  00  that  Uio  logarithm  and  the  twc<or  cf  tka 
9ertor  of  a  $maH-angltd  quatenum  are  very  nearly  e^wa/  to  each  oihor,  andwo  maj 
viita  iho  (oUowiug  general  t^ipnxmato  Jonmuia  iar  aooh  a  mtmt  ; 

XXIY. . .  U9B(f^^B)«^"f^  aeor^,  If  £  9  bo  «mI7; 

the  tmr  of  tUilartfbnnala  Ui^  in  fiwt  ■nail  of  Iho        onfar,  if  Iho  bo 

•mall  of  the  firH, 

(8.)  And  thus  or  otherwise  (oomp.  334,  XIIL  and  XV.)^  wa  naj  pmive  that 
if  the  quatenioa  9  have  the  form  (oomp.  (5.)), 

XXY...f -Va^'S  iritb  XXVI.  9  + •!>..» 

and  If  wt  wfilo  ftv  ahrfd^nMolf 

ZXTIL..9oTZ.,   and   XXVIIL. . Jla8^ 

m  ihall  than  hava  noaily,  If  «  ba  MnaU,  Hio  nipiondnM, 

XXIX...U9-iU-»c*«,   and   XXX. . .  Tf-T-al  +  «As 
or,  M|^ooting  4*, 

XXXL  . .  «• «  (i  4  «ft)f«^  B  -}• 

in  whieh  laot  Unomlal,  the/ri/  (or  fa^MnMiiMai)  i«ni  aknt  inHaancv  tha  igrtdion 
of  tho  MMT  «aMnaa<  lia«(6.> 


*  AIIhooghthoan|>NNionXXir.ffwyn9i«hoi«dodaoedftomS16»ZXIII^ 
temighthavolfOonlntrodiieodatanimhfaiHwtlagoofthaiaiMiMMil  ftirinitaneo, 
in  oonnoiiioa  irith  tho  fennnhi  S04,  XIX.,  namdly  TVDf  MriB  ^f. 
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(•.)  AttlMm»lim^li7iappetfig«tol«dtoO,tliellBnDiife 

xzxn. .  .<wo»»o=p  +  »jS^^,=p-ijs^, 

for  the  vector  of  the  point,  say  Uy  om  tkt  ghm  mamamt  PH,  in  which  that  given 
line  l9  ultimately  intenected  by  the  common  perpendicular  (6.),  or  by  the  ot^m  of 
the  tcrevf  rotation  (6.);  hut  the  direction  of  that  axis  is  repreacnted  by  the  versor 
V0,  and  the  angmtar  velocity  of  that  rotation  is  represented  by  the  tensor  TO,  if  the 
velocity  of  motion  (1.)  along  tbe  given  curve  be  taken  as  unity :  we  may  liierefurc 
aay  that  the  vtctor  0  itself,  or  the  factor  which  multiplie§  tht  are, «,  in  the  exponential 
Urm  XZXL,  if  Ml  off/mi  fAejwmfH  datenuiiMd  by  XZXIL,  ia  tl»  V^ior  of 
BtUtikm  oftht  JBaomnf,  whalmr  IIn  low  (6.)  of  tbe  «iiiaa«llm  mftj  be^ 

(10.)  Andflt  fafudi  tfaa  «eraf  froMlafloii  (C),  Its  Miimp  Mlpdty  It  fai  IBm 
myiMMw  fipfiMiiiidi  III  kngth  Mid  in  dIfMtioiii  by  flMfcUowliii^c^^nHioiii^obtaiBtd 
bj  Unite  rm  XX.)^ 

XXXUI. . .  I  ■>  GS  ^  (set  off  from  b)  =  FMlor  ^  TVnulafuNi  ofBmanantt 

s=  projection  of  unit-tangent  on  screw- axis  (or  of  r  on  0). 

And  the  indefinite  right  line  through  the  point  n,  of  whkb  Mr^MiW  «  is  AjMrlyllHiy 
ba  called  tbe  Axis  of  Displacement  of  the  Emanant. 

(11.)  It  is  easy  in  this  manner  to  assign  what  may  be  called  the  Oecvlating 
Screw  t<urfuce  to  the  (gent^alfy  panche)  Surface  of  Emanants,  or  indeed  to  any 
proposed  skew  surface ;  nunu-ly,  the  screw  surface  which  has  the  given  emanant 
(or  olbcr)  Urn*  for  mm  of  it^i  gmeroMittf  Mid  ImmAm  tk§  §km  uufke§  in  Ibe  wMt 
<sM  of  thftt  rigbt  Hno. 

(IS.)  It  is  Iwirefor  man  iMportMit  bore  to  obMrv^  that  in  tbo  one  wlm  tbo 
anriboe  of  ononanta  ia  dtPdopabU,  tbo  ofofor « of  fnauUiHon  vmMta;  and  titat 
conversely  tbia  vector  t  cannot  be  constantly  zero,  if  that  anrface  be  wndlw/opaMii, 
The  CondUion  of  BndapabUUjf  of  tbo  JSmfM  ofEmwtmU  ia  tbanfora  enpwaied 

bj  IIm  equation, 

XXXIV.  ..««0,  or  8r9«0,  or   XXXIV. . .  S^vVbO; 

and  accordingly  this  oooditlon  b  aoflf^ (aa  waa  to  bo  ao^aeted)  wlian      r,  tbat 

il^  for  the  surface  ^ttrngmU, 

(13.)  In  tbe  same  case,  of  »;  =  or  ||  r,  the  vector  0  of  fixation  becomes  eqnal  (by 
XXVil.and  VII.)  to  the  binormal  v  ;  and  the  expres-sion  XXXII.,  for  the  vector  <a^ 
of  the  foot  H  of  the  axis  reduces  its«>lf  to  ^ ;  and  thus  we  might  bo  leti  ti)  sec  (what 
indeed  is  otherwise  evident),  that  the  passage  from  a  given  tangtnt  to  a  near  one  • 
may  be  approximately  made,  by  a  rotation  round  the  butormedf  through  the  small 
angle,  iTv  ear  >  m  mfo  dloMwf  if  rmHus  of  curmtlmw, 

(14.)  Inataad  of  omanathig  ifiaM,  wo  may  WMMMar  >  lyatem  of  aawngflwyjttoiMa^ 
wldcb  nra  raapactivoiy  ptrpmHtmlmr  to  IliOMliiiai^  and  poM  throogh  tbo  »awupoimit 
of  IIm  given  conra.  It  nay  bo  aofidont  boro  to  reaaric,  tbat  tbo  poMoyv  from  ono 
to  anothM  of  two  anch  noar  omanaot  pbmai^  nprtMntad  hf  tbo  oqoadon^ 

XXXY. . .  8ir(«-p)»0,    XXXT. . .  B^e(m-p)mQ, 

may  bo ooBcatvad  to  bo  mado  by  •  rafoffon  fJIroa^  mm  amgH^m/tB^  rmmdtk§  right 
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XXXVI.  .  .  Sfi(«-p)=-0,    Siy'(..j-  n)  -  SiiraO, 
or  XXXVr.  .  .  Ve(a*-p)+  r;  iSyr=  0, 

in  which  the  plane  XXXV.  touches  it.n  developable  envelope,  and  which  is  parnllel 
to  the  recent  vector  Q,  or  to  the  vector  of  rotation  (9.)  of  i\w  emannnl  Hnf ;  tiiat 
if  an  equal  vector  be  bet  ulV  on  this  m  w  line  XXXVI.,  it  mav  be  said  to  be  the  h  ec' 
tor  Axis  of  notation  of  the  Emanant  Fiane, 

(iu.)  For  MCAoaplc,  if  we  ag«fai  mtSoi  yar,  w  tint  lh«  tqwHon  XXXY.  repro- 
tents  now  the  noniMlptoM  to  Um  onrra^  «•  avo  tod  lo  combipo  tht  eqoation  XIIF.  of 
tliat  ptoM  with  iU  dtrimd  oqaatloa,  and  m  to  fiwm  the  qritam  of  tho  im9  acilar 
fqnttiomii 

XXXVIL..Sr(i#-p)«rO,    Sr'(w -p)+ 1  =  0, 

whereof  tho  oeoood  represents  a  plane  parallel  to  the  rectifyii^  plamt  XIV.,  aod 
drawn  through  the  centre  of  curvature  VIII. ;  and  which  jointly  represent  the  polar 
axi$  (391,  (5.)),  considered  •«  an  indejinit*  right  lino^  which  i>  reproieiitod  othorwiee 

by  the  on<f  vector  equation, 

XXXVIII.  .  .  Vv(w-c)=0,    or    XXXVIII'. Vy(«-p)  =  -r. 

(16.)  And  if,  on  this  indejinite  line,  vrc  set  off  a  portion  eTica/  to  thehinormal  »*, 
such  portion  (which  may  conveniently  be  nioa'^tiredyrowi  the  centre  k)  may  be  said, 
by  (14.),  to  be  the  Vector  Axit  of  Rotation  of  the  Xormal  Plane  ;  or  Itriefly,  the 
Polar  Axis,  consiileriHi  as  representing  not  only  the  direction  but  also  the  velocittf  of 
that  rotation,  which  velocity  ^Tvsi^i  «>  the  curvature  (IX.)  of  the  girea  canre  : 

wliitociMMa*por«toi»UvBt]MMMriiMl«»i«(2.X  oet  dfon  tiM  mum  ftm 
the  earn  oMir*  of  conraSiin^  nay  be  called  tho  Mir  UmiL 

(17.)  TUa  Boggeeta  a  w»m  mg§  of  tepiaeeiniag  the  oeciilal6y  cMi  bj  a  oMCer 
ifiMrfjMi  (ooaepi  (8.)*  and  816)i  aa  ftiltowa: 

ZZXIX. . .         +  ••'(p-r)  =  p  +  l)r*-» 

o  p  +  «r  4  iPr' + - 1  -  eir  -  |*t»e)  j 

which  agrees,  as  we  see,  with  the  expreesion  L  or  IV.,  if     be  neglected;  and  of 
iridoli,  what  tha  eipaaelon  to  ooQtlniiad,  the  neaf  lem  \% 


(18.)  The  complete  expansion  of  the  exponential  form  XXXIX.,  for  the  variable 
vector  of  the  otculatmg  circle,  may  be  brielly  summed  up  in  the  foUowtog  Irigomo- 
metric  (but  vector)  expression  : 

•  XLI. . .  w«  =  Ki-^co8^+ Uv.Biap^(p  — a), 

lawbtoh,    ZLU. . .  p-as-f'r't  and  0f.(p-c)8ryr''iBrr; 
•0  that  «•  may  alio  write,  neglectimg  no  power  ofs, 

XLIII. .  •  M««sp^.rriiii '4rVTeia' : 

r  r 

and  if  this  be  subtracted  from  full  expression  for  the  vector  p,.  the  remainder  may 
be  called  the  deviation  of  the  given  curve  in  space,  from  its  ou-n  circle  of  curratwe  : 
vrhich  deviation^  as  we  already  see,  is  mall  of  the  third  order,  and  will  soon  be  de- 
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conpowd  iaioltf  to»prnM^palpar<t,  orlMf,  of  lAof  oidMV  infihadiiMtloiitoftlM 

umrmal  and  the  MmtwoI  napcelivdy. 

(19.)  MmntiBMi  wt  may  remark,  that  if  wc  only  neglect  torms  of  the  fnurth 
order,  the  expaariiMiI.  s^TM,  by  III.  and  IX.,  Cor  the  Im^A  of  amm^/  cAord  rr*, 
tlie  fojmula : 

XLIV. . .  PF.  =  T(p.  -  p)  =  T(#r  +  |*«r'  +  i«>r-) 


tbia  lenptk  then  It  tbo  aMM*  (totUa  degree  of  approadmation),  aa  that  of  thecilord  of 
m  equally  long  are  of  the  9$tiilaiiK§f  €M$i  and  although  the  eAortf  of  ovna  aaiaA 
•TO  of  a  carot  is  oftMgw  AwUr  than  that  ore  ttael|f;  yet  wa  aao  that  the  d^Hrtmet  io 
gmmiBjf  a  small  qnanti^  of  tba  <Alnf *  ordipr,  If  the  are  bo  email  tftbitjlni. 

397*  Resiuning  now  the  exprassion  396, 1.,  but  soppressing  hm 
tbeooeffioieiitiiM  of  wfaidi  the  limit  is  unity,  and  therefore  writing 
simplyy 

I. . .    - />  +  rr  4  ia'T' + JjV', 

with  the  relations, 

IL  .  .     =  -  1 ,    Stt'  =  0,    Stt"  «  -  t'«  =  r  \    Sr^r''  =  r V. 

if  «  e  arCf  and  r'*  =  Tt' =  cMrra/t<rc,f  as  before,  or  fssroditis  ofoonra* 
tare  (>0)i  while  r*  =  D«r;  and  introducing  the  fwv  Motor, 

III.  ..r»»S-3  =  T-»V~  =  <S^adt  Oumtfairtf, 

with  yoTT's^cnormol^  or  the  tieiv  vector, 

IV.  • .  r'T  =  tS  —  =  V  -  =  Vector  of  Second  Curvature^ 

supposed  to  be  set  off  tangentially  from  the  given  point  P  of  the 
curve,  or  finally  this  other  nev»r  scalar  (>  or  <0), 


V.  ..r 


=  '  s  Sadim  of  Second  Curvature, 


•  This  ought  to  have  b.-cn  exproRsly  stated  in  the  reasoning  of  383,  (5  ),  for 
which  it  was  not  suflScient  to  observe  ihiit  the  arc  and  chord  tend  to  bear  to  each  other 
a  ratio  of  e^uaitty,  without  ahowiog  (or  at  leaot  mentioning)  that  their  difference 
imd$  to  wamah,  eem  aa  cpeqMretf  with  a  Boa  whieh  le  nltimatdy  i^the  eame  order 
as  the  tfman  of  diher. 

t  Whenover  thia  word  ciaitatwrt  la  thus  naed,  without  any  qaalU^iag  a^jeetlTeh 

it  la  atwsya  to  bonndantood  aa  daiiotfaigtho«fteolMle(or>b«()ciiiTataaoftiiacaiyo 

io  space. 

X  Compare  tha  Koto  to  page  654. 
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which  gives  the  expression, 

VI...T»=-f^-.rVytr«TT'  • 

=  -        +  (r')'CJT'+ (rr)->Ui»; 

we  propoed  to  deduce  some  of  the  clnef  affections  of  a  curve  in  space, 
which  depend  on  the  third  power  of  the  arc  or  chord.  In  doing  thia, 
although  everything  new  can  be  Mmntiijf  reduced  to  a  dependeooe 
on  the  two  new  Mojorf,  r'  and  r,  or  on  the  one  new  vector  t",  or  even  on 
f/sYrt^'f  jet  some  atualiarif  symbols  will  be  found  useful,  and  almoat 
neoesaarf.  Retaining  then  the  symbols  ir,  J?,  as  well  as  t\  r, 
and  therefore  writing  at  before  (ooinp.  996,  VIII.), 

VII.  .  .  OK-».  =  />-T'  '  =  /)+rUT'=^  +  rAr', 
Vlil.  ..(/»-*)'  =  r  'U(k  -  />)  -  t'  -  D.V=  Vector  of  Curvature, 

we  may  now  write  also,  by  396,  XVIII^ 

IX. . .  08  =  a«/>-gjjjj^««+fT'rv«c-i-r'rUi% 

and 

X. . .  (/>  -      =  l^»U(ff  -  f»)  =  i/'-'St'*^  =  Fertor  o/  Spherical  Curvature, 

■=  projection  of  v^tor  (t')  of  curvature  on  radius  (5)  o/"  osculcUiny  splicrc  ; 

beeanae  we  baTe  now,  by  VI., 

XI. . .  i/=(TT'y- Vtt^— rV-rVi', 

or  XI'. . .  (Ui^)'  =  (tpY  =  -  rrV »  -  r 'Ut', 

and  XII.  .  .  STV'  =  -STT'T"  =  -r'T«=r»r 

If  then  we  denote  by  p  and  P  the  linear  and  angular  elevatwnt,  of  the 
oenfrs  a  of  the  oecnlating  igiAers  aboTe  the  osonlating  pUme,  we  shall 
have  these  two  new  auxiliary  Molars,  which  are  positive  or  native 
together,  aooording  as  the  linear  sa  has  the  direction  of  4 1» 
or  of  -  PI 

XIII. . .  p = ^  sr'r ;   XIV. . .  P -  hps  =  Un^  ^  =  sin  *  ^-cos  *  4; 

while      XV. .  .  if = T(<r  -  ^)  =  v^C'-"  +  i?')  =  \/(^  +     r') ; 

the  a7i^/«  P  being  treated  as  generally  acute*  Another  important 
line,  and  an  accompanying  oni^^s  of  elevation,  are  given  by  the  for- 
mula, 

X  VL . .  X  =  V  ^'  =  j'Vt't''  »  r 't + tt'  «  r«UT + r^Vp 

7 

-  Yp'P'^  -f  y  ->  Bedifying  Vector  (set  off  from  given  point 
^  Vector  of  Second  Cfwvature  phi$  Binormal; 
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XVII. . .  iEre>^^etaii-iI=.£teKiiMMi     lUcl^fywg  Une  (>a  <r), 

■=  the  angle  (acute  or  obtuse,  but  here  regarded  as  positive), 

which  that  known  and  important  line  (396)  makes  with  the  tangent 
to  the  curve;  so  that  (by  XIII.,  XIV.)  these  two  auxiliary  Ofngka^'* 
H  and  P,  from  which  (instetd  of  dedooiDg  them  from  and  r) 
all  the  affections  of  the  curve  depending  on  can  be  deduoedf  wtt 
oonnected  with  each  other  and  with  H  bj  the  NUtien, 

XYIII. . .  tan  P tan  jr. 

Many  other  combinations  of  the  symbols  offer  themselves  easily,  by 
the  rules  of  the  present  calculus;  for  instance,  the  vector  a  may  be 
determined  by  the  three  scalar  equations  (comp.  395,  XIX.), 

whenoe,  by  XVI.» 

a  result  which  also  foUows  from  the  expressions, 

XXL  . .  -^'"f  V  ^  +  S  ^]T'=(X-ry)T', 

mod  XXIL  .  +  i|»i»=rUt' +|>Ui', 

becanae         XXIIL  . .  lyVXif »  -  fprV=-  it't'; 

we  may  therefore  replace  the  formula  I.  for  the  vector  of  the  curve 
by  the  following,  which  is  true  to  the  same  order  of  approximation,! 

XXIV. . .  /..=/.+»T t ^ (« -fj  +^  VX(« -,,): 

and  may  thus  exhibit,  even  to  the  eye,  the  dependence  of  all  affec- 
tions connected  with  5^,  on  the  ttro  new  linf^^  \  and  <7-  />,  which  were 
not  required  when  «^  was  neglected,  but  can  now  be  determined  by 
the  two  scalara  r  and  p  (or  r  and  r',  or  H  and  P  as  before).  The 
gmmetrtcal  signification  of  the  scalar  p  is  evident  from  what  precedea, 
namely,  the  height  (ks)  of  the  cmire  of  the  osculating  sphere  above 
that  cf  the  oaeolating  tMe,  divided  by  the  Unamud  wnk  (Ur) ;  and 

•  The  angle  U  appears  to  have  been  first  considered  by  Lancret,  in  connexion 
■with  hi«  theory  of  rectifying  Wne^,  p1an(»,  and  surfaces:  bet  thfl  SDgls  hSTO  called  F 
was  virtually  included  in  the  earlier  results  of  Monge. 

t  As  regards  the  homogeneity  of  such  expressions,  if  we  treat  the  four  vectors 
p„  p,  ic,  and  the  five  scalars  s,  r,  R,  p,  and  r,  as  being  eiich  of  the  Jirtt  di- 

mension, we  iiT->  then  to  regard  the  dimenaionA  of  r,  r',  c',  H,  and  P  as  Ix^Lug  each  zero  ; 
those  of  t\  V,  and  X  M  each  sqnal  to  - 1 ;  and  tbat  of  elthtr  r'or  v  as  being= -  2. 

4c 
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ts  r^ards  what  has  been  called  the  radius  r  o(  second  curvatm^  (V.), 
we  shall  see  tbftt  this  ia  Id  fact  the  gionubrioal  radiua  oitkMoamd  dr- 
whioh  oioidaUs^    the  extremity  of  the  tungential  veetor  rr«  to  the 
jprmeiptd  normal  teeUon  of  the  deTelopeble  Surface  of  TaoffmiM  ;  and 
thereby  detenmnee  ea  o$eidaiinff  obU^  eone  to  that  importaiit  snr- 
faee,  andado  axtOBodating  right  cone*  thereto,  of  which  liottarcoDe  the 
mmngU  if  ff,  and  the  rectifying  line  \  is  the  axie  of  reuobUioM : 
being  also  a  side  of  an  oeendaHng  rigid  cylinder,  on  whidi  is  traced 
what  is  called  the  osculating  helix.    We  shall  assign  the  quaternion 
equations  of  these  two  cones,  and  of  this  cylinder,  aud  helL\  ;  aaJ  sLiUii 
show  that  althoiitih  the  helix  has  not  generally  com^i/^tf  contact  of  the 
third  order  with  theyiiYn  curve,  yet  it  approaches  more  nearly  to  that 
curve  (supposed  to  be  of  double  curvature),  than  does  tlie  osculating 
circle.    But  an  osculating  parabola  will  also  be  assigned,  namely,  the 
parabola  which  osculates  to  the  projection  of  the  carve,  on  He  own  oo- 
culating  plane:  and  it  will  be  shown  that  this  parabola  represents 
or  cotistructs  one  of  the  two  principal  and  rectangular  components  (396^ 
(18.)),  of  the  demotion  of  the  curve  from  its  oscnlating  csro^  in  a 
direeticii  which  is  (nltimately)  tae^goetitdio  the  oecuhting  ephere^  while 
theA«I&CMi(Hictetheo<fta*eoify»on«ftf.  Anoscuten^^rtj/^constothe 
eoneof^ordet  6x9iwnfiroma^pe»pofyii  of  the  oorve^  will  also  be  as- 
signed by  quaternions:  and  will  be  shown  to  have  in  general  nemaSer 
aeute  eendangle  0  (or  w~0%  than  the  acnte  semiangle  2r(or  w-B), 
of  the  osculating  right  cone  (above  mentioned)  to  the  wrfaee  of  tan- 
gents, or  (its  will  be  seen)  to  the  cone  of  paralleh  to  tangents  (  3f)9, 
(^6.),  tic.) :  the  relation  between  these  two  semiangles,  o(tu'o  osculating 
right  cones,  being  rigorously  expressed  by  the  formula, 

XXV...  tanC7«f  taniT. 

A  iwioo&K^09M  of  the  second  order  will  be  assigned,  whichhas  con- 
tact of  the  mom  Ofidr  with  the  cone  ^cIM^  a8the«0O9iuir^eras 
(C),  while  the  latter  oeeulalee  to  hoik  of  them;  and  also  an  oiea- 

cidating  parabolic  cylinder,  which  rests  upon  the  oeeulaiing  paroMa^ 
and  is  cut  perpendicularly  in  that  auxiliary  curve  by  the  oeeulating 

plane  to  the  given  curve.  And  the  intersection  of  these  two  last  «tr- 
faces  of  the  second  order  (oblique  cone  and  parabolic  cy  linder)  will 


♦  TkeM  two  MmUahg  ooiMS,  oUiqve  and  right,  to  tba  tmjkm  pf  ftwjpiBfi, 

appaar  to  havo  been  first  assigned,  in  the  Memoir  already  cited,  by  M.  de  Saint  Ve- 
iMot:  the  osculating  (circular)  helix,  and  tho  (Monlsting  (ciicnlar)  cyffiidbr,  having 
bMn  previous^  oomidcrad  by  M.  Olivier. 
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he  founcl  to  ooniist  ptrily  of  the  bmomal  at  the  given  end 
pertly  of  e  oertain  twuUdciihU^  (or  gmuke  emve  of  the  ihirddtgree)f 
which  latter  cenw  has  eomplste  ooitf  act  of  the  lAM  order  with  the 
^Meii  onrre  in  epaoe.  Coiuirueiiom  (comp.  395,  (6.))  will  be  aaaigned, 
which  will  oonnecti  more  cloaely  than  before^  the  tangmt  to  the 
locw  of  centres  ofcvnmture,  with  otfier  properties  or  affections  of  that 
given  curve.  And  finally  we  shall  prove,  by  a  very  simple  quaternion 
analysis,  as  a  consequence  of  the  formula  XI'.,  the  known  theorem, f 
that  when  the  ratio  of  Vie  two  curvaturei  u  constant,  tJie  curve  is  a 
geodetic  on  a  ctflmder. 

(1.)  Tbt  scalar  txpwton  III.,  for  tto  ateomd  iwfwUun  of  a  cnrre  fa  apace,  a« 
4i^lmti fa 896,  maybe  dadaead  front  Iha  Afmole  (396,  (5.)i  ftc)  of  the  faoant 

XXVI.  .  .  0  =  VvV'  =  r'r,    a>o  =  p,    «  =  '*»         «7  =  v» 

while  the  /in«  of  contact  (396,  (14.)),  of  the  cmanant  plane  with  ita  envelope,  coin- 
dtles  in  position  with  the  tanpent  to  the  curve;  in  passing,  then,  from  the  given 
p*..int  y  to  the  near  point  P„  the  binormal  (i')  and  the  osculating  plane  (-1-  v)  have 
(nearly)  revolved  iogtthtr^  round  that  tangent  (r)  as  a  common  axis,  through  a 
mmU  amffl*  s  r  and  thanftna  with  a  9theUy  -i  \  if  this  symbol  ham  <A«  eo/iM 
aarigoad  by  III.,  or  by  tha  toUowfaig  axtandad  aapwwMtci,  fa  wUeh  the  jM&r««- 
rUbU  (0  ia  afMhpy  (oomp.  895,  (11.),  fte.), 

XXVIL . .  H  •  8        =  S         = Slwoarf  Oiraafaw  .* 

Vp  p  Vdpa2p 

vblle  the  binormal  has  at  the  same  time  been  translated  (nearly),  in  a  direction 
perpendicular  to  the  tans^ent  r,  through  the  gin  all  interval  i«  =^4rr,  wbicll  ^in  Uie  piO- 

aant  order  of  apjiroxiinatioii)  represcnls  llie  small  chord  pp,. 

(2.)  Afi  au  txaniple^  if  we  take  this  new  form  of  the  equation  of  the  helix, 

XXYIU. ..  pi  =  &Ca<cota  +  c«V3)*   with  TaaT/Sel,   and  Bafi^O, 
which  gb<t  the  derirad  vaeton^ 

XZIZ. . .  p/-Aa(cata+t«/3)^  pi'— ftf«^  firm^^", 

and  Ihia  azpfaarfon  ftir  tha  orv  a  (anppaaad  to  bagfa  with  Ob 

XZX...tB/fb  whara  /BT^aB^ooaaaaaoonat., 

wa  aid^  flad  (ate  a  llnr  lodaetloBa)  tha  fsllowiag  valnaa  te  tha  law  awMi^ 


•  Tbia  eeavaaiait  appallatloB  (of  iwidtd  caUa)  haabaen  propoaed  by  Dr.  Sal- 
BMByferacorvoof  thahfadhcmeooaidaNdi  aaapagai841,lke>,of  hbalraadycitad 
rbaatiiab  IhaoMalallNpMlatf  otUewiUbacaiiddandaoiBawhatbtv^ 

t  Tbia  thaanai  was  eatablished,  on  sufficient  grounds,  in  the  cited  Maoaair  of  U. 
de  Saint  Tenant  (page  26) ;  but  it  ha»  also  been  otherwise  dednoed  by  M.  Serret, 
in  the  Addikiooa  to  M.  LioaTiUa'a  Editioa  of  Monga  (Pans,  1960,  paga  661,  kc). 
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while  the  common  centre  (S96),  oi  the  oeculiting  areUi  and  tpkertf  has  now  for  its 
T«*or(comp.  389,  (?».)), 

XXXU.  ..  c  =  tr  =  pj  -  bt'^'fi  cosec'  a  =  6  cot  a  (o<  -  f'/J  cot  a) ; 

h  bein^  hore  the  rrttfiiM  of  th(>  rylindttf  iNlt « tllllttting  tliU  tlM  WMtint  fafWirtl— 

of  the  tangent  (p')  to  tlu-  axit  {fr\ 

(3.)  The  recf(/yiM^ /«wf  (3itG),  cunsidert?d  merely  ns  to  its  position,  Widj;  the 
line  of  contact  of  the  rectifying  pltaw  (3'J6,  XIV.)  with  its  owD  ciiveioj)e,  is  rvpre- 
sented  by  the  eqiiations, 

XXXIII.     0  =  Sr'(u*-p)  =  Sr'Cw-p),    or    XXXIII'.  .  .  0  =  VX(w  - 
with  thf  signification  XVI.  of  X  ;  and  accordincjly,  if  we  treat  llie  rwtifyin<:  j  hue^ 
arf  cmanantt^  or  change  q  to  r',  we  find  the  value  0  =  VrV"*  =  X,  wiiich  &huwd  «Isk> 
that  iu  the  pA.ssAge  firom  p  to  Pi  the  rectifying  piamttmnu(pm:Ay)  nmmdtkt  rtd^f* 
img  Umt,  through  a  $maU  angle  =  §T\,  or  nitfi « idMljir  of  nMAtkm  rapnMMOttd  faj 

tlMt«DMr> 

tkmj  uTimiiiiiiti)  irilh  Ihi  «m<ip  «irft(8H  (14.))  «r«Ua  rtttHm  ^tkt  rwtt^ 
ii^pttms  tiBihaveetor  afwmomd  twvaiure  (r  'r)  has  b«en  seen  to  be,  in  the  mmc 
piU$enm!  (comp.  (1.)),  the  vettoraxii  of  rotation  of  th«  9$aKMm$pkm»i  mkm  mI^- 
«f[^  direction,  and  position  are  al7  taken  into  account. 

(4.)  When  the  derivative  «'  of  the  arc  is  only  constant,  without  Nniif:  f^^nal  to 
wni/y  (comp.  395|  (12.)),  the  expression  XVI.  may  be  put  under  this  aii^tly  more 
general  formi 

and  accordingly  for  the  helix  (2.)  wo  have  thus  the  values, 

XXXVI. .  .  X  =  cu'  '  =  a6"'  sin  a  =  or  '  coscca,    UX  =  a ; 

the  rectifying  line  is  therefore,  for  this  curve,  paraOtt  to  the  aria,  and  coineidet  with 
the  generating  line  of  the  cylinder,  ajj  13  otherwise  evident  from  geometiy.  The 
value,  TX  =  i  'sina,  of  the  velocity  <f  rotation  of  the  rectifying  plane,  which  is 
here  the  tangent  plane  to  the  cylindur,  when  compared  with  a  conceived  velocity  of 
moImmi  ahng  tkt  ciinw,  is  also  easily  interpreted;  and  the  fonunla  XVIL,  XVIIl. 
give^  for  Iba  Man  hdix  (by  XXXI.),  the 

XXXVII.  .  .    a 0,    if«=a,  PtBO. 

(5.)  The  normal  (or  the  nMm  of  cun-ature),  as  belns;  perpendieidar  to  the 
rectifying  plane,  revolves  with  the  tame  relocity,  and  round  a  parallel  line ;  to  de- 
termine thc/>o«iV«"n  of  which  new  line,  or  the  pmnt  n  in  which  it  cuts  the  nonn;iI, 
we  have  ooly  U>  change  4  to  r'  in  the  fomnla  31>6|  XXXIL,  which  Umd  becomes, 

ZXZV IIL  . .  OB  »  eie  cr  p  ~  r'S       p  -  X-V 

Xr 

r  »(■«:     n>      rip  +  r»c 

s  «  4  ^   ■ 

^      r*  iT-         rS  +  l« 

cpcoe-  //-r  Ksin*^; 
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the  veetcr  of  rotation  (896,  (9.))  of  the  normal  is  therefore  a  line  ||  and  ssX,  which 
di9ide$  (intenMl^)  the  nuUm  (r)  of  curpotww  into  the  two  HgmtmU^* 

XXXIZ. .  .rs^rihi*^,  ffiereoi^jri 

lUfflidlf,  Into  segmentB  wUdi  are  proportimuit  ie  tie  efwei  (r*  and  r^ofllMjIr*! 


(&)  Ac  tiie  «me  tfuM^  lAat  we  have  celled  geoeielfy  the  Meter  a/iramhtiom 
of  aa  emenent  line  beeomee,  Iter  the  tienMl  (liif  896*  (10.X  "^flg*"!!  9  to  X),  the 
fine 

XL. . .  caXS^sUXeoeHas^riX-i,  eetoffftonitheeeiDepointB; 

mad  the  ind^mtt  right  Im*,  or  axUf  through  that  point  h, 

ZLL  . .  0*TX(w-«e)i  or  ZU'. . .  0«>TX(«»-poo^A-*alB9il)» 

ofoay  wA^dk  oarft  the  aocmel  mmmv,  through  the  matt  fine     while  It  hanu  rmid 
the  eoM  aads  (as  befbce)  thnnigli  the  nnaff       «TX,  outy  be  eeUed  (oomp.  again 
999,  (10.))  the  Aatii  tfJHifiaemmi  oftkt  Normal  (or  ofthe  radios  of  eorfatare). 
(7.)  As  a  veriftoatioii,  fbr  the  iMia  (2.)  we  haw  thns  the  Taliieiib 

XLII. .  .  pu  =  6,   wo  =  p< - 6f ^'/S  =  ftol cot «,  laaooea; 

so  that  the  axit  of  di$placement  (6.)  Goincidw  With  the  oxig  (a)  of  the  qflmderf  as 
was  of  course  to  be  expected. 

(8.)  When  the  given  curve  is  not  a  helix,  the  values  VI.,  XVI.,  XXXVIII., 
and  XLb,  of  r",  X,  kto,  and  t,  enable  us  to  put  the  egression  1.  for  p,  ondar  the 

XLllI.  . .  p<  =  wo  +  »4  +  «*^(f>-wo)--j^f 

the  cvraethflitdbve  geoenify  dtM§$,  bgr  this  laat  «aM0  wofer  of  the  iMrif  ordtr, 
namdy  bj  that  jM»<ef  the  fcmle^r*  which  has  the  dlreetloii  ofthe  noraiaf/,  or  ef 
-  r^,  and  whidi  depends  on  f^/M  tie  oiciilBfny  Mis^ 

XLI7. ..  «|B«o  c^(p~**o)> 
and  ftom  the  oeenfafHV  qrliedkr, 

XLT.  • .  TTX(w  -  wo)  -  ehi  a; 
whereon  that  helix  is  traced,  and  of  which  the  rectifying  line  (XXXIII.)  is  AtUt, 
whUe  iu  axi$  ofrettiiaSm  (comp.  (7.))  li      «0u  ofditplaMmmt  (XLI.)  ofthe 


(».)  AieOep  l>iwK/»mi<fc%  efthe  iipwleii  Ltwtfaenctorof the 

com^  la  bad  by  the  tabslitilioiH 

XLVI....=<  +  -+^ 
iawldehilsaiwwsealarviiiablei  tir  this  gives  the  new  Ibnn, 


•  Thk  law  of  dMrion  <i^radiui  ofcorratare  into  segments,  by  the  common 
ptrpenSettUir  to  that  radius  and  to  it?  conseeutire^  has  been  otherwiie  dednced  by 
If.  do  Satait  Tenant,  in  the  Memoir  already  reCened  to. 
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XLVn. . .  pi«p + Ir + |l»  ^  r' + ^  + 

and  thflrafore  ahows  that  the  eurv*  deviatef,  by  this  othtr  mail  vector  of  the  third 
ordeTf 

XLYin. . .  i/»r"v  =  |«»r'rr', 

thttHtftht^oTflwfvw^VwUehliMClMdinclioii  of  tt>  Wworwf  »,  «d 
wUdi  dopcndt  oo  r,  ftom  what  we  propoM  to  «tll  the  Qwnfirtfiy  /ImMci  ntmfy 
that  ntw  aaxQiaix  com  of  which  the  eqoitloii  ii^ 

XUX. . .  •»«  =  p  +  <r  +  i<'^r'+^j: 

or  from  ib»pmMa  whioh  ofcalsiw  at  tha  giftn  point  r,  to  thapr^yeiifiaa  of  tha 

given  curve  am  its  ctm  otaJating  pfoae. 

(10.)  And  beeanae  the  null  dnimliom  XLVIII.  of  the  eurvt  fnm  the  parabola 
is  also  the  deviation  of  the  same  curve  from  this  lastp/anr,  if  we  conctdre  that  a 

near  point  Q  of  the  curve  is  projected  into  three  new  points  Qv  Qr,  Qj,  on  the  torn- 
gcntf  normalj  and  bimormal  reapectivelyi  we  shall  have  the  limiting  equation, 

L.  • .  Um.  -        =    B  Siieaatf  Ohnwlwre  ; 

the  aifm  of  thia  aoalar  ^uoHeiU  bdng  determined  by  the  nUee  of  qoaternioiia. 

(11.)  Bat  we  may  alBo(comp.  S96,  (17.),  (1 8.))  employ  thia tAMpMMraTlrwM- 
/mwrtioM  of    maiigmm  to  tha  fonna  XUII.  and  XLVIL, 

LL  . .  pt^m-^^ip  -  0  +  -g 

with  the  value  XI.  of  v' ;  in  which  the  sum  of  tlio  fim  first  («rMa  gives  the  rector  of 
the  point  of  the  onculating  circle,  which  is  distant  froDi  the  given  point  rr,  by  an  arc 
of  liiat  circl*  equal  to  the  arc  s  of  the  given  curve;  and  the  third  fern, 

LII.  .  .  l«^f'r  =  jl*'(r"  +  r-'r)  =  -i»V  'r'r'  +  ^r»r  'v, 

which  represents  the  deviation  from  the  same  circle,  measured  in  a  direction  (comp. 
IX.  or  X.)  tangential  to  the  osculating  sphere^  is  (as  we  see)  the  vector  sum  v^  th\) 
rtetangular  components,  which  represent  respectively  the  deviations  of  the  cune, 
llpom  tha  oawilating  Ulut  (8.),  and  from  tiia  oaonlating  parabola  (9.). 

(12.)  ItlbDowi^  then»  that  aUhoogh  ndUw*  JMie  MrjMraMahatiaciMnl 
aoa^plila  tmdmei  of  tha  tMrd  ttrdtr  with  a  ^van  tmnt  m  tpmu^  ainoa  tlia  dafialioa 
from  ateft  ia  ganeni%  a  amaH  vaetor  of  M«f  (tfaiiil)  anlir,  ]rat  aaaft  of  thaw  Am 
aniliafy  aiwes,  one  on  a  right  cjfUmdtr  XLV.,  and  tiia  other  on  tha  oaculating 
planr,  npproacha  in  general  more  closely  to  the  cona^tliaadoeatiie  ofnJafiry 
circle  :  while  circle,  helix,  and  parabola  have,  all  tMnt^  nTrfBpWo  *^*f*^  ^ 
aond*  order  with  the  corve^  and  with  each  otliar. 


*  It  appears  then  that  we  may  say  that  the  helix  nnd  parabola  have  each  a  «»«- 
tact  with  the  curve  in  space,  which  is  inttrmediale  between  the  second  and  third  or- 
ders :  or  tli.it  the  exponent  of  the  order  of  each  contact  is  the  fractional  indr  r,  "ij. 
But  It  inu^t  be  left  to  mathematicians  to  judge,  whether  this  phraae<uloig^-  can  pr<^ 
p«rly  be  adopted. 
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(18.)  AMngn6»\i»gtemHHeaItig»iJUaikm  «f  the  mm  9tMU  amlattt,  in 
tli0  iwiwrtinii  XlrTX-  of  tlM  psnbolCf  that  ttfittlioii  s^wtp 

LlIl...T„',  =  T{[l  +  ^)r  +  «,}=.l  +  g  +  f;.... 

•ad  tlMnAin  (to  the  pftMot  ovdar  cf  appnniiBilioo)i 

LIT. . .  An  0f(keiUaii»f  PmrMm  (fton  mo  to  mi) 

m  An  0f  Cknw  li  ^taet  (from  po  to  pt) ; 

if  tbeo  an  arc  =«  be  that  set  off  upon  the  parabola^  wiLti  the  same  iukiai  poiut  p, 
and  the  mum  iidllal  iSnddaa,  and  If  tUsjMro&oUc  arc,  or  Ita  eAoni  <mi  -  be 
/igve/y  projeeUd  00  tlio  laAHat  lM|pml  r,  bj  diawing  a  dkmtUr  of  Ilia  paiabda 
tfnoDgh  ita  Anal  point,  tba  oNHfift  foi^Milial  jir^wfira  ao  obtained  will  ba  B>lr  bj 
ZLUL;  anditoJ^a^ortlieonfoflfitofAaf  diaaM««r,irfflbailiaaea]arC. 

(14.)  And  aa  ngaiditba  dineliom  of  thadfoMMferof  the  osculating  parabolat 
dfnwn  aa  we  may  suppose  from  p,  if  we  denote  for  a  moment  by  D  ite  inclination 
to  the  normal  4-  r',  regarded  as  poeitiro  whan  towaidt  the  tangant + r,  wo  have  (by 
ZLIZ.  and  XVIIL)  the  fonniila, 

LV. . .  taaZ)e~»^tanPcotir: 

which  is  an  instance  of  the  reducibility,  above  in.  iitioiad,  of  a//  o/^elioiu  of  the  curve 
depending  on  t^,  to  a  dependence  on  the  two  any  Us,  H  and  P. 

(15.)  S&m  of  tliaaa  aflbetiona,  baiidaa  tha  dMkm  of  tba  ttctij'ying  line  X,  can 
bo  dodncad  limn  the  angle  IT  olonf.  Aaanonamplis  wa  may  obatm  that  tba  vec- 
toroqoatioD  of  tho  mi;^ee  o/iampeul»  la  of  tlio  Amn, 

LVI.  =  (),  +  tf)'s  =  p.  +  tr^ 

in  which  «  and  t  are  two  independent  and  scalar  variables,  and 

ai 

LVIL . .  T»a  r+«T'+  - 

-t-  terms  depending  on  $*  in  p*.    If  then  we  cut  this  developable  LVI.  by  the  plane, 

LVIII.  .  .  Sr(w  -  p)  V  — «8  any  given  scalar  constant, 

wiUdi  ia,  relatively  to  the  eurface,  a  normal  plane  at  the  extremity  of  the  tangen- 
tial vector  cr  from  r,  while  this  tangrnt  ia  also  a  generating  line,  we  get  thus  n  pn'ri- 
cipal*  normeU  steticm,  of  whkh  the  variable  vector  has  for  ita  approximate  expres- 
sion, 

Lix. .  .#.«(p+cT)-f-(e*+.  .)'•'+ (!«•'''+..)•'; 

the  terms  suppressed  being  of  liiglier  orders  tlian  the  tarma  liCained,  and  having  no 
infliieaco  on  the  sanwlnra  of  tha  aaetlon.  Wa  find  than  thni^  that  tha  wafer  o/<A« 
canftv  of  tha  osedMiNf  airalb  to  tlda  aorsMif  asclwn  4/l*t  aar/^ 

l^fon  cnnra  iSi  rifomufyf 


*  Some  general  acqnaintarirp  with  the  known  theorj'  o(  sections  of  surfaces  is 

here  supposed,  although  tliat  subject  will  soon  be  briefly  treated  by  quaternions. 
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LZ. . .  ^  4  er  + 


80  that  the  locus  of  all  such  crntret  U  the  recfifyinrj  hnr  XXXIII'.  And  if,  in  parti- 
CoIat,  we  make  e  -  r,  or  cut  the  developable  at  the  extremity  of  the  tangential  vec- 
tor rr,  the  exprcAaion  LX-  becomes  then  p  +  rr  +  rlJv ;  which  expreSMS  that  the 
radims  of  the  cirtU  of  atnaturt  of  this  nomal  Mctkm  of  the  •arface  is  {treciselj- 
vlMthMlMMcalltd  tlM  Bgdmt  (r)  o/Stcmd  Cbmtari^  of  the  givw  vow  In 
gpm  BakflttndlBt(rBrtaa^d«p«dfOiil|f  eatlM««gleii;  wlMnttwia^ 
(r)  of  (Abtoliitt)  comtaio  UglvMi,  or  baabon  pcovloiMljr  dotarmlned. 

(16.)  Tho  COM  of  Ifto  ooopmI  ordbv  npnowtod  bj  Iho  qaalaraioii  oqaotion, 

LXL . .  0«2T8rC»-p)8y(»-p)+C^''(*»*-f))'t 
hutttwfM  at  thogiTon  point  p,  and  Mate  upoo  tha  oirrte  laat  dotwinofl ;  it  la 
tfcoathatootofaflthachclealatoly  wantlonoil  (15.),  and  ia  thawto  (in  a  kaofwa 
MDoa)  an  wttulaH^f  oIKfw  oano  to  tha  daToiopablo  nr^ttjrfUmgmti :  ita  cyclic 
norowfa  (oQOip^  M7,  Ao.)  being  r  and  r +  2rv,  or  r  and  rr  +  2rUK  But,  bj  894» 
(30.),  the  oacuUting  right  cone  to  fiku  cone  LXI.,  and  therefore  also  (in  a  tenae 
likewise  known)  to  the  surface  of  tangents  itself,  b  one  which  has  the  recent  locns 
of  centre*  (1').).  namely  the  rectifying  line  (\\  for  its  axis  of  revolution,  while  the 
tangent  (r)  to  the  curve  is  one  of  it.'*  *t'/cs  •  it  <  .*fm»Vi«^/e  is  therefore  =  and  a  form 
of  the  quotenuon  equation  of  this  osculating  right  cone  is  the  following  (compi.  XLY.), 


(17.)  Tha  oeMLXn.,«hklithnaoaen]afe0atotbadavalopaU»ain!;^ 
teaymli  LYL,  along  tba  giTW  tangent  r,  oacnlataa  abo  along  that  tangantlal  line 

to  tbe  COM  ^pamUels  to  tangents,  which  has  its  vertex  at  the  given  point  P;  aa  b 
ntoaoaaeen  (comp.  394,  (30.)),  hy  changing  p'  and  p"  to  r  and  r",  in  the  gOMral 

exprfsslon  Vp'p"  (303,  (6.),  or  ^94.  (T.  )),  for  a  line  in  the  direction  of  the  axis  of 
the  osi'ulating  circle  to  a  curve  upon  a  sphere.  And  tlie  axis  of  the  right  cone  thus 
determined,  namely  (again)  the  rectifying  linr  (A  ),  intersects  the  plane  of  the  gr^at 
circle  of  the  osculating  sphere,  which  is  parallel  to  the  osculating  planSi  in  a  point 
L  of  which  the  vector  is, 


(18*)  We  have  thtis,  in  general^  a  gauche  quadrilateral^  tWU^  fl|^b^aOgiad  OX" 
aqit  at  l«  «Hb  the  help  of  wUcb  one  dgnio  all  affections  of  the  curve,  not  depending 

<m  can  be  geometrically  repref»onted  or  constructed :  although  it  must  be  observed 
that  when  r  ■  0,  which  happens  for  the  helir  (XXXVII.),  the  osculating  cin'le  is 
then  itielf  a  great  circle  of  Um  oeculating  sphere,  aud  the  pointa  P  and  like  the 
points  K  and  8,  coincide. 

(I'J.)  lu  the  general  case,  it  may  assist  the  conceptions  to  suppose  lines  set  off, 
from  the  given  point  r,  on  the  tangent  and  bln<Ntna1,  aa  follows: 


for  thna  wo  aball  have  a  right  triangular  prism,  with  the  two  right-angled  triangles, 
TPKand  LAS,  in  the  osculating  plane  and  in  the  parallel  plane  (17.),  for  two  of  its 
faces,  while  tbe  three  others  are  the  rectangles  i>ksb,  tdlt,  kslt,  wboraof  tbe  two 
fint  are  sitoated  respectively  in  tbe  normal  and  rectifying  planesi 


LZIL  . .  TVUX(«i-p)»aniir. 


LXUI. .  .  oi*= p  +  rj>X  «p  +  rr'r  +  lyv. 


LXIV. .  .  IT  =  HL  =  n^r ;    PB  =  TL=Ka=iy»'{ 
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(SO.)  Ali  taalor  propgrHu  ni  Mm  MiHtaiy  pfifai  may  ba  dtdnecd,  bgr  <ntr  ga- 
iMral  OMtlloda,  from  the  three  fca/art,  r,  r,  r%  or  r,  //,  P ;  and  oil  aedar  prop€rtie$ 
of  the  flama  pmm  can  in  like  manner  deduced  from  the  three  vectors  r,  r\  r",  or 
from  r,  v.  v'.  which  (ae  we  hare  eeen)  are  not  entireljr  arbitraiy,  but  are  aubjeot  to 

certain  conditions. 

(21.)  Aa  an  example  of  such  deduction  (compare  the  annexed  Fi|^re  81),  the 
equation  of  the  diagonal  plane  avi^  which  contains  the  radiuii 
(A)  of  sphefical  conratma  and  tba  rectifying  line  (\),  and 
the  ^fMotion  of  the  trace,  say  Ptf,  of  that  plana  01^  Uia  oeea*  ^ 
lating  plane,  whieh  trace  la  avidently  parmUd  (by  tha  eon- 
■tractien)toth««d|petU|TKof  thejirifm,  arala  tfaa  xeeent 
notations  (eonp.  XJL), 

LXV. . .  0«Sr-(e»-p)|     LXVI. . ,  0-VCr-lry(ai-^)j 

with  tha  TScUicatioo  that  rSrV''»r1SfT''sr-<r',  by  U. 

(SS.)  In  genera],  by  904,  (28.)>  if  a  and  |8  be  any  two 
¥ectoni  wa  have  the  azpcesrions, 


R 


LXYIL . .  Un  iL  ^> 
a 


!  tan  Z  ji"- tan  ^ /3a»- Un  ^  0/9 

a    a     B  a 


Fig.  81. 


the  amfk$  o/qmaUndoM  here  oonddeiad  being  supposed  as  usual  (comp.  130)  to  ba 
gensnBy  >0,  but  <ir;  for  example^  wa  haTathos, 

LXTIII. . .  tanjrBtMi£~«CTy$S)Xr-i«C^:S)  (r>-fO««Tr'«ir-«| 

a.4  in  XVII. ;  and  in  like  manner  we  have  geuexaliy,  by  prindpUa  already  ex- 
plained (comp.  196,  XYI.). 

LXIZ.* .  eea^^aiooBZ.^  =  -eoaz  Bam^ooMioB 

«s2:T^=SU^  =  -BUaA 
a      a  a 

(23.)  Appljnnp  these  principle  to  iinc'tigate  the  inclinations  of  the  vector  r", 
vrhich  Ls  per|)endicul.«r  to  tbe  diaijonal  plane  LXV.  of  the  prism,  to  the  three 
rectang^ihr  lines  r,  r',  v,  or  the  inclinations  of  that  diagonal  plane  itself  to  the  nor- 
mal, rectifvirit^.  and  osculating  planes,  with  the  help  of  the  ex  pres&ions  deduced  from 
VI.  for  the  three  prodacts,*  rr",  r'r",  vr",  we  arrive  easily  at  the  fullowing  results : 


*  A  etndent,  who  shoold  be  incUoed  to  pnrs'aa  this  subject,  might  find'  it  nsefhl 
to  fwm  for  hlinaetf  a'  tabh  of  aU  the  ftmary  product*  of  the  nine  vecton, 

r,  r',  r v,  v',  X,  <t  -  p,  (T-fi,  and  k', 

considered  as  so  many  quaternions,  an'l  reduced  to  the  eommnn  quadrinomiat  fnrm^ 
a^-hr  -k-  ct'  ^  ev,  in  w  hich  a,  h,  c,  e  are  sealarSf  whereoC  soxoe  may  vamab,  bat 
which  are  geiierally  foacUoas  of  r,  r,  and  r'. 

4  D 
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7'     -  r  '  t"       r  V  t'  r-»r> 

00.^-.=-^-;  "*^^=T?-« 

wittttef«ttMtiocHthatttemoftiwiqoMMoribwllm«QrfBMitiiu  to- 


LXXI.  .  .  r^Tr"  =  v'(l  +  r'i?')  =  V(l  + 1^  +  r«r«)  ; 
or  LXXl'...rTr"-V(r-%''t+TX«),   Tr-«V(r-*  +  Ti^). 

■ 

(S4.)  Or  «•  nuiy  wiito^  m  tk«  mim  gmnl  pkn, 

or 

and  may  modify  the  exprMdons,  by  introdadng  tht  twdlifery  ans;l«t  fl"  cad  P, 
with  vUdi  My  to  coibfaad,  Ifw*  tUnk  fit,  tto  MloiHng  aiy/£  0/  <Ae  jftm, 

LXXIY. .  .  PKT  =  BaL  =  Un->r'. 

(25.)  Instead  of  thus  comparing  tto  plam  tn.  with  the  three  rectaogalar  planes 

(37P,  (5.))  of  the  construction,  we  may  inriuiro  what  is  the  value  of  the  anqh  sfi., 
which  tho  ra'liiis  {II)  of  spherical  curvature  makes  with  the  rectifying  line  (X)  ;  and 
we  find,  on  the  s*amc  plan,  by  quaternions,  the  following  very  simple  expression  for 
the  cosiae  of  tliia  angle,  which  may  however  be  deduced  by  spherical  tngoaometiy 
aWo, 

LXXV. . .  cosaFL»-SUX(9-p)»^=T-BBinPiiiii7i 


or  LXXy. . 

(S6.)  bignm],  it  is  ia^  to  femi,  by  awtlioda  alraadf  axplalnad,  tlia  qoalMP- 
nioa  aqaatioo  of  a  eont  which  tos  a  gictn  vertex,  and  reits  on  a  ffivem  carve  in  qiaea; 
and  alM  to  dtlemlaa  the  riffkt  eoaa  mhkik  ctnkOm  (894,  (SO.))  to  tUa  gmurmi 

aonf,  along  any  fftren  tide  of  it, 

(27.)  But  if  we  mert'ly  wish  to  assign  the  otcuhiling  right  cone  to  the  cone  of 
chnnh  from  I',  or  to  the  locus  of  the  line  rr„  we  may  imitate  a  recent  process  t  and 
may  observe  that  if  this  neiv  cone  be  cut  by  the  normal  plane  LVIII.,  the  r<c<or  of 
the  eectiom  baa  the  following  approzinMte  expmaion,  analogous  to  LIX.,  andlikaii 
anffident  for  our  purpose, 

ftom  which  it  may  he  inferred  (comp.  (16.)|  (16.)),  ttot  tto  mi$  4/moAtlMaof  Um 
iMw  rigki  Moa  hM  for  equation, 

LXXYII. . .  0-y(rir+}v) (w-p). 

This  axis  If  ttorefbfa  iltnated  la  tJU  ru^btp  p'o«e,  hetwem  tAt  rteiifying  limt 
(X  or  r*r  +  p),  oarflAa  fanywnfiaf  oecttr  (17.)  ^momf  carMtert  (r^r) :  whila  tto 
•««jaiv'«  CoiFltoaaBiaBaw««na(maunc«dlitol7lkm4r  to«iirda<htr)li^ 
valna  alrMdy  assigned  by  antidpatloii  in  tto  formnla  XXV.,  and  is  ttontetCiia 

than  tto  aonlangla  H  if  both  be  ante^  but  greater  than  //  if  both  be  obttue;  80  ttot, 
in  each  cate,  the  new  right  cone  ((')  is  sharper  than  the  old  riglit  con?  (//). 

(2&)  The  aama  rMolt  may  b«  otherwiie  obtained,  by  obsenring  tbat  an  unit- 
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vector  in  the  direction  of  Um  chord  rp«  hu  (bgr  896,  XLIV.,  and  897,  I.)  Uw  ap- 
prozimate  exproBrion, 

Lxrvin. . . con-p)  _^  1  +     )   + 'I  +  ) 

whence  the  axis  of  the  osculating  right  cone  to  the  cone  of  c  hords  (27*)  ^^'isoroualj 
the  direction  of  the  line  Vx'x '  (S^^  *  =  0),  or  of  the  vector, 

I.XXIX. . .  4=Vr'(r«r''+ir)aX-4v=r>r  +  iy,  m  before. 

(S9.)  TkiM  taoit  I  nakoa  (if  ira  neglect  «>)  the  <ame  amgU  C,  with  the  eAorcf 
pp.,  as  with  the  tangent  r  \  whereaa  the  former  axU  X  makes  unequal  ampitt  with 
those  two  lines,  within  the  nne  ortfcr  (or  degree)  of  appvoxiouttkni ;  forovrnoUiodi 
conduct  to  the  expreiiion, 

from  which  the  region  XXY.,  between  the  two  right  conetf  may  easily  be  deduced 
anew. 

(30.)  Neglecting  only  «S  and  employing  the  substitution  XLVI.,  the  expression 
XLYU.  ibr  dio  TWtor  of  the  given  enrre  beeoant, 

LZXXI...pt»p  +  <r  +  i<'v  +  i<*riy.   if  LXXXII. . .  v«r -f  ^; 

irfawt  tlio  9arUUt  teatar  t  donotea,  by  (13.),  th«  ardimmU  efik»  ntmUding  paro' 
Ma,  and  tiM  coMteaf  McTor  v  liaa  Iba  dbaeliao,  by  (14.),  of  tba  SwiuUr  of  that 
parabola. 

(81.)  In  the  pre§e»t  crdtr  tf«^pnmma»»am,  then,  the  proposed  onrM  im  jfMcw 
nay  be  considered  to  be  the  eommon  interteetion  of  ib»iknt§blikimingmirfite9»i^th9 
Htmtd  ardtr,  all  pawing  thzoogh  fcho  given  point  r : 

LXXXni. . .  S(8r'(iir-p)>i«8fSv(»-p)Svy(M-f>) ; 

LXXXIV. . .  «8r*(«#-p)  =  -r2(Sv»'(w-p))a; 
ULXXY. . .  8r8v(«#-p)«-r«SrX«i»-p)Sw(w-p)i 

wbmof  fba /rtf  ropnooiti  a  near  o#e«ftrf<iy  0M91M  opne^  whloh  baa  a  coaM  of  tba 
«aaw(mo»d)ariArwitbtfa«Ma«^dbf^aatbaMmi/afj^r^M^  tba 
atend  reprawnts  an  oaeulating  parabolic  cylinder^  which  Is  emt  perptiuHeularfy  fai 
onmUiHMff parmbola  (9.),  by  the  oaeulating  plane  to  the  curve;  and  the  third 
represents  a  certain  osculating  hyperbolic  (or  mhd)  pnrabolotil,  whereof  the  tan- 
pent  (r)  is  one  of  the  generating  lines,  while  the  diameter  (y)  of  the  osculating  |»a- 
rabola  19  another. 

(32.)  £Mch  of  these  three  turjucea  (31.)  has  in  fact  generally  a  contact  of  the 
third  order  with  the  giveH  emrws  €V  bai  Its  eyuatUm  §atiajiedy  not  only  (as  is  ob« 
viona  on  faispection)  by  the  poimt  T  iiteif,  bat  alio  wbon  wa  dtriwait  woaeattMy 
tiith  iwpoet  to  tba  acalar  vailablo  i,  and  then  •nbetitute  tba  valnea  (eonpk  LXXZL), 

r,  r,  p,  r\  v,  and  v  being  treated  as  coi»«/oa<s  of  the  equation^  or  of  the  avrface^  in 
each  of  these  derivations. 
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(33.)  The  eomt  LXXXIII.,  and  tho  cylinder  LXXXIV.,  have  a  eorantOH  gm*' 
r^iSf  lUraialj  tiie  ftM^rmat^  (v) ;  aiid  in  like  mannerf  oMlAer  ^nerating  line  9tt^ 
aoM*  «om*,  nainelx  tha  laa^caf  (r)  lo  tba  enrvt,  baa  Jnn  iMea  aeea  X^l-J  to  ba  a 
line  a«  lA«  |Nir«Mioul  VX.TSXV, :  and  alUumgh  the  cjfHmder  a»d  parwMwi  have 
no  JtnUefy  di$tant  right  lint  eoMMiaM,  yat  each  may  be  aaid  to  oont^  fha  Urn*  9lt  im- 
fntttf,  in  the  ditmttral  pltuu  of  the  cylinder,  namely  in  tba  plaoo  of  V  and  «v  ^ 
whicli  pidnc  the  quaternion  oqnatioa  is  (comp.  (14.)), 

LXXXVII. . .  0  »  Syv(«i»  -  p),   or  LXXXVII'. . .  0  >  8(itV.  -  8r)  («» - 1») ; 

or  tbe  line  in  which  this  diametral  meets  the  parallel  oxia/ pUm*. 

(34.)  On  the  whole,  then,  it  b  dear,  ftmn  the  known  theory  of  interseetiooa  of 

■nrfaccs  of  tlie  second  order  haviiifr  a  common  p^nf  ratinir  line,  that  the  pirm  ettrrtaf 
double  curvature  (whatever  it  may  l»o)  has  contact  of  the  third  order  vnth  the  twisted 
euhici  or  pauche  curre  of  the  th>r.f  de^/ree,  which  it  represented  without  ambigiut/ 
by  the  system  of  the  tico  scalar  cqnattuns, 

LXXXVJIL       =        «  = 

if  we  write  for  abridgment, 

=)-r«S»>'(«-p), 
LXXXIX. . .  |y  «  (<«  =)  -  «r«Sr'    -  p), 

(35.)  Afl  anoChar  faonaAiieal  connaidoB  between  tho  danwntt  of  tha  pwssiit 
fhaoiy,  ft  m«f  be  obaenred  that  whila  tha  otadtiHng  plcmt  to  tha  cwrvt,  of  whkh 
plana*  tha  equation  loi 

Xa  . .  8i'(m -  p)e  0,  at  hi  890,  ^V., 
loiMibet  tJka  oUifM  coat  LXXZI II.,  a/oM^  tAt  iMfnl  r  to 

fra/  ^oac  LXXXVIL  loMcAet  Os  s«ne  com  ahmg  Mo  Maanaol  v,  which  waa  Utaly 

•aeo  (88.)  to  be,  as  well  as  r,  a  sidf  of  that  oblique  cone ;  but  these  tico  tUt§  tf 
aonfacf,  r  and  v,  are  both  in  the  rectifying  plane  (3yr.,  XIV.),  and  the  two  tampent 
plane*  corresi^ondinrr  internet  in  the  dimmtUr  v  of  the  parabola  (9.)>  ^  hare 

therefore  this  throrem  : — 

I'he  diameter  of  the  osculatitip  parabola  to  a  curve  of  doulilr  curvature  is  tie 
polar  of  the  rectifying  plane,  with  retpect  to  the  otculating  ohlique  cone  LXXXIII.  \ 

that  is,  with  reipeet  to  a  certain  coaa  of  tha  seeoatf  on/er,  which  has  be«i  abof*  da- 
ditoed  fkom  tha  axpnasion  LXXXL  IRbT  tha  Taefor  p«  «f  tha  ctmrt^  at  ooa  iiataal|f 
anggoited  tharebf;  and  aft  having  k  oaateet  of  tho  UUrdordorwUk  tko  carat  at  iv 


*  The  geomotrtoal  reason,  for  tha  osealaKiy  cone  LXXXII  I.  to  the  coac  of cAordk 

containing  the  hinormat  (v),  to  that  i/ tha  axpressicm  LXXXI.  for  p<  were  rigorous, 
and  if  the  variable  t  were  supposed  to  inerea$e  indefinitely,  the  ultimate  direction  of 
the  chord  woald  be  perpendicular  to  th^  osculating  plane.  Arx!  the  same  binor- 
mal  is  a  generating  line  of  the  parahoHc  cylinder  also,  because  that  cylinder  passes 
through  p,  and  all  its  generating  linis  are  pi  rpondicular  to  tbe  last  rni  alioneJ  planf>. 
It  ia  sufficient  liowever  to  observe,  on  the  side  of  calculation,  that  the  equationt 
LXXXIII.  and  LXXXIV.  ar«  oaiUfied,  when  we  suppose  u-p^v. 

t  ComfMre  again  pago  S41,  already  cited,  of  Dr.  Saliiion'a  Tiaatiae;  alto  Art. 
S85,  la  paga      of  tho  lama  work. 
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and  therefore  also  a  contact  of  the  second  order  with  the  cone  of  chords  from  that 
point 

(36.)  Coimndy,  tki$  paritailar  com  UitXllL  UftmiubricalfydkliiigMBd 
tnm  an  alftcr«  eonet  of  the  mim  (Mcomi)  ordbr,  whieh  havo  thoir  ocrtfcet  at  the 
fimmpoiiii  p,  and  havo  each  a  «oiita«f  of  the  aanie  ueamd  ord«r,  with  the  givm 
cvae  of  chords  from  that  point,  or  of  the  third  order  with  the  given  curre,  by  the 
condition  that  it  ia  touched  (as  above),  a/onj^  fAe  hinormal  (v),  by  the  tUawutnJ 
plane  (w)  of  the  osculating  parabolic  cylinder  LXXXIV, 

(37.)  We  have  already  considered,  in  395,  (5.),  the  .-inuiltanoous  variations  of 
the  points  p  and  k,  or  of  the  vectors  p  and  r.  With  recent  notaiioi)?,  incliuling  the 
expression /<  =  2k —  p,  we  have  the  following  among  other  transformations,  for  the 
firMt  derivatuM  of  the  latter  vector,  and  therefore  for  the  tangent  kk'  to  the  locus  of 
etnfrat  of  wrvtiiurty       giT«n  curve  in  space : 

XCL  . .  k'=  D,c  =  «'  =  (p  -  r'  >)'  =  r  +  r'-»rV-» 
«  0)  +  r«r7  =  r  +  r«r-+ 2fT*f' 

rr*        rr*          rr'f  <t  u) 
«^  ^-  \.      c  =  r-'(<r-/i)r 

scot  //(Ur'tan  Pf  Ui  )    r'A^tVain  P  +  UvcoelO 
^r*vv'T'  -  r*r'v'v  —  V  =  r'-'v'v"' 

'  '    ''■  =r'iaxKp -<')(«- (?))=&«•; 

if  then  wp  drnw  the  diameter  of  curvature  TM,  and  lei  fal^  S 
a  perpendicular  kn  from  the  centre  k  of  the  osculating  cir-  y/'K^ 
cle  on  the  new  radius  sm  of  the  (isciilatiriji  .npherc  (as  in  the 
annexed  Figure- 82),  this  perpendicular  will  touch-f  the  lo- 
en«  pfUnt  etafw  k,  a  reenlt  which  agrees  wi A  the  oonatme* 
tkm  in  89£,  (6.) ;  and  we  eei^  At  the  same  tlme»  that  the 
Im^A  of  the  line  u'*  oc  the  iataer  Ta',  may  be  expressed 
(oompb  LXXIII.)  «•  follows^ 

XCIt . .  fK'«Ty=JITr>o*nV«tan^rr'. 

(88.)  If  we  project  the  tangent  kk',  into  its  two  rect- 
angular components,  kk,  and  kk\  on  the  dfauneter  of  cor-  Fig.  82. 
Tature  and  the  polar  axis,  we  shall  have  by  XCL  the  expressiona : 

•  The  eone  of  tkU  tjfaUm  (88.),  which  Is  iomehtd  along  the  bimarmmt  by  the 

uonmalpfane^  and  which  therefore  interseeU  the parahnlic  cylinder  LXXXIV.  ia 
a  now  tmsted  cubic  (comp.  (34.)),  havinir  affo  contact  of  the  third  order  with  the 
CKTM,  is  easily  found  to  have,  for  its  quaternion  equation,  the  following: 

2r2  (Sr'Cw  -p))'-  3r.Sr(w        81/(01  -  p)  ; 
and  with  respect  to  this  cone  (comp.  Qib.)),  tl»e  puiar  0/  the  rectifying  plane  is  the 
{^absolute')  normal  (r')  to  the  curve. 

t  Qeometricftlly,  and  by  Inflniteilmals,  if  we  eoneelire  k'  to  be  en  infinitely  near 
point  of  the  locne  of  x,  and  iheielbre  in  the  normal  ptone  at  f,  the  angle  n'o  (Qka 
pxa)  will  be  ligfal^  and  the  point  x'  will  be  en  <A«  ssaiidre/e  pxa;  but  the  rarftas  of 
this  semldrde  drawn  to  k  (oonp.  Fig.  82)  Is  porattol  to  the  line  sm,  te  which  line 
the  tamgtHt  u'  ia  thersfoie  pvptmHtuhr^  as  above. 
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XCIII. . .  KK,-  r^^  «  r'Ur'  =  -~  =  fcc; 

p-c 

XCIV. . .  tt*  »r%-'» «iT-»Uf>«  —  «  ate.{ 

<A?»f  tvco  projrction$  then,  or  tbo  rector-tamjt  nt  kk'  itself,  would  iwj^cs  to  »ktonnina 
r  and  r',  or  //  and  P,  and  thereby  a//  the  aDecliuiu  of  the  curre  which  depend  oa 
but  not  on  #*. 

(89.)  W«  hftve  alto  the  $imilar  trianglet  (see  again  Fig.  82), 

XCV. . .  ^  kX'^  oc  k'kk'  «  Kxa; 

Mid  Um  vector  nTuafiim*, 

XCYI. . .  kk':  8Mskk,:8K  =  u*  :  km  =  kk  :  pk 
s      B  Faelor  o/ttcmA  tmnaltmn  (lY.) ; 

wiMBM  abo  iMuU  the  «c«lar  wyrnliw, 

XCVII.. .tanKaE,«tnKrK*aiHa5(MMMC*  Clratar«(III.)s 

tUa  last  Malar  being  ponHM  or  Mfjira^'pe,  according  as  the  rotmtUm  ksk,  (or  Kxnt*) 
^|9SP«0r»  to  Im  poiittT*  or  oogative,  iriMn  aaea  tnm  (Aof  md*  of  tho  aoraal  pf— 
towaida  which  the  eeootlTod  wuihm  (896,  (1.))  «long  the  givai  cmt,  or  the  «alf 
toMfftmt  «!•  r,  b  direeled.t 

(40.)  Besides  the  acom  oxpiessions,  ITT.,  XXVIT.,  L.,  and  XCVII.,  this  impor- 
tant ecalar  admits  of  many  others,  of  which  the  following,  nnmbcred  for  referenoe 
as  8,  9,  &c.,  and  d(»diic<>d  from  formulic  and  principles  alrendy  laid  down,  are  ex- 
amples; and  may  aerve  as  exercitet  in  transformation^  according  to  tlio  rule*  of  the 
pre^^^nt  Calculna,  while  some  of  them  may  also  be  found  useful,  io  future  gtomttrie^ 
applications.  * 

(41.)  We  have  then  (among  others)  the  transformations  : 

XCVIII.  .  .  Second  Currature  =  r"i(=  frven  preceding  expreUMnU) 

=  p-»r'=r-«cot//=-TXcos//  =  r-ir'cotP  (8,  9,  10,  11) 

=  r«S»''r'  =  -Si/V  •=-r«Srr'r"  =  Srr'-«r"  (12,  13,  M,  15) 

«-r«SvT-sSv-»r"  =  -8yc'=Sr«V  (16,  17,  18,  19) 

«  r«'(»  -/»)"'•  SJ^r-*  •=  («  -  P)  VXsr » -  t'-lVXv  (20,  21,  22,  23) 

a  yVrTXver'SXyr'BSX/triBSXr^-V  (S4,  S6»  26,  S7 

B  rtSyar-f^Sy'yr BSnrV-r*Bt/srir*  (98, 99,  80, 81) 

-  r*8iVr*Br''-iV»Tk-f^'  •Si.'Xr'  =  r»r"SyXr"  (89,  88, 84,  85) 

-  8yV-l-Tf'*-«8X»V*-'=^' -  (36.  37,  38,  39) 

tr  O  — p 


•  In  illustration  it  maybe  observed,  that  if  d*  be  treated  as  infinitely  amalt,  and 
if  the  line  kk'  be  supposed  to  represent  (not  the  derivative  c',  but)  the  differential 
vector  die  =  r'ds,  then  the projeetione  kk^  and  kk  become  dr  aud  rr  klj  (tomp.  XCIII. 
and  XCIV.)  while  kpk'  (in  Fig.  82)  represents  the  tii/!iii<eM«(i/  angU  r-'d«,  through 
which  the  Mttdating  plane  (comp.  (1.))  rtvofora,  RMUid  the  tMgeot  r  to  tiM  com 
dorfaig  the  change  da  of  the  are* 

t  ThlidIneliooof4'rietobeooncrfTed(eomp.S%.81)tobetowaidethe8«cJI 
of  Fig.  89,  aa  drawn.  If  the  acalara  r'  and  r  (and  thenfore  alee  p)  be  fosUfve . 
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-rp'  ^R-itt(alrrT"mJtitaJH.^^  (40,41,42,48) 


rr'+pj''   r(<r-p)  r 


(44,  45,  46,  47) 


=  S  ,   .  =  S /'^'f,^"^ « S  (48,  49.  60) 

(a-«)(p-«)      (ir-«)(f>-«)  \^    »  J 


91.     _  -  (Sary)  g 


(61,  52,  63) ; 


a 

PJLSL.,  in  the  forms  60  and  51,  being  prints  of  the  ?amp  pnuche  quadrilateral  as  in 
(18.)  ;  snd  a,  in  52  aiuJ  53,*  denoting  any  constant  vector:  while  several  other 
Tarieliea  of  form  may  be  deduced  from  the  foregoing  by  very  simple  processes,  such 
as  the  aubfUtatioQ  of  Ut^  for  ry^  &c.,  which  gives  for  in»Uuic«  (oomp.  XI'.),  from  tho 
fmn  88,  tlMM  oUmbw, 

We  maj  alio  write,  with  the  aigniiicalioDS  (10.)  of  vti  aud  Q3,  the  following  express 
•loD  aaakgmn  to  L., 

XCVIII". . .  ri=  6itP.liin.  —  (57), 

FQi* 


wUdi  containa  tlM  law  nf  tba  m^Mm  of  thtpliMc  cum,  into  wUeh  the  prapoied 
Cnrre  of  double  eurvatwrt  !•  fr^feeted,  on  its  own  rectifying  plane :  the  sign  of  the 
aealar,  to  which  tliia  h»l  eTjmnion  nlcimatdjr  radaces  itaeir,  boiog  dotormined  bgr 

the  rules  of  quaternions. 

(42.)  And  besides  the  various  expressions  for  the  positive  scalar  r^,  which  are 
immediately  obtained  by  squaring  the  foregoing  forms,  the  fuUowing  are  a  few 
others : 

XCIX.  .  .  Square  of  Second  Curvature  =  r  *  =  Tr-> 

=  TXa  -  r  a  =  r*Sr  r  X  -  r-a  =  r^Tt^  -  r  V  (1,  2,  3) 

«r»SiVr-rV»«»«Tr"«-r«-r'V»  =  i2«(r<Tr''a-.l)  (4,  6,  G) 
^  jj-MTi**  =  JHT*^a      tan«  L  rr"  (7,  8,  9) ; 

while  the  important  vector  r",  besides  its  two  original  forms  VI.,  admits  of  the  fol- 
lowing among  other  expressions  (corop.  XX.  XXI.)  : 

0» .  .  r"=D»^p  (=  the  two  expressions  VI.) 

B  r-«VX(<»  -  p)  =  Xr'  -  r  'rV  =  vr  -  r-^r  (8,  4,  6) 

c  rVv'X  =  r  »r»r  (<t  -  p.-  r)  =  r  >  +  r  2X(a  -  p)  (6,  7,  8) 

«((p-«)0'»r'C«'-Or'«-»-«r.-.~^-^        (9, 10. 11). 

(d3.)  As  regard?  the  general  theory  (396,  (5.),  &c.)  U  tnuuuaU  UiM»  (9)  ftom 
corves,  it  might  have  been  obeenred  that  if  we  write. 


«  lldtlattfinm  68«on«HN»datoaiidooiitaiMa  thMimof  ILSciMl,  al^^ 
to  te  tho  aeoond  Noto  to  ptgo  688. 
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the  equation  396,  XXXII.  takes  the  simplified  form, 

cm.  .  .  PHcaiio-  p  =  ';Sr;     =  projection  of  vector  C  om  Mimmf  i|; 

for  example^  when  ij  =  v,  then  0  =  rir,  and  ^  =  0,  phbO,  orwo^p,  as  in  (I.); 
and  when  n  «  r,  thou  0a    { sr'r'    9»  M  that  tha  jM^^iefiM  ra  i^gua  vaiiiaha^ 

as  in  396,  (13.). 

(44.)  In  an  extent ve  class  of  Applications,  the  emanant  lines  are  perpendicuJar 
to  the  given  curve  (»/  -A-  r) ;  and  since  we  have,  by  (43.), 

ire  may  writ^  for  thia  oaoe  of  nonuJ  nKMotida,  the  formula, 

0y  —  ^  «  prgygrtfon  of  rector  o  f  curvature  (r*)  on  emanant  line  (ij) 

fgtMM  of  velocity  (TB)  of  rotation  of  thai  emanant 

for  example,  when  the  emanant  (i|)  ooincid«a  with  tht  ^tohtUmitntai (r^  m^han 
Umd  0bX,  as  in  (8.)i  and  the  recent  formula  CV.  becomes, 

CVL  ..PK»Mo-p«C« r'TX  * » rV ains ir » C« - •>i^*  ^ 
which  agrees  with  the  axpieiBioii  XXXVIII. 

(45.)  And  in  the  corresponding  ca^e  of  tangential  emanant  planeM,  by  making 
Sriy  =  0  in  the  second  equation  396,  XXXVI.,  and  passing  to  a  second  derived 
equation,  we  find  for  the  intercept  between  the  point  P  of  the  curve,  and  the  point, 
day  R,  in  which  the  line  of  contact  of  the  plane  with  its  oim  envelope  toocbee  the 
cu$p-edye  of  that  developable  surface,  the  expre^iun, 

cm  .  .  PR=  '  ^^nn'Snr'  ^    -  S.?r'(or  4^Sr„')  ^ 
S^^'l|'       j^rq/ectiomtif  ii"  om  $ 

* 

whldi  aeeordingly  Tanishea,  ts  it  ought  to  do,  when  17  -  v.  that  i^trtwa  tine  fwf 
jifane  St}(M  —  p)  =  0  coincides  with  the  osetJatii^  plane  XC. 

(40.)  Some  additional  light  m.iy  be  thrown  on  this  whole  theon>',  of  the  affections 
of  a  curve  in  space  depending  on  the  third  power  of  (fir  arc,  and  even  on  tho^^  afT-v- 
tions  which  depend  on  hipher  powers  of  «,  by  tiiat  conception  of  an  auriiiari/  tphe- 
rical  curve,  which  was  employed  in  379,  (6  )  and  (7.),  to  supply  constructions  («»r 
geometrical  repfeeentations)  for  the  dirtetions,  not  only  of  the  tangent  (p')  to  the 
gheu  earn,  to  which  Indeed  wdt-fottor  (r)  of  tbe  nm  canre  is  parolU^  bm 
also  of  the  aftsohife  norMaJ^  the  hhutmeA,  and  the  oeciifoflii^^laM  wUlatheesaw 
anziUaTy  curve  lerved  also,  in  889,  (8.),  to  fmipidi  a  eMarare  of  the  tmrmimn  of 
the  ocigtnal  eurre,  which  k  in  fact  the  eefocify*  of  motfon  hi  the  ntw  or  apkoritml 
eurre^IfthatfaithaoMor^ipcii  one  he  mppdeedtobe  oonslaiil,  and  bo  taken  ftc 


•  Accordingly  the  vector  ifnlocity  r',  of  this  conceived  motion  in  the  auxiliary 
curve,  is  precisely  what  we  have  called  (389,  (4.).  comp.  39n,  Vl  )  the  vector  of  ew- 
vature  of  the  proposed  curve  in  space :  and  ils  tensor  (Tr  )  is  e^jual  to  the  reciprocal 
of  the  rwUms  (r)  of  that  enmitani 
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(47.)  We  might  for  Instance  have  obsefN'ed,  that  while  the  mormal  plane  to  the 
curve  in  $pace  is  reprtsentetl  (in  clipectlon)  by  the  tangent  plane  to  the  tpkere,  the 
reetififing  plane  (as  being  perpendicular  to  the  absolute  nonniil)  is  repreeented  siini- 
larly  by  the  normal  plane  to  the  Mpkerieat  tMnti  iod  h  li  0Ot  dMIeolt  to  pNWB 
tliattlMf«e/i>VM^IEN«bMth0dfiiolioo«f  tiuilMW  rarfibt  of  the  sphere^  wliichit 
dmwn  to  tbo  foimi  (say  h)  wh«t  tlM  MnMf  «ro  Co  ttai  wuUiaij  carre  toMcftM  Itt 

(48.)  Tbo  paiat  L  Attl  daltnililMd  l«  the  common  spherical  centre  (oonp,  SM| 
^S*))  ^mmmture,  of  the  auziHar^  ennre  ilieif,  and  of  that  reciprocal*  curve  on  tho 
same  sphere,  of  which  the  radii  have  the  directions  (comp.  379,  (7.))  of  the  hinor- 
male  to  the  original  curve;  the  trigonometric  tangent  of  the  arcual  radius  of  curva- 
ture of  the  auxiliary  curve  it  therefore  ultimately  equal  to  a  small  arc  of  that  curve, 
divided  by  the  corresponding  arc  of  the  reciprocal  curve  (or  rather  by  the  latter  arc 
with  iu  directum  reverted,  if  the  point  L  fall  bHwtm  tbo  tWO  Ottmt  apOB  tl» 

•pbere)  -,  and  tlienlbra  to  thejlrafomtera  (r^O  ^^^■^^"'^ 
§eamd  nmr<rfTf  (r*) :  and  thiw  woh«vo  not  only  a  tiimp)a  gmmdriml  iaUrpralm' 
Horn  of  tho  9Mi««rmm  afuaHam  XT.,  but  abo  «  gtomttrieat  pntfimbUk  muf  bo 
•old  to  requiw  no  takulatumy,  of  tbo  fanportont  but  known  relation  XVII.,  which 
fiOoiNeU  the  ratio  (r :  r)  of  the  two  euroatmot  with  the  oi^a  {M)  batwoeo  tholoii- 
gemt  (r)  and  the  rectifying  line  (X),  for  antf  curve  tn  space. 

(49.)  In  whatever  manner  this  known  relation  (tan  //=  r :  r)  has  once  been  es- 
tAbUshed,  it  is  geometrically  evident,  that  if  the  ratio  of  the  tu>o  curvatures  be  eon- 
ttant,  then,  because  the  curve  crosses  the  generating  lines  of  ita  own  rectifying  deve- 
lopable (396)  under  a  constant  angle  (//),  that  dndopmbh  mofkm  mwt  bo  qrlm- 
drieal :  or  111  other  woida,  the  proposed  oono  ofdomMo  eimMtart  mmt.  In  the  ooos 
•appoeed,bea^«Mi«<icto»a<yMir(oo»p.880,(i.)).  Aeeofdlogly  the  pdot  t« 
in  thotwo  loeteab-ortielei*  beoomoa  ihoo  aJbtedpokU  upon  tho  tphercj  and  b  tho 
oammam  polo  9t  two  €amp{mmiarif9maB€irele»t  to  which  the  auxiliary  apherieal 
ooiw  (46b),  and  tho  rodpnoal  omroo  (48.)^  in  the  case  here  condi  Jered,  reduce  them- 
oilvoei  io  tiM  tho  fmyMiif  and  tho  UammtH  to  the  caovt  m  tpaec  make  (in  the 


•  The  reciprocity  here  spoken  of,  between  these  two  spherical  curves,  is  of  that 
ki»own  kind,  in  which  each  point  of  one  la  a  pole  of  tiie  great-circle  tangent,  at  tho 
corrcspoHuing  point  of  the  other :  and  accordingly,  with  OUT  recent  Sjrmhola,  wohavo 
not  only  v  « Vrr',  bat  alw,  yvn^^r^Y^P'^  =  r^r  fl  r. 

t  tho  writer  baa  not  happened  to  meet  with  tho  ^eeowlriMlprmsforthia  known 
tkeoiwi,  wfaieh  is  attriboted  to  M.  Bertrand  faj  M.  Lioiiflils,  io  page  658  of  the 
olmdyelted  Additions  to  ICooge;  but  the  deduction  of  it  as  above,  from  the  fon- 
^— pcopcrtf  (996)  of  the  rectifying  line,  is  aumciently  obvious,  and  appears  to 
have  suggested  the  method  employ  ed  by  M.  de  Sai.it- Venant,  in  the  part  (p.  20)  ofbia 
Mamoir  Mr  lee  lignet  courbet  non  planes,  Arc,  before  referred  t  ..  in  which  the  result  is 
Omuictated.  Another,  and  perhaps  even  a  simpler  method,  ^uyyetted  by  quaternions, 
of  geometrically  eatablisbinj,'  the  same  theorem,  will  be  sketched  in  the  present  Sub- 
article  (49.);  and  in  the  following  sub-artide  (60.).  *  P«>of  by  the  gtuf flfW^on mm- 
Igoit  will  be  given,  which  seems  to  tooTO  notbhlg  to  bo  desired  on  tho  side  ofshnpli- 
dly  of  aoiw lofisn. 

4  B 


Digitized  by  Google 


578 


XLBMBNT8  OF  QUATBRNIONS.  [dOOK  111 


rame  ca»)  eomttani  angle;  with  the>Jxerff«KiMd»wii  to  that  point :  andUM  cmtm 
•(««// is  therefore  (as  before)  a  geodetic  Imt,  OO  $ome  cylindrical  surface. 

(50.)  By  quaternions,  whea  thA  two  emnaiurM  hAV«  Uiu»  a  comaiwU  raiio,  the 
•qoatioM  XI'.  aad  XVI.  give, 

CVIII. .  .  (rXy  «  (U»  +  rr »r)'  =  (rr-»)V  =  0, 
or  dX.  • .  rX  B  «  coMlaal  vtHors 

tho  <aiv«U  (r)  mtkot  thmfon^  in  dib  ctM^  a  eomtHwt  tmgi*  (g)  with  *  cowtlaBf 
IbM  (rX):  and  the  mm  ii  thw  mbo  again,  1^  thla  vacy  dnple  ana/j/sM,  to  be  • 
gtadetic  on  a  tjfiiMer.  And  becaiue  it  ia  eaqr  to  piova  (eooip.  XXXI.),  that  w« 
have  in  the  same  caae  the  expraMion, 

ex. . .  rain*  J7b  rodtm  ofwvaiun  ofhoM, 

or  of  the  tetion  of  the  cylinder  made  by  a  plane  perpendlealar  to  the  geuerating 
Unes,  this  ofAar  known  theonm  nanlta,  with  which  we  ahaUcondade  the  pfeaent  ae- 
riaa  ofanb-arCidea:  Wliitmh^A  ikM  titnaiMn»  ancmuiaMM^U^ 
em  a  right  tMlar  «gUmdtr(9€  cj^mdtt  ^rteoMjen);  or  it  ia  what  haa  bean  called 
aboTC^  fbr  afanpUdtj  and  by  eminence,  a  k&Uas** 

398.  When  the/ovrCA  power  of  the  arc  is  taken  into  account, 
the  expension  of  the  yector  ^«  inTolves  OMther  term,  and  takes  the 
form  (comp.  397* 

in  which 

II. . .  r'"  =  D//I,   and   lU,  . .  Stt'" = - Z^fi"  =  -  Sr  V ; 

so  that  the  new  ajfheHon$  of  the  oaf  ve,  thos  introdaoed,  depend  only 
on  iufo  new  eeaiare,  suoh  as  jr^  and  r'',  or  and  Ef^  mff  and  P', 
&o.  We  most  be  content  to  offer  here  a  very  few  remarks  on  the 
theoiy  of  eueh  affections,  and  on  the  manner  in  which  it  may  be  ex- 
tended by  the  introduction  of  derivatives  of  higher  ordere* 


•  In  general,  the  expression  XLIV.  for  the  vector  w,  of  the  osculating  helix,  in 
which  I  =  -  r"»X"'  =  r  —  X  'r',  ami  p  -  wo  =  ^'^r',  gives  Iw',  =  1 ;  so  that  the  devia.- 
fiOM  (8.)  may  be  eooaiderad  (oomp.  (13.))  to  be  maaamed  ftom  the  aatlnad^  of  aa 
arei/CAaAtlia^  wUeh  iteyanaf  In  It^ftA  to  the  arc  a  of  the  eeiTa^  and  iaaat  off  liran^ 
the  aame  initbl  pobt  p,  with  the  aama  Uiitial  direetlon:  whOa  mo  doca  not  Aart  de- 
note the  value  of  ui.  answering  to  «  -  0,  but  haa  a  apodal  aignidcelion  aerigneil  by 
the  formala  XXXVIII.  It  may  alao  be  noted  that  the  conception^  referred  to  in 
(46.),  of  an  auxiliary  $pherical  cwrve,  corresponds  to  the  ideal  substitution  of  the 
motion  of  a  point  with  a  varying  velocity  upon  a  tphere^  for  a  nioti<ni  witli  an  vni- 
form  velocity  in  apace^  in  the  investigation  of  the  general  properties  o[  curm  of  dou- 
ble curvature:  and  that  thus  it  is  intimately  connected  (cump.  379,  (9  ))  with  the 
general  theory  of  hodograpki. 
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(I.)  The  new  vector  r'",  on  which  everything  here  depcTnl.«»,  is  pa»ily  Kduced  to 
the  fUlowing  forms,*  «n«logoiu  to  the  oxpreMiona  897,  VI.  for  r" : 

r  r*  V 

=  8r-Vr  +  (r(r->)"  +  X>)r'+  (r-»r«)'»*i'. 
(2.)  The  flrat  derivatives  of  the  four  vectors,  v\  k\  X,  (T,  takflD  In  Uko  OMIllMr 
with  rafiect  to  the  arc  «  of  the  curve,  are  the  following : 

(yrT-y    Yrr'"  +  r-^X 
=  r-»r-«r+  (r  »ri)'r-»  4  (r(r-i)"- r2)v; 
VI.  .  .  ic"=-r  'r'r+(rr'-r»r  2)r'  +  (r«r*)V; 
VII.  .  .  X'=  Cr'yr  +  (r-')V»',    or    VII'. ..  (rX)'  =  (rr»)V  (comp.  397,CVlII.)i 
VIII.  .  .  ff'=  (e  +  /irv)'  =  (p'  I  rr  ^)rv  =  JiJ{'p  hv; 

in  which  last  the  scalar  derivatives  p'  and  ere  determined,  in  terms  of  r"  and  r*, 
by  the  eqwtlons, 

IX.,.|i'-fr'r)'«f^r+rV, 
nod     X. . .  J?'s  J^l(|9g9'+fr')B j/dn  P+r' omPb  (p'+eot  IT)  iin  P. 

We  have  also  the  deriratiTn, 

I*  +  ra  rrX» 
XII      j,^»7>'-r>^(rr"~r»)r  +  rrV 

and  the  relations, 

XIII. . .  SrrV"«8»r"'=-(r-V7 ; 
XIV. . .  SrrV"=  Si-Va-  rV«(p'  -  rrX«) ; 
XV. . .  SrVV*«f-«SXr'*«-f^(rriy  5 

whicli  may  be  proved  in  Taiione  ways,  and  hy  the  two  fiiet  (or  the  two  last)  of 
which,  the  deriTatiTee  f  and  j/,  and  thenfora  also  S'  and  F*,  can  be  s^pnrnfefjr 
eelcnlatiwl,  aa  sealer  JkmeHemt  of  the  fimr  eeefors  r,     r",  t^,  or  of  some  three 

of  them,  including  the  new  vector  r"'. 

(8.)  We  may  also  deduce,  firom  dther  V.  or  VIIL,  the  following  vector  tspret" 
stoiu,  of  which  tbo  p^ometrieal  tignifitiatiom  Is  evident  from  the  rsosnt  tbeoiy  (896* 

897)  of  emanant  line*  and  planes  : 

XVI.  .  .  Vector  of  Rotation  nf  Radius  ( f{)  of  Sphericnl  Ctirvntnrt 
=  Vector  of  BotatioH  of  Tangent  Plane  to  Osculating  Sphere 


V"  „0-T 


r\ p 


whence  follows  thia  tensor  value  for  the  common  angular  peloeitg  of  theee  two  con- 
nected roitOhtu,  compared  stfll  with  the  Tolod^  of  wiatiem  along  the  mtm, 


•  In  these  new  expressions,  on  (he  plan  of  tlip  second  Note  to  page  561,  the 
scalars  r',  p',  R\  atul  the  vector  n\  are  to  be  regarded  as  of  the  ditnenpion  zero  ;  r", 
H\  i**,  And  k  "  of  the  dimension  -  1 ;  X'  of  the  dimension  -  2  ;  and  v"  and  r  ",  as 
being  each  of  the  dimension  —  3. 
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XYIL  . .  Velocity  of  ffotaffM  o/Radim$  (R),  or  of  Tanffent  Plane  to  Spker*^ 


=  Tf  «  TV  ^  -     V(l  +  jr«  oot^  P)       V  { I  +  (p' + cot  iry  co^  P} ; 

with  the  verificaUoDS,  for  the  CMe  of  the  helix ^  fur  which  =  0,  />'  =  0,  P=  0,  and 
Jtsp,  tbat  fSbim  •xpraaioa*  XVL  and  XVII.  bwome, 

XVI'.  .  .  ^  =  X,   and   XVII'.  .  .      =  TX  =  r  *  cosec  H, 

which  agree  with  those  found  bdbre,  for  the  vector  and  velocity  of  rotation  of  the 
ffwdfa*  (r)  of  ^oolmU  cmroaturtk 

(4.)  Aft  anothar  varUteatfoo*  «•  bur*  Jt'sO  ibr  tvwy  jtpAcflMl  c«rtt,  nd  tba 
gMMfd  txpmtoM  tab  tiMa  the  Ibni^ 

XVI''...f  =  .^,  and  XVir. . .  T4«ir», 

or  wMeb  fha  iolHpMtate  !•  aaqr. 

(5.)  In  genaral,  tha  IbiaiQla  XVII.  rntf  alio  ba  Uras  vritta, 

XVIIL  . .  JP^+l—jr* col» P=ir«-p-»i*iin«  Jr«  +  a^«a^oo^ P; 
ortinia,       XIX. . .  jn^«V(l  ^To^00i^i^«V(l+T«^-ir>)$ 
or  fiaallj,         XX. . .  BnfmVim- rtr*) « V(J|i +f«TO ; 

Mthattba  aaurfl  «a^,  aTf,  botwaen  tha  faio  iiaar  of  jgilarM  narwmimn,  H 
and  St,  ia  nltimatalj  aqnal  to  tha  afaora  fipof  tfikt  mm  af  ffta  afnona  of  Iba  law 
amoll  mglei,  in  fvo  rectangular  pUmt$%  a/?'*  and  r$Rr^o\  or  rsr,  and  8Ps«,  which 
are  subtended,  relatively,  at  tha  etntre  s  of  the  otculating  tpktn  hy  the  mail  are 

t  of  the  ffiren  cHrre,  and  at  the  piren  point  v  by  the  small  eorresponding  are  tTtr' 
of  the  locus  of  centres  8  of  spherical  curvature,  or  of  the  cusp-edge  (395,  (2.))  of  the 
polar  developable  ;  exactly*  as  the  small  angle  *T/\,  between  two  near  radii  (397, 
(5.))  of  absolute  curvature^  r  and  r„  U  ullimately  the  square  root  of  the  sum  of  the 
aqnamof  liha<voallliraiiiallaii^/e<,  «r~i  and  a-\  or  pkp«  and  kpk«,  which  ara 
llkewiM  rftnatad  ta&  two  rtttmgnhar  planet  and  are  eahtandad  at  ttecentiaKof  tha 
omkMi!^  einl9  bf  the  email  are  a  of  tha  cam,  and  at  tiie  givan  pohit  p  hgr  tha 
carrMpondlng  mo  eTa^  of  the  laew  «f  the  ttain  k  (comp.  897,  XXXTV.,  XCIV.). 

(d.)  The  jM>fn^  say  v,  fat  which  the  raiiiiit  JS  of  the  osculating  «pA«re  at  p  ^ 
proaches  moff  nearly  to  the  n^or  rodifat  JB«  from  p«|  iaalttnalify  determined  (oaatpw 
897,  CV.  and  X.)  bj  the  formula, 

Vector  of  Sphencnl  Curvature 


XXI.  ..TT»C: 


Squart  of  Angular  Velocity  o  f  HatUua  (fl) 


<T  —  p  <T  —  p 


the  vector  of  thin  point  v  (in  ite  ultimate  position)  is  therefore 

XXII.  .  .  UfVmfi^lm       j:    ^     =   . 

with  the  verification,  that  (by  X.,  comp.  XVII.)  the  acalar  p  ^rJH^  or  /T  cot  P  re> 

*  It  will  soon  be  seen  that  theee  two  results,  and  othen  connected  with  them, 
depend  geometrically  on  one  eomaiaa  |»nae^«^  which  extends  to  all  i^eteBM  «ff 
normal  tmaaanU  (897,  (44.)). 
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duces  itfielf  to  eot  /T,  or  (o  rr\  for  the  ca«j  p  =  0,  p'  =»  0,  P«  0  («NB^  (*•))• 
that  thus  the  exprei«ion  397,  XXXVIII.,  for  the  vector  oh  of  t^ie  point  of  neare$t 
approach,  of  a  radiut  (r)  of  absolute  eurtature  to  a  eoiuwUivt*  radius  of  tb« 
frame  kind,  i<*  reproduced. 

(7.)  In  general,  if  we  introduce  a  nsw  auxiliary  angie,  determined  by  the 
formnla, 

XXIII.  . .  cot  J=p-ir«' = /Toot  P=(p'  + cot £^)coa Pa  ftCr  '  +  P*), 
tlM  tttywioD  XXn.  takM  the  tfanplUM  tarn  iomg,  again  097,  ZXZVIILX 

and  the  «e^m««t«,  into  which  the  point  v  divides  (internally)  the  radius  Ji  of  tlM 
sphtre^  htcn  A*  values  (comp.  897,  XXXIX.), 

XXV.  .  .  fv  =  i2«in'./,    V8  =  iicos»y. 

(8.)  A  gemetrUai  aignificatim  may  be  aadgoed  for  this  immt  amgl*  J,  wbidl  b 

analogous  to  the  known  signification  of  the  angle  H  (397,  XVII.).  In  fact,  tiM 
tangent  plane  to  the  osculating  itphere  at  P  touches  its  OWn  dtvdcpttbU  fitM/lfM 

•long  a  aeio  r^Ai  ^ui«,  of  which  the  Malar  eqaati<Mia  are, 

ZXYI. 8(4r-p)(M-p)sO,  8(a^-r)(«»-p)«0i 

and  beeaaae  the  dsvdopabU  toenottXi  lodi  IwMf  ctnlw  diowtt  tolia  rirfwiwrt^id^ 
«loag  th*  piMa  ewvc,  to  the  loeHf  tfikt  MomUiHitf  drd»,  wUch  taatthoaaiMtinM 
tbo  notkpo  rftkg  0MiMm§  tpktmt  wo  iball  briefly  ooD  tUe  lecut  o/tio  iSme 
XXYI.  the  Circumscribed  Jkwdi^^aMe,  And  the  tWcMftat  of  the  generairim  cC 
tbie  new  developable  surface,  to  the  tangent  to  the  given  e«ree  at  p,  if  suitably  mea* 
sarrd  in  the  tangent  pUuM  to  the  ^lAert,  it  prediely  the  «aplf  wbkli  baa  been 
above  denoted  by  /. 

(0.)  To  render  this  conception  more  completely  clear,  let  us  suppose  that  a 
Jimte  right  line  pj  is  set  off  from  the  given  point  P,  on  the  indefinite  lime  XXVI.,  so 
ae  to  fepresent,  by  its  length  aod  dSfrtettoii,  the  vstoeitg  at  the  rotation  ofthstangsmt 
]^Um»  to  tbo  oeealatiog  spheto;  and  ao  to  be^  in  tbo  pbnaeology  (896,  (14.))  of  tbo' 
genonJ  tboeiy  of  <MMwanl>,  tbo  oiotef^-aario  of  that  retelien.  Wo  oball  tbm  bavo 

tbOTOfaNI^ 

XXTIL  . .  PJr«f  (a lAo  ele  eflywefene  XVL) 

•  i^lr (oot  J+  U  (<r  -  p))  -  -B^  cosee  /(r  ooo  /+  rU(^  -  p)  sin  J)   (7,  8) ; 

the  angle  /  being  determined  by  the  formula  XXIII.,  and  a  new  expressioii, 

=  /^l  cosec  /,  being  thus  obtained  for  the  velocity  XVII. 

(10.)  Hcneotbonowangle  J.if  oonosivodtobo  inebdod  (Bko  A)  between  tbo 
limito  0  and  w,  may  bo  oonaldorad  to  bo  naaanred^lM  r  lo  ^  oryimi  tbo  to^^ 
pMf  to  tboonnra al f,  lo  fAo  pwuraHap  lint  rj  of  tba  drMMierM  dntloptAto 
(8.),intbodMjenftonirtor(tf-p):  which  losl  tangent  to  tbo  ooenlatiiigspbeio 


*  Thb  usual  expression,  conseeutivs,  is  obviously  borrowed  here  from  the  /an- 
,gtug«  of  infinittdmaUf  bat  ta  aappoasd  to  bo  UUerpntoi,  Kka  thoeo  need  In  oHier 
paru  of  the  pwosat  aeriaa  of  Aniolao,  by  a  wHwonoo  to  tbo  oonoqptiaB  of  tento 


Digitized  by  Google 


682 


KLKMBNTS  OP  QUATBRNIOKS.  [bOOK  Tit. 


make**  i^fncnilly,  like  the  tnn|?ent  ^  or  I*J  itself,  an  acute  am/l^'  the  positive 

binonniil  i',  as  appears  from  the  common  gign  of  the  scalar  eoeJficientM  of  that  vec- 
tor, in  their  developed  expressions. 

(11.)  It  may  alaobeiwnarkfd,  as  an  additional  point  of  analogy,  andaawnrw 
ing  to  vorlfV  toma  fermaUB,  that  while  tha  older  angle  iVbeeomee  Hgla^  when  the 

given  curve  ia  plane,  so  the  new  angle  for  every  ^hericui  curve, 

(If.)  At  wolker  gtrntirical  illuntratitm  of  the  pfopartica  of  the  angle  J,  and  nf 

•ome  other  reiruits  of  recent  aub-articlea,  which  may  serve  to  connect  them,  still 
more  r!n«i«ly,  with  the  general  theory  of  nnnnal  rmanontg  from  rtirv  t's  f  ;l'.t7,  (•14.)), 
let  us  c«ni<  '  iv»'  that  .\n,  nr,  ri»  arc  tlirt>e  sutvi'SHive  right  lines,  [H'rp>cndicular  each 
to  each ;  li  t  us  denote  by  a  and  6  the  angle*  nt  a  and  c\\\\  and  by  c  the  inclination 
of  the  line  ai>  to  bc  :  and  let  ua  auppoae  that  these  two  linea  are  intersected  by  tluar 
common  perpendieolar  In  tlie  poiati  O  and  ■  r^pectivcly. 

(18.)  Then,  by  completing  the  rectangle  bodb,  and  letting  fidl  the  perpendiealar 
BF  on  the  IqrpoCenttBe  of  the  tight-angled  triangle  abi^  wa  obtain  the  proJeeHone, 
AS  and  FB,  the  two  Unei  ad  and  oh,  on  the  plane  through  b  peipendiealar  to  bc: 
and  henoe,  by  deneataiy  leaeoninga,  wa  ean  infer  the  lalatione : 

XXVIIL . .  taB*eBtan*AOBc  Un*  a-|-tan*ft; 

.  _____       BH     AO     AF     All*       .  ^ 

and  XXIX. . .  —  a  —  «  —  «s  — -  =  sin*  abb, 

BC      AD      AK  AK» 

or  XXIX'.  .  .  Bii  =  BC  sin*.;,    if   tan  j  =  tan  acoth; 

nothing  here  being  supposed  to  be  $maU.  It  may  also  be  observeii,  that  the  tvo 
rectVinrnr  unglen^  ncA  and  cni>,  or  a  and  ft,  roprewnt  respectively  the  incUoatlooa 
of  the  plane  Aci>  to  the  plane  uci>,  and  of  the  pl.ui.'  Aim  to  the  plane  abc. 

(14.)  Conceive  next  that  pg  and  p,g,  are  two  near  normal  eraananta,  toaching 
the  polar  developable  in  the  points  q  and  Qm  whereof  g  is  thus  on  the  given  polar 
axle  B8,  and  ia  oo  the  near  polar  axie  ;  and  let  tlie  eeoood  emanaat  be 
out,  in  the  polnte  f^  and  q',  by  planee  throogfa  r  and  ^  peipendlonlar  to  the  lint 
emanant  fq.  The  line  ff'  will  tlien  be  veiy  neatly  tangential  to  the  givaB  amre  at 
'f;  and  the  line  <iq'  will  be  veiy  nearly  dtuated  In  the  coniipooding  normal  plane 
to  that  cun-o :  .HO  tliat  these  two  new  lines  will  bc  very  nearly  perpendicalar  to  each 
other,  and  the  gauche  (pjadrilaterul  r'l-Qq'  will  altimatcly  bare  the  ptopwtiee  of  the 
recently  considered  quatiril.iteral  ABcn. 

(15.)  This  being  jxTceived,  if  we  denote  hy  e  the  length  of  the  emanant  line  rg. 
the  small  an^U-  a  is  very  nearly  =<r'«;  and  if  the  small  angle  h  be  put  under  the 
form  b'a,  then  the  new  coefficient  V  ia  ultimately  equal  ^l)y  XXIX'.)  to  cot^  : 
whmj  ie  an  ansUiary  angle,  not  generally  email,  and  ie  eneh  that  wa  hava  nltU 
mately  FHsFQ.ein"^',  tfH  be  the  point  in  which  the  given  normal  emanant  fq 
appraachee  meet  doedy  to  the  ooneecativa  emanant  p«Qt. 

( 1 G.)  Wa  have  then  the  ultimate  equation, 
XXX.  . .  coty  s  *6'  =  PQ  X  Urn.  («  ' .  QpQ.) 

=  lenpth  o  f  emanant  tine  (pq) 

X  nnqu^nr  vrloritif  of  the  tangential  plane  (r'ptj)  eontaininp  it  ; 
thia  latter  j-lane  hcing  hero  conceived  as  turning,  for  a  moment,  round  the  tangent  to 
the  givcit  curve  at  p,  and  the  velocity  of  motion  along  that  curve  being  atiU  taken 
for  unity. 
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(17.)  Accordinjjly,  when  we  change  e  to  r,  b'  to  r  ',  ami  /  to  yn  recover  in 
tilts  way  the  fundamental  value  cot  i/=  rr  '  (397,  XVII.),  for  the  cotangent  of  the 
older  angle  am!  wlipti,  on  the  other  hand,  we  treat  the  radius  of  tphericul  curA*a- 
ture  as  the  normal  emanaat,  auppohing  q  to  coincide  with  s,  and  thei-efore  ctianj^ing 
e  to  /?,  and  6'  to  r'+  P*,  we  recover  the  last  of  the  expressions  XXIII.  for  the  co- 
tangeut  of  the  new  but  analogous  augle  J,  namely  cot  J=  li  (r'^  +  P'),  together 
with  an  Mteiprtlalim,  wbkdi  may  not  haw  aft  fiiat  Mamed  obviotu :  although  that 
•xpimioii  UtdfwM  dadueibla^  In  the  foUoirfaig  among  other  wajs,  ftom  cqnaliona 
preriooaly  eetabtiihed, 

(18.)  Aa  ngardt  the  aiiyatar  adoeifyt  lay  a,  of  the  emanast  Imt  fq,  or  the  uU 
timata  quoliflot  oC  the  on^/e  betwot  n  two  such  near  lines,  divided  by  the  small  are  » 
of  the  given  curve,  wa  see  hjr  XXVIII.  (oompi.  (6.))  that  this  small  angle  v*  ia  ult{- 
niately  equal  to  the  square  root  of  the  sum  of  the  squares  of  the  tico  other  small  an- 
ffles,  above  denoted  by  a  and  6,  and  found  to  be  eqn.il.  nearly,  to  e  '#  and  e"'#  cot  J 
respectist'ly  :  we  iniiy  then  t-stnblish  the  general  fniniula, 

XXXII.  .  .  Angular  VelocUif  of  Normal  Emanant  =  o  =  e"lcosec  j  ; 

which  reproduces  the  values,  r'lco^ec  //.  and  ^  iGoeec/t  already  found  for  the  an- 
gular velocities  of  the  two  radii,  r  and  i{. 

(19.)  And  if  we  observe  tlmt  the  projection  of  the  vector  of  curcaturi\  ki-  on 
the  emanant  PQ,  is  easily  proved  to  bo  =  QP'I  a  «''.rQ,  we  see  by  XXXII.  that  if 
this  projectiom  be  dMdml  ly  lAe  tqmart  of  the  angmlar  velocity  {v)  of  the  lino 
pq,  the  qmotUnt  ia  tho  lino  pq.  slnVt  or  tk  (Ifi.)*  ^bteh  reproduoea  the  general 
naolti  t97»  CV.,  for  all  i^eUm  tfwoniud  emaaanit,  together  with  a  geometiical 

(SOii)  Aa  atfll  another  gecmeirieal  illustration  of  tho  pro|)erlie8  of  the  new  angle 
we  may  observe  that  in  the  construction  (12.)  and  (13.)  tlie  corresponding  auxi- 
liary antrlej  was  equal  to  akb.  or  to  abf,  and  that  the  hue  uv  (=  iio)  was  perpen- 
dicular to  both  BC  and  au,  although  not  intrrsrcling  the  lattt-r.  Substituting  then, 
as  in  (14.),  the  quadrilateral  v'i^ki'  fur  auci>,  and  pa&sing  to  tlie  limit,  we  may  »ay 
that  if  a  new  line  pj  be  a  common  perpendicular^  at  the  given  {Kiint  i>,  to  two  const' 
caMea*  narwaf  anumoafa,  pq  and  pVi  the  gettenU  aiueiHarg  unyUj  is  tsimply  the 
facBwartea  p*pj,  of  tiiat  coaiaiaii  jmrptndrndar  pj,  to  the  laapenf  pp'  to  the  carw. 

(81.)  And  il^  inatead  of  norauiirjr  miaaaliay  twee  pq,  wo  oonaider  a  qratem  of 
tam^tmUai  mmmd  ptmm  (aa  in  897,  (4ft.)),  to  which  thooa  HmeM  are  perpemdUular^ 
we  may  then  (conip.  896,  (H.))  con.sider  the  recent  line  vj  nn  being  a penarafju^r 
line  of  the  developable  surface,  which  is  the  envelope  of  all  the  planes  of  the  syatOOl; 
the  anxUiarif  ^V^*tfjt  ia  therefore  geHeraUjt  by  (20.)  the  imeUnation  of  thia  geme* 


*  Compare  the  Note  to  page  681. 

t  In  tbeae  geometrical  tikuiraiioms,  the  angk-y  has  been  treated,  for  sinifiliciiy, 
aa  being  both  positive  and  acute  f  although  the  general  formula,  which  involve  the 
corresponding  niigles  //and  /,  permit  and  require  that  we  should  occasionally  attri- 
bute to  tiieni  obtuse  (but  still  po:<itive)  values:  while  those  anglea  way  alsu  become 
rights  iu  some  particular  ca^  (comp.  (11  )j« 
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ratriz  to  the  tangent :  a  r»ult  which  agm's  with,  «n«J  indtides,  th«  known  and  fuu- 
damenUd  property  (39?,  XVII.)  of  the  angle  //,  in  connexion  with  the  Rectij'ying 
DmdopakU  (396)  \  tad  alio  ths  mimlogom$  property  of  the  otwer  augle  connected 
(8.)  wilh  wba  Uh— bei  ahore  propowd  to  cril  tht  CUN—icritirf  DlwihfUe. 

(St.)  We  sban  MOB  ntam  briefly  MtlMtbrnr  of  UuiM 
(S.)b  ai^ortlMMi  Inw  (eftlwendfttlBg  dMe,  or  weildye  eTthi 
tpkeri)  to  whK^  H  hae  been  mid  to  bt  tircmmtcribed:  bat  WIJ  hm 
ikAt  if  wt  Willi  Ik  ahil^CMiit  {wmf,  YUL  and  UIII.), 


^  Bit 

XXXIII. .  .  «  — •  =  i>'  +  cot  J/  =  cot  JaecP, 


then  what  has  bean  ceUed  the  coejieient  of  mm-^^kuiviif  (fitmjf*  89S,  (14)  and 
(16.»  to  eMiljr  tMB  to  haw  bgr  XIY.  the  wttum, 

XXXIY.  .,S-lm  1^1--.  1  .-rirSyV - 1  (I,  S) 

-^(K-nXO- 1«  ^^p'  +  ^  )  -«rri  (8,  4.  5) 

-^.-cot^oot/ieoP-:^  (•^T.S); 

whence  also  the  deviation  of  a  near  point  r«  of  the  carve,  from  the  oaculating^tbere 
at  r,  U  ultimately  C^y  395,  XXVII.). 

and  accordim^,  ^  •quan  oCtha  Tootor  « ia  fivan  now  (camp*  I.)  by  tha  ex- 
preaeion, 

inwUeh  H8(9-'p>r'*B^»l-l-nrrioftG.,aaabova. 

(23.)  ThaMma  anmiliary  >calar  %  qrtaw  into  tha ftPowing  expreaioM fct  the  mtt^ 

aof  thaoeeaiatfag^H^  of  the  yol^  rfieahpalfa  (<oap.  Ml, 

(6.),and896,(S.))s 

ZZZVL . .  ±/iide a  ufra  o/libal  Ch^A^o  (or  oTIecaa  a/a); 

J?  J!* 

XXXVr.  .  .  ri=iir  =  r  +  p'r  =        —  (^Scalar)  Uudim  uj  Ourvature  of  »aau  edg*  ; 


XXXVr. . .  f|B«'>«  o'y'^-^C&oAir)  Haditu  ofStamd  CmrMhm  o/mm 

tbeeetwo  lattx^r  being  here  called  aealar  radii,  because  the ^rtf  oa  well  as  the  st 
(conip.  397,  V.)  is  conceived  to  have  an  algi  braic  sijfn.  In  finct,  if  we  denote  by  Ki 
the  centre  of  the  osculating  eireU  U»  the  cn^pHN^  in  qoaitioD,  ila  eccter  ia  (by  tha 
general  formula  389,  IV.), 

XXXVII. . .  OKi>«i«   +,^^i^«a  -wTr'Bp-|iW+^stf-rkfT\ 

with  tha  4gnifieatioii  XXXVr.  ol  ri$  baeaoM  If  XXXIU.  (oompu  897,  XI'.), 

XXXVIII. . .  ^mmFv,  a^-i«'ryt>»(rvX«arr»>arrV, 
and  tbeieliBia 
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We  may  also  ob'^t  rvc  lUat  the  relation  </  ^  y  givea  (by  ii'J7, 
o"  v' 

XL. . .  Y  -7  -  V  —  ~  rir  «  ft^vr  of  Seeomd  ChnwfKrt  ofafmrn  tmnt; 

ay  ^ ' 

ADd  that  we  have  the  equation, 

XU...^  =  ^^'  =  ^^,   wilh  r>«,   bat  ri>OT<0, 
PK      K-p  r 

aooofding  m  the  ewjp-c^  turns  its  cMcosAHf  or  its  commsA^  towards  tbo  ^Imii 

Ct(re«  at  P. 

(24.)  The  radiuM  of  (first)  curvature  cf  thit  cii.sp^edgeii  whoa  regarded  as  m  pO' 
*Uiv€  quantity,  ia  therefore  reprweDted  by  the  teiuor, 

XLIL  . .  v/??-± n-Tr,  - iiT y  - ±  ^  (>  0) ; 

And  as  regards  the  tealar  radius  XXXVI".  of  tecond  curvature  of  the  same  cusp- 
edge,  its  expreasioB  follows  by  XXXVIII.  from  the  general  formula  897,  XXYIL, 
which  gives  here, 

XLni...f|-»  =  S^/'  - =—  S -^,ea-M^i,bocanss  XUII'.. .  S -^.«  1; 

\<ja      nr     \yy  Vvv 

the  two  Mcalar  deritativea,  n  and  n",  which  wonld  hare  introdaced  the  derived  veo- 
tors      and  r'',  or  V,^p  and  V/^p,  of  the  /i/th  and  sixth  orders,  thus  disappearing 
from  the  expressions  of  the  two  curvatures  of  the  hens  of  thf  centre  s  of  thaofculof* 
wg  sphere,  as  was  to  be  expoctt'd  from  gooiiu  triral*  considerations. 

(25.)  For  the  helix,  ilie  fonnula  XXXVI  I.  givi:^  k\  -  p,  or  Ki  =  r;  we  have  then 
thus,  as  a  verification,  the  known  result,  that  the  yiven  point  r  of /Ai<  curve  is  itself 
tiio  etntnofemrwOmr*  Ki  of  that  oiker  MU  (comp.  389,  (3.),  and  395,  (8.)),  which 
ia  in  tliis  case  the  eosiaimi  loeut  of  the  Am  coMctfcal  ttmtrm,  k  and  s»  It  is  scarcely 
Dscsssary  to  obsorvs  that  fbr  the  lielix  wa  havo  also  JET. 

(36.)  In  geners],  the  rtet^pi^  plon*  ol  tlia  Iseiw  of  s  is  paralM  to  tiia  vsetiiy- 
ing  plane  of  the  piven  evroe,  becansa  the  radii  of  their  osculating  circles  arc  parallel ; 
the  rectifying  lines  for  the^e  two  curves  are  therefore  not  only  parmlid  but  equais 
and  accordingly  we  have  htn  the  brmitla, 

XLIV,..Xi«V^.«V-,=  X  (by  397,  XVI.). 
n  r 

which  will  ba  fonnd  to  agres  with  this  othar  ezpvsssiott  (comp.  S07,  XVU.), 

XLV. .  .  tan  //i  =  ^  =  ^  Uri  =  icoti/, 

the  upper  or  tower  tiga  being  tahen,  according  as  the  ««w  eanw  is  eoarose  (aa  in 
figs.  81,  82),  or  is  conves  at  s  (oomp.  (23.)),  towards  the  old  (or  given)  curve  at 
p :  and  the  new  emglt  Hi  bang  measnrsd  in  the  hms  redififingploMtfmn  the  new 


•  In  fact,  n  represents  here  the  velocity  of  niolion  of  the  point  8  along  its  own 
I0CU8,  while  r  '  and  r  i  represent  respectively  the  velocitiea  of  rotation  of  the  tangent 
and  biuormal  to  that  curve :  so  that  nr  and  nf  nwt  ba»  as  abOTS^  the  Mtftt  of  Its 
two  curvatvnib 

4f 
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Uu^ltni  or  nnr,  i»  Um  mv  rf«(</|ri^^  Ime  Xt,  tad  In  dM  d&MKoii  ftom  that 
taafeat  to  the  wm  5iN«nii«l  vi,  or  (pomp.  XL.)  to  a  line  firooi  ■  frfiieih  b  oqool  to 
the  fttor  of  second  curvaiHft  r->r  oftho  jfivtn  CMTM,  midtipUedbjr  apoiiliorfeBlBr, 
namely  by  Tn  >,  or  by  the  coefficient  m  *  taken  poailivolj. 

(27.)  The  former  rectifying  line  \  touches  the  eusp-edpe  of  the  rectifyinff  deve- 
lopable (39G)  of  the  given  cur\'e,  in  a  nnr  point  r  (romp.  Kig.  81),  of  which  bjT 
897,  (^i>.)»  ^V.,  the  voctor  from  the  given  point  it,  generally, 

VrV"       r->\  rX  UXsin/T 

XLVI. . .  PR—  =  __  ; 

with  the  twifleatiott  that  thit  t«prnlon  boeooiM  faiOnito  (eomp.  S97t  (49.X 
when  the  curve  k  a  peodetie  om  a  cjfUnder. 

(28.)  In  general,  the  vector  on  of  the  pwU  o/coiUaet  which  Toelor  wo  shall 
here  denote  bjr  i^  may  be  thna  ezpreaaed, 

kin  H      —  f"TX 

ZLYII.  ..ttB<tt»p-f-iaX,  If  XLVin...I»=^«7— nn; 

if*  (*T"I) 

and  becaiue  (rX)'  =  (rr')'r,  by  VIl'.,  ita  first  deri^tiTe  is, 

XLIX. . .  tf'-rxl^'^y  =sUXeoseeJEr(lslnlI)'->UV(r4oQa  A); 

in  which  however  the  new  derived  scalar  /'  involves  //",  an<l  so  d('i>ends  on  t"'  : 
while  the  scalar  cnefflcient  I  it-'i  lf  iTpn  sentS  the /jorfion  (r^  i-u)  of //ic  rectifyinq  line, 
intercepted  between  the  given  curve,  and  the  cusp-edge  (27.)  of  the  reclilyiug  deve- 
lopftblo,  and  conudered  as  pontive  when  the  dirscfim  of  this  vUercept  Fn  ooinddai 
irffth  that  of  tho  lino  +X,  bnt  as  negative  in  the  ooatnuy  omo. 

(29.)  Fto  ahridgnioat  of  diaooniae^  fbo  emp-odlgo  lasf  eonsUsrodynanoly  that  of 
the  TttHfifing  dSsodspaMB^  as  being  the  loens  of  a  point  whloh  wo  have  doootod  bj 
the  letter  b,  may  be  called  simply  *'  the  curve  (r)  ;**  while  the /brmc 
(23.),  or  that  of  tlie  polar  dov4ilopnbh\  may  be  called  In  like  manner  "  the 
(si)'"  the  Zoom*  of  the  centre  k  of  (absolute)  curvature  may  !>-■  culled  "/Af  rvrre 
(k)  "  and  {he  qiven  curve  itaelf  (comp.  sgaiu  Figs.  81,  82)  may  be  called,  on  the 
same  plan,  "  the  curve  (r)-" 

(80.)  The  ore  b£«,  of  the  curve  (u),  is  (by  XLIX,  comp.  XXXVI.), 


L. . .  +  [' To'ds mU^l^  f'cot J7ds; 

Jo  Jo 


this  arc  being  treated  OS  potUivet  when  the  direction  of  mo<um  along  it  ooiocidee  with 

that  of  4  X. 

(31.)  Tiie  expression  VII.  for  X',  combined  witti  the  former  expression  397, 
XVI.  for  X,  gives  cosily  by  the  general  fomrala  889,  IV., 
LI.  .  .  Vector  of  Centre  of  Curvature  of  the  Curve  (r) 

V  d» 

whence      Lll. . .  Radiue  of  Curvature  of  Curve  (u)  =  T  ^  ^  T 

tht  lealar  TaiiaUo  being  horo  arbitrary. 

(82.)  We  see,  at  the  same  time,  that  the  amgutar  velocity  of  the  rectifying  Hmm 
X,  or  of  tha  teiifsiil  to  tikis  raroe  (n),  is  reprosentod  by  ±H'i  or  tliat  the  sndl 
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oM^le*  between  two  mch  near  lines,  X  and  X«,  is  nearly  equal  to  tH\  or  (0  J7«—  Ht 
while  flM  veetar  ocw  (YXVO  rfntoHon  o/tk«  reetifying  /in«,  set  off  ftoni  the 
poioi  R,  lus  ^S'Vf',  or  -  ITrff  Ibr  its  •spcwnioo. 

(88.)  Aft  VQgftrds  the  eeeoMf  ennatmn  of  the  aame  cum  (r),  vo  nay  oboenre 
tiiai  the  esproMioii  (eompw  VIL  end  U.)» 

oombhMd  iHth  the  ponUclinik  (XLIZ.)  of  «^  to  \,  fl^vee,  bj  the  genenl  formiilft 

S97»  xxvn.1 

UY. . .  AadSii9  rfSmmd  CitnohiM  of  Curvt  (tt) 

with  the  TMilteatioii,  th«t  while  f  4  ooi  B  leimeeiiti,  by  (80.),  the  TetocHgr  of  mo- 
Ham  along  thit  enrve  (bX  TX  repreients,  by  397,  (3.)f  the  vdocHy  of  rotation  of 
iit  otculating  plane,  namely  the  rectifying  plane  of  the  given  evrvf  (p)  :  and  it 

b  worth  observing,  that  although  each  of  these  two  radii  of  cnrvatur?,  LIT.  and 
LIV.,  depends  on  r'^  throiiph  /'  (28.),  yet  neither  of  them  depends  on  (romp. 
(24.)).  As  another  veritication,  it  can  be  shown  tliat  the  plane  of  the  two  line$  X 
and  r'  from  r,  namely  the  plane, 

LIV.  .  .  Sr'X(a>-p)  =  0, 

which  is  the  norma!  plane  to  the  rectifying  developable  &\ox\v:,  tlie  ro^  tifs  iiig  line,  and 
contains  the  absolute  normal  to  tln^  qiven  curve  (p),  touches  its  own  developable  en- 
velope along  the  line  Rii,  if  ii  be  the  point  determined  by  the  formula  397, 
XXXYIIL,  or  thepotnf  ofneamiapproaeh  of  a  rodtNt  oftmntOta-e  (r)  of  that 
given  oonre  fo  H»  toiutaaiM  (comp.  (6.) ;  this  line'BH  mint  therelbre  be  the  r»efi- 
jyiMff  Hat  a/lil«  carvt  (r)  :  and  aeeordin^y  (comp.  897,  XYII.),  the  tfigooometrie 
tangent  of  Iti  UtcWiaihm  to  the  iangni  bp  to  tUa  last  enrve  has  for  ezpreeslon 
(abstracting  from  dgn), 

LIT".  ..taarBBsfg:FR:=  +  /  irsin^  n  =  ±rir  am  H  =  T\-^H' 

RaiUvs  (T-I  V.)  of  Second  Curvature  of  Curve  (n)^ 
liadiHs  (LU.)  of  First  Curvature  tif  same  ("nrre 
(34.)  Whhont  even  introducing  r",  we  can  assign  as  fullows  a  twitted  cubic 
(comp.  397,  (34.)),  which  shall  liave  contact  of  the  fourth  order  with  the  given 
curve  at  r ;  or  rather  an  indefinite  variety  of  tuck  eubics,  or  gauekt  «Mnn  tii  the 
ikM  degree.    Writing,  for  abridgment, 

LV. .  .««-Sr(a>-p),   y  =  -  Srr'(w  -  p)f    «  — Sry(«-p), 
so  that  '      LVL  . .  •■p  +  «r+jmr*+«r»', 

the  Bcalai  equation, 

LVii. . .  6    Jxz  ^[pjyz^e^. 


•  A  result  substantially  equivalent  to  thia  is  deduced,  by  an  antinly  ^ffRont 
analysis,  in  the  above  dted  Memoir  of  M.  da  8alnt.TenaBt,  and  is  illustcatsd  by 
geomatried  oouldfliatioiis :  which  also  lead  to  axpccmlons  for  the  two  envrstores 
(or,  as  ha  eaUsthon,  the  tovhw  and  eaMftratw),  of  the  onsp-adge  of  thataotifying 
div^lopabla;  and  In  a  datamlnation  of  the  nefc>Hv      of  that  trntp-eigt. 
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LVIII. . . 


la  whi<'h  f  \n  nn  nrhitrnry  hut  ?ra1rxr  ransfant,  represents  evidently,  by  its/orw,  « 
tvnt  of  the  aeco't'l  i)r>{ri\  with  it-^  vcrtr  ;U  the  given  point  P  ;  aiul  this  cone  can  b« 
provt  'l  to  have  cuntacl  oj  the  f'unrth  order  with  the  curve*  at  that  point  :  or  of  the 
tlurd  order  with  the  cone  of  chords  from  it  (comp.  397,  (31.),  (32.)).  In  f^ct  th« 
0(Mfll«i«aU  win  be  foand  to  have  beaa  eo  determined,  tliet  the  difference  of  the  two 
nMmbert  of  this  equation  LVIL  eoDtatm  m  a  fkctor,  wlieii  wo  diango  « to  p*,  >* 
pvon  bf  tho  fonnti]»  L,  or  wb«m  wo  iobotltate  Amt  «yt  Uieir  apprasiouto  valaeofiir 
the  cnm^  at  fanctioat  of  tiw  art  t;  oamely,  1^  the  oxpreirioat  lY.  ton  r"*,  and 
897,  VI.  for  T% 

6rr     24  ^  ' 

wliere  tlie  terms  set  down  are  more  than  huiliuiotit  for  the  purpose  of  tiie  proof.  It 

nuiy  Im  added  tliak  tha  cotffieitBt  of  —  io  y«»  whieb  it  the  oi4y  ooa  at  all  couples 

here,  may  bo  tnuiafbnmd  aa  fbllowt: 

LVIir. .  .  8rrV"«-(r^') 
S  being  iliat  scalar  for  which  (or  more  immediately  for  its  excees  over  unity)  i 
oxpreesionsf  bavo  Utoly  boon  aaiigned  (22.),  and  whidi  bad  occomd  In  aa 
iDTOstigation  (89S,  (14.X  Ito.)- 

(85.)  With  tbo  tamo  atgniBeatloiia  LT.  of  tbo  thrto  aealan  ays,  thb  dbor  oqwk 
tlon, 

UX. . .  18iy  -  (8«-  r»»o  (9  +  r'J  ~  3rr  -  8f«r«)y>, 
or  UX'. . .  2iy-(»-if'y)««(l  -I'^C'*)'- J*^)y», 

will  be  found  to  be  iiatisfied  when  we  substitute  for  x  and  y  the  values  LVIII.  of  x. 
and  y«,  and  neglect  or  suppress  s' ;  it  tborelbva  repraaeota  an  «f£^rfj«  (or  kyptrboUe) 
e^Under,  wbldi  la  etU  perpenduMlw^f^  by  tbo  OM«Kalwy  to  tha  given  cnrro  at 
p,  in  an  «llyMO  (or  hifptrMm\  ba^ng  ooafotf  of  tho  >b«rf  A  ordir  wiUi  tbo  jw^K*- 
tioa  (compw  897,  (9.)),  of  that  glTOn  ctrrve  npoo  that  oaoolating  |ilan«.-  and  the  qr* 
/iadisr  tKetThaa  eoofael  of  tbo  9mm  {fimrtk)  vrdtr  with  tha  owve  in  ip«MC^  at  tha 


•  In  the  language  "f  inrinit^-«imal'«,  the  cone  LVII.  contains  Jire  eon»etmti99 
points  of  the  curve,  or  lias  Jice-point  contact  therewith  :  but  it  contains  oulyybitr  coiH 
secudve  tides  of  tho  cone  of  chords  from  the  given  point,  or  has  or\\y  foar-side  con- 
tact >vllU  that  cone,  except  for  one  (>articular  value  of  the  constant,  e,  which  we  shall 
presently  assign.  It  may  bo  obaonrtd  that  ayo  tum  ktn  a  (aealar)  eastern  of  <Ar«r 
rectmtpttar  co-onKaatei,  of  tbo  nanal  Und,  with  thair  or^  at  tho  point  p  of  tho 
curre^and  idth  their  yoia<ata«atia>Me  in  tha  ditactSona  of  Ilia  iayenl  r,  tha  aoriar 
o/tunaiuM  r^,  and  tho  Maoraiaf  y. 

t  It  might  hnvo  boon  obaervad,  in  addition  to  tha  eight  fermt  ZXZIT.,  that 
wo  liaTa  alio, 

XXXIV. . .  J-l-lJr-»ootyancoti/  (•♦W> 
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tune  gWcn  point  v,  w  that  w  mtj  nil  It  (eompb  897,  (81.))      OtnlaHmg  Bl^c 

(or  Hyperbolic)  Cylinder,  perpemdUtiUtr  lo  <A«  oieulattny  plane. 

(36.)  As  A  verification,  if  we  auppresstlM  second  member  of  either  LIX.  or  LIX'., 
wp  obtain,  under  n  new  form,  the  equation  of  what  has  hof-n  already  called  the  Oscu- 
lating Parabolic  Cylinder  (^Si)7,  LXXXIV.)  ;  and  as  nn>'ther  verification,  the  cn- 
efficient  of  y'  in  that  second  PK-nibcr  rnnishe»,  ns  it  outrlit  to  do,  when  the  given 
cur\-e  is  supposed  to  be  a  parabola  :  that  plane  curve,  in  fact,  satisfying  the  different 
tialeqMOtiom  tftke  $etomd  order, 

LX.  .  .  8rr"  -  r'»  =  9,    or    LX'.  .  .     (r^)"  =  2, 

if  r  bt  still  the  radius  of  curoatMre,  conaiderod  as  a  function  of  the  arc,  «,  while p  ia 
here  tiie  stuuparameter. 

(37.)  The  binormal  v  is,  by  the  construction,  a  generating  line  of  the  cylinder 
lilZ. ;  and  atthongli  this  Hoe  ia  n*4  genmJfy  m  ridt  of  tiie  mm  LTII.,  yet  we  can 
iiMil«  It  anch,  by  assigning  the  parUeoIar  valne  zero  to  the  orUtrwy  eomtiant,  in 
its  eqnatkn,  or  fay  mpprcadng  the  Urm^  es*.  And  when  tbb  is  don^  the  ooos  LVII. 
will  imUrtHi  the  cyfintftr  UX.,  not  only  in  this  OMMSion  Hdt  v  (fiomp.  897,  (88.))* 
hot  sito  in  a  oertain  imUied  cubic,  which  will  have  amtact  of  tha/terfA  erdifr  with 
the  given  curve  at    as  stated  at  the  commencement  of  (84.). 

(38.)  But,  as  was  also  stated  there,  indefinitih/  many  stich  cuhtcn  can  be  de- 
8crif»ed,  wliich  shall  have  mntact  of  the  same  (fourth)  order,  wiiii  llic  s<ti>ie  curve, 
at  the  tame  point.  For  we  may  aMvmc  any  point  b  of  space,  or  any  vector  (comp* 
LVl.), 

LXI. . .  OBs fM p 4 ar+brT'+  «ry, 

in  which  a,  6,  c  are  any  three  scalar  constants ;  and  then  thu  vector  equation, 

LXII.  .  ,  a»vpa  +  l(f-/>), 

in  whidi  f  is  a  imv  teaiar  earjoftlr,  will  vepreieDt  a  ejfHmdrit  §mfimt  not  gemtredtjf 
tl^ihi$nond  ordeTf  hot  pBSdng  tkMmgh  the  given  earsr,  and  having  the  line  PE  for 
a  generatrix.  We  can  then  cut  (generally)  this  new  cylinder  by  the  oeeulating 
plane  to  the  curve  at  r,  and  so  obtain  (generally)  a  new  anrl  oblique  projection  of 
the  curre  upon  that  plane ;  the  x  and  y  of  w  hich  new  pryected  curve  wilid^eodon 
the  arc  «  of  the  original  curve  by  the  relations, 

LXllI. . .  ae~*a«,  f—ft-be-^Xti 

with  the  apprmdmala  ezpictthMis  LVIIL  for  x0^^  And  if  wt  thsit  detennbis  Mo 
utm§ealar  constants,  £  §ad  C,  by  the  condition  that  the  snbetitotioo  oftheMlast 
axpreanoos  LXUI.  Uu  «  and  jr  shall  satisfy  this  new  equatioii, 

if  only  f*  ht  neglected  (eomp.  (88.)),  or  by  ofnolnf  iht  vm^fieimidM  ^s*  amlf*, 
in  the  result  of  such  nhslitntioii,  then,  en  reetorny  tha  algnUeatkBS  LV.  «f  lys, 
and  writing  for  ahridgmcnt, 

tha  efiHrfibfi  of  the  sfeontf  tfym, 
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LXVT. . .  «rr«  X*  +        +  cr«, 

will  represent  generally  an  oblique  osculating  elliptic  (or  hyperbolic')  cylinder^  which 
has  contact  of  the  fovrth  order  with  the  given  our\-t'  at  r,  and  contains  the  as^med 
line  I'K.  If  then  we  determine  finally  the  constant  e  in  LVII.,  bj  the  result  of  the 
iDbstUution  of  ahe  for  xyz,  or  by  the  condition, 

the  cont  LVI T. ,  and  the  cylinder  LX  VI.,  will  have  that  line  pe  for  a  common  wide  ;  and 
will  intersect  eai.h  othor,  not  only  in  that  line,  but  also  (n-i  hc^orf)  in  a  hcisted  cvbic, 
although  now  a  n^u?  one,  which  will  have  the  required  (J'onrth)  order  of  comtaet,  with 
the  given  curve  at  the  given  p^tint. 

(39.)  If,  after  the  substitution  in  LXIY.,  we  equate  the  coefficients  of  the 
IAtm  poicerM,  *\  and  tiMi  «liiiiiiMl*  B  Md  m  an  conditcted  to  «a  «fM- 
thn  </c«fidKi0N,  ndiieh  Is  CcNind  Co  be  of  tlie  form^ 

LXVIII.  .  .  at^  +  bt-o  +-  c6c'  +  cc'  =  ac(fcg  4  ch)  ; 

in  which  the  ratios  of  abc  still  serve  to  dctcnnhie  the  direction  of  the  generating  line 
PE,  while  the  coefficients  a,  b,  c,  c,  g,  h  arc  atsipnable  functions  of  r,  r,  r',  r',  r",  r', 
and  r"',  dopendincj  on  the  vector  r'" :  and  whf-n  fliis  condition  LXVIII.  is  satiated, 
the  cylinder  LXVI.  Iuls  contact  of  the  JiJ^h  order  with  tlie  given  cnrtt  at  P. 

(40.)  Again,  if  wc  improvt  the  approximate  expressions  LVIII.  for  the  three 

icalara  amf«»  «•»  by  taking  aoGoant  of      or  by  inirododng  the  acw  Km  -— • 

(oomp.  I.)  of  f  f,  iiid  if  we  labetitiite  the  ezpnaHioM  eo  improved,  initead  of  «,  y, «, 
in  the  equation  of  tbe  oom  LYII.  and  then  equate  to  lero  (oomp.  (84.))  the  ooeffi- 
dent  of  ^  in  the  dilliKenoe  of  the  two  members  of  that  eqnattoo,  we  obtain  n  rff^ifi 

expression  for  the  constant,  e,  wliicli  had  been  arbitrary  before,  but  beooQiee  now  a 
given  fimiUiam  of  nt^fr"  and  r"  (aol  uaeiving  r'"),  namely  the  following 

,^r^  r'/9       21      r'«     3r"     SrV     27r''  9r"\ 

LXIX,..«  =  -|^--— +--^+ 

and  when  the  oooiCant  e  reedves  tkb  valae/  the  cent  has  eootaet  of  the  J^h  oriw 
with  the  enrve  at  the  glTeo  pobt 

(41.)  Finally,  if  we  multiply  the  eqaation  LZTII.  by  ig+  eh,  we  can  at  enee 
eUainate  a  by  LXVIIL,  and  ao  obtain  a  tmtU  eynotim  hi        which  liaa  •<  Imaf 

one  real  root,  answering  to  a  reat  system  of  ratios  a,  ft,  c,  and  therefore  to  n  real 

direction  of  the  line  tk  in  (38.).  It  is  therefore  possible  to  assign  at  leatt  one  real 
cylinder  of  the  soconil  order  (39.),  which  shall  have  contact  of  the  fifth  order  with 
the  curve  at  r,  and  slia.ll  at  the  sanio  time  have  one  title  te  common  with  the  cone 
of  the  second  order  (40.),  which  has  contact  of  the  same  (  fifth)  order  with  the  curve 
(or  of  the  fourth  order  with  the  cone  of  chords) :  and  consequently  it  is  po&>ible  in 
tilia  way  to  assign,  as  the  InfereMfien  of  thia<7linder  wittttfais  cone,  at  leaat  one  reml 


*  Compart  the  iint  Nota  to  paga  588. 
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twitted  cubic,  vrhich  has  contact  of  the  fifth*  order  with  the  given  curve  of  double 
curratfire,  at  the  ^'ivn  priint  thereof.    And  mcA  ft  culuo  Gonre  may  be  called,  bj 

emincuce,  an  Osculatingf  Twisted  Cubic. 

(42.)  Not  intending  to  return,  in  these  Fit  ments,  on  the  subject  of  such  cubic 
curves,  we  may  take  thin  occasion  to  remark,  that  the  very  simplici  vector  equation^X 

LXX.  .  .  Vap  =  pYPp, 

represents  a  cun  t  of  this  kind,  if  a  ari  l  o  he  any  two  constant  and  non-parallcl 
vector5i.  In  fact,  if  we  operate  on  this  eciuation  by  the  synitxil  S.  X,  in  which  X  is 
an  arbUrary  but  constant  vector,  the  scalar  equation  so  obtained,  namely, 

LXXI.  .  .  SXop  =  SXpS/3p  -  p»S/3X, 
represents  a  surface  of  the  second  order,  on  which  the  curve  is  wholly  contained ; 
making  then  successively  \  -  a  and  X  =  /3,  we  get,  in  particular,  the  two  equations, 

LXXII.  .  .  S(Vap.V/3p)=  0,    and    LXXI II.  .  .  (V/3p)2  +  S«i:?p  =  0, 

representing  rospcetively  a  cone  and  cylinder  of  that  order,  with  tli**  vector  /3  from 
the  origin  as  a  common  »itl'  :  and  the  remaining  part  uf  the  intersection  of  these 
two  surfaces,  is  precisely  the  curve  LXX.,  which  therefore  is  a  twisted  cubic,  in  tlie 
known  sense  already  referred  to. 

(43.)  Oiktr  nafeteet  oftlie  mum  order,  oontdning  Um  miim  earn,  would  bo 
obtained  b7  aMigiilog  other  valoee  to  X }  for  exaiii|»le(ooiBp.  897,  (31.)),  wo  eboold 
got  generally «a  AfiMrioft'e paraMeid  from  the  I6nn  LXXL,  by  taking 
But  it  may  be  more  important  here  to  obeerye^  that  wiMoirf  snppoeing  any  acquaint' 
MM  with  the  theoiy  of  eanml  aifir^ect,  thoeeeler  «g«aljoiiLXX.caabeabowii,  bg 


•  Accordingly,  it  in  known  (see  page  212  of  Dr.  Salmon's  Treatise,  already 
cited),  that  a  twisted  cubic  can  generally  be  df.K-ribed  through  any  six  given  points  ; 
and  also  (page  24t$),  that  three  quadric  cylinders  (or  cylinders  of  the  second  order 
or  degree)  oaa  be  described,  containing  a  given  ciASa  eturve,  their  e€iget  being  pa- 
rallel  to  the  fArco  (real  or  imaginary)  asymptotn, 

f  Compare  the  fint  Note  to  page  668. 

X  Tbiaoxampio  waa  givenbi  page*  878,  ki^  «if  th»  Ueitir§Bf  with  oomo  con- 
nected transformations,  the  equation  having  been  fottsd  as  ft  ffftrtain  tmiditim  for 
tlM  aucription  of  a  gauche  quadrilateral,  or  other  evem'^ded  polygon,  in  a  ^Inis 
apktrie  eurface  (comp.  the  sub-articles  to  20»J)  :  the  2h  successive  sides  of  the  figure 
being  obliged  to  pass  through  the  same  even  number  of  given  points  of  space.  It 
was  .shown  that  the  curve  might  be  ?aid  to  intersect  the  unit-sphere  («'  =  —  1)  in  two 
imaginary  points  at  infinity,  and  also  in  two  real  and  two  imaginary  points,  situated 

on  teo  rtal  right  lines,  which  were  rtciproeat  pohr$  rdatiTdy  to  the  sphere,  and 
mi|^t  be  called  chordt  ttftMUm^  with  respoet  to  the  proposed  jvroMm  ^fhueHp- 
Ham  of  tho  polygon ;  and  that  muUogana  rnmUa  eodsted  for  even  Hdtd  pofygom  im 
afl^paeidli,  and  othtt  nufiten  of  the  HcmtdaHkrs  whMa  tho  corresponding  prob- 
lem, <  r  the  inscription  of  an  odd-sided  polygon  in  such  a  surface,  ooadncted  only  to 
the  as«ignment  Qtn  tingle  chord  of  solution,  as  happens  in  the  known  and  analogous 
theory  of  pnlii'jons  in  conies,  whether  the  number  of  <(id»-3  bo  (in  that  theory)  even 
or  odd.  But  we  cannot  here  pur:suc  tlie  subject,  which  has  been  treated  at  some 
length  iu  the  Lectures^  and  io  the  Appendices  to  them. 
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quaternions,  to  represent  a  curvf  of  the  third  dfgree,  iu  tbe  tense  that  it  \s  cut,  by 
M  mtbUrcu-i/  ploHtf  iu  <Aree  poiit/*  (rial  or  iuaguuiy).  In  liMt,  we  may  wriu  tbe 
aqutaon  u  Iblloira, 

LXXIV.  .  .  Yfpm^m,   V  LXXV. .  .  7  =^  + 
9  being  here  a  quaternion,  of  which  the  vector  part  (3  h  given^  but  the  scalar  part  g 
if  orftttowy ;  mod  tbtn,  by  resolciag  (comp.  347)  this  Untar  eqwaiUo*  LXXI V., 
ira  may  itill  ftartlMr  tnuuform  It  a»  foUowa, 

LXXTL  .  .  ff(^''fi^)p  =  /3S^3a  -f  ^V/3a  -  <7»a, 
which  conducts  to  a  cM^tc  equation  in  ^,  when  cotnbined  with  the  equation, 

LXXVII.  .  .       =  «, 

of  any  propoted  ueamt  pUm», 

(44)  Tba  Taetor  aquHon  LXZ.,  howavcr,  Sa  not  tt^eimUf  gmermly  to  lapaa 
aent  aa  wrbitmrf  twitUd  cmtit,  tbraogh  aa  oHWMtf  paiaf  takao  aa  ar^^  ;  Ibr 
wliieh  puipoaa,  Im  acolar  eawtonla  ought  to  be  dlspoaaUa,  ia  oidar  to  allow  of  tba 
cuira  being  mada  lo  pan  thnrngh^lva*  Uher  arbUnarf  poinit :  wheraaa  tho  aqaa«> 
tion  rpferred  to  iavolvea  onljf  five  Buch  constants,  namely  the  four  iadndad  in  IJa 
and  l'/3,  and  the  one  quotient  of  tensors      :  Ta  (oomp.  358). 

(  l.'>.)  It  in  t'asy.  however,  to  a<  <N>ni|>lish  the  grncralization  thus  required,  with 
tho  liclp  of  that  theory  of  linear  ami  i '  <•/"/■  functions  (^>p)  oj  vectors,  which  was  as- 
signoil  in  the  Sixtli  Section  of  the  procfdmg  Chapter  (Arts.  347,  &c.).  We  have 
only  to  writCi  iiutcud  of  the  equation  LXX.,  this  other  but  uaalogoud  Jorm  which 
includes  it, 

LXXYIII.  .  .  V«pt  \>^Jp=0,    or    LXX VIII'.  .  .  0p+  cp  =  a, 

and  whivh  givt.s,  by  principle*  and  methods  already  explained  (comp.  354,  (1.})^ 
tlie  transformation, 

a,  and  x«  Mag  haia  pttd  acdara,  and  «,  m',  »**  Mngjlaagr  aealaf«|  bat  c 
baiog  an  wUtrorjf  and  wUMm  aealor,  which  nay  neciva  019  aalat,  witboot  tba 
axpraaaion  LXXIX.  ceailng  to  catlafy  th«  aqaalion  LXXVIII. 


•  Compare  the  first  Note  to  j^au'e  .''91.    In  ^oueral,  when  a  curve  in  tptu  f- 
aupposed  to  be  represented  (comp.  371,  (5.j)  by  tu  o  scalar  equations,  each  new  or- 
UtrarjfpttSmi,  through  whioh  It  la  laquiiad  to  pass,  introdocaa  a nocasiity  for  l«xi  nmo 
dU^fmM9  MNMtenli,  of  tha  acolar  kind :  aad  aoeardingly  aocA  oaw  orAr,  say  tba 

of  coafael  with  auch  a  carac^  has  bam  aaan  l«  introdnoa  a  a«w  acafor,  D/^  or 
r(*~*),  aabjaet  to  a  eondUwn  reaultmg  frooi  tha  genaial  aqaalion  TD«p«l,  or 
rts- 1  (comp.  380,  XXVI.,  and  396,  III.), but  iBVolTing  vtrtaally  tao a«a  aeofar 
constants.  Thus,  besides  the  four  such  constants,  which  enter  through  r  and  r'lBla 
the  dctcrnunntiou  of  the  directions  of  the  rectangular  system  of  lines,  tangent,  mor^ 
mu!,  and  binarinal  (comp.  37^^  (.').),  or  :>0G,  (2.)),  and  of  the  length  of  the  radins 
o(  {  first)  curvature,  r,  lite  three  SHccensive  derivatives,  r',  r",  r"\  of  that  radiuH.  ntvl 
the  radius  r  of  second  curvature,  with  its  two  lirst  derivatives,  r'  and  r",  ha\  e  l>teii 
aaao  to  anter,  through  tha  tkne  otktr  vectors,  r",  r  ",  r*^  into  the  deteruunaUuii 
(4 1 . )  of  tba  oaoMiy  Haiifatf  aaWa. 
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(46.)  The  curve  LXXYIII.  is  tlMrefora  cut  (eomp.  (43.))  by  the  plan* 
LXXYII.  in  three  poind  (real  or  imaginary),  answering  to  and  determined  by  th« 
three  roote  of  the  cubic  in  e,  which  is  formed  by  substituting  tlir  oxprcssion  LXXIX. 
for  p  in  the  equation  of  that  secant  plane ;  and  consequently  it  is  a  curve  of  the  third 
degree,  the  three  (real  or  imaginary)  asymptotes  to  which  have  directions  correspond- 
ing to  the  three  values  of  c,  obtained  by  equating  to  sero  tlie  denominator  of  that 
•xpreuian  LXXIX.,  or  lij  mftking  Jf  aO,  in  a  nolatiMi  femierly  emplqred ;  ao  Chat 
tbqr  bAV«  the  diMctknit  of  the  lAr«t  J&Mt  /S,  wUch  f«tigl||r  fhlf  ttker  veetor  equi* 
tfaa  (oonux  8U, !.)» 

LXXX...  V/3^/3«0. 
(47.)  Accordingly,  if  /3  be  such  a  line,  and  if  y  be  any  veetor  in  the  p/ane  of  a 
and  /3,  the  curve  LXXVIII.  it  a  jMit  of  fche  interseetum  of  the  two  mafacn  of  the 
•ecoMif  order y 

LXXXI. . .  Saf>fp»0,   and   LXXXII.  .  .  Syap  + S7p0p  =  0, 

whereof  the  first  is  a  cone,  and  which  have  the  line  ft  from  the  origin  for  a  eommom 
oid«  (comp.  (42.))  :  the  curve  is  therefore  found  anew  to  bo  a  twisted  cubic. 

(48.)  And  a.9  ropards  the  nnmhrr  nf  tlio  scalar  constants,  which  are  to  be  con- 
ceived as  entering  into  its  rector  equation  LXXVIIl.,  when  we  take  for  <pp  the  form 
Vgt^  -r  VXp^  assigned  in  307,  I.,  in  which  go  is  an  arbitrary  but  comtant  quater- 
nioHt  such  as  -f  yi  and  X,  fi  are  constant  vectors,  the  term  gp  of  disappears 
under  the  tymbol  of  operation  T.  p,  and  the  equation  (45.)  of  the  eimrv  ^trimiiWt 

LXXXlll.  .  .  VapTpVyp  f  VpVXp^  =  0; 

in  which  the /owr  rrnror*,  Ua,  Uy,  UX,  U^,  introduce  each  fit?o  scalar  constants, 
while  the  two  tensor  quotients,  Ty  :  Ta  and  TX^  :  Ta,  count  as  two  others :  so  that 
the  required  number  of  toi  sodbi  eom^nts  (44.)  is  exactly  made  up,  the  curve  bdng 
atin  supposed  to  pais  throii|^  ao  aMaoMd  or^a,  and  thenAwa  to  httfo  om  pomi 
peeis.  It  b  icaredy  worth  obMrvingi  that  we  can  at  once  rom&vo  thfa  last  roHriO' 
Km,  by  merely  addimg  a  new  eomttaut  veetorltc    in  the  last  eqoatioii,  LXXXIII. 

(49.)  Although,  for  the  detennination  of  the  otetUaHs^  iwUtod  cmMc  (41.),  to 
agiren  curve  of  double  curvaimre^  it  was  necessary  (oomp.  (40.))  to  empky  the 
vector      or  to  talce  account  of  *3  jp  the  vector  p,,  or  in  the  connected  sca- 

lars  j-.i/.z,  of  (34.),  and  therefore  to  improve  the  expressions  LVIII.,  by  carrj'ing  in 
each  of  them  (or  at  least  in  the  two  1  itter)  tlie  a[i{)ruxiniation  one  ntep  farther,  yet 
there  are  many  other  prohlems  relating  to  curves  in  space,  besides  some  that  have  been 
already  considered,  for  which  those  scalar  expressions  LYIIl.  are  sufficiently  op- 
proaHmaU:  or  for  which  the  aeofor  ta^mdom  I.  soffioaaL 

(60.)  Baaombig^  for  inateace,  tlio  qoeationa  eonaldafed  lo  (St.)  and  ^8.),  wo 
nqr  throw  aomo  additional  light  on  tho  law  i/fAe^MMienof  a  near  poial  FaOf  tha 
evTM,  from  the  oseulaiing  ipAera  at  P,  aa  followOi  EUminating  »  by  XXXYI'. 
from  XXXY.,  we  And  thia  mm  expreesiom, 

  riH 

LXXXiy. . .  apt  -  BP  = 


24rr'/j' 

the  direction  of  tliia  deviation  from  the  sphere  (.R)  depends  therefore  on  the 
of  lh<>  scalar  radius  r\  (20.)  o{  curvature  of  the  cusp-edi^e  (s)  ('^       polar  deve- 
lopable: and  it  is  outward  or  inward  (cvmp.  395,  (14.)),  according  as  that  cusp- 
edge  turua  its  concavity  (comp.  XLI.)  or  its  convejrity,  at  the  centre  s  of  the  oscu- 

4  G 
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(51.)  Again,  if  we  fluty  take  account  of  «*|  ttit  deviation  of  r<  from,  the  osculai- 
img  circle  at  p  baa  been  seen  to  be  a  vector  fatij^enfio/  to  th*  atcwfalwy  |pA«r«,  which 
maj  b«  thai  exprsMed  (oomp.  897, LII.)^ 

LXXXV.    .  CP.  =  ^  v'r  = 

if  Q«  be  kiM  poinl  tm  tkt  eirtU,  wliidi  it  dlitant  horn  Che  fji^rm  polot  p  bj  an  ore  ^ 
IW  dreit with  the  Mai*  laiMal  <ffrfefiM  of  motion,  or  of  deportiira  tnm  iw- 
pwiented  bgr  the  cosmimm  ii«i<  tmigtHt  r ;  the  fiHMliiir  of  thi»  dovietioii  le  tbenfbro 

ezprcased  by  the  tcalar  — —  ;  that  is,  by  the  deviation  —  (a)mp.  397,  (9.),  (10.)) 

6r'r  6rr 

from  the  otcnlating  plane*  at  P,  multiplied  by  the  $ecant  (r  ^J{}  of  ih'^  inrlivati<^n 

{P)  of  iho  ra  lius  (/i)  o{  Mpherical  curvature,  to  the  radius  (r)  of  ahu-l'ite  cmrva- 

turCf  and  poaittt'  whon  this        doviation  has  the  din?ctif»n  of  the  binormal  f. 

(63.)  On  the  oihcr  hand  (comp.  (5.))  the  tmall  angle,  which  the  mall  are  8s« 

of  the  euMp'cdge  (a)  of  the  polar  dtodopMa  Mibliiide  et  the  point  r,  it  wlldmttdj 

expieesed  by  the  eoolBr, 

LXXXYI. . .  era, «  (w,  -  Pi) .  Ji-«  cot  P  «       «  ^  (by  XXXlli.), 

i\u%  angle  being  treated  as  potUivc,  when  the  corresponding  ro^afton f- round  +  r 


•  Besides  the  nine  expresMons  in  397,  (42.)  for  tha  Bqnare  of  ihct  second 
curvature,  foil  '\ving  may  be  remarked,  as  containing  the  laic  of  the  regretsion  of 
the  pnyectioH  of  a  curve  of  double  curvature  on  its  own  normal  plane : 

f\  roi' 

Um.  — 897,  XCIX.,  (10) ; 

K  being  ttm  the  oentn  of  the  ooouUtlng  circle,  and  qi,  qs,  ^  being  still  (ae  io  S97, 
(10.))  the  projections  of  a  near  point  q  (or  p«),  on  the  taii^nil,  the  abeoiute  normal 

(or  inward  radius  of  curvature  pk),  and  the  hinm  mnl  at  r.  Tn  faot.  the  principal 
termM  of  the  three  vector  pnytetiaiu  coxTespoadiug,  of  the  »m4iH  chord  pq  (or  rfaX 
are  (comp.  LYIII.) : 

PQi-tr;  wji-(iiV=)^Ur'j   pQi  -  (i^*'-)  ;^Uv; 

whence,  altimately, 

-. — i  =  -r  *rUr  sst^.kp. 
8  PQi* 

t  Oonrfdered  as  a  rvUditm,  thia  small  angle  msy  be  lepieseotind  bj  the  ti  off 
•eefor,  fp^MCBrUr  \  and  if  the  mcIop  dnMtm^  LZZZY.  ftom  theoioilatiag  drefe 
be  mnltlpUed  ly  tkk,  the  fmurUr  of  thsprocbcf  it(eompbXZZy.)llwM*'^^!'^ 
ijM  Urom  the  oscolallng  qiAerv,  nndor  the  Ibnn, 

««(p-<r)  jr 

24£    '  np' 
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p«ton.bpMitiTe:  ud  if  m  moltlply  thi$  lealw,  by  that  which  has  joat  been 
an^pied  (51.;^  m  ^  tzpraiiioii  for  the  deviation  o«p«  ftomthe  oeenlating  ebtU,  we 
get»  I17  XXXV.,  the  prodnet, 

LXXXVII. . .  -x^ .  —  =  - — =4(5r.-5P)- 
6r*r  pH     iirrp      ^  ^ 

(53.)  Comblniog  then  the  reoent  leeulte  (60.)i  (51')^  (62.)^  we  irrive  ntthe  fol- 

lowin;:?  Theorem: 

The  deviation  of  a  near  point  r,  of  a  curve  in  space,  from  the  osculating  sphere 
at  the  given  point  1%  ».f  uHimnirhj  equal  to  t/if  tpmrtrr  of  (lie  dcriatiott  of  the  tame 
near  point  from  the  osculating  circle  at  P,  multipiied  hy  the  sine  of  the  small  an- 
gle  which  the  are  88«,  of  the  locue  of  eemtree  of  spherical  curvature  (s),  or  of  tbe 
eu^jh^^  ef  the  pohr  developable,  euHemd$  at  ike  tarn*  poitU  r ;  and  thit  dnialhm 
(BPt— ap)  from  the  tphere  keu  am  mdmard  or  m  iamard  du-eetionf  aoeordmg  a»  tkt 
MHM  art  eat  it  eemeoM  or  eoavea  iomard$  the  eamM^ma  poiai. 

(54,)  Tbe  rector  of  the  centre  a^  of  the  near  onmhHmg  epken  at  Pn  is  (in  the 
aame  eider  of  approjcimatioo,  oomp.  L)y 

LXXXVin. . .  oat8ffts94w'+i^+|eV*+^!|e'o^; 
and  althongh  o^piB  already  a  ftmctlon  (by  897,  IX,  Ac;)  of  r,  r\  r^,  so  that  ^ 

la  (as in  (2.)  or (22.)) a  function  of  r',  r r",  and  a",  o",  a'*  introdooe vespectfTely 
the  new  derived  vectors  r*^,  r^,  r^',  or  D,*p,  D,«p,  D.'p,  which  we  are  not  at  pre- 
sent employing:  ('49.),  yet  we  have  seen,  in  (23.)  nnd  (21.),  that  some  U8<  fu1  eomhi- 
nations  of  a"  and  o"'  can  be  c'X[)rf  -.sed  without  r"",  r  :  and  the  following  is  another 
remarlvable  example  of  tlie  same  .species  of  reduction^  involving  not  only  0"  and  a"' 
but  also  0'^,  but  stUI  adoutting,  like  tbe  former,  of  a  simple  geometrical  interpreta- 
fi0n« 

(55.)  Beraembering  (comp.  (22.),  and  807,  XY.)  that 
LXXXIX.  . .  (<r  -  p)« + JP  »  0,   and   XC. . .  8r'"((r  -  p)  =  r-«5= + iir»r>, 

and  reducing  the  successive  derivatives  of  LXXXIX.  with  the  help  of  tlic  oquntiuua 
307,  XIX.,  and  of  their  derivatives,  we  are  conducted  easily  to  the  following  system 
of  equations,  into  which  the  derived  vectors  r,  r',  &c.  do  not  expressly  enter,  but 
which  involre  <f',  <t",  a'  \  <t»^  and  i?*,  BT,  K", 

XCI.  .  .  S(7'((T-p)  r  A7i'  =  0;       XCII.  .  .  Sy<T"(<T -p)  =  0; 
XCIII.     Sa"(<T  -  (0 +     + (^y  =  0  ; 
XCI V. .  .  S<T  '  (<T  -  /O  +  »S«T'tf"  +  {RRT  =  0  ; 

XCV. . .  Sa^'C<r -p)  +  4SaV"  +  80-^+  (iiir)-'—  — 

Munliaiy  eqnatiooa  being, 

XCVL..So'r«0,   So^r'aO,  Sa>«0,  0Qln^896,X. 
and         XCVII. . .  8<rr=-SaV=S4rV»  Siy-S(<r-p)r'" 

«.r*(S.l)a-«riri. 

(68.)  Bnt,  if  JD;  denote  the  ra^oa  of  the  near  sphere,  and  if  we  still  neglect 
wehaviV 

XCVIIL fS?  p.)»  « ifi^ 
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I  by  LZXZynL,  and  bf  Mm  iwent  eqMtieBi^  thto  vwjr  limphi  m- 

pnidoQ,  firoB  iHdob  (MBp.  (Si>))  flvnftMy  ifiy—dgy  om  r^,  r%  f**  A«t  dbaf^ 

XCIX.  .  .  (tf,-p)t^  iV=  "  f 

12rrp 

and  whi>  h  i;\vc^  (withia  the  MiM  order  of  approxiiUAtioii,  attending  to  XXXV.) 
the  g€vmetrical  relation^ 

  —  mg*    — 

or  C'.  .  .  8,P  -  liVt  =  8,p,  -sr=  Ht-  R. 

(67.)  This  result  might  have  Ui^n  forearr-n,  from  the  following  very  sim- 
ple consideration.  When  the  coefficient  S  -  I  of  non-sphericity  (395,  (16.)),  or 
of  the  deviation  of  a  curve  from  a  sphere,  is  positive,  so  that  a  mco/-  point  p,  of  the 
«M>«t  to  ealeriar  to  (wbat  we  awj  call)  tbe  givm  tpkere^  nUeli  to  fhat 

earro  at  by  an  aaMoit  wUeh  la  vltliiiatcly  prapovtfoaal  to  the  /Swrtft 
of  tiia  ar0|  a,  of  die  eorva^  then  the  plem  poial  p  nmat  be^  fbr  the  aaoM 
aoB«  eaiHbr  lo  <A«  mv*  4»Aar«»  which  oooolalw  at  the  point  p«  ;  and  the  A»a 
tiomt,  ps«  -  p.H^  and  spj  —  sp,  which  hare  beeo  found  by  calculation  to  be  eqmal 
(C.),  if  be  ueglecteil,  must  in  fact  Ix'ar  (o  pnoh  other  an  uHimate  ratio  of  equcdity^ 
because  the  two  area,  «  aiid  —  *,  from  r  to  r,,  ami  from  r«  ttJcA  to  r,  aro  f<jualfj/ 
lonff,  B\ihoug;h  oppotitely  diret  tctl ;  or  because  (t  a)*  =  (—*)'.  And  preciady  the 
same  rea-soning  applies,  wheii  the  coetlicient  •^'-1  is  mtjfativc,  so  that  the  detiationSf 
equated  in  the  formula  C,  are  both  unwordi. 

(58.)  As  regaide  the  deriatioo  (51.)  of  the  near  point  p«  of  the  carve  fr^m  O* 
oicalalfay  drOt  at  p,  wo  may  genenliae  and  render  mora  exact  the  azpnerion 
LXXXV.,  1^  oi»ildering  a  pdnt  <v  of  that  dic^  whkh  ia  diatont  ly«elr«aler  ay« 
mt  torn  tiia  glTan  point  p  ;  and  of  which  tbe  Toctor  ia,  rigonmfy^  by  896,  (18.), 

CI.  .  .  oC|  =  w<  =  p  -f  rr  sin  -  +  r»r'  vera  - ; 

r  r 

or  if  we  only  neglect  f 

on. . .  oo,-«-p+r[«-^,)  +  rr-  (  ^  - 

(69.)  In  thia  way  we  shall  have  (couip.  (34.))  the  rector  deoiattom^ 
cm.  .  .  CtPt- p,  -  •*!«=  J!fr+  i'rr'  +  Zrv, 
with  the  aco/or  eo^ffieitiUi, 

CIY. . .  JTs^f  rain^,    ysy,— rvera-,  ^sx,; 

r  r 

(MT,  neglecting  «^  and  t>t  and  attending  to  the  expressions  LVIli.  and  LYUI'., 

6rr     24  ^        '  ' 
in  which  r,  /,  r,    and  a  have  tbe  same  eigiiificationa  at  before. 
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(60.)  Kmmning  tim  ftr  tii»  etntdar  arcttht  vtliM, 

CVI...I=:.+  ^. 

wUdi  dUTm  (m  ira  im)  Iqr      •  qvaott^  of  tlM>biaM 

•MFW,  we  ihall  haviB^  to  thsaiiM  oidcf  of  i|ifiQadtaiMtiim,  tho  OKpwIoni, 

CyiI...Jir»0,    ra'^2-^p    Z=2«  =  &c,u  before, 

the  dMofioii  at  Pt  from  tho  drdSt  boing  Imio  nMMOiod  in  «  dinell«»  porolM  fo  M# 
Mrmtf  pIsM  at  p|  nd  If  «<  bo  iwgUctad  (althonigli  tho  oxproMlono  oooblo  no  to 

toko  MconQt  of  it),  thia  deviaiion  li  alto  paraB^  (m  b«lbra)  to  thotaiymt  r{9-p) 
to  lJU  MtuUOmg  sphere  in  that  piano :  irUlo  it  ia  npmuM  in  qnaatity  bgr  Ar'ic^ 

which  agrees  with  the  result  in  (51.). 

(61.)  The  expranioDa  CTII.  give  alto,  without  ntgleetimp  ««, 

CVIII...— g  ^-_.,p-,r.; 

•udkthoniitlioooMipoiMiilolCliodiioialjMfromtboo  which  is  jmi- 

ralM  to  the  normal  rs  to  the  tphere  at  P;  and  we  see  that  it  only  differs  in  tigm 
(because  it  is  ponitive  when  its  direction  is  that  of  the  inward  normal,  or  inward  ra- 
dius  i-s).  from  the  expression  XXXV.  (comp.  C),  for  the  outward  deviation  8Pi  — sF 
of  the  near  point      from  the  same  osculating  sphere  at  the  given  point  P. 

(62.)  Thb component  (Gl.)  is  #ma//,  even  as  compared  wiih  the  furvur 
small  component  (60.)  ;  and  the  tmall  ^[Hotient^  of  the  latter  divided  by  the  former, 
fooUiBiatolj  (1)7  LXZXYI.)^ 

whera  the  «iiiaJI  onpilf  apo.  is  poeitiYO  or  nogativo,  aoeordfaig  to  tho  role  stated  in 
(52.)b  and  may  be  replaoed  tj  its  alne^  or  by  its  tangent 

(68.)  Instead  of  ontting  the  giveo  ooenlating  drds^  at  in  (60.),  a  piano  which 
ia  ptmM  to  f Ac  pwni  noreial  j^tmi  at  f,  wo  may  proposo  to  emt  I W  efroir  M< 
near  aornol  jilaas  at     or  to  satisfy  this  new  tamdUiomt 

ex..*  0«Sr«(p<-Mf)v  or  CX'. . .  0«  JrSrr«-|- JK8fVr«+ ZSryr.; 

wtiich  is  eaiOy  Ibimd  to  give  by  CY.  tho  Taloes  (•  and  t  being  still  snpposed  to  bo 
amaU,  and  a*  being  stiU  negleeted) : 

CXJ. .  .<  =  *-i-^,   and   CXU. . .       ~.         &c.,  Z=  &c,  as  in  CVII.  j 
24r>'  6r» 

so  that  in  paaring  to  this  atw  n§arpeimi  Qt  of  tho  direlW,  we  only  cliaugo  JTfrom 
acno  to  a  email  qoantity  of  tiMr/barM  ordb>,  and  make  no  eiaii^  in  tlie  yaloos  of  F 
and  Z, 

(64.)  The  N«w  detiatiem  C|P«  from  the  ^oni  oirefe  may  Im  decomposed  into  two 
partial  deviations,  in  the  near  normaiptWMi  Of  which  one  has  the  direction  of  the 

nmU-tangent  7i,"'r,((T.,  -  p,)  to  the  nettr  tphere  at  r„  and  the  utiior  has  that  of  the 
unit-normal  R,  '(rr,  -  p,)  to  the  same  sphere  at  the  same  point  (or  tho  o[)posite3  of 
these  two  directions)  ;  and  the  scalar  coefficients  of  these  two  vector  units,  if  we  at- 
tend only  to  prineipai  terms,  are  easily  found  to  t>e, 
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(66.)  We  may  then  write  : 

CXV.  .  .  Deviation  o  f  near  point  v,  /ri,m  yiren  OiCtilating  circle^ 
measured  in  the  near  normal  plane  to  the  curve  at  P», 

»  new  ctr. «  ^  Ur.(<r, i;;;;],  ^^''^ "  ^'^  * 

in  which  it  may  b«  observed,  that  the  $*cond  tcalar  eo^fficitmi  ii  equal  to  three  tmm 
die  tealar  diMion  8P«  -  sp  ( XXXY.  or  C.X  of  the  mmr  poiat  r«  of  the  cvoc^  bm 
the  ptvm  owvlalMi^  tpktn  (at  p). 

(66.)  Boi  we  mej  tbo  iotetpiek  the  nm  eo^fldaii  laK  mcntionid,  es  repreewt 
ing  e  «rw  deviaHom  s  nnmely,  that  of  the  point  c«  of  the  gUtem  eirehffivm  tke  near 
O$aiMim0  ^liurt  at  F«,  considered  tA  positive  when  that  mw  poml  Oi  i«  exterior  to 
that  near  sphere  ;  or  as  denotiDg  the  difference  of  distances,  p.cr  ~  r,p,.    We  have 
therefore  (comp.  C  ''^^)  thia  mw  ftometnctJ  relation,  of  an  extremely  simple  kind : 

CXVI. . .  Sci-8]ip,=8(8Pi  -  «f)  =  8(8«p  -  a^«) ; 
or  CXVr. . .  a^  a  8b^  -  Sayr^ 

(67.)  Sappoflhig,  then,  at  first,  that  the  eo^fieSent  ^«oa-^pAcrid^  S'^lh  pm^ 
tivt  (pomp.  895,  (16.)),  if       coaodlye  a  point  to  move  baciward»^  iqMm  like  CWW^ 

from  P,  to  P,  and  thou  foncardt,  upon  the  circle  which  osculates  at  P,  to  the  nev 
point  Ci  (f>3.),  we  see  that  it  wiW  firtf  attain  (at  p)  a  position  txteiior  to  the  sphere 
which  osculates  at  or  will  have  an  amount,  determined  in  (oOi.),  of  out  war  rl  Jeri- 
ation,  w  ith  respect  to  that  near  osculating  sphere  ;  aud  that  it  will  afterwards  alLuo 
(at  the  new  point  Ci)  a  deviation  of  the  same  character  (namely  outwards^  M  S>i\ 
ftom  the  MM*  MMT  ^pAffw,  bat  ooeof  wUeh  theoaMmtf  wfllbefAne^/bM  the  fiMUMr: 
this  last  r^aikm  holding  also  whsn  S<  1,  or  when  hoik  deriatioiia  are  huoarda. 

(68.)  It  is  sasy  also  to  infte  ftom  (66.),  (comp.  (57.)),  tiiat  if  we  go  badkfrom 
Pa,  on  Am  nmr  tireU  which  oaaUalet  at  fAof  near  paimif  threaf^  an  are  (f )  of  tk^ 
eirelet  w  hich  will  only  dij^  fay  a  small  quantity  of  \he  fourth  order  (comp.  (60.)) 
from  the  ore  (•)  of  the  ewrt-e,  so  as  to  arrive  at  a  point,  w  hich  for  the  moment  wt 
shall  simply  denote  bye,  and  in  %vhich  wtll  as  in  another  point  of  section,  not 
UCCCMary  here  to  bo  coiisiderLd)  tho  near  oscniatin'i  circle  js  cut  by  the  tftvc-n  nor- 
mal plane  at  P,  the  vtttor  deviation  of  thia  new  point  c  of  the  new  circiSf  from  the 
given  point  v  of  the  curve,  must  be,  nearly  ; 

CXVII. . .  pc=  ^'l  uKir-rt-  g^U(<r-p); 

the  coelVaienti  being  formed  from  those  of  the  formula  CXV.,  by  lirst  changing  *  to 
-s,  and  then  clumping  the  signs  of  the  results :.  while  the  reUtton  CXVI.  or 
CXVr.  takes  now  tlio  form, 

CXVIII.  ..bc    sp=3(8p,-8pX    or    CXVIIl'. .  .  Sc=  3??.  -  2sr. 

(G?.)  Acconiingly  if,  after  going  from  p  to  v,  along  the  curve,  we  goforwanl  or 
backward,  through  any  positive  or  negative  arc,  t,  of  tho  circle  which  04cu!at'S  at 
that  point  p«,  we  shall  arrive  al  a  point  which  we  may  here  denote  by  c„i ;  and  the 
Mctop  (comp.  again  896,  (18))  of  fhia  MapjMtef  (sMrv  pensmf  than  a^y  of  Asm 
hitherto  oonddered)  wQl  be,  rigartnitfy, 
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CJSIX. . .      BOQui apt-i-  r«r«iln  T«n 

J"*  ^« 

And  if  we  decelope  this  new  expression  to  the  accuracy  of  the /uurM  or<i«r  inclusive, 
we  find  that  we  Mthfy  the  aiw  oondlMoii  Ccoinp.  (63.)), 

CXX. . .  Sr(«„i-p)«0,   when   CXXL  -j 

and  that  then  the  expression  0X1 X.  agrees  with  CXVII.,  within  the  order  of  ap* 
proximation  here  considered. 

(70.)  A  geomttrieal  etrnmexim  can  be  ahown  to  aziit,  between  the  two  eyiRva- 
Imla  whidi  have  been  foimd  above^  one  fbr  the  ^madnple  (LZXZ VII^  comp.  (53.)), 
and  the  ether  for  the  tripU  (CXYIII.),  of  the  demaiHUi  iF«-ip  of  a  mot  pabU  P« 
of  the  curve,  from  the  ^ktn  whieh  o$culait$  at  the  piven  point  p :  in  such  asDaaner 
that  if  «t<A«r  of  thoie  two  ezpniaioiiB  be  regarded  aa  Ammntf  the  eihgr  can  be  In- 
firrtd  from  it. 

(71.)  lu  fact  if  we  draw,  in  the  nonmal  plane,  perpendiculars  pd  and  pi:  tn  tlie 
lines  PS  and  ps»,  and  determine  points  D  and  k  iip^n  them  by  drawinjj  a  parallel  to 
P8  through  the  point  c  of  (68.),  letting  fall  also  a  |H.'rpoiidicular  ck  on  ps„  the  txco 
$maU  /mm  pd  and  dc  will  ultinuitely  represent  the  two  terms  or  components  CXVII. 
of  ro;  andthoaaMll  dm  wOl  ammately  be  equal  to  Iftree  9«artf«r«ofthe 
anall  angle  arvn  and  will  eomapond  to  the  aaau  dtneHm  tintoihm  nmod  r,  ba- 


/«WWTff         ^      3   ^"'^  IV 

or 

CZZIII. . .  Dvo  »  }flpat  a  |Dra ; 

ao  that  we  ahaU  have  the  aftSautte  raluw  (comp.  the 
annoxed  Fig.  88*): 

CXXIV.  .  .  DC:  DK:CE(or  fp)  =s8:  4  : 1. 

iiut  the  line  CV  is  ultimately  the  trace,  on  the  given 
nonnal  plane^  of  the  tangent  piano  c  to  the  near 
oacnlaHng  tphere;  the  email  line  pp  (or  ck)  repreaenta  therefore  the  dttAaium 
a^  -  iuFa  of  the  f^m  point  p  from  that  near  aphere,  or  the  tqtuU  deviation  (67.), 
it*  ultimata  ^aodnqvlr,  i»,  lepraaenta  the  proAtet  mentioned  hi  (62.) ; 
and  the  idtimate  tr^f^  so,  of  the  aaroe  email  Una  on,  la  a  geometrical  rcpreientation 
of  thatof/c^r  deviation  sc— sp,  which  has  been  more  recently  considered. 

(72.)  When  the  two  gcalart,  t  and  are  supposed  capable  of  receiving  any  va- 
fnet,  the  point  c„t  in  (69.)  may  be  an;/  point  of  the  Locus  (8.)  of  the  Osculating 
Circh  tn  tlio  fjiven  curve  of  double  curvature;  and  if  we  neek  the  direction  of  the 
normal  to  tliia  superficial  locut^  at  this  point,  on  the  plan  of  Art.  372,  wnting  first 
the  equation  of  the  surface  under  the  slightly  t>iniplitied,  but  equally  rigorous  form, 

*  In  Figa.  81,  88,  the  little  are  near  a  is  to  be  ooncdved  as  terminating  ther*, 
oraabatog  a  jBfweedfo^  are  of  the  eunre  which  is  the  locus  of  s,  if  r',  r,  n,  and  there- 
Ibio  also  p  and  ri,  be  pogttiac  (oomp^  tbe  second  Note  to  page  571).  In  the  new  Fi- 
gure 83,  the  triangle  phe  is  to  be  conceived  as  being  in  fact  muck  mailer  than 
pma,  though  magm^itd  to  exhibit  angular  and  other  relations.. 
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CXXV.  .  .  w,,  „  =  p,  T  r.r,  sin  u  +  r,*r'i  vera  m, 
with  CXXVI.  ..11  =  rr»f  =  p.K^„ 

io  that  «  is  here  a  new  scalar  variablt^,  rt  pn  sentiii^  tl»c  angle  mbtrytiUd  at  tht  etn- 
tre  K«,  of  the  osculating  circle  at  r«,  by  the  arc,  I,  of  tbAt  circle,  we  are  led,  after  a 
few  reductions,  to  the  expression, 

CXXVII.  .  .  Y(D„w„u.  D,w^„)  =  r,r,  '(«ii„„ -<r,)  vers*; 

which  proveii  4y  quatemicnt,  what  was  to  be  expected  from  geometrical*  constde- 
rationt,  that  the  locus  of  the  osculating  otrcle  if  alao  (u  Stated  iu  (8.)  and  (2^)) 
the  Knvfh>pe  of  the  Osculating  Sphere. 

(73.)  The  normal  to  this  locus,  at  any  proj>oso<l  point  v„t  of  any  one  osculating 
circle,  ia  ttaos  the  radiua  of  tlie  sphere  to  which  that  circle  belongs,  or  which  haa  the 
mmMfomi  ofMmUaihm  with  the  pjem  eurve,  whether  the  («}  cf  thai  earvi^ 
aad  the  aio  (0  of  the  etrrfi^  bawMll  er  faty*.  We  unit  thenAm  oowider  tha  la»* 
^catjrfoM  to  tha  Id0«»,  at  the  given  point  f  ef  thaoori^  at  cetedd&y  with  tha  Cm- 
gent  phuM  to  the  amilaluii^  ipktn  at  that  point;  and  in  UmI,  whila  tUa  ktler  plant 
(J>  rs)  comtaim§  the  tangent  r  to  the  evrre,  which  is  at  the  same  time  a  tangmt  to 
the  /oc«*,  it  contains  also  the  tangent  r((r  -  p)  to  the  sphere,  which  is  by  CXVII. 
pfUfther  tanqent  to  the  locii",  no  Itoiiit;  the  tangent  at  F  to  the  $ett»om  of  that  tmtfuot^ 
wllich  is  made  by  the  norma!  plane  to  the  curve. 

(74.)  But  when  we  come  to  examine,  with  the  help  of  the  same  equation  CXVII., 
what  is  the  l<uo  of  the  deviation  vc  (comp.  Fig.  83)  of  that  normal  seetiom  of  the 
/ocNii  eondderad  at  a  tuw  emrve  (c),  from  tto  mm  Uu^nti  ipd,  wa  find  that  lUt  tar 
it  nltimatdy  ezpreased  (comp.  (71.))  by  the  fermula, 

cixnn. . .    =  ^' "i!:il^.«»t, 

hence  uc  varies  ultimately  as  the  power  of  rf),  which  has  the  fraction  ^  for  itse^po> 
nent;  the /imil  of  fd' :  oc  it  therefore  rW/,  and  the  curvature  of  tha  stcHomuimfistU* 
at  p. 

(75.)  It  follows  tliat  this  point  p  is  a  singular  point  of  the  curve  (c),  in  wiiich 
the  locus  (8.)  is  cut  (73.),  by  the  normal  plane  to  the  given  curve  at  that  point ;  but 
it  it  not  a  CMtp  on  that  tt^on,  bacatua  the  tangentiai  tompcmtid  fd  of  tha  accCer 
cAorrf  FO  it  ultimately  proportional  to  an  addftpw^  (namely  to  the  ovAa^  by  CZTH., 
oomp*  (71.))  of  the  Molar  wrioMt,  and  theidbffa  haa  itt  dirc€lhm  rcw$td,  when 
that  earW(t  ekmgn  «^  .*  whareaa  the  aarMi  ataipoiMNi  bc  of  tha  tame  cilanf  FO 
it  proportional  to  an  even  power  (namtly  the  Jhrnrtk^  by  the  same  equation  CXVIL) 
of  the  tamo  ore,  «,  of  the  ftpen  curve,  and  therefore  retAins  its  direction  wmckaufedf 
when  we  pass  from  a  near  point  F«,  on  oa«  tide  of  the  given  point  F,  to  a  netr  point 

P.»  on  the  other  side  of  iL 

(70.)  To  illustrate  this  In'  a  contrasted  ca-so,  Ut  o  be  the  point  in  wliich  ihef««- 
gent  to  tlie  given  curve  at  r,  ia  cut  by  the  normal  plane  at  P  {  or  a  point  of  the  sec- 
tion, by  that  plane,  of  the  devehpaUt  tmr/aee  of  tangents.   We  thall  then  have 


*  In  tha  language  of  inflnlteaimali^  fiM  aoancaffet  oKnlating  sphem,  to  any 
cnrre  in  ipaat,  imtomei  eadi.othtr  in  an  otealafii^  efrda  to  that 
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tiM  aaffidmlly  «|»pnaiiiMte  tspfMiioiit, 

CXXIX.  . .  PO  =  p, I  #  +  ~  Jr,a  —  •^'■-P<to-2r<i3, 

with  the  rignillcations  897,  (lOu)  of  <h  an<I  Qa;  hence  the  point  p  of  the  OMveb 
(as  it  well  known)  a  CKip  of  the  ieetion  (a)  of  the  developable  surface  of  tangenti 

(comp.  397,  (15.)),  because  the  tangmtial  component  (- PQ-.')  of  the  vector  chord 
(po)  has  here  a  fixed  direction,  namely  that  of  the  outward  radius  (kt  prolong"  d) 
of  the  circle  of  curvature  at  r:  while  it  is  now  the  normal  component  (— 2i'<i:i) 
\rhich  changes  direction,  when  tiie  arc  t  of  the  curve  changes  sign.  At  the  same 
time  we  see*  that  the  equation  of  this  last  wctioD  (o)  may  ultiimattlg  be  thus  ex- 

nvvv       (-  ^^y*  ^^'^ 
CXXX.  . .  ^5  es  —s  =  cooaU  i 

comparing  wiiidi  with  tlw  equatkm  CXXVIII.,  wo  mo  tliot  although,  t»  aoaft  oom, 
tkooarMrfKrv^UWafctelflii^to,  at  tin  point  p  of  tho  ovm^  jtt  tbo  aotmal 
compopoat  (or  oo-ordinalo)  Taifas(nlUiiiatdjr)aa  tho  jMwer  |  of  tho  to»jiarfalooB»- 
poncnt,  for  the  aection  (c)  of  tbo  Smfite*  ^  Tkagentt :  whoran  tho  Ibnnor  compo> 
nent  varies  by  (74.)  as  the  power  f  of  Cbo  lattOTy  for  tho  Tpff«4''»g  Motion  (o) 
of  the  Locum  of  the  Osculating  Circle. 

(77.)  It  follows  aUo  tliat  the  curve  (p)  ittelf  although  it  i^  nnt  a  cnsp-edge  of 
the  last-mentioned  locus  (8.),  wliile  it  is  mch  on  tlic  $nrface  of  tangents,  is  yet  a 
Singular  Line  npon  that  locus  likewise :  the  nature  and  origin  of  which  line  will 
perhaps  be  seen  more  clearly,  by  reverting  to  the  visw  (8.),  (22.),  (72.),  accord- 
iflf  to  wUdi  that  Locat       CluroKt  it  at  tho'oiaw  timo  Um  BuMtlope  of  a  Sphtn, 

(78.)  In  goooral,  If  we  nppOM  that  v  and  R  an  oiqf  tmo  rmf  fimeUoittf  of  tho 
TOdor  and  ocaUur  kindi^         ^  asofor  aoriaUe,    and  that  9\  M\  and 

9%  iT,  Ac  dcnoto  th«ir  raooeodTO  Atiaatfoet,  takan  with  nopeet  to  It,  thon  9 
may  be  conceived  to  be  the  variable  vector  of  a  point  s  of  a  curve  in  space,  and  £  to 
bo  the  variable  radius  of  a  sphere,  which  has  its  centre  at  that  point  s,  but  alters  ge- 
nerally its  magnitude,  at  the  same  time  that  it  altera  itijrast<io»,  by  tbo  motion  of 
its  centre  along  the  curve  (s). 

(79.)  Passing  from  one  such  sphere,  with  centre  0  and  radios  iB,  considered  as 
given^  and  represented  by  the  scular  equation,! 

(t  -  p)»  +  ir«  =  0,  Lxxxix.» 

in  which  p  b  now  conceived  to  be  the  vector  of  a  variable  point  v  upon  its  turfaee, 
to  a  near  sphere  of  the  tame  system,  for  which  <t,  s,  and  H  are  rpplarrd  hy  a,,  Sf,  and 
Rt,  where  t  is  supposed  to  be  small,  we  easily  infer  (comp.  3b6,  (4.))  that  tho  equa- 
tion, 

Sa'(«-|»)  +  JUr-0,  ZCL, 
wUeh  ii  ftcnod  fron  LZXZIX.  by  onM  dorfvathig  a  and  JK  with  foipoet  to  f,  bat 


*  OMnpan  tho  flnt  Nolo  to  poflo  694. 

t  Tliis  eqnatlott,  and  a  few  others  which  we  shall  loqaiie,  occurred  before  in  thia 
Mfies,  but  In  a  oennoxloa  m  dlfflmnt,  that  it  appoan  eonvonknt  to  lopoat  thorn 

4  H 
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treating  p  as  constant,  represents  (he  real  plane  (comp.  282,  (12  ))  of  the  (real  or 
imaginary)  circle,  wliioli  is  the  ultimate  imtertection  of  the  near  sphere  >>ith  the 
given  one  ;  ttie  radiiu  of  this  circU^  which  w«  iball  call  r,  beuig  fouod  by  the  follow* 
ing  formula, 

CXXXL..r»o^»i{»(ir*4-a^),   or  CXXXl'. . .  r»Ta'«aiP(T»'«-ir«X 
and  bting  tberafore  raa/  when 

OXXXII...£^+«^<0,  or  CXXXir...iri<T«^; 
wiiOa  tho  Mifrc,  say  k,  of  tht  efad*  ii  olbay*  tm/,  iaA  Ua  perfor  1% 

CZXXI". . .  OK s c  « 9  -I-  Rita''* ; 

and  the  |>kiM  XCL  of  the  same  circle  is  punllti  to  the  normai  plan*  of  the  curve 
(•). 

(80.)  With  the  condition  CXXXII.,  the  iico  scalar  equatioiUt  LXXXIX.  and 
XCI.,  repreeent  then  juinily  a  rsof  cirdt;  and  the  loeut  of  all  mmIi  eMm  (oorapw 
886,  (6.))  is  easily  proved  to  be  also  tlie  nvetope  of  att  the  tpherM^  of  wbidi  ooe  it 
fiprsesnted  tgr  the  eqnaUon  LXXXIX.  «Iom;  ee«A  $mck  sjiAcra  lenoMiy CAu  lanM^ 
ia  the  wiAofe  aifmf  ef  the  eomspoadiag  drek  of  tha  ijataoL 

(81.)  The  p/ane  XCI.,  considered  as  var|rMy  with  t,  has  a  rfweftyaMtf  tmrfaea 
for  its  emv^of;  and  tbarfoi  rf^A<  /ir«,  or  generatrix,  along  which  tme  touches  the 
o/Aer,  is  represented  (ooap.  agaiA  886,  (6.))  by  the  q^Kem  of  the  two  aealar  eqoa* 
tiona,  XCL  and 

S«r"(<r-p)  +  <T'a-f-(Air)'  =  0.  XCin.; 

whe  re  j)  is  now  the  variable  vector  of  the  line  of  coritncl,  altliouyh  it  has  be<?n  treated 
as  constant  (comp.  3)^6,  (4.)),  in  the  process  by  whicli  arc- he  re  conceived  to  pass, 
by  a  trcond  derivation^  from  LXXXIX.  through  XCI.  to  XCIil. 

(82.)  This  real  right  line  (81.)  meet*  generally  lheipA«re,  and  also  tbaewvir  (at 
bdog  in  its  plane),  in  tmo  (real  orimagiaafy)  jMiafs,  say  Pi,  ^\  andthacsoiatinear 
/oras  of  all  smA  po6ilt  forma  geoeralfy  a  epeeioa  of  «M^far  Inu^*  vpon  the  mtq^tfjlf 
eial  hau  (or  tmwtkp*)  reoanti j  eonaidflred  (80.) ;  or  rather  It  Ibnna  in  genaral  im 
ftmaacAet  (real  or  imaginaiy)  of  secA  a  tint:  which  gtntrally  two-hroMched  lime  (or 
rarat)  ia  the  (real  or  ioMgliiaiy)  «ii«fl«!|»e  (oomp.  886,  (8.)X  of  all  tha  esrelas  of  the 
■yetera. 

(88.)  Tha  equation, 

S(j'(r'\a-  p)  =  0,  XCII., 

which  now  repreesota  (oomp.  876,  Y.)  the  osoilaliMy  jtlaas  to  th*  curve  (a),  ahowt 


*  Called  by  Moni;e  an  artte  ch-  rebrousgcmenf,  except  in  the  case  tn  -vThich  we 
shall  next  proceed,  when  its  two  branchet  coincide.  The  envrlope  (80.)  of  a  tynrying 
sphere  has  been  considered  in  two  distinct  Sections,  §  XXIi.  and  §  XXVI.,  of  the 
AppUcatiomdoVAwaljftok^  Giomeiru:  but  the  aathor  of  that  great  wofkdam 
not  appaar  to  have  perceived  tSb»i»UrpnMlMm  which  will  aoon  be  pointed  oot,  of  (l» 
oendttMNs  of  enoh  eoiaci^lmat.  Meantime  it  may  be  mantiooed,  in  poirfng,  tiiat  qntp 
temione  arc  fovnd  to  oonftnn  the  geometrical  rmult,  tiiat  when  the  fiso  hnmtkm  (ri) 
(fi)  are  Mimet^  then  •aeh  Is  a  eutp-edge  of  the  (mrfuet ;  bnt  that  when  thqr  ara 
a0<ReiiiMf|  tha  nmgmtm-  line  (p)  ha  whieh  tlMj  marge  haa  then  a  d^^lrmf  cAcTMlsr. 
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tiMltbbji^l*iw^<l«M«lrw8ortlM  ^pAmbjMnMK^^       ika  Hgki 

and  conaeqnently  eontafat  the  perpendicalar  let  fkll  ftwm  tkat  centre  <m  CAol 

ftatf  ibid  foot  p  of  this  Ust  perpendicular  is  therefore  found  hy  combining  til*  IAtm 
Uam  and^BcaUr  eqiutioiu^  XCI.,  JLCIL,  XCIIL,  and  its  vcofor  ii, 

CXXXIH.  .  .  OP  =  p  =  <T  +  , 

\  O  (7 

if  cxxziv.        •'»-jr«-Jiir-Ta^-  (i^ir/. 

(84.)  The  condUtom^taaaet  tiftiM  ryAl  2m«  (81.)  witii  tin  ijpitfw  (7&),  or 

with  the  cire^  (79.),  or  the  condition  of  contact  between  iico  eomeeuiive*  circlet  of 
the  system  (80.)t  or  finally  the  condition  of  coincidence  of  the  two  branches  (82.) 
of  that  $in(ptlar  line  upon  the  surface  which  is  touched  by  all  thote  eircle$y  is  at  the 
same  time  the  condition  of  coexittenee  of  the  four  scalar  equations,  LXXXIX.,  XGL| 
XCIL,  XCIIl.  i  it  is  tbenfore  expressed  by  the  ^nation  (comp.  CXXXI1L)| 

CXXXY. . .  JPCVaV)*  -  {^9  +  jRiTtf ")» i 

wUah  auj  alto  bo  tiiiif  wiitton,t 

0ZZX7I. . .  (Wo^-iSV)»e(Jr*+«^)  (JPo^+^X 
or  thm^    CXZZYU. , .  i»(ir«+«<)  (yi^9ym(^^MXB^^. 

tlM  Molor  OMfioNr  I  (78.),  iritli  roipoet  to  ifUfih  the  derivations  are  jMvftjniiodi  io» 
mdUngiliUontlnixarMrarrjf,  biittbojMmlP,  whidiio  detonnlnod  Iqr  iiioliMnnalo 
CXXXIII.,  hdng mv altnated oa both tho epkeremAth^eirele:  taAlUemnUinitr 
Ipow,  wUeli  wo  moj  call  tlio  corot  (t),  boiog  now  tbo  Miviilar  IIm  U§^f,  in  ili  ro* 


*  Oompafo  dio  Nolo  to  pago  Ml. 

t  In  page  372  of  Lioavil1e*B  Edition  already  cited,  or  in  page  325  of  the  Foorth 
Edition  (Paris,  1809),  of  the  /Application  de  VAnalyse,  &&,  it  will  be  found  that 
this  condition  is  assigned  by  Monge,  as  that  of  the  evanescence  of  a  certain  radical^ 
under  the  form  (an  accidentally  omitted  exponent  of  )r"in  the  seoond  partof  the  fint 
member  being  here  reitcred)  : 

[a(^>"  +        +  Tr  V  )  -       +  A*  |.a»(^"»  +      +        -  A*}  «  0  ^ 

in  whid)  ho  writot,  for  ateklgment, 

and  ff  ^,  w  are  the  three  rectangular  oo-ordinates  of  the  centre  of  a  mofing  aphm^ 
considered  aa  Amotions  of  its  radius  a.  Accordingly,  if  we  change  It  to  a,  and  <r  to 
+  +  ^'»'»  supposing  also  that  Ji"  =  a'  =  I,  and  -  a"  -  0,  whereby  g  is  changed 
to  -  A',  and  +  tr^  to  A',  in  the  condition  CXXXVI.,  that  condition  Ukcs,  by  tho 
rules  of  quaternions,  the  exact  form  of  the  equation  cited  in  this  Note  :  which,  for  the 
sake  of  reference,  we  shall  call,  for  the  present,  the  Equation  -of  Monpe,  iiitiiough 
it  does  not  appear  to  have  been  either  interpreted  or  htt^nied  by  that  illustrious 
nntlior.  Indoed,  if  Moogo  liad  not  liaalanod  ovor  tliio  eott  o/<o6irid!ral  AtomAm, 
M  wltfdi  ho  aoiBii  to  havo  doiigned  to  rcfHrn  in  a  anbaeqpMnt  Momoir  (unhappily 
not  writtoo,  or  not  pabliabod),  ho  would  aeareoly  havo  chooca  raeh  a  ijmbot  aa  k* 
(Inatead  ol~  A>)^  to  denote  a  4|oantity  wfaieh  ia  <tMNfla%  ntgath*,  whaaavor  (aa 
haio)  tlM  faoafapo  of  tho  qiAtfo  la  real. 
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(ftteed  nnd  one-hrunehed  state.  And  the  In^t  form  (JXXXVII.  sbows,  what  was  to 
be  expectexl  from  georaetrj*,  that  when  this  condition  of  cnincidmce  is  satiafied,  the 
earlier  amditiom  9jf  rtalitjf  CXXXII.  is  Mtiafied  aXao ;  togetlier  wiUi  Uuc  other  n* 
equalUjff 

CXXXVIII. . .  ^9*^ 4f><0, 
irfaicb  than  ncnlU  ftom  Um  ftim  CXXXVI. 

(86.)  TiMeqMtioiwCXXZI.,  CZXXIV^  and  fte  g«Mnl  ffofmaU  88»,  H^, 

giV«  Um  MCpNMlOOt, 

CXXXIX.  ■ .  ^ «  i  •  •  *•»  '  =   ^  i 

wliflMr  tonnithanuiiattofthe  eireU  tftmUaet  tithttpktnufUhUMemftUpt^nA 
n  b  the  nuCm  ^  eurvature  of  the  /octu  of  the  centre  8  of  the  same  Tariabla  fplMm; 
wlMBCe  ll  b  easy  to  infer,  that  the  condition  CXXXV.  oMy     ndocad  to  tiM  M- 

lowing  rery  simple  fonn  (comp.  XXXVl',  and  XLII.)  : 

CXU...(r>i)*s(jeir)';  or  QILLW  . ,  ndr  ^±SAR  s 
IIm  indspendent  variable  being  still  arbitrary. 

(M.)  If  tbe  arc  of  the  c«rv«  (s)  be  Uken  as  that  rarlibki;  tiM  Ibm  CXXXVI. 
of  fbt  tame  condition  is  easily  reduced  to  the  fullowing, 

CXLII...iPs(AB')*+^i^  witb  CXUIL .  al-(iUr/i 

dnhmiiigllMn,  and  HMHog  by  3^,  we  have  this  ntw  SJ^mM  sf  whfcfc  la 
of  linear  form  with  respect  to  Jtlf,  whereaa  tba  wdlftfow  Kas^fBsay  be  coDsidaradaa 
a  difliareDtial  equation  of  the  ueond  de^ee^  aa  wall  aa  of  the  ooeomd  order,* 

CXLTV.  .  .  JJiZ'  =  r,(i^O';  or  CXLV.  .  .  r,»«"+ r,r,'(t^- 1)  + «  -  0, 
if  CXLVL  .  /«  =  RB:  =  RMtR,  and  tbareAm  CXLYII. . .  •*  « JP  -  r«, 
bgr  GXXXL  «r  CXXXI'.,  baeaoaa  iva  bavt  now, 

CXLVia..«^— t,  or  Tff'ol,  or  df-Tdvt 
aotfaatfhaiiavMalarcarfaMs,  JUTfOrv,  with  rapect  to  which  the  timomr  tqmmtiam 
CSXLIY.  or  CXLV.  ia  only  of  the  second  order,  represents  the  perpendicular  hrightf 
of  the  aciifrif  s  of  the  tpkere^  above  the  plane  of  the  circle,  considered  as  a  /imcHm 
of  the  arc  (t)  of  tho  4'Mrv«  (s),  nnd  as  posidvt  when  the  radius  li  of  the  sphere 
creases,  for  positive  motion  aloii^  that  curve,  or  for  an  increusinp  value  of  it.s  are. 

(87.)  If  the  curve  (s)  bo  viccn,  or  even  if  we  only  know  tlio  /citt' an ordLng  to 
which  its  radius  of  curvature  ir{)  depends  on  its  arc  ((),  tbe  e(/<^c»ciit»  oi  iho  linear 
oquatiom  CXLV.  are  ibiowa  ;  and  if  wa  aoooeed  in  iiUegnUisijf  that  eqoatian,  so  as  to 


*  Wa  aball  aoon  aajgnUiaaaaylito  inteyral  of  tha  djffrrmtial  sgwotfaa  im  fmm* 
UnrioM  (84.x  ^         cacfBipowliqf  Bgimtiam  ^MmgOt  dlad  In  tha 

(laeadingNotai 

t  It  will  ba  iirand  that  this  new  aoalar  «,  if  wa  abatiael  Dram  dgn,  oormpaoda 
piadaaly  to  the  p  of  earlier  sub-artidea,  although  presenting  itself  in  a  differcsU  am- 
ntxion  :  for  the  sphere  (78.),  and  tbe  circle  (79.),  under  tbe  condition  (84.), 
soon  be  shown  to  be  the  osculating  sphere  and  circle  to  the  recent  cnrpe  (r),  or  to 
tho  sinrpdar  line  (81.)  upoo  the  turfuct  at  preaoDt  considered,  that  is,  ou  tbe  /ocm 
or  envelope  (80.). 
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tad  an  aypr— loa  far  tliejMiywidfciifar  m»  a  ftmcto  of  khfttarvi;  tradunUmi 

be  able  to  express  also,  as  ftmctkuui  of  the  Maic  Are,  the  rmdU  M  and  r  of  Um  ^jAen 
mud  mnU,  by  fcbe  toamdm, 
CXUZ...±r»^«n(l-iOi  and  CL. . .  iPsS/«dlB«a+rit(l.«^. 

ih»ikird9«iUar  cotutawt,  whidi  the  integral  S/«df  woald  oUierwiN  IntrodMe  into 
the  expression  for  iZ*,  being  in  this  manner  dt^ndatd,  hy  means  of  the  alAer  teo^ 
which  arise  from  the  integration  of  the  equation  above  mentioned. 

(88.)  For  example,  it  may  happen  that  the  locus  of  tlio  cfntre  s  of  the  ephere 
has  a  constant  curvature^  or  that  ri  =  con»t. ;  and  then  the  eomplet€  integral  of  the 
linear  equation  CXLV.  is  at  once  seen  to  bo  of  the  form, 

CLI.  .  .  M  =  a  sin  (riH  4  6), 

a  and  b  being  tioo  arbiiraiy  (but  ecalar)  conetanta }  after  which  we  may  write,  bj 

(87). 

CUL , .  ±rar|-aooaCri~U-|>»);  CLill. . .  JI>b n*- Sort 00a (r|-i<+0+«^i 

ao  that,  in  UUt  cote,  both  the  rodtf,  r  and  of  drvlf  and  jpAen^  are  ptriodieal 
/mefioM  of  tha  ore  of  tha  earn  (a). 

(89.)  In  general,  if  that  cwrre  (s)  be  eomfhUfy  ffiven,  so  that  the  c^c^or  9  Is  a 
i^nourn  function  of  a  $ealar  variable,  and  if  an  exprof^if^n  have  been  found  (or  jriven) 
for  the  scalar  It  which  safi.-<fips  any  one  of  the  forms  of  the  eondttinn  (84.),  we  can 
tlien  determine  aho  the  vector  p,  by  the  formula  CXXXIII.,  as  a  function  of  the 
Maine  varialtle ;  and  so  can  ass!^  tlic  point  r  of  the  singular  lime  (84.),  which  cor- 
responds to  any  given  position  of  Uie  centre  s  of  the  sphere.  For  this  purpose  we 
baye^  wImh  tha  aie  of  tiM  cnrve  (s)  is  taken,  as  in  (86.),  for  the  indepeodoM  Ttilap 
Ua  ^  tlia  farmnkt 

CLIV. . .  ji>o(r-w/-(l-t»')«^-»»«i-«<^-»^i'»''<'". 

if  Ki  be  the  tec/or  of  the  centre,  say  ki,  of  the  o$euiating  eircU  at  8  to  that  given 
oairM,  to  that  (comp.  389,  XI.)  it  hai  the  yalne^ 

CLV.  .  .  uKi  =    =  (T  -  <t"-»  =  <t  +  ri»<y",    with    CLV.  .  .  <r"*  +  rf «  =  0. 

If  then  we  dcnoto  by  v  the  distance  of  the  point  p  from  Mm  centre  Ki,  and  attend  to 
the  lintar  equation  CXLV.,  we  see  that 

CLVI. . .  0  -  K,p  =  TCP  -  (ci)  =  V(ti'  +  ri2ii'«), 
and  CLVr.  .  .  rt' =  r,ri'i/i',    with  T(r'=sl; 

or  more  generally,  CLV II.  .  .        =  rir'i«', 

if  CLVir. . .  «  =  ER'si'  \   and   CLVII".  . .  «i  =  J  Tder, 

whflo  CLVr.  ..e«»«»+r,V»n'^S 

so  that  si  denotes  the  arc  of  the  curve  (s),  when  the  independent  variable  t  is  again 
left  arbitrary.  This  distance^  0,  is  therefore  ewttant  (=  a)  in  the  ease  (88.),  namely 
when  the  radhu  oftmrvatme  r\  of  that  cnrre  la  tCse(f  a  oonetant  quantity. 

(90.)  Whan  ai'«  To^s  1,  aa  in  CXLVIII.,  tha  part  9  -  mj"  of  tha  fint  oitpraa- 
olflA  CLIV.  far  p  boooBMi  « jr,  bj  CZZXT.  and  OXLYI.  $  attanding then  toCLV., 

CLVIU.  .  .  1^  =  1 -«'{ 

whence  goienll/, 
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<Im  independent  variablo  /  being  again  arbitmij.  Accordingly,  if  we  combine  the 
general  expreMion  CXXXIII.  for  p,  with  thn  wpwieton  CXXXI".  for  c,  and  with 
tiie  CoUowiog  for  ci  (oomp.  889,  lY*)t 

</* 

CUX..  ^7-=-..  tor  Ml  nyiMtrwlr  iBiiif  firirthb 

V<T  AT 

«•  eaeilj  dedooe  this  new  Iwm  of  the  eealnr  ^notienl, 

CLIX'. .  .         -  1  +  ((-BiT)'  -  iiA'  Sa'  lOff'"'  i 
which  agreee  with  CLYIir.^  beetnat  -  o^  e  ti'',  and  S  — ,  = 

(0!.)  It  has  then  been  fully  shown,  how  to  determine  the  vector  p  as  a  fnnetion 
of  the  scalar  <,  when  tr  and  H  are  two  known  functions  of  that  variable,  which  s  itl-fr 
any  one  of  the  forms  of  the  cotiditioH  (84.).  It  must  then  be  po^uible  to  detemnn« 
also  the  dtrivtd  vtctortt  p'%  P~«  ^»  m  functions  of  the  aame  variable;  and  accord* 
ingly  thiacan  Iwdone,  by  dMaafiii^  any  cAmref  thayhnraealaraqiiatiaiM^  LZXXIX. 
ZCL  ZCIL  Zdlf.,  oTwhiA  that  oondltlon  (84.)  anpceeeea  the  totMrnn,  H«v 
if  wo  derivala  a  fint  tlma  the  two  fint  of  UMie»  and  then  ndnee  by  tha  aoooad  and 
faortli,  wa  gat  tha  aqnatione, 

CIJL..Qp'(«>p)»0,  8pV-0,  whence  CLT..  •p'|T«'(#-p); 

and  althoogh  tUe  laet  Ibnnnla  onix  dalanninea  the  dtfvete  ofthata^aaf  to  tha 
pilsr  Hm  at  r»  namely  that  of  the  coaimon  tmagtid  at  that  point  to  tm  eaneitntfee 
tMm  (84.),  yat  it  enablea  ne  to  inlbr,  by  the  lemafadng  eqnatioB  XCIL,  that 

CLXL..p'-l-o%  p'lY^^^  and  CLZI'. • . 8pV»0; 
fedttohig  by  whiah  tha  deiivatita  of  XdU.,  we  lind, 

SiT  («T  -  p)  +  tlM9'  +  {RKT = 0,  XCIV., 
the  scalar  variable  being  still  arbitrary.  And  eomverMeljf^  the  iy«<cni*  of  the  famr 
eywrtfimt  LXXZIZ.  ZCI.  Zdll.  ZCIV.  givee  tha  Iftrat  eqnatione  CLZ.  CLZI'., 
and  eo  oondnote  to  the  equation  ZCIL.  and  thence  to  the  oendlMoii  (81.) ;  Mslno  wr 
eiftpootlAolpltaeofMlwitoeeloro,  or  that  tha  eoriaMe  uptere  peeeee  ihrom§k  a 
JbMdpomt  A,  a  oaae  which  wo  do  not  haia  oonalder,  becanee  init  tha  aingnlar  Jfae 
(p)  would  reduce  itself  to  that  one  point. 

(92.)  Derivating  the  two  eqnatione  CLZ.,  and  redndng  with  tlM  Iwlp  ef 
CLZr.,  wo  dad  tbeee  new  equataone, 

CLZIL..8p-(a-p)-p'»  =  0,  SpV-Oj 
whnoa  CLZIIL  . .  S^T («-  p)  -  BSpV"  «  8. 


•  In  tlia  ianguage  of  infiniteainial%  tide  system  of  equations  expiaeees  tliat  fim 

eomenttire  tphrret  intersect,  in  one  common  point  v.  When  that  point  happens 
to  be  a  fixed  one,  the  comlition  (8-t.)  requires  that  we  should  have  th«^  relati'^n 
8(TV(<r-  a)  =  0;  or  gooinctrically,  that  the  curve  (s)  should  be  m  a  plane  through 
the  fixed  poimtf  which  >a  thcu  a  nnffular  point  of  the  envelope. 
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We  are  led  then,  by  elimination  of  the  derivati^et  of  cr,  to  the  Bystem  of  the  three 
equations  305,  VII. ;  and  we  conclude,  that  the  point  s  it  the  centre,  and  the  radius 
H  is  the  radius,  of  the  osculating  $phere*  to  the  singular  line  (p)  :  whence  it  is  easy 
to  infer  aUo,  ibat  the  plane  of  contact  (79.)  of  the  sphere  with  ita  envelope  ia  the 
ctemlating  plawe^  and  that  the  circle  of  contact  (80.)  U  the  osetilailiif  circle  (comp. 
(72.)),  to  the  MUM  wrve  (p),  at  the  pmni  whm  two  mmmmAw  tMm  UmA  «m 
^m0lk>r  («4.). 

(98.)  inpemtrmi,  tad  9wm  mUhomt  the  eoodltfoo  (84.X  Hm  iM^ml  to  •  hw* 
(8S.)  of  the  awOiKMr  MMly*  of  the  eMt  of  Um  systmn,  at  any  point  n  oTtiMl 

branch,  has  the  direction  repreaented  by  the  Vector  Yif^o  -  pi),  of  the  tangent  to  tho 
circle  at  that  point;  but  when  that  condition  is  ntiafied,  so  that  the  two  branches 
of  the  sin;,'uLir  line  coincide,  the  point  p  of  that  line  is  in  the  oseul^tting  planr  {  m3.) 
to  the  curve  (s)  :  nml  then  the  e^juation  XCII.  shows  that  the  tangent  p\  or 
V<T'(<y  —  p),  to  the  lino,  is  perpendicular  to  &\  or  parallel  to  Vffa"  (comp.  CLXL^ 
and  therefore  that  the  singular  line  crosses  that  plane  at  right  angles, 

(94.)  It  ftllowt  that,  with  tho  condition  (84.),  the  singalar  Hoe  (p)  iaanofiAo* 
pMcf  injector jf  to  tho  quim  ^oumlatit^  fitmaa  to  tho  oorre  (s) ;  and  wbcnu, 
whin  tUa  last  ourro  Is  givon,  there  oogfat  to  be  cm  ouch  tri^Jeetofjr  for  mry  pnhU 
of  A  ^loMi  oomiletfaig  plane^  thle  ehfenmetenee  ie  asalytloalty  repreaented,  in  onr  re- 
eent  eekolatlone,  \ij  tho  UorduuUform  of  tho  df^ea/taf  «fiHiftoiCZLy.,  of  wUeh 
the  wqwji?rf«  igdtgn^  must  be  oonoeivod  (87.)  to  hiTolve  generallj,  ae  in  the  ease 

(88.),  two  arhitrary  constants. 

(9,'»  )  It  follows  also  that,  Miih  the  same  conflition  of  coincidence  of  branches^ 
the  singular  line  (p)  must  have  tiio  curve  (s)  for  the  cusp-edge  of  its  polar  develop- 
able ;  or  that  the  sphere,  with  s  for  centre,  and  with  R  for  radius,  must  be  (he  oscu- 
lating sphere  to  the  curve  (p),  as  otherwise  found  by  calculation  in  (92.)  :  while  the 
tMe  (80.)  must  be^  aa  before,  the  owiJal^ng  eireh  to  that  ovnre. 

(96.)  Aooordlogly,  «//  ejuaHw,  and  hufnaUHu,  wliich  have  bora  atoted  in  tho 
reeent  eoh-articlei  (79.),  Ac,  reepeetlng  the  enirdopo  of  a  movhig  ephen  with  toi- 
riaUe  tadlaii  onder  that  tamditiem  (84.),  and  without  any  epeeial  ulection  of  the 
independent  variable,  admit  of  being  «tr(^«r/,  by  means  of  the  wtkr  formulas  for 
the  osculating  circle  and  sphere  to  a  curve  (p)  treated  at  a  gVKm  OHO,  when  the  are 
(#)  of  that  curve  is  taken  as  such  a  variable. 

(97.)  For  example,  mc  had  hUely  tlie  two  inequalities.  If'  +  a''  <  0,  CXXXII., 
and  /?«<t"«  +  <  0,  CXXXVIII.  And  acc-.nlinj?ly  tho  earlier  sub-artidea  (22.), 
(23.)  give,  for  thoae  two  combinations,  the  ensentiallt/  negative  values, 

CLXIV. . .  ir»  +  «^=-p-V/r»;      CLXV. . .  iP<r  ">+^"  =  -  ((«•)')«; 


*  In  tbelangoage  of  inflnitedmale  (oooipb  the  pieeeding  Note),  if  wntjfint 
eowieewrtee  ijpAiref  of  a  lyaten  itiitnHt  to  one  of  a  otnm,  then  Moft  tpUn 
paaeie  tkrm^fonr  eon»eaiHo§  points  of  that  cur>'e.  Simple  as  this  geometrical 
unenninit  is,  the  writer  ie  not  aware  that  it  has  been  anticipated ;  and  indeed  he  ie 
at  preeent  led  to  suppose  that  this  whole  theorj-,  of  the  Locus  of  the  Osculating 
Circle,  as  the  Envelope  of  the  Otculating  Sphere,  is  new.  Monge  had  however 
considered,  but  rejected  (paKc  ;i71  of  Liouville's  Edition),  the  case  of  a  sjfstem  ig 
circlet  having  each  a  tisnple  contact  with  a  rurre  in  space. 
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ia  obtniniug  which  last^  the  fullowiiig  transfonnatioiu  have  bueo  employed : 

CLXVI.  .  .  a"*  =  -«'*-«2r  • ;       CLXVII.  .  .    =  -  «>  +  «rr  i. 

(98.)  As  regards  tho  voriflcation  of  the  eqiiationt,  it  may  be  sufficient  to  pve  on<! 
example;  and  we  .shall  lake  for  it  ihe  /a8<  general  form  CLVIl.  of  the  difterential 
equation  of  condition  (84.).  For  this  purpotie  we  may  now  write,  by  (22.}  Uhl 
(28.), 

CLXVIII.  .  .       t«'   «  =  ±i',   •»'  =  ±i»'.  rii»iV'=p>i»-»=|»'r; 
and  lutve  oulj  W  obeerve  that 

(99.)  If  m  dMMto  by  ci,  09,  cs  the  lint  aMmbenortlM  eqjiutiflM  XCL, XCIIL, 
XCIY.,  thtt  ImUm  II»  aquatioii  LZXZIX.,  which  mij  be  ngaided  h  a  men  4^ 
jMltei  «r  th»  ndiM  we  have  ci  B  0  fiw  th«  ipJUl*  of  the  iniwiflei^ 
A^M  (80.);  but  we  hafe  not  «Im  «i»0,  except  for  a  point  on  one  or  other  of  the 
Iwo  (generally  distinct)  branekm  <rfthe  mngulnr  line  (82.)  apon  thatlocna.  And 
Iff  at  any  other  and  ordinary  point,  we  cut  the  surfat  e  l  iy  a  plane  perpendicuLir  to 
the  circle  at  that  point,  we  find,  by  a  process  of  the  s;irue  kind  as  some  which  have 
been  alrcmlv  cmploved,  exprossioiis  for  the  tangential  and  normal  components  of  tb« 
vector  chord,  whereof  the  principal  term$  involve  the  scalar  Ci  as  a  factor,  while  the 
latter  varies  (ultimately)  as  the  square  of  the  former,  so  that  the  eunxUure  of  the 
stction  ia  ftmUe  end  known,  but  ttmd§  to  beoome  ti|^lielfo  when  oi  teoda  to  mtw. 

(100.)  If  the  OMidttioa  eoMJnwe  (84.)  be  «of  eo^^  ao  that  the  two 
biancheaof  thoaingalarlloe  (8S.)  romain  deilinef,''and  that  thna  oi^O,  but  mM 
c^B  0  (oompw  (91.)),  for  any  ofldlnaiy  point  on  one  of  tboee  two  brandi«%  than  if  wo 
cnl  the  aurfiwe  at  that  p<^t  by  a  plane  perpen^cttlar  to  the  kmek,  or  to  the  cireU 
which  touches  it  there,  we  find  an  ultimate  expression  for  the  vector  chord  which 
involves  the  scalar  r3  as  a  factor,  and  of  which  the  normal  component  varies  as  the 
xesijuiplicate  power  of  (he  tangential  one  ;  SO  that  wr  li;\vo  here  the  case  of  a  semi- 
cubical  cusp,  and  each  branch  of  the  singular  line  \s  a  eusp-cjge*  of  the  surface, 
exactly  iu  the  tame  known  sense  (corap.  (76.))  as  that  iu  which  a  curvt  of  double 
curvature  is  generally  such,  on  the  developabU  lotm  ot  ite  tot^femtt, 

(101.)  But  when  the  oondltton  (81.)  it  aaHafled,  to  that  tiio  two  bnneh«  eoin- 
eUt,  and  tiiat  thna  (oonp.  again  (91.))  wo  haTO  at  onoo  the  f  Atm  oqnatioiii^ 

CLXZ...eiaO,   ei«0,  eissO, 

then  the  ferma,  which  were  lately  the  pri$uipal  ones  (100.),  disappear:  and  a  mm 
eagN^eama  ariaaa,  for  the  Teetor  diocd  of  a  aeelian  oiP  tho  aoHkoe^  made  by  a  plana 
perpan^Uonlaf  to  tho  ringular  Une^  whidi  (when  wo  take  I «  «,  aa  in  (90.))  Ia  foand 
to  admit  of  being  Idantlded  with  tho  fonnnU  CXVII.,  and  of  ooorae  eondnela  to 
precisely  the  aaoM  lyateni  of  conaeqnenoea  |  tho  iai^mttal  component  new  wyiag 
ultimately  as  the  eii6e,  and  the  normal  component  as  the  fourth  power  ef  a  amaU 
variahle,  so  that  the  cuspidal  property  of  the  point  P  of  the  section  no  longer  exist» 
although  tho  curvature  at  that  iioint  is  still  infinite,  as  in  (74.):  and  the  Sincpilar 
Lin«f  reduced  now  to  a  sinyle  branchy  to  which  all  the  circle*  of  the  system  oeaUaU, 


*  Compare  the  Note  to  page  602. 


Digitized  by  Google 


CHAP.  III.J  INTEGRAL  OF  THE  EQUATION  OF  COirSlTION.  609 


(92.),  (95.)|  is  not  a  eu$p-tdge  of  the  Surface,  aa  Imd  been  otherwise  found  beforo 
(77.)i  bnlaQM  of  Ad|§^ir»a#  ekmraeUr,*  wfalehmAy  Urns  Iwngndad,  with  nib* 
nnee  lo  •  moMgmurmi  Envtlape  (80.),  u  Um  nralt  of  a^WiImi  (84.)  of  2V9  Oiup' 
Bdgn. 

(lOS.)  Thio  9m4RHm  tim^ftidm  (or  ooinddemo)  hu  be«  mw  (84.)  to  bo 
vwfmKOiVhy  libtdijgknmiht  tfmtiHmUi^ 

iR8^«r^ItgfmQfl+c^)  (/2««r'»+^),  CZZXYI. 
wHh  y»-i^-(Jtir)'«  OXXXIT. 

«uid  with  Uw  independent  variable  arlntraiy.  And  we  are  now  prepared  to  assign 
the  0mpleie  ffenerat  imteyral  \  of  this  diflbnotial  oqmtkii;  namely  the  system  of 
the  two  Mlowiiig  eqtuitfoiu  (comp.  395,  (7.)  and  Cl^))»  of  Hwoocior  aodtooleir 

CLXXL  . .  ir=p4-  »  CLXXIl...il=T(ir-p); 

ia  wUdi  p  !•  an  mhUrary  vector  fuMtHom  of  mjf  oeoJ^  owriaft/f,    and  whldi  oz* 
fmiywbeogooautrfcally  inten^ieted,  thot « is  tho  ooriaftlt  Mdsr  of  llio  omirs 
and  Uiat  Jt  is  fhs  sarjaMs  radbUf  tiOm  cnuUtHitg  ipiere  to  vkWfUhmrp  eunt  (p^ 
of  wliiflh  tfao  vtrisblo  veelor  of  a  point  p  b  p. 

(108.)  In  flwt,  if  wo  iiM«  the  cited  egvathm^comlition  CXXXYI.,  g  repiMent- 
Ing  therein  the  expresdon  CXXXIV.,  without  any  previous  knowledge  of  its  mean- 
In^  or  origin,  we  might  first,  by  the  rulei  of  quaternions,  and  a«i  a  moro  nffair  of 
calculation,  transform  it  to  the  equation  CXXXV. ;  which  would  evidonlly  allow 
the  assumption  of  the  formula  CXXXIII.,  p  being  treated  as  an  au.riliary  rrctttr, 
which  satisfies  (in  virtoe  of  the  supposed  condition)  the  system  of  tlie  four  scalar 
equtttiomt^  LXXXIX.,  XCI.,  XCII.,  XCIII. ;  whence  derivating  and  combining,  as 
in  (91.)  and  (92.),  wo  aro  led  to  a  «ev  tgitemX  of/ottrwa1troqiMtioni^  wlieioof  one 


-  *  (kinpiiotiioNototoptge802.  Honge(inpage873ofIioaTll1s^sBAtion)liaB 
tlMnoMiiCithtt  (wlion  a  owtoln  radical  vanlihos)  **loa  deax  bnnebes  do  la  oMrbo 
CoiKk4a  par  toatoa  ks  canct&iitiqiieB  so  oonlbndont  «n  una  sanlo:  ot  ootta  coafi>e^ 
Mos  OMser  d*8trB  no  ligoe  singuli^re  dc  la  smftoe,  n'est  plos  ane  arftta  do  rebrons- 

seroent,  elle  ost  me  lignc  de  striction."  The  propriety  of  this  last  name,  '*  line  of 
striction,"  appears  to  the  present  writer  qnestionablo :  although  he  has  confirmed,  as 
above,  !)y  calcidations  with  quaternion?,  the  result  tliat,  in  the  caso  referred  to,  the 
tingular  line  Is  not  a  cusp-edge.  MoDge  docs  not  seem  to  have  perceived  that,  in 
the  same  cane  affusion,  the  curved  line  ia  qtiestioa  is  not  merely  touched,  but  oscu" 
luted,  by  all  the  cireltM  of  the  system. 

t  ConpaiotlioiliatNototopago604.  Woaayhore,pen«ralMli!pr8J^baeanasa 
Ims  gentral  ona^  altlioagli  involving  one  arhUnaj  fkmeUom  (of  tho  scalar  kind), 
win  soon  bo  pointed  odL 

X  Tbo  Biuatkm.  ofUorngt  (oomp.  tho  saoond  NoCo  to  pago  608)  may  be  oonsi- 
darod  aa  the  condition  o  f  corristcncp  of  the  four  following  equations,  in  which  ^, 
w  are  snppossd  to  bo  fuoctMOS  oC  a,  and  to  be  differenliated  or  derivated  as  each ; 

4  I 
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is  again  the  cqviation  LXXXIX.,  and  may  be  written  under  the  form  CLXXII. ; 
irhile  the  tkret  otker§  are  those  fonnerly  numbered  as  395,  VII.,  and  condact  ^ex> 
fiapt  Id  a  ptrlieolw  etm  w^ikh.  m  liudl  pnmtlj  ooiukdw)  to  the  vMtar  M^mdMi 
CLXXL,  vhieli  oanTMMty  if  m^UkiU  to  rapwuiit  thcni,  all  derivmtivu  of  9  a&d  of 

(104.)  The  COM  Jnit  now  alladed  to,  in  wliich  the  gtmtnd  imtefrul  (102.)  !■  n> 

placed  by  a  le$9  general  form^  is  the  case  (91.)  when  the  variable  tphere  passes 

through  a  firrd  point  \,  to  which  point,  in  that  ea<M»,  the  tingular  line  reduce?  ilself. 
And  the  integral  equeUiont^*  which  then  replace  CLXXI.  and  CLXXIL,  may  be 
thus  written  : 

CLXXUL..4r  =  a+</3  4-«r,  with  h  =  F(<),  and  CLXXIV. . . /2»T(<^ +  «y}i 


(1)  .  .  .  {t-        +  (y-4,)^  +  (,_7r = 

(2)  .  .  .  {x-^)i;>'-riy-^^W^  (z-7r)7r'  +  a  =  0; 

(3)  .  .  .  (x  -  ^) ^"  +  (y  -  i//)      +  (z  -  :r)  7r"  +  1  -      -      -  w'-  0 ; 

(4)  .  .  .  (X  -  ^)  irV")  +  (y  -     (ir>"  -  ^ V)  +  (2  -  ir)  f  O  = 

whereof  the  first  three  have  beeu  oinploycd  by  Monge  himself,  but  the /owr/ A  do€^ 
not  seem  to  liave  been  perceived  by  liiin,  the  condition  oi  evanescence  oj  a  radical 
having  been  med  In  ill  atood.  And  bgr  a  trmuikthm  of  qoatonioa  reenlta,  aboro 
dednned.  Into  dio  mnal  Ittunuun  of  analrrfe.  it  ia  CMind  thoft  the  oonalifc  and  omm- 
ro/iiftyrali  of  tho  iioii*2iM«r  dS^^bvirfiiil  efiiafiM  of  the 

toined  by  tho  oHminatioB  of  g,  y,  gbetwOMitliiiatwir,i>oatpWMod  tya«carqnfii 
of  km  oqoationi^  the  equation  (1)  being  one  of  them  *,  and  tho  tkret  others.  In  which 
(c,  y,  z  annowtrtatodaaorMinayir/kMlMMof  a,aodaioderiTitodaaaiKh,  being 

the  following : 

(6).  .  .  (X  -  ^) x'  +  (y  -        -f  (z  -  ^)  2'  =  0 ; 

(6)  .  ,  .  (x-^)z''  +  (y-,//)y"+  (z  -  7r)«"  +  x'»  +  y'«+ z'2  =  0 ; 

(7)  . . .  (*-^)x"'+  (y-V')jr"'  +  C«-«')»'"+8X«'*''  +  y>''+*'O«0. 

By  treating  a  as  a  ftincliOQ  cf  aomc  other  independent  variable,  f,  the  terms  +  a  and 
<|- 1,  in  (2)  and  (3),  come  to  bo  rc-plnced  by  +  aa'  and  +  aa"+  a** ;  and  the  slighdy 
more  general  form,  which  Monro's  Equation  thus  assumes,  has  ttill  hi  complete 
general  integral  assigned  by  the  system  (1)  (5)  (6)  (7),  if  x,  y,  z  (aa  well  a)  be 
now  regarded  as  arbitrary  functions  of  the  new  variable  t,  in  the  place  of  which  it  is 
permitted  (for  uiatAnce)  to  take  x,  aud  so  to  write  x'  -  1,  x"  =  0 :  only  two  arbttrarg 
/imefioNt  thus  ootering,  in  tho  last  analysis,  into  the  general  et^uOon,  aa  waa  to  bo 
iwpefttiril  Ikom  Hie  itarm  of  tho  equation. 

*  The  partieular  imt^fral  oorreeponding,  of  tho  JjpMrffan  ^Mm^  h  aaipiaid 
bj  the  iSollowIng  878tem : 

(««  +  At)* + 0* «»)i  +  (^  +  mi)*  s  ai ; 

aM^Imm  being  nhu  oMtrwf  toitiUmit,  while  i  and  «  anlwe/toicfianaof 
whoroof  oneiaarMrary,  hiitthoolAeriaalgebiaiGallydSiAioatfftomltibynooBaof 
tho  Iharfh  eqoatioo.  The  writw  iaaotawaiothatoithflrof  tbaaoiolegiila  haabem 
oaaigned  baAwo. 


^  kj  i^Lo  l  y  Google 


CBIP.  in.]  VICTOR  BQUATIOK  OV  L0CD8  OB  BHTBLOPB.    61 1 


Hhm  9mmd  M«far  eoeffidtnt^  «,  being  here  an  arhitraty  /imetion  of  the  Jtni 
■ealw  OOiOeient,  or  of  the  independent  vwUble  f,  and  a,  /3,  y  being  thrm  orM- 
#raT7/  but  eonttamt  veeiorB  :  so  that  the  rwru*  (s)  is  now  obliged  to  lie  fn  #f>m«  ont 
plane*  through  the  fixed  point  A,  but  remains  in  otlier  respects  arhitranj.  Accord- 
ingly it  will  b<2  found  that  thifl  la»t  integral  system,  although  le»»  genu  al  than  tho 
former  tiystem  (102.),  and  not  properly  included  in  it,  satisfies  the  differenLial  erjua- 
tion  CXXXVL ;  whereof  the  two  members  acquire,  by  the  substitutions  indicated, 
Ihk  tmtmm  nalm, 

CLXXV.  .  .  ( R3(r'<f  -  Rg)*  «  fcc  =  Rtfi  (tu'  -  «)»  (V/3y)«. 
(105.)  Other  probl.ms  might  be  proposed  and  resolved,  with  the  help  of  formulaf 
alui^  ffinOf  respecting  the  properties  or  affections  of  conree  in  spooe  which  depend 
CB  CbeybiafftjMiMr  (a*)artli«ar«,  or  on  the /oifr<AdMM|{wD/p  or  r^df  the  Mo- 
tor (»«|  IratHistinwtooonciiidttidaaarlMofaab-tttfdeab  wUdiliMeaiteadod  to* 
nneh  gnttor  fangilli  thai  was  didgiMd,  bj  obMrriag  tfui^  in  Tirtno  of  tho  omcfor 
form  396,  XI.  for  the  equation  of  e  olrele  ^cnreffliii^  the  Locui  (8.)  of  the  Oteu- 
iatimf  CM€  maj  be  oonoiaely  but  niflkiently  lepwiePted  by  the  K«e(or  BftuUam, 

CLXXVI.  .  .  V         +  V,  =  0, 


•  Compare  the  Note  to  page  600. 
t  We  might  for  example  employ  the  formula  VI.  for  c",  in  conjunction  with 
one  of  the  esinrMaioiis  897,  XCI*  Ibr  to  dotermhie,  by  the  general  Ibmmla  889» 
IT.,  the  Motor  (say  Q  of  the  Mnlre  ^mreoliire  of  the  ciirM(K),  and  thenfbrealao 
tberadlM  o/aavaiitn  of  that  oorve^  which  is  the  hau  efthe  cent  ret  afttwuclmra  of 
the  pleen  eiirw(p),  enp|MwedtobeiK^«nm/oneof  dbiillrcpmtnreb  Alleraflnr 
rednctlona»  with  the  hslp  of  Xn^  we  shooU  thos  And  the  eqoations^ 


«r      —  r  r 


CLXXVII. . .  V »  — J-+  Cr-»  -P')r, 

r'  d*  rdic 

In  which  last  the  denominator  ie  n  qoatenion,  and  the  soalar  vaiiaUe  ie  afbttfaiy 
iriMnce  alao^ 

CLXXIX.  .  .  Radius  of  curvature  of  curve  (k), 
or  of  loetu  <jf  centres  of  oseHlating  eirdit  to  u  given  ettrve  (p)  in  space^ 

-«-.)..{(i-^y.(g)r 


i?dr  r/ 1    dPV    /  p  VI -» 


with  the  TeriBealioo,  fliat  fbr  the  oaae  of  a  ploM  eenw  (w%  lior  whloh  thenlbn 
1,  and  >a  0 b*^^       ^®  elementary  expreuioD, 

'  '  rdy 

CLXZZ. . .  BaMiu  of  CWeofwe  of  Plan*  Soohte  =  ±  — 

as 

r  being  still  the  radios  of  curvature,  and  »  the  arc,  of  the  ^iven  curve. 
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wUch  apparently  involves  only  one  scalar  variable,  «,  uaintly,  the  are  of  the  curre 
(f),  the  other  scalar  variable,  such  aa  f,  which  corresponds  (69.)  to  the  arc  of  the  cir- 
cUf  dUappearing  under  the  ttyit  V :  and  that  the  Burfact^  which  was  called  in 
th>  Cireum»eHM  DwHtopahU^  It  now  mm,  to  be  fat  flwt  gfwwif ril  wf  to  that 
or  Btnd^tf  Id  a  eactilD  ilinfw  hr  (or  ooilDOiit)  mut^  to  ttmAimg  U  wHm$  At 

899*  When  we  take  aoooant  of  the  |KM0ir  of  the  or^ 
the  ezpreMkm  for  ^«  reoelree  e  mem  Urm^  end  beoomes  (oompw 
398»  I.), 

I.  . . /».-P+fr+i«V+4jV'+ A^"+Tk«^5 

and  although  some  of  the  consequences  of  sucli  an  expression  have 
been  already  considered,  especially  as  regards  the  general  determi- 
nation of  what  has  been  above  called  the  Osculadfij  Tv:i<titd  Cubic 
to  A  curve  of  double  curvature,  or  the  gauche  curve  of  tlie  tJtird 
grte  which  has  contact  of  th»jijlh  order  with  a  given  curve  m  tpocCy 
yet,  without  repeating  toy  oalculations  already  made,  some  eddi- 
tional  light  maj  be  thrown  on  the  subjeot  m  £[^w& 

(1.)  As  regards  the  successive  deduction  of  the  derived  vectors  in  tbo  ^frrt-'l  Lf 
it  nUQr  bs  nouuksd  that  if  we  write  (compb  898,  LVL,  LXL), 

IL  . .  D%*»p»  +  + 

wo  dull  hav%  gansgsDf  , 

III.  ..«i»*iBaV-r-i^  V»ie»'«+Hsb-ri«b»  tM^^mA-r^m, 

wttbthsinhialTalass, 

IT.  ..«o">l»   to»0,  or  IT. ..AiaOy  ^^f^\      — 0; 

«4«-r*»  *i«(ri)r,  «s«r-»r«, 

as  fn  tho  o»pwsdsns  897,  TI.  Ibr  r^,  and  898,  IV.  ftr  Iho  oowoipoBdiiy  o»- 
sOdsnli  of     bslng  In  Uko  nunaer  ImumI  to  bo^ 

i«i — 8  (i-ty »^(»^ + r»)  i 
•i-r-i(H)r  +  8((r-0V«y-t^lri(f-«  +  r«)| 

anAbdagtiiflkisiitlbrtboinvsstlgstioDof  sll  aftctions  or  ptopsrtks  of  a  earn  is 
qpaoo,  wlileh  dopsnd  onl/  on  fho      j»oiwr  of  tiw  are  t. 

(8.)  For  tfie  Aslte  tbe  two  cttrvaturss  aio  oomtaeif,  so  that  all  the  derivatives  «f 

the  two  radii  r  and  r  vanish  ;  the  expressions  become  therefore  greatly  simplified, 
and  a  law  is  easily  yxTOPivcd,  allowing  us  to  rum  the  infiDit<»  arrira  for  p„  and  eo 
to  obtsia  the  following  rigorous  expretnomt  for  the  eo^ordiMateM*      y^,  2«  of  this 


♦  We  have  licrc,  and  in  this  whole  investigation,  an  instance  of  the  facility  w  ith 
which  ytuiiernions  can  be  combined  wiUi  co-ordinates^  whenever  \ht  geomclticdd  »a- 
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pMtienlv  mn%  InfMd  ofthoiewUdli  mn  devclpped^«Mnillj|ria898,  LYIII^ 
tot  ODlf  M  Ihrii    inebHive : 

TII...cb«l>(r^-ff^tiiiO;  f.«iV-iT«n«;  «i*sffr»r»(<-*iOs 

where  I  and  t  are  an  auxiliary  constant  and  variable,  namely, 

VIII.  .  .  Z=(r-«+r-')-»  =  rsm  //,    <  =  / 

/  being  thus  what  waa  denoted  in  earlier  formuln*  by  TX  ",  and  t  being  the  angle  l>o- 
tw^n  two  axial  planet;  while  the  origin  ia  still  placed  at  the  point  v  of  tho  curvey 
and  the  tangent,  nonnaI|  and  binormal  are  still  made  the  axes  of  Xjf*. 

(3.)  The  eent  of  the  weood  order,  898,  (40.),  which  has  $muraUf  a  emOaet  of 
Hktfiflk  ordlir  with  a  propooed  ««nw  1m  tpau^  at  a  point  f  tidMn  Hmt  vortex,  hao  hi 
thif  OMt  cTtho JMStKthooqnatioB  (oomp.  898,  LYII.*  and  LXIX.), 

Accordinglj  it  can  be  shown,  by  elemeotaiy  methods,  that  if  we  write,  for  a  mo- 
ment, 

X../(0«8(«-tinO  C3<  +  7iiiiO->OTerti«, 
wo  hsft  fho  «l9fA<  emeeeent  Tdnei^ 

XL  .  .  /O  =/'0  =/^0  =/*^0  =y^0  =/'0  =       =/'"0  =  0  ; 

whence  it  is  easy  to  infer  that  this  cone  IX.  has  (in  the  present  example,  althongb 
not  genemlly')  a  contact  as  high  as  the  «tTfA  orderf  with  tlui  cwrt-t,  of  which  the 
co-ordinates  have  here  the  cxf  ressions  VII. ;  and  consequently  that  the  cone  in  ^ueo- 
tioQ  most  wholly  contain  tlic  osculating  twisted  cubic  to  that  curve. 


imre  of  a  qoeation  may  render  it  convenient  so  to  combine  them,  by  onering  to  our 
notice  any  obvious  planes  of  reference.  If  it  be  thought  useful  to  pusa  to  a  syisteu 
comiocted  more  immediately  with  the  right  egHnder  Uian  with  the  Mix,  we  may 
writer 

/Xi  a  l(r-^x,  -  r*«0  =  Pf^  am  f, 
Vir.  .  .  )y,as  Pr-i  -  y,        =  Pr-^OMif 

(a. « l(rt«,  +  r-«»,)=i»r»<, 

where  ffri  mrtSt^Bk  Iho  radini  of  tho  ^Ihidflr,  with  ooBvone  timiii]»  oadly  a»- 
itgned. 

•  la  tho  oomiponding  oqaatioa  898^  LZVII.,  tho  oooflkieoi  of  6ae  oqg^  to 

iiavo been  printed  oe       ,  Kke  tlio eoeflMent  oTSos*  in  the  oqaation  LYII. 

t  Or  in  modem  language,  seren-point  contact^  in  the  sense  that  the  cone  passee, 
in  this  case,  through  seven  consecutive  points  of  tho  curve.  It  may  be  remarked 
that  the  gauche  curve  of  the  fourth  degree,  or  the  quartic  c»/rir,  in  which  this  cnne 
€1^  the  cylinder  of  revciwHtm  whereon  the  heltz  is  traced  (cutting  also  in  it  a  ccr- 
tabi  oClU;  oylfaiider  of  the  leooiid  order),  and  which  liao  tlw  poiatr  for  adM/r  pointy 
tnmm  Mo  MS*  hf  one  ofita  tmo  hrmdm  at  that  pohit,  while  it  hai  MMii.jN>tii< 
mmM  with  tboflUDO  helix  hyitooMerftraaeA ;  and  that  thns  the  Ihct  oroaknla- 
Hon,  aapfwd  hf  tho  Ibrmida  XI.,  It  goometticaHy  aoeoontod  for. 
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(4.)  In  general,  to  find  a  atcond  locut  for  such  a  cubic  curve,  the  method  of 
recent  sub-articles  (308.  (38.)  kc)  leads  m  to  form  the  equation  (308,  LXVI.) 
of  a  cylinder  of  the  second  order^  or  brieil/  of  a  quadrie*  cylinder^  which  like  ' 
the  fmadHe  mm  (8.)  ■hall  hm  eoateef  of  the  Jlfik  order  with  the  proposed 
MVM  Id  ipMS»  At  the  gim  point  p;  Ibt  raliM  of  «Ac,  wUeh  iIiiIiiimIhii  A* 
d&vcMM  of  •  gmnOiog  Uds  n,  being  oUlg«dl)i|;t^  pniponto  Mtiifya  «Brtato 
«fM«M  ^MMliiiof  (898,  LXViaX  of  wbioh  Qmftrm  iaOkaUm  that  the  fom  of 
tUa  n  !■  ^MMfvllr  a  cortdn  oiiWe  cone,  haTiiig  Uw  laaf««f  (wy  rr)  to  tbo 
tmrve  for  a  nodal  Mide  :  along  which  aide  it  is  tonektd,  not  only  (like  the  qndlfe 
OQBo)  hy  the  oscnlating  plane  (2  =  0)  to  that  given  curve,  but  alto  by  a  aecond 
plane,  whcrenf  the  equation  (gy  +  hz  -  0,  or  after  rrrluction?  y  —  \x'z  —  0)  shows 
that  the  tecond  braneh  of  the  cubic  coiif  crosses  (he  first  branch,  or  the  quadrie  cone, 
or  the  osculatintr  plane  to  the  curve,  at  an  anqh'  of  which  the  trigonometric  cotan- 
gent is  equal  to  half  the  differential  of  tlie  radius  (r)  of  second  curvature,  dirtded 
tf  the  diffierential  of  Hut  art  («)  ;  so  that  this  MOOMf  tatngent  plume  to  the  come  coin- 
oUoi  Willi  tha  roctifying  plamn  to  the  anfft,  wlieii  theaaoand  eurfatavehaiipaaaleha 
owurif.  The  teiyiinf  nthflnforaeowili  oatltw  of  the  aic  caauMii  aidtaa  of  thi 
IMW  eoMf  with  F  tut  Tertez :  and  the  lArae  eCftcr  eonunoii  afaha^  Ibr  tlie  aailgBiqgof 
which  It  has  been  shown  (in  898,  (41.))  how  to  form  a  suite  tfwaUom  in  8;  s^  aii 
the />ara//Wx  from  that  point  p  to  the  three  real  or  imaginary-  asyniptote$f  of  the 
twitted  cubic,  and  are  generating  lines  TE  of  tliree  quadrie  cylinders,  whereof  OM  at 
least  is  necci^snrily  real,  CLndeontaiMSfMAatcomdlo0it$fihMtmjaf^MCmlaHi^pamekt 
curve  of  llu'  third  'lc(jrei'. 

(5.)  In  api>lyuii;  this  general  method  to  the  case  of  the  helix,  it  is  found  that  the 
cubic  couo  breaks  up,  in  this  example,  into  a  Siy^'tem  of  a  new  quadrie  eone^  which 
touckea  the patner  qoadiie  eons  IX.  along  Uib  /un^rit/  pt  to  dw  curve  (the  Am  efilsr 
ooasoMn  ddaa of  fAset two  oonaa  being  iiM|^<Nary  and  ofapfans  Or  =  0),  nana^ 
■  therMl{^^JritB■s(oonp.(4.))oftllehcli]^or  ttMCaiV«Nf|»lBa«tothe^^ 
rsaelitfse  oo  whidi  that  giren  onrve  la  traead:  and  that  thia  laat  plane  cata  tlia 
finit  quadrie  cone  in  two  real  right  lines,  the  tangent  being  again  o$u  of  them,  and 
the  other  having  the  sought  direction  of  a  real  asymptote  to  the  sought  osculating 
twisted  cubic.  Without  entcrinp;  here  into  details  nf  calculation,  tlie  resulting  equa- 
tion of  the  real^  quadrie  cylinder,  on  which  that  sought  gauche  curve  is  ffitnstffi^ 
may  bo  at  once  staled  to  be  (with  the  present  system  of  co-ordinates), 


•  80  called  \>f  Dr.  Salmon,  hi  Ua  Treatlae  alna^  died.  Oompare  tfia  int 
Note  to  page  691  of  these  Elements. 

f  Compare  again  the  ilote  last  referred  to. 

X  As  regards  the  two  imaginary  quadrie  cylinders,  their  eqnatlons  can  be  formed 
by  the  same  general  method,  employing  aa  generating  lines  the  (wo  imaqinary  com- 
mon i,i<it$  (^5.),  of  the  cone  IX.,  and  of  that  other  quadrie  cone  alxr.ve  rofvrred  to, 
which  is  here  a  separable  part  of  the  general  cubic  locus,  and  has  for  equation, 

It  seems  .mflkicnt  here  to  remark,  that  by  taking  the  sum  and  difference  of  the  equa- 
tions of  those  two  imaginary  cylinders,  tieo  new  real  quadrie  surfaces  are  obtained. 
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in  such  a  manner  that  if  w*  set  <uide  the  right  line. 


ivUebiaaMMMMaHlff  of  tlM  eofitlX  and  of  the  cf/Adltr  XII^  fhocnw^  wliichia 
tbe  nmoMmg  part  of  their  complete  intersection,  ia  the  iwitUd  tmkU  ten^fht.  As  an 
elementaiy  verification  of  the  fact,  that  this  gauche  curve  of  Intersection  IX.  XII. 
has  contact  of  the  fi  fth  order  with  the  helix  at  the  point  p,  it  may  be  observed  that 
if  we  change  the  co-ordinatea  x^z.  in  XII.  to  tbe  ezpraaeiona  VII.,  and  write  for 
al^dgment} 

XIV,  .  .  F{t)    (3<  +  It  sin  <)'  -  200  vers  t  +  60  vera* 

we  have  then  (comp.  X  XI.)  tbe  m  evaneecent  values, 

XV. . .  .fO  V  .POa      » «^*0 B F«0 «  0. 

(C.)  Ai  another  vcri/icatiem^  irfaieh  Is  at  fho  hum  time  a  ■ollleient  proof,  of  the 
d  jMifaiM  kind,  that  tho^am&ceKrMlZ.  XII.  haa  in  Ihet  eratocf  of  tbe^A  «r- 
dtr  ivilh  the  htUs^  U  oan  be  ebown  that  while  the  co-onUoatea  jf«  andetof  the  lalCir 
toMj  (by  VU.,  writhig  rfnptj  «  for  «^  and  ii«|^eetiqg  ^)  be  thna  devdoped, 


XVI... 


-fl  ^  l\  «•  /ij  «4  1  \ 
'  ~  2r    «4r  V'*  "  ?  j    7201' \  r*  "         r«  J* 


the  eonesponding  co-orttaates  jr  and  »  of  tfae>brM<r,  tliat  1%  of  tlie  trnvSKmn  pari 
of  the  lelmcfioii  of  thecooe  IX.  with  the  cylbder  XII.,  have  (in  the  aaine  oid« 
of  anivoadmatioii)  derdqpoMnta  whidi  may  be  thna  abci^^ed, 

im..,-r.-^         '  .-.^ 

(7.)  The  (leritilinn  of  tlio  helix  from  the  gauche  curve  IX.  XII.  is  therefore  of 
the  tixth  order  (with  respetL  to  ar,  or  «),  and  it  has  an  inward  direction,  or  in  other 
wordH,  the  oeculating  twieted  cubic  deviates  outwardly  from  the  helix^  with  respect 
to  the  right  cylinder ;  the  tcMiioft  (or  initial)  miowrf  of  thia  deviation,  or  the  law 
•eeoffdfaig  to  which  it  fmdli  to  vaiy,  bafav  nprnented  by  the  Ibimida, 


whidi  also  Muloii  the  oiewlafiiy  tmUUd  chUc,  and  fo/erctcf  eadi  other  la  tliat 
gandbe  envfe :  namely  fiw  hypifMUpmriAohidtt  whidi  liave  •  coaiMoii  tide  at  im* 
Jinihr,  and  of  which  the  equations  can  be  otherwise  detluced  (by  way  of  verifica- 
tion), without  imaginarie$f  through  eaqr  algebraical  combinationa  of  the  two  real 
eqoationa  IX.  and  XII. 
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nbflM  <  d«Ml«  at  in  (t.)  tte  fl^li^  wUehaplntdiawiitlimigjhaaflffpoiBlv^ 
Md  ttifonh  tfie  Mfa cT tin 


xvm. . .  2/y=^*-^«y+  (i  +  ^y. 

wfatnoB  the  htlisb  moid,  Balm  tvUhflM  pliaa  dnnniliimmhth«aaiM«aw«f 

•Dd  Uuoqgh  Um  gtvw  point  p:  wUfojrtis  itfll  fbo  (inwaid)  dfauaw «l  the  mum 
point  Tt,  flmntlMtiacwt  piano  to  tiia  tamo  C7Hnd«rattlio  taiMi^fon  pointr. 
(8.)  If  IPO  cut  tlM  eono  QL,  and  the  cjliad«  XII.,  bjf  aaj  piam^ 


XX. 


drawn  tluwgli  thdr  oomnun  Mo  XtlL,  «•  abtain  tm  odMnidei^  ana  Ibr  aachof 
tbooo twa qwdile mrfaooo ;  anddiantwoaawil^Unfli^ inddoplaaa XX., inlor- 

scct  each  othtr  In  a  a  ncn'  point, f  of  wUch  the  co-ordinates  xyz  aro  glwil»  a 
tiooa  of  tbe  now  TaridUe  m,  b/  Uio  thrmfimeHomal  nprmimt^ 


/  7  __3  W 


^"•^SOli  ^"^801«  *''"20l> 

wliQo  tlio  lipiffod  tiAk,  wbich  ommIbIm  (ao  abora)  to  fha  lieUx  at  p,  is  tlio  locna  of 
all  tlM  polato  Q/MtmeHim  tfana  dotmained.  Aeoofdlnglj,  if  wa  dordop  jyr  Iqr 
XXI.,  in  aocondiag  powers  of  v,  neglecting  9fi  (or  x"),  vro  are  condncCed,  bj  elimi- 
nation of  w,  to  rxpressiona  for  y  and  s  in  terms  of  wbich  agree  with  those  found 
in  rn  ),  nnd  Ihoreby  establish  in  a  new  way  the  existence  of  the  nqnirod  oontact  of 
theyi^  order,  between  the  two  aurea  of  doable  corrature. 


*  With  the  co-ordinates  VII'.  of  a  recent  Note  (to  page  612),  the  equation  of 
tliis  crlinder  would  be, 

xviir...^+j*t>iti^. 

t  The  plane  XX.,  as  oontaining  the  line  XIII.,  is  parallel  to  an  asjtnptote, 
andtheiolbra  nraeti  tlie  enbie  at  inflnityi  it  alao  pasMi  tfmagli  tiio  ^vao  point  p  : 
and  theieim  it  can  odlf  fittk  Cha  tiriated  enbk  in  ana  olJtor  jMlirf;  of  irfaicli  Ite  p^ 
tlon  io  anpwid  Iqr  Um  aqnationa  XXL 

X  Quaterniam  enggeat  andi  fhwtiooal  expfMoiona^  throng^  tha  Ibnaala  8M, 
LXXIX.  for  the  vector  +  c) ^  a ;  but  it  it  piopor  to  !«tatc  that  expreaaions  of 
fractional  form,  for  the  co-onlinates  of  a  curve  in  $pace  of  the  third  order  (or  degree) 
were  ^ivon  by  Mobius,  who  appt^ars  to  have  been  the  first  to  discover  the  existence 
o(  Mueh  gaurhe  eiirves.  nri<l  who  |mblished  several  of  their  principal  properties  in  his 
Barycentnc  Calculus  (il>  r  baryccntrische  Calcul,  Leipzig,  1027).  Compare  the 
Notes  to  pages  23  and  35,  and  Note  B  at  the  end  of  theoe  BlonMBta. 
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(9.)  The  real  asymptott  to  the  cubic  curve  is  found  by  supposing  the  auxiliary 
variable  w  to  tend  to  infinitjr  in  the  •xptmitam  XXI. ;  it  is  tb«rafora  the  rigjbki  lint 

'     8  r'        \10r     10  r  / 

namely  the  second  gide  in  which  the  elliptic  cylindtr  XII.  is  cut  by  a  normal  plarje 
through  the  side  XIII. ;  and  by  comparing  the  value  of  its  y  nitU  the  equation 
XIX.,  we  see  that  the  lta»t  dutante  between  the  real  aeymptote  to  the  otcMlating 
iwUtad  emUgf  mmd  tk»  mxi*  cfrwMSm  mf  th»  ^limdar  m  whidk  tbe  kdi»  la  traced, 
it  equal  to  atwrn^UMk  q^uU  rcMfiw  ^lAof  rifkt  qftiader, 

(10.)  Ae  ngude  the  tmo  Imaglnarf  at^mptottit  Chqr  coneapond  to  tbe  two  Ime- 
l^naiy  vnlnee  of  »,  wUcfa  CAOie  tbe  «o»mo«  denomnaior  of  the  expteMiooeXXL  to 
mish ;  bat  H  nuj  he  Mllloittt  hem  to  obeenr«b  that  beeaoie thoeeopmilDne  give, 
genemUj, 

\  5  r      5  r  / 

tbe  two  imaginary  lines  in  qu'^^fion  are  to  be  consideretl  as  being  contained  in  two 
imaginury  planes,  which  are  bolli  parallel  to  the  real  plane*  through  V, 


ZXIT. .  .«•)■ 


nnmely  to  a  certain  common  normal  plane  to  the  two  real  effUadtre  ZIL  and  XVIII., 

or  to  the  elliptic  and  right  cylindere  already  mentioned. 

(11.)  In  generaly'\mt<^VL'\  of  seeking  to  (I  t'-miinp,  :\bnve,  h  eylinder  of  tbe 
second  order,  which  shall  have  contact  of  the  Jijth  order  with  any  yicen  curve  of 
double  curvature,  at  a  given  point  r,  we  may  propo.sc  to  find  a  second  cone  of  the 
same  (second)  order,  which  ahali  have  such  contact  ^vith  that  curve  at  that  point, 
ito  ttsriax  being  at  torn*  oiker  poiui  of  space  (a6c).  Wriimg  (comp.  898,  LXVI.) 
the  eqnatfam  of  Bodi  a  coim  under  the  form, 

XXV.  .  .  2r(cy  -  5z)  (c  -  «)  =  (ca:  -  «)«  +  2B(ex  -  at)  (eg  -  bz)  f  C(cy  -  bz^ ; 

substituting  for  sgz  the  oo-ordinataf  of  the  canre^  under  tlie  forma  (comp. 
898,  LVUL), 

*  *  "      **"24      i 20' 

xxvi...^,.,£.'5?+!»!l+5£, 

«r   6i«    U  120' 

C4S» 

ia  wUdi  the  eeeffideots  o  A^*!  and  a^b^c^  ham  the  Taloea  assigned  in  (1.) ;  develop- 
ing aooording  to  poweia  of  «,  i^gleeting  a*,  and  comparing  ooeffideots  of  a*,  a*, 
wo  And  lint  the  ezpraaaioiie, 


*  Thor^  /taaoe  ^/fatlr*  in  this  plane  XXIV.,  Is  the  mmrn  alifr  of  the 
two  hyperbolic  paraboloid*  mentioned  in  the  third  Note  to  page  614,  aa  each  con- 
taining the  whole  twiated  caliic. 
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8\      cr/  9\       cry      3\      c  r  )     3\       c  } 


o  6        2  2a\ 


which  are  ihe  msm  for  urn*  Mfbr  qrlinddr ;  and  then  are  led  to  Uie  wm  •qmatinm  tf 

--(^^^;} 

which  diffrrt  from  the  correspondinp  pquation  for  ihe  determination  of  a  cylindfr 
lUTing  the  aame  (fifthj  order  of  contact  with  the  curTOi  bat  onl^  hy  the  on€  term 

—  inttMSMOoAiMnbar,  wbiehlemfsalttowliintbeoo^^^ 

err 

(12.)  Wlmlnmng  B  mbA  C%  uui  nbititatiQg  ftr  voA  odMi  tMr  vilMi 
y.  and  YL,  w«  find  tiia  IIm  oondition  ZXTIIL  may  tw  tlras  mpwudt  (ennik. 
398»LXyiIL): 

XXIX. . .  oe ^6  -  ^     -  rc« «  a/>»  +  b6»c  +       +  ee* } 

In  wUdi  w*  liave  written,  tvt  aliridgaMnt, 

4r  ^  r  rr 
9r  S  r2 

e  =  ^  (9r'"r«  -  9r  'r  r"r»  +  4r-«r'»r«  +  SSr  'r'r*  +  18r'  -  27rr «r';. 


The  locu*  of  the  vtrUx  of  the  eought  fvadrtc  eont  ZZT.  If  tbecefore  that  caiftie 
/ac«,  or  Nfftoeof  Che  IftMarabr,  which  to  repwwnted  by  the  aqoatkin  XXIX.  in 
nk;  thto  nufiue,  then,  to  •  ttomi  hmt  (oomp.  (4.))  fbf  the  eeenleCi^^  teielarf 
Bm,  whatever  the  piem  curve  in  apaoe  nay  ba;  rnfinU  toem§  finr  that  eiiNe  eurvt 
being  ctiU  the  quadric  com  (eonp.  (S.)).  of  wfatoh  the  equtfon  in  ate  to  (by  SM, 
LXYIL*  and  LXIX.), 

XXXI.. .4(1)  6^  =  6(1), oe  +  ^^y^c 

r»/9     il  ^    ^    8rV    «7V»  , 
''^  ftV'*"'*^  r»     r»r  ~4rM  ^  r«r  Y' 


and  which  has  contact  of  the^/k  order  with  the  evrpe,  while  iu  vertex  to  «<  lA» 
ftocn  pelaf  p  of  oecutotion* 


*  AftornMkingtheooiraetionindicaledin  afiNrnierNote(t»|Mgt<18),a»aalo 
bring  the  eited  eqnatloa  into  agnement  with  the  oarltor  fbnnttto  898,  LVII.  The 
qnadrie  cone  XXXI.  may  be  said  to  have Jht-tUh  eenteef  with  tiM  eaac  o/eAofA 
of  the  i^Tcn  conre  (compare  the  Ant  Note  to  page  688)w 
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(18.)  Instead  of  thus  introdactng,  as  data,  the  derivativta  of  the  two  radii  of 
curvature,  r  and  r,  taken  with  respect  to  the  ore,  «,  it  may  be  more  convenient  in 
many  appUMtiMilotiMlftotwoco-oidiiMtMjrcndt  afthaeaire  u  flmdioiis  of 
tin  tUid  co-ocdianto  a,  amoMdii  tlw  IndipoiKlant  variable:  and  ao  to  write 
(oQiDp.  (6.))  tbeoe  new  develoiMiMoti^ 

aad  thn  the  eqnatfon  of  the  qnadifo  oooe  XXXI.  will  he  Ihand  to  heeome  (in  xyz), 

ZXXIII. . .  yi  =      a«4  + 

with  the  coeilicieatA, 

while  the  cubic  surface  XXIX.  will  also  come  to  be  repreaented  by  an  equation  of 
tiw  mmeform  aa  before,  namely  (in  xyz)  by  the  (bllowliig, 

XXXV..  .aw(y  +  h«)-rt«  =  ivHby'2  +  <y*'  +  ez», 

hi  whkh  the  ooefficieBta  an^ 

j"a  =  ^^C"  before);   b«-irV"'  +  Y«^   h—riy"' + 
XXXVI.  • .  <  c  =  ^  r»iy*^  -  ir3r«jr  2"  -  ^raiy^  +  T\,'^=r*«^  J 

[  • = - 1  +  ir^rV  "jT  -  i^rr'rV'. 

(14.)  Whiehem  aet  of  wpraMjona  te  the  m^UAnMa  wa  najr  adopl»  aoae  ge- 
Mial  QeMeqaaaeaa  naj  be  drawn  from  the  wtnfitm  of  the  afnaHpM^  XXXI. 

and  XXIX.,  or  XXXIII.  and  XXXV.,  of  the  quadrie  cma  and  ciiMe  tm/kce,  eon- 
•idered  as  turn  loci  (12.)  of  the  oaeulating  twitted  cubic  to  a  given  curve  of  doable 
curvature.    Thus,  if  we  eliminate  ae  (comp.  398,  (41.))  from  XXIX.  by  XXXI., 
or  xz  by  XXXIII.  from  XXXV.,  we  get  an  equation  between  6,  c,  or  between^, 
which  rises  no  higher  than  the  third  degree,  and  is  of  the  form, 

XXXVII. . .  SRr««i^-f  bj*c  +  «^4-«^, 

witfa  the aaoM  value  of  aaabeibiei  aueh  theo  la  the  aqjoatloii  9t ih» fr^f^Uhfinf 
tkt  larititd  flvKe.  pm  tk»  mmmal pttmt  to  the  oorre;  and  we  eee  tfiat»  aa  waa  to  be 

expected,  the  plane  euhie  thus  obtained  has  a  emtp  at  the  given  point  p,  whidi 
(when  we  neglect  ^  or  x?)  coineidee  with  the  correspondinp  euep*  of  the  projec- 
tion of  the  given  curve  of  doable  carvatare  itseff,  on  the  same  normal  plane. 

(15.)  Tlie  equation  XXXVII.  may  also  he  considered  as  reprMeotiug  a  cuAic 
cylinder^  which  ia  a  third  locu*  of  the  twisted  cubic  ;  and  on  which  the  tangent  pt 


*  Compare  the  tirst  formuU  of  the  first  Note  to  page  a04. 
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to  the  curve  is  a  cusp-edgt^  in  such  a  nuoiier  that  «a  taijitxvj  plama  tkm^  tkm 

Un«f  sappoM  the  plane   

XXXVni. . .  Snrsif, 

where  r  is  any  assumed  constant,  cuts  the  cylinder  t«  that  line  twice^  and  a  third 
time  in  a  reo/  aad  parallel  right  Hmtf  which  intersects  the  quadrie  come  in  a  point  at 
infinity  (beeante  lha  tangent  it  la  a  eidi  oCthat  oone^  and  In  anel>fr  ranf  ^aea^ 
which  te  an  lJWl«<iferfMMe,aa4innjba  Blade  tabaMf  ^eiaf  of  ti 
bf  aenitablatalnaerv:  in  Ihat,  tht  ptiaa  ZXXTIIL  iwidUi  ftett  orae  ai  and 
thewgwe  iafrateto  tha  etAie  cam  in  one  other  ml  point  And  thne  may  /^luHmal 
expre$non»  (comp.  (8.))  for  the  co-ordinates  of  the  eewtlaliiy  caMe  bo  fcnnd  #ne> 
rmUy,  which  we  shall  not  here  delay  to  write  down. 

(16.)  Without  introducin;;  the  cuhic  cylinder  XXXVIl.,  it  is  easy  to  see  that 
any  plane,  mch  as  XXXVIII.,  whii  h  i'!  tangential  to  the  given  curve  at  r, 
cw^«  the  cubic  surface  XXXV.  in  a  section  which  may  be  said  to  consist  of  the 
tangent  twice  iakent  and  of  a  certain  other  right  line^  which  varies  with  the 
UUnetlfiii  af  tbta  aeottit  plane,  la  that  tha  Imim  XXXY.  or  XZIX.  ia  a  JMM 
M«e  Sia^fhf,  with  tha  giTCD  taagnot  ft  for  a  etiynlBr*  line,  which  to  iit* 
fcrwcCetfbynrifAeofAerr^Knof  oathatmrfhoe^detamiaedaBabofa:  aadifva 
HtatUUtkStHme^thnremamgpurttitthBeomplUe  miertet^ 
fkm  with  lha  fwadk^  cone  XZXIIL  or  XXXt.  is  the  twi$ted  enhie  tof»phr.  We 
may  then  consider  ouraelres  to  hare  completely  and  generally  dHermimed  the  Oicn- 
culating  Twi$ted  Cubic  to  a  curve  of  double  curvnttire,  wilAoiil fVfwrtiiy  (as  ia  39d| 
(41.)),  the  snhition  of  nny  cubic  or  other  equation,  f 

(17.)  As  ilhistrrttiuns  and  veriQcations,  it  may  be  added  that  the  f^.  n.^nil  nx'ed 
cubic  turfuee^  and  cm^ic  eglinder^  lately  considered,  take  for  tlie  case  of  the  htlix 
(2.),  the  partionlar  ibffin%| 


*  If  tha  onto  mufiM  ba  onlly  a  plana  pirf  indleniir  to  tlia  tnagont  rr,  ataajy 

point  T  distinct  from  the  point  p  llNif,  tha  aoflioa  is  a  pfan*  cnUe,  wiUch  haa  V  •» 
adbnto  ponM  ;  and  this  point  counts  tor  three  of  the  «ix  common  points,  or  poiota  of 

interMfction,  of  the  pl:ine  cubic  jnst  mentioned  with  the  jilane  conic  in  which  the 
quadrie  cone  is  cut  by  the  satnc  secant  plane,  because  one  branch,  or  one  tanpeitt, 
of  the  pbine  cubic  :it  r  touches  lb*'  plan*'  coisic  at  that  point,  in  the  osculalin;;  rlatio 
to  the  giveu  curve  at  r,  wlulo  the  other  branch,  or  the  other  tat^cni,  cut*  U^ai  pUo« 
coniethait. 

t  It  may  ba  remaikad  that,  by  eqoating  tha  tooond  naniber  of  XXXVIl.  to 
nens  aad  changing  y,  a  to    o»  wa  abtahi  gmirallf  tha  enWe  eynoliBn,  nAmd  to 
In898,(41.)t  aad  that  by  anppwing  the  term  -  rot  la  XXIX,  or  the  torn  ^ 
in  XXXVm'im  P***b  ^  Ifl^  aianner  gentndfy,  ftnm  tha  enWe  mirfkM  of  fneoat  anh- 
artidoi^  to  tha  oaillar  cnfrle  cone  (i.). 

I  By  suppresring  tha  tana  —  re*,  dividing  by     and  tvaaepooing,  we  pace  for  Ibo 

or 

case  of  the  helix  from  the  equntion  XXXIX.  of  the  cubic  hcut,  to  the  equation  IX'. 
in  the  last  Note  to  page  Gil ;  namely  to  the  equation  of  that  quadrie  cone  w  hich  forms 
i^iii  this  example)  a  teparable  pari  of  the  general  cubic  cone,  the  other  part  being  here 
tha  Umptnt  plane  (y  s  0)  to  Uie  h^Al  eplindtr. 
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XXXIX. . .  ayx-rz«  =  l - 

and 

.2r-3/rr\_ 
XU..»«-5;,»  +  -^-+ ;),»»; 

and  that  accordingly  these  two  last  equations  are  satisfied,  independently  of  u>,  when 
the  Jraetiamal  expreuioHS  XXI.  akre  substituted  for  xgz. 

400.  The  gaoenl  theory*  of  mmhies  of  eurvn  in  apae$  may  be 
briefly  treated  by  quateniioiie,  as  foUowa:  a  uetrnd  curve  (in  space, 
or  in  one  plane)  being  defined  to  bear  to  a  Jirti  curve  the  relation  of 
evoluie  to  involute^  when  the  first  cuts  the  tangents  to  the  second  at  right 
angles. 

(1.)  Let  p  and  9  be  coimpoadiBg  vwlon,  op  and  ot,  «r  Involato  and  orolate^ 
aad  kC  p',  p*  tf'*  denote  their  flrst  and  second  derivatives,  talcen  with  nepeek  to 
a  sealer  TaiiaUe  #,  on  which  ihcj  are  both  conceived  to  depend.  Then  the  two  Am- 
damental  equations,  which  expreie  the  relaUoo  between  the  two  enrvei^  «e  aboTO 
defined,  are  the  following : 

I. , .  S(<r-p)p'  =  0;       II.  .  .  V(tf-p)<F'  =  0  ; 

which  express,  respectively,  that  the  point  s  is  in  tke  mnmal  pUme  to  the  involute 
at  P,  and  that  the  latter  point  is  on  the  tangent  to  the  evoluie  at  s :  so  that  the  locvt 
of  p  (the  involute)  is  a  rteUmjpUar  trajeeUny  to  all  such  tangtHU  to  tht  toau  0/9 

(the  evolute). 

(2.)  Eliminating  <r-p  between  the  two  preceding  equations,  aud  taking  their 
derivatives,  we  find, 

III.  ..Sf,V  =  0,    IV.  .  .  S(<r-p)p''-p'«  =  0,    V. ..  V(a- p)<t"- VpV  =  Oi 
whence  also,  VI.  .  .  Sp'aa  "=  0. 

(3.)  Interpreting  these  results,  we  see  Jir»tj  by  IV.  combined  with  I.  (comp.  391, 
(5.))t  that  the  point  a  of  the  evolute  is  on  <A«  polar  oans  of  the  inTohite  at  p,  and 
tkenfimtbatthoawAilf  HsiIfieseaMewwe  on  the  poUtrdeubpM  of  the  laoo- 
kiUt  and  iiwerf,  by  VI*  (oomp.  SSO*  L),  that  thia  corvo  b  apeoMe  Ume  on  1^ 
jmIbt  swr^bei^  beonaee  tt»  osenfalb^  pleae  to  the  nokOe  at  a  oontaiae  the  teJifM 
lo  the  involute  at  p,  and  therefore  also  the  (parallel)  normal  lo  tkt  loeta  of  natefif. 

(4.)  Thif  locus  of  centre*  ofewrvatur*  (395,  (6.))  of  a  curve  in  tpace  is  not 
nerally  an  evolute  of  that  curve,  because  the  tangcnta\  kk' to  that  locutdo  not  gene- 
imllj  vUerttet  the  ewrve  at  all ;  but  a  given  plane  involut*  lias  always  the  locus  just 


*  InTtnted  by  Hooge. 

t  It  might  have  been  remarked,  in  connexion  with  a  recent  series  of  enb^arU- 
ticles  (397),  that  this  Ungent  KK'  or  a"  ie  inclined  to  the  rectifying  line  \,  at  an  an- 
gle of  which  the  coeine  i<!, 

-  SO«'X«±«-»TX-»  «±iinircoe  Pi 

vpper  or  lower  dgns  being  taken,  aeeoiding  as  the  ieoond  corratnre  ia  poeltlTe 
or  iMgativa,  beeanee  Sa'X  s~r>. 
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mentioned  for  one  of  It*  ©volutes ;  snd  has,  besides,  indefinitely  manyofAfr*,*  which 
are  all  geod«tic$  om  tkt  qfKmdv  which  mto  p«rpendicularij  oa^that  one/>iase  tvolmie 
as  its  boM. 

(p.)  An  easy  combination  of  thft  foregoing  equations  gtv«, 

VII.  .  .  (T(cT-p))'  =  -S(U(T-p).((T'-p'))  =  +  S(r'Uff'  =  iTir', 
or  with  ilifTroiitialH,  Vill.  .  .  dT(<T-p)=  t  Tdtr  ; 

whence  by  au  ininmliate  integration  (comp.  380,  XXII.  and  397,  LIV.), 
IX-  .  .  AT(<T  -  p)  =  f /Td(r  =  t  are  of  the  evolute  : 

this  are  then,  hetwetu  two  point*  such  as  a  and  Si  of  the  latter  curre,  is  equal  to  the 
dijfirenet  btttutn  the  Itmgtha  of  the  <«•  Um»t  Vt  and  PiSi,  intercepted  betwttn  the 
two  nann  tlieiiuelTat. 

(A.)  Anotbar  quiternioa  oombliMtloii  of  the  eanie  eqoiliooe  gIvMi  after  •  ftw 
•lipe    ndacdon,  the  diftnotUI  iiMnniik  (coin|i»  885,  YI.)* 

X. . .  dcosops  =  -dSU  11^= -iIfL,.S-i 

If  then  the  itufobito  be  a  earn  om  a  piM»  apAarr,  with  ita  oentra  at  the  ndifia  <s  m 
that  the  oooittto ia  afteMe  e«  «  coKcaiiCrjo  eoiia,  tbifdiAveatial X.  Pomukn,  and 
we  have  the  intagiatad  e<|iiatfon, 

ZI. . .  oca oraaeomt.,  or  dmply,  xr. . .  opssoonat. ; 

the  ImyMiCi  P8  to  the  evolate  heing  thus  iNcllMffrf  (in  the  caae  hen  eomUwed)  at « 
eoiutatit  am^9,f  to  the  nuBi  op  of  the  •pktrt. 

(7.)  In  general,  if  we  denote  by  Jl  the  interval  ps  between  two  eorrtapom^Smg 
p^mtt  oi  involute  and  evolute,  we  shall  have  the  equation, 

XIL..(9-|>>s+iK>»0,  or  Xir...T(a-p)aiei 
and  the  fbmala  VXL  anigr  be  leplaeed  by  the  Ibllowli^ 

XIIL  . .  Jr>+«^a0,  or  Xlir. .  .Df£sf  TDie^ 
in  wfaSdi  tlie  hidepcndeBt  Taiiable  t  ia  atill  left  artft^wy. 

(8.)  But  if  we  take  tat  that  variable  the  orv  aA  ofthe  mtohit,  meaannd  ftvm 
aome  fixed  point  of  that  corvei  we  may  then  writer 

XIT. . .  f  a/Tde,      XV. . .  dA»t^>      XYI. . .  DOU^t  I ; 


•  Compare  the  Grst  Note  to  page  o34  ;  from  the  formulno  of  which  pn?^  it  note 
appears,  that  if  tlie  involute  be  an  ellipae,  witli  -  on  and  y  =  oc  for  ita  miyor  and 
minor  semiaxes,  and  therefore  with  the  scalar  equations, 

tlie  melafat  are  geodetioe  on  tlM  offUmin  of  wUch  the  corrMpondiog  eqnation  ia, 

(S/3ff)l  +  (87<t)I  =  03«  -  y2)«. 

\  This  properly  of  the  cvolntrs  of  a  spherical  curve  wn**  dt^dnced  bv  Professor 
De  Morgan,  in  a  Paper  On  the  Connexion  of  Involute  and  Kiulute  in  Space  (Cam- 
bridge and  Dublin  Mathematical  Journal  for  November,  1851);  in  which  also  a 
tfB^aMoa  of  ioTolote  and  ovolate  was  proposed,  sabetantially  the  aaneaathatabovv 
adopted. 
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ZVIL  ..  Dk(ili70»0.  and  XYIIL . .  J2tT<«eoo«t.eieoi 
tbo  intcsnl  IZ.  bdng  tfaui  iind«r  a  mw  fonn  nprodncad. 
(9.)  In  thb  M  mod*  of  obtainiag  tht  nmdt, 

XIX.  ..ApsaJft  — J2b=±f  =  4-  are  SoSt  efevolute^ 
no  tue  U  made  of  infinitesimals,*  or  even  of  «ma//  differentials.  We  ooly  iufer,  as 
In  XVIII.  (comp.  880,  that  the  quantity  £<  T  <  is  c0Mf«Ml,t  becann  its  deriva- 
liw  ii  Mill;  it  Itaviog  htm  prarioiiify  pn»vid  (880>  (S.))k  «■  *  eoiMN9«nica  of  our 
^l^iMUm  ^mfirmUhb  (830»  8t4)  tiiat  if«batlMaicaiidj9tIie  yeetor  of  oi^ 
e«m^  tbea  tlio  oqnatioii  da  sTdp  (880^  XXII.)  Is  rigui'mulg  t^i^^Ud,  wliateTW 
the  independent  variable  t  vuj  bOi  and  whstlMr  tlie  tWO  oonnoctodandaimwlraaaoiia 
differentials  be  small  or  lar^e. 

CIO.)  But  when  em[)loy  tlie  notation  of  integrals,  and  iiitroduro,  as  above, 
the  symbol  /TcU,  we  are  then  kd  to  interpret  that  sjfmboi  as  denoting  the  limit  of  a 
sum  (comp.  8i6|  (12.)) ;  or  to  write,  generally, 

XX.  .  .  J  Tdp  =  liin.  ST-ap,    if   lim.  Ap  =  0, 

with  analogous  formula  for  other  caaes  of  inUgratum  in  fuattmiont,  Geometri- 
callj,  the  equation, 

XXI.  .  .  /  Tdp  =  A#,    or    XXI'. .  .  /Tdir  «  A 

if*  and  t  denote  ares  of  corves  of  which  p  and  «r  are  vectors,  comes  thus  to  be  in- 
terpreted as  an  expression  of  the  well-known  principle,  that  the  perimeter  of  any 
curve  (or  of  any  part  thereof)  is  the  limit  of  the  perimeter  of  an  inscribed  polygon 
(or  of  the  corresponding  portion  of  that  polygon),  when  the  number  of  the  sides  i» 
indefinitely  increased,  and  when  their  lengths  are  diminished  indefinitely. 
(11.)  The  equation!  L  and  XII.  give, 

XXII.  .  .  S<r'(a-p)^  lllt  =  0, 

the  independent  variable  t  beinf?  acain  arbitrary;  but  these  frjuations  XII.  and 
XXII.  coincide  with  tiie  funuuliu  3'J8,  LXXXIX.  and  XCI. ;  we  may  tlien,  by 
898,  (79.)  and  (80.),  consider  tbt  Iooms  of  the  pond  v  as  <Im  msMhtpe  of  a  wiaJbU 
qpAsrt,  naaalf  of  Uw  spbora  wlildi  Itaa  a  tox  oentre  and  M  for  Tadias»  and  is  repre- 
ssnted  ligr  tba  reosnt  eqaatlon  XIL,  if  peOP  tw  the  factor  of  a  mriakk  foini 
tbsiaon* 

fl2.)  Bat  whereas  such  an  envelope  has  been  seen  to  lM^«Ncro%  a  surface,  which 
is  real  or  imaginary  (398.  (79.))  according  as  4  o's  <  ©r  >  0,  we  have  liere  by 
XilL  the  iaitnudi*at  or  HmO^  east  (oomp.  898,  CXXXI.)»  for  which  the  ctrc/M 


•  In  general,  it  may  have  been  observed  that  we  have  hitherto  abstained,  at 
least  in  the  t^xt  of  this  whole  Chapter  of  Applications,  from  making  any  use  of 
ihjinttcsiinals,  alihotigh  ihey  have  been  often  referred  to  in  these  iVo<e«,  and  employed 
therein  to  assist  the  geometrical  investigution  or  tnnsneioHon  of  nsnlts»  Bul  as 
regards  tha  uriawiiii  d  etdtuiaHon^  it  is  at  least  as  eaaj  to  nie  it^fimlmmmb  in 
ftmUndtm  as  in  any  other  qfstsm :  as  will  perhaps  be  shown  by  a  lisw  exampka, 
ihrther  OB. 

t  Conpsre  the  Note  to  pigo  616. 
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of  the  system  become  points,  and  the  surface  iU«If  degenerates  into  a  curre^  which  is 
lMff0  Of  immtttu  (p)aboTa  cotuUend.  The  vnoham  of  a  givem  cw*  (a)  are  ther»> 
IbMMdbdb^  at  aloml,  la  that  general  tyMtem  of  enotlopi^  wUdi  WM  nwntilnnitf  Is 
tlM  Itt»i7  dtad  iolmrtielfii  tad  in  otiMit  inim«dl«taly  ftUowinf^ 

(18.)  Hw  cgMliM  •f9Mmtm,  898,  CXXXTI.,  U  in  thto  CHe  wtOM,  hf 
XIIL*  IxMli  nMnbrn  Tiaiibing;  but  w«  oumot  now  put  it  naikr  the  fbrm 
CXLI.,  because  in  the  passage  to  that  ftmn,  in  398,  (85. )i  there  wu  tadtly  effected 
a  diristoH  by  r',  which  is  not  now  allowed,  the  radius  r  of  the  circle  on  the  envelope 
being  in  tho  pn-^ent  caw  equal  to  zero.  For  a  similar  reason,  we  cannot  now  diride 
by  g,  as  was  done  iu  398,  (86.);  and  because^  in  virtue  of  II.,  the  two  o  ioaiionj 
898,  CLX.  reduce  themselves  to  one,  they  no  longer  conduct  lo  the  furmula-  3'J8, 
CLX'.  CLXI.  CLXr.  CLXIII.  XCIV.  i  nor  to  the  second  eqoaUon  398,  CLXU. 

(U.)  The  general  geometrical  nlatkma  of  the  ewee  (p)  and  (s).  whMi  were 
bfeatigated  in  the  mb-wtiQles  to  888  fcr  the  eeee  when  the  eeedttiMi*  above  re- 
fcned  to  ie  aeHtflert,  m  theretbre  oa|y  vyyarliel^  applicable  to  » lyitBnof  ineo- 
AifeandeeeiMlvinipaoe:  atleeitifweitinconddertlie/bnnffreBrvi(tlMiavelate) 
as  being  a  rectamgtilmr  tn^ftetoty  to  the  tangtnU  to  the  latter  ^he  evolute),  instead 
of  being,  like  the  corre  (r)  previously  considered, a  leetaagnlar  ttajectotj  (898,  (9^)) 
to  the  otemlaUng  pltutut  of  the  curve  (e). 


•  Ii;  wllbontthinUnf  ofeeeMei,  we  merely  aoppoee  that  the  caadttfea  881, 
OXZZTI.  it  eBliaaed,ae  lately  in  (18.),  hj  oar  baYiagthe  vdatSon  JI^+o^^O^ 
it  win  be  fboad  (eompw  the  symbolical  expiearioa  874,  XX.  for  Ol,  and  the  taagi- 
nary  solution  in  353,  (18.)  of  the  system  Syp  =  0,  p'^^  0),  that  the  wne/y  of  the 
tphere  (<t  —  p)-  +  —  0,  or  the  locus  of  the  (null)  circlet  in  which  such  sphere*  are 
(conceived  to  be)  cut  by  the  (tancrent)  planet,  St'  (<t  —  n)  -  h'TC  -  0.  m.^y  ha  ?aid  to 
be  generally  the  system  of  all  thotM?  imayinary  points^  of  which  the  Yectora  (or  the 
6ii«c<orf ,  oomp.  214,  (•-.))  are  nssijjjned  by  the  formula, 

p  =  <r  -  RR  'a'  -f  (Ua'  +  s/~\)  V«t>  ; 
where  p  is  an  nrhifrtirt/  vector,  find      -  1  is  the  old  hnnpinary  of  algebra.  By 
making    =  0  we  reduce  this  expres&ion  for  p  to  the  real  vector  jform^ 

p  =  <T  -  Rlf  V  B  9+££:a'  \ 
=  the  K  of  398,  CXXXI." ;  and  thus  the  emrve  (p),  which  is  here  the  locus  of  the 
centres  of  the  null  circles  of  contact,  and  coinciilos  witli  the  intolute  in  the  present 
bel  ies  of  9uh-articlt -i,  may  still  be  called  a  Singular  Line  upon  the  Envelope  of  the 
Sphere  (m  ith  One  I'ariahic  Parnmeter')^  as  being  in  the  present  case  the  only  real  part 
of  that  eUtwhere  imaginary  surface. 

t  The  carve  to  the  oscaleltji^  plann  of  wUoh  another  oam  ia  thoi  an  «r> 
ihogvmal  tn^teton/,  aad  which  ie  therefore  (898,  (95.))  the  CTwy  erfje  of  the^eCer 
dfeelgpabls  eC  the  latter  eorve,  was  celled  by  Lanoret  lu  eeelele  iy  CAeplaw  (da- 
vdoppte  par  le plan)}  wherese  the  enrve (e) orthe^rstsal emss  (400)  of  Mb^us 
tieles,  to  erhose  taMy^tnls  the  corresponding  curve  (p)  is  an  orthogonal  trajectory,  has 
been  called  taj  vray  of  distinction  the  evolute  by  the  thread  (devcloppce  par  le  fil)  of 
this  last  curve.  It  would  be  improper  to  dclny  here  on  ?ubjt'cts  so  well  known  to 
geometers:  but  ihe  student  may  be  iin  iteci  to  read  again,  iu  ooonexioo  with  them, 
the  sub-articles  (88.)  end  (89.)  to  Art.  o98. 
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(15.)  If  the  are  of  the  evolute  be  again  taken  for  the  independent  variable  and 
if  the  positive  direction  of  motion  along  that  arc  be  always  towards  the  involute^  we 
may  write, 

XXIII.  ..  p  =  <r  +  i?(r',    R=-\,    it'»=-1,  &c  ; 

whence 

XXIV.  .  .  p'  =  /?«t",    p"  =  iJa" -  <t",  Vp"p' .=  RiYa'a" ; 

if  then  c  =  ok  be  the  vector  of  the  centre  k  of  the  circle  which  osculates  to  the  invo- 
lute at  p,  the  general  formula  389,  IV.  gives,  after  a  few  reductions,*  the  expression 
(comp.  397,  XVI.  XXXIV.,  and  XCVIII.  (15)), 

XXV...c  =  p  +  ;^.=  .+i?(.'+;^.] 

ItS(T'a"'a"_  JtS<T'a'*-i<T^' 
'"'^  Ya"'a"  ~  "  V<r"'<T"~ 
=  ff  -  /?rr'Xi-«  =  <r  +  UXi.  R  cos  Hu 

if  ri,  Hi,  and  Xi  be  what  r,  H,  and  X  in  397  become,  when  we  pass  from  the  curve 
(r)  to  the  curve  (s),  with  the  present  relations  between  those  two  curves ;  this  cen- 
tre nf  eurrature  K  is  therefore  the  foot  of  the  perpendicular  let  fall  from  the  point  p 
of  the  involute^  on  the  rectifying  line  \\  of  the  evolute  :  as  indeed  is  evident  from 
geometrical  considerations,  because  by  (3.)  this  rectifying  line  of  the  curve  (s)  is  the 
polar  axi»  of  the  curve  (r). 

(16.)  If  we  conceive  (comp.  389,  (2.))  an  auxiliary  spherical  curve  to  be  de- 
scribed, of  which  the  variable  unit-vector  shall  be, 

XXVI.  .  .  OT=r  =  <r'=U(p-<T)  =  i?  >(p-ff). 
and  suppose  that  v  is  the  vector  oo  of  the  centre  of  curvature  of  this  new  curve,  at 
the  point  t  w  hich  corresponds  to  the  point  s  of  the  evolute,  we  shall  then  have  by 
XXV.  the  expression, 

r'»         «t'  >       (c  -  p 
XXVII.  .  .  TIT  =  w  -  r  =  — =      ...  .  =  —~  =  PK  :  P8 ; 

Vr  r      v<T  <T  It 

we  have  therefore  this  theorem,  that  the  inward  radius  of  curvature  of  the  hodograph 
of  the  evolute  (conceived  to  be  an  orbit  described,  as  in  379,  (9.),  with  a  constant 
velocity  taken  for  unity)  is  equal  to  the  inward  radius  of  curvature  of  the  involute, 
divided  by  the  interval  B  between  the  two  curves  (p)  and  (s)  :  and  that  these  two 
radii  of  curvature,  TU  and  pk,  have  one  common  direction,  at  least  if  the  direction 
of  motion  on  the  evolute  be  supposed,  as  in  (15.),  to  be  towards  the  involute. 

(17.)  The  following  is  perhaps  a  simpler  enunciation  of  the  theoremf  just  sta- 
ted : — i/'P|  Pi»  P3t  . .  and  8,  Si,  82,  . .  be  corresponding  points  of  involute  and  ero- 


•  Especially  by  observing  that  V<tT(t" V  =  -  <r"',  because  Sff'<r'=0,  and  S<tV" 

f  Some  additional  light  may  be  thrown  on  this  theorem,  by  comparing  it  with 
the  construction  in  897,  (48.)  ;  and  by  observing  that  the  equations  397,  XVI. 
XXXIV.  give  generally,  in  the  notations  of  the  Article  referred  to,  for  the  vector  of 
the  centre  of  curvature  of  the  hodograph  of  any  curve,  the  transformations, 

r  +  —  =  r  +  -  =  -  r'lX  » =  UX. ens  ^. 

VrV"'  X 
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mni^w  dha»  Umu  wt\  \ %\Tu  8T^|  .  •  wiA  m  emmon  length  =  ^  tit 
ylirffi  mne  i-TiT,  . .  will  then  hmtt  cmlM#  o/O*  M«mMi«rArmlA  <A«  cww 
VFiPii . that  !•  with  tht  ioToUile  aft  P. 

•101.  The  fundamental  formula  389,  IV.,  for  the  vector  of  the 
centre  of  the  osculatiog  circle  to  a  cur  Ye  in  space,  namely  the  for- 
mula, 

which  haa  bean  to  extentiYelj  onployad  throughout  the  pTesent 
Section,  haa  hitherto  been  establiBhed  and  used  in  connexion  with 
derwativef  and  eUffertniiali  of  Toetora,  rather  than  with  dtfinneei, 
great  or  small.  We  may  (lowerer  eetablith,  in  another  way,  an  es- 
sentially equivalent  formula,  into  which  dijermou  enter  by  their 
limUi  (or  rather  by  their  UmiUng  rtkUioni),  namely,  the  following. 


UL  .  •  «aA4.1iiD.  rrr:-— ,   if  lim.  Air sQ,   and  lim. »0, 

the  denominator  YAVA/»  being  nnderstood  to  signify  the  same  thing 
as  V(A*^,A/>);  and  then  may,  if  we  think  fit,  interpret  the  differtn» 
iiitdtsfinuum\\»  as  if  dp  and  dV  in  it  denoted  ta/SiiiiteMma^i^*  of  the 
jlrif  ami  moomd  orefars :  with  similar  interpretations  in  other  but 
analogous  inyestigations. 

(1.)  If  la  ths  Moond  wfitmim  316,  L.,  for  the  perpeodioular  from  o  on  th«  Hm 
ABf  we  change  a  nnd  /3  to  their  reciproealt  (ooittp.  58,  64)  and  tbCB  teke  the 
radprocAl  of  the  result,  «e  obtain  this  new  expression, 

IV       ^    k     °"'     ^  '  _  "0^-g)|8      OA.AB.  OB 
*^  -    **^-*"v;3^  -  "VCOB.OA)' 

In  tlie  <lcnominat<^>r  of  which,  OB  may  be  replaced  by  ab,  or  by  AO  +  ab,  for  tb« 
diameter  OD  of  the  circle  cab  ;  so  that  if  c  be  the  centrt  of  this  circle,  its  vector 
•y  =  oc  -  ^OD  ~  -  Sic.  Supposing  then  that  p,  q,  r  are  any  three  points  of  i 
pv€m  curve  in  $pace,  while  O  is  as  usual  an  arbitrary  origin^  and  writing 

v.  ..ora^,  o^mp^^  oaB|>+2Ap+ A*fi, 

and  therefore 

VI.  .  .  PQ  =  Ap,    QB  =      +  A»p,    |PB  =  Af)  +  JAV», 

the  Maf^  c  cf  tin  dicU      hat  the  foUowiiif  r(ip«^ 

VII. ,  .  oc 


Ap(Ap  +  A«p)(Ap-HAV) 


•  Gompftce  846,  (17.)>  «od  the  fint  Nol«  to  page  628. 
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nrlMBM  pinbg  to  the  UmUt  W9  obtain  wccowlTdy  the  oxpnadons  III.  mill,  for 

tbe  vector  ff  of  the  eenin  tfemrvaiiiM  to  the  curve  pqr  at  p  ;  tbe  two  other  polnti, 
Q  and  R,  being  both  supposed  to  approach  indefinitely  to  the  given  point  P,  accord- 
ing to  any  law  (comp.  392,  (G.)).  which  allows  the  two  succeaave  vectOt  chordSi 
aad  QR,  to  bear  to  each  other  an  ultimate  ratio  of  equality. 

*(2.)  luatead  of  thus  fir$t  forming  a  riyorous  expresaion,  such  a«  VII.,  involving 
the  dijfferemcet  and  A'p  ;  then  Bimplifying  the  formula  so  found,  hy  the  rejection 
of  Unut  wliidi  beeoine  imdefinitdy  tmall^  with  reqMct  to  the  terms  retained;  and 
fioaUy  changiug  diftrances  to  dijfeteiUiat$  (corop.  341,  (2.)>'>  namely  Ap  todp,  and 
A*p  to  d^p  In  the  homogeimm  exptearfon  whidi  nenlti^  and  ofwiiieh  thellnil  leto 
be  taken:  mrntj  aMd^e  tbe  ealenlaCien,  by  at  enct  witmg  tiie  dSfimtSai  i|w 
ftolt,  in  pboe  of  rfj^irmeif^  and  at  oiiet  eifpspmaiMf  anj  termsi  of  which  yr6fore$ee 
that  thaj  most  disappear  from  the  final  result.  Thus,  in  the  recent  example,  when 
we  have  pemiTed,  tgr  qoatemione,  that  if  k  be  tbe  oentre  of  the  drde  fqb,  tbe 
equation 

vra. . .  fQ-Q^'K»^-fo») 

V{(qr-pq)pq} 

is  rigorous^  we  may  at  once  change  each  of  the  three  factors  of  the  numerator  to  dp, 
while  the  factor  qa  —  pq  in  the  denominator  is  to  be  changed  to  d'p  \  and  thus  the 
^^IhrmttuU  exprettiam  IL,  tot  the  iawarif  veetor-naciiMv  o/  tmnaiaM  a— ^»  is  at 
onee  obtained. 

(8.)  It  is  searcefy  neoeiaaiy  to  obecm^  that  this  expicasion  for  that  radiKi^  as  a 
eeetor,  agrees  with  and  MeieAff  tbe  known  expfesrfons  for  the  same  ladins  of  cnmi* 
tare  of  aenrre  in  simce,  considered  as  a  (poeitiTe)  ecoter,  wlildi  has  been  denoted  in 
the  present  Section  by  the  italic  letter  r  (because  the  more  usual  symbol  p  would 
have  here  caused  confusion).  Tbos,  while  the  formula  IL  gives  itnmedUUeljf  (be- 
cause Tdp  =  ds)  the  equation, 

IX.  .  .  r-id»»  =  TVdpdV, 
it  gives  also  (because  dp*  =  -  d<3,  and  Sdpd^p  =  -  d«d^s)  the  tianaformed  equation, 

X.  .  .  r-'dj2  =  V(Td2p'-dV); 

and  it  conducts  (by  889,  YL)  to  this  still  simpler  formula  (oomp.  the  equation  rt 
«Tr',  896,  IX.), 

XI.  .  .  r  id«  =  TdUdp. 
(4.)  Accordbgly,  if  we  employ  the  «<aiidar<lA^onita//oriN  (295,  1.)  for  a  ofcfor, 

XII.  .  .  p  =  ix-^jy+kz, 
which  gives,  by  the  laws  of  the  symbob  yk  (182,  183), 

f  <\u    Mir  :  jWy  +  Adz,  d*  =  Tdp  =  V(dx2  +  dy«  4-  dz'), 

I  <i  ! .  -  in~x  -i- jd2y  +  A.l'r,         Td^p  =  V  (d«.r>  +  d»y>  +  d««»), 
XIIL . .  ^  Vd^„l  '_o  ^  I  (i1i/<12z  -  dzd^y)  +  Xdid'a;  -  dxd^z)  +  k  (dxd'y  -  dj/d»x), 
dx     dv      da  djr 

the  leeent  eqnatiooa  IX.  X.  XI.  take  these  kaamifirma: 

IX*.  . .  r->de«  =  V((dyd»*  -  dadV?  +  -)  5 
X'. . .  Hdi«-V(d»**  +  dy-»d»«*-dW); 
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(6.)  Tte  IbraittU  lY^  ^thkh  bldj  Mmd  w  to  4«l«rmiM  a  teutar  oCa  drab 
thraofhlhiieglvw  poittti^  may  bt  BonqriBiBelik^  ^ai> 
«  dteilir  ^ik»  dnk  abo,  tkm 

XIY. . .  AD.y(Ai.ao)«AB.ao.04$ 

n  tqaalioa*  In  wUcb  y(AB.Bo)  mftj  be  diwged  to  V(ab.ac),  4fce.,  iad  in  w|||b 
It  DMj  b«  ffMBwkfld  that  «Mii  inaibcr  ii an  azpnMion  ((amp>  S96,  T.)  for aaMtor 
AT,  which  iatieket  at  a  tk*  •tgment  abc  :  while  its  length  ic  at  ODM  a  icpnienta- 

tion  of  the  product  of  thr  lenytlu  of  the  $idt$  of  the  trianyU  ABC,  and  also  of  the 
double  arfa  o  f  that  tnomgU  (oomp.  281,  XIIL),  muitipiitd  If  tk§  diamHtr  tftkm 

tircumscribed  circle. 

(6.)  In  general,  if  pqrs  !>  •  uny  /our  concircular  poiHts^  they  aatia^  (by  260^ 
iX.,  conip.  2d6,  (3.))  the  condtlton  of  concirctdaritff 

r7.. . V  -.  —  uo, 

which  may  be  thiai  traosfurmed  if 

PR    /      \P8         rm  f 
Writing  then  (comp.  VI.,  and  the  remarka  in  (2.)), 

XVII. .  .  rssM.p,   PQ-dp,   rB«2<ip'i-dV)   QP  +  QR  =  d*pf 
the  Mcond  member  is  seen  to  be,  o»  the  prrsmt  plan,  an  injimitetimal  of  the  second 
order,  which  is  therefore  to  bo  tupprented,  bocaiise  the  first  member  is  nnly  of  the 
firtt  order  ;  and  \\n\'<  wo  obtain  at  once  the  foUowiiig  vrdor  eyiuUMH  o/ tht  oeculal- 
img  eirde  to  the  curve  pqr  at  p, 


*  A  ■tndent  might  find  it  naeful  practice  to  verify,  that  if  we  write  iu  like  man- 
ner, 

ZIV'.  .  .  BB.7(B0.0a)eM.aA.AB, 

•othat  BBitaeeeeMfdtenMfep,  tbenaBBBD^oraBOBieajNDwfffiiy^^  HeoMy 
emp^jr  the  prindplei,  that  afiy^yfia,  if  So/)ysO,  and  that  /ly-  y^'SY/Sys  In 
virtne  of  which,  efter  rabtiaeting  XIV.  frem  ZIT.,  and  diTiding  hgr  VCacoa),  or 
by  its  equal  V(ab.bc),  the  equation  ao->BB«SaB  is  obtained,  and  pimnt  the  re- 
lation mentioned.   It  is  easy  idea  to  prove  that 

SIT".  .  .  AD.7(B0.Ca)*AB.S(B0.0a)^ 

and  therefore  that  AnDB  ie  a  feeCoivli; 

t  Witliout  having  recourse  to  this  truMMformoHen  ZTI.,  we  might  treat  tha 
coadifioii  XV.  by  it^nitetimaUt  as  foUowa : 


xvir...  . 


vn  PQ             do  dn 

Q9  QS           M— p<-dp  e»  — 

2qU  ^0F4QB^^  ^        dV  d«p 

PR              PR             2dpH-d'p  •  1^ 


equating  then  to  zero  the  vector  part  of  the  product  of  theae  two  expressione,  end 
suppressing  the  infinitosimal  of  the  aeoond  Older,  the  equation  XYUI.  of  the  peculat- 
ing circle  ie  obtained  anew. 
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XVIII...v(^  +  i!^'j  =  0; 


-which  agrees  with  the  eqaation  392,  YI.,  although  deduced  in  a  quite  different  man- 
ner, and  conducts  anew  to  the  expression  II.  for  c  —  p,  under  the  form, 

XIX.  .  . +  V  ^li?,  as  in  392,  VIIL 

K-p  dp 

(7.)  Again,  if  od  =  ^  be  the  diameter  from  the  origin,  of  any  sphere  through  that 
point  o,  which  passes  also  through  any  three  other  given  points  A,  b,  c,  with  OA  =  a, 
&c.,  we  have  by  296,  XXVI.  the  formula, 

XX.  .  .  ^Sa/3y  =  Va(/3  -  a)  (y  -  (3)y ; 
writing  then  (comp.  XYII.), 

XXL..a  =  dp,    /3-a  =  d/)  +  dV,    y  - /3  =  dp  +  2d*p  +  d'p, 
and  XXn.  .  .  ^  =  2pfl  =  2(<T-p), 

where  a  is  (as  in  395,  &c.)  the  vector  os  (from  an  arbitrary  origin  o)  of  the  centre 
8  of  the  osculating  sphere  to  a  curve  of  double  curvature  at  p,  we  have  by  injiniteti- 
mah,  suppressing  terms  which  arc  of  the  seventh  and  higher  orders,  because  the  first 
member  is  only  of  the  tixth  order,  and  reducing*  by  the  rules  of  quaternions, 

XXIII. . .  (<T  -  p)Sdpd'pdip  =  ^Vdp(dp  +  d'p)  (dp  +  2d«p  +  d'p)  (3dp  +  3d^p  +  d^) 

=  3VdpdVSdpd2p  +  dp'Vd'pdp ; 

which  agrees  precisely  with  the  formula  395,  XIII.,  although  obtained  by  a  process 
80  different. 

(8.)  Finally  as  regards  the  oteulating  plane,  and  the  second  emrvature,  of  a  curve 
in  space,  infinitetimah  give  at  once  for  that  plane  the  equation, 

XXIV.  .  .  S  («  -  p)  dpdsp  =  0,  agreeing  with  376,  V. ; 

and  if  three  consecutive  elements  of  the  curve  be  represented  (comp.  XXI.)  by  the 
differential  expressions, 

XXV.  .  .  PQ  =  dp,    QR  =  dp  +  d*p,    Rs  =  dp  +  2d'p  +  d^, 

the  second  curvature  r'',  defined  as  in  396,  is  ea>uly  seen  to  be  connected  as  follows 
with  the  angle  of  a  certain  auxiliary  quaternion  9,  which  differs  infinitely  little 
from  unity  : 

XXVI..., if  XXVII..., =|^SILJ^-)=l  +  ^^ 

V(pq.qr)  Vdpd'p 


*  Of  the  eighteen  terms  which  would  follow  the  sign  of  operation  IV,  if  the  se^ 
cond  member  of  XXIII.  were  fully  developed,  one  is  of  the  fourth  order,  but  is  a 
scalar  ;  three  are  of  the  fifth  order,  but  have  a  scalar  sum  ;  nine  are  of  orders  higher 
than  the  sixth ;  and  two  terms  of  the  tixth  order  are  tcalars,  so  that  there  remain 
only  three  terms  of  that  order  to  be  considered.  In  this  manner  it  is  found  that  the 
second  member  in  question  reduces  itself  to  the  sum  of  the  two  vector  parts^ 

4 V.  (dpdV)«  =  3Vdpd>p  .  Sdpd'p. 
and  ldp«V(dpd»p  +  Sd'pdp)  =  dp«VdVdp  ; 

and  thus  the  third  member  of  XXIII.  is  obtained. 
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we  have  Uieo  the  axprtMion, 


ZXVIIL  .  Seeomd  Cmntdmn  =  ri «  ?  =  S 


d/j  Vdpd-/>' 

which  agrees  with  the  formoU  8d7,  XXVIL,  and  has  been  iUwtmted,  ia  the  i 

Articles  to  3'J7  ami  398,  by  numerous  geometnVil  applications. 

(9.)  On  the  wh)l»',  tht^n,  it  appears  that  alihtnii;h  the  logie  of  derived  v*ctf>r»^ 
and  of  differentiaft  of  vectors  considered  a^  finite  Unas,  proportionaf  to  surh  derira- 
tivety  is  p«rh;ips  a  little  clearer  than  that  of  infinitetimaU,  because  it  show?  morf 
evidently  (especially  when  combined  with  Taylor^*  Series  adapted  to  Quatemioms^ 
843,  876)  that  nothing  4$  mtgktUd,  yet  it  U  perfecUy  paMU  to  c««6um«  qsalcr- 
niona,  i»  prMtfoe^  irtth  methodt  flMuded  on  the  inera  wmuH J)i0^tniSmh, 
Mii^lmtefy  ammttdigkrmem:  and  that  whan  tiiia  eombiacllon  ieJndUianify 


Section  1*^0n,  Surfaces  of  the  Second  Order  ;  and  on  Cur- 

vature*  qf  Surfaces. 

402.  As  early  as  in  the  First  Book  of  these  Elements^  some  spe- 
cimens were  given  of  the  treatment  or  expression  of  Sur/aeea  of  the 
Seoond  Order  by  Vedmre  ;  or  by  Anharm/omc  EquaUont  vhich  were 
derived  from  the  theory  of  vectors^  without  any  introdactioD,  at  that 
stage,  of  Qualemume  properly  so  called.  Thus  it  was  shown,  in  the 
Bub-ertides  to  98,  that  a  very  simple  txnharmonic  equation  (xz  ^  yu) 
might  represent  either  a  ruied  panMoidr  or  a  ruled hyperboloid^  ae- 
cording  as  a  certain  condition  (ae  =  bd)  was  or  was  not  satisfied,  by 
the  constants  o(  the  surface.  Agum,  in  the  sub-articles  to  99,  two 
examples  were  given,  of  vector  ejpre^si'ons  for  cones  of  the  second  or- 
(/(/•(and  one  such  expression  for  a  cone  of  the  third  order,  with  a 
conjuijate  ray  (99>  while  an  expression  of  the  same  sort» 

namely, 

I. .  ./>=xa +y^  +  Z7,    with  ar'ty+z'ssl, 

was  assigned  (99*  (2-))  •«  lepreseDting  generally  an  eli^id^j  with 
Of  A  %  or  OA,  OB,  oc,  for  three  coi)^u^aleMmMftafn^   And  finally, 

*  Compare  the  first  Note  to  page  623.  It  will  however  be  of  course  neoMisiy, 
in  any/«ivr*  applimtions  of  quatcruions,  to  specify  in  which  of  these  two  tmsc^  asa 
finite  differtntial,  or     an  {nfinitesimal,  such  a  Mjfmbol  as  d/>  b  employed. 

f  la  like  manner  the  cxiircision, 

IL  . .  p«*a-f  y/3+ 2y,    with        +  y*  _  r«  =     or  =-l, 

represents  a  general  hyperboldid,  otone  sheet,  or  oftteo,  with  afiy  fm  onnjugifo  iwii 
diameters  ;  while,  with  tlio  scalar  equation  r'  ^-  y3  -  z- =  0,  tho  same  tfeefor  tZfrtt- 
iian  represeoUi  their  common  asjfmplotic  cone  (aoi  geoeraliy  of  rggg/irft— )» 
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in  the  sub-articles  (11.)  and  (12.)  to  Art.  100,  an  instance  was  fur- 
nished of  the  determination  of  a  tangential  plane  to  a  cone,  by  means 
of  partial  derived  vectors. 

403.  In  the  Second  Book,  a  much  greater  range  of  expi'ession 
was  attained,  in  consequence  of  the  introduction  of  the  peculiar  aym- 
bolsy  or  cfiaracteristica  of  operation^  which  belong  to  the  present  Cal- 
culus; but  still  with  that  limitation  which  was  caused,  by  the  con- 
ception and  notation  of  a  Quaternion  being  confined,  in  that  Book,  to 
Quotients  of  Vectors  (1 12,  116,  comp.  307,  (5.)),  without  yet  admit- 
ting Products  or  Potoers  of  Directed  Lines  in  Space  :  although  ver- 
sors^  tensors^  and  even  norms*  of  such  vectors  were  already  intro- 
duced (156,  185,  273). 

(1.)  The  Sphare,f  for  instance,  which  hoa  its  centre  at  the  oripin,  and  has  the 
vector  OA,  or  a,  with  a  length  Ta  =  a,  for  one  of  ita  ratfii,  admitted  of  being  repre- 
sented, not  only  (comp.  402,  I.)  by  tlie  vector  expression, 

I.  .  .  p  =  xa +  y/3  +  zy,    x'^ -\- x*  =  1^ 


with 


r.  .  .  Ta=T/3  =  Ty  =  a,    and    I".  .  .  S  ^  =  S  ^=  S  |  =  0, 

a       a  p 


but  also  by  any  one  of  the  followijig  equations,  in  which  it  is  permitted  to  change  a 
to  -  a: 

II... -  =  K?;  III...  ^K^=l;    IV. .  .  N?=  1 ;  145,  (8.),  (12.) 

pa  a     a  a 

V.  .  .  Tp  =  a  ;  VL  . .  Tp  =  Ta ;       VII. . .  T  ^  =  1  ;  ^i^i^li!) 

n-n  o         a  200,(11.), 

VIII.  ..S^=0;  IX...N"  =  N-;     X...Np  =  Na;  215,(10.), 

p+a         ■  f        «  273,(1.) 

XI.  ..^S^y-^V^y=l;   XII...NS^  +  NV^=1;  204,  (6.),  XXV.,  XXVI. 

XIII...N^S^  +  V^^^=1;  XIV...  T^S^  +  V^^=1;  204,(9.) 
or  by  the  system  of  equations, 

XV.  ..S^  =  x,    |^V^y  =  xi-l(<0),  204,(4.) 
representing  a  system  of  circles,  with  tlie  spheric  surface  for  their  locus. 


♦  The  notation  Na,  for  (Ta)',  although  not  formally  introduced  before  Art.  273, 
had  been  used  by  anticipation  in  200,  (3.),  page  188. 

t  That  is  to  say,  the  spheric  surface  through  a,  with  o  for  centre.  Compare 
the  Note  to  page  197. 
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(2.)  (Hher  formt  of  equation,  for  the  same  sptieric  MirCMe,  nugr  on  Um  samt 
luinciples  be  assigned ;  for  example  we  may  write, 

XVL..^»K*;  XV1L..N-  =  1;         XVni...T-  =  l5 

«      P  P  p 

WW         p  -  a     w         __       «   2a      .  — w»       «  5" 

Tlx,., I-  =  -{      ZZ...S  al}       ZXI...S  =»l; 

p+a2  p+a  t>ra  ' 

or  (comp.  186,  (5.),  and  200,  (a.))« 

XZU...TO»-ea)BT(«p->a), 

wite  which  Uttform^  the  apiUrw  auj  be  ooniidflnd  to  bt  gOMnled  by  th»  rwaJb* 
HraoftlMcfreii^iililelihMbmalrM^f  ipdnaof  M  I^eiv. 

(8.)  And  from  my  «m  to  oiMf  olA«>,  of  all  thate  Ttrioat^braM,  it  !•  pe«iiili» 
and  aaqr  to  jmsi,  hj  geoccal  Rmht  «ff  TknM/ormad'on.f  which  were  attobliabad  ia 
the  Second  Book  :  while  each  of  them  ia  capable  of  leotiriag^  ea  the  piiadplae  ef 

the  same  Book,  a  Geometrical  Interpretation. 

(4  )  But  we  could  not,  on  the  principles  of  the  ScooDd  Book  alomit,  adTanoe  to 
each  suhseqaent  equatiom  of  the  same  gphere^  as 

*  XXIII.  ..  p«  =  a«,    or    XXIV.  .  .  p«  +  fl*  =  0,      282,  VII.  XIII. 

whereof  the  latter  includes  (282,  (9.))  the  Important  equation  p*  +  1  =  0,  or     =  —  1, 
of  what  wc  have  called  the  Unit-Sphere  (128) ;  nor  to  such  an  rrpmrntTmi  ffm 
turn  for  the  variable  vector  p  of  the  $ame  $pherie  surfact^  as 

XXV.  .  .  p  =  ak'j'kj  'k  t,  308,  XVIIl. 

in  which  J  and  belong  to  the  fundamental  system  {jk-  of  three  rectangular  «ml* 
Hmm  (296),  oonnected  bj  the  fimdamental  Formula  A  of  Art.  183,  nemeljr, 

<i»>««>s,i;A»-l.  (A) 

while  «  end  t  are  two  orWtowf  and  aealer  9ariahU$^  with  shnple |wom«/rtca/{  m§m 
fieationB  :  because  we  were  not  then  prepared  to  introduce  any  symbol,  such  as  p*, 
or  A',  whkh«hoiildrepreieota«9aMr«or  other/KnMT  ofaeeclor.§  And  aimOar  re> 


*  Compare  the  ftat  Koto  to  page  128. 

t  Tth  Hd^aau^tran^fhrmoHom,  offirafimlDa  iaqvrfwibaa  or  eqaethMi%  bee 
ben  aotioed,  bjeome  friendly  oiitifii^  ma  dUrwelffMije  of  tlieima^  In 
the  preoedbog  perte  of  thie  work,  the  reader  may  compere  pegee  140, 18$,  57i, 
674,  676 ;  in  the  two  last  of  which,  the  Poriety  of  the  expressions  for  the  aeeomd 
curvature  (r^)  of  a  curve  in  tpaee  may  be  considered  worthy  of  remark.  On  the 
other  hand,  it  may  be  thought  n'mnrkable  that,  in  this  Calculus,  a  »m^/«  erpression, 
such  as  that  given  by  the  first  funuula  (389,  IV.)  of  page  582,  adapt^s  itsolf  with 
equal  eoie  to  tlie  determination  of  the  rector  (c)  of  the  cmtre  of  the  oiculattn^ 
circle^  to  a  plane  curve,  and  to  a  curve  of  double  curvature^  as  had  been  buj^cicatly 
exemplified  in  Che  foregoing  Seellon. 

%  Oompere  the  eeoond  Koto  to  pege  886. 

I  It  ie  trae  that  the  formnla  A  waemUbliehidin  the  oomie  of  the  Seeond  Book 
(pege  180);  bntitietobenmembmedthat theiymbole^liwimtJIeretieetedaede- 
noting  a  ijotom  of  lArot  ri^t  oenofv,  in  thnt  waOmaiUif  rteiamgalar  phmm  (181) : 
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marks  apply  to  the  repre«ent«Uoii,  by  qtutenuou^  of  oiKtr  twfacu  qftke  $uond 

404.  A  brief  review,  or  recapitulation^  of  some  of  the  chief  ex- 
pressions connected  with  the  Ellipsoid^  for  example,  which  have  been 
already  established  in  itm^Q  ELeineiits^  with  references  to  a  few  others, 
may  not  be  useless  here. 

(1.)  B«iid6i  tlM  vMfor  ntpmdm  pmma+yfi  ^zy,  trilh  IIm  «wlar  ni^tHm 
^-i-t^+t^^lt  and  wUb  arbUrarp  vMtor  volMt  of  Ihs  MUtantl  a,  /3,  y,  wfaleh 
was  lately  eitsd  (403)  from  the  Ffnt  Book,  or  the  oqnationi  408,  wUkni 
the  conditioiu  403,  I'.,  11'.  which  are  peenUar  to  the  qikre^  then  weia  fiven  ia 
the  Seooad  Book  (204,  (18.)^  (14.))  eqaattais  whkh  diAndftom  theee  lafedynon^ 

heied  aB40S,  XL  Xn.  XIII.  XIV.  XV.»  only  by  thesaMMionof  V^ibrYC; 

for  ixut&aoe,  there  wee  the  equation, 

aaalogoas  to  403,  XI.,  and  repreeenUng  geneially*  aa  etUpteid,  regerded  as  the 
heut  of  a  certain  system  of  elliptet,  which  were  thus  substitated  for  the  eirelesf 
(403,  XV.)  of  the  sphere,  by  a  species  of  geometrical  deformation,  which  led  to  the 
establiahineDt  of  certain  homohgies  (developed  ui  the  sub- articles  to  274}. 


although  it  has  iince  been  found  possible  an  l  useful,  in  this  Third  Book,  to  irleniify 
those  right  vertors  with  their  own  indices  or  axes  (2Ua),  and  so  to  treat  them  ad  a 
qretem  of  lAree  r^ekmgidar  Wut,  ae  aborai 

*  IntheeaM^faralM£n»ofthetwoTactorooastaats03||a),iha  oqaatioal. 
repnaeate  generally  a  ^S^erotcf  4sf  reeobtfnn,  with  tta  «aei»  in  the  direetion  of  a; 
nMIe  in  the  eontiaij  eoee  9fp*rp»mS«tdart^  03  a),  the  same  equation  I.  rept^ 
sents  an  elUpiic  Cylinder,  with  its  generating  Ume$  ia  the  diiectioa  of /S.  Gompafs 
204,  (10.),  (11.),  and  the  Note  to  page  221, 

t  The  eqaatioa  L  might  also  have  been  thus  written,  on  the  yriaciples  of  the  Se- 
oend  Book, 

wheaee  it  would  have  fbOowed  at  onee  (comp.  216,  (7.)),  that  the  OBptcid  L  Is 
cat  ia  fMO  eMtt,  with  a  oobiibob  fadiae  ■      i)y  the  lew  diaeietnaf  j»iMiei^ 

r.. .8^  +  8^-0,  s£-s^«o. 
a      p  a  p 

la  ftet,  this  eqaatioa  r.  isiriiat  wee  oslled  ia  869  a  cyclic  farm,  while  I.  iCaalf  is 
whet  wss  there  esUedaybeaf/brsh  of  the  eqaatioa  of  the  aarflMe;  theUneBa''>±j8'> 
hiiag^  bj  thoThiid  Book,  the  tm  (reel)  qrelSe  aersiale,  while  jS  is  o«i«  of  the  two  . 
(i«i])>heal  /tac*  of  the  (imeglnaty)  o^yeyiMie  eoae.  Gonpaie  the  Note  to  page 
474. 

4m 
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(2.)  Employing  still  onfy  quotientt  of  vectora,  but  introdticins^  tiro  other  pnirt 
of  rector- constantti  y,  and  i,  jc,  iiistcafl  of  the  pair  a,  ft  in  the  equation  I.,  -w  lucb 
vTi  rt^  ho «  over  connected  with  that  pair  and  with  each  otiier  by  owtain  aaaigzied  rr- 
ItUion*^  that  equation  was  transform^  successively  to 

and  to  a  form  which  may  be  written  thus  (comp.  217,  (5'))i 

III...T^«  +  K~.p^Tp«.Ti«-Ws  «17,XTL 

and  this  last  form  was  inferpreterl,  so  ns  to  lead  to  a  Rule  of  Construction*  (-17, 
((».),  (7.^),  which  was  illnstriited  by  a  Diagram  (Fig.  63),  and  from  which  niaar 
ffeornelriral  properties  of  that  surface  were  deduced  (2\8,  219)  in  a  very  simpld 
mauner,  and  were  confirmed  by  calculation  with  quateriuons  :  the«)uatioo  andooo- 
rtmetiMi  being  alao  moaifiad  afttmidi,  by  Um  lotradoellw  (220)  of*  ntm  pmr  of 
vwlor-ooMtMiti,  I'aad c',  which  wm  diowii  to  ftdnlt  of  hiiiig  tttWtltaUd  Arc 
•ad  c,  tat  tho  noent  fcm  III. 

(8.)  And  okhoiigh  IIm  E|pialiMi  ^  Cva^MgaMam^ 

iv...s-s^-8(v3.r^'\=i.  816,LXra. 

«    «     \   p     p  / 

which  connects  the  vectors  X,  fi  of  any  two  ^>oiIlt^  m,  whereof  one  on  the  po/or 
pltm*  of  the  other,  with  respect  to  the  ellipsoid  L,  was  ttoiattigntd  till  near  the  end 
of  tho  But  Chaptor  of  thopwMDtBoolc,yotltiraothf  dlwhrrrf  by  prindplea  aad 
proeeiwi  of  tho  Seoood  Book  aim*.*  wUch  tfant  won ad^fuau^  althoogh  not  ia 
tho  moit  pnolict%  oMTnioat  way,  to  the  tnotmoDt  ofqiiBoUoiiowpoctfaigfifUff 

aiooiid  otdnr* 


*  Thb  GmuAkcMm o/lA«  fiff^foU^by maMMoTa  Qeium^  THoyfraada 
Diaeentric  Sphere  (page  227),  is  believad  to  havo  bofiQ  new,  when  It  WM  dedaeed 

by  the  writer  in  1846,  and  was  in  that  year  stated  to  the  Royal  Irish  Acadeaq' 

(see  its  ProcffiUnnn,  vol.  iii.  pp.  288,  2s'.»),  a.s  a  result  of  the  Method  of  Qmater- 
nion$,  which  had  been  preyiously  oommunicated  by  him  to  that  Acadenqj  (ia  tbi 
year  1843). 

f  The  following  ore  a  few  other  reference*,  on  this  suhjrct,  to  tlic  St^'cond  P.o>k. 
KxproedoPt  Ibr  a  Right  Cone  (or  for  a  single  thett  of  &uch  a  cone)  have  been  gireo 

hi  pagea  119,  179,  220,  221.  Inpago  179  UMoqaatioaS^  8  ^  s  1,  has  beeo  «- 

a  p 

■ignod,  with  a  tiaulbniiatioii  In  page  180^  to  lapwaant  gMendly  a  C^dfe  Cmt,  m 
aoonoofthofeeoatforrfer,  withita  vettes  at  tho  ori^;  and  to  exhibit  ite^fdk 
jtloNM,  and  tuhcontrary  sections  (pp.  181,  182).   R^ki  Cyjiadkn  haT* oocumd io 

pages  103,  19G,  197.  I'jS,  109,  218.    A  case  of  an  SUipHe  CyUmder  has  boa 

already  mentioned  (the  case  when  J-  a  in  I.);  and  a  transformation  of  the  equa- 
tion 111.  of  the  Ellipsoid,  by  means  of  rfci;>roca/#  and  worms  of  c^r/or*,  wa-s  af;<:i£n5fd 
in  page  208.    And  sereral  expressions  (comp.  403),  for  a  Sphere  of  which  the  ori- 
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C4.)  But  la  this  Thizd  Book  we  bav«  booo  aUe  to  trrita  the  oqaAtkn  HL  mte 
the  dnpltf  ftnii}* 

V. . .  T  (ip  +  pc)  =  K»  -  »i,  282,  XXIX. 

which  has  Again  admitted  of  nameroos  transformations ;  for  instance,  of  all  those 
;i»hich  are  obtained  by  equating  (jc«  — to  any  one  of  tlie  exprea^ious  336,  (5.), 
for  the  square  of  this  last  tensor  in  V,,  or  for  the  norm  of  the  quaternion  ip  +  pe  ; 
cyc/tcybrfiu»t  of  equation  thus  arising,  which  are  easily  converted  into  focal  forms 
(359);  while  a  reetanffular  transformation  (373,  XXX.)  haa  sabseqoently  been 
M^gned,  whereby  the  Ungths  (afrc),  and  ako  Am  dUrvdioiu^  of  the  tkrw$  §mkm$  of 
the  toifluc^  eie  ezpceaied  is  tenne  of  the  tew  wefof-eofutailii,  i,  «i  the  lemltithiie 
ohtelnwl  by  ealemlafivm  botog  found  to  egree  with  thoeo  prcfvloBaly  dednoed|  from  the 
^BCmietrical  cont^TUtion  (2.)  In  the  Second  Book. 

(5.)  The  eqaation  V.  baa  alao  been  differentiated  (836),  and  a  ttomai  fwter 
y       haa  thus  been  deduced,  such  that,  for  the  ellipsoid  in  queatkMlf 

yi...SydpsO,  end  YII.  ..Sypsl; 

a  pfoceas  which  has  since  besi  nimd§d  (861),  and  appears  to  ftmhli  one  of  the 

best  general  methods  of  treating  swrfaeesX  of  the  second  order  by  quaternions :  e«pe- 
cially  when  combined  with  that  theory  of  linear  and  vector  functions  {<pp)  of  vec- 
tor.i,  which  was  developed  in  the  Sixth  Section§  of  the  Second  Chapter  of  the  pro- 
aeat  Book. 


pla  wes  not  the  esal^  eeemed  in  pag^  164,  179,  189,  and  perbape  diefriieie, 
nitheoft  any  employmeiit  of  prodKCfs  ofvuhn, 

*  MeBtfaaed  by  aatieipelioii  b  the  Note  to  pege  988. 

t  Compeie  the  seoond  Note  to  pege  888^  The  Ttctoie  <  end  «  tie  here  the 
«y«lieiioraMl^  endi-ff  isMMofflie/bcali&Mt;  tiieolAflrbeiDgtheUiies'— i^of 
page  232. 

X  The  followini»  are  a  few  additional  n-ferencea  to  preceding  parts  of  this  Third 
Book,  which  haa  extended  to  a  mucli  greater  length  tlian  was  designed  (page  302). 
In  the  First  Chapter,  the  reader  may  consult  pages  805,  306,  307,  for  some  other 
forms  of  equation  of  the  elUpsoid  and  the  sphere.    In  tlie  Second  Chapter,  pages 
416,  417  oenteiB  eome  nteAiI  pnetke,  above  aDoded  to^  in  the  diflfanntUtioa  and 
tmnfofnadoiiof  the  eqaetfon  9*<BT(ip  +  pc).  As  regarde  the  Sixth  Seetloa  of 
tilat  Chaplsr,  which  lie  ere  about  to  «sff  (405),  ae  one  enppoeed  to  be  IkiiiiUar  to  the 
feeder.  It  nay  be  eofflciiiit  here  to  nMntkm  Arte.  867-868,  and  tlie  Notee  (or  eome 
of  them)  to  pages  464,  4  CO,  168,  474,  481,  484.    la  tUe  Thhd  Chapter,  the  sub- 
artksles  (7.)-(21.)  to  373  (pages  504,  &c.)  might  be  re^pcmsed;  and  perhaps  the 
InvMtigations  respecting  cones  aud  sphero-coniei>,  in  39  1  and  its  sub-articles  Cpag«e 
641,  &c.),  including  remarks  on  an  hi/pohoUc  cylinder,  and  iU  asi/mptotic  planes 
(in  page  547).    Finally,  in  a  few  longer  and  luur  sorica  of  sub-artick;*,  to  Arts. 
397,         a  certain  degree  of  familiaritif  with  some  of  the  chief  properties  of  sur- 
fiMoe  of  the  aeeond  Older  hae  been  aasnmed]  as  in  pages  571, 688,  691,  and  generally 
in  the  leooit  inTeettgetfone  iwpecting  the  otculaHmg  twi$Ud  oaUe  (pages  591,  620, 
Ab),  to  a  1uH»^  or  ofAtr  ceret  la  ^Hiee. 

I  It  eppeaie  that  thii  Stvlkm  amy  be  coufenieDtly  rs^imrf  lo^ae  III.  ii.  8  i  and 
rfmHiity  in  otfier  caiok 
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AOS*  Difmitiing  Umd,  «t  leut  for  the  premt,  the  tp^M  eoati- 
dertUon  of  the  dUpaoH  but  still  ooofiniDg  ounelveB,  for  the  mo- 
ment, to  Central  Surfaeet  of  the  Second  Orders  end  luing  freely  the 

principles  of  this  Third  Book,  but  especially  those  of  the  Section 
(III.  ii.  G)  last  referred  to,       may  denote  any  buch  centra/ aud /wwt-* 
conical  surf  ace  by  the  scalar  equation  (cump.  361), 

I. .  ./^  =  S/i0/>  =  1 ; 

the  atj/mptoUe  cofM  (real  or  imaginary)  being  lepreeented  by  the 
eoimeoted  equation* 

and  the  eguaHtm  o/eo^jugaUon,  between  the  Teeton  in  ^  of  any  two 
pomit  F,  p',  whieh  are  eai^iugaie  relatiyely  to  this  stirfaoe  I.  (comp. 
362,  and  404,  (3  ),  see  also  873,  (20.)),  being, 

III.  .  ./(/>,  p')-f(f^',  />)  SM/-S/.'0p=l; 

while  the  dijerential  cqmUion  of  the  surface  is  of  the  form  (36l)» 

IV.  . .  0»d/>«23yd/>,   with   Y.. . 

this  v^etor-fwMlkn  which  represents  the  normal  to  the  sni^Mse^ 
being  at  onoe  linear  and  tdf-eonjugate  (361,  (3.));  and  the  mmfitet 
staij^being  the  loeut  of  all  the  pointt  p  which  are  a^njugaU  lo  tAsm- 
mAms^  so  that  its  tqwOim  L  may  be  thus  written, 

••/(/». f*)""!*    because  /ij>,p)=fp,    by  362,  IV. 

(1.)  Such  Uiing  the  form  of  tpp,  it  has  Iwen  S€Pn  that  there  are  ;il  ways  ?  real 
and  rectangular  unit-linei,  ai,  a^,  cia,  and  fArer  rr-a/  tcalartf  Cit  Ca,  C],  sucU  as  tA> 
aatuiy  (cooip.  357,  III.)  the  thrte  ttetor  eqvationt^ 

VI.  .  .  ^ai  =  -ciai,    ^a3  =  -cta2,    ^aa— -cja^i 
whMiM  ako  Umm  <Ar««  $ealar  e^aiiont  are  aatUfied, 

and  Uierefon  (ooiap.  862,  VII.), 

VIIL .  ./(«i'«ai)«/(ei-S)"/(<i^-l- 
(i.)  It  iialfcmi  thtn  that  tbt  lAiw  (wil  or  Imaglnaiy)  netmifmhr  lm«$, 

utOnthru(nalmUa»ifinuj^Metor§^  andCliattlMllr«t 
(podUlTtt  oreegativo)  «Mf«rii^  ei,  «i,  «i,  namely  thelAiwcrooli  of  the  Malar  and  eaMt 

r^HotiOM*  iV/  =  0  (oomp.  857,  (l*))i  '^''e  the  (alfniyi  real)  inverse  squares  of  the  three 
(real  or  imaginary)  «ca^«mtaxe«,  of  Um  same  oentral  aorfiMe  of  the  eeeond  order. 


*  It  ii  unnecessary'  here  to  write  Afo=  0,  as  in  page  462,  Sec,  because  the  ftme« 
tion  f  is  hex*  suppoaed  to  be  tt^f-c^iyiigaUi  ita  ce»itoal«  being  aUo  r«a/> 
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(3.)  For  the  reali^  tiUhai  tttrface  I.,  it  is  necemry  and  •ufBcfanC  that  one  at 
least  of  the  three  acalars  cj,  c:,  should  be  poiitive ;  if  all  hf  ?uch,  the  surface  b  an 
tUtpsoid ;  \(  twoy  but  not  tlie  ihird^  it  is  &  tinffie-sheeied  bt/perboloid  ;  and  if  only 
one,  it  is  a  douhfr-sheeted  ht/perboloid:  tboae  8calar»  being  here  aappoied  to  b« 
eacli  Jinite,  and  different  from  zero. 

(4.)  We  have  already  accu  (357,  (2.))  bow  to  obtaiu  the  rectangular  transfof' 
MOfioa, 

vbleh       BOW,  by  IX.,  be  thna  written, 

XI. .  . /p  =  (S^rV)'  +  (S/3.,-»p)« 4-  CS/3a-'f»)«; 

bnt  it  is  to  be  remembered  that,  by  (2.)  and  (3.),  one  or  «v«n  two  of  these  three  cee- 

for<  /3i/?;i^3  may  become  imaffinarr/,  without  the  surface  ceasing  to  be  real* 
(6.)  We  had  also  the  cyclic  trantformatiam  (3d 7,  II.  II  '), 

la  which  the  eealar  g  and  the  rector  X,  /i  are  resi;  and  the  latter  lacrt  the  directioni 
orchetwoCnftl)qrclioiM»iiiial8i*  in  fiMtitleob?ioaaoain«peetiaB,tliattiMtiiiliMe 
it  Ml  w  circifae,  by  ptamtt  ptrfittuKeular  to  thew  Am  loel  liacf. 

(8.)  It  hae  been  proved  that  the /our  real  tcalara,  ei<My,  and  the  fiM  real  eto* 
itn,  ttiiK^n^ih  are  ooanected  by  the  relationat  (367}  XX.  and  XXI.), 

XIIL  . .  cis-^.TX/i,         ce»-^-fSX/t,  e^B-^+TX^; 
XIT..  .aiaU(XTfi-/(TX),  osbUVX^,  «is»n(XT/i+^TX); 

at  leaet  if  the  tikree  rooie  cic^ca  of  the  cnUe  ill sO  be  amnged  in  afytbnieally  ae- 
MiMliay  ordlir  (857,  IX),  so  that  ri<cs<ci|. 

(7.)  It  may  happen  (comp.  (3.)),  that  erne  of  these  three  roots  eoaiaftet ;  and  hi 
that  oaee  (eonp.  (2.)),  one  of  the  three  efMsoxct  beeomee  h^Ue,  and  the  nn^ee  I. 

becomes  a  eylinder, 

(8.)  Thus,  in  particular,  if  ci  =  0,  or  =  -  TX^,  so  that  the  two  other  roots  are 
both  poiitir>;  the  equation  takee  (by  XII.,  comp.  867,  XXII.)  a  fona  wbich  may 
be  tbos  written, 

XT. . .  iSKftpy  +  (SXpTjs  +  SfipTXy  »  TX^  -  SX^  >  0  i 

and  it  repmaita  an  ellQvlie  ^iSndicr. 

(9.)  Again,  if  c»»0,  or  ^BfiXfi,  Che  equation  becomei^ 

XYL  . .  8SXpS/ip  =  1, 

and  repre!»ents  an  hnperbolic  cylinder  i  the  root  ci  being  in  tlus  ca«e  Rtyatirff,  wttUe 
tbe  remaining  root     is  poaiiive. 


*  Compara  die  Note  to  page  468 ;  see  also  the  proof  by  quaterdoni^  in  878,  (1 6.), 
Sm^  ef  the  known  tiieorsm,  tlMt  any  two  eaAcoiUfBiyeireniarsectioiM  are  AoRiei^ 
rieal,  with  the  efmatiM  (378,  XUY.)  of  thehr  eemaion  ^ileft,  which  is  HmumI  to  hare 
its  oralM  in  tho  dSaauCrolpfeae  of  the  two  qfdh  mermab  X,  p. 

f  These  niatieiui  and  a  few  others  rnentiooed  are  so  useful  that,  although  they 
oocofied  in  an  emliv  part  of  the  work,  it  seems  oomrenient  to  zeetate  them  here. 
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(10.)  Bwttf  iwiiip|WttliMtii»0,  wy  =  TX^i»ttMiit<t«iid<>iit>0<iMfM 
dn^  tlit«qiiatiOD  mtj  (bj  867,  XZin.)  te  fadaoed  to  tte  fern, 

XVIL  . .  (SKiipy  +  (SXpT^ -  8fipTX)s B-TX|i  -  S\|i<0 $ 

It  lynwU  therafbro,  fai  iWv  eaM^  mMimg  real,  although  it  may  be  «aul  to  be,  in  the 
wummn,  Ihe eqaatfan  of  m  tonylwry*  eU^fie  cyibMEir. 

(11.)  It  It  Mtfeelj  woitli  while  to  renaik,  that  we  hvw  htn  mppoied  «nft  ti 
tlM  <■»  Mtftofv  X  and  ^  to  be  not  enly  real  bat  aelM«l(Ait.  1) ;  farlf  dMerorilMm 
wm  to  vedal,  the  eqoetioii  of  the  niftoe  wedd  teke  Iqr  ZIL  tlie  11^^ 

ZyiIL..f»>-r'»  or  Z7Iir...Tp->(-^H 
and  would  lapieieot  a  real  or  fa^ftiaif  aphtn,  aeoovdiiig  aa  the  aeahr  ooolaBt  / 
waa  aifBliat  or  pmHmf  X  aad    havo  aloe  StHmd  4iv«eCfoa«,  ooceapi  in  the  caao 

of  aur  facet  of  revolution. 

(12.)  In  general,  it  results  from  the  relaUons  (6.)i  that  the  /)/aiieof  the  #wo  (real) 
eyelie  normale,  X,  /i,  ia  perpendicular  to  the  (real")  direction  of  that  (real  or  imai^- 
nary)  temiaxit,  of  which,  when  considered  as  n  tcnlar  (2.),  the  inrer*e  square  cz  is 
algebraically  intermediate  between  the  inverse  squares  C|,  C3  of  the  o/A«r  fwo  ;  or  that 
the  two  diametral  and  cyclic  plamm  (SXp  —  0,  S/ip  =  0)  intersect  in  that  real  lint 
(VX/i)  which  haa  the  direetioa  of  the  real  a«d-o«elor  aa  (l.)t  eoneaponding  to  the 
wumt  reef  «i  of  the  onbio  eqoatioii  JTbO:  all  which  agnee  with  knowa  ieniil%  fft- 
iqpoDdng  the  etreafar  eecHeaa  of  the  (real),  eil^paoid;  aod  of  the  two  ilfp^MMit. 

406.  Some  additional  light  may  be  thrown  on  the  tlieoij  of  tbe 
eeiUral  wrflue  405,  I.,  by  the  oonaiidermtion  of  its  atj/n^^Mie  otm 
405,  II.;  of  which  oom^  by  405«  XII.,  the  equation  may  be  thna 
written, 

and  which  is  real  or  imaginary^  according  as  we  have  the  inequa- 
lity, 

II.  .  .  ^  <  XV",    or    III.  .  .     >  \V ; 

that  is,  by  405,  according  as  the  product  c^Cj  of  the  dxlrcflie 

rooi$  of  the  cubic  M=0  is  negative  or  positive  ;  or  finally,  according 
as  the  mrfausefy » 1  is  a  (real)  hyp»hcloid^  or  aa  eiEyMoiil  (real  or 
imaginaryt). 

*  In  the  Section  (III.  ii.  6)  above  referred  to,  many  mnbolical  results  hare  been 
established,  rwpecting  imaginary  cyclic  normals,  or  focal  lines,  tVc,  on  which  it  is 
unneceiis;iry  to  return.  But  it  may  be  remarlted  that  as,  when  the  scalar  function 
fp  admits  of  changing  sign^  for  a  chanye  of  Section  of  the  real  vector  p,  so  aa  to  be 
poritiv*  for  $owu  eocb  fireoUons,  and  negatint  for  flfAcr«,  although /(-  p)  p), 
the  two  eqtiatiooa, >|b «+ 1, y}» »- It  TCpraarat  then  Itro  reel  and  eetf^^pote 
Mdi,  ct  diffirmt  ^teUt :  eo,  whan  the  liiiielioii>J»  ie  either  enrntntfy  poriHwa,  or 
aee«fMnliaI(^a^pa<iet,  forrealTdneiof|>,  theeqaatiom>2isl  ai^  nmf 
tken  be  said  to  represent  two  conjugate  ellipsoids,  one  real,  and  the  othtr  imt^inutjf. 

t  Compaio  the  Mote  immwtiatoly  preoediag ;  also  the  aeeood  Mote  to  page  474. 
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(1.)  As  regards  the  asserted  reality  of  the  OOM  L,  when  the  eomdtihm  IL  It  lA- 
ikAtd,  it  maj  mlfioe  to  obtenw  tluit  if  we  eat  the  com  bgr  the  ploac, 

tfii  MClim  ie  a  drelf  of  the  rael  and  dbiMnlrla  igiAcnc^ 

• .  p*s9S/ip,  or  V. . .  G*-!*)**!**  5 
ind  a  iMf  cireir,  beeanee  it  to  on  tlie  real  cyJSmlfr  o/reoolMffoi, 

VI. . .  TV(p  -  fi)V\  =  (V  -^*TX-2)i, 

to  that  it5  radius  ia  equal  to  this  laat  rea/  radical, 
(2.)  For  example,  the  ome 

yiL..8^S^->l,   or  Vir.  ..S(Sap3^-aV)»0, 
a  p 

Trhich  nnder  the  form  VIL  occurred  as  early  as  196,  (8.),  and  for  which  X  =  a, 
tJt  =  P^9  =  " S<B*t  ^  therefore  TX/i  +^  >  0,  the  conditioii  II.  rednees  Itidf  to 
TXfi -9>0;  or  after  dividon  hf  2Ta*,  &c,  to  the  form  (comp.  199,  XII.), 

VIU...4(T4S)->1,  «r  Vm'...sj->1| 

and  aeeordingly,  when  either  of  these  two  last  iuequalitiea  exists,  it  wDlbefolUld 

that  the  spUrt  S^s  1  to  cai     the^/oae  S  -a  1  iiiar«a<dr«r<^  tbebase  of  a  rea/ 
P  « 

VII. 


(3.)  As  an  example  of  the  variety  ofproetnt  by  which  piohleinain  this  Ca1cu< 

Ins  may  be  treated,  wo  might  propose  to  determine,  by  the  general  formula  389,  IV., 

the  vector  c  of  the  ctntre  of  the  osculating  circle  to  the  curve  IV.  V,  considered 

merely  as  an  inttrsection  of  two  surfaces.    The  first  (krivativcs  of  the  equations 

would  allow  us  to  assume  p'  -  VX(p-/i),  and  therefore  p"  =Xp'  j  whence,  by  the 

fbrmola,  we  have 

TV  P  '  P'    SpX  +  V/iX  - 

IX, . .  «=p+ ^.=,p  +  ^  = -ii-^pi^-  =  ^.^X-»; 

tfaa  jMliea  to  thmfoia  a eMf,  becaoie  Its  etafrv  ofeiuvaimn  to  eoaetanl;  and  its 

» the  radius  of  the  cylinder  VI. 

(4.)  When  the  opposite  inequality  III,  exists,  the  radiut  X.,  the  cylinder  VT., 
the  circle  IV.  V.,  and  the  cone  I.,  become  all  four  imaginary  ;  the  p/a«e  IV.  being 
then  wholly  external  to  the  tphere  V.,  as  happens,  for  instance,  with  the  plane  and 
aphere  in  (2.),  when  the  condition  Vill.  or  Vlil'.  is  reverted, 

(5.)  In  dkO  iefcTRMdlBfe  eate,  when  , 

XI.  .  .     =  X'/i',    or    Xr.  .  .    =  +  T\p, 

the  radios  r  in  X.  vani$he»  ;  the  right  cylinder  VI.  reduces  itself  to  its  axis  ;  and 
the  circle  IV.  V.  becomes  a  point,  in  which  the  sphere  is  touched  by  the  plane.  In 
tUa  eeee,  than,  the  cone  I.  to  reduced  to  a  tingle  (real*)  right  line,  whkh  has 


*  It  may  however  be  said,  that  in  this  case  the  eoaa  COOfiita  Of  a  pair  oftwu^ 
nary  pianett  which  lalerMd  in  a  rtol  r^ht  line. 
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(compare  the  equations  of  tin-  elliptic  cvUndera,  •iO'i.  XV.  XVII.)  the  direction  of 
XT/i-^TX,  if  ^»-  TX/i,  but  tiio  perpeudicuiar  direction  of  XT/i -f /tTX,  if  ^  = 
+  TX^. 

(6.)  In  general  (comp.  405,  X.)i  the  equAdoo  of  the  cone  L  ftdmili  oftlw 


aad  tki  tw»  ft  weei  ImI  oonaideced  (6.)  comepood  mpecU^y  (by  405,  (6.))  to 
the  iMneeewet  of  Ihe  reefa  ct,  c»  of  the  ooblo  if »  0^  with  the  reeultliy  iKrwtfewt  i, 
oaflf  tbeonlj  reel  «<<fa  oftheeoipeb  An  eoelogoae  bat  Intenaadiete  oaie  (ooaipw  iM, 
(9.))  i>  ^  when  ct»0,  orf  aSX^;  in  whkh  oaie,  the  mm  L  ndaoetitelf  toihe 
jNiir  ^(reaQplmei^ 

XIII. . .  SXp.S^p«0, 

namely  td  the  asymptotic  planes  of  the  Ay/>«rMie  lyiMW'  405,  XVI.«  or  tO  thM 
which  afo  anally  the  two  cyclic*  planet  Dt  Unt  cotm, 
(7.)  The  case  (comp.  394,'<29.)), 

XIV. .  .^o-SX/ft,  or  XIV. .  .ei~ck+«»*0, 

fbr  whkh  the  equUoo  L  of  the  oom  becomee, 

XV. . .  0      -  S(SXpS^p  -  p«SX^)  -  SSCV\p  .Y^p% 

tuj  deeerre  &  moment^e  Attention.  In  this  eese,  the  two  pfaaet,  of  X|>  cod  /ip, 
which  connect  the  two  tycHc  normals  X  and  ^  with  en  orMlrcfy  ndr  p  of  the 
•re  always  rectangular  to  each  other}  and  these  two  normals  to  the  cydie 
are  at  the  same  timcir(</««  of  the  cone,  which  thus  is  cttt  in  circles,  hy  planes  prrpm- 
Hicular  to  tlmsr  two  sides.  And  bocaoM  the  equation  of  the  cone  may  (in  the  aaae 
caae)  be  thus  written, 

X VL  .  .  TV(X  +  /i)  p  =  T V(X  -  /i)  p, 

while  the  lengths  of  X  and  p  may  vary,  if  their  product  T\fi  bo  loA  unchanged,  so 
that  X  +  p  and  \  -  /i  mny  r<*pros»  nt  ani/  two  lineg  from  tho  vertex,  in  the  plane  of 
the  two  cyclic  niinmils^  and  li'iriitonicdlly  C'  "i  .!"ij(tte  with  re^pi  cf  tn  them,  it  follows 
that,  y^r  this  cone  XV.,  the  tines  of  the  inciinatiuHS  of  an  arbitrary  sids  p,  to  these 
two  new  linesy  have  a  constant  ratio  to  each  other. 

(8.)  In  general,  thoeeoond  form  I.  of/p  shows  (comp.  394,  (23.)),  that  the  < 
afoat  prodWel  ^lAe  emet  ^<A«  tneliMljeM^  of  a  eidir  p  of  the  eoM  to  thatw^ 
jifaaee,  bae  for  eocpreiaion, 

XVII.  .  .  cosZ.j-.co8Z.^  =  J  =1- +«•£?); 

while  the  Hist  flhrm  L  of  the  same  ftuietion  ff>  reprodneaetliaeoadttfi*  of nMlB^  IL, 
hy  showing  that^:TX^  to  (for  a  real  coae)  the  eoetee  of  a  revf  aiyli^  aaas^,  that 
of  the  qoatornion  prodoot  Xp|ip^  linee  It  gtvea  tha  lelation. 


ZVIIL  . .  SUXp/ip  =  cos  ^  Xpftp-CML 


♦  The  conei  and  surfaces  which  have  a  common  centre,  and  common  valnes  of 
the  vectors  X  and  p,  hut  difTcront  values  of  the  scalar  p,  may  thna  be  said,  ni  a 
known  phraseology,  to  be  bieoneycHe, 
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(9.)  W«  may  also  obterre  that  in  tiM  mm  rfrtaUtif  II.,  wlfli  tzdmloii  <if  CIm 
inb-caM  (6.),  if  at  hxn  the  ^netloa  <rftlM  hiitnui  «arit  of  tiie  eooi^  m  thai 

XIX.  ..ei<0,   ei<0,   <^>0,  or  XIX*. . .  9>SX/i,  g<7Xti, 

the/iro  side*  (of  one  sheet)  iu  the  plane  of  \fi  have  the  directions, 

XX. .  -  pi  ■  €fiat+ (-  ei)-iau   fit  =  cj-^a*  -  (-  ci)'iai  j 

if  tlwii  UMir  maliuil  laelKMallm,  or  tho  ^<Ao  oom  in  tlio  jiiraa  ^tkt  lyofo 
MNwdk,  bo  donotod  by  %b,  we  bavo  tbo  Ytimit 

XXI...Uii»ba— ,   XXI'.  ..coa2b=^l^i^=^; 

(he  o/*      quaternion  \pnp  is  therefore  (by  XVIII.)>  eqaal  to  this  angle  2b, 

namely  to  the  areual  nunw  axi§  of  the  jpAcro-coate,  in  which  the  ooiioii  oat  by  the 
eonoentiic  oitft-ephewb 

(10.)  TlMtamoooikHlioiiof  MolityU.]iMybooblaliiediiiaqvitodiAnntw^^ 
aatliat  of  tlie  nolily  of  tbo  rodjpnMal  eoae,  wliieh  it  tbo  Itent  of  At  mormat  oocliwv 

XXII. .  .  V  =     =  gp  yXpfi. 

Inverting  this  linear  function  <p,  by  the  mctho<l  of  the  Section  III.  ii.  6,  WO  find  fint 
the  exprcasion  (oomp.  354,  (12.),  and  361,  (6.)*)t 

ZXm. . .  mfimf^w^iiflXSKv+k*t»afiP'ffiXBiiP'^liSKv)  +  {0*^k*ii^)p, 
in  wliicli  XXIY. . .  m-C^-SV)  (/-XV)»-«ieiiili 

and  next  tlio  rte^proMl  tqtutNon  (eomp.  861,  XXVII.), 

XXV.  .  .  0  =  Svx^v  =  /iKSXv)*  +  \* iStiv)>  -  2gSky3nv  +      -XV«)  v», 
vhioh  may  be  pat  under  the  form, 

the  fmqiinKt  giTKft  thus  presenting  itself  anew  at  a  eosine^  namely  as  that  of  tbo 
tiqtpUmtnt  of  the  turn  of  the  inclinations  of  the  normal  v  (to  the  cone  I.),  to  the  two 

eyelte  normals  X,  /x  (of  that  cone)  ;  or  the  oosinof  of  Tf  -  A  —  B,  if  a  and  n  denote 
(comp.  Fifj.  80)  the  fn-o  spfu'riral  ttnglea,  wliich  the  tmujent  arc  to  the  sphero-conic 
(0.)  makes  with  the  two  cyclic  arcs:  so  that  by  comparison  of  XXl'.  and  XXVI. 
wc  have  tlie  relation, 

XXYU. . .  A-f  B»£  ^4  I  --ir-Sb. 
(11.)  Comparing  the  expression  XXI'.  for  ooe  2b^  with  the  last  ezpreiaioa 


•  In  the  exprc'^Mnn  :5GI,  XXVI.  for  ^pv,  the  second  term  ought  to  hare  been 
printed  as  —  VX^SXv^  ;  or  else  the  sign  should  have  bein  changed. 

t  Thit  nblioa  waa  montioQod  bf  ontleipttioii  In  394,  (3.) ;  and  the  relation  In 
XXYII.  may  easiljr  bo  foriflod,  by  ooooeiTinf  the  point  of  conto^  p  in  tfg.  80 
(page  648)  to  tend  towaida  a  minor  aommit  of  tbo  oonie^  or  tlio  tangent  ore  apb  to 
tend  to  ptoo  throng  tlw  two  polnit  c,  if,  in  whieh  the  oydie  «ct  Intersect. 

4n 
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XVIII.  fur  g  :  TX^,  we  derive  the  following  eoniiruciiom  for  a 
may  easily  be  verified  by  geometry  :* 

Sevbtg  mmmudiwopabUt  (^  m)  m  a  tpktn,  md  haMbi§ 
eM9  romid  m9  tfthm  (lay  i.),MiecClAe«ret  (mq)  wftialaradmMtoftftti 
Jim€Bfr0mik§€ikm'pUmti  lAt  Im  •/Cto  MMtCny  jNMiito  (p)  vt/lfr« 
€Onie,  with  the  ttopJIiBtd points  for  it§  two  tfftUe  potn  (or  for  the  poles  of  its  cvc&c 
arcs),  aii4  mlA  OH  «raial  aiMor  aaw  (St)  ayiia?  fo  fA«  orciwl  vrnUm  i^tke  fff 
drc/e. 

(12.)  As  ro-^ards  the  arntal  major  axis  (say  2a)  of  the  same  spbero-coiuc,  it  at 
(with  the  conditions  XIX.)  the  angle  betwe^u  the  two  sides  (comp.  XX.), 

XXVII  I. . .  pi ■  «ii'iaai-  (-  ci)"^      "  C~  * 

iriieooa  (eonp.  XXI.)^ 

XZI3L..taoPa«-^,  or  XXQCT. . .  oostA«'=-^^»(m7)fl^ 

-  *a  —  *l  +  «1 

and  Ch«iiibn>  a  lew  eaqr  redactions  being  mada^ 


cos  J^^; 


from  whleh  wt  eanat  oaoe  info',  tbat  if  a/bcvs  of  die  conic  be  determined,  bv  draw- 
ing from  a  minor  summit  to  the  major  axis  an  arc  eqaal  to  the  major  semiaxLs  a, 
the  minor  oris  subtends  at  this  focut  (or  at  the  Other)  a  ^Acriool  mMfU  Ofvo/  t0tk» 

angle  betuccn  lite  tiru  ci/clic  arcs. 

(13.)  lor  the  two  real  unifocal  Irasufortmatiom*  of  the  equation  <rf  the  com,  or 
the  ybrm*, 

XXXI.  .  .  rt(V<ip)«  +  6(S/?p)«=0,    and    XXXI'.  .  .  rt(Va»«  +  6(S/?'p)' =  0, 

with  one  eommon  set  of  real  vnluf»9of  the  scilnr  rorjficient.i,  a  and  6,  but  with  jyo 
real  focal  unit  lines  a,  a\  and  two  real  dirrctive  normnh  3,  fi'  conrs  ponding,  ii 
may  bo  suflicient  here  to  refer  to  the  sub- articles  to  358 ;  exoppt  tbat  it  should  be 
noticed,  tbat  if  the  oone  be  rea/,  and  If  the  line  have  the  direction  of  its  internal 
mU,  60  that  tha  fawqnantiot  XIX.  are  eatiefied,  aiid  therdbre  alto  (by  405,  (6.)), 

XXXII.  .  .  C3  '  >  0  >  ci-'>C3->, 
instead  of  the  inequalities  358,  III.,  or  359,  XXXVII.,  we  sre  now  to  chang^e,  in 
the  earlier  fSormolsB  referred  to,  the  symbols  cicjcjaiasaa  to  CiCic^^aiOi,  so  thai  we 
haT«  now  the  Talaea, 

XXXIII.  ..  a* -d,    6  =  c3-c, +  C2,    if  T/3-T^'=l. 
(14.)  And  as  regiinls  the  interpretation  of  the  unifocal  form  XXXI.,  with  these 
last  values,  it  is  evidently  contained  in  this  other  equation. 


,      p  p  TVap 

...•inz-.8ecz^^:=  ^ 


the  sines  of  the  incUnatumt  of  an  arbitrary  tide  (p)  of  the  cone,  to  ^  focal  lime  (a), 


*  In  fact,  the  bisecting  ratUi  op  are  parallel  to  the  sapplcnn-ntarj-  chords  M'g,  if 
mt'  be  a  diameter  of  the  sphere ;  and  the  locus  of  all  such  chords  is  a  cyclic  oooe, 
resting  on  the  mail  cirda  aa  Ua  bate. 
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«iidtotlMOon«t|MiidiiigdbwcC0r^lBM  (r^fi),  thu  banlDig  to  Mch  otlMr(Mb 

well  known)  a  constant  ratio,  which  remains  nnchanged  when  we  pass  to  the  other 
(real)  focal  lint  (a'),  and  at  the  same  time  to  the  other  (real)  director  plane  (-i-  /S")  : 
and  the  focal  plane  of  these  two  linet  (a,  a')  being  perpendicular  to  that  one  of  the 
three  ares,  which  corrfsponds  to  the  root  (here  cj,  by  XXXII.)  of  the  cubic,  of 
which  the  reciprocal  u  aiijeUraicaUy  tatermee^uUe  between  the  reciprocals  of  the  other 
two. 

(15.)  It  is,  however,  more  t^mmwUie  to  emploj  the  bifocal  tnaufirmaHom 

(comp.  860,  VI.*), 

XXXV.  . .  0=  (Sap)'  -  2eSapSa'p  +  (Sa»"  +  (1  --««)p»  ; 
in  which  the  scalar  constant  e  has  the  value  (comp.  XXIX'.), 

XXXVI.  .  .  e  =  co8  2a; 

and  a,  a'  are  the  twof  real  and /oca/  unit  lines,  recently  considered  (13.). 

(16.)  The  equation  XXXV.,  for  the  case  of  area/  com,  may  be  thus  writteo 
(comp.  XXVI.  XXXVI.), 

a 

• 

tbtmii^VtlimhtMmaHmt^lhitwUtptoi^twoheAUBiua,  a' being  Ihw  eon- 
Umi,  and  eq;nal  (ae  !•  well  known)  to  Che  auifbr  osjt  oltho  tpkvkti  tondios  and 
altluNig^  when  •>  the  flON«  beoooMS  imaffimargf  yet  it  ii  then  aijmptoCie  to  a 
real  ett|pMldy  aa  we  ahall  ehoftty  eee. 

407.  The  hifocal  form  (40G,  XXXV.)  of  the  equation  of  a  COM 
may  suggest  the  corresponding  form^ 

I.  .  .  C=(3>-(Siv)«-2<Saf»Sa>  +  (Sa»>  +  (l  -^y, 

in  which  a  and  a  are  given  and  generally  non-parallel  unit-lines, 
■while  e  and  Care  scalar  constants,  as  capable  of  representing  gene- 
rally (comp.  360,  (2.),  (3.))  a  central  but  non-conical  surface  (Jff  =  l) 
of  the  second  order.  And  we  sliall  find  that  if,  in  passing  from  one 
such  surface  to  another^  we  suppose  «  and  a'  to  remain  unchanged^ 
but  e  and  C  to  vaiy  together^  so  as  to  be  always  connected  by  the 

II.  .  .  C=(«'-  1)  (e  +  Saa')/2, 

in  which  <  ia  tome  real,  positiTe*  and  ^vm  tealar^  then  all  the  sor- 

•  It  is  to  be  remembeied  that,  in  the  fonnula  here  died,  the  symbols  a,  a*  did 
not  denote  unit-  vectors. 

t  When  these  two  vectors  a,  a  remain  constant,  bnt  the  scalar  e  changes,  there 
arises  a  system  of  biconfocal  cones  :  or,  by  their  intersections  with  a  concentric 
sphere,  a  system  of  biconfocal  ephe^o-omSct.    Compare  Uw  Note  to  page  640. 

X  Or  the  difference^  aooefdiogto  the  choioe  between  two  oppoeito  dlieolioa^  Ibr 
worthetwolbcallfaiea  The  «»|wfar  tranufifniM^  XXXVIL  may  be  aoeem- 
pUibed,  ^  reeobiiv  tha  eqaadon  XlXV.  aa  a  fiMdhrfie  In  «,  and  theninterp^ 

Ihe  result 
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horn  L  to  dednoed,  or  in  other  words  the  rarfiuws  rcpreeonted  by 
the  common  equation, 

with  0  for  the  ofi(y  MrtoUejNiranMCer,  eompoee  a  (kn^foeol  SjftUm. 

(1.)  Tht     fgr^ftm  III.  of>^  glrtt  the  eonneetod  cudor /im, 

TV  _  ,1^  «S  (g  -ea')p  -f  a'S  (a'  -  ea)p  +  (1  -  e^jp 

"^•^  («■  —  I)  (e  +  Saa  ) 

which  may  also  be  thu^  written,  with  the  value  II.  of  C, 

•0  that  Iktt  fimctiMi  f  If  9i^€ai^ufmU,  ■■  it        to  Inl 
(9.)  And  beeaoM  m  hen  thu. 

if  we  wiiti^  tot  aliricllS8iiBt| 

VIL  . .  i("  e  (e  +  63  =  («+  8aa')^,    C  =  (e -  I)/', 

we  ibeU  hare  the  vtloee, 

Mmparing  wUeh  with  405,  (9-)*  ^  that  the  three  (reel  orlmeginary) 
linee^ 

flf  any  one  of  wliieh  the  dlreolioa  may  be  mexeedt  «re  tiie  tkn9  ewfor  umarm  of 
the  mrfketfya  1 ;  and  therefofo^  by  VIL,  that  the  «felm  III.  ie  one  of  «oi|/bo«b^ 

M  es9ertc<1. 

(3.)  The  rectangular  iroii^/braMlieM^  ooalar  and  Toolor,  are  now  (oompt.  405, 
X,aadS67,y.  TUI.): 


X.. 


^'^  0+1  e+Soa' 


U(a-a').apU(a~a') 

+  ^™  5 


which  oaa  both  be  eetahlhhed,  by  the  ndei  of  the  piMent  Calonla^  hi  aeiefti  other 
way%  and  from  the  tot  of  which  it  foUowe  that  (aa  ie  w«ll  known)  iHw^fcaeyjw^ 
poeMl^ointrofapaeethen  oan  in  general  bo  drawn  Iftrtt  coii/boot  ew^^hcM,  of  n 
fieen  tftUm  III. ;  one  ao  elliptoid,  for  which  e>  1,  and  therefore  a'  >  2)-  >«*>0; 
another  a  iingle-thetted  hyperboloid,  for  which  e  <  1,  e  >  -  Saa',  a'  >  6*  >  0  >  ; 
and  the  third  a  doubU-*h€«t*d  hgperboloid,  for  which  «<-Saa',  1,  «*>0 
>62>e». 
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(4.)  Fran  the  cihar  gertangnlar  trmitofiBatfon  XL  it  ibllows,  that  if  ira  diooto 
}jj  vi^fxp  what  tfie  normal  vector  v  =  ^p  becomes,  when  p  remaiDs  the  same,  but 
«  is  changed  to  a  seecmd  root  «i  of  the  equatioo  IIL  or  X.  of  the  Mi^^iMi^  coniidend 
u  a  cmMc  ia  «,  thea 

XII. . .        =  f^fn^^i^^i^^ifP'^t^ffiPi 

but  XIII.  ..  Spi/i  =  Spy  =/ip  =/p  =  1, 

/if  being  formed  from  fp,  by  the  substitution  of    for  e ;  therefore^ 

XIV.  .  .  0  =  S|»0 VI  =  Svi^p  =  Sfiv, 
end  the  known  theorem  results,  that  confocal  surfaces  cut  each  other  orthogonally* 
(5.)  It  follows,  from  y.  and  YI.,  that  the  inverse /knetion  ^~>pcan  beezpreesed 
as  follows : 

XV.  .  .  ^-"p  =  fCaSa'p  +  o'Sap)  -  b-p  ; 

or  that  p  may  be  deducted  froui  v  by  the  formula, 

XVI.  .  .  p  =  (p  h'    /'(aSfiV  +  a'Sffv)-6«v, 

which  can  easily  bo  otherwise  established.  Hence  (comp.  361,  (4.)),  the  equation 
of  the  ^urfiiro  reciprocal  to  the  surface  I.  or  III.,  or  of  that  new  tur/aee  which  had  v 
(instead  of  p}  for  its  variable  vector^  is 

XVII.  ..  1  =  Fi^=:Si'^-V -2/'\SavSaV-6«»/*; 

the  Jixed  focal  lines  a,  a'  of  the  confocal  system  III,,  or  of  the  corresponding  system 
of  the  asymptotic  cones,  becoming  thus  (in  agreement  with  known  resulta)  the  Jixed 
cyclic  normals  (ur  cyclic  lines,  coinp.  361,  (6.))  of  the  reciprocal  system  XVII. 

(6.)  Id  thus  deducing  the  equation  XVU.  from  IIL,  mo  lue  has  been  made  of 
tiie  rettmynlar  trtme/ormaUon*  X  XI.,  of  the  ftmctioni^  end  ^p.  WUkomitbio 
tnuttbnaatioiis  last  referred  to^  we  could  thecefora  have  Infarred,  hf  a  alight  nodill^ 
cation  of  the  fbrm  XVIL,  that  the  roeiprooul  tmrfkeo  (Fya  l)  with  v  fsr  ite  vari- 
able veetor,  whidi  baa  the  eoaie  netanyular  ^fiiom  ^idbnetiomo  ftnr  its  three  semi* 
axes  as  the  original  surface  (J^**ty,  but  with  inverse  squares  (the  roots  of  Hp 
cnbic)  equal  to  the ^Unet  aquarea  oi^origiitat  semiaTee,  haa lor  eqaatloii  (comp. 
405,  XU.), 

XVIII.  .  .  l  =  Fy^r-{^ava'v-ep')  =  S\vfiviyy*, 
if  X I X.  .  .  X  =  /rt,    /*  =  la\         —  eP  —  -  eTXfi  ; 

the  values  VII.  of  o'^,  62,  c-  being  thu.-?  deduced  aneiv,  but  by  a  process  quite  dilTe- 
rent  from  that  employed  in  (2.),  undir  the  forms  (comp.  405,  XIII.), 

XX.  .  .  a2  =  c3  =  -irf  TX/i;    6-' =  c j  = +  SX/i  ;    c»  =  Ci  = -  TX/t ; 

while  the  directions  IX.  of  the  corresponding  semiazee  may  be  dedueed  as  those  of 

as)  02,  ai,  from  the  formula  405,  XIV. 

(7.)  If  the  symbol  ««>(»'),  or  simply  wi',  be  u>e<l  to  denote  a  new  linear  and  self- 
conjugate  vector  function  of  v,  diMint-il  l»y  the  (.(juation, 

XXI. .  .  uv  =  pSpv  -  P  (aSa'f  +  a'iSay), 


*  We  ahall  aooo  see  that  the  oomefinuta  XIL,  by  expressing  that  v,  vi,  and 
^yi  er  f  iw  are  eaaipAuMV,  contaiiia  thia  other  part  of  the  known  theorem  referred  to^ 
that  the  imierontiom  ia  a  hno  oftwootwrot  on  cacA  of  the  two  eoMficulo, 
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with  ^  Air*  Intlad  m  a  Tietor  eowtant,  Unb  (btcAiM  Bppa  1)  dM  oqutko  XVL 
Mj  be  thM  vililm  (Mop.  SM,  BcX 

the  lim  rtgfai^Ur  Jrirffip—,  of  the  lArwr  MfMob  v,  1^2  to  fbe  flMt  cm^^ 
«dlv  thnM^  p,  am  thtntet  tkoM  wUdi  latisiy  (comp.  agiin  8M)  tkt  ■wigr  fv*. 
Mit  oqmtloii, 

and  they  ar>  tin  tfnalfawi  of  tht  w»  of  thfa  iMW t;^h<*of  tbticcoadotd<r(eoipw 

XXIV.  .  .  Svwr  =  (Spv)2  -  2PSni'Sa'v  =  1, 

|o  which  p  is  still  troatt  'l  a.s  a  constant  vi^  t^r,  but  v  (L-i  a  rariable  one. 

(S.)  The  inri  rsf  m^uarea  of  the  tealar  srvitaxes  of  iLii  new  surface  (Si'u>v=  1), 
are  the  (Urcct  i^^uares  ^,  61',  of  what  lUAy  b«  called  the  meoii  9emiaxe*  of  the 
tkrm  mmjbeal*  i  tbmtofffr  tqiiaiwmusttheiefbratM^rMltoftlibiMV 

X  X  V.  .  .  0  =  m  +  m'6«  +  m"  (6')'  +  (6» 

in  which  the  coefficients  m.  m',  m",  de*iuced  here  from  the  new  functwm  w,  as  thtj 
were  deduced  from  f  in  thu  Section  III.  ii.  6,  have  the  valuet^ 

  /m  =  /*(8aa'p)«  ; 

XXTL  ..]«'  =  /*(Vaa')«+  2Z«S(V<v.VaV) i 

Accordingly,  if  wc  observe  Uiat  (becauM  Ta  =  Ta'=l)  vre  have  among  others  the 
transfomuitlonf 

XXVII.  .  .  (Saa»«  =p«(Voa')'  -  (Sap)«  -  2San'SapSa'p  "  (Sa»^ 

we  can  express  this  last  cabic  oqiiatioa  XXY^  with  these  valoei  XXVI*  of  itA  co- 

efilcicnts,  under  the  form, 

XXVm. .  .  0  «(6»+  p«)  {  (6-  -  PSaay  - 1* ) 

+  2P  (6«  -  /«Saa')  SapSa'p  -  /*((Sap)»  +  (Sa  p)') ; 

whkh,  when  we  change  6*  by  VII.  to  its  value  />(e  +  Saa'X  *^  divide  by  bo> 
eooMs  the  oMe  in  c,  or  tho  oqoation  UL  under  the  tuxrn, 

XZIX.  ..0«(e*-l)  {i*(«+S<M0-('|i*>+S«8«pS«>-(Sap)*-(8«»>. 

(9.)  AiaaadditlooaltMtof<ho«MilMeiic|rof  tUe  wfaob  ihooiy  and  owllMd, 
thi  dinctkma  of  Uw  tkrm  msm  of  the  mv  tmrfkM  XXIY.,  or  thoN  of  tiw  Mm 
neiwiah  (7.)  to  tho  tfonibcnli,  or  tho  Mrso  oocier  reels  (884)  of  tho  oqnntioD 
ZZIIL,  oDi^t  to  adntt  of  bdog  M^tgoed  by  thne  ozpnirfone  of  llw  iDi^ 

jaw  =»//<T  +6*x»  +ft*»t 
■le^-^eii + Wxe* + » 

in  which  6*,  61*,  Mere  tho  tbMeenCir  reels  of  tho  enbfeXZy.  or  XXTOLfWhOe 
a,  <n,  0k  010  Ulret  arbUrarp  oeefere;  a,  isi,  no  are  lArse  soofar  oo^^IsmiiIs,  wUeh 
flon  bo  detennlnod  by  tho  oooditiofie  Sfipm S^ieQpna  I  (oomp.  XIIL);  oad  f, 
X  ere  two  new  swxiMory  Hmear  and  oeelepyiaMtes,  to  be  dodooed  here  from  Ae 
f undioQ  in  tho  Mno  mianer  «•  they  wore  dedoeed  flma  ^  in  tho  Sootion  lately 
iditmdto. 
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(10.)  Accordingly,  by  the  method  of  that  Section,  taking  for  convenience  the 
given*  vector  p  (instead  of  the  arbitrary  veetOBBV,  9tf  9»)  M  thaaobjoct  of  tbaope- 
rations  ^  and  Xi      ^nd  the  expressiooai 

XXXI.  .  .  yl^p-l*Yaa'Saap,    XP=''(«9«>  +  «'Sap- SpSaa*); 

whcDoe,  after  a  few  redactions,  with  climtiuUion  tin  by  thaxdatioiiSpys  It  and  by 
tfae  cubic  in      the  first  equation  XXX.  beconiMt 

JUgUL  .  .  0  -  (A«tf  +  f>)  { -  ItSaay  -  /»} 

+  i«(6«  -  r-SaaO  (aSa'p  +  o'Sap)  - 1*  (aSap  +  a'Sap) ; 
whteh  ia  in  fact  a /arm  of  tha  nlataon  between  v  and  p,  for  any  one  of  the  confocaU, 
as  appears  (for  ioitaoce)  bj  agdn  chngiiig  6^  to   (a   Saa'),  and  comparing  witk 

the  equation  IV. 

(11.)  Another  and  a  more  interesting  auxiliary  $urface^  of  which  the  axes  have 
still  the  directionis  ot  the  normals  v,  is  found  by  inttriing  the  new  linear  function 
or  by  forming  from  XXII.  the  inverse  equation^ 

XXXm.. .  («-»  +  6-")v  =  0; 

In  wMdi, 

■ad  fimn  widdi  it  Ibllows  that  tibe  wammtia  v  to  llw  eoa/beoli  through  p  have  the 
diitetfods  of  the  ttMa  of  tlilt  Mw  coMc^ 

ZXXy. ..  8vw'iy>0,   or  ZXZTI. . .  0»P(8aoi'*')>+28apv8a'pv, 

with  p  treated  aa  a  constant,  as  before. 

(12.)  The  90rUm  of  this  anadliaij  oono  beiog  plaoad  at  the  given  point  p,  of  in* 
teneetloii  of  tbi  three  ooafbealii  w«  may  inqobo  m  wkaM  ewrvt  ia  the  omm  by 
the  jvloNOof  thoglfenybealMiMf,  a,  af,  dnwn  through  tfae  ooaiaioiioffifrt  oof  all 
tboaoHSicetllL  DcDotiqg  by  v«te+i^a' tlio  vector  of  aiNuit  •  of  tfalaaoqglit 
mariufti  wviiiiur 

XXXVII.  .  .  v  =  «r-p  =  <ai<'a'-p, 

the  equation  XXXVI.  givea  the  leUtion, 

  Jfl  a«-c» 

ZZXniL.  .ifa-ts— I — •oonat.; 

the  section  is  therefore  an  hijperbola,  which  is  inJrptudent  of  the  point  r,  and  lias 
the  focal  Hues  of  the  tystem  for  its  osjfmptoteM.  And  because  ita  vttior  equation  may 
be  thus  written  (comp.  871,  II.), 

XXXIX.  .  .  <r  =  /a  +  iWrJa', 

or  wliat  may  be  called  its  quaternion  equation  as  follows  (comp.  371,  I.), 

XL.  .  .  2Vaff.V<ra'  =  /2(Vaa')», 
it  satisiles  the  two  scalar  equations, 

XLI.  ..m  =  0,    m'  =  0, 

with  the  sign  ideations  XXYI.  of  m  and  m' ;  it  is  therefore  that  iuiportaut  curve, 
wllfadl  it  knoirn  by  the  name  of  the  FoetU  Ht/perluAa  :\  namely  the  Umit  to  which 


*  The  general  ezpreeeioiia  fiv  ^  and  X9  indado  tonna»  which  Tiniah  when 

c  =  p. 

t  Ck>inp«re  the  Notee  to  pagea  231,  509. 
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Uw  wcrtu  of  tht  wt^ml  wmfut  \>f  the  pla—  of  Iti  •xtrmn^  «Mt  t«ndc,  wboath* 

mean  a«i*  ^1^)  t«Kb  to  ooimA.  We  are  then  led  thos  to  the  known  theorem,  dMH 
wiCA  asi|r  aMvmec/  pmmt  p      vtrteXy  amd  with  the  focal  kyperbolaf  for  kwe,  « 
ronr  5«  ron«/n<c/f  </,  the  axn  •f  iki»fKul  ooM  AoM  <A«  dirwelioM     lA«  mmmai* 

to  the  (imfoCuU  throuyh  V. 

(13.)  As  regards  the  Focal  Ellipse,  its  two  scalar  equations  may  be  deduced 
from  the  rectangular  form  X.,  by  equating  to  zero  both  the  numerator  and  the  de- 
Boniiiator  of  it*  lut  term ;  the^  are  therelbre, 


XLII.  .  .  S(a  -  a')p  ==0,    2P  =  (SpU(a  4-  a^)'  + 


the  curve  being  thus  given  as  a  perpendicular  section  of  an  elliptic  ^liuder,  vnA 
l\'2  and  /V(l  -I-  Saa'),  or  and  (t^-e^)^  for  the  eemiazee  of  its  bM^ 

or  of  the  eUipse  itself. 

(H.)  The  same  curve  may  also  be  represented  by  the  equationj^ 

XLIII.  ..  Sap  =  Sa'p,    TVap  =       -  c*)*, 
or  XLIir.  .  .  Sa'p  =  Sap,     TVa'p  =  (6'  -  ? 

whieh  express  that  it  is  the  coinmait  tuttrsection  of  its  own  plane  (-•-  a  —  a')  with  tiro 
right  cylinders,X  which  have  the  two  fncal  lin'  s  a,  a'  of  the  system  for  their  axe*  of 
revolution^  and  have  equal  radii,  denoted  each  by  the  radical  last  written* 

(lo.)  la  general,  tite  unifocal  fbrm  (oomp.  406,  (13.))  of  flM  aqottiMI  IIL, 

XLIY. . .  0  s  (1  -  <•}  ((yap)*+ ^  -f  (8(a'- m) p)>, 

in  wUdi  a  and  a'  may  be  interehaoged,  ahowa  that  the  law  wqmal  wif^  tfHmden^ 

ZLy...(Vap)*-f  »«sO,  XLY'...(V«'p)»+l««0^ 
or  XLVI. . .  TTop  »  ft,  ZLVT. . .  TTa 'p  -  ft^ 

which  afar««l  if  their  common  fMNiie  ft  basneb,  Ihatia,  if  tlMOoafiwal(«)ba«itiior 
an  dBpM  (mppoaed  to  ba  real),  or  elae  n  tiii^t-^ktM  hfpnMmdt  and  which 
lure  the  fiteal  line$  a,  a'  of  the  system  for  their  oaMt  of  revolution,  enveUpt^  Iftai 
etmfocal  turface ;  the  plames  of  the  two  c/lqmt  ^comUtH  (wliich  again  nra  rmi 
curoet,  if  ft  be  real)  being  given  fay  the  eqoatloni, 

XLYIL . .  8(a'-  m)p  «  0,      XLVn'. . .  S(a  -  M^p  «  0 ; 
so  that  they  paaa  throtiph  file  c«Nfr«  o  of  the  snr&ee  (or  of  the  lyBten),  and  are  the 
(real)  director  planes  (comp.  406,  (14.))  a^the  afffrnftatU  cone  (real  or  imaginaiy), 
to  Uie  partienlar  confocal  (« )• 


*  Namely,  those  two  of  which  tlie  •fmrm  algebraical^  hidnde  batwaan  tham 
that  of  the  third;  thia  htttar  bdng,  for  the  aamereaaon,  oooddered  ham  aattw  mean. 

t  We  Aall  aoon  see  tliat  qnateraioDa  give,  wiA  aqnaleaM^  a  more  ganani  known 
theorem,  in  which  thie  ia  included  as  a  limit. 

X  The  reader  may  consult  page  5 1 3  of  the  Lectmna,  for  the  can  of  tUa  ihaoiain 
which  answera  to  ft  given  ^lipn&d.  The /oca/  e//ip«e  may  alao  be  leptiaenled  gene* 
rally  by  the  axpreerion  (comp.  pagr^  382  of  these  Elenients)^ 

p=  (o»-«»>  V.a*U(a  +tt'); 
or  by  the  same  expres«ion,  with  a  and  a  intorchangod. 

§  Compare  pagva  199,  228,  233,  299. 
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(tC)  Whether  th«  main  Mmiacw  (ft)  be  real  or  imagliMij,  the  Murjaet  IIL 
(supposed  to  be  itself  rcai)  la  always,  by  the  form  XLIV.  of  ita  equation,  the  ^oMit 
of  A  ^rtem  of  reni  ellipses  (cnmp.  404,  p\&nf^  parallel  to  the  dirtetor plamM 

XLVIL,  which  have  their  cenlret  on  the  focal  line  a,  and  are  orthogonaUjpri^^eofMl 
imto  eirelea  on  a  plane  perpendicular  to  that  line. 

(17.)  The  tame  tvrfact  is  also  the  locus  of  a  second  »y$teni  of  snch  dlipses,  re- 
lated similarly  to  the  second  focal  line  a'^  and  to  the  second  director  plane  XLYII'. ; 
andU  appeal*  Oat  Amim^wtKUmB^i  wOiptU  moHom  of  a  milhee  «fthe  aeooiid 
Mdar,  wUdi  tnm  aooM  poiate  of  irttir  are  aeariy  aa  totemUag  aa  the  drtmlwr 
Homtj  mxf  coareniently  be  called  ita  Ckniro-Foeal  ElKptm, 

(18.)  For  azample,  whaa  tlie/rae  qm^tmutrnfarm  (t04»  (14.),  or  4H  I*)  of 
the  equation  of  the  tiHpmiid  is  employed,  one  system  of  such  ellipses  OQinddes  vrith 
Om  qritam  (S04,  (18.))  «f  whtcb,  in  the/m^naerwrtaa*  of  the  ioiftoib  the  eUipeoid 


*  Besides  that  firtt  geMtraiion  (I)  of  the  Ellipsoid,  which  was  a  domble  one,  in 
Ifca  MDia  that  a  aeconrf  jyeim  (17.)  otgmmMmg  elliptet  might  b*  employed,  and 
wUch  ierred  to  ooonaet  the  aaiftoo  with  a  oommsIKc  vUn^  hgr  certain  letelioiia  of 
Ifceaioltyy  (874) ;  and  the  aeeoatf  dMIs  pmunoMom  or  eoMCradlM  (11%  hgr  SMana 
of  rfther  ef  two  diacemirie  tphertt  (817,  (4.),  (8.),  (7.>  and  880,  (8.)),  wUeh  waa 
iBaatntad  by  Fig.  58  (page  886) :  several  other  generations  of  the  same  importaot 
anrface  were  deduced  from  quMternions  in  the  Leetwree^  to  which  it  is  only  posable 
here  to  refer  A  reader,  then,  who  happens  to  have  a  copy  of  that  earlier  work,  may 
consult  t»age  4'J9  (or  a  generation  (III)  of  a  aystem  of  two  reciprocal  ellipsoids,  with 
a  common  mean  axis  (2b J,  by  means  of  a  moving  sphere,  of  wliich  the  radius  (=  b) 
is  given,  but  of  which  the  centre  has  the  original  ellipsoid  for  its  locue ;  while  the 
eorretponding  poimt  OB  tta  neifneal  §urface^  and  alao  the  aomals  at  the  two  points, 
ara  easily  dedaoed  Ihm  the  oooatroetfon.  In  page  608,  ho  frill  find  another  and  per* 
hapa  a  iCiplir  ^eaerailen  (I  V)^  of  tha—awyairof  ricspraoel«flljpio<Jii,hj«ieaaaof 
fnadhTefsrwfe  laoaHMia  •putd  tfkv  (the  oeaMMn  mtam  wfUm^  oompk  816, 
(10.)) ;  the  directions  of  the  /bur  tide*  of  such  a  qaadrilateral  being  givem,  and  one 
pair  of  oppoeite  sides  inf  eraed^p  la  a  point  of  one  surface,  while  the  other  pair  have 
for  their  inten«ection  the  corresponding  point  of  the  other  (or  reciprocal)  elUps<^d. 
In  the  page  last  cited,  and  in  the  following  page,  there  is  given  a  new  double  genera- 
tion  (  V)  of  any  one  elliptwid ;  ita  circular  sections  (of  either  system)  being  con- 
structed as  intersections  of  two  equal  spheres  (or  spheric  surfaces),  of  which  the  line 
of  eesUres  retains  a  fised  direction,  while  the  spheres  slide  within  two  equal  and 
rigki  cfUmdirM,  whoee  onai  biteneet  oaeh  other  (la  tha  osalri  of  the  generated  ear- 
face),  and  of  wUdi  the  etrnmom  radbn  le  the  aieoa  eaaifaaif  (8>  11aaU7,hipagB688 
of  tha  aamo  Tolnme,  than  will  bo  Ibond  a  wmgrnsmiHcm  (Yl)  of  tiio  oH^bui  sflyy- 
aotf  («8c),  Mfafona  to  the  gmeration  (IV)  by  the /ned  (noaa)  4|pA<re^  bat  with 
new  directum*  of  the  ndet  of  tlw  quadrUateral*,  which  are  also  (in  this  last  genera- 
tion) iu*erib«d  in  the  cireU*  of  a  certain  mean  ellipsoid  (or  prolate  spheroid)  of 
revolution,  wTiich  has  the  mean  axis  (26)  for  its  major  axis,  and  has  two  medial 
foci  on  that  axis,  whoee  conunoa  distamct  from  the  eenir*  la  cepreaeoted  by  the  oa* 
prtsaion, 

V(a»>y)V(6»-y) 
V(a«- *»  +  *•)  • 
4o 


J' 
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WM  tfwtod  M  ths  Uemtg  tad  n  — fojww  gmtmlkm  «f  th«  Im  liyiriDiiiii. 
ftOBMbkal  S^fbrmalkm  «f  two  oomipoadiBg  nifiMS  «f  wiwhtiwi,  vllh  evtria 
nMiMiw  komohfitt  (eon^  nib-crtt.  to  S74X  tbraogimbtdtiiliMi  of  (iwift  i  J>««0 

illl^w  ftr  clriifa%  oondneta  to  •gwafioiit  of  those  hypwbalcddt  of  the  aame  mmijkml 
firm  i  namely,  if  a  and  /3  have  signiflcatioDS  analogous  to  tho«  in  tkt  citod  oqao- 
tloo  of  Um  otliptoid  (so  Oiat  /3  mod  aol  a  it  A«r»  t^fooml 

tbo  appar  or  tbi  lomr  djp*  bdng  takoo,  aoooidiiig  oo  tho  awtet  conrfiti  of  omo 
oAoif  or  of  Am. 

(19.)  It  iBoy  alto  b>  toiariwd  thot  oa,  by  ohanginy  to  g  in  tin  noiniyniia^t 
oqootionortho«M(pMol<  woopoi4iolain(ooinp.  404,  (l.))toofbtm(40S|XL)of 
thnoqnotion  of  the  tpktre,  to  the  same  change  in  XLVIII.  eoodocts  to  eqnotiaai 
of  the  equilateral  hyperboloitU  o/'reoefirfMM,  of  OM  alieat  oad  of  IM^  oader  tlMVtqr 
rimple  fbmia*  (oomp.  SiO.  XI.), 

XLIX. ..  8.^^y  =  - 1,    and    L..S^^j*  =  +l; 

in  wliidi  it  Momo  nnneMimy  to  ia«ert  potula  alUr  tbo  signs  S,  and  of  wkieh  tte 
gMOMtiical  inttrpntMtiem  beoono  obviona  when  th«i  thojr  am  wxittcntiun  (oom|v 

LI. .  .  T^  =  V80c2(  J  -  ^  ^\    LII.  .  .  T^oVsocSz.-; 

where  T  -  =  op:  oai  while  I  -  in  the  iucliimuon  Aor  of  the  temidiameter  op  to  the 
«  a 

oflMf  of  revolution  oa,  and--  -    -  ia  tho  laelbiation  of  llw  aiBW  wmliHiBWtM  to  a 

2  o 

pfaM  porpendtcalar  to  that  axis. 

(20.)  The  real  cyclic  form  §  of  the  equation  of  the  t<urface  III.  might  be  deduced 
from  the  unifocal  form  XLI V.,  by  the  general  method  of  the  subarticles  to  859  ;  but 
since  we  have  ready  the  rectangular  form  X.,  it  is  simplw  to  obtain  them  £rom  liial 
form,  with  the  help  of  tho  Idoitity, 

LI  II.  .  .  -  p«  =  (S/>U  (a  +o'))«  +  (SpUVoa')«  +  (SpU  (o  -  a*))*, 

ly  dimlnatingtho/rotofthitorttwrltroMtartbaootoofa  ilitfft  tkttttd  k^pmU- 


the  ooomon  hugemt  ptmmt$^  to  tbio  nmot  (or  atodU)  elllpooid,  and  Co  tbo^tocn  (or 

generated)  ellipsoid  (abc\  which  are  pmralM  to  their  comawn  asiv  (ttX  IMbif  pa> 
rallel  also  to  the  two  umbiliear  diameterg  of  the  latter  surface. 

•  The  same  forms^  but  with  v  for  p,  and  /3  for  a,  may  be  deduced  from  XLVIII 
on  the  plan  of  274.  (2.),  (4.),  bj  assnming  an  auxiliaiy  vector  9  rach  Chit 

s'i'^±B^&aAy^  =  y^i  tho  Jtoaioiiyiti,  abovoallndod  to>  bttwoM  tho  fswnl 

P  «  PR 

kjfperboloid  of  either  species,  and  tlie  equilateral  hifperholoid  of  revoiutwu  of  the 
same  tgmim,  admitting  also  dun  of  being  easily  o»WbHitd. 
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hid  (for  which  6-«>  o-»  >  0 >  e-«) ;  the  teeond  for «n  elUptoid  (c  » >  4'*>«-*>  0)  j 
tod  the  third  for  a  dcmbU-ahteted  hyptrboloid  (o-s  >  0  >  c  ^  >  6  *). 

(21.)  Whatever  the  tpeciet  of  the  surface  III.  may  be,  we  can  al  waya  derive  from 
the  unifocal  form  XLIV.  of  ita  equation  what  may  be  callod  aa  Exftontntiul  1!>a»«- 
fqrmatum  ;  namely  th«  vector  expresaion, 

Liy...^«M-|>jrVaV3i   with   LY. .  .Jvya-l-jr^/UVaa'sl ; 

tht  Malar  ey—l,  i;  wmahihig  atUtrmrf^  but  tha  ln»  aeater  eo^^tefmlt, »  and  jr, 
bdag  eaaatrtirf  bj  tfab  ImI  «|aatioii  of  the  Mcond  degree :  provided  that  tlie  wtm 
mmawi  aeefar  /I  be  derived  fkom  a,  af,  aod    bj  tha  ftHrmala, 

wUdi  givii  after  a  fow  rednetioiii  (oomp.  tba  axpnnioii  815,  IIL  for  when 
Ta«l), 

LTOI. . .  ▼a^Bj3S.a'+  UVaa'.S.a'-' ;    LIX.  .  .  V.aVa'|3  =  o«DV«a'«T"»l } 

LX..  .  8(o'-ea)p  =  «(«  +  Saa'),  Vap=ya*XiYaa' \ 
while         LXI. .  ./a«ar46V<,   and   LXU. . . =/UVaa' =  *-». 

(2S.)  If  we  triiat  the  exponent^  aa  the  only  aarioM*  in  the  expression  LIV. 
for  p,  then  (comp  31  J,  (2.))  that  exponential  ezpreenon  represents  what  we  have 
called  (17.)  a  centra  focal  tllipie  ;  the  distance  of  it$  centre  (or  of  ita  plane)  from  the 
centre  of  the  turfice,  measurod  alonp  the  focal  line  a,  being  rcpreseiiteil  by  the  co- 
efficimt  jr;  and  the  radius  of  tiie  right  cylinder,  of  which  ttie  ellipse  is  a  section^  or 
the  radine  Vt  the  eirele  (16.)  into  which  that  ellipse  is  projected,  on  a  plane  a, 
being  repraeaoted  by  the  aM«r  ooeAcient,  y :  while  |<r  la  the  emenlrfo  aaeaalir. 

(98.)  Ii;  OB  the  oaatmy,  wa  treat  the  •apmni  I  aa  ^Awn,  but  the  Mf^lcimft 
»  and  f  aa  aafipiiiy  fcferAcr,  aa  aa  ta  aalUy  tha  aqoatloa  LY.  af  tha  aaaand  degiaa* 
tba  axpraarfeo  LIY.  then  repnaaala  a  d^knmi  aeaflM  af  tha  mufim  UI.,  nada  by 
a  plaar  tknm§k  He  ISaa  «,  which  nakea  with  tlia/baal  plana  (of  a,  ar*)  an  angle 


«  ^  ;  thia  latter  aeetlon  (like  the  fonner)  being  alwaye  real,  if  the  anrfoee  iitdf 

t>e  i^uch  :  but  being  an  *H^$e  for  an  Miptoidf  and  an  kfffmrboim  for  diAcr  il|per6a- 
/«u^  because 

LXIII.  .  ./a./UYao'  =  a  «e  s  by  LXI.  and  LXII. 

(24.)  And  it  is  scarcely  necessary  to  remark,  that  by  interchanging  a  and  a'  we 
obtain  a  Second  Exponential  TVansformation,  connected  with  the  tiecond tyttem  (17.) 
of  centro-  focal  eliipsee,  as  thecal  exponential  transformation  LI  V.  is  connected  with 
the ^rtt  tyttem  (16.). 

(25.)  The  tupmpMie  come  fp  =  0  has  likewise  its  two  eyeteme  of  eentro-focat 
aK^Mes ,  and  Ita  eqaathm  adnita  hi  like  maaaar  of  Cwo  aajpoMalte/  Iran^^braialiHM^ 
of  the  fonn  UY.  {  Ifaa  only  dUftranee  behig;  that  Che  cqvatioD  LY.  la  repbead  by 
thafoDowiqg^ 

LXIY. . .  aVSi4-fyUYaa'»a, 

In  whidifforaresleone^  thaooefliaiaBtaors*andy*  have  ifiposfir  a^  Iqr  (88.). 
(88.)  PhiBlly,  aa  ragaida  the  aaii^baal  raialfon  of  the  anifoeaa  III.,  which  aay 
any  caa^/baaf  sysfsai  of  anifoeaa  aftha  aaooad  ardar,  It  may  be  paitaived 
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tm  (i.)  ttit  m  mmHuf  tkumtim  <r  iwfc  •  wlrtlw  b  mimii  ty  the  agna- 
Iks, 

•  LXV. . . .  Vir^««  Ttf  ^ ; 

wtkh  Bwy  yfcifi  >•  iliia,  1  that  mbomI,  tt»  Ctn/twih. 

prwMitid  b7  tiw  two  loriar  •qurtiooi, 

Mid  that  tteliMlhMr«Ml«MCiP>lnMMMi^  vaad»>  «f  aa  arMfrwy  mMt  ^ 

rMfli  ngniint  aft  t«  Ihi  tirn     wfrfn  anfl  tlmilm  muH  ■■■gai^/rrf'f  iT  r  r 

LXVII.  .  .  fo  =  congt.,   fj>  =  coMt, 
pMilng  throogh  a^y  proposed  point  p,  an  tzptamd  as  CoUavii 

(28.)  It  is  uademtood  alao,  that  the  two  mufMcta  LXVI.  orLIVT.  art  not  odIt 

ennemtrie,  r«  thoir  ef{uation8  show,  but  al;^  eoara!,  flo  far  as  the  <fir««liMlf  of  tMr 
oxef  ar«  concerned :  or  that  the  two  vector  quadratics  (oorop.  354X 
LXUL..y^«0,   and  LXX.  •  .  Yf>^^p  ^  0, 

an  Mtiofled  by  one  common  tyatem  of  tkret  recUngmtar  mnit  limn.  And  with  thesa 
nnderstandinps,  it  will  !>»•  foun<l  that  the  equation  LXV.,  which  has  b<?^n  called 
aboTe  the  Equation  of  ConfocaU^  ia  not  wij  aMaeiarjf  but  vi^ffieiaU^  for  tbe  eiUl>- 
lisbmoit  of  tbe  relation  nquired. 

(29.)  It  ia  worth  while  however  lo  obaervc,  before  closing  the  present  aeries  of 
■ttbMtidai^  that  tiM  aqaatfaaa  ZIL,  and  tlioaa  fenntd  fian  ttea  Iqr  hrtwdplng 
«i  and  vs,  give  ttie  Mlowlng  aaMmg  odwr  rdationa : 

LZXL  .  ./Un- (*» - fti*)  '  =  -/lUv ;  /lUv,  =       -  V)  1  =  -/,U.r, ;  &c ; 
and  LXZII. . . y(vi,     =/i vi)  *  0  i 

and  tlwalbia, 

LXXUL .  ./i((M-M)>nyi±(M-i*>0t')  -0; 
whiocaittacaiy  tawatliatthahf  ttdtrt  oodar  the  ftmctional  rfgn/i  In  t«a  hat 
anpmrion  have  tlie  diraetkmi  of  the  pemeraHng  tbm  of  the  «i^plt-<A«eie<f  hyperho^ 
lfM(«i)  through  p,  if  we  rappose  that  63S  > &i*  >  0  > ao  that  tha  ooafiical  («^ ia 

AafV  an  ellipioid,  and  («)  n  doMe-theeted  kyperboloid. 

(80.)  But  if  <T  Iw  Uki'ii  to  denote  the  variable  vector  of  the  auxiliary  surface 
XXIV.,  tbe  equation  of  that  surface  may  by  (7.)  and  (8.)  be  brought  to  the  follow- 
ing rectangular  form,  wiih  the  meaning  XXI.  of  w, 

+  6i«(S<rUv,)'4-  MC8<'Uvs)«; 

hence,  with  the  inequalities  (29.),  its  cyclic  normala,  or  those  of  its  atymptotic  cone 
Sffiixrc  0,  or  tbe  focal  lines  of  Uie  ree^ocal  cone  S<rc»  i<r»0,  that  ia  of  the  cons 
XXXVI.,  or  finaUy  tbe  fotmi  Umm  ff  Ifta Jhaal*  9ome  (12.),  whbh  imh  m  fft»ihraf 
lnpffMo,  ham  thaAnetSoM of  tholinw  LXXUL;  lAoit>hcaf  Nact an thtiitaa 


*  A  more  general  known  th«iMMi,  including  this,  w&l  non  ha  proTod  by  qoatw- 
•ttiona. 


Goo' 
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(Jby  what  hfli  jMt  be»  m)  Oc  pmtraHaf  Uim  rftk$  kfptrholM  (ci).  wfakh 
puses  through  tb«  ginn  pobt  F. 

(81.)  AiidfDrHkarAttn«y«r«»baTetiMtniidbimatloa, 

LZXV. .  •  H(%w>»-8W9««(8«UBr>i-|>«i(8vUvi)i-|'«k(8rni^. 

408.  Tha  general  ejucilibit*  em^fugaiitm, 

l...{ff^,p)^h  405,111. 
connecting  the  vectors  /j,  ^'  of  any  two  points  p,  which  are  con- 
jugate with  respect  to  the  central  but  non-conical  surface  fp^l,  may 
be  called  for  that  reaaon  the  Equation  of  Cot^ugait  Famt§;  while 
the  analogoua  equation, 

whieh  leplacea  the  ibnner  for  the  oasa  of  the  atjfmpMie  comff^Qt 
may  be  called  by  contraet  the  Sqm^ion  ofConjugaU  DiMdhm  :  in 
fact,  it  ia  satisfied  by  any  two  conjugate  mnUtiamden^  aa  may  be  at 

once  inferred  from  the  differential  equation  /(^,  dp)  =  0  of  the  surface 
y^ae  const  (corap.  362).  Each  of  these  two  formula)  admits  of  nu- 
merous applications,  among  which  we  shall  here  consider  the 
deduction,  and  some  of  the  transformations,  of  the  Equation  of  a 
Circumscribed  Cont, 

IIL  • .  (fie.  p^)  -    -  Cfr  - 1)  (/P'  - 1 ) ; 

which  may  alao  be  considered  aa  the  CbfuttUM  cfOoitiM^  of  the 
Sm with  the murface fp=\. 


(L)  Ib  tUi  hMtTinr,  the  aqnatioa  IIL  1D17  be  at  onoe  daduMd,  aalhai 
tion  of  gynalrosltiBtaaiaahraod  g— *wfiVaqaatfan  (0QOipwtt6»  (S.),  and  816k 

IV.  .  .  0=/(jrp+x'p')-(x  +  x')', 
or  V.  .  .  0  =  x2  (/p  -  1 )  r  2xx'  (/(p,  p')  -  1 )  4  x'2  (/p'  - 1) . 

which  gives  in  general  the  two  veetQr*  of  itUtrsectumf  m  ihe  two  Talaes  of  the  e»> 

....  *p  -h ^p' 

(2.)  If  wstnattkepoMr'aspvcM,  aad  dvioto  the  fiiv  ssamli  dnwn  from  It 
InmyghendfrmttmrhftiirtaAig^T,  thmliaadlbsntfai  reoCi«rtUieaMr 

▼L . .  e  m/(tf»* + r)  -  li-^O^- 1)  f        r)  +Al 
diaetf^  then  by  tp-W  the  k^emit  mmm  tHhm  two  msuta,  ss  that  Xflk-Ka 
Mid  wiltiiig  p  »  ^ + Vr,  we  han 

TO. . .        -/pO  =/(p',  r),  /CP.  pO  - 1 J 


*  Per  tlie  aotaliea  uMd,  Art  882  OMy  be  agata  nfand  to. 
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we  •re  then  led  in  this  way  to  the  fonmaU  I.,  as  the  Equation  o  f  the  Polar  Pia^e 
of  the  point  p',  if  that  plane  be  here  supposed  to  be  defined  bj  its  weii-knowu  Aor- 
mmiepropmrtf  (oomp.  216,  (16.),  and        (81.),  (82.)). 

•iUiitof  •qoalrootoiByin  I 

vni...yo»',0*=A.(/p-i), 

Um  lini  nMmbcr  being  an  abridgment  of  (J{p\  r))< :  and  baoiOM  llilt  kit  •^■■iMi 
VIIL  to  hmugmnma  wHk  ntptat l»  r,  it  wpmitf  cott%  mumitjm  Otm 
fMite(r)taClMgivaiiMKie»y^«l,ft«aitlMgif«ipoiiiti'.  AMOifiBgif  itlsaaqr 
to  plov*  that  Um  aqoatiiMi  HI.  oiaj  ba  Choa  wilttMi, 

IX. .  ./ip%  p-'py^np'P^w-i). 

andar  wUch  laat  fcna  it  to  aa«i  to  ba  lipMOiaiwaM  tvHli  mpaot  to  p  -  p\ 

(4.)  Withoot  aitpiaadjr  tetrodttetac  r,  lha  tnadunuOM,  IX.  Aatva  that  tbt 
atpiatloo  in.  wftaaMHi  aaia  a—,  with  tba  glfao  paint    ftr  Ha  THtiK ;  aadba- 

cause  the  nUerttction  of  this  tomt  with  the  givan  tur/koa  to  axpraiiad  by  the  sfwmn 
of  tha  eqnation  I.  of  the  polar  plane  of  that  point,  the  oonaaoai  be  (aa  abova  aCatcd) 
eireumnerihed  to  the  surface /p  —  I,  touching  U  aUmf  tkt  CMTW  (laal  OT  innagteaiy) 
in  which  that  surface  is  cut  by  that  plane  I. 

(5.)  Another  important  transformation,  or  set  of  transformations,  of  the  equation 
III.  may  be  obtained  as  follows,  lu  geiieiai,  for  ua^  two  vectorB  p  and  p',  if  the 
aoalar  ooniCaiit  ■^  tlia  Taelor  fonction  ^,  and  tha  acalar  function  F,  be  darived  from 
thattMaraadTaatar  Ihnctfaaf^  wUah  to  hara  aaf^aail^te  (405),  by  tha  laihad 
af  thaSaatlflB  IIL  iL  6,  wa  hava  anaaairfvaly, 

X. .  ./(p,  pT -/p 'fp  =  Sp^p'. Sp>p  - Spfp.Spfp  =  S( Vpp'. V^p^p') 

-S.ppVVpp'-  ai8.pp>-«Vpp'-»FWs 
and  thoa  tha  aqoalion  IIL  af  tha  drwrncHiarf  eo—  baaema^ 

XI. .  .  asFVpp' + /(p  -  p')  =  0,   or  X!!.  . .  mFVrp'  -^fr  =  0, 

if  r  =  p  -  p'  be  a  tangent  from  r'.  Or  because      =  m,  and  m  =>  —  cic«C2  =  —  a'*h  h  \ 
by  406,  XXIV.,  we  may  write  (with  r^p-p')  dtber 

XIII.  .  .  0  =  Sr^/  'r    Sw^  «w,    if   w  =  Vrp'  =  Vpp', 
or  Xnr. . .  F Vpp*  «=  *«ft«c>/(p  -  p'% 

AS  the  condition  of  contact  of  the  /ine  pp'  with  the  turface  fp—\. 

(6.)  A  geometrical  Mlarpuste^soN,  of  this  laat  firm  XIV.  of  that  eomdUion^  can 

easily  be  aadgnad  ai  foUowa.  SuppodBgatdntliaraiaiipiiei^  tbattfaaaoHhaatoaa 

ampaoid,  lat  Pba  thapotntof  aootaot,  ao  that>^  « I,/(pi  r)  •  0 ;  and  tot  tha  teafwt 
pp^batahaaaq«altothapataltolaiaiidiaaaCarar,aothatyVB/(^.|»')al.  ma, 

with  tha  rfcBifleatfan  XnL  of    tha  a^iaika  XIY.  baeanaik 

XY. , .  Vl^raTv.VFUvB«fte; 

in  arUeh  tha  toctar  T»  lapcaaanto  tha  avaa  af  tha  paiaHalagnai  ondar  tlia  oonjagato 
aamhtiamatigi  or,  or  of  tha  gltan  aoHheay^  a  i ;  whib  tha  athar  telar  aa- 
pnaaota  tlia  reciprocal  of  tlia  laaoidiamitar  af  the  reciprocal  anrfhea  #W  •  1,  irkkk  to 
petpandiealar  to  thdr  plane  pot  ;  or  the  perpendicular  distance  between  that  planer 
and  a  parallel  plam  which  touchy  the  given  ellipsoid  ■  so  that  their  product  V/»  b 
equal,  by  elementary  principleii,  to  the  product  of  the  three  scmiaxes.  a*  -stated  in  the 
formula  XV.  And  the  reault  may  easily  be  extended  by  squaring,  to  other  central 
auxfaoea. 
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(7.)  It  may  be  itnaiiNd  in  passing,  that  if  p,  9,  r  be  any  tkrtt  to^jugatt  1 
ofaqfMBtnlMDflm/^al,  to  thai 

XVL../p=/<r-yr  =  l,   Md   XVH. .  ./Cp,     •/(*,  r)         P)  -  <>• 
ttiA  tf  «p  +  jrtr  +  «r  1m      tflW  MoiUiMMesr  of  tlw  MUM 

XVm. . . + 4- cr)  B  «*  4 1^4  «*  B 1 ; 

A  retatfon  bttipean  the  cottfelMiti^  fhVt**  which  his  been  abendy  noticed  for  the 
eltipwid  in  99,  (2.),  and  in  402,  I.,  and  is  indeed  deducible  for  that  sorfaoe,  fh>m 
piindplefl  of  real  sealart  and  real  veetort  alone  :  but  in  extending  which  to  the  Ay- 
f^erboloiiU,  one  at  l^aat  of  those  three  to^fieini*  beoomea  twiyiwofy,  M  well  ae  one 
at  least  of  the  three  vectors  p,  <t,  r. 

(8.)  Under  the  same  conditions  XVI.  XYII.,  we  have  also^ 

XIX.  .  .  Ypa  =  ±abe^T=±(-my^r\ 
XX.  .  .  r  =  ±  (-  w)»^-i Vpa  =  +  (-  m)-*V^pf  <t  ; 
XXI.  . .  Sptfre:^tafte»f  (-  m)  *; 
together  with  tUa  vaiy  simple  nlatioD, 

2XII. . .  Sft9r,Bfgf9fr^^l, 
(9.)  Under  Uia  aanie  conditional  if  sep+jro+sr  and  fli'|s4/9+a'r liava enty 
coiyiyfe  directions,  that  is,  if  they  liave  the  directions  of  any  two  eot^tiftUf  esnrf- 
sliaaMlirii,  the     ecalar  ooeflklenta  most  satisfy  (oomp.  IL)  the  equation, 

ZXIII.  ..sw'4fy'4ac'»0. 

(10.)  The  equation  yill.,  with  p  for  p',  nay  be  written  aidsr  tiia  ten, 

XXIT. . .  0  •  Sar a Srwr,   if  XXY. . .  9* wr «  f pSpfr 4  f r(l  -;/^)^ 

m,  a  new  linear  and  Toetor  Anetioo,  which  repieaenta  a  aonnaf  la  fAe  cone  qf  Inn- 
yen<f  IkomF,  tofhaflaHiue>S»«l.   /aeerlfaip  thia  hnt  flinetioni  wa  And 

XXVI.  .  .  r  =  «-'«r  =  ^-— ^fe?; 

l-fp 

the  equation  in  <t  of  the  reciproeai  eeiie»  or  of  tltC  MM  rfmommb  tO  tlie  ctr«vai- 
serHMtd  come  from  P,  is  therefore, 

XXVlt  . .  Soer'o  »  0,    or    XXVIII.  .  .  Fa  =  (Spa)',    or  finally 

XXVIII'.  .  .  F(<T  :Sp<T)=  1  ; 

a  remarkably  simple  form,  which  admita  alw  of  a  simple  interpretation.  In  fact, 
the  line  a  :  Sp(T  is  the  reciproeai  of  the  perpendicular,  from  the  centre  o,  on  a  tan' 
fitnt  plane  to  the  conr,  which  i^  al&o  a  tangent  plane  to  the  surface  ;  it  is  therefore  one 
igf  file  vuhm  qf  Ifte  ncctop  y  (oomp.  (6.),  and  878,  (2 1.)),  and  oonaequently  it  it  a 
MmiUUamHw  tfiht  nttproeal  mafut  IV*  1. 

(11.)  la  an  application  of  the  equation  ZZVnL,  let  the  milhea  be  tha  eaii^ 
M{(e),  repreeented  by  the  equation  407,  III.  or  X.,  of  which  the  reciprocal  is  re- 
ptaaeoted  fay  407,  Z7IL  or  XVIII.  Substituting  for  Fa  its  value  thoa  dcdoeed, 
the  equation  of  the  reciprocal  cone  (lO.),  with  <r  for  a  side,  becomes,* 

XXIX. . .  2MaoSaV  -  (Spny  =  6a<r»,  or  XXIX'. .  .  SaaaV  -  /-»(8p<T)»  =  «r« ; 
if  then  the  vertex  p  be  JIatdt  boi  the  «M>bcal  o«y,  hj  a  change  of  e^  ar  of  ^  which 


•  It  nqy  be  obaarred  that,  when  5»0,  tfaie  aquation  XXIX.  wprewnta  tha 
MfM^dw  cant  to  tha  awriKafy  mr/k0»  407,  XXIT. ;  and  at  tha  aana  tioMthara* 
c^fwcnf  of  that^baal  cane,  407,  XZXTL,  wldch  laita  on  tha/bcol  4|igp<rMa. 
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mriv  with  K,  Iht  «mm  ZXIZ.  will  alw  M»y,  bat  wiD  bdong  to  a  Utmt^tKe  ^ 
tm  t  whflMt  it  ftOowithat  th6(4M«r)  liriMiiirllirf  ww/w  mgkm  ptSmtmn 
ai%im^fs  Md aluN by 407, (»0.X that thrfr  iBw«iii>fr Mbit w  ^ > 
&M»  of  tht  •Jn/^  kfptrioltU^  oT  cue  ahwU  which  pMWi  thwwigb  flwir 

CWUMiOM  vertex. 

(12.)  Chan^'ng  «  to    in  XXIX'.,  and  ufaig  Um  tnatlMnfttloa  407,  LXXY^ 
with  Um  kUoUlgr  (oomp.  407,  LIIL). 

-     =  (8<rUv)»   (8«Un)  +  C8(rU»^)«, 

wiadtiMitif#bt«  ■•fgltotha  1— ^f«nytiilillr»f  to(<r,X  tt  aatiiAflft  th» 
ti|>atl<wi, 

ZXZ. . .  0«(<-««)(8«Ua')>+(«i-O  (SvUn)'  4^ («i-0  (SrUn)*  i 

tad  thenfbre  that  if  r  be  a  f a v«l  IhoB  fhi  lUM  point  P,  to  tfaa  tiiM  CQafM  (Ot 
it  MtMii  thia  otbMT  oooditioii. 

wUbh  thia  la  a  fasm  of  tha  aqaatioo  of  Clia  oAwwcrlttrf  mm  to  (Oi  *^ 
rrx  at  a  ffivm  pMrt  th«  caaj^aaf  «l««cfar  (11.)  of  all  aaoA  ooooa  Ufng  hmbj 

•xbibited  anew. 

(13.)  It  follows  also  from  XXXI.,  that  the  axes  of  even-  ron/"  thus  nrtntmscrihed 
have  the  directiorw  of  the  normal*  v,  vi,  v%  to  the  //irrr  ciinjocah  thruuyh  V  ,  and 
this  known  theoremf  may  be  otherwiae  deduced,  from  the  Etjyation  of  Con/ocaU  ' 
(407,  LXV.),  by  onr  ^^encral  method,  as  follows.    That  equation  giret 
V,  —  y  ^  <py  (because  fv,  =  ^v),  and  therefore, 

XXXII.  .  .  (v,~  v)  S*"*/.  -  <t>,vUj?  -  I),    Vrr,Sv».,+  Vv^.v(l  -/.p)  =  0  ; 
changing  then  V  to  S,  and  v  to  r,  we  («ee  that  v,  vi,  V2,  as  being  the  roott  {'Myi)  of 
this  last  rector  yvMlra^  XXXil.,  haTC  tba  dirtt^oiu  of  the  axeo  of  the  cone,  with 
r  for  aide, 

XZXIIL  .  ./(ft  r)«+/r.(l  -/p)-Ot 

that  ia,  by  TUL,  the  dinellMi  of  the  «M        c«M  Ihm 

(14.)  Aa  an  apfilieatioii  of  tba  formaht  XIV^  wllh  thaahridgad  ^wbolt  vtmAw 
«f(ft.)ftrp-e'■lldyfp^  tha  OMMlSllaa  o/ eoafact  of  tha  i&ia  with  tha  «a^^ 
ool  (a)  become^  by  tha  aspreMlofis  407,  III.,  XVIII^  and  YIL  ibr  tha  IhnctloM 
/     and  tha  aqoaroi     ftS  aS  tha  fidlowi^g  fMdMe  ia  a : 

ZXZIV. . .  (8ar)«-SaSar8aV-|-(SaV)»-i-(l-<*)r*"^'(8av«'»-«»*); 
thait  an  thmlbie  in  general  (aa  la  hnowo)  two  coi^oeaU,  say  («)  and  (e^  of  a  gimm 
Hfif wMch  toadh  a  pfatit  HyitI  ft—  ;  aadthafar|Mr«aMli»«^|aanda^ar»thateia 
roaCtof  thalaitaqaatioii:  for  hHtaaei^  thairaMtiagiTiabjthaftiimnU, 

ZZX7. . .  (a  Or*  -  H«i  SSarSaV. 


•  Thiithaonai  (whkhfaiciadaa  that  of  407,  (80.))  la  oitod  from  Jaaobi,  and  aa 
provod,  fai  paga  148  of  Dr.  Sdaiao'a  Tiaatlie,  Nterod  to  la  tafanl  fiNmer  Katoa. 

t  Conpara  tha  oaoood  Voto  to  paga  648. 

t  This  UMBO  of  jwramrtifla  haia  gimi,  aa  in  407,  to  tha  aibitraiy  imiatMt 
d*+a* 

a  m    '       of  which  the  value  distinguishes  one  confocal  (e)  of  a  system  from  anoiber. 
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(16.)  Conceive  then  that  p  b  a  piren  nemidiamtter  of  a  ptren  eonfoeal  and 
that  dp  is  a  tangent,  piren  in  direction,  at  its  extremity;  the  equation XXXIV.  wQl 
then  of  coarse  be  satiated,*  if  we  change  r  to  dp,  and  v  to  Vpdp,  retaining  the  givtn 
value  of  « ;  but  it  will  aUo  be  satiafied,  for  the  «aai«  p  and  dp  (or  for  the  aame  r  and 
v%  wbeo  ««  cfaangft  e  co  this  at*  panmater^ 

XXXVI.  . .    «  -  «  +  «8aUdp .  Sa'Udp  -  ;  «  (VpUdp)* ; 

tliat  13  to  say,  the  new  eonfoeal  with  a  parameter  determiaed  by  this  laat  for- 
mula, will  Condi  At  ffivtn  tangent  to  the  given  eonfoeal  (e). 

(16.)  If  «•  of  0M9  nak*  iSa  0  ia  the  equaUon  407,  III.  of  a  Comjhcat  S^dm 
4)t  Cmtnl  SivfiueBt  leaving  tlia  paiaiuter  «JbH^  wa  lUI  hack  an  tha  qntam  406, 
XXXV.  «f  AEmii/InmI  Gmm*  i  hot  if  m  oooealYa-tliat  I*  aoly  laadSi  to  wtn,  and 
that «  at  Uw  aama  time  tenda  to  pariHm  i^Ugt  in  nch  a  naanar  that  tliair  jir*- 
JMd  tanda  ia  %fiiuU  Umk,  r*,  ot  tliat 

XXXTII...liaB.;aO,  Um.aaiaD,  liin.iltBr^ 

than  tfM  aqnatloii  of  tlia  mHioa  (a)  tanda  to  tiila  lbalfiM|r  finm^ 

XXXVIIL..^+r*»0,  or  XXXVUr. . .  T^»r; 

«  jyilaai  tfHeo^fbeal  coMt  ia  tiianfora  to  ba  eoiaMaatf  with  a  ijatam  of  oonerafrie 
i^^ktr^if  In  ordar  to  make  up  a  aoaijiMa  eonjbeot  «yalan. 

(17.)  AeoonUnglj,  any  fi$Kn  rifkt  Um  tp'  ia  in  genaral  tmuM  Iff  only  o»« 
cone  of  the  system  Jnat  referred  to,  namdy  by  thai  paiticalar  com  («),  for  wUcii 
(oomp.  XXXIY.)  iva  have  the  ▼aloc^ 

XXXIX.. •  as SavaVS  or  XXXIX*. . . «4'8aa'»2SavSaV>, 

withimypp',  aabafor%  aoliiat  vlBp«npeiitfeiil!Brfoffta^tM»|>J^  wliidi 

Contains  the  vertex  and  the  lEac;  in  fact,  the  redfproca2t  of  tlie  Heonfocal  aonof 
406,  XXXV.,  when  a,  a'  are  treated  as  given  unit  Unr$,  but  aaa  a  ftariabU ptra" 
maCer,  eom|HMe  the  btearnqfclief  ty$tem  (comp.  407,  XVIII.), 

XU . .  Saya'v=:«v>. 
Bat,  baddta  thalmi^eirf  eom*  thoa  found,  there  is  a  tangent  sphen  iHth  the  same 
centre  o ;  of  which,  by  passing  to  the  limita  XXXVII.,  the  radios  r  nay  ba  foimd 
firomtbe  lame  fBrmnla  XXXIV.  to  be, 

XLL-.r-TS-Tle^; 

r  p-p' 

and  such  is  in  foct  an  expression  (comp.  816,  L.)  for  tbe  length  of  the  parpndienlar 
Ikwn  the  origin  on  the  piven  lino  pp'. 

(18.)  In  general,  the  iquution  XXXIV.  is  a  form  of  tlie  equation  of  the  cone^ 
with  p  for  its  Tariable  vector,  ;vhich  has  a  given  vertex  r',  aiul  is  circumtcrtbed  to  a 
given  eonfoeal  (e).    Accordtngiy,  by  making  e^-Saa  in  tliat  formula,  we  are 


*  In  fact  it  follows  easily  from  the  transformations  (5.),  that 

fp       -  u  '6  2c-2/'Vpdp  =  f(p,  dp)', 
t  The  bifocal  form  of  the  equation  of  this  reciprocal  tyitem  of  cones  XL.  was 
given  in  406,  XXV,,  but  with  other  eontlantt  (\,  /i,  y),  eonnected  with  the  eyc//c 
form  (406,  I.)  of  the  equation  of  the  given  tyeiem, 

4  p 
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ltd  (titar  A  Ibfrrateetieoi,  conip.  407,  XZm)  to  an  •qoata  wbidi  ai^  be  th« 
wiHtta, 

XUI. . .  0sl>(S(M'r)«  +  2Sap'rSayr, 

witlltlMTariftbIt  rid*  ra|l  —  ^',  as  before ;  and  which  differs  ooty  hy  the  sabetitutioo 
of  !>'  and  r  for  p  and  v,  from  the  eqaation  407,  XXXVL  for  that  focal  tm§f  tvhtch 
rests  r>n  th<>  focal  hyperbola.  The  other  ( real)  focal  cone  which  bM  thO  tUM  arbi> 
trary  vertex  r  ,  but  rc^ts  on  the  /oca/  eliipge,  has  for  eqaation, 

XUII. .  .  /2(S(a  -a»»=Sava'i;  -  v', 

«8  is  found  by  cheogliig  •  to  1  in  the  same  formulft  XXXIV. 

(19.)  It  is  however  simpler,  or  at  least  it  gives  more  symmetric  results,  to  change 
in  XXXI.  to  —  Han'  for  the  focal  hyperbola,  and  to  +  1  for  the  focal  ellipse,  in 
order  to  obtain  the  two  real  focal  cones  with  v  for  vertex,  which  rest  on  those  two 
curves;  while  that  third  and  wholly  imaginary  focal  cone,  which  has  the  same  ver- 
tex, but  rests  on  the  known  imaginary  focal  cervc,  in  the  plane  of  h  and  c,  is  found 
by  chaiigiDg  to  —  !•  TUe  imaginary  focd  COM^  and  tho  two  leal  onea  nblch  roift 
aa  aboTO  on  the  bjpoibola  and  eUi|^  rMpaeCIvolj,  maj  thnabo  wpwawted  bj  Um 
three  eqnatioai, 

ZUT. . .  0  •  r>(SrUsr)>  -f  ni-«(Srnn)*+ flt'^CSrUvi)! ; 
XLT. . .  0  -  *-«(8rU»)«  +  MCSrUy))*  +  M(SrUyt)t; 
ZLYI. ..  0-er«(SrUif>»4  ei-*(SrUyi)*-l-  ei-^CSrUv^; 

T  being  In  eabh  eaaa  a  aida  of  the  oone^  and    vi,    baTiog  the  aame  eignWratiMe 

as  before. 

(20.)  On  the  other  band,  if  we  place  the  vertex  of  a  drcomseribed  cone  at  a  point 

V  of  &  focal  eurve,  real  or  imaginary,  the  mrrlopfd  tvrface  1«  iiifr  the  eonfocal  (e,), 
we  find  first,  by  XXX.,  for  the  reciprocal  cones,  or  coiMf  qf'normol*  V,  with  thO 
lame  order  of  succession  as  in  (10. )i  the  three  equations, 

XLVII.  ..«^SUva)3^o/; 
XLVIII.  .  .6»(SL  r<y)^  =6,>; 
XLIX.  ..c«(SUv(r)»=c»; 

and  next,  for  the  circumscribtd  comet  themselves,  or  cones  of  /anyeafj  r,  the  con- 
nected equatioos : 

L. . .  al»(VU»r)« .+       0 ; 
LI. ..  W(VUvr)»  +  V«0; 
LIL  . .  cS(YUvr> -f- 0*  B  0 ; 

an  wbich  hava  tfao>bnnf  of  aqoationa  ef  eonet  ^reaefafiM,  bat  on  the  gaeoMtrf- 

cal  meanings  of  the  three  last  of  which  it  may  be  worth  while  to  say  a  few  words. 

(21.)  The  cone  L.  has  an  imaginary  vertex,  and  is  always  iV**-//"  imaginary ;  but 
the  two  other  eonei,  hi,  and  Lll.,  have  each  a  real  vertex  p,  with  >  0  for  the 
first,  aiul  <  0  for  tlie  second;  b  being  the  mean  semiaxis  of  the  tllipsoid^  which 
passes  through  a  given  point  of  the  focal  hyperbola,  and  being  the  negative  and 
algebraically  least  square  of  a  scalar  aemiaxis  of  tho  doublc-theeted  hyperboioid^ 
wUeb  pasiee  through  a  given  point  of  tbo/beaf  Mipm  s  whila^  h»  emdi  eaaci  y 
baa  the  direction  of  the  norwul  to  the  turfaee,  irtiioh  is  also  the  tamptnt  to  the  cam 
at  that  pointi  andia  at  the  aame  time  the  ami§  of  revolution  of  the  coae. 

(SS.)  Tho  eemiaiylit  of  tho  two  last  eoma^  LL  and  UI.,  haTo  fbr  their  nspae* 
tire  ftnes  the  Iwo  qnotienta, 


CHAP.  III.]         TWBLTX  UMBILICAR  VECTORS.  669 

LUL..^:^  and   LIV. . .  (-c*)!; 

tach  of  those  tvfo  cones  U  thanfore  real,  if  circumscribed  to  a  uingle-theeted  hyper- 
hUeid^  becatue,  for  tuch  an  enveloped  surface  (e,),  is  rfo/,  and  /«««  than  the  b  of 
any  eon  focal  ellipsoid,  -while  i.i  imagnnary,  and  ita  square  is  algebraically  greater 
(or  nearer  to  zero)  than  the  square  of  the  imaginary  seniiaxis  c  of  every  dnuhle- 
sheeted  hyperboloid,  of  the  same  coufocal  system  ;  but  the  cone  LI.  is  imaginary^  if 
the  enveloped  surface  (ej  be  either  an  hyperboloid  of  two  sheets  (6,  iinaginar)*),  or 
an  exterior  ellipsoid  (b^>h)  ;  and  the  other  cone  LI  I.  is  imaginary,  if  the  surfkos 
(e  J  be  either  any  ellipsoid  (c,  real),  or  dse  an  9xUrw  and  rfoiiSlt^heetod  hyperbo- 
kid  (as<  e*<e*,  ~e*>— c*).  Aeeofdiiigjljr  it  is  known  tliat  the  focal  AygMr- 
ftob,  irtiieh  is  tlie  Idchs  vtrCM  of  thaeoiie  LL,  lieaentfrelj  iMldt  «M*y  ilbifMfl- 
aheetad  bnMrboloid  of  the  qnrtem ;  while  the  focal  tlHfite^  which  is  fai  like  naimer 
the  locus  of  the  vertex  of  the  cone  LIL,  is  interior  to  everff  Mpeoid:  and  reo/  laa- 
^•n/«  to  a  «tn^/e-8heeted  hyperboloid  can  be  drawn,  from  every  real  point  of  space. 

(23.)  The  twelve  points  (whereof  only  four  at  most  can  be  real),  in  which  a 
surface  (e)  or  (a6c)  is  cut  by  the  three  focal  currcs,  are  called  the  L'm/n/ics  of  that 
surface  ;  the  vectors,  saj  «a,^f  of  <Aree  such  umbilics,  in  the  respective  planea 
of  ca,  a6,  6c,  are : 

LV...I*  «|(a  +  a')  + j(a-a')i 

Lvi  «„iCfL±f24.^EI*Y??'. 


LYII  V>15Vaa\ 


and  the  others  can  be  formed  firom  these,  by  chariging  the  signs  of  tlie  terms,  or  of 
aomaof  them.  The  four  rtol  vmMlics  of  an  sflifMeltf  an  given  bj  Um  formgla  LY., 
and  thoea  of  a  dBuftfo-sAMfsii  k^fpaMmi  by  LYI^  with  the  diaaiges  of  sign  jnat 
nmtioned. 

(24.)  In  transfonttbg  expressions  of  thisaort,  it  is  oaeliil  to  dbosm  that  tha  az' 
prassiona  Ux  the  sqnavBS  of  the  somiaxes, 

i^^l^Cs-l-lX  »««I*(*4-Saa0>  «*-l*(a-lX        407,  YII. 
combined  with  Ta>  Ta'e  1,  giva  not  onty      c*  e  21*,  bnt  also^ 

a  +  a'       /l  —  Saa'  a'     /a*  — 

Lvm. .. - ^-^=c«u-= (jn:^) ! 

and  LX.  .  .  TVaa'  =  V(  1  -  (Saa')')  =  sin  Z  ^  =  /■« (a«  -      (6'  -  c»)», 

with  the  verification,  that  becanse 

LXI.  . .  (a  -  a')  (a  +  a')  =  2Vao', 
therefore  LXI'.  .  .  T(a  -  o').T(a  +  a')  =  2TVaa'. 

We  have  also  the  relations, 

LXII.  .  .  T(a  +  a')  '  +  T(a-a)  2  =  (TVaa')  «; 
LXIir.  . .  T(a  +  a')-*-T(a-a')  '=Saa'.CTVaa';-«j 

with  others  easily  deduced. 
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(26.)  Tb««xpnMiottLy.c«idaeltlotlwfollowiiigaiMQgottMr 
wUdi  aU  «diiiU  of  doiMDtary  TOfUlcalioni,*  aod  mi^  m 
Fif.  84.   Let  u,  v'  be  the  two  real  potato 

in  which  an  ellipfloid  (o&c)  is  cut  by  one 
branch  of  the  focal  hyperbola,  with  h  for 
snmmit.  mi  l  with  F  for  its  interior  focus ; 
the  adjacent  major  summit  of  the  surface 
being  K,  and  K,  r'  bting  (^aa  iu  the  Fi{^rc) 
the  adjacent  poiuta  of  intersection  of  the 
•ana  wrfaM  with  tb*  feoUUiies  a,  a',  that 
i%  with  tht  aigraiptotM  to  tiw  h jparboU. 
Lit  dao  T  be  tb*  poinli  in  wfaieli  tlM 
■UM  aqrmptotot  a,  a'  wMt  Che  taofnt  to 
t!:  hyiicrlx!.!  at  u,  or  the  normal  to  the 
ellipsoid  at  that  real  utnbilic,  of  which  we  may  suppose  that  the  vector  ou  i»  the  m 
of  the  formuU  LV. ;  and  let  s  be  the  foot  of  the  perpendicular  ou  this  normal  to  the 
surfac  0,  or  taii^'ent  TV  to  the  curve,  lei  (ail  from  the  centre  o.  Then,  besuies  tht 
obvious  values, 

LXI V.  .  .  OK  =  «,    o**  =  (o«  -  c=)»,   ^TTi  ^  (rt^  -  h^)\ 
and  the  obvious  relations,  tftnt  t)ie  intorcopt  tv  is  bisected  at  u,  and  that  th  *  point 
F  is  at  once  a  summit  «if  the  focal  i  Uijtso,  and  a  focus  of  that  other  elliji^e  in  which 
the  .surface  is  cut  by  the  |»lane  («r)  of  (h<^  liijure,  wo  shall  liave  these  vector  exprv*- 
■iona(comp.  371,  (3.),  and  -lu7.  Vlll.  l.XI.): 

LXV.  .  .  ov  =  (a  +  c)a,    oT  =  (rt-c)a',    TV  =  a(a-o'^  + c(a  + a')} 

LXVL.  .su-t-^ws-^Ca  +  aO-YCa-a^^  sue-aerTU; 

a  a 
LXVIL . .  o«  «=  —  =  <*-»«a,   ob'  =  -rr;  -  » 

whence  follow  by  (24.)  these  other  values, 

LXVIII.  .  .  ov  =  «  + c,    6T  =  a-c,    tv'  =  26; 
LXIX. . .  ru  =  uV  =  6,    8U  =  dB  =  oR' =  «'i» 'c; 
LXX.  .  .du=Ta»  =  (««-*«  +  ea)»; 
LXXL  . .  m  «  («»  -  M   e>  -  ««Me>)l B  fr'i (•» ^  6^)1  (6i  -  c")!. 

(26.)  It  follows  that  the  lengths  of  the  nd^a  ov,  or,  tt  of  the  mmJbUkartrima^* 
xoY  are  equal  to  the  smii  and  d^ffhwct  (a  ^  <^)  of  the  eartneM  ecwfaws,  and  to  tfaa 
metm  axi»  (Sft)  of  (he  df^pseitf  ;  while  the       of  that  triangle  soi.fu  ^C^-Vyk 

— cP)is  the  redoM^e  under  the  two  $tmia»e§  of  the  il|||Mr6ota,  If  6ofA  be  treated 

as  nuL  The  length.  (T^)-',  or  iu*  of  the  perpendieiUaar  horn  the  o,  on  the 
t^i^emt  plane  at  an  umbilic  u,  is  aft'ic;  and  the  ^pAart  concentric  with  the  ellipsoid, 
which  totichea  the  four  umbilicar  tangent  planes,  passes  through  the  points  R,  r'  of 
•nlcrsectioit  of  that  ellipsoid  with  the /oca/  Ume§  a,  a%  that  is,  as  before,  with  the 


*  Some  sttch  veiiflcationt  were  given  in  the  Xedttres,  pages  691,  €92,  in  ooo- 
nexion  with  Fig.  lOS  of  tliat  former  volvme^  which  antwered  in  aeveral  respeola 
to  the  preaent  Fig.  84* 


L>iyuUL.j  cy  Google 


CHAP.  IIlJ     EIGHT  UMBILICAR  GENKRATRICES.  661 

mtjfmfiUitn  to  the  kfptrhola;  «r,  bj  (S1.)(S2.%  wiUi  CIm  «r«t  of  Am  taw  cuvmi- 
mtM  iylbi^«.*  And  flnaDf  tlw  laigtb,  mj  m,  oftlii  umbUUar  itmidim^ 
wuttr  ov,  it  glTvn  bj  the  fonnnlaf 

LZXII...i^«^-5t-|-c*; 
•n  wUch  agree!  (25.)  with  kDowii  feenlts. 

(27.)  An  MmhiU9  of  «  iarfiwe  of  the  aeeood  order  inaj  be  othenrlie  dli^laetf 
(eomp.  (28.))»  e  <eal  or  Imagfnery  point  at  which  the  tangent  pioM  Is  pataUei  to 
m  cjfdie  pUmt  s  and  aeoordinglj  it  ia  caa^  to  prove  (eomp.  407,  (80.))  that  the  «a»- 
tUitar  normal  f  m  in  LXYI.  haa  the  direction  of  a  cyelie  normal.  To  employ  thia 
known  propertj  in  verfflcatlon  of  the  recent  expressiona  (26.))  (26.),  for  the  lengtha 
of  OD  and  su,  it  is  only  neceswin'  to  observe  tlmt  the  common  radius  of  the  diame- 
tral and  circular  sections  of  the  t'llipsoiil  is  the  mt-an  semiaxis  b  (eomp.  216,  (7.) 
(9.),  &c.)  ;  and  that,  by  a  slight  extension  of  tlic  analy.^is  in  (7.),  (8.),  (9.),  it  cnii  b« 
shown  that  if  p,  <7,  r  and  p',  <j\  r'  be  atiy  two  systems  of  three  cQnjujfute  semidiaiHe- 
ters  of  any  central  surface,  f^t  =  1,  then 

LXXIll.  .  .  p'«  +  ff's  4- r'2  -  p2  +  ff'^  f  r?.    and     LXXIV.  .  .  (SpVr')«  =  (Sperr)'. 

(28.)  A  less  elementary  veritication  of  the  vahu-  LXXII.  nf  n-,  Init  one  whicii  is 
useful  ft)r  other  purposes,  may  be  obtained  from  eitijcr  the  cubic  in  b^,  or  that  in  e, 
assigned  in  407,  (8.).    For  if  b^*  be  the  roots  of  the  former  cubic,  and  coi 

ei,  e-i  the  rooto  of  the  latter,  ioapeetloB  ef  thoee  eqoationa  ahowa  at  onee  that  we 
have  pmm^fyt 

LXXV. . .  -p*e«o'  + V<f  Ai«-S^Sca'eit(c^+«^^«l4.8aa'); 
or  UCXVI. .  .op'»Tp*aiag^-l-di*+«^aV-l-«t'  +  «k*BAe.» 

when  the  eemiazea  «oy  t»  belong  to  the  three  eonfoeala  thioi|g|i  mgr  ptopoaed 
point  p.  HaUng  then, 

wv  recover  the  expreielon  aeeigned  above^  fier  Hbn  aq^ure  of  the  lengtfi  m  of  an  tan* 
hUienr  ennidiamettr  of  an  eUtptoid. 

(29.)  For  najr  central  aorfkee,  the  prindple  (27.)  abowa  that  if  X,  |i  be,  aa  in 
406,  (5.),  &c.,  the  two  real  tjfdic  normaltf  and  if  ^  be  the  rra/ «ca/ar  associated  with 
them  at  before,  then  the  veetore  of  tbeybar  ran/ ina6<fo'ca  (if  aoeh  exist)  mnatadniit  of 
being  thna  expressed : 

LXXVIII.  .  .  +  ^-»X  :  \  FX  =  ±  abe  (yUX  +  |*TX)  ; 
LXXIX. . .  t  f  V :  V/>» « t  a6«  {fMp,  4  XI \ 

and  thna  we  aae  anew,  that  an  AjfptrMwd  with  oaa  sAicI  haa  (aa  la  weU  known)  wn 


*  Compare  218,  (5.),  and  22n.  ('4.):  in  %vhich  the  points  B,  b'  (coni[).  also 
Fig.  53,  page  2201  may  now  le  conci'iv  li  to  roincitU-  with  the  point.s  r,  i.'  uf  the 
UCW  Figure  81.  It  is  obvious  that  tlx;  theory  of  arcumHcnbed  cylinders  ia  uicluUed 
io  that  of  circumscribed  cones;  no  that  the  cylinder  circumscribed  to  theconlbcal(«), 
with  ila  generating  liaes  paialld  to  a  given  (real  or  imaginary)  eemidiameCar  y  of 
tliat  aurCeee  (Jy^V),  may  be  repreeented  (oomp.  III.  XIV.)  by  the  eqnatloa, 

lir.  .  .  /(p,  y)»  =/p  -  1  ;    or     XIV'.  .  .  FVyp  =  «»6'c« ; 
with  interpretations  ea;>iiy  deduced,  from  priuciplee  already  eatublishiU. 
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naf  WMMIfe»  baenun  &r  tmhat  ill*  {mdnel  of  tbe  semUxea  u  imagtesfj  $ 
or  Wause  it  has  no  rmU  tarngmt pitmtpar^ld  to  oithtr  of  ito  two  ml  pltnoo  of 

tirtular  Mection. 

f  ^0.)  Of  whatever  ipecirs  the  surfncc  may  be,  the  ^Arre  mmbilicar  vectors  (2^.^, 
of  wliicli  only  one  at  most  can  tc  rra/,  with  the  particular  »i/7n*  there  given,  but 
which  have  the  forms  of  lines  in  the  three  principal  planes,  must  be  conceived,  in 
▼ittoe  of  their  tapm»iom§  LV.  LVI.  LVII.,  to  terminaU  om  an  ime^gUary  r^ht 
Umt^  of  wbich  tho  Toolor  cqwitloo  ii, 

a  -f  a  Vaa  a- a 

«*  beini;  a  scalar  variable,  which  rood v«a  the  three  values,  -  Saa',  -i- 1,  and  -  1.  when 
p  comes  to  coincide  with  w,  w ,  and  respcrti vo!y.  And  such  an  imaginary-  rtffht 
line,  which  is  easily  proved  to  satisfy^  for  all  values  of  the  variable  e',  both  tht'  rfct- 
angular  and  the  bifocal  furmi  of  the  equation  of  (he  surface  (f),  or  to  be  au 
isMginarj  mom)  whdfy  totUmtm^d  upon  that  aarface,  may  bo  called  an  UwMXmar 


(81.)  Then  an  In  goneml  mcA  ^aiMralnMa  of  cay  uaini  mirfim  of  tbo 
aaooi^  Older,  wliaioof  aaoA  oonnoeta  <Ar«r  wMkt,  In  tho  lArat  priaa^/ptaoao, 
two  passing  through  oooft  of  tholiMlM  umbilicar  pointa  (88.) t  booanse  e'^  dis- 
appears from  the  afinrt  of tbo  ojtpraarioo  LXXZ.  lioc    wbldi  aqaare  toduoM  itatlf 

to  tbo  foUowiog, 

tbofinaj  boaaid  to  be  tho  ^eiMraliiy  Iwei  throogfa  Hbajbtir  im^ginmrf  peioft, 
to  vUcb  the  •wrfhet  wttH*  tho  etrd^  al  li|^ilgf. 

(32.)  In  general,  from  the  cnbics  in  e  and  in  fc',  or  from  either  of  them,  it  mMf 
be  without  difficulty  inferred  (oomp.  (28.)),  that  the  eig/U  tnlerMcfioiu  (real  or  ima- 
ginar} )  of  au]f  tkret  eew/bealf  («o)  («»)  havo  their  veotofa  p  repraaeated  hj  tha 
formoU : 

_______  -f  a.^OiOo       ;~lbh>bi  CitC-iCi 

LZXZIL  . .  o  =  +  +  —   — ; 

comparing  which  with  the  vector  expro-jsion  LXXX.,  wo  see  that  tht  tlir.sj  confo- 
cals,  through  the  point  determined  by  that  former  pxpn-.'i-ion,  for  any  value  of 

are  (e),  («■').  and  (^')  npain  ;  and  therefore  that  /u'o  of  the  ihrcf  conf»>cal  surfaces 
through  any  jjoini  of  an  umbilicar  generatrix  (SO.)  coincide  :  a  result  which  givee 
in  A  new  waj  (comp.LXXY.)  tho  aaqiniMion  LXXXI.  Ibr  p*. 

(88.)  Tha  hem  of  all  moA  generatricea,  for  otf  tho  rmntocala  («)  of  tho  isjrstom, 
ia  a  oartafai  nUd  tmrfku,  of  whieh  tha  doaUy  varfabla  ooelor  majbo  thoa  ozpnaaid, 
aa  a  fanetion  of  tho  two  acalar  Taxinblai^  t  and  a': 

IITXIIL  «  .  ±/(e-fl)Ke'+l)  .  V^lKe  +  Baaydt'^Saa') 
LXXXIIL  . .  p^.  «  ^-j^i  ±   — p  

and  because  we  bare  thus,  for  a»y  one  Mf  ofalTiM,  the  diJ^rtiUud  nhiwn, 

LXXXiV.  .  .  DTpo.  =  iD.r,po/. 
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tt  ibilowt  that  iki»  nUd  loetu  is  a  Developable  Surface  :  Ito  edge  ofregretnon  being 
that  wholly  imaginary  eurne^  of  wbidi  the  vector  is  p«,«,  and  ^hich  ia  therefore  by 
(32.)  the  loevM  of  «U  the  ima^/im»ff  jMnate,  through  each  of  which  paie  lArwt  eouict* 

dent  confocalt. 

(34.)  The  only  real  part  of  this  imaginary  developable  consists  of  the  two  real 
f6eal  curres,  ^  hich  are  double  lines  upon  it,  as  arc  abo  the  imaginary  focal,  and  the 
circle  at  injinity  (31.) ;  and  the  scalar  equation  of  the  same  imaginary  surface^  ob- 
tained by  diminatioa  of  the  two  arUtniiy  aealeii  e  and  e\  is  foimd  to  bo  of  ilM 
€ightk  degrett  nauMljr  the  Iblkmlog: 

'  0  =  2m»ie  +  22m  (m  -  »)x«y'  +  2  (p>  -  6mn)x*y* 
LXXXV  ~  Ji/»)x«y2r2  +  22»i«(ii  -p)x6  +  2im(mp  -  Sn^)  xV 

"*  '  +2(»-ii)  (i»-p)(p-m)ar»y«2'+2:"»'("»'-6»ip)x* 
+  2SiRtt(iim-  8/>')xV  -       +  ^'^V ; 

in  which  we  have  written,  for  abridgractit, 

LXXXVI.  .  .  x=-S/oU(a  +  o'),    y  =  -SpVYaa,    z  =  -  SpUija -a'), 
and  LXXXVII.  .  .  m  =  6«  -  c\    n  =  e*-a^,  p=a«-6>, 

so  that  LXXXVIII.  .  .  m  f  n+;;  =  0; 

-while  each  sign  2  indicates  a  sum  of  three  or  of  six  terms,  obtained  b^  cyclical  or 
binary*  interchanges. 

(35.)  From  the  manner  in  which  the  equation  of  this  imaginary  surface  (33.)  or 
(34.)  has  biOB  dedneed,  wo  eaiHy  see  by  (32.)  tliat  It  bu  tlia  table  property : 
Lit  of  being  (oomp.  (20.))  the  Iocms  of  tiie  oertfoct  of  all  the  (real  or  imaginary) 
ri^pAleoMi^  ivhldicinl)ocireii«seriB«rftotIioeoii/^^  aodlLndof 
befaig  at  the  same  time  Uio  eomwon  ew^opt  of  all  thoea  oontocrio;  which  caoeftgie 
accordingly  is  known  to  be  a  developable^  surfact, 

(36.)  The  eight  imaginary  lines  (31.)  will  come  to  be  mentioned  again,  in  coDp 
nexion  with  the  lines  of  curvature  of  a  surface  of  the  second  onier  ;  and  before  closing 
the  present  series  of  subarticles,  it  ni:iy  be  remarked  that  the  equation  in  (15.),  for  the 
determination  of  the  second  confocal  (e^)  which  <okcAm  a  given  tangent,  dp  or  rp',  to 
a  given  vtrface  (<■)  of  the  same  system,  w  ill  soon  appear  under  a  new  form,  in  con- 
nexion with  that  theory  of  geodetic  linesj  on  surfaces  of  the  second  order,  to  which 
WO  aazt  prooeed. 


*  When  ays  and  oBe  an  qfcHeaIfy  changed  to  jr«9  nid  hta,  then  mnp  an 
liidlarlf  ebsBged  to  ajiin ;  bat  when,  for  instancy  letidning  m  and  a  oncbanged,  wo 
make  wfy  himmrp  imitrehanges  off,    and  of    «^  wo  then  change  «,  n,  and  |»,  to 

-  »,  -  p,  and  -  n  respectively. 

t  This  theorem  is  given,  for  instanrp,  in  p.i^o  If)?  of  the  several  times  already 
cited  Treatise  by  Dr.  Salmon,  who  alsn  iiu  ntiona  the  dovhle  lines  &c.  upon  tlic  sur- 
face;  but  tlie  present  writer  docs  not  yet  know  whether  the  theory  above  given,  of 
the  e^ht  umbtiicur  generatrices,  has  been  anticipaiod  ;  the  locus  (33.)  of  which  ima- 
guuarp  right  Hmes  TSO.)  is  here  repfetentcd  by  the  vector  equation  LXXXIII.,  from 
which  the  eeoliar  ajuafiMs  LXXXV.  baa  been  abovo  deduced  (34.),  and  ought  to  be 
fsoDd  to  igree  (noletioa  «acq>t6d)  widi  the  known  oo*ofdinale  equation  of  the 
dndtpM*  •wMhft  (85.)  of  a  eow/beol  t§9hm. 
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409*  A  gmnl  theory  of  geodtHe  imat,  m  trotted  bj  qumter* 
nioDS,  WM  given  in  the  Fifth  Section  (III.  iii  5)  of  the  present 
Chapter ;  end  wee  illostreted  by  applications  to  several  different 
families  of  turfae^  We  can  only  here  spare  room  for  applying  the 
same  theory  to  the  deduction,  in  a  new  way,  of  a  few  known  but 
prtucijfol  jiioperties  of  geodetics  ou  central  surfaces  of  th<  second  or* 
der ;  the  differential  equation  employed  being  one  of  those  formerly 
used*  namely  (comp.  380,  IV.), 

I.  ..yi^V»0,   if  IL..Td/»BOonst; 

that  is,  if  the  arc  of  the  geodetic  be  made  the  independent  variable. , 

(1.)  In  general,  for  any  surface,  of  which  v  !«  a  normal  vector,  so  that  the  firtt 
differential  equation  of  tlvo  sarface  i"  Srdp  =  0,  tho  trrvnd  differential  eqoatioa 
dS*Hl^s  0  giTCii  by  I.,  for  a  geodetic  on  tbat  surface,  the  expresaiuo, 

in.  ..dVa'y*Sdv4^ 

(S.)  Again,  tlw  •arfkoa^^'BCOiiit  being  itillqnitaiPMwl,  if  we  iriite(MiBp^ 
868,  Z'.,  878,  HL,  Ite.), 

nr. ..d^BSSvdpalSfpdp,  wtabaUhave  Y. . .^/ap«S8(fd^.^); 

and  therefore,  by  111.,  for  a  geodetic, 

(3.)  For  a  central  turface  of  the  Meeond  ordtr^  f p  as  a  U»«ar  ,/icacium,  and  vie 

may  write  (comp.  361,  IV.), 

the  gMtral  AlBsraitial  aqoalioB  Yl.  baemnee  thenfefe  beiib 

VIII...^  +  2sii:=.0; 

and  givai,  bj  a  8nt  intcgiatlaa,  with  the  ooodltion  II., 

DL  . .  vV^aAdp*,  or  IX'. . .  1V«/Udp«JlBoonit.; 
or  Z. . .  P-»2>**  mk,  or  Z'. . .  P.i> ■tA-lsscomt ; 

whoa  P  «  Ty*<  a  ptrptmdteular  fitm  ttmtrt  ob  iamgent  plane^ 

end  2)  =  (/Udp)-I  ts  temitRamtttr  parallel  to  tangent ; 

these  two  last  quantities  being  treated  as  acalans,  whereof  the  latter  may  b6  real  or 
imaginary,*  together  with  the  laat  acalar  conataot  kX 


*  For  the  caso  of  tho  elliptoid,  for  which  the  product  P.  D  is  necessarily  real,  the 
foregoing  deduction,  by  quaterriions,  of  JoachimAtaVs  celebrated  first  integral, 
P.D-  const.,  was  given  (in  substance)  in  page  580  of  the  Leciuret. 
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(4.)  TIm  Mlowteg  1«  A  quite  iflAveat  wigr  of  aooompUiliiBg  a  fini  iatigntioa^ 

which  conducts  to  another  known  result  of  not  Itm  interest,  although  rather  of « 
f/rvfkic  than  of  a  metric  kind.  Operating  on  the  equation  407,  XVI.  by  S.d^,  tad 
remamboiag  that  Spva  i,  and  8j/dp  s  o»  we  obtain  the  difiSareatial  eqoation, 

XL  • .  SpySlpdp  B^(8aV8adp  +  Sa»fla'dp) ; 
that  ii^  by  L  aad  IT., 

ZII. . .  Spdp.Spd»p-  p'Sdpd«p  =  rd(Sadp.Sa'djj), 
in  which  the  firtt  member,  like  the  second,  is  an  esact  diflerential,  becansa 

Xiil  .  .  SCVpd/>.\>i^p)  =  4dC\>dp)* ; 
hence,  for  the  geodetic, 

XIV.  .  .  /  «(Vpd/>)«-2SadpSa'dp  =  /.%V, 
or  XT.  . .  2SaUdp .  Sa'Udf  -    C VpUdp)*  «  k\ 

A'  br  ing  a  new  scalar  constant. 

(5.)  Comparing  this  last  equation  with  the  fomnila  108,  XXXVI.,  vrc  find  that 
the  new  coii«i(nnt  h'  ia  the  #wm.  e  ^  r  ^  of  what  have  been  above  called  the  parame- 
ttrs*  of  ihi'  f;ii-eit  surface  (e)  on  which  tlie  peodetic  is  traced,  and  of  tlic  confocaJ  {e^) 
which  tuuchft  a  frivon  tanpent  to  that  curve  :  whence  follows  the  known|  theorem, 
that  the  tangents  to  a  geodetic^  on  any  central  Burface  of  the  gtcond  orders  all  touch 
«N«  eooMMn  wnfocal.l 

(6.)  The  neir  eoaitent  «,(sA'-e)  nay,  by  407,  LXXY.  and  408,  LXXT. 
(with  e  Ihr  a»),  be  thos  transfinined: 

XVL  . .  «,Bei(mJvidp)'  +  «a(TVUv2dp)i 

whne  #1,  <t  ave  tlie  parameten  of  the  two  ooofocala  tlnoogh  tha  point  p  of  the  geo- 
detie  OB  («),  and  vi,    are  aa  beflm  the  nonnala  at  tliat  point,  to  tlioie  two  eoiliuee 

(7.)  In  fiMt,  the  two  equations  last  dted  giro  ttM^MCfttltianifDnnatio^ 

XVII. . .  /  2(Vp(y)«-2SaffSaV 

o  being  an  arbitrary  vector,  which  may  for  insiuuce  be  replaced  by  dp.  Equating 
then  this  last  eacprenion  to  (e  +  e,)  o*,  or  to  e(y9Uv)*  -  e^a\  since  Sv<r  =  0,  we 
obtab  the  diet  and  theiafore  also  the  seoond  tnnafiDnnatlon  XVI.,  becanse  tlie  tinea 
normals  vv\v%  oonpoee  a  nctangalar  ajstem  (oomp,  407,  (4.),  Ae.)b 

(8.)  It  is,  iMwever,  rimpler  to  dedoee  the  seoond  expnnion  XVL  ftmn  the  eqna- 
tion  408,  XXXL  of  the  eone  of  tangents  from  p  to  (e^),  bj  diaaging  r  to  17d|> ;  and 
theaif  we  wiita 

XVIIL.  .eis^l!^. 


*  Compare  the  hst  Kote  to  page  656. 
t  Dboovered  by  M.  Chasles. 

X  This  tonchod  eonlbesl  beeomes  a  tphtn,  when  the  given  confecal  is  a  mm. 
Conpoie  880,  (5.),  and  408,  (16.),  (17.) ;  also  the  lllota  to  psge  517. 
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•■  tfait  »i  dmulbm  tht  aagk  H  wUeh  tht  geodttit  mum  tkt  amal  tr|  teCnX 
cnn^iden  d  M  •  UOiMt  to  tiM  gtviB  HrfifMt  («)|  ^  ial^B**^  ZYL  takn  tl» 
fevm,* 

XIX.  .  .     ■=  *i  sin'  ri  +  ej  cos'  »j, 
or  XX.  .  .  t;,^  —  fTi'  sin*  vi  +  ii?'  co»'  ri,  &c. ; 

ia  which  the  constant     is  tlio  primary  somiaxis  of  the  touclicl  c  .nr-  ral  (','.^. 

(9.)  Without  stipposini;  that  Tdu  is  constant,  wo  may  iavf.stif^ate  ai.  f .  !!  jvt*  th* 
difl'oreiitial  of  the  real  scalar  A  in  IX.  or  X  ,  or  of  the  product  P  D  for  imy  cwre 
on  A  central  lurfaoe  of  the  second  order.  Learlng  at  Jirtt  the  mrfuf  mrbUrmrf,  as  ia 
( I.)  and  (2.),  and  Niolving  d^p  bi  tbttbrta  mtangolar  dlnetfontof  v,  dp,  and  ydp, 
wt  g«t  tlM  peittnU  qcpMiiion, 

XXL . .  d*p  ■>  •  triSdvdp  +  dp-iSdpdV  +  (vdpViai»d|MlV ; 
«f  wbfcli,  nndartbaeooditloiM  I.  aad  11^  lb«  two  latt  tenna  Taniali,  «■  ia  OL 
Withont  UMiming  tboM  oondltioaai  if  we  mm  introdoM  the  ftlatioos  YIL  vhidh 
betoof  to  a  ooatnU  tiuftoe  of  the  aeeond  ordar,  we  hara     V.  and  IX.  tha  «3tpiea> 
aion,t 

XXn. . .  |d&.dp* - ySSdydV  +  St^vSdvdp  -  ASdpd^ «  Brdvdfi-KSvdpi^ 
w        XXIIL . .  dAsd.fSSdiFdp-i  ed.  J^D^aSSvdMlp-lSvdp-idV; 

ar  Aoally,  XXI7. . .  d*.d(v«»t8vdvdp.Srd/Dd>p, 

the  scalar  variable  with  respect  to  which  the  ditfercutiitions  are  performed  being  here 
entirely  arbitrary. 

(10.)  For  a  p«MMie  Jfac  on  any  surface^  referred  thai  to  Atqr  teaktr  variahh, 
we  have  hj  880,  II.  the  dilfeieDtial  eqaatioo, 

XXV. .  .  Svdpd->  =  0  ; 

and  therefore  by  XXIV.,  for  *uch  a  line  on  a  central  surface  of  the  second  order^  we 
have  ^v^M,  as  in  (3.), 

XXVI.  . .  dA  -  0,    or   XXVI'. .  .  A  =  const., 

with  A  =  p-«i>-a  as  iu  X. 

(1 1.)  But  we  now  sec,  by  XXIV.,  that  for  each  a  surface  the  condition  XXVI. 
ia  aatiifled,  not  only  bjr  this  difftntiMai  §qHatmm  of  the  tectmdwdt^  XXY.  bat  alae 
bj  Ihb  eCftar  diiHrmtiil  equotioo, 

XXYU. . .  Svdvdp«0; 

the  product  P  >i>  >  (or  PJ)  itaelf)  b  thenfon  eoMtaiif,  md  eai^  oa  la  (8.)  fat  mfjr 


*  Under  tUa  Ibrm  XX^  the  integral  la  eeaDj  teen  to  coincide  with  that  cT  IL 
Lioavillc, 

^>  Goe*  i  +  >^     •  a    at  conet, 

dted  fai  page  290  of  Dr.  Salmon'a  Treatiie. 

t  In  deducing  tliia  ezpieialoQ,  it  ia  to  be  lemeaibeNd  that 

dSdvdp  =  d/dp  »  2Sd  vd'p ; 
iu  fact,  the  linear  and  self-conjugate  form  of  v  =  ^^p  gives, 

SdpU«  V  =»/(dp,  d«p)  «  Sdi-dy, 
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geodetic  on  tho  surface,  but  also  for  every  curve  of  another  set*  rpprcscntcd  by  this 
last  equation  XX VII.,  nliich  u  only  of  ihQ^tt  orders  aadthe  geometrical  "vrnwing 
of  Mrhich  we  next  propose  to  coodider. 

410.  In  general,  if  and  v  + A>^  have  the  directions  of  the  nor- 
mals to  any  surface^  at  the  extremities  of  the  vectors  p  aod  p  4-  A^, 
tlie  eondition  itUersection  (or  parallelism)  of  these  two  normals 
it,  rigorouslj, 

the  dtftreniitd  iquaiionf  of  what  are  cslled  the  LineB  of  Cmvaturif 
on  an  arbitrary  surface^  is  therefore  (eomp.  409,  XXVIL), 

from  which  we  are  now  to  deduce  a  few  ffenmd  oonseqnencesi  toge- 
ther with  some  that  are  peculiar  to  surfaces  of  the  aeand  order. 

(1.)  Hm  dUbnntiBl  sqiutioo  of  Um  Mir^  iMlng^  «s  omal, 

III.  .  .  Svdp  =  0, 

the  normal  vector  v  ii  generally  some  function  of  p,  although  not  generally  linear, 
because  the  surface  is  as  yet  arbitrary  :  its  diflTercntial  dv  is  thi-rtfore  priitrally  some 
function  of  p  aud  dp,  whicii  is  linear  relativel^r  to  tiic  latter.  And  if,  aticiidiug  only 
to  the  dependence  of  dv  on  dp,  we  write 

IV.  . .  dvnfd^ 

« 

It  venilts  from  what  has  bMn  already  proved  (868X       ^  ffMor  sad  wdor/lne- 

Hon  ^  ii  at  the  same  time  mtf-an^mgate. 

(2.)  Denoting  then  by  r  a  tangent^  rx  to  a  line  of  curvnture,  drawn  at  the 
given  extremity  p  of  p,  we  see  that  the  vector  r  must  8ati»fy  the  iwo  foUowing  tea- 
lar  eqoatioos,  in  which  ^  is  supposed  to  be  given, 


*  Nan^  ly,  the  UtuM  of  curvature,  as  is  known,  and  as  will  presently  be  proved 

hy  quatcrniuns. 

t  In  this  equation  II.,  dp  and  dv  are  iuo  simuUaneout  differentu^  which  may 
(according  to  tlie  tlieory  of  the  present  Chapter,  and  of  the  one  preceding  it)  bo  St 
pleesue  legarded,  eitber  so  twoftm^  right  lieety  whefoof  df>  k  (rigonmsly)  tmi^gtm^ 
HoftolbosaifiHt^and  to  tho  Hue  ofamtore;  oreloest«npi^jta4r«MattMe- 
l^d^  being,  on  tbii  latter  plsD,  an  ii|/inie«fiMaldkor^  (Gonpara  pages  99, 
S92, 497,  Ste,  sad  tiM  fliat  Notes  to  psgee  6S8,  680.)  The  tfesloNQt  of  the  eyiMH 
flene  is  tbo  aa»e,  In  thcee  two  nlme,  wfaenoT  onenayappesr  dearer  to  sosm  lesdsn, 
and  the  other  view  to  others. 

X  This  symbol  r  is  used  here  partly  for  abridgment,  and  partly  that  the  reader 
may  not  be  ohliged  to  iulcrprct  dp  as  denoting  ^Jimte  tangent,  although  the  princi- 
ples of  this  work  aiiow  him  so  to  interpret  it. 
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Y. . .  9wmOf  ud  VI. . .  SvrfreO ; 

tldttuiiaBt  r  admllt  thinlbre  (S65)  of  teo  imI  andrtttamgittwr  MtteUcmt,  bat  agf 
in  gjBMral  of  wun  s  oppotite  directioiu  bdag  nof  km  oountad  as  Atfaef .  Honoie,  m 
btndeod  W«ll  known,  tkrtmgkmckpwU  of  umjfnof act  there  pass  genertJfyiwti  Mmm 

tfcvrrotvre  :  and  the$e  two  eurvet  intertret  each  other  at  right  angles. 

(3.)  A  construction  for  the  two  rectangular  <rirpcfioiis  of  r  can  easily  lv>  as-ip^ed 
as  follows.  A<(^nniin^.  as  we  may,  tb«t  the  length  otthd  Uoigent  r  varies  wiUi  its 
direction^  according  tu  ihc  law, 

VII. . .  Sr^rcl, 

wbkh  gives 

VIIL  . .  8(fr.dr)«0,  orbricAj  VIII'. .  •  SfrdrsO; 

bj  theprop«tiet«lNr?oniDtioMdof  f ;  udvenMmbirliig  that  y  to  tnttodot  ««(■»- 
•teat  la  v.,  M  thai  wo  may  wiilo, 

IX.  .  .  S»'fir  -  0,    ami  therefore  (by  VI.),    X.  .  .  Srdr=  0 ; 

we  sec  that,  tmdfr  the  conditi i  ns  of  t!io  question,  tlic  alxtve  mpntioiK-tl  length  Tr,  of 
this  tangentidl  vector  r,  in  a  maximum  or  minimum  :  nnd  ihtrofnn*  that  the  f>co 
directions  sought  are  thoso  of  the  two  aurrs  of  liie  plane  conic  V.  VII.,  whicli  ha»  its 
etntre  at  the  given  point  P  of  tbe  surface,  and  is  in  the  tangent  plane  at  that  potuC 

(4.)  Thb  plaao  conic  V.  VII.  may  bo  caUod  Iho  Judtx  CWnw,  for  the  given  oar- 
fcoo  at  tbo  fgtnn  point  p;  la  fact  It  it  oaaily  pcovod  lo  coiocidfl^  if  wo  abacracc  fkom 
IBWO  dimanaiooi^  with  the  Itnown  m^tatnaB  (la  conrbe  Indicatrico)  of  Ihipin,*  wh» 
flnt  pointod  out  tlio  colnddence  (8.)  of  tbo  diractioiiB  of  its  oser,  with  those  of  tha 
linos  of  cnrvature ;  and  also  established  a  more  general  relation  of  eonjvgatwm  bo* 
tween  tieo  tangents  to  a  surface  at  one  point,  ^^hich  exists  when  they  have  the  direc- 
tion<»  of  any  two  conjugate  semidinmeterg  of  that  curve  :  .eo  that  the  line*?  of  ciirv.itTire 
are  distin;^ui^hed  by  this  characteristic  property^  tliat  the  tange$U  to  each  \& per- 
pendicular to  its  conjugate, 

(6.)  Id  our  notations,  this  relation  of  conjugation  between  two  tAngenta  r,  r', 
which  latiify  m  socfa  tho  oquationa, 

V.  .  .  Svr=  0,   and   V. .  .  Svr  =  0^ 
is  expressed  by  the  formula, 

XI...Sr^r'  =  0,    or    XI'. . .  Sr'^r  =  0 ; 
we  have  therefore  the  parallcllsnis,! 

XII.  .  .  r  II  Vv(pT\    XII'.  .  .  r'  11  Yp<pr  ; 
10  that  tbo  oqoation  VL  may  be  written  under  tbo  voiy  simpto  fbm, 

ZIIL  . .  Srr'«  0, 
which  gireo  at  coca  tbe  rtctam^tiarUf  lately  mmtioaod. 


•  De'veloppements  de  Geomi'trie  (Paris,  IBl;?),  pages  48,  145,  &c. 
t  The  conjugate  character  of  these  two  paralkdisins,  or  tbe  relation, 

V.  v^Vi'^r  li  r,    if    Syr  ^  0, 

may  easily  Im>  deduced  from  the  self-cotyugatc  property  off,  with  the  help  of  Um 
formula  848,  Vil.,  iu  page  440. 
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(6.)  The  paraUeliflm  XII'.  may  be  otherwise  expressed  by  saying  (comp.  (i.)) 
that 

XIY. . .  dp   and  Yydv 

hare  the  direcdona  of  eomjugaie  tangents ;  or  that  the  two  vectors, 

XV.  .  .         and  \v^v, 

Unrs  ultimately  such  directions,  when  Tiip  diminif'hes  indefinifel)-.  But  whatever 
may  be  this  length  of  liic  chord  Ap,  the  vector  YvAv  has  the  direction  of  the  line 
of  imter§eetion  of  the  two  tangent  plane*  to  the  surface,  drawn  at  its  two  extremi- 
tf  ea :  anotber  theafwn  of  Dnpia*  ia  therefore  leprodaoed,  namely,  that  if  a  de»tlop» 
oUr  b0  tinmmaaibed  to  any  nafittf  aUmg  propoted  tmrift  f AercMi,  f A«  geiurai- 
img  iMwt  of  Mm  dtn^opahU  ore  twfwktn  eongMgoU^  at  UrngmUo  to  tk*  mtrfato^  to 
tko  oone^ooiMog  iaofooU  to  tko  oune,  with  the  neent  dalhiitioii  (4)  of  mch  con- 
jugation. 

(7.)  The  following  is  a  vary  simple  mode  of  proving  by  quatemioaai  that  tfn 
tangent  r  satisfies  the  equation  VI.,  ttien  the  rectangular  tangetU^ 

XVI...r'«i»r, 

aaiiafiea  the  tame  equation .  For  this  purpose  we  hayo  only  to  obiorvt,  that  the  «t(^ 
tomja^ato  property  of  ^  givesy  by  Yl.  and  XVI., 

(ft.)  Another  way  of  exhibiting^  by  qnateniioD8y  tlie  mntoal  fectangnlari^  of 
the  Uaea  of  enrrataie,  io  by  emptoying  (comp.  867,  L)  the  ae1f*eonjngate  form^ 

in  which  the  vectors  A,  /i,  and  the  scalar  dipt-nd  only  on  the  surface  and  the  point, 
and  are  independent  of  the  direction  of  the  tangent.  The  equation  VI.  then  be- 
eomcB  by  v., 

XIZ. . .  0  a  8yrXr|t »  SvrXS^r  4  SvrfiSXr ; 
■unmlng  then  the  ej^msioii, 

XX. .  •  rsxYsrX+jfTsiii, 

we  eiiily  find  that 

XXI.  ..yt(Yt70*8ff*(7yX)s,   or  XXI*. . .  ^y^af  jOTvX; 

the  two  dirtotiom§  of  V  are  therefore  those  of  the  two  Unesi 

XXlf. . .  tJVvX  +  UVv/i, 
which  are  evidently  perpendicularf  to  each  other. 


•  Dupin  proved  /fr«<  (Dcr.  de  Genmi'trie,  pp.  l.],  41,  tSrc),  that  twesnch  tangents 
as  are  described  in  the  text  have  a  relation  of  reciprocity  to  each  other,  on  which 
eiecoant  he  eellMl  them  "  ttutgentn  toi^mgmitt and  afterward$  he  gare  a  eort  of 
tiM^,  or  emuitruttum^  ot  thia  rdation  and  of  otheis  eonneeted  with  it,  by  means  of 
the  eurvt  wliieh  lie  named  "  rituHeatriee*'  Qu  his  already  dted  page  48, 4fec.). 

t  TUt  mod»f  however,  of  detemlnlog  ffenmralfy  the  dUeetions  of  the  Knee  of 
corvatare,  gives  only  a&  Ulnsoty  result,  when  the  normal  v  has  the  direetkm  of 
either  X  or  /i,  which  happens  at  an  nmhiHe  of  the  anrfMe.  Compare  408,  (27.),  (29.), 
and- the  first  Mote  to  page  46$. 
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(9.)  An  interprtiation,  of  iwme  interest,  mar  he  piven  to  this  last  expre^<iou 
XXII.,  by  the  introduction  of  a  certain  auriHartj  surface  of  the#ecoMr/  -  r  .Vr.  v^h;cli 
msy  lie  cwlied  the  Index  Snrface,  because  the  index  curv  (1.)  i-^  the  dtamttrai  $ec- 
tiom  of  ihis  new  surface,  made  by  the  tangent  plane  lo  the  given  one.  With  the  r»> 
ceat  signification  of  ^,  this  indtx  tmrfuf  it  ic|»r«aitcd  bjr  the  aqttatim  YU^  if  r 
1m  now  supposed  (comp.  (2.))  to  repreaent  a  liM  rr  drawn  im  mmf  dinriiom  tnm 
the  givtn  point  p,  aod  tlwefon  aol  nov  Mged  to  MtisQr  tli«  ooadttCM  Y.  of 
fsaqr.  Or  if,  for  greatar  daamoai,  w«  donote  by  p-^p'tht  Yoetor  firan  tbo  origia 
o  to  a  point  of  the  index  flarfecc^  the  equation  to  booatiafltd  ii^  lij  tiM  Cora  XYIIi 
of  ^  ivmp.  867,  IL), 

ZXIIL  . .  1  -9^V-f/^-l-8VlM>'» 

tlia  esal^  of  thie  aiodliary  sorl^  being  tbns  at  p,  and  ttatwo  (real)  cyaKtaomdb 
bdng tbo linee X  and |i :  oo  that  YvX and  Ypp  bavatho  dlfoctiona of  tho  trmem^ 
Ut  Km  qfeih  pfmat,  on  that  dimm§Mplam»  (Sy/s  0)  wUeb  ttatka  f*e  fkm 
aMT^boe.  We  have  therefore,  hj  XZII.,  tUs  genend  tAaovMn,  that  tke  Mwetfor*  ^ 
fAe  anqle  formed  by  thete  two  trgctt  mr9  tk§  immgtmU  10  UU#we  ^UMf  of  ttomatnte, 
wkateccr  the  form  of  the  given  surface  may  be. 

(10.)  Supposing  note  th  it  tho  giren  tvrfaee  is  itself  one  o(  the  second  order,  and 
that  its  centre  id  at  the  origin  so  that  it  majr  be  represented  (comp.  405,  XII.) 
by  the  equation, 

XXIY.  . .  X^Spfp  =  gp^  f  SXp/»/>, 

with  constant  values  of  X,  /i,  and  ^,  which  will  reproduce  u-ith  thote  ralves  the  form 
XVHI.  of  ^,  we  see  that  the  index  surface  (9.)  becomes  in  this  case  simply  that 
given  one,  with  its  etntrt  tramsporied  from  o  to  r;  and  therefore  with  a  tangent 
plant  of  lio  or^'a,  which  U  pmXld  to  tk§  pmm  tangent  plant*  And  tfaot  tiM 
frocat  (9.),  of  the  cydfa  jsIbms  on  the  d&mtfnrf  ^llaae  of  tho  fate  tmrfsuttt  banOBii 
ktM  tho  toofsnfs  to  tho  mmhr  acefiana  of  the  ^offa  tut^€9»  W^o  rscovar  thoni 
aa  a  eosa  of  the  general  theorem  in  (9.)^,  thb  kmmn  hot  lisa  gmtrmi  tkecnm  s  that 
Ma  angles  formed  by  the  two  circular  sections^  at  any  point  of  a  surface  oftkatt' 

•and  ofvltr,  mro  bi$tetod  bg  lAa  Unet  ^fcwmoUmn^  which  paaa  Uuoi^  lha  oana 

(11.)  And  because  the  tangents  to  tlies**  litfer  linos  coincidr  gmera-fii.  by  (3.) 
(4.)  (9.),  with  the  axes  of  the  diametral  section  of  the  tndix  surfacf.  ni  i  by  tb« 
tangent  plane  to  the  given  surface^  they  are  parallel,  in  the  case  (,10.),  a5  indeed  is 
wdl  hnowOi  fo  Ifta  anas  ot  the  ponMol  oeetion  of  a  gtran  amfiMe  of  the  aaaawl 
osvlnv* 

(IS.)  And  ifwo  aoir  look  bade  to  tho  Bprnliou  tfCumfrtrnft  to  407,  (S6.Xaad 
to  tho  aarlier  formnfae  of  407,  (4.)t  ^o  ahall  aee  that  beeaoae  the  Toctor  nt  ia  the 
last  cited  anb-&tick^  represojits  a  foaytal  to  tliO  given  surface  Sp^p  =  1,  tmmplanar* 
with  the  normal  v  and  the  derived  vector  so  that  it  s.itisfiea  (oamp.  407,  XIL 
XIV.,  and  the  recent  formulsa  Y.  YI.)  the  two  scalar  equadoni^ 

XXY. .  •  Sm *0,  and  XXYL  . .  Svpi^vi  bO^ 

whieh  an  Ukawiaa  iitiaflad  (oonpi  (7.))  when  m  chaoga  s^i  totbt  rmfaafirfT  tea* 


*  Compare  the  Mota  to  pago  645. 
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gtiU  vj,  it  follows  that  these  flM  veefort,  vi  tad  Pt,  which  are  th«  nanmh  U  tkt 
two  eomfocah  to  (e)  through  p,  are  also  the  tangents  to  tht  two  Uneg  o/airvatmre  OQ 

thal^^irew  surface  of  the  second  ordor  at  that  point :  whence  follows  this  other  theo- 
rem* of  Dupin,  that  the  citrve  of  orthogtmal  intmrstetiom  (407,  i^y),<iftwo  confitcal 
tmrfacet^  it  a  line  of  curvature  on  each. 

(13.)  And  by  combining  this  knuwn  theorem,  with  what  was  lately  shown  rc- 
•pecting  the  umbitiear  generatriets  {m  408,  (30.),  (32.),  comp.  also  (35.),  (36.)), 
w«  mxf  Me  tfiat  while,  en  the  one  hand,  the  li&i«t  rftmrwaimrt  on  a  eentral  snrfliGa 
of  the  eteonif  crdtr  have  no  real  Meclopt^  yet  on  the  other  hand,  ia  on  nuyiaafy 
Miiae,  they  have  for  their  ee«i«ion  eneelv/Mt  the  lyefrai  of  the  dg^d  imaghunrgti^^ 
Him  (408,  (St.))b  which  eomifef  lAe  Ivefee  (reel  or  imaginary)  imiMie*  of  the  ear- 
faee,  thrtt  by  three,  and  are  at  once  generating  linn  of  the  tmfiie*  iimif%  and  alee  Of 
the  known  developable  envelop*  of  the  eonfoeal  ^$tem, 

(14.)  It  may  bo  added,  as  another  curioua  property  of  these  right  imaginary 
riphl  lines,  that  each  i?,  in  an  Imaginary  <wi'«p,  itself  a  line  of  curvature  npon  the 
surface;  or  rather,  each  rt-prfsenta  two  coincidtnt  lines  of  that  kind.  In  fact,  if  we 
deuutti  tlic  variable  vcctur  408,  LXXX.  of  such  a  gcaeratrijc  by  the  expression, 

inwhiehf^lea  enrlaMreonler,  lHit#,  e'ain  two^een  or  eeMtonlbnt  Amywenry 
aeefera^  eodi  that 

XXYIII...  oSsO,   Ws-n,  e^B-6«, 
and         ZXIZ. .  .yVaStffVBO,  /(«,  eO*^^^"^,  /It's!, 

w«  have  the  immginarif  norwuJ  y,  with  (§or  the  caee  of  a  realtndUlfo)  a  raof  Imeer, 
ZZX. . .  va/f ff'  X      XXXI. . .  Tr«±  ; 


•  /Mr.  dlr  Gt^/ln'e,  page  S71,  Ac. 

t  The  writer  iinot  aware  that  thia  theoram,  to  whieh  he  waaoondneled  hy  qua* 
temiona,  haa  hean  enonelated  hefore;  b«t  it  liee  eridenlly  an  intimate  eonncxion 
with  a  remit  of  fVofbiior  Michael  Roberta,  cited  in  page  S90  of  Dr.  SaUnon'a  Tree- 
tiie^  reepecttng  the  imoj^mary  gtodttU  tangents  to  a  Umiofcmrvainf*,  daamjhm  tm 
mmkUiear  pont^  whidi  are  amaiegous  to  the  imaginary  tangents  to  a  plane  mnU, 
drawn  from  n  foevs  of  that  curve.  An  illustration,  whicli  is  almost  a  risible  repre- 
sentation, of  the  tlu'nrcm  (13.)  i«  «up|)li('d  by  Plate  II.  to  Liotn  ill<''«5  Monj.^*'  (and  by 
the  corresponding  plate  in  an  earlier  edition),  in  which  the  prnIontj>d  and  dotted 
parts  of  certain  ellipses,  answering  to  the  real  projections  of  iimnjinary  portions  of 
the  line$  of  curvature  of  the  ellipsoid,  are  seen  to  touch  a  system  of  fDur  real  right 
Imc^  namellf  the  projections  (on  tlie  eame  plane  of  the  greateit  and  leeat  exeeX  of 
^k»fimt  rtnl  wnhiUcmr  Umgtmi  pinntt,  and  therefore  eleo  what  have  been  abom 
iwlled  (408,  (80.),  (81.))  the  tigki  (laNylanry)  tnnUlfoar^enemlHMt  of  the  amftee. 
iUeei«agly  Menge  obeerrea  (page  180  of  Lionf1Ik*s  edition),  that  "tontee  l« 
dllpeei^  projections  d^  lignes  de  ooarbure,  aeront  inscritee  dana  ce  parall^logramme 
doot  chacane  d'elles  touchera  lee  qnatre  cCt^s with  a  tfmiler  rcmarii  in  hie  espla* 
nation  of  the  oomiponding  Figure  (pege  160). 
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And  we  find,  after  reductions,  the  imft^inary  expression, 

XXXII.  ..  i'(y  =  <tTi',    whence    XXXIII. .  .  S»'«t  =  0,  Sva^<T-0. 

The  ilifffrrntiul  equation$  \.  VI.  <<f  lino  of  curraturo  .nrt-  tln  rrforc  gymboliaiUf 
iatifjicd,  wlion  wc  8u}»>titutt\  for  th^'  t.uii^ential  voctfr  r,  either  the  inia^rinsry  Hoe 
<T  itte/fi  or  the  appaivntly  perpendimlar  but  in  an  imaginary  sense  coiacui««i *  rec- 
tor va\  and  the  recent  assertions  are  Justitled. 

(li>.)  As  regards  th«  rtal  Wwm  of  evmtuiv,  on  «  oootral  turfiice  of  tlie  aeeond 
order,  wo  lee  by  comparing  the  femnQl  diffmntial  equatton  If.  with  tfao  ezpcvt- 
•ioo  409,  XXIII.  far  the  dillbrentud  of  A,  or  of  P-</H,  that  thit  Utter  pfodoe^  or 
tbo  product  P,  D  Itself  is  etnutantf  for  a  Kne  0/ eairtttfiirc,  as  wdU  as  for  a  jc*- 
detie  Une^  on  soch  a  soHkct,  M  indeed  it  is  well  ItnowD  to  be :  although  this  lm$t 
constant  (P.  D)  may  become  imaginarf^  for  tlie  esse  of  a  single  sheetedX  kffnh^ 
Md,  and  mutt  be  such  fur  a  line  of  curvature  on  an  hyperboloid  of  two  sheets. 

(16.)  And  n-  rt  fiards  the  pcnerul  of  th<>  ind»-T  $'n-f,icr  fl'.^.  it  i>  to  be  ob- 

served tlvat  this  auxiliary  surface  depends  primarily  on  liie  icalar  funrito-i  f.  in  thr 
erjuatiun  fp  —  1,  or  generally  fo  =  const.,  of  the  given  surface ;  and  that  it  i.-*  not  ett' 
tirely  determined  by  means  of  that  iurface  alone.    For  if  we  write,  for  instancf, 
XXXIV.  .  .  f /)»  =  fl,    with    i\fp  =  ISvdp  as  before, 

w  e  .-ihall  have,  as  the  new  first  differential  equation  of  the  same  given  surface,  instead 
of  III., 

XXXV.  . .  0  =  df/p  =:  SSavdp,   with   XXXVI. . . «  »  V/p; 

and  If  we  then  write,  by  analogy  to  IV., 

XXXVII.  .  .  d.nv  =  6df,  =  n.p<]n  ^  n'»  Si  dp,    with    XXXV III.  .  .  n  =  2f 7i>, 

the  tuw  index  fvrface,  constructed  on  the  plan  (9.),  will  have  for  its  equation, 
analogous  to  XXI 1 1.,  the  fullowing  : 

XXXIX.  .  .  Sp'Sip  =  «Sp>p'  +  n'  (Si/p)>  =  const. 


*  As  regards  the  paradox,  of  tlio  imoffinmrjf  vtelvt  9  bofaig  thus  appaiantiy  jmt- 

pendieular  to  itsdf  a  similar  one  had  occurred  before,  in  the  inVMtigatioa  858,  (17.X 
(I  '^.).  (19.)  ;  and  it  is  explained,  on  the  principles  of  modern  geometry,  by  observ- 
ing tiuit  this  imaginary  vector  is  directed  to  the  a're/o  at  i»Jim^,    Goapan  408, 

^81.),  and  the  Note  to  pai;c  4.'»9. 

f  Com[)are  the  lirst  Note  to  page  GC7. 

J  Although  the  writer  has  been  content  to  employ,  in  the  present  work,  some  of 
these  usual  but  rather  long  appellations,  he  feels  the  elegance  of  Dupin's  phraseolo^, 
adopted  also  by  Mdblns,  and  by  some  other  anthers,  according  to  whidi  the  two  an- 
tral hyperfooloids  are  diitiDgaiihed,  as  ^HgOie  (for  the  case  of  fwo  abests),  and  kf' 
jMrfro/ie  (for  the  case  of  o«e).  Thophrsos ''^iiadHle,'' far  Uie^eneriaf  sarbeoof  the 
seoofuf  onler  (or  seeoaif  degr§e\  employed  by  Dr.  Solmon  and  Mr.  Csylqr,  is  alio 
vary  convenient*  It  may  be  here  remarked,  that  Dupin  was  perfei  tly  aware  0^  or 
rather  appears  to  have  first  discovered,  the  existence  of  what  have  since  his  tiroeeone 
to  be  called  the  fn'ol  conies;  wlii-  h  important  curx-es  were  considered  by  bim.  as 
being  at  onee  Inntts  0/  con  focal  surfaces,  and  also  /oft  of  umlnlirs.  Comp.  Der.  dt 
Geonutric,  pages  270,  277,  278,  279  ;  sec  also  page  390  of  the  Aperfu  tiistorifut^ 
kCf  by  M.  Chaslcs  (Brussels,  1837). 
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(17.)  But  if  we  take  this  last  constant  =  «,  the  tvo  index  surfaces,  XXIII.  and 
XXXIX.,  wiU  have  a  common  diametral  »ectio»t  made  by  the  yaoem  tatigent  planer 
mmtfy  Iht  ImIw  orve  (4.) ;  and  they  lOHigadkmck  ^lAar,  ia  Um  wAolrcrlM/  of 
tfJbalarw.  And  It  wMI  Iw  ftwpd  tlwtt  Ow  €WM<WM<awi  (9.X  fcr  th>  dawBtfii  <f  the 
Ifiuv  tftmt^ha^  AppUv  <ff«ai^  iBcIf  lo  the  om  w  to  tlw  tClfr,  of  time  tm9  awd* 
Uuy  tnd^:  in  fiic^  St  it  cfidMit  that  tfaa  dt^firMtd  tpu^  naiiMfy 
Bydvd/}  =  0,  reoeives  »o  rtH  aUtraikm^  whn  y  !•  liiilttplied  tgraqTMolar,  a,  €V«l 
if  that  scalar  should  bo  variable. 

(18.)  And  instead  of  supposing  that  the  PortoUtf  «Mlir  ^  it  thai  oUlgMi,  M  hi 
878,  to  aaUaly  a  ytvca  scalar  efuatioHj  of  the  form* 

/pscomt.. 


•  U  pssix-¥jy  +kZf  «nd  r       =  F(x,y,x),  and  if  we  write, 

dc  =  pdz  +  +  rdr,  dp  =  p'dx  +  r"dy  +  ^"dr, 
dg  =  j'dy  +  p"dz  +  T'daj,    dr  «=  r'dz  +  q"dx  +  p'  d^j 

wm  maj  then  write  also,  m  the  pfaant  flaB,  which  gives  d/p  mtMip, 

4p  8  ids  +jdy  4  *dr,  v  =  -  1  ((p  +     +  *r), 

B  -  i  (idp  +>dg  +  *dr) ,    Sdpd  V  =  |  (dxdp  +  dydg  +  d*dr)| 

an d  the  tMcfea;  surface,  conatrncted  as  in  (9*),  aodwUh  ^'  chaossd  tO  Ap  «  iAar 
-f  ilAa,  will  thus  have  t!ie  equation, 

(a>  . .  ip'^  -t  If'Ay^  +  \rAz*  +  p  'AyAE  -}-  q"£aAg  r^A«Ar 

or  more  generally  *=  const ;  so  that  it  may  be  made  in  this  way  to  depend  upon,  sad 
be  entirely  determined  by,  the  tise  partial  differential  eo^eieni$  o/the  second  ardw^ 
p' .  .p". of  the  function  v  or  fp,  taken  with  respect  to  the  three  rectangular  co- 
ordiHates,  xyz.  And  by  comparing  this  equation  (a)  with  the  following  equaUun 
of  the  same  auxiliary  surface,  which  results  more  directlj  from  the  jpriiiciples  am- 
ployed  in  the  text  (comp.  XVIII.  XXJII.), 

we  can  easily  deduce  esjiM$$iom»  for  those  nx  partial  cot^jffieitnta,  in  terms  of  y,  k,  fs. 
Thus,  for  example, 

lT>r-v  =  ip'  =  - ^  +  SXipi  =  SXp      +  2SiXSi>  ; 
bnt  SiXS»/i  +  S;XS;p  -f  SAXS*/*  =  -  SX/i ;  therefore, 

(c).  .  .  i(D^»  +  D,ao  +  D.'p)  =  8X^-8^  =  ci  +  c,  +  c3  =  -m" 

If  ci,  Cj,  C3  be  the  roots  and  m"  a  coefficient  of  a  certain  cubic  (354,  I II  J,  deduced 
from  the  linear  and  Tector  function  dv^  ^dp,  on  a  plan  already  explained.  If 
lllta  Iht  ftmtUtn  •  Hliiiyt  ■■  in  ttmsl  physical  qnestiona,  the  partial  differtiMuL 

(d)...lMi4lV^'(>D/»-0» 

Ot  mm  tf  dtait  lint  fwtis,  ci,  e%,  09,  win  oaaM  s  and  eonteqoMiIfy,  tlit  mftyls 

Ue  eon*  to  the  index -surface,  found  by  changing  1  to  0  hithe  ssoOBdrntmbor  «f 
It  nai;  and  has  Cotop.  4M)  XXL,  XXIX.)  tha  propeitj  that 

(s>.  ..coC^a-l-ooPhal, 
if  a,  hdMoUiHtiM  tstmat  Modaiigjtai.  An  wtinfy  diffrat  ailhad  of  mil- 

4  R 
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we  may  suppose,  as  in  372,  that  p  is  a  ffivm  t>eetor  function  nf  ttro  $ca!ar  var-.a- 
We»,  X  and  y,  btftwocn  which  there  will  then  arise^  by  the  same  fimdami;  nt;il  form  ,.'a 
II.,  a  differential  equation  of  the  first  order  and  $econd  degree^  to  be  integrated 
(when  poaatble)  by  known  methods.    For  example,  if  we  write, 

XL.  .  .  p  =  tr+>y  + -tz,    dr=pdx  +  9dy, 
we  shall  satiafy  the  equation  111.  by  assuming  (with  a  constant  factor  understood), 

XLL  . .  V  ^  ip  \}q  -  ky    whence    XLII.  . .  dv  =  idp  ijf'dg ; 
and  thas  the  general  equation  II.,  for  the  UnM  of  cnnnUart  OA  an  arfaitimiy  mdmat^ 
noiivai  (by  tha  laws  of  yk)  the  form, 

XLIII.  .  .  dp(4y  +  9di)  =  d9(dx+pdz); 
which  last  form  has  accordingly  been  assigned,  and  in  several  important  qnesUons 
employed,  by  Monge*  :  bat  which  is  hom  Fcen  to  be  included  in  the  still  more  coft- 
dae  (and  more  easUjr  deduced  and  interpreted)  quaitrnion  eyvaluM, 

8sidydp«0. 

411.  For  a  central  surface  of  the  second  order,  we  have  as  usual 
V  m  0/>,  =  0Ap,  and  therefore  {by  347»  34d,  and  bj  tbe  self-coo- 
jugate  form  of  <p), 

tho  gintrtd  condiHim  iffinteneciion  41(^  I.  of  Iwo  normals^  at  the 
cKtremitiM  of  ^JMi  ^nord  Apt  9aaA  the  ^wmd  differeuM  ejnoliM 
410,  II.  of  the  ihm  ofewrvaiure,  maj  therefore  for  sudk  a  anr&oe 

receive  these  new  and  special  fornu  : 

iunSBg,  by  quaternions,  the  well  known  aquation  (d),  oeeund  aailj  to  the  prcMot 
nrlteTi  and  will  be  briefly  mentioned  somewhat  farther  on.    In  the  mean  tinia  11 

may  be  remarked,  that  because  m"  =  0  by  (c),  when  the  equation  (d)  is  satisfied,  we 
have  then,  by  the  general  theory  III.  ii.  6  of  linear  and  \  cctor  functions  and  espe- 
cially by  the  subarticles  to  350|  remembering  that  ^  is  here  self-conjugate,  the  for- 
mula, 

(1> . .  dv+ X^bOi  and  (g> . . 

X,  ^  being  anxQIaiy  f\niGtiaiM^  and  m' anodiir  ootOciMit  ofiha  edioh  lAik  #  is  ^ 
artiiCiaiy  Teetw.  For  tho  sane  xvasoa,  and  nnaar  tha  mbm  eondltion  (d),  tfct 
ftandloo  f  itidf  has  Che  propartiao  enrpwwed  Ij  the  aqnatfom^ 

(h)...^Ticec^-::«#«»  and  (l)*  •  *  ^^»»^^«f«-«i^<«t 

la  vMohtlio  f»o«M«ii«i,  caraorMiwyb  aodm'istha  atmo  agaiar  €$^fkm^m 

»  » — 
morai 

*  Sm  the  eooBiciatian  of  the  formula  here  numbered  as  XLTITt,  ia  page  18S  ef 
.UottTtlU's  Ueoget  oompare  also  the  appHcationa  «l tt,  in  pages  274,  303, 805,  U7. 
(The  corresponding  pages  of  the  Fourth  Edition  arc,  115,  240,  265,  267,  811.) 
Tlip  quftternion  equation,  Svdvdp  =  0,  was  published  by  the  present  writer,  in  a 
coniraunication  to  the  Philosophical  Magazine,  for  the  month  of  October,  1847 
(page  289).  Sec  also  the  Supplement  to  the  same  Volume  xxxi.  (Third  Series); 
and  the  Proceedings  of  the  Royal  Irish  Academy  for  July,  1846. 
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IL  .  .  SAp0-' V/. A/)  =  0,    or    II'.  .  .  S/>A/>0-» =  0 ; 
•    III.  .  .  Sd^-'V/>dp  =  0,    or    IIP.  .  .  S^d/>0 'd/j  =0; 
which  admit  of  geometrical  interpretations,  and  conduct  to  some 
new  theorems,  espeeiallj  when  thej  are  transformed  as  follows: 

\  and  n  being  (as  in  405,  (5.),  &c.)  the  two  real  cyclic  normals  of 
the  surface:  while  the  same  e^oations  may  also  be  written  under 
ibe-stili  more  simple  forms, 

VIL  ..  SaSp .  Sapdp  +  Sa^dp .  Sapdfi  =  0, 

a,  a  being,  as  in  several  recent  investigations,  the  two  real  /ocal 
unit  lineSf  which  are  common  to  a  whole  con/ocal  eastern, 

(1.)  The  vector  ^"iVpAp  In  II.  has  by  I.  the  direction  of  VvAv;  whence,  by 
410,  (6.),  the  iuterprctation  of  the  recent  equation  II.,  or  (for  the  preseat  purpow) 
•ftiie  more  genoral  aqiution  410,  L,  ii  that  titf  tkord  rt^  is  perpemHaUat  I0  ite 
om  poioTt  if^^  aoriMb  of  Ut  vBtnmHim  iaUruet  AcomcUogly,  if  thdr  poiot  of 
titwwctloa  be  called  v,  the  polar  of  ft'  is  perpendkular  at  oneo  to  m  aad  r'lr,  and 
tbefoAmtovr'Ittelt 

(3.)  The  equatioii  IT.  may  be  interpreted  as  expressiog,  that  when  the  normal* 
at  P  and  P'  thus  tn/eneef  in  a  point  n,  there  exists  a  point  P^tJi  the  diametral piwu 
OPP*,  at  which  the  normal  v''s"  is  parallel  to  (he  chord  rv' :  a  result  which  may  be 

otherwl^  deduced,  from  elemeataiy  prindples  of  the  geometiy  of  aorfaoee  of  Uie 
eecond  order. 

(3.)  It  hi  unnece^jsary  to  dwell  on  the  converse  propositions,  that  when  either  of 
thete  conditions  is  satislled,  there  is  interseeiiom  (or  parallelism)  of  the  two  namMb 
■t  p  and  p*:  or  on  tlie  oorre^>ondiug  butlKMlli^^reMdts,  expreseed  by  the  equations 

m.  and  nr. 

(4.)  Ioofd«r,lieivwPor,toiBikoiayweiaealetiiaheii^ 
ire  moit  idecteoiiioonitable  expreaiion  for  the  aelf-oe^jngale  ftmction  f,  anddedooo 
a  oorreqioodlng  txpreeaion  for  the  inToiae  ftuictioD  fK  The^bna,* 

whieh  has  ainady  Mvml  tines  ooewnd,  hasako  been  mon  than  ones  Inverted  : 
bat  tiM  fbOowing  um  imMntf/brmf 


*  Tbe  vector  form  YIIL  occurred,  for  instance,  in  pOfM  408^  469^  474|  484, 
641, 689  $  and  the  ooonoeted  Molorybrai, 

>|»-^  +  8Xp|ift  867,11. 

has  Utewise  been  ftoqaontllj  onplognd. 

t  hmmfimM^  tat  f'^p  or  sr'^  bavs  eooamd  in  psgss468k  484»  841  (thi 
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IX,.  .  {ff-8\fi).f-^p  =  p-k9pf-*ft-fiSp^-% 

has  «n  advratafe,  for  oar  preaent  purpose,  OTcr  tbo«e  amgnetl  b^ore.  In  fact,  tbu 
htm  IX.  gW«s  at  oom  tb«  eqoatioo, 

and  80  conducts  immediately  hom  JL  to  IV.,  or  from  III.  to  Y.  as  a  limit. 

(5.)  The  equation  IV.  expresses  jr^erai/y,  that  the  cAord  Ap,  or  tt\  is  a  ndvsf 
a  ccrtjiiii  cone  of  the  second  order,  which  has  its  vertex  at  the  point  P  of  the  gtren 
surface,  and  pa^^ps  thronqh  all  the  points  p'  for  which  the  norrinK  f  >  that  surfaw  in- 
ter§«et  the  ffir^  normal  at  r  \  and  the  Cjuation  V.  cAjire^scs  generally,  that  the  ttco 
tidt*  of  thb  la^t  cone,  in  which  it  is  cut  hy  the  given  tamgtnt  plan*  at  lh«  SMoatt  poioS 
V,  «ra  tbo  iangnda  l»  tfo  Hmn  ofeunatmr; 

(6.)  Bui  if  the  tntflMO  bo  n  OSfmii,  m  %  AwMteAwttd  hjrperboloid,  tfca 
(oonp.  408,  (M.))  ^  •'H'*  woltrO  f «^  f^fh  bavo  tbe  diroetioo*  oT 
mmdimMUn  diawB  to  fvo  tfAMfimt  raol  tnoMliM;  aopposingtlMi  that  />  it  waA 
•  semidiametav  and  that  it  has  the  diraetion  of+f-'X,  Kho  aeeoiid  Um  of  tba  fint 
nMDber  of  tbe  equation  IT.  vanishes  and  Ao  oottr  IT.  bnaha  nf  teo  s 
pUtm,  of  which  the  equations  in  p'  u% 

XI...S\0»'-p)bO»  and  XIL  . .  S^^->X^'«^eO; 
«bMafftba>brMrnpnani»thoiai^|am«  ct  fAt Miifit r, aad tte teMrn- 


(7.)  Ufcllow%tbM,tbak«ftoM»««{«f|jkMa{«MMbFMM< 

oay  rea/  NomMrf  to  tbe  surface,  except  thoee  which  arc  drawn,  d  ppmdM  ^tial 
primeipal  $eeticm,  on.  which  aU  the  rmi  wmkiHci  orr  ^tmaUd :  that  the  mm  vmI 
umbilicar  normal  rs  f.f ,  in  a«  tmatpnary  sen$e,  intergerted  hy  all  the  ima. 
n>a!a,  which  art  draicn  from  the  tnuyuHVy  jwmlf  p'  ^tithct  ^thc  tW9  i 
gcneratricea  through  V. 

(8.)  Id  fact,  the  locus  of  tbe  point  r,  under  the  condition  of  inter  Meet  i.jn  <  i 
Mnul  iV  witk  a^nwo  Monaal  ra,  ia^e»er<t//y  a  quartic  cmrce^  namely  the  inter- 
■•ctioQ  of  IbojANm  ««r^  witb  tboMMlY.;  but  vhen  tbb  oaoo  AvMfa  ^  as  is 
(6.x  into  Iwe^lBMs,  mYmcotcmc  ia  nomal,  and  tho  atimr  tmf^ntiul  totfaa  anrinoe, 
tbo  goneral  quartic  is  Hkowtse  dbc<myo«ed;  and  booooNa  •  i^^otom  of  •  rw^mmk, 
naasl/  tba^ac^  teetUm  (7.)»  and  «^  ifimmpmtirp  wi^U  Km^  mun|f  tbo 

too  wnhiliear  ffeneratricn  at  P. 

(9.)  We  see,  at  the  same  time,  in  a  new  way  (comp.410,  (14.)),  that  eath  smeh 
generatrix  is  (in  an  imaginary  Knae)  a  line  of  curtature  :  hecaiL»e  the  (imaginarv) 
normah  to  the  surface,  at  all  the  jwinta  of  that  generatrix,  are  "twatfid  by  (7.)  in 
cue  common  (iniagiiiary)  normal  plane. 

(10.)  Hence  through  a  nmt  umbilic,  on  a  surface  of  the  second  ordar,  there  ptm 


oimoctlooiaaKototo wbiohlaatpagoabooldboaltaidedto).  boomiMuii^ 
with  tbo  form  IX.,  It  will  oaailj  ba  aaan  (eomp.  pago  961)  tbat 

*  CoaBpait  tba  Note  buBOdkioIy  piacodiaig* 
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three  lines  of  curvature  :  whert-of  on(f  is  fi  real  eonie  (8.),  aild  the  two  Otk«n  Are 
imaginarjf  right  lines,  namely,  the  umhilicar  genrrairicet  as  before. 

(11*)  If  we  prefer  differenfials  to  flijferences,  and  thenfore  use  the  eqaatioa  V. 
of  tbeliset  of  conratioe^  we  liud  that  this  equation  takes  the  form  0=:0,  if  the 
point  p  bo  n  amUBe;  and  Ibat  ifflM  aofaMi  at  that  point  bo  panllil  t»  X,  tbo 
dSffimtlUi  ^iRo  ayMrfCpn     biaaka  ap  into  httfiittunf  namdyf 

XIIT. . .  SXd^aO,   and  XIY. . .  Sdp^  'X^  '/i  «0| 

trhmor  Iht  fonnor  gives  two  imagimarjf  directiontf  and  the  latter  gives  om  foal  rff* 
rodAm,  eolndding  precisely  with  tbo  ihnt  diretikttu  (10.)- 

(IS.)  And  ifp,  instead  of  bfliag  the  Toetor  of  an  mmhUk^  bo  only  tbo  Yootor  of  a 
point  AM  apiasraCrIa  oonospondlngy  wo  aball  aUll  *ali»fif  the  diffinmtiai  cynafioM 
v.,  by  supposing  that  dp  belongi  to  the  aaaia  immgmarjfr^i  Umt:  becauto  wa 
•haU  tbcB  bavoi  atf  at  tbo  nasUUe  keelf, 

XV.  .  .  SXdf>  =  0,    Spdp^-  »X  =  0. 

An  wmbiliear  tfemenUriae  ia  tfamAliO praoed  anoa  (eooH^  (9.))  to  be^  4i  ito  apilolt 
tBOlent,  a  line  of  curvature. 

(13.)  Tbe  recent  reasonings  aiul  ciilculations  apply  (C),  not  only  to  un  ellipsoid, 
bat  also  to  a  double-sheeted  hyju  t  b  'l-ii<l,  four  unibilicd  for  each  of  tliese  two  sur- 
fttces  b^ing  real.    But  if  for  a  moment  wc  now  cuuMdcrspeciully  the  caae  of  an  ellip' 

aaid,  and  if  wo  denote  for  abridgment  tba  real  ^ootient^^  by  h,  wa  may  tban 

aafaalltttta  In  IT.  and  Y.  for  X,  f^  p'lX,  f    tba  oxptoHioni^ 

.  ,    26UX     .  , 

XYI.  ..a— Aa=  :   aa-a» — -^i 

•+o'  a+a 

XV IL  . .  a  4-  Aa  s  —  r  i  -ha-a  =  — /  ,  ^ ; 

ar(a  ac(a+0 

and  IbeOt  aflar  diflHon  by  A*- 1,  tboreremalii  only  tbo  two  Toetor  coMtanta  a  a*, 

tbo  equation  IT.  reducing  itaeirto  VL,  and  V.  to  VIL 

(14.)  The  simplified  equations  thus  obtained  are  not  however  peculiar  to  r/A(p»- 
snirfs,  hut  fxtcnd  to  a  whole  eonfocnl  ttjstem.  To  prove  thla^  wobavo  only  to  oom- 
bine  Uie  eqoationa  II.  and  III.  with  the  incer$e  form, 

XVIII. .  .  /  «^-'p  =  «Sa>  +  a'S«p-p(e+Saa'), 

which  follows  from  407,  XV.,  and  giveo  at  oneo  tbo  oqoationa  VL  and  TXL»  wbat- 
over  the  tpecie$  of  the  surface  may  be. 

(15.)  The  differential  equation  VII.  inuot  then  bo  satisfie<l  by  the  three  rectan* 
fttJar  directiona  of  dp,  or  of  a  tangent  to  a  line  of  curratnre^  which  answer  to  the 
orthogonal  inter gections  (410,  (1 2.))  of  the  three  eonfocaU  tbrou^jh  a  given  point  p  ; 
it  ongbt  tborsfoia^  aa  a  verillcatioD,  to  bo  eatiifiod  a^«^  wbonwa  snbotitate  v  for  dp, 
sr  being  a  namalfa  a  oonfKoi  tbroogb  tbat  pobit:  tbatis^  wa  ongbt  to  bave  tlia 


XIX. .  .  SavSa'pv  4-  SaVSapt^  =  0. 
And  acconJIng^y  tide ia at OBoe obtained  from  407,  XVI.,  by  operating  with  S.pv; 
so  that  the  three  normals  v  are  all  tides  of  this  cone  XIX.,  or  of  tba  OOBO  VII.  witb 

dp  for  a  side,  with  which  the  rone  V.  is  found  to  coincide  (13  ). 

(16.J  And  because  thia  last  equation  XIX.,  like  VI.  and  VII.,  involves on/y  the 
two  foeai  linet  a,  a'  as  iti  tomtants,  we  may  infer  from  it  ihis  theorem  :  ^^Ifinde- 
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Jimiteljf  manjf  Mur/acet  of  the  tecond  order  have  only  their  atymptotic  cones  bUomfo- 

§Moitd  erdarfirtMr  loemt which  latttf  «mi«  is  «JSm  th*  Ivmw  ^ftU  imm^emU, 

vtloflt  AM  meoaMiWIj  aiiigind  to  the  Milv  coMiant  ^  thtttil^ 
the  aaymptoiet  a,  a'  to  the y!)cal  AjiperMe  noMllI  vmehamged  im  positim^  bat  ttt 
MMtW(r«      -  <>>)>,  (M  — of  that  ewfe  (here  treated  as  both  real)  vary  together. 

f  17.)  The  equation  VI.  of  the  cone  of  chord*  (5)  introduces  the  fixed  focal 
Inxrs  ({,  a  by  tboir  directtons  only.  But  if  we  suppose  that  the  Imgthi  nf  ihc^se 
two  lines  are  etfual,  without  being  here  oblie^ed  to  assume  that  each  of  ih"sv  l-  neths 
is  umUjff  we  shall  then  have  (comp.  407,  (2.).  (3.)),  the  following  rectoHguiar  tys- 
Um  ^mit  Ibm,  in  the  diractions  of  the  axes  of  the  system^ 


.  U  (a  +  a';,    U  Voa',    U  (a  -  a*), 

whkdi  obey  in  all  respects  the  laws  of  ijk^  and  nigr  often  be  conrenlently  denotedbf 
those  symbols,  in  investigations  such  as  the  preeeat.  And  then,  deoomposing  the 
semidinmeter  p,  and  the  chord  Ap,  in  these  three  directions  XX.,  we  aM^j  tad  the 
following  rtctamfuttur  frMj^^bmicfioat  of  the  forqgoing  equatkNi  YL, 

XXI      H'^^^y^  ,  8(a~aO-«p  S.CVagO-lp 

in  whidi  it  li  iMradtted  to  dmgo  Ap  to  dp,  in  oidv  to  obtain  a  /brm  of  Ao 
dIAnntlal  oqmtlon  of  tho  Hm»  «f  tMnttmts  or  dw  «t  pkmm  to  y,  and  to  to 
Had,  In  a  now  wigr*  n  eoodttfoii  tntlidod  Yxf  tho  lAivo  ttoraMiKi,  totliolAm  toi^b^A 
thfongh  F. 

(18.)  The  cone,  VI.  or  XXI.,  is  generally  the  /ocitt  o/"  a  gystrm  of  three  recta*~ 
ffular  lines  ;  each  plane  through  the  certer,  which  is  perpendicular  to  any  real  rid*^ 
cutting  it  in  a  real  pair  o  f  mutually  rectangular  tides  ;  while,  for  the  same  reason, 
the  section  of  the  same  cone,  by  any  plane  which  d  ^  s  not  pass  through  its  vertex  Tf 
but  cuts  any  side  peri>en>licularly,  is  generally  au  equilateral  hyperbola. 

(19.)  If,  however,  t^e  point  p  be  iilnitted  im  amy  on*  of  the  fJbw  jwoo^pal 
plants^  perpendioidar  lo  tho  thno  Uaet  XX.,  thon  tiw  mm  XXL  (at  Ita  oqaotioB 
ihowi)  hnakt     (oonik  (6b))  Uto  a  pair  ^jilmee,  of  which  on*  Is  that  princt^ 


*  Thai  is,  if  the  Mirihoee  (supposed  to  have  a  oonunoa  centre)  be  ont  by 
plana  at  laflQltgr  in  Uoonfbcal  ooolei^  mat  or  imaginary. 

t  TIm  00RllpQlldhlg^a^  fai  netangolar  oo-otdlnatas,  of  tlio  rmdHim  wfim- 
ttrmeHom,  of  aoraiali  ai  two  paiuU  d^")  and  («yo')b  to  the  mifiui^ 

*»    If  «• 

in  the  equation  (probably  a  known  one,  although  the  writer  has  not  happened  to 
meet  with  it), 

(bi-c--)x'     (c»-rt2)y'  («»-6t)»' 

9r9  «-* 

ia  which  it  is  evident  that  zyx  and  xya*  may  be  interchanged. 


Digitized  by  Goog 


CBAP.tll.] 


CBNTIfcBS  OF  CUBYATURB 


679 


plane  itaelf,  while  the  other  is  perpendicular  thereto.  And  vhUe  the  Jbrmer  plane 
€Ut$  the  siirraoe  in  a  principal  Bection,  ivhich  is  cJwayt  a  line  of  curvature  through 
P,  the  latter  plane  utualhj  cuts  the  surface  in  another  conic,  which  crosMes  the  for- 
mer section  at  riffht  aup^rs,  and  givo.'<  the  direction  of  tho  second  line  of  curvature. 

(20.)  But  if  we  further  suppose,  ns  in  (6.),  that  the  point  p  is  an  umbtliCy  then 
(m  has  been  seen)  the  tecond plane  is  a  tangent  plane;  and  the  second  conic  (19.) 
!•  ItmM  dmmfMtil,  into  a  pair  o/imagiuarjf  rigkt  Umm  s  naaielj,  as  before,  Hm  ftm 
hmMISoot  ytmtrairUti  thnagh  the  point,  vUdi  liaT«  been  dMwn  to  be^  In  «n  imn- 
glntiy  aenee,  both  Hmn  ofanaiurt  thaudpu^  and  aleo  a/wrfiM  of  the  eaeeAyw 
^•ItfJUeCjbft. 

(21.)  We  shall  only  here  add,  as  anf^her  tnm»Jhrmation  of  the  general  equation 
VL  of  the  cone  ofchordt^  which  does  not  even  assume  Ta  =  Ta',  the  following: 

ZXIL . .  S(a4i^)Ap.S(a+a')pAp»S(a-a')^.8(a-a')pAp; 
whefe  tho  SrHHom  nUhBiwo  ntw  ftW,  a  +  a'  and  a  -  a',  are  only  obliged  to  bo 
Aomonleal/y  conjugate  with  respect  to  the  direetioae  of  ihn fixed  focal  lines  of  the 
system:  or  in  other trorda, orothoee  of  aaj  two  oon^yoto HmidtQwutm of  tbe/ocoi 

412.  The  subject  of  Lines  of  Curvature  receives  of  course  an 
additional  illustration,  when  it  is  combined  ^vith  the  known  concep- 
tion of  the  corresponding  Centres  of  Curvature.  Without  yet  en- 
tering on  the  general  theory  of  the  curvatures  of  sections  of  an  arbi- 
trary surface,  we  may  at  least  consider  here  the  curvatures  of  those 
normal  sections^  which  touch  at  any  given  point  the  lines  of  curva- 
ture. DenotiDg  then  by  <r  the  vector  of  the  centre  s  of  curYature  of 
iueh  a  section,  and  by  R  the  radius  Ps,  considered  as  a  icaiar  which 
is  positiTe  when  it  has  the  direction  of  y»  it  ii  enajr  to  see  that 
we  baye  the  UDofundamenttd  tfuaOons : 

1. .  .   a />  +  RUy\       11. . .  J^*d/» -|-dna»  =  0; 
whence  follows  this  netv  form  of  the  general  dififerential  equation 
410,  IL  of  the  lines  of  curvature, 

IIL..yd^Ui'-0; 

witli  levend  other  oombinatioiia  or  transformationit  among  whieh 
the  following  may  be  noticed  here: 

A  dp 

(1.)  The  eqoatioD  I.  requires  no  proof;  and  fhmi  It  tibe  oqvatlflB  IL  it  obtaiaod 
by  nioNlydiihiintioting*atif  andJtwefooooitant:  after  viilcli  tho  ffamnla  HI. 
MIowo  at  onoo,  and  IV.  it  ottfly  dodooad. 


*  To  ftadents  wlio  an  aocnatonod  to  UifiniiuimaUf  the  eosiW  way  is  here  to 
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(fti)  T»  oMdl flom  thb  last  equtioB  A  Bore  dereloped  iipiiwlaa 
mmj  wmme  for  dr,  considered  m  a  linear  and  iilfr<wntmrt§  fliactfaa 
(L)),  tk««M«Blflllal(«(MB^  410,  XVIII.X 

V.  .  .  dr  =      +  VXd^^, 

inwhich^,  X,^tnfaidependentof  dp;  tadihm,iMhVtmtum§Mmldpfm»Qaf4M% 
XXII.)  «•  «  olhar  afthe  fwo  directiom$, 

YL  . .  dpi  UYyX±  UVy/i, 

C3.)  One  mode  of  arriving  at  tbi«  laat  traiusformatioD,  or  of  showing  that  if 
(comp.  agaio  ilO,  XXH.)  w«  i 


VIII.  .  .  r=  (or  !0  UVXv  r  UV/iv, 
IX.  .  .  SXr/ir  >  =  SXUv.S/iUv  f  TVXUv.TV^Uv, 
or  X.  • .  MXr .  B|ir-> « 8(VXUir.V/<U »')  t  TTOTir.TV/iU»', 

or  indly,   XI. . .  SSUXr .  SOt^f*  - 8(yiIXv.YU^ v)  t  T7DXsr.T7U>rtr, 

is  to  introduce  the  auxiliary  qualermon^ 

XIL  . .  9  «  TUXv.TU/tr ; 

tod  to  pnnri  tbat,  iHth  tho  T»lno(or  diiMlion)TIIL  of  r,  wohATOtlMatlwoqM- 
floa  (in  ^iliiA  YifS,    ommI,  wpiOMrta  tho  aqooio  of  Ygf), 

XIIL. .  SSDXr.SU|ir->«S9t1'«'= 


(i.)  And  tlila  BMj  bj  simply  obawflng  tbat  wo  hofo  thai  (with  tho 

Toloo  Tin.)  tho  ospcMriooa, 

XlV...SrUX.^^,  SrU^=-^^; 
XY. .  .  SrUX.SrU^  -  ^^J^^  »  '4^. 


XYL  . .  Yf  Uv.SDXfiy; 

and  XVIL  ..  r»  =  -2±2SU8«±iSii2i 

(6.)  Adinitthif  then  the  exprcadon  YII.,  for  the  curvattire  wt  easily  ae« 
^■t  it  wKf  ha  tlma  transformod : 

XVIII.  .  .  ir'«=-Ty  «^^+TX^.ooa^Z^?^^^^i 

and  tbat  the  tSffkmee  of  the  two  (principal)  otrvatureMf  of  normal  teetioma  of  an 
mriitrart/  gurfact,  ooawtring  ftmttXIg  to  tlw  fvo  (rectangnlar)  d&oeliBM  of  tiM 


oonodve  the  d^ffknnHaU  to  be  vach.  But  it  haaahoadj  bean  abondanti^  drawn,  tint 
thia  ote  of  tho  Uttor  ii     no  UMO*  nooMaafi^  in  the 
nionn.  (Compon  tho  Moood  Koto  to  poga  667.) 
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line$  of  curvature  through  the  particular  point  conoidered,  vanttheg  yrhen  the  normal 
V  has  ihe  direction  of  either  of  tlie  two  ci/ciic  nonnnis,  X, /i,  of  the  mrftfsp  *«r/bctf 
(410,  'S  when  the  index  curve  (4  ID,  (4,)),  con.sidered  as  a  section  of 

that  index  surface,  is  a  circle :  or  Bnally^  when  the  point  in  question  ia,  in  a  received 
sense,  an  mmbilic*  of  the  given  suriaoe. 

(6.)  That  tmtnotf  although  coMidtrad  to  be  «  snvtn  one,  hat  Utberto  (hi  Umm 
iMt  nb-arlicM)  beea  tnatad  ai  qnttafwepol.  Bat  if  wa  now  Mpp«M  it  to  ba  a 
eential  mirikee  oftha  cMomf  •PdSir,  aad  to  ba  rapnMitad  bf  tha  oqnatiMi, 

XIX.  .  .  /p  =  «7p-  +  SXp/ip  =  1, 

which  has  already  sereral  times  occurre<l,  we  see  at  once,  from  the  formula  VII.  or 
XVIir.  (comp.  410,  (10.)),  that  the  difference  of  curvatures^  of  the  two  jirincipal 
normal  sections  of  any  such  surface,  varies  proportionally  to  the  perpendicular  (Tv  ' 
or  JP)  from  the  centre  on  the  tangent  plane,  multiplied  by  the  prodmet  ^tk»  times  ^ 

m^mdSmn  of  that  plane,  to  tha  two  cyc/tc  jvIrmv  oftha  mrfiwa. 

(7.)  In  general  (oonp.  409,  (8.)X  tt  ts  easy  to  aee  that 

XZ.  . .  8  ^  «  8r-tf  r  »  -  DrK 
dp        ^  ^ 

if  />  danota  tba  (eealar)  tMtld&nieler  of  tba  Aulw  surface,  in  tha  dbaetkn  of  4p  or 
ofr;  but  f<Mr  die  two  dhwetiona  oftha  Ibict  i{^ciinw<iiri^  tbeiaaa^ 
(410,  (8.),  (4.))  the  gmta9€$  oftha  Meac  curve,   Desothig  then  Iqr  ai  and  Og  thaw 
laat  Mmiaxeii  the  too  primdpmt  radii  ofemrmAw  of      nufitct  como  bj  lY.  to 
*  bo  thna  expTMaad : 

XXI.  .  .  Bi=  ai'Tv  ;    7?2  =  aj'Tv. 

And  if  ih*«  surface  be  a  central  one,  of  the  second  order,  then  ai,  aj  are  the  scmiaxes 
of  the  diamtii  al  section,  parallel  to  the /an^en//}/afi« ;  while  Ti' is  (comp.  again  409, 
(3.))  the  reciprocal  P  '  of  the  perpendicular,  let  fall  on  that  plane  from  the  centre. 
Accordingly  (comp.  (6.),  and  219,  (4.)),  it  i»  known  that  the  difference  of  the  ta- 
fsTss  squares  of  thoeo  semiasest  varies  proportionally  to  the  product  of  tha  mmi  of 
fbo  liieibafloM^  oftha  plana  of  the  loetion  to  the  two  cyclic  pUam, 

(8.)  And  aa  ngatda  tha  tfim  iktmuiuMt  It  ibllowa  from  407,  LXXL,  thai 
Hmj  nioy  be  thoa  a»piwaad,  in  tama  of  tha^ne^  asmtarw  of  tho  ••n/baaf  a«F> 
Jk0*t,  and  in  agraeniant  with  known  xaanlta: 

XXII...a,«Bii*-«ia;  a^te^i^.a^; 

being  thus  f>  >th  positive  for  the  case  of  an  ellipsoid ;  both  negative,  for  that  of  a 
douhle-thretfd  hj/prrholoid ;  and  one  positive,  but  the  other  negative,  for  the  case  of 
an  hyperboloid  of  one  sheet  (comp.  410,  (15.)). 

(9.)  In  all  theae  caaes,  tha  noraiaf  4- to  dmwn  towarda  tha  aant  tidt  oftha 
Ungtmt  plane,  as  that  on  which  the  eenCw  o  oftha  smrfM  la  dtoatad  (baeapia 
s  1);  faanoa  (by  I.  and  XXI.)  8pIA  tha  iwdti  ofoorratttfo  JSi,  ara  dmwn 
in  tkU  dSraefibn,  or  towaida  <Att  dkir,  for  tha  tlUpmnd;  bat  one  anoh  ndina  Cbr  tba 
•lHffc<4Aiaelad  h^ftthoMd^  and  hoth  radii  for  the  byperbolnid  of  two  sheets,  are  tt« 
fictad  towaida  tha  lyfofifaetfe,  aa  indeadia  evident  from  the  fiorme  of  thaManrfiMia. 


*  Compare  the  second  Kote  to  page  (69. 
4  8 
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(10.)  Tbe  following  is  another  method  of  deduriiii;  generally  tho  two  prioc^ttl 
conratims  of  a  surface,  (itKii  tbe  telf-conjuffatc  functwn^ 

XXIII.  ..  d»'  =  ^dp,  410,  IT. 

which  a/Tords  aom«  good  pnctiee  in  tbe  proceates  of  the  present  Cnlenlu.  Wnik^ 
for  mbridgment, 

XXIV. . .  r «  —  «i^lTv  » -  S     —  Sr-«fr, 
ff-p  dp 

whore  r  is  still  a  tangent  to  a  line  of  curvature,  the  equation  II.  is  ca;it]y  brought  n 

XXV. , .  -fT»  K>V»fr mfr -  v^^rfp » •r» 

irlMra  #  deooCet  n  «ew  luMar  a»tf  p<cf0r>idw<loii,  whidi  howerw  it  m€  in 

Mif^oiyu^e,  because  we  have  not  genenlly  f  v  II  y<   Treating  then  thin 

fto»  on  Um  plan  «#  the  Section  IIL  IL  6,  wn  derivw  from  it  •  acw  enMe 

tike  fotnif   

XXVI.  . .  0  =  Af  +  ATr  +  Af  "rS  -J-  r», 

•nd  with  tbe  coet}kicnt.«, 

XXVII.  ..Jf=0,    3r  =  Sv-'i//v,    Af"  =  m"-Sv  Vv; 
»^  being  a  pprtain  attxiliarif  function  (=  m^"'),  and  m"  bt»ing  tbe  coefficient*  analo- 
gous to  M'\  in  the  cubic  derived  from  the  function  <p  itself.  The  r<v't  r  —  0  i*  for^hcr. 
to  the  jiri  M  nt  itupiiry  ;  but  the  ftro  curvatures,  Ii[  \  /fj'',  are  the  /u-o  rt/<»/*  oiilt  \ 
following  quadratic  in  Ji  \  obtained  from  the  equation  XXVi.  bj  tbe  rejection  of  , 
that  foreign  root :  i 
XXVIII. . .  0  «  ( J^«T»')»  +  M^S-rVv  +  Bf, 

(11.)  As  a  first  application  of  tbis  general  equation  XXVIII.,  let      have  a^io, 
M  in  v.,  thn  farm  pr  +  VXrfi ;  we  shall  then  have  the  Taloei, 

XXIX.  .  .  iU*'=2(i?+SXUv.SMUv),  ! 
and  XXX. .  .  JI#'o(^  +  8X0».S/iUv)--(VXUv)*(V;iUv)«,  i 

B  a  great  variety  of  transformed  expressions  ;  and  tbe  two  resulting  curvaturea  agree 
with  thoM  Mrigned  by  VIL  I 

(19.)  Aan Mcond nppQcatioii, kttlMtailiMe  bt oentnl of thn Meond  oida; wUh  ! 

for  ItiMtltrMaiinzw  (real  or  inuginniy);  than  tha  iy«iMenl««^  | 
^  beeonM| 

XXXI. . .  o=^«-«*^+ •-«)  +*-*);  I 

and  tha  eoeffidenU  of  the  quadratic  XXVIII.  in  12' >  take  tbe  valaes,  in  wh>^  N 
daaatea  tbe  aemldianialag  of  tha  anrikca  In  the  direction  of  flia  normal ;  | 

XXXIL  .  .  i?i  i+jei|-»«-if'T»r>«-(i»i"+/Uv)P=(a-«  +  6  »  +  r«-JV>)Pj 


*  Compare  tha  Note  to  page  678,  oontinnad  in  paga  674.  Tba  laaaon  af  the 
•VMMMenaaof  fhaoociiciant  Jf,  or  of  thaoecttrreneaofannO  n»ot  af  tha  crtie^  ii 
that  wa  ha?a  here  ^'ly      aa  that  tha  qrmbol  ^H)  majTCpreient  an  actaal  vie- 

tor  (oomp.  851).   GaonMtricallj,  tbis  correapanda  to  tbe  circumstance  that  when  we 
along  a  semidiameter  prolonged,  from  a  sarface  of  tbe  second  order  to  another 
oiirface  of  the  «:tTr>e  kind,  coQoentric,  aiflular,  and  iimilariy  placed,  the  dinctioe  c( 
the  normal  Uoes  not  change. 
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XXXIII.  .  .  7?i  17?,  «  =  A/Ti.  «  =  -mv-«  =  o-«6-V»P«; 

both  of  which  agree  with  known  rv-ults,  and  admit  of  elementary  verifications.  • 

(13.)  In  general,  if  we  obst^rve  that  m"  -  (p  =  x  (-^^O,  XVI.),  we  sball  aee  that 
the  quadratic  XXVIll.  in  r  (or  in  Ji  'Tv)  may  be  thus  written: 

XXXIV.  ..  0=Sv  '(r3v+rxv  +  ^v)i 

or  am  non  bxieflj  (eomp.  398,  LXXIX.), 

XXXV.  .  .  0  =  Sv-i(f +  r)-»v. 

(14)  Afloordiagljr,  ih»  linrmala  XXV.  giroo  tho  ozpnirfoo, 

ZXXVL  . .  «>*ra  (f +r)-iv.Srf y ; 

firom  wUch,  nktor  the  coodiUoo  SvrsO^  the  oqwitioa  XXXV.  follows  at  onoo. 

(IS.)  Wo  iMTO  tboroCm  gauruUg,  for  the  prodmet  oltlio  two  pdnelpol  omtm- 
farw  tfmtHm»  9i mi§  nafif  at  anj  pointi  tbo  czpioiiion: 

V  V 

which  contains  an  important  thcDroin  of  Gauss,  whereto  we  j^hall  pn.'sciitly  proceed. 

(16.)  Meanwhde  we  may  remark  tiint  the  recent  analysis  ^llo\v9,  that  tlie  square* 
ai',  a-'  (7.)  of  the  semlAxea  of  the  index-curve  are  generaUjf  the  roots  of  the  follow- 
ing equation, 

XXXYHL ..  0  =  SKf + •"•)"•>'» 
whon  doviloped  aa  a  qnadxatio  in  a'. 

(17.)  And  that  tho  mum  quadiatio  aaiigno  tho  aqjoarM  of  tho  fomiaxca  of  a  dht- 
motralaoctloii,  iDadobyaplaoo<J-  p,  of  thooentraliiirfMeof  thoiooondofdorwhich 

has  Spf  p  =  1  for  its  equation. 

(18.)  Accordingly,  Vp^p  has  the  direction  of  a  tangent  to  IbU  surfaoOy  whicb  U 
pwpODdioalar  to  p  at  its  extremity ;  and  therefore  the  vector, 

XXXIX  .  .  <T  =  p-'Vp^p  =  ^p-p-i  =  (^-p-'')p, 
ia  porpondicular  to  the  piano  of  the  diametral  section,  which  haa  the  semidiamtUr  p 
tot  a  ttmiaxii :  to  that  it  ia  porpondicular  also  to  p  itaolt   The  equation, 

XL...So(^-p-»)-'<T  =  0, 
aMigno  thonftm  tho  Talooa  of  the  squares  (  p^)  of  the  scj^lar  aomiazoa  of  tho  oen- 
tral  section      <r;  which  agrees  with  the  formula  XX XV 11 1. 

(19.)  If  then  a  surface  be  derived  from  a  fficen  central  surface  of  the  second  or- 
der,  as  the  /ocw*  o/the  extremities  of  normals  (erected  at  the  centre)  to  the  diame- 
tral section!  of  the  giv*  !!  surface,  each  such  normal  (when  real)  having  the  length  of 
one  oj  the  s'miaxes  of  that  section,  the  equation  of  (Am  new  $ur/acef  (or  locus)  will 
admit  of  being  written  thus : 

XU. . .  Sp  (^  -  p-*)  'p  =  0. 


•  As  an  easy  verification  by  qnatcrnions  of  the  expression  XXXII.,  it  may  be 
remarkod  (comp.  408,  (27.))k  that  if  a,  /3,  y  be  any  three  rectangular  unit  lines^ 
then 

fa       +//  =oomt. «  Oi  +  «»■»•  01=  + 
t  When  the  giYon  aoiihoo  is  an  cJl^pioid;  thia  itnmd  ooifaoo  XLI.  is  tbonftfO 
tho  oolebratad  rooo  Smfitet  of  Ftoncl,  which  wiU  be  \Mf  nMOtkmed  aomtwhal 
liurthor  on. 
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(20.)  The  first  of  the  valuei  XXIV.,  for  the  auxiliary  scalar  r,  gives  tha  mpw- 
ilMi  (ifya^asUitfiirA  otntrai  mi&m  of  Um  mqoimI  onkr), 

wlMoce,  by  InrenkNit  toad  optnUon  viUi 

XLIII.  .  .  p  =  r(^  +»•)"'<' J       XLIV. .  .  vs=r(^  +  r)-if<Tj 

and  therefore,  becauj»e  Spi'=  1, 

XLV.  .  .  S((^tO-'<t.(0  i  r)  >0<t)  =  S.<T(^  +  r)-»^<T. 

(21.)  The  following  isa  quite  diflTcn  nt  way  of  arriving  atthis  result,  which  i>  aIso 
useful  for  other  purposes.  Considering  (t  as  the  vector  oa  of  a  point  s  on  the  Surfiiet 
of  CMlrct,  that  is,  on  the  locus  of  all  the  centres  of  cnzratarB  of  principal  normal  eee- 
tkmy  tlM  TMlor  (say  t/)  of  tfw  JIvdSproMrf  Surfkm  te  comnetod  wtth  a  (comp.  373, 
(SI.))     the  n— flint  ^rtt^rogUff^ 

XLTI...8Mr-8«ffBti      ZLTII. . .  Mv- 0 ;      ZLYIIL . .  M«»0; 
whidi  an  all  mIMmI  liy  tlia  Teetor  exfnwdoD, 

Spr 

where  r  is,  as  before,  a  tangent  to  tin-  liiu-  of  curvature  :  so  that,  if  ut  denote  the  va- 
riable vector  of  the  normal  iilano  to  this  la^it  curre,  the  equation  of  that  plane  (^cotnp. 
dG9,  IV.)  may  b«  thus  written, 

I*  .  .      (w  —  p)  =  0. 

This  normal  plane,  to  the  linr  o  f  curvature  at  P,  is  therefore  at  the  same  time  the 
tangent  plant  to  the  turface  of  centres  at  8,  as  indeed  it  is  known  to  be,  from  nmplc 
geooMtrical  ttMaldeialions,  independently  of  tbaySMW  of  th«  yisra  surfacei  which  re- 
maina  bare  aoUre^  arbitrary. 

(SS.)  TIm  expnMion  XLIX.  for  9  ^mgMtrulfy  Om  nbtimi, 

LI. . .  SpvB  1 ; 
giving  also,  by  410,  V.  and  YI.,  IheM  two  Other  cqittatlons, 


*  It  ia  nndantood  that  Ao  an4  dv,  in  ttie  dMbrcotial  equationa  XLTIL, 

XLTin.,  arp  in  general  only  obliged  to  have  direetiona  Utngmftal  to  the  suriaot 

of  centres,  and  to  its  reciprocal,  at  corresponding  points:  so  that  the  equations 
roit^ht  be  in  «oinp  re9i)ects  more  ol<  ?iily  written  ihm,  Sv^a  =  0,  Sa^v-  0,  t)i<»  mirk 
d  being  reservrtl  to  indicatf  c!)  ihl:- s  which  ari-^e  from  motion  along  a  ffiren  line  of 
curvature,  while  ^  should  have  u  more  general  signification.  Aixordingly  if,  in  par- 
ticular, we  write  Sp  =  vdp,  for  a  variation  answering  to  motion  along  the  otAer  lincf 
and  donota  tfaa  two  radii  of  carvatnre  for  the  two  diveedons  dp  and  Sp  by  At  and 
St,  wa  shall  bava  hgr  IL,  BiMp  f  dUv  =  0,  Br^p  -f  9Vv^  0,  and  therefore  by  L, 

dvsdJ^i.Uir,    iffe^p+  c(/i'iLV)  =  (l  -i?i/?2-')»'dp+  ^/TlUv; 

so  that  we  have  both  Sipdv^^Of  and  Sdpio=  0,  and  therefore  the  tangent  dp  or  r 
to  tha  ^9€m  Ifaa  of  onnratore  baa  tba  direction  of  tbo  noraui/  v  to  tha  oofreepoodinf 
9k9ti  of  tha  aatfkoa  of  eaotiae,  as  ia  otharwiae  vUbla  flnmi  fooomtisr.  And  whtn 
wa  faave  thua  Ibttod  an  aqoatiuo  bf  tba  Ibnn  fv«  r,  operatioti  with  S.«  ghna  by 
XLVI.  tb«  ralne  l  =  Spr,  aa  in  XLIX.,  baeanee  9  -  p  |  v  r. 
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LII.  .  .  Si'u  =  0,    and    LIII.  .  .  Svvpv^O^ 
vhich  are  still  indef>endout  of  the  form  of  the  given  .«iurfare 

(23.)  But  if  that  surface  be  a  cntral  ^vatirtc,*  then  the  equation  LI.  may  be 
thus  wrilteOi 

LIT. . .  l»8vf'V»Sv^-iv; 
combining  whidi  with  LIT.  and  LTIL,  m  deriTe  tlM  tgprewlons : 

tr-fv.Fv  v^—fv.Fv 
Vr herein /v  =  Sv<pv,  and  Fu=  St^'iv,  as  usoaL 

(24.)  Operating  with  S.v  on  tbia  laat  ezpreedon  for  and  attending  to  LU. 
and  LtV.,  we  find  thefbUowing  fiu^tnimfirtM  of  the  Equation  of  iha  Rtegtneai 
^ftkt  SkuftM  of  CmM.- 

LVII.  .  .  1  =  (Svp=)    ■         t,  ;    or    LVllI. . .  u»  =  (i^y  - 

or 

UZ...l-(#V-l)/i;    or    LX. . .  i^ir  -  4?  «  1 ; 

/- 

whataorth*  aaeood,  when  tranalatcd  Into  coHirdinatei,  ia  found  to  Mgm  perftetfy 
wUh  a  knownt  eqontioo  of  the  aame  tedproeal  aurfaoe. 

DUIbrentktlog  the  form  LZ.,  and  obeerring  that 

/-J  =— ,    d.i;*  =  4Si»Mi;,    d/V  =  2S^«di;,    d/'w  =  2bf 'udi/, 
we  find,  by  eompariaoo  with  ZLYL  and  XLYIIL,  tlie  expreiaion: 

LXII. . .  a  =  ^ —  +  r~7- i    or   LXIII.  . .  a  =  A  'wH- -tt- +  -^-r.; 

or  fiiudly  bj  XLIX,  with  the  recent  aignl0cation  XZIT.  of  r, 

LXIT. . .   B  r-«    + r)«^*iv,  bccauae  LXV. . .  r  »/Ur  -/Ut» : 
and,  Ibr  the  aame  reaaon,  the  equation  LZ.  of  tlie  rteiproeul  turfacc  may  be  thua 
bricilx  written, 

LZVL..l>  +  r-»i»»Bl,   while   LZVI'. .  ./u  +  ret-O. 

(26.)  Inverting  the  laat  form  for  (T,  and  using  again  the  relation  XLY I.,  we  first 
find  Ibr  « the  espiceiian, 

LXYU. . .  »«^(^  +  r)  »^<rj 
and  lhaa  are  eondneted  anew  to  the  eqoathm  ZLV.,  or  to  the  ibUowing, 

LXVIII.  . .  1  =  S. <r(l  +  r  »9)  -  fa. 


*  Compare  Uie  Inrt  note  to  page  672 ;  see  alao  tin  naemade  of  this  known  name 
"qudrie."  for  a  auf&ee  of  the  eeoond  order  (or  degree),  in  the  eab-artidea  to  899 
(pngae  614,  fte.). 

t  The  eqnatioii  tlladed  to^  whidi  ia  one  of  the/wrf  A  deyee,  appears  to  have  been 

flrat  assigned  by  Dr.  Booth,  in  a  Tract  on  Tangential  Co-ordmate*  (1810).  cited  in 
page  163  of  Dr.  Salmon's  Treatise.  See  also  the  Abstract  of  a  Fsper  by  Dr.  Booth, 
in  the  Proceedings  of  the  Royal  Society  for  ikpril,  1868. 
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(27.)  This  iMk  eqiuUon  may  also  be  thus  written, 

LXIX.  .  .  l  =  8.«r(l  +  r-V)  (^-t-r 
but  by  combining  XLIII.  LI.  LXVII.  uo  luivc, 

LXX.  .  .  1  =  (S()u      S .  <T  (1  +  r'^ipy^fo ; 
hence  LXXI.  .  .  0  ^  S.  rr;  !  f  r^<p)  3^^a, 

a  result  >vhich  may  Ik'  olh<  rwise  and  more  directly  deduced,  under  tbdform  Sw^d 
(LII.)i  from  the  expressions  XLIV.  LX.yiI.  for  v  and  v. 
(28.)  If  we  write, 

LXXII.  .  .  r=Udp,    r'  =  U(vdp),    and  therefore    LXXIIl.  .  .  rr' =  Ur, 

r  and  r'  being  thus  umit-tangtnU  to  the  Unes  of  corvature,  the  eqaatioa  III.  e^vm, 

generally, 

LXXIV.  . .  0«Vrd(rr')-  -  dr' t  rSr'dr,    whence    LXXIV.  .  .  dr'  3  r ; 
of  which  genrrnl  parallelism  of  dr'  to  r,  the  geometrical  reason  is  fcomp.  acain  III.) 
Iht^t  a  iinf  of  curvature  nn  an  orhitrary  surface  is,  at  the  i.imc  tiin.',  a  line  of  cur- 
vature on  the  drrclopable  nurmal  surface  which  rests  upon  that  line,  and  to  wkiek 
the  vectors  r'  or  vdp  are  normaU. 

(29.)  The  MUiwiubatitatMiitLXXin.lbrUv  gives  by  II.,  if  iPedfnote1ir«tke 
mtt  of  a  UiM  of  curratiire,  neorared  from  voj  flzed  point  thenof,  to  that  (bj  SM, 

LXXV. . .  Tdp»d«^   dpsrda,  D^rsr, 

the  (bUowiog  ftmrmi  trpnuiom  fbr  tN  enmtora  of  tho  ^v«a  mrbe^  in  the  dine- 
tkm  r  of  tiio  gircn  lino,  wUcb  1^  LXXIV.  it  alio  that  of  dr* : 

LXXVI. . .  J^»«S.rD,(^r•)  =  -8.rr'D,r=S(0r-».D.V)  ; 

but  D,-(>  is  (by  88'J,  ^vhat  we  liiive  call/d  tlie  vector  of  curvature  of  the  line  of 

curvature,  considered  a^  a  curve  in  $pace,  and  /i  'Ui'  is  the  corresponding  vector  of 
carvatnre  of  the  mormal  $tction  of  the  given  surface,  which  has  the  same  tangoit  r  at 
tfao  given  point :  benoe  tkt  loiter  McCor  ofemrveitare  it  (gaiucally)  the  projection  of 
iktjitmurt  om  tht  MormtJ  v  to  ik»  given  ««r/be». 

($0.)  In  like  manner,  if  we  denote  for  a  moment  by  S/*  tbe  ennratoie  of  Mm  d»> 
velopable  normal  MrliMe  (28.),  fiur  the  aame  direction  r,  tbe  general  fteniala  XL 
gives,  LXXIV., 

LXXVIL . .      «  rD.T' — 8r*D,r  =  8.  r*- Wp  i 

the  wcfer  JR/W  of  this  mm  etmaturt  ts  therslbie  tiie  prqjMUtm  on  tkt  mem  meneei 
T*f  of  tiM  Mefor  ofewnHdnre  of  tlie  ^nta  line  of  ennratore.  Bet  we  tfiall  eesn 
see  that  these  two  lest  reeolte  are  indnded  in  one  moragenecd,*  lespeotiogcff^iBar 

see/toM  of  an  arbltraiy  sniface. 

(31.)  The  general  parallelism  LXXIV.  conducts  easily,  for  the  case  of  a  oeatrsl 
quadric^  to  a  known  and  important  Uieorem,  whidi  may  Im  thm  inveettgeted.  Welt- 
ing, for  such  a  surfaoe, 

LXXVIIL  .  .  r=/r,  r' 


•  Namely  in  Meubuier's  I  hcorvm,  which  can  be  proved  gcneraUy  by  <^uaienuaos 
with  about  the  same  ea»e  as  the  two  foregoing  cases  of  it. 
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so  tli.it  r  retains  here  its  recent  signification  LXV.,  and  r'  is  the  analoi(p>ttBtcaUrfor 
the  Qtber  direction  of  curvature,  we  have  by  LXXIV.  llie  differeutial, 

LXXIZ. .  •  dr't>8Sf/dr'82Sr^/Br'dr«0, 
bieaiiM  Sr^r'=  0,  bj  410,  XI. 
(Si.)  We  hwr»  tbao  tbe  idatioD, 

tlist  it  to  mj,  Che  fuar^  (f^-i)  of  tbe  ecdar  tmUbrntitr  (/K)  ef  ihe  snilSMe,  which 
b  parallel  to  tk*  Mooatf  tangent  (r*),  b  eomUwUfir  anf  one  line  itfmrtmhirt  (r) ; 
and  accordingly  (oomp^  XXII.,  and  Che  egpreirion  407,  LXXL  fiMr/Uvj),  the  value 
of  Chie  aqnare  is, 

LXXXL . .  ifVvApyi  =r'-» «    -     = 6»-  ft**  « «•  -  A 

ife^  ft',  e'beCheaealerMii^uesof  Ihecoolbce],  whSdi  eaCe  the  giTea  qoadric  (a6c) 
along  the  line  of  ennmtiiN^  wheieof  the  Tarfable  taogcnt  b  r. 

(B8.)  Thb  eomtaiMj  of/tTvdp  nay  be  proved  In  other  waja ;  for  ineCance^  Che 
general  eqoaUon  BvAvdp  m  0  givet,  for  n  Uoe  of  ennraCon  on  an  arftifr«fy  ««js^e», 

LXXXII. . .  dv pSv >dv  +  dpS ^ i      LXXXIII. . .  Vdvdp «  vdpSymv ; 

and  LXXXIY. . .  8.  dp^(vdp)  « 0,  beeanae  dv «  ; 

vrhile  to  a  eeutnl  ftudrie  (fp  =  1,     =  v)  it  is  easy  to  show  that  we  have  also, 

LXXXV. . .  p(vdp)  =  Vpdp/(vUdp) } 

hence,  for  such  a  surface,  if  we  anppoee  for  ilmplldty  that  da  or  Tdp  b  conatant, 
wbiob  gives  Yvd'p  |  dp,  we  have, 

LXXXVI. . .  d/(Kdp)=  2S(Kvdp).d(vdp))««Siridy./(vdp), 

a  dilTerential  cqaation  of  the  second  order,  of  which  a ^rst  integral  is  evidently, 
LXXXYIL../(sklp)«iCi'*dp<,  or  LXXXVIl'. .  ./U(]/dp)»CBOooat. 

(84.)  Bat  we  aee  that  the  liiict  ofvmnatnn  on  a  eentnl  qnadrio  are  thus  m- 
^nded  in  a  more  general  nystrm  of  curves  on  the  same  surface,  represented  by  the 
differential  equation  LXXXVI.,  of  uhich  the  complete  integral  would  involve  two 
constants  :  and  which  expre<i=rs  that  the  semidiamttert  parallrl  to  those  tangents  to 
the  surface,  which  cross  any  our  siu  h  curve  at  right  angles,  hiivi-  a  common  square^ 
and  therefore  (if  real)  a  common  lengthy  80  that  (in  this  case)  Ibtry  terminate  on  a 
sphero-conic* 

(35.)  Admitting  however,  as  a  eaee  of  this  property,  the  eonttaney  LXXX  of 
the  eealar  lately  ealled  r\  naraety  the  tecmi  reel  of  the  qoadiatie  ZXXIY.  or 
ZZXV.,  of  which  the  eoeffieleote  and  the  fliat  root  r  earjr,  in  pairing  from  one  pdnt 
to  another  ef  what  we  may  can  forthe  moment  a  Ime  Qfjbni  emrwuturt,  we  have  only 
Co  conedve  r  and  o  to  be  aoeented  in  the  cquationa  LXYI.  LXVl'.,  in  order  to  per> 
eeivn  Chia  ffteorfei,  wliidi  peibapo  b  new : 


*  Ck>mpere  the  tn^-artidee  (6.)  (7.)  (8.)  to  219,  in  page  231. 
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Th*  Curve*  on  the  Jieciprocal  (24.)  of  tkt  Surface  of  Centrft  o{  cur\  aiure  eft 
central  quadric,  which  Muwers  to  the  stcond  cttrvature  of  that  given  surface  for  mu 
thtt  poiay  of  ft  fimm  Um9  <djbni  cnmtaii^  or  whidi  b  iuelfin  ft  known  wmm  Urn 
vw^proMl  (with  nipeet  to  the  ghrw  eeotn)  of  tlie  demHaptAhmnrmml  wmfim  (28.) 
which  f«iCf  upon  that  Mm^  to  tho  falirMC(jmof  toOfnaMv;  wh«nor«M(LXrr.) 
to  ft  coM^  CMqrcHto  ipM  Utn  giwm  wmfk»»  whfle  the  otktt  (LX?L)  to  ft 

Miface  coney <Ke  with  the  reciprocal  of  that  given  qaadric  (Fv  =1). 

(:in.)  Again,  the  scalar  Equation  of  the  Surface  of  Centres  (21.)  maj  be  faii 
to  be  llif  result  of  the  elimination  of  r'^  Ijctween  the  equations  LXVIII.  anii  LXXI.. 
^vhore•lf  the  latter  is  the  derimUivf  of  the  fonner  with  respect  to  that  acaUr ;  mt 
have  therefore  this  thwjrem  : 

An  Auxiliary  Quadric  ^LXVIII.  or  XLV.)  touchrs  the  Secomd  Sheet  of  the 
Surface  of  Cenim  of  a  given  quadric,  a  Quax^  Cbrat,  whkAi  to  the  Iwwr  tf 
OacMlkw af  itoewMf  {Vewtervffor  all  tho  poiata  ^mlimttfP^  GWi«fve  (So.) ; 
•nd  (for  the  mum  faaaon)  fha  aama  anzBtorjr  qnadrie  to  csmmiaeriM^  atoog  Iht 
oama  qnartto,  h^  tha  l>t9thpM  Namal  Smjkm  (98.),  whkh  raite  on  that>inf 
lim»:  with  pennkitoo,  of  eoane,  to  IntaithaQfa  tha  worda Jlr«f  and  iteend^  In  M 

anunci.ition. 

(37  )  When  the  arbitmrv  c<-<netnnt  r  is  thus  allowed  to  take  successively  all  vs- 
liir-,  corrp^poiuliiig  to /»o/A  st/^t'ms  i*fline«  of  rur\"ature,  the  •SMr/ace  Ce«/reji  is 
thiTiftre  fit  once  the  Envelnpt^  of  (he  Auxihari/  Quadric  LXVIII.,  and  the  Locus 
of  the  Quarlic  Curve  (SC.),  in  which  one  or  otlier  ofits /tco  «A^e/j  i<  touched,  by  that 
auxiliary  quadric  in  one  of  its  sncceseive  states,  and  also  by  one  of  the  di^velopabk 
anrfaeea  of  normato  to  dte  given  anrAkorb 

(88.)  To  obtain  the  acefor  afaaliaji  of  that  anvalopa  or  locm^  wa  may  proeaid 


*  Tha  varimUt  aicf  ar  of  thto  mtm  to  aaiily  aaen  (oonipb  XLDL)  to  ba^ 

and  the  reciprocal  surface  (21.)  or  (24.)  is  by  (i't.)  the  locus  of  this  quartir 

t  The  analogous  relation,  between  tlie  co-unlinate  forms  of  the  equaUoa*, 
perhaps  thought  too  obviooa  tobe  mentioDed»  in  page  161  of  Dr.  Salmon**  Tnatiae; 
or  poesibly  it  may  hftva  aeeapad  nottoe,  rfnoa  tha  qnaitiacivTe  (36.)  is  only  mamtoaal 
there  aa  an  latenfvlion  oftmo  fMrndnet^  whiob  to  an  <ie  mufam  •/  aanlw^  Md 
anaweca  to  poloU  of  a  Itne  p/eisnaihtrt  opon  tha  given  anrHMa.  Bvt  aa  raprdi 
tha jMaiiUr  ftoaai(|f|  avan  impart,  of  any  such  gtometneai  ilmhieHtm  aa  tbeaa  fNw 
in  tha  taxi  from  tlia  gNolemaoM  analysis  employed,  the  writer  wtoliaa  to  ba  nnd0>- 
atood  as  cxpreering  liimeelf  with  the  utmoBt  dilfidence,  and  as  moat  wilSng  to  b» 
corrected,  if  necessary.  The  power  of  derivntinQ  (or  (lifTerenti.-itin'^')  any  sfmboiieui 
fxprfssion  of  the  form  LXVIII.,  <ir<<f  any  an  iIoj^mus  /orm,  wiili  respect  to  any  sfm* 
lar  which  it  inv-ilves  expiicttly,  as  if  the  expression  \\k;vc  al(jehraic(il.  i§  an  importsct 
but  an  ca!<y  con^tquence  from  tbe  principlee  of  the  Section  ill.  ii.  U,  wliich  has  btta 
so  oftvii  referred  to. 

;  Compare  tha  Noto  InoMdiftlaly  prteading.  ^ 
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as  follows,  Uaiug  a  new  expression  for  <y,  in  terms  of  »'  or  of  p,  vhith  may  iheu  be 
transformed  into  a  function  of  two  independent  and  scalar  variables.  Denoting 
(oonp.  (.82.))  by  au  bi,  ci  the  MnlaxM  of  tiM  eoafocai  whUk  ento  the  given  rar- 
ftM  la,  tibd  giTCQ  Km  of  ourvaton,  tad  Iqr  og,  Ai,  «§  tiMMe  of  tlw  oUnt  caafticil,  ao 
tlwt  tht  aermiah  vt^vtto  tdew  two  ooajiKfi*  Iumto  tbo  4ii«olioni  of  tho  lot^^vtilp  r'y 
r  lotdy  eoiuiditt^  va  luiTe  not  oolj  the  ezpicMioDS  L^XXL  for  r'-i,  with  a')^V 
chaqged  to  ai,     «i,  but  alao  the  anakgoiia  aitprwiioiia  (omn^  407,  LZXL), 

LXZX7III. . .  r-'  sai.«s«»a*- V«««-<^. 
Webaira  thaiclbn  hj  ZUL,  eonabiiied  with  407,  XYL,  Ihia  vaiy  rionpla  asipraaaloB 

LXXXIX. . .  a  =  Cr '  +        =  fx  '*'  =  ^  f  f»  i 

ooolafaifaig,  in  the  preaent  notation,  and  aa  a  lendt  of  the  pitumt  analyaiai  a  known 

and  interesting  theorem,*  on  which  howerer  we  cannot  hero  delay. 

(39.)  It  follows  from  this  last  value  of combined  with  the  expnauon  408, 
LXXXIL  for  p,  that  we  may  write, 

aa  the  aoi^t  Vttor  Bqmalhm  of  <le  Smrfau  ofCtniru  of  conratoie  of  a  giTon 
qaadcic  (oftc)  s  amhigaona  a^gna  bahig  Tirtaalltf  inclnded  in  thaaa  thcea  terma,  be- 

cau6o  in  the  subsequent  eliminations t  the  semiaxes  enter  only  hy  their  squares : 
while  /,  a,  a  are  con$tanttj  as  in  407,  kc.  for  the  whole  confocal  ti/tUim,  and  abe 
are  also  constant  here,  but  a'  —  ai^  and  —  oa',  or  r'  '  and  r-'  (38.),  are  variable^ 
nnd  may  be  considered  to  be  the  two  indepmdtnt  acalar»  of  which  o  is  a  vector  fime- 

tU)tt. 

413.  Some  brief  remarks  may  here  be  made,  on  the  conaexion 
of  the  general  formula, 

I.  .  •  Si'-'  (0  +  ry'y  »  0,  412,  XXXV. 

in  which  r  =  R^Tv  (412,  XXIV.),  and  which  when  developed  by  the 

rules  of  the  Section  III.  ii.  6  takes  (comp.  398,  LXXIX.)  the  form 
of  the  quadratic, 

•  NaBitly  Dr.  Salmon'a  thectam  (page  161  of  Ua  Traatiie),  that  the  eanlrw 
OMrewtart  of  a  giren  qtiadzic  at  a  ^ma  point  an  the  ^olit  tflk$  tmi^mi  pUuu^ 
with  leipeet  to  the  two  eonfboala^  The  conaaetad  thaoiem  (page  186),  mpaetiQg 
the  tttHitmear  focna  of  the  jMfdt  of  a^jecn  plana,  with  nepeet  to  the  auHheea  of  a 
mntfoeai  ty$tem,  is  at  once  deducibk)  from  the  quaternion  aspnaatoo  407,  XVI.  for 
altliough  the  theorem  did  not  happen  to  be  known  to  the  present  writer,  or  at 
least  remembered  by  him,  when  he  investigated  that  /bram/le  qf  «n0*r«Mm  fur  Othor 
applications,  of  which  some  have  been  already  given. 

f  The  co^re^polidiIlg  cliinirmtion  in  co-ordinatea  was  first  cfloctod  by  Dr.  Salmon, 
who  thus  dcte; mill'  li  tlic  cijuuUun  of  the  surface  of  centres  of  curvature  of  a  quadric 
to  be  one  of  the  twtljih  degree.  (Compare  pages  161,  162  of  bis  already  cited  Irea- 
tiae.) 

4  T 
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.    II...r»  +  rSir»x»'+8»'-'y'v-0,      412,  XXXIV. 

with  GftWi*  theory  of  the  IfMUure  of  QwwOMrt  Surfaee;  and 
espeeially  with  hia  ftmdtmental  resalt,  that  thia  flMaiwit  la  e^ml  to 

-the  product  of  the  two  principal  eurvatttret  oftetthna  of  that  tuxfiMa: 

a  relation  which,  m  our  notalious,  may  be  thus  expressed, 

lu. . .  v,dUMauv=i2f»^-»vd/»a/». 

(1.)  As  regards  the  dcdaetioii,  by  ifiuiCermons,  of  the  equation  TIT.,  in  which  d 
aad  $  may  be  regarded  as  twof  distinct  qroilMli  of  differentiation,  perfomoed  with  re- 
spect to  two  indepotulent  softUur  variiblMy  we  nay  ohianre  that,  by  priariplM  Md 
mlM  already  establiahod,  * 

IV. . .  dUir.V -.Uf,  «Uir-iV— .Uir—Uv.V-; 
and  that  thenfbra  the  first  maaiber  of  III.  may  be  tboe  tnuuCNmed: 

V.  . .  V.  dU V     V  =  V  ^  V     . V  ^      -  V-  'Sv-  ^^viv, 

(2.)  Again,  sUioe  we  haTady-^p  (41 0»  IV.,  &&),  and  in  like  naaaerlirs 
f^p,  the  lelationa  Si^b  0,  S>>lp  bO,  aad  the  adfooon jugate  property  of  ^,  aBev 
us  ta  write, 

VI. . .  YMv  «  ^Vdp^p,    and   VII. . .  Vdp^p  =  v'lSvdpJp  ; 

whence  follows  at  once  by  V.  the  formula  IlL,  if  we  remember  the  general  fiipna 
sion,  deduced  from  the  quadratic  II., 

Vlil.  . .  Ri^B^-^  =  -  -  S  ^    ^      412,  XXXTO. 

(3.)  If  then  we  suppose  tl>at  P,  Pj,  Pj  are  any  f  Ar«  near  points  on  an  tirit- 
trary  turface,  and  that  li,  Rj,  Kj  are  three  near  and  corresponding  points  c-n  ibe 
Mttit  tpkert^  determined  by  the  condition  of  parallelism  of  the  radii  or,  obi,  oat  to 
the  iierMMfa  m,  PiNi,  p^n's,  the  lisa eauiJICrtaii^fef  thus Ibnaed  wiUbetrtaeeA 

a  ninlt  wUoh  Joetifiee  (altbongli  1^  an  entirely  new  an^ysta)  the  adoption  by 


*  The.readar  ie  nfemd  to  the  Additlooa  to  Uraville's  Monge  (pages  505,  &cy, 
in  which  thebeantiftil  Memoir  by  Ganii^  entitled:  ZHsguinHmm 
mptrfUtm  e»wa&,  it  with  great  good  tacte  rented  in  the  Latin,  from  the( 
taljoMsr«MnlMretof  thoBoyalSocielyorGdttiQgHi.    He  ia  aleo  enppooed  te  leek 

hack,  if  necessary',  to  the  Section  III.  ii.  6  of  these  Skmndt  (pages  435,  &c),  mt 
especially  to  the  deduction  in  page  487  of  ^  from  fy  rememlMBiag  tiut  tin 

ftinction  (rind  therefore  also  the  former)  is  here  self- conjugate, 
t  Compare  page  487,  and  the  Mote  to  page  6S4. 
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of  this  produe^  tt  corvatares  of  §ectUm*,  M  the  mtasmrt  nit  the  onrvafton  of  tin 
mar/ace,  wUh  liit  dignlttMlion  of  tbo  pbiiMu 

(4.)  AaaaoUwr  Ibm  of  this  importoBtprodiietoraiMMn^  if  weoonoalvothat 
the  Ttelor  p  of  tho  mito  is  ospnssed  as  •  Amdiaii  (873)  of  two  indspcadiot  sgr- 
laia,  I  «nd  «,  and  If  wo  wxilo  ftr  abiMgiBonfti 

which  will  allow  as  (oomp.  d72,  Y.)  to  assume  for  the  aomal  vector  v  the  expres- 
sion, 

XL*. .  vsVp'jpji 

it  is  easy  to  provcf  that  we  have  generally, 

V       V       \     V  I 

which  takes  as  a  verification  the  weU-kaowo  form, 

rt  —  »- 

wboi  we  write  (comp.  410,  (18.)), 

XI V. . .  p = ix  jfjjf p^^Mp = «■ + ^/»f  P. = ^>W>  =J + *9 ; 
XV...  y«Vp>,-*-f|i-/f,   p^tsir,   p/=*«,  p^^***. 

(5.)  In  gsnaiil,  tho  oqnstion  XII.  mmj  bo  thus  tnnslbnnod, 

XVI. . .  i^«i->i?a-»=S(Vvp".yvpj-(Vvp;)>  +  vHSp'K-p;0; 

•Iso  l^lh,,Tdp^mt^+^fiMH^fdiifl, 

if  XVIII. ..  SB- p^,  f^^Bp'pA  9"-^?%   wheneo  XIX. .  -ly 

and  if  we  still  denote,  as  in  X.,  derivations  relatively  to  <  and  m  by  upper  and  lower 
■oeiiits,  wo  may  sobslltiito  in  tho  quad  ruple  of  tho  oqaation  XVL  the  Talasi^ 

XX..2Vvp"«C».-2/)p'+'ft.    2Vvp>-i^y  +  e^^  2Yyp.=-9p' 

and  XXI.  .  .  2  (Sp"p„  -  f,;-^)  =  e„  -  2//+  i/' ; 

henoo  tk§  mtOMwrt  of  ewrvaturt  it  an  explicit  f unction  of  tht  ten  tcoiart^ 

and  thsnAio^  as  was  olhorwiss  proved  bj  Oaosi,  fAtt  aMotww  ilrpsMb  siiVt  onfAs 


*  If  tt  bosnpposed  to  bo  In  sny  mannor  known  that  a  IM  soeh  as  IX.  ssliCs, 
or  that  tho  9au<M  of  tho  two  sMfor  orau  in  IIL  Is  a  seslar  mdlqMmlm<  ofthit  df- 
raolioiif  of  ppi,  ppj,  or  of  dp,  ^p,  wc  have  only  to  aisame  that  these  arc  tho  difoe» 
tions  of  the  \\ntt  of  curvaturty  in  order  to  obtain  ol  ONce^  by  412,  II.,  the  pr^^Mt 

Rx^Jit^  a.i  the  vahtr  of  tliis  quotient  or  limit. 

t  The  qua4rati>:  in  U  >  may  bo  formed  by  operating  on  4X2,  11.  with  S.p'  and 
S.p,,  and  then  climiniitiiif^  (1<  :  dw. 

X  The  pruof  by  quaternions,  above  given,  of  this  oxcliisive  de|Hjndence,  is  por- 
bape  as  simple  as  the  subject  will  allow,  and  issoooowhatdioitw  than  the  corresiioixl- 
ing  proof  in  tho  LuUttn ;  in  page  606  of  which  b  gtvon  howorer  the  oqnation. 
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$jtyrmim  (XTII.)  «f  lAr  ifrntn  •/«  Immmp  WliMaif,  In  tortu  olt#o  fh<liptiidwif 

•MUni      «),  And  of  their  diflRmntfaJf  (df,  dv). 

(6»)  Hciiio  follow  also  these  two  other  tlieoroms*  of  Gangs 

tf  n  Murfaee  be  considorp'l  a*  .in  infinitely  thin  toliJ,  nnd  supposed  to  flerthh 
but  int  rtrnaihlr,  then  evi-ry  tlr  formatwn  of  it,  as  such,  will  loave  vnnltrred,  Ist,  tbe 
Measure  <>J  Curralure  at  any  I'uint,  and  Ilnd,  the  Total  Curvature  of  any  Area; 
that  i»,  the  area  of  the  corresponding  portiuu  of  the  unit  sphere^  determined  as  ui  (3.) 
by  radii  paralM  to  nonnds. 

(7.)  Sappoaing  now  that  f  and  m  arapMdSrfloM-ordfaafef^wbmof  thtfiwiMr  »> 
pnmito  Cho  Ingth  itt^  gjitoMa  Avfrom  ^/9$dp0h>i  a  ofthttariim^  and  the  laltv 
npMMDti  tho  «Nflr  bap  wUeb  tUa  TaiiaUa  gaodoCic  makei  at  A  witk  ^JMigm^ 
dM«  AS,  U  ia  aair  to  M  Ikaft  lha  gMil  axpNMioo  XYIL  takca  tha  obortar  1^ 

XXIIL..Td^«df>+itW,  ia  which  XXIT. . . «»Tp,«Tv; 
ao  that  wahava  now  tha  valiMi^ 

XXT.  ..•«=!,  /=  0,   ir  =  »S   i?'  =  t"i»', 

aud  the  lit  ri\ uti\ (^s  of  «  antl/ all  vanish.  And  thus  tlie  general  expre^oo  Xil.  for 
tbe  tneature  oj  curvature  riduces  iL'jielf  by  (5.)  to  tho  very  simple  fonUt 

XXVI. . .  Bi^Rt  * « - n-hTm-n-iD^ ; 

in  which  •  ia  gananDj  a  ftmetion  of  both  I  and  «,  although  h<ra  twiea  dari?«tad 

with  respect  to  the  former  only. 

(8.)  The  point  r  being  denoto  1  by  tho  symbol  (/,  w),  and  any  other  p<»int  »*'  of 
the  surface  by  (f-J-  Af,  i»  +  An),  we  may  consider  tlio  txvo  connectrd  points  ri,  <  f 
which  the  corresponding  symbols  are  (<  +  A*,  «)  and  (f.  u  i  Ji"  »  ;  and  then  the 
quaJrtlateral  vv\v'l^f  bounded  by  two  portions  pPi,  PaP'  o(  gtodetic  /me«  from  a, 
and  (aa  we  may  suppose)  by  two  arcs  rpa,  PiP  of  gtodtHc  eireUt  round  the  same 
flacad  pohit,  will  hava  lla  arm  oltfanatdy  snAIAa  (by  XXIII.),  and  thattfoia  (hj 
XXVI.,  oooftp.  (8.x  (^))  lt>  Malomlarettllinataly  s-tt^AIAa^  or  A#t'.A«, 
whan  Ai  and  Am  dindniih  togatber»  by  an  approach  of  p'  to  p. 

'(9.)  Again»  in  tha  immediate  nrif^bonrhood  of  a,  we  have  n  atl,  1 ;  cha^g* 
ing  then  -  Ain'  to  -  d(/i',  and  integrating  with  reitpeet  to  I  from  f  -  0,  we  oMalft 
1  -  »'  as  the  coeffldeni  of  Am  in  the  lesolt,  and  are  tboa  oondocted  to  the  o^cea- 
sh»i 

XXYll.  ,  .  Total  Curraturt'  of  THangle  APp'=  (I  -  n')  An,  tUUmately, 

if  AP,  Ap'  be  any  Ivo  ^otktie  Untty  making  with  each  other  a  rmnff  mijfr  ~  jja, 
and  if  fp'  be  aay  taw'<  arc  (geodetic  or  not)  on  the  Mine  ini&ca. 


4  (eg  -py-Ih        «  =  e  0*»-  2s,,  f  +  ge,) 

-t  A''p.  -     -  2^/  -  2g\r  +  iff.) 

which  may  now  be  deduced  at  sight  from  XVI.,  by  the  substitutions  XIX.  XX. 
XXI.,  nn  l  <lin<  vs  only  in  notation  from  the  equation  of  Gaofo  (LiouTiUo'a  Mongr, 
page  523,  or  ^:^llut*n,  page  30y)' 

*  S«e  page  524  of  Liouville'e  Monge. 
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(10.)  Conceive  thon  that  pg  is  a  finite  arc  of  any  ciirte  upon  the  surface,  for 
wWch  therefore  /,  and  consequently  n',  may  be  conceived  to  be  a  function  of  « j  we 
sbaU  have  tliis  other  expression  of  the  same  kind, 

XXVIII.  .  .  Total  Curvature  of  Area  AP(i  =  j(l  -n').l»  -^       -  j  n'dii; 

tfie  arrti  here  considered  being  bounded  by  the  tieo  gfodelic  lims  w,  aq,  which 
make  with  each  other  the  finite  angle  Au,  and  by  the  arc  i'<i  of  the  a>  bilrary  curve. 

(11.)  If  this  curve  be  ittelf  a  geodetic,  and  if  we  treat  its  co-ordiiuites  t,  u,  and 
its  TMtor  p,  as  functions  of  its  arc,  «,  then  tho  seeond  diffmntial  of  p,  namely, 

XXIX.  .  .  <X^p=p\\H  +  p/l-'u  +  p"d/<  V  2p;d/d«+  p,dit», 

must  be  normal  to  the  surface  at  p,  and  consequently  perpendicular  to  p'  and  p^. 
Operating*  iberef<»e  with  S.p',  and  attending  to  the  relations  XVIII.  and  XXV., 
wUch  give 

XXX...p'»  =  -l,    8p>.=  Sp'p"  =  Sp'p>0,    Sp'p,,=  -Sp>»/-iMi', 

we  obtain  the  differential  c^iuation, 

XXXI.  .  .  d'/  =  nu'da',   or   XXXIl. .  .  dp  =  -  n'du, 

if  we  observe  that  we  may  writ<», 

XXXIII.  .  .  d<  =coapd*,    ndi(  =  8in  »d*,    because    XXXIV. .  .  dt*  +  n^klii'^dt'; 

9  being  liera  tha  variable  angla^  wkuch  the  geodeiie  fq  makes  at  f  with  pro- 
longed. 

(12.)  Substituting  tlion  for  -  n'd»/,  in  XXVIII..  its  value  dr  given  by  XXXII., 
the  integration  becomes  pu-isible,  and  the  result  i>  Au  •  Sp  ;  where  Au  \-i  still  the 
angle  at  A,  and  tt  +  =  (r  —  »)  +  (o  +  Ac)  is  tlie  sum  of  the  angles  at  v  and  <j,  in 
the  ffeodetie  triangU  Apq, 

(13.)  Writing  Afln  8  and  o  instead  of  ^  and  Q,  fn  Urns  antra  at  another  nost 
ifouukaUa  Thaoranf  ct  Qaoss^  which  may  be  eoqpnesed  bgr  the  formula : 

XXXV. . .  Total  CanatMre  of  a  Geoddk  triangle  ahob  a  +  b  +  sr, 

=  wh.it  may  be  called  the  Spheroidal  Krcesg  ;  a,  n,  c.  in  the  second  member,  being 
used  to  denote  the  three  angles  of  the  triangle  :  and  the  total  surface  of  the  unit 
ipkere  (=  iir)  being  represented  by  720'',  when  the  part  corresponding  to  the  geodetit 
fHrnyfe  ii  thus  represented  by  the  angultw  txen$,  A   B  +  o  - 180". 

(14.)  And  it  to  caigr  to  pmtin,  on  the  one  hand,  how  this  thoorsm  admlti  df 

bdng«sliiidM,  asitwaslqr  OalHB^  toal/psodMajM^v^*  nnd  on  the  other  hand, 
iMw  it  may  require  lobe  amefi^led;  as  It  was  hj  the  same  eminent  geometer,  ao  at  to 
I^TO  what  would  on  tlie  same  plan  be  called  a  $pheroidal  defect,  when  the  meatvre 
of  curvature  is  negative,  as  it  is  A>r  surfaces  (or  parts  of  smrfsoes)  ofwhlch^the  piio* 
dpal  sections  iiaTO  their  cnnraturaa  CffotUofy  diroHtdL 


*  To  operate  with  S.p,  w  ould  pive  a  result  not  quite  so  simple,  but  reduoible  to 

the  form  XXXI.,  with  the  help  of  d-'*  =  0. 

t  The  enunciation  of  this  theorem,  respecting  which  its  i11u«!trinus  discoverer 
justly  bays,  Hoc  thcorema,  quod,  ui  faliimur,  ad  clegantissima  iu  theoria  superficie- 
mm  enrvamm  ralhrendam  erne  vidctor,* ...  to  gitron  in  page  583  of  the  Additions  to 
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414.  The  only  sections  of  a  surface,  of  which  the  curvatures 
have  been  above  determined,  are  the  two  principal  normal  sections  at 
any  proposed  point;  but  the  general  expressions  of  III.  iii.  6  may 
be  applied  to  tind  the  curvature  of  a/^y  plane  section,  normal  or  ob- 
lique, and  therefore  also  oSwit/  curve  on  a  given  surface^  when  only 
its  Oteulating  plane  is  known.  Denoting  (as  in  389)  &c.)  by  p  and  c 
the  vectors  of  the  given  point  p,  sad  of  the  oenlre  K  of  theoscM^ofMf 
ctrd^e  at  that  point,  and  by  s  (he  orc  of  tha  coxre^  W6  him  genermUy 
(by  389.  XIL  and  VL), 

1 

I.  . .  Vector  of  Curvature  of  Curve  =  kp  '  =  (/>  -  «)  » =  D,V  -     V  -j^ ; 

the  independent  variable  in  the  last  expression  being  arbitrary.  And 

if  we  denote  by  a  and  ^  the  vectors  of  the  points  8  and  x,  m  which 
the  axis  of  the  osculating  circle  meets  respectively  the  normal  and 
the  tangent  plane  to  the  given  siirfuce,  we  shall  have  also,  by  the 
right-angled  triangles,  the  general  decomposition,  kp  '  SP'^ -t- xf  ' 
(ss  vectors),  or 

II. . .  D.v=(p-«)-» =o»-a)-*+(^-.er; 

where  the  two  components  edmit  of  being  trsnsformed  as  follows: 
III.  .  .  Normal  Component  of  Vector  oj  Curvature  of  Curve  {or 

Seeium)  -  m-'S  —  =«  (/» -^i)*'  co^  w  +  (f»  -  ^i)-'  sin'e 

=  V^ector  of  Normal  Curvature  of  Surface  for  the  direction  of 

the  given  tangent; 

«r,  being  the  veotors  of  the  eentrea  »i,  St  (oomp.  412)  of  the  <iss 
prmequd  eumtfursf,  and  v  being  the  angle  at  which  the  curve  (or 
its  tangent  dp)  crosses  the^sf  Um  of  curvature  (or  its  tangent  t,), 
while  a  is  the  rector  of  the  centre  s  of  the  ep^ere  which  is  said  ts 
Oicukste  to  the  mirfaee,  in  the piven  eHreeUon  (of  6p)\  and 

IV.  .  .  Tangential  Component  of  Vector  of  Curvature 

«  (p  -  0  '  =  I'-'d^-'Si'd/i-'dV 
B  Vector  of  Geodetic  Curvature  of  Curve  (or  Section) ; 

this  latter  vector  being  here  so  called,  because  in  fact  its  fsnsor  rs- 


lioiavilk'S  Ut»g^  A  inoof  hy  qpuknSam  wss  pnliUilMd  In  tha  LMlurm  (pagK 
606-409,  tM  also  Um  ftw  ptseedlng  pagw),  hot  ths  writer  oonoslvss  that  IIm  m 
given  abovs  wUI  ba  fbund  to  ba  not  only  sborter,  bat  more  dtar. 
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prssents  what  is  known  by  the  name  of  ihe  geodetic^  curvature  of  a 
eume  upon  a  smfitee  :  the  independent  variable  being  still  arbi- 
trary. 

(1.)  As  regards  the  daeonpodtkm  IT.,  if  a,  /9  be  any  two  rectangular  vectors 
OA,  OB,  and  if  y  sooa ibe  pefpwidirnlir  from  o  on  ab,  then  (compb  816,  I*,  and 
408,  XLL), 

^•••>-'  =  v^  +  v^  =  «''  +  ^*- 

(2.)  To  prove  the  first  traasfonnsUon  III.,  we  have,  by  I.  and  II.,  obser\'iiig 
that  dSyilp  =  0, 

p  —  9       p  —  «c        op     dp        dp*         dp'  dp 

(3.)  Hence,  by  412,  (7.),  'f  denote  the  vector  III.  of  normal  curvature  by 
A'^UVf  we  have  the  general  expre&siuus  (comp.  412,  I.  XXL), 

yiL..<r»|>-f Jniy,   JS>i)^Tt^,   with  Vm...TyaP-H 

IbrtheeaMornenfniltMMHe;  2>  being  ^nMra^T  the  senldkaeler  «f  thalndlw 
•ur/aee  (410,  (9.),  fte.X  or  fbr  a  qnadfie  the  aamidiamatiir  of  that  anrfiMse  As«(K 
which  haa  the  direction  of  the  tat^eiU  (or  of  dp) :  and  P  being,  for  the  latter  sur- 
face, the  perp9miiaUar  from  the  eentre  on  tba  taiyeiil  plane,  aa  In  aomo  earlier  for- 

mnla!. 

(4.)  To  deduce  the  second  transformation  III.,  which  contains  a  theorem  of 
Euler,  let  r,  n,  Tt  denote  unit  tangents  to  the  section  and  the  two  lines  of  curvature, 
so  that 

IX. .  •  rKrioose-i-nrine^  and  r^vri*"'!^^— 1; 
wf  may  then  write  gonwalty  (comp.  412,  IV.), 

9~p  dp 

and  shall  have  the  values  (comp.  410,  XI.), 

XI. . .  Srifri  =  i?r'T)',    Sr..0r>  =  i?i-iT»',    Sri^rj  =  Sra^ris=  0; 
whence  X II.  .  .  7i  '  =      •  cos^  »  +  Ji^  ' sin'  v, 

mad  the  required  transformation  is  accomplished. 

(5.)  The  theorem  of  Meusnier  may  be  considered  to  be  a  result  of  the  elimiHation 
(2.)  of  d'p  from  the  expressions  for  the  morwud  eompctteni  III.  of  what  we  may  eall 
tim  FtHor  D^p  of  Obliqw  Cmnalmtt  and  it  may  be  expressed  by  the  equation, 

XIII. . .  S  ^  =  1,  or  Xlir. . .  S  — =0,  wbidi  gfy«o  ZIir...n8»-, 

p - K  p-K  • 

if  it  be  new  mdecrtood  that  the  point  a,  of  which  9  is  the  vector,  isthec«»<r«  of  the 


♦  The  name,  "  com-hure  fft'odi'siqiie"  was  introduced  by  M.  Liouvillc,  nnd  has 
been  adopted  by  several  other  mathematical  writers.  Compare  pages  568,  675,  &c 
of  his  AdcUtwns  to  Monge. 
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circle  whidi  osoihites  t>)  ih  •  nununl  itctiun  ;  or  uf  ihe  wiiidi  o«calal*a  in 

tb«  tame  direction  to  the  turj'ac ,  as  will  be  more  clearly  »eea  by  wli4t  fioUows. 

(G.)  In  general,  if  p  -t-  be  the  mkr  filaajr  Hctmdpohil  of  the  |^v«n  Hi^ 
face,  the  equation 

XIV.  .  .  8   *^    =  S  — ,  with  w  for  a  variable  vector, 
w  — p 

lepneenta  rigeffoudfy  the  sphere  which  tovehet  the  surface  at  the  given  point  P,  and 
paves  thramgk  theaeeond  puint  r';  conceiving  then  that  the  latter  point  opprooeAe* 
to  the  former,  and  obsirviui;  that  the  development*  by  Xajrior'a  Scrieeof  the  eqoe- 
tkm  fp  s  const,  gives  (if  d/p  =  2SKclp,  ami  dy  =■ 

XV. . .  0 «  Ap-*A/p  =  «8'^^  +  8^  + teniii  which  Tiatt ^«Mr«l%f  with 

Ap  Ap 

even  If  they  be  not  alwayi  null,  we  are  conducted  in  a  new  way.  by  the  know-n  con. 
cepUon  of  tho  Otcufattntj  Sphere  for  a  given  dirrrdun  to  a  turface^  to  the  saOM  e«- 
<r«  a,  and  rwfia*     as  before :  the  equation  of  ikU  sphere  being, 

XVI. . .  8  i:- -  ( Ita.  8 1= — to.  8  <5S  -  V  «r- 
M-p    \        Ap  Ap     /  dp 

(7.)  Oonv«iiel.r,iripe  MtiuM  «  rvdfat  12;  aach  thiit  i^>  is  nlfibraleaUj  ealM^ 
medfale  hetwen  JKi-^  woA  Bf\  the  Iwyenf  ijpterv, 

'2»'     Ti'  I'ri' 
XVII. . .  S  =  ~,  or  xvir. . .  s  =  &  \ 

will  cut  the  twrfae*  in  two  dirttidm»  ^omAtHoHy  assigned  by  the  formula  XII. , 
bat  If  Jt*  he  onfei^lr  those  iiMsfa,  there  will  bo  on^r  •wM^  anl  mi  any  (real)  ia- 
fcracdim,  at  leeit  in  the  viebiilj  ef  f. 

(8.)  Ifi^beagata,  oe  in       my  eMOMl  ^eiel  of  tho  iufiwib  and  if  «•  donsti 

for  a  monMnt  by  (II)  and  (S)  the  normal  plane  vsv'  and  the  nonnal  esrtfsa  ooc- 
leqKmding,  we  may  suppose  that  v  is  the  puiut  in  which  the  normals  to  tht  pUm 
earee  (2)  at  p  and  p'  intersect ;  and  if  we  then  oret-t  a  perpendicular  at  x  to  the 
plane  (11),  it  will  be  crossed  by  every  perpendicular  at  r'  to  the  t  uip^nt  I'  t'  to  the 
section,  and  therefore  in  particular  by  the  normal  at  r'  to  the  surface,  in  h  fsoioi 
whit  h  Ave  may  call  n'  ;  80  that  the  line  i-'n  is  the  projection^  on  the  plane  i  of 
this  teeond  normal  pV  to  the  oorfacc.  Conceiving  then  the  plane  (n)  to  be  JUed, 
hot  thepoinl  v*  to  apprcaeh  indedoitely  to  p,  wooeethat  the  osain  a  of  cwaaiaw 
ofthaaonMleeeKba  (S),  which  is  also  by  (6.)  tho  centre  of  tho  iisoftiliiif  ^^km 
to  tho  aorfiee  for  the  eoaie  dlTMftai^  la  tho  lieiA^ 


*  Oompaio  Art.  874,  and  the  Seeond  Koto  to  poge  608.   The  nnrssiniMil  ase. 

there  mentioned,  of  the  differential  symbol  dp  as  signifying  a  finite  and  i  km  rfaf  set* 
toTy  in  the  development  off(p  +  dp),  has  appeared  obscure,  in  the  Leetvre$,  to  soon 
frlendsof  tho  writer;  and  he  luis  therefore  aimed,  for  the  sake  of  clearness,  in  at  kiM 
the  lext  of  these  ElementSy  and  esix-cially  in  the  geometrical  applications,  to  conhi^ 
that  symbol  to  its  Jirst  signification  (100,  369,  373,  &c.^,  as  deiioliiig  a  tan^'riUtj: 
vector  (finite  or  infinitely  small,  and  to  a  carve  or  surface)  :  p  itself  bdng  g^nerailv 
regarded  OS  a  wetor /unetion^  and  Mol  as  an  indspsndioC  vtiiaUe  (oomp.  8€3,  (2.j> 
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the  given  normal  at  p  la  intertected  by  tht  projection*  of  th«  near  normal  pV,  m 
the  given  normal  plane. 

(9.)  The  two  components  II L  and  IV.  are  included  in  the  binomial  expre$tion, 

XVIII.  .  .  Vector  of  Oblique  Curvature  (or  of  Curvature  of  Oblique  Section} 
=  (p  -  c)-i  =  v->Sdi/dp-i  +  v-»dp-»Svdp-ki>p, 
which  ia  obtained  by  sabstituting  in  I.  the  general  equivalent  409,  XXI.  for  d*p, 
and  in  which  (as  before)  the  iadcpendent  variable  is  arbitrary  ;  and  the  tangential 
component  IV.  may  be  otherwise  found  by  observing  that,  by  I.  and  II., 

XIX. . .  ^  =  s  -5:^^  =  s     =  -  svdp-idv, 

p-K       p-K  dp 
and  that  —  (vdp)  ' =  v'ldp'i,    because   Svdp  =  0. 

(10.)  Another  way  of  deducing  the  same  component  IV.,  is  to  resolve  the  follow- 

iug  system  of  three  scalar  equations,  which  by  the  geometrical  definition  of  the  point 
X  the  vector  ^  must  satisfy  : 

XX.  .  .  S(C-p)v  =  0;    S(5-p)dp  =  0;    8(€-p)d«p  =  dp«; 

and  which  give, 

xxi...e-p=-^  =  . 

*^    Svdpd«p  Svdp-kl'p 
or  (p  —  t)'^  =  &C.,  as  before.    We  have  also  the  transformationa, 

XXIL  .  .  Vector  of  Geodetic  Curvature  =  (p  —  {)-* 

=  (vdp)- 1  S(vUdp . dUdp)  =  -  vdp  S  =  «tc 

(11.)  The  definition  of  the  point  x  shows  also  easily,  that  if  a  developable  tur- 
faee  (d)  be  circumscribed  to  a  given  surface  (s),  along  a  given  curve  (c),  emd  if  in 
the  unfolding  of  the  former  surface,  the  point  x  be  carried  with  the  tangent  plane, 
originally  drawn  to  the  latter  surface  at  r,  it  will  become  the  centre  of  curvature^  at 
the  new  point  (p),  to  the  new  or  plane  curve  (c')  obtained  by  this  development :  so 
that  the  radius  (px)  of  geodetic  curvature  is  equal,  as  indeed  it  ia  knowof  to  be,  to 
the  radius  of  plane  curvature  of  the  developed  curve. 

(12.)  This  plane  curve  (c')  is  therefore  a  circlel  (or  part  of  one)  if  the  condi- 
tion, 

XXIIl.  .  .  PX  =  T  (4  -  p)  =  const, 


*  The  reader  may  compare  the  calculations  and  constructions,  in  psgcs  600,  601 
of  the  Lectures.  In  the  language  of  in6nitcsimals,  an  injinitely  near  normal  v'v' 
intersects  the  axis  of  the  osculating  circle,  to  the  given  normal  section. 

t  Compare  page  676  of  the  Additions  to  Liouville's  lionge. 

The  curves  on  any  given  surface,  which  thus  become  circles  by  development, 
have  also  the  isoperimetrical  property  expressed  in  qualemions  (conip.  the  first  Note 
to  page  530)  by  the  formula, 

XXVI. . .  ^JS(Uv.dp^p)+c^/Tdp=o, 

which  conducts  to  the  differeutial  equation, 

XXVII.  .  .  c  idp  =  V.Ui/ dUdp  (comp.  380,  IV.), 

4  u 
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be  satisflod ;  but  it  degenerates  into  ft  right  line,  if  tlda  rftdiofl  of  ^coMr  euTMtui* 
be  injimtej  that  is,  if 

XXIV.  .  .  T  (p  -  0''  =       0'   XXV* . .  Svdpd^p  =  0, 
or  finally  (by  880,  II.,  comp.  409,  XXV  .j,  IT  the  original  curve  (c)  be  a  jfeodetie  Kme 
on  the  given  turface  (s),  and  Uunlbft  abo  cn  flw  diwwih|p<M>  (o) :  irliidi  agreai 
with  fh*  flmdainntal  property  (882,  888)  of  geod«tiBS  on  •  d«v«lopaM«  anifim. 

(18.)  AMOfdioglj  H  naj  to  litia  obMrvad  ttot  tto  gHianl  fiwonk  IV.,  eoo- 
binad  with  tto  notatioM  and  calwilitiflm  of  882,  coadnett  to  tfaa  «spi««ioa 

(«  +  ©0  Tp'-',  or  ^!?fjL£5,  for  the  geodetic  corvatore  of  any  atrve  on  a  dsrelopabla 
^  d* 

Burface,  whereof  the  element  d«  crofises  a  generating  line  at  the  variable  angle  r,  while 
adz  is  the  angle  between  two  such  consecutive  lines :  a  result  easily  confinucd  by  geo- 
ijtetrical  considerations,  and  agreeing  with  the  difiisreutial  eqoatioD  x  + r -0X^82, 
IX)  of  geodetiet  on  a  developable. 

415.  We  thall  conclude  the  preeest  Section  with  e  few  supple- 
mentary remarks,  including  a  new  and  simplified  proof  of  an  im- 
portant theorem  (354),  which  we  have  had  frequent  occasion  to 
employ  for  purposes  of  geometry^  and  which  presents  itself  often 
in  ^A_y5ica/ applications  of  quaternions  also:  namely,  that  if  the  linear 
aiid  vector  Junction  0  be  sel/-C0T\jugcUet  then  the  Vector  Quadratic^ 

l,..Yp^P  =  0,  354,1. 

represents  generally  a  System  of  Three  Seed  and  Sedangular  Dirtc^ 
tSxmi  and  tbat  these  (oomp.  405,  ( 1  .)>  (2.)f  ere  the  direotioot 
of  the  Am9  of  ike  CMrof  Surfaeee  of  tko  Second  Orders  which  ere 

represented  by  the  scalar  equation, 

IL  . .  Sf>0/»  =  const. ; 

or  more  generally, 

UL .  •  Sp^  ^  Cp*  +     where  C  and  C  are  any  two  scalar  constants. 

(1.)  It  is  an  ea?y  con^equpnco  of  the  theory  (360)  of  the  symbolic  and  cubic 
equation  in  f,  that  if  c  be  a  root  of  the  derived  algebraical  cubic  ^f  =  Q  (354),  and 
if  we  Wliti  ^  B  ^  4-  c  (as  in  that  Article),  the  new  linear  and  vector  function  ^p  must 
to  ndndMa  to  Cto  htmmial  form  (351), 


and  ia  which  tto  tcslar  cooaCaat  •  eaa  to  iiiown  to  tove  tto  tbIm^ 

ZXniL  •  .  c«=  (4 - p) U.vdp  =  i  T(C  -  p)  ^Sadhi  o/Geodetie  CWnwIaM, 
m  tadins  of  dmraloiwd drde ;  and  aaeh  such  comfaidudefl,  by  XXV I.,  on  the  givot 
■aito,  a  wagftmiw  ana  with  a  phm  pwimtitr  :  on  whidh  aeowmt,  and  in  aUiaioa 
toa  w«il-known  daMical  stoiy,  Ito  writar  twtand  to  propose  in  ptga  ft82  of  tto 
Leetaree,  th«  «aiRe  *'  Didonia"  fix  a  earn  of  this  Uad,  whila  achnowlsdgbig  that 
tto  cNTPft  thmedprn  tod  been  diseoyvcad  and  diactmed  hj  M.  Dehnaaj. 


Digitized  by  Google 


CRAP,  ni.]  mW  PROOF  OP  RBCTAHGVLAB  STSTBM. 


699 


IV.  .  .  ♦p  =  0p  +  cp  =  /3Sap  +  /3'Sa'p,    with   V.  .  .  V^a  +  V/Ta'  =  0, 
as  the  eondiiiom  (868,  XZXVI.)  «f  ^Of-eai^i^tithM,   WUb  thi*  oooditSoD  we  auqr 

and  it  is  easy  to  see  that  no  essential  generality  is  lost,  hy  supposing  that  a  and  a 
are  two  rectangular  vector  units,  which  may  be  tamed  aboat  in  their  own  plane,  if 
fi  and  If  1w  WfAMfy  mo&UM :  ao  that  we  may  assnme, 

VII. .  .  a='  =  a'«  =  -l,    Saa'«0;    whence   VIIL..*a  =  ~^,    *a'  =  -jf; 
and      n^.T/Ta^-AM^— Y/Sa,  Yfin'mAaa',  V^«— ilW. 

(2.)  The  equation  I.,  under  the  form, 

X.  .  .  Vp*p  =  0,    is  satisfied  by    XI.  .  .  ♦p  =  0,    or    XII. . .  Vaa'pv  0 ; 
and  it  cannot  be  satisfied  otherwise,  unless  we  suppose, 

XIU...^Bca+«'a',  and  ZIV. . . VCs^+x'iSO («a<l-«'a')sO{ 

X7. .  .  5(x'«  -  x»)  +  (A-A')rx'=0: 

while  conversely  the  expresdon  XIII.  will  satisry  I.,  under  this  condition  XV.  Bat 
this  qaadrtttic  in  x':x,  of  which  the  coefficients  B  and  A  -  A'  do  not  generally  va- 
nish, has  necessarily  two  real  roots,  \sith  a  product  =  -  1  ;  hence  there  always  ex- 
Ut;  as  asserted,  a  system  of  three  real  and  rectangular  direetio$Uf  such  as  the  fol- 
lowing, 

ZTI. . .  ca  +        i^a^xd^  and  m£  (or  TmO, 

which  satisfy  the  equation  I.;  and  this  system  ia generally  d^finUt:  wUdi  provet 
thp  firtt  port  of  the  TfaMfon. 

(8.)  TbeliiMi  a,  a'  mxf  bo  made  Iqr  (1.)  to  lam  in  tMr  own  flaiM^  tiD  tkgr 
eoioddo  with  tho  two  fint  dlncdou  XVI. ;  wUdi  will  giv«^ 

XVII.  ..^=0,   fi=Aa,  ^=^A'a% 

and  thonlbfa, 

and  thus  the  scalar  equation  II.  trill  tako  the  fbrra, 

XIX. .  .  &pfp  =  (c  +  ^)  (Sapy  +     +  A')  (Sa'p)«  +  c  (Saa'p)«=  const, 

which  represanlt  gmimlXfy  a  central  surface  of  the  «0e<m<i  order,  with  its  <Arw 
ff««t  in  the  three  directions  a,  a\  aa'  of  p  ;  and  does  not  cease  to  represent  such  a 
surface,  and  with  anch  axes,  when  for  Bpfp  we  sobstitote,  at  in  IIL,  thia  new  ex- 

presoion: 

XX. . .  Spfp  -Cf^^  Bp^  +  C  iiOapy  +  (Sa'p)'  +  (Saa»«)  =  C  =  const ; 

tlio  t§eond  «ur/bct  hetag  in  foct  coneycUe  (or  having  the  same  cyclic  planes)  with  the 
flnt,  and  the  new  term,  -  Cp,  In  ^p,  disappearing  onder  th«  V.^ :  ao  thai  tho 
Mtond  part  of  the  Tlieorein  is  proved  anew. 

(4.)  It  would  be  useless  to  dwell  here  on  the  cases,  in  which  the  turfiicet  XIX., 
XX-  come  to  be  of  revolution,  or  e^  en  to  be  spheres,  and  when  consequently  the 
directions  of  their  axes,  or  of  p  in  I.,  become  partially  or  wm  Wholly  indHmmmai*. 
But  aa  an  example  of  the  rMfeMtfon  of  an  oqaatton  in  qoatemioiia  to  the/om  I., 
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«itimi|it0«t>iifpc«MitingMr«id«tlai  fcaa,  w      tttotlii  vmj  JHfli 

XXI. .  ,ptpK^  tprp,  ullh  MMifi, 
ivUdi  Bigr  be  nanotd  (coop.  SM,  (18.))  to 

ZZII...T.pTipff«Oi 
ladirtfcll  b  lamdiNftr  Mtiifttd  (•ma^  979,  XXIX.)  ly  tin  rtfii  rirtwjwler  dt» 

********  XXIII.  ..Ui-Uc.   V«,  UtfUK^ 

of  tlM  OflMt  (oic)  OC  Um  Mpaoidf 

XXIY. . .  T(cp-|-|Me)sKS-i%  XIX. 
wUAiieMaf  t]Ma«ifmortto«oMyclirqwlm((O0i^  III.)» 

XXT.  • .  Si^iK  Cip*-I>  CV 
It  appwn  ftoa  Um  tninfiinBaftionft  t86^  XI.,  Ike. 

(6.)  In  applTing  tlM  IliMNOi  thus  Noantly  pvmd  aaair,  «t  hm  «ii  aemd 
ooQMiaos  und  tlM  ifl^nMioiii 

XXyL..dvB#dp,  410,  lY. 

laiilMyltaiMlorMaHatetiaitoirlimf  pbUMvaiia^  aidlki 
fliBBtiM  #  to  iMrtid  M  M|Mi|jiva«t  (M8> 

<«.)  Il  iMMPiiw,  inpoftHit  to  iwwkth«t,to<>ijhrtojBttMy-iU  MMftifl> 
of  tlito  bit  pioperty,  the  foOowbg  «q»«Mtmi  o/  lafifrar Jbnn, 

XXYir. . .  /8ydj», 

Il  iilrti  tf  fcitig  tsqatoi  to  aww  •wJbr>bi«<b»  of  ^  mnIi  m  l/p-f-eoHt, 
wlHewf  ill  Mug  Msomed  that  p  itttJfiB  ^fimetiom,  d  taj  dclcnniiuile  ftm,  of  a 

IQilar  variaWe,  (,     Tlie  tetf-conjugation  of  the  linear  and  vector  ftjnction  f  in 
XXYL,  U  the  condition  of  ike  exigtence  of  the  integral  XXYII.,  OOOiidend  M 
I^Menting  such  a  scalar  function  (com p.  at:;'ain  3G3). 

(7.)  There  are  iiulood  st-veral  investigations,  in  which  it  is  sufficient  to  r^-irani 
V  as  denoting  some  normal  vector,  of  which  only  the  direction  ia  important,  aud 
which  may  therefore  be  mulUpUed  by  «a  arbitrarjf  tealar  eoeJUcient^  conatant  «r 
vsibbb^  witiioat  fay  change  in  the  leBolCe  (oomp.  the  eekabtione  resp^xtiug  j;e«db* 
Ke  iM«f^  ia  the  Seetfon  IIL  iiL  f,  and  meaj  edieie  which  hinm  ebeady  eecaned). 

(8.)  And  then  hnve  ben  other  genenl  ineoitigettoBi,  ench  ae  tlioee  loiardbg 
the  lines  of  curvature  on  an  arbitrary  aurfaoOi  in  which  dv  waa  treated  as  a  self- 
conjugate  function  of  dp,  while  yet  (comp.  410,  (17.))  the  fundamental  diffiraitiai 
epilation  Svdi'dp  —  O  was  not  affected  hy  any  such  multiplication  of  v  by  n. 

(9.)  But  thoro  art"  qacstions  in  which  a  factor  of  thii  sort  ixjay  be  intr>>'!uail, 
with  advantage  fur  some  purposes,  while  yet  it  ia  inconsistent  with  thc«r//-f<)nr-7  r- 
tion  above  mentioned,  unless  the  multiplier  n  be  such  as  to  render  the  new  expra- 
ticm  8»ifdp  (Gom|k.  XXVII,)  en  emut  diffitnmtiiit  ef  tome  acelar  function  of  p. 

(la)  Fore3Hn4de,iatheUieoiyof&e^m«l&Hr^SMt  (comp.  412,  (21.)),  it 
b  ooQveiilmt  to  eoapby  the  eyatem  of  tlM  <Am  oonaeoted  eiinatien^ 

XXVIII.  .  .  Srp  =  1,    Svdp  =  0,    Spdr  =  0  ;  37S,  L.  LI. 

but  when  the  length  of  »>  is  dctorniinod  so  as  to  satisfy  the  Jirti  of  these  eqoationa, 
p-i  being  then  the  vector  perpendicular  from  the  origin  on  (Ae  tangenit  pltmi  to  the 
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piven  but  arbitrary  tt/rfixee  of  which  p  Is  the  vector,  while  p"'  ia  the  correspovding 
perpendicular  for  the  reciprocal  gurface  with  v  for  vector,  the  differmiial  dv  lotet 
gtmeraUy  U»  Belf-eo^jugaie  character^  as  a  linear  aud  vector  function  of  dp :  although 
it  rctelM  tliftt  dttfietar  if  tiie  loahr  fimetion/p  be  Aomo^rMeonf,  in  th*  eqiMilMi 
>}i «  comt^  oCdw  oifgiiial  niflm^  M  it  It  Ibr  tiM  «m  U  •  mrItwI  jiiwH^*  tat 
wliiolii^  s        a  ^dp^  Ao^  u  In  IbniMr  Articlei. 

(U.)  I&fiut,tlMiiitradiielioaflrtlMfintaqMtloaZXVin.l0«qidv^^ 
moltiplicatiao  of  v  lij  tin  0Mtor  ••(8vp)'i ;  ind  If  «•  mtt*  (camp,  410,  (16.)), 

ir«  dun  lum  tblt  iwir  pair  of  001^119^6  linear  and  veetar  ftmottona, 

ZZXi .  .d.fliya4dpa»fdp  +  »^dp»      XZXI. . .  d'd^«ii#df  4-«Mp; 
and  th«M  will  not  be  equal  generally^  becanat  we  aball  not  in  gnend  ba^  « |y. 
Bnt  tUelaatparaileliani  axlatain  the  com  ^hmogtni^  O0*)b  baoaoN  ire  liava 
then  the  rdatfauif 

ZXZn. . .  9Sv|)  a j^,  d.n'i  sdSyp  s  rSydp, 

If  r  be  the  nnniber  wMdi  repreeeota  the  Smmriem  tllfp  (suppoied  to  be  violr). 

(12.)  On  the  other  band  It  may  happen,  that  the  ii§an»M9^pt9tSm^  »  0 
lepreeente  a  tmrfae*^  or  rather  a  eet  of  raiftoei^  nithoat  the  t^rmXom  8»dp  being 

as  in  (6.) ;  and  then  there  neceoiarily  eziate  a  aeafavySMfor, 

or  maltiplier,  n,  which  rendcra  it  such  a  difTerential. 

(13.)  For  example  the  differential  equation, 

XXXIlI...Sypdp»&'d/>«0,   with  XXXIV. yaYyp,  dytrVydpsfdp, 

repreeenta  an  arbitrary  plane  (or  a  Mf  efplanai),  drawn  through  a  given  line  y  ; 
but  the  expression  Sypdp  itself  18  not  an  exact  differential,  and  the  integral  XX\ II. 
represents  no  scalar  function  of  p,  with  the  present  form  of  j-,  of  which  the  dirtVren- 
tial  dy  is  accordingly  a  linear  function  ^dp,  which  is  not  coujugate  to  iUelft  but  to 
its  opposite  (romp.  340,  (4.)),  so  that  we  have  here  ^'dp  =  —  ^dp. 
(14.)  But  if  we  multiply  v  by  tliG  factor, 

XXXV.  .  .  «  =  v  *  -  (Vyp)     which  gives  XXXVI.  .  .  d*i  =  Sadp,  <t  =  2«2y Vyp, 

and  thert  fore  Syrr  -  0,  Spn  -  -  2n,  then  the  new  norma/  p*c/or  nv,  or  v',  ia  found 
to  have  the  self-conjugate  dijfferential^ 

XXXVII. . .  d.nvsd.sria- v->V7df».sri«ddp«d'dp; 

and  aeoerdingljr  the  imw  tmprunam^ 

  dp 

XXXPUI. . .  Snydp  » Sv-idpsS        with  y  cenatant, 

is  easily  seen  to  be  an  exact  differential,  namely  (if  1y  =  1),  that  of  the  angle  which 
theji2aa«  of  y  and  p  nakea  with  njlxed  pUuu  Huov^  y  i  ao  that,  when  y  ia  thna 


•  It  was  for  this  reason  that  the  symbol  Tv  was  not  interpreted  generally  as 
denoting  the  reciprocal,  P  of  the  length  of  the  perpendicular  from  the  origin  on  the 
tangent  plane,  in  the  formnlsB  of  410,  412,  414  :  although,  In  several  of  those  (or- 
mi^iB^aainaneqnatloaofdOS,  (3.),  that  symbol  wot  ao  hikr|ieled,  for  the  aaas  of 
a  central  ante  af  the  aaooad  oid«. 
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changed  to  hv,  the  interjral  in  XXVII.  acqoIrM  a  j^eom«fnra/ fi^i/tca/ian,  which  is 
often  useful  in  pht/rical  applicatiom,  since  it  then  repre«aita  the  cAtJnp^  of  this  a«^/^, 
in  passing  one  portion  of  p  to  auother ;  or  the  angle  through  which  the  variahU 
phm»  of  Yp  hM  rtwohtA 

(16.)  In  flttC,  the  genena  temda  8S6»  ZV.  ftr  tiM  d^finM  tfikg  wpU  of 


t^twm,  if  fre  write 

V 


XILXUL  . .  fa^^,   ysoontt^  fio>ooBiL,  Tyel, 


the  two  connecftwl 

which  contain  the  above-stated  result,  and  can  easily  be  otherwiae  established. 

(16.)  In  general^  if  the  linear  and  vector  function  dj  -^dp  be  not  self-conju- 
gate, and  if  the  function  A.nv-  be  formed  from  it  as  in  (11.),  it  remlta  from 
that  Sttb-artiole,  and  from  340,  (4.),  that  we  may  urile, 

XUI. . .  (f  -  f  )dp  =  2V7dp,   (4  -  *•)<!<»  -  %^yM 
with  th«  nUtloD, 

XLIII.  .  .  2y,  =  2iiy  +  Vi/<r; 

where  y,  y«  are  independent  of  dp,  although  they  map  depend  on  p  itself  If  thCB 
the  mm  linear  ftmctioa  6dp  is  to  be  att/'eamjtifiuttf  ao  that  y«sO,  we  most  have 

XlilV. . .  2»y|> Yv^bO,   and tiiorefaM  XLV. . .  SyysO; 

wUdi  latter  very  simple  equatioii,  not  Involving  either  »  or  V|  h  thna  a  fbnn,  fa 
qoatenilon%  of  the  ComdSHam  ^//aliyraMrQf*  ofti€mfittM^gmiimB$>dp^O, 
If  the  Toelor  y  bo  dedneed  from  y  ae  above. 

(17.)  The  J)(^bea/  TVaiur^rmafion  of  Sp^p,  in  860,  (2.),  has  been  euAdoDllj 
eeneidered  in  the  present  Section  (III.  iii.  7) ;  bnt  it  may  be  n?cfa!  to  remark  hen^ 
that  the  Three  Mirfd  Trantformationt  of  the  same  !«calar  function  fp,  in  the  same 
series  of  sub-nriicl-s.  include  virtuaDy  the  whole  known  theoiy  of  the  Jfodbfar  oarf 
Umbilicar  Generation$  of  Surfaces  o  f  the  SecDml  Order. 

(18.)  Thus,  in  tlie  formulas  of  3G0.  (l  ),  if  we  make  e  =  1,  t  is  the  vector  of  an 
VrnKHcew  /i»cm  of  tho  fluftoe  fp^lj  and  ^  it  the  veeler  of  a  poiot  on  the  UrnHH' 
oar  DiMctHse  oorrHponding;  wbenoe  the  neiMiMr/beaf  oonte  and  dMfnt  ifth 
dir  (loal  or  imaginaiy)  can  be  dednoed,  aa  the  loef  of  thbpoM  and  Imo. 

(19.)  Agafa,  If  making  oi  and  oaeh  «  1,  In  thoftmndiB  of860,  ifi.),  wo  ob* 
tain  7^0  Modular  IWm^aMftouof  IhaoqnatiottoftboaanioBnrliMos  ct,iifaing 


*  If  Uiopiopoaadcqnationbo 

8vd|i«^+«4y4-rdssO,  aothat  (4»-l'iv4-Ir% 
wo  oaeilj  find  that  %y^iP*jQ-i^kB,  when 

PaDa9>1V*    Q=D^-D.p,  A»D^-D«fi 
tbo  oooditkii  of  inlegmbQitj  XLV.  beoomee  Ifaenlbn  heii^ 

pP+qQ-i  ri2  =  0,  which  agreea  with  known  renltB. 
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vectors  of  Modular  Foci,  in  two  distinct  planes,  and  Zu  ?3  being  vectors  of  points  " 
upon  the  Modular  Directrices  corresponding :  whence  the  modular  JocaX  conicf ,  and 
dirijfent  cylHuUn  (real  or  imaginary),  an  found  by  euy  dihnfaiiHmHb 
(20.)  Thn%  by  ammiiii;  that  dtlMr 

3n.vi...8XCp-;,)=o,  sxCp-?,)  =  o, 

Of  XLVIL..Sf»(p-Ci)«0,  8^(p-6)»0, 

<Im  tqnttioiit  8C<>t  XVI.,  XVII.  may  be  bronglit  to  tht  fenDS, 

XLVIII.  .  .  (p-ii)»  =  fl»i«(^-Ci)",      XLIX. . .  0>-«3)««»^(p-;*)«, 
with  th«  values, 

L...MiS«l-^,  and  LI...iii^al-iS 

in  which  ci,  ci,  are  the  /Ar?e  roots  of  a  certain  «i6ic(3/=0),  or  the  iHrer«e 
squares  of  the  three  scalar  temiaxet  (real  or  inmginar}')  of  the  surface,  arrjingod  in 
algebraically  ascenciing  order  (367,  IX.,  XX.  \  40&,  (6.),  &c.):  and  mi,  are  the 
two  (real  or  imaginary)  ModmU^  or  reproaaat  the  lodhlT  iwtiai,  to  ll»  ftwa  awifct 
^Moddat  GnMnrffoR*  comipoodiiii^ 

(SI.)  It  it  oMou  that  tB  oqutioii  of  the  fonB» 

LII. . .     p  a  Ceoomt, 
HfWMtt  •  MNfral  fnodric,  if     be  any  /txeart  and  TWtor  ftmctlon  of  p,  of  the 


•  Uae  CdHii^Vi  role  of  modular  generttloii,  which  indadei  both  thooe  modea^ 
ms  aspNMd  to  pagv  487  of  the  Z.«elairtf  by  an  ciiaatioiiiir  tha  Ibnii, 

T(p-a)=TV.yV/3p; 

iu  which  the  origin  is  on  a  directrix,  (i  is  the  vector  of  another  point  of  that  right 
line,  a  is  the  vector  of  the  corresponding  focus,  y  is  perpendicular  to  a  directive 
(that  is,  generally,  to  a  cyclic)  plane,  p  is  the  vector  of  any  point  f  of  the  surface, 
and  ±  S/3y  to  tha  ooaittnt  modular  latio^  of  tha  diatance  Xp  of  p  fkmn  tha  foena,  to 
tha  ^Uataoaa  of  tha  aama  potot  p  lirom  tha  dicaetrix  oa,  meanind  paialld  to  tha  di-  . 
lacthra  plana.  Tha  new  forma  (860),  above  refinred  to,  are  howeyer  much  better 
adapted  to  tha  wwhing  ant  of  tha  variovw  conaaqoenoeo  of  the  oosatmetiott ;  but  It 
cannot  be  aaecaaaiy,  at  this  stagey  to  enter  toto  any  detaila  of  the  qnateniion  trana- 
fonnations  :  still  leaa  need  we  here  pause  to  give  references  on  a  subject  so  intereat- 
ing,  I'ut  by  this  time  so  wrll  known  to  geometers,  aa  that  of  the  modular  and  um- 
bilicar  goiii  rations  of  siuTacos  of  the  second  order.  But  it  may  just  be  noted,  in  order 
to  facilitate  tlie  applications  of  the  formula?  L.  and  LI.,  that  if  we  write,  as  usual, 
for  all  the  central  quadrics,  >  6*  >  c*,  whether  and  be  positive  or  negative, 
then  the  roots  cj,  cj,  03  coincide,  for  the  elUpwid,  with  a~^,  b  ct ;  for  the  single^ 
abaated  Ji^MrMWd;  with  c*,  a  >,  &  >;  and  for  the  AmUe-ahaeCed  hyperbololdirith 
flr*,  0"*,  (ooo^k  page  681). 
t  Inpage664tha»itotloii, 

dp  =  SSvdp  s  SS^pdp,  409,  IV. 

w;is  employed  for  an  arbitrary  surface  ;  but  with  the  uinlt-rblanding  tliat  this  func- 
tion     (comp.  3G3)  was  generally  nonrlintar.    It  may  be  better,  however,  as  a 
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kind  considered  Id  the  Section  ill.  iL  6,  whether  self-conjugate  or  not;  but  it  re- 
qniroB  a  little  more  attention  to  perceive,  that  an  equation  of  this  other  farm, 

UU. . .  T(p-V./3Vya)=T(a- V.yY/3p), 

M|M«MiitiMMA«fiirflMakirlwtomdi»fibii«9^^  The 
dlicnwtoa  <f  thla  lael>hm  wwdd  ytiwot  lene  eiwnwiHiKW  efiatewet^  and  ajg^ 
be  eoiMidmd  to  inpply  a  mw  eiedlt  ^fgmmiihmf  en  wUdi  kowvnr  «e  cmnoi 
enter  here. 

(22.)  The  surfaces  of  the  second  order,  considered  hitherto  in  the  prejcnt  Section^ 
have  all  had  the  origin  for  centre.  But  if,  retaining  the  aigniftcationa  of  ^,  and 
we  compare  the  two  equations, 

UV. .  ./0»-c) s  C,   and  LT. .  ./^~8&p>  C, 

ireihaneee(b7  869,  fce.)  tliat  the  comtante  aie  connected  by  flie  two  iehtient> 

BO  that  the  equation, 

LVIL  . .  /f>  -  2Stp  =/(p  -       -  F«, 

ieaatfmft^. 

(38.)  If  then  Tre  meet  an  equation  of  the  liana  LV.,  in  w  hich  (as  has  been  uoal) 
we  have  still =  Sp^/J  =  a  scalar  and  homogeneous  function  of  p,  of  the  second 
dimension,  we  shall  Icnow  that  it  rcprcaeata  gvurallg  a  saxfaoe  of  tAol  order,  with 
the  expreaeion  (comp.  347,  IX.,  &c), 

LVIII. . .  CB^-is  =  m-l^f  =  Vtetor  o/Cenirt, 
(S4.)  It  iDi^  ha|ip«ai  however^  that  the  two  idationi^ 

LIX...MaO,  T^i>0, 

exist  together;  aadCAcathecmlivinagrbeeald  toheatanlil^idtedbteacivhotfBa 
d^bdUdintihms  andtheenri!MebeeomeeaJW«6oi0^dUptiGorh7perbolle,aeooid- 

ing  to  conditions  which  arc  easy  consequences  from  what  hae  been  alieadj  diowiw 
(26.)  On  the  other  hand  it  may  happen  (hat  the  two  eqoationib 

are  satisfied  together;  and  then  the  Teotor  a  of  the  centre  acquire  by  LVili.,  an 
imitUrmbute  enfin,  and  the  earfhoe  beoomee  a  C^^mdtr,  aa  haa  bean  alraad^  snfll- 
dently  exemplified. 

(26.)  It  wonld  be  tediona  to  dwell  here  on  andk  detaUa;  bat  It  au^  be  wocth 


general  lulO)  to  aeoltf  wiiUog  v^fPt  ewyl  for  central  qoadiiee;  and  to  ocnine 
onaelvee  to  the  notation  dyafd/»,  at  in  eone  neent  andaeveraleailierenb-aitkle^ 
when  we  wiih,  for  the  eako  of  oasoetartoit  with  other  inreatlgatlone  and  iiaalli,  to 
tnat  the  fimetion  f  aa  tmtar  (or  distributive) ;  becanae  we  shall  thus  be  at  liberty 
to  treat  the  turfaee  as  general,  notwithstanding  this  property  of  ^.  As  regards 
the  methods  of  generating  a  qnnilric,  it  may  hv  wortli  while  to  look  back  nt  'he  Xr-te 
to  page  G49,  respecting  the  Sir  (it/nriitions  nfthe  Ellipsoid,  which  won?  giseu 
the  writer  in  the  Lecturet,  with  suggestions  of  a  few  others,  as  iuterpretalims  of 
quaternion  equatious. 
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whtle  to  observe,  that  the  general  equation  of  a  Hurface  of  the  Third  Dtgret  may 
b6  tba«  written : 

LXL  . .  Sgpq'pq"p  +  Sp^p  +  Syp  +  (7=0; 

C  and  y  being  any  scalar  and  vector  cun&taiits ;  fp  any  linear,  vector,  and  self-con- 
jugate function ;  and  9,  q\  q"  any  three  cotutant  quaternions:  while  p  is,  aa  uaoal, 
the  variable  vector  of  the  surface. 

(27.)  In  fact,  besides  tlM  tedletr  ecmaianty  C,  ikne  are  indudcd  in  the  vMfor 
y,  wad  dbt  ciken  in  the  fdnctlon  ^  (comp.  8fi8) ;  end  of  tbe  Icii  which  remeln  to  be 
iatTOdaced,  tat  the  ezpicedon  of  n  aeilar  and  hmttogeimiu  ftmetioD  of  of  the  tMrd 
d^gnet  the  IAtm  esrsort  U9,  V^,  U9"  rapply  miie  (comp.  818),  and  the  fewer 
T.qq'q"  is  the  tenth. 

(88.)  And  for  the  same  nasoa  the  stonomtaf  cjnafjim, 

LXII. . .  Sqp^pqTP  -  0, 

with  the  ssme  significations  of  q,  q\  q'\  represents  tbe  general  Cone  of  the  TTktrif 
Degree^  or  CMe  Cone,  wlilch  lias  its  Tertez  at  the  origin  of  Tsctom 

(89.)  If  then  wo  oomhine  tliis  last  equation  with  tliat  of  a  stecMl  pim»*t  each  as 
Sep  + 1  bO,  we  shall  gst  a  qnatemion  expression  for  a  Ftmta  OMe^  or pfam  cmtiw 
qf  fJU  third  degree :  and  if  we  combine  it  with  the  equation  p*  -f  1  =  0  of  the  mnit^ 
sphere,  we  shall  obtain  a  crrrc^tording  expression  for  a  Spherical  Cubic*  or  for  a 
curve  ap(m  a  spheric  surfac*-,  \t  liich  is  cut  by  an  arbitrary  great  circle  in  three  pairs 
qS  oppotitfi  points^  real  or  imngimry. 

C30.)  Finally,  as  an  example  of  sections  of  iurfacfs,  roprostntcd  by  transcend 
dental  cjuutiumt,  hi  us  consider  the  Screw  Surface,  or  J[elicoid,f  of  which  the  vec- 
tor equation  may  I't-  thus  written  (comp.  the  sub-arts,  tu  314)  : 

hXllL , ,  p^eix  +  a)a-^  pa*y,    with   Ta  =  l,    r  =  Va^   and  g>0't 

a  being  tbe  wii  axis,  while  /3,  y  are  two  other  constant  vectors,  a,  e  two  seahr 

constants,  and  x,  y  two  variablo  scalar?. 

(81.)  Cutting  this  sorfaoe  by  the  plane  of  ^y,  or  supposing  that 

LXiy...O«Sy^pai3*Sap-8a/31^^,   and  writing  LXV. . .  oMo/i, 

we  easily  find  tliat  the  scalar  and  vector  equatlens  of  wliat  we  may  call  the  Serew 
SeeHam  may  be  thus  written  : 

LXVI.  .  .  6(a-^a)=yS.a»->i       LXVII.  .  .  p  =y(yS.«' -  /3S.a'-'). 

(32.)  Derifaling  tlissa  with  reepeei  to  «,  and  eHminating  0  and  jr',  we  arrive 
at  the  equation, 

LXVIII.  . .  ps(»-|-a)p''f-sy,   if  LZIX. . .  Sfoaws^; 


*  Compare  the  Koto  to  page  48  s  see  s]so  tbe<A<of«si  in  that  page,  which  eon* 
tains  pcriiaps  a  new  mode  otgenerathm  of  cobie  cnrvee  In  a  giTen  plane :  or,  by 

an  c.isy  modification,  of  the  oorreeponding  curves  upon  a  sphere. 

t  Already  mpntioned  in  pn^jps  .".8;?,  .^02,  614,  557.  The  condition  y>0  an- 
swers to  the  supposition  that,  in  tlio  generation  of  the  surface,  the  perpendiculars 
from  a  given  helix  on  the  axiit  of  the  cylinder  are  not  prolonged  beyond  that  axi«. 

4  X 
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bat  <y  in  LZVIII.  bHw  TMlor  of  fhe  point,  My  o,  in  wfaieh  tlw  tangeni  io  tkeme- 
fjiMUt]Mpotot(«,y),«rr,  nl«w0tofA«^MiliMr,  oaiiMljthftliiitfcitlwpbiie 
of  fhat  NcUon  whidi  if  pvpemdimdar  io  Uti  axi§  a :  aea  tlm,  bj  LZIX^  thit 
fJUt  poia#  ^mffTMcfioi*  d^pmd$  cmfy  o»  ike  €Oiultmi,     mid  on  (Ae  vBnaMr,  y, 

bdog  independmt  9fthe  constant,  a,  an(f  o/* /Ae  variable,  x. 

(33.)  To  interpret  this  result  of  calculation,  "which  might  have  been  otbcnrlM 
found  with  the  help  of  the  expression  372,  XII.  (with  changed  to  y)  for  the  nor- 
mal V  to  a  screw- surface,  we  may  obterve,  firit,  that  Uie  equation  LXVIL,  whidi 
may  be  written  as  follows, 

LXX...pByV.a>'</3,   andglvw  LXXL . .  TYapsyT/, 

wonid  repreMDt  aa  cUfipM',  If  tbe  oodBdont  f  wtn  treated  aa  eoMfmf  ;  nanAj,  tfaa 
aaetion  of  the  right  cylinder  LZXI.  tgr  tha  jnTaaa  LXIV. ;  tha  weCor  iwnajpat  (ma- 
jor and  minor)  of  this  dUpM  bdng  yj3  and  yy  (oompw  814,  (S.)). 

(34.)  By  assigning  a  new  value  to  the  constant  a,  we  pass  to  a  ntw  $erem  Mr- 
/ace  (S*^*."),  whieh  differs  only  in  position  from  the  former,  and  may  be  concdTcd  to 
be  formed  from  it  by  sliding  along  the  axis  a  ;  while  the  value  of  ar,  corresponding 
to  a  given  y,  will  vary  by  LXVI.,  and  thus  we  t-hall  have  a  mw  tcrew  section  (31  \ 
which  will  crott  the  ellipse  (33.)  in  a  new  point  :  hut  the  tangent  to  the  tectton  At 
thia  pdntwiU  utUnect  by  (32.)  tha  wmur  a«M  of  thaallipae  inthe  aoaie  poimi  o  as 
bafonk 

(M.)  Wa  diallthiiB  have  ft  FSgtm^  audi  aa  tha  fbllowiog  (Fig.  85)}  in  which 
if  p  be  %Jbcu$  of  tha  aillpaa  bo»  and  o  (aa 
abOTe)  tba  peinf  iffeonwrgence  of  the  lon- 

gentt  to  the  icreit;  sections  at  the  points  P,  Q, 
&c.,  of  that  ellipse,  it  is  easy  to  prove,  by 
pursuing  the  same  analysis  a  little  fartiur, 
1st,  that  the  angle  (</),  subtended  at  this 
focus  F  by  the  minor  semiaxis  oc,  w  hich  is 
alao  a  rmdbu  (r)  af  tha  e^KmAr  LXXI.,  is 
eqaal  to  the  inelim^ikm  of  tha  axi$  (a)  of 
that  cylnidar  to  thapfane  of  the  dUpac^  aa  may  indeed  ba  infierred  ftmn  deuMBlaqr 
priodptaa ;  and  Ilnd,  what  ia  leas  obriooa,  that  tba  alAcr  oaylr  (k),  aoblandad  at  tha 
aama  focus  (r)  by  the  intcr%'al  oa.  or  1>y  what  may  be  oaUed  (witii  lafennee  to  tha 
present  construction,  in  which  it  is  supposed  that  ft  <  0,  or  that  tha  angles  made  by 
Dtp  and  fi  with  a  are  either  both  acute,  or  both  obtuse)  the  Depression  (*)  of  the  Skem 
Centre  (o),  is  equal  to  the  inclination  of  the  same  axis  (a)  to  the  lulij-  on  the  s^atre 
cylinder,  which  is  obtained  (<"otnp.  314,  (10.))  by  treating  y  as  constant,  in  Um 
equation  LXIII.  of  the  6crete  Surface. 


•  Thoaa  who  an  aoqoahited,  avenalightly,  withthathaoiy  of  OlMi««t  JMica(er 
fiM»  Mdlgn)^  will  at  onea  aaa  that  thta  Fignca  85  naj  ba  taken  aa  repreaeodng  xwUfj 
such  an  arch :  and  it  will  bo  found  that  the  emslfwrtlM  abora  dadncad  agreaa  with 

tlie  ( flebrated  Rule  of  the  Focal  Excentrieii^j  discovered  practically  by  the  late  Mr. 
Buck.  Thia  appUeation  of  Qoateruiona  waa  aUoded  to,  in  paga  620  af  tha  Lac 
iuret. 
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SscTion  8. — On  a  few  Specimens  of  Physical  Application  of 
QuatemionSf  with  some  Conchiding  Remarks* 

416.  It  remaina  to  give,  according  to  promise  (368),  before  con- 
clodiog  this  work,  some  examples*  of  physical  applications  of  the 
present  Calculus:  and  as  a  first  specimtf^  we  shall  take  the  SMtics 
of  a  Rigid  Body. 

(1.)  Let  <ii,. .  rt „  be  n  Vectors  of  AppUcation,  and  let  /3i,  . .  13,,  be  n  correspond- 
ing Vecton  of  Force,  in  the  sense  tlmt  n  forces  are  applied  at  the  [joints  Ai, .  .  of 
a  free  but  ripid  tyatem,  and  are  represented  as  usual  by  so  many  riHbt  lines  from 
those  poluts,  to  which  lines  the  vectors  obi,  . .  oBn  are  equal,  though  drawn  from  a 
common  origin;  and  let  7 (=00)  be  the  vector  of  an  arhilnirg ponU  o  ofqMoe. 
Theo  the  Efumthnf  of  EquiUhriim  ^  Hhit  sytUm  or  body,  undor  tbeactfanortiMM 
n  applied  foico,  nuiy  be  Uiiis  writtoB : 

1.  .  .  2V(a->)i3  =0;    or  thus,    1'.  .  .  Vyr/?=  2Va^j. 

(2.)  The  suppose  d  ai  bitrurincss  (I.)  of  f  enables  us  to  break  up  the  formula  I. 
or  I'.,  into  the  Iwo  vcctur  equaiious  : 

of  MoA  of  whidi  it  b  9Uf  to  aaiigii,  as  follows,  the  pkjftieai  ^m^ltaHam. 

(8.)  The  eqaation  II.  expresses  that  if  the  forces,  which  are  applied  at  the  pdnti 
Ai* .  of  the  body,  were  ell  Irai^porleil  to  the  origin  Oy  their  §tati€ttl  retmltamtt  or 

Wgetor  sftm,  would  bo  zero. 

(4.)  The  e((ti:iti  iii  III.  «'xprL*sf3  that  the  resultant  of  all  the  couples,  produced 
in  the  usual  way  by  such  a  transference  of  the  applied  forces  to  the  assumed  origin, 
is  HuIL 

(5.)  And  the  equation  I.,  which  as  above  indudee  both  II.  and  III.,  expresses 
that  if  sll  the  ^ven  forose  be  transported  to  oay  coamon  point  c,  the  coupUt  henee 
ariaii^  trill  telenoe  mek  othtr :  which  ia  a  anffideat  condition  of  eqalUbriiUB  of  the 
i^'staoi* 

(C)  When  we  have  only  the  rslalMii, 

IV. . .  8(r/3.2Vai3)=:0, 

without  r/3  vanishing,  the  applied  forces  have  then  an  Unique  Resultant  =  X/J, 
acting  along  the  line  of  which  I.  or  I',  is  the  equation,  with  y  for  itJi  variable  vec- 
tor. 


*  The  reader  may  coinpara  the  rsmarks  oa  IfdMoffeprissiirt,  ia  pages  484, 
485. 

t  We  say  hero,  e^uoHon  becatisethe  sle^lt  qvatemion  finmdot  L  Or  I'., 
contaiaa  virtually  the  «t»  mtnai  sco/or  eTvolfioiie,  or  conditions,  of  the  eqnillbrinni  at 
present  considered. 
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(7*)  And  the  phytical  imUrprtiation  of  this  condition  lY.  is,  that  when  Um 
ftucei  are  transported  to  o,  u  In  (8.)  and  (4.)  Ui«  rmulUmt  forf  it  m  lit  finm  of 

the  rcMuhant  couple. 

(h.)  When  the  equation  II.,  but  ii  >i  III.,  1*3  sntisflcil,  tlie  applied  forces  compound 
tlieinsclves  into  One  Covple^  of  which  the  ^xis  =  IVa/i,  whatever  may  he  ihe  pota- 
tion of  the  origin, 

(9.)  Wlwii  mtkher  II.  nor  IIL  If  Mtiaitod,  m  may  itili  pvopoM  m  to  piaee  tha 
MutUimf  foini  0,  (hat  wImd  thafhreB  fonea  ara  tranaflsmd  tpH,  §Min  (8.)^  tba 
n««lteia>towS/3iiiay  bavathadbvfljmoftliam  gV(a-y)^  ef  tha  riwlltaaf 
€otipht  or  aba  tha  9ppottU»  of  tbat  dliaetioii;  ao  that.  In  aaeh  caas^  tba  ooedMoa,* 

ahall  ba  aatiiflad  Iqr  a  toitabia  Umitatfoo  of  tha  aoziliaiy  -vaclor  y. 

(10.)  Thia  laat  aqnatlon  V..  reproaonta  tharafoia  tha  Caiirti  Atia^^kt  givaa 
qratam  of  appUad  Horces,  with  y  for  tha  varlajbla  vaator  of  (hat  ri^t  lino ;  or  tha  1 

of  the  screw-motion  which  those  furcaa  itnd  to  produce,  when  they  art  not  1 
as  in  (1),  and  neithar  tend  to  prodoea  trandaHom  akmtf  at  in  (6.),  nor 
oUme^  as  in  (8.). 

(11.)  In  general,  if  g  he  an  auxiliary  quaternion^  such  that 

VI. .  .9£/3«£VaA 
its  vector  pari,  Yq,  la  aqttal  by  (V.)  to  tha  Vttior- rerptudtaOar,  lat  611  tram  tfaa 

origin  on  the  ceiUral  axis ;  while  its  scalar  part,  S5,  is  easily  proved  to  be  the^M* 
tient,  of  what  may  be  called  the  Central  Moment,  divided  In-  thi-  Total  Force:  so 
that  Yq  -  0  when  the  criitral  axii  paaBCT  through  tht  or^U,  and  &q^Q  when  there 
axists  an  unique  resnttant. 

(12.)  When  the  total  force  £/3  doca  not  vaniah,  let  Q  be  a  new  auxtiiary  ^uu- 
ternioHy  such  that 

VII...  Q-^=y4-^. 

with  Till. . .  emSQ^Sg,  and  IZ. . .  ysoc^VQ, 

for  lla  acalar  and  vaotor  porta ;  than  eSjS  repiaaantai  both  in  quantity  and  hi  dbaelte, 
tha  Axis  of  the  Central  CvmfU  (9.),  and  7  is  the  vaetorof  a  pomt  c  which  Is  a»cla 
ttmtral  axis  (10.),  considered  as  a  right  line  baring  tHuatUm  im  i^ce:  while  the 
position  of  this  point  on  this  line  depends  only  <»  tha i^MiiiyiCcai  of  a|^liad  IbretSk 

and  does  not  van'  with  the  assumed  origin  o, 

(13.)  Under  the  same  conditions,  we  have  the  transformatiunii, 

X.  .  .  Va|3  =  (c  +  y)  2/3  ;        XI.  .  .  T5:.f/?=  (ci  -  yJ)iTi:/3  ; 
XII. .  .  SV<^Bc£/3+ Vy^}      XIII. . .  (£Vo^)'  =  «\S/3)S4  (VyS/S)*; 

*  The  equation     may  also  be  obtained  from  the  condition, 

v.  .  .  T2V(a  -  y)/3  =  a  mintrnKxn, 

uhcii  y  is  treated  as  the  only  variable  vector  ;  which  anawata  to  a  hnown  property 
of  the  Ctniral  AIom€Ht. 
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whereof  XII.  contaius  the  known  law,  according  to  which  the  axis  of  the  couph  (4.\ 
obtained  by  transferring  all  the  forces  to  an  assumed  point  o,  varies  generally  in 
qmmii^  and  ia  dSnctkm  wHb  the  pMiHom  <d  that  pdnt :  wMla  XIIL  ajcpnans  the 
kDown  corollaiy  ftom  that  Uw,  in  TUtne  ef  whidi  the  fmaUUif  alome,  or  Che  cMiyy 
(TSYajS)  of  the  oonple  here  conmleied,  ia  the  ume  fttr  all  the  poinia  o  oC  any  one 
Hfikt  cj^mder,  which  haa  the  cmlral  osw  of  the  qratam  for  ita  tutU  ofreneMom, 

(14.)  If  we  agxee  to  call  the  quaternion  product  VA.AJi'iiin  putemion  moment^ 
or  uroply  the  Moment,  of  the  applied  force  aa'  at  a,  with  respect  to  the  Point  P,  the 
quntrrnion  sum,  2a/3  in  X.  may  thtn  be  said  to  bo  the  Total  Moment  of  the  given 
system  offerees,  with  respect  to  the  assumed  origin  o;  and  the  formula  XI.  ex- 
pre{««cs  that  the  tensor  of  this  sum,  or  what  may  be  called  the  quantity  of  this  total 
moment,  ia  constant  for  all  points  o  which  are  situated  on  any  one  spheric  surface^ 
with  the  point  c  determined  in  (12.)  for  its  centre :  being  also  a  mun'mMn  when  o  is 
placed  at  that  point  o  Ua^ft  and  being  then  equal  to  what  haa  been  already  called 
the  eralro/  mmiumif  or  the  energy  of  the  central  eonplA. 

(15.)  For  these  and  other  reaaons,  it  ajf^ia  not  improper  to  call  gmtroify  the 
point  G,  abo?e  determined,  the  Ceniroi  PM,  or  aimplj  Oe  Cmft'tf,  of  the  ginn 
ijatem  of  applied  forces,  when  the  total  force  does  not  Tanish  {  and  accordingly  in 
the  particular  but  important  ease^  ^en  all  those  foroea  are  p»dM,  without  tbefar 
Mcm  being  s«ro^  so  that  we  nuqr  write, 

the  aealar  •  in  (12.)  vaniahei,  and  the  Toetor  y  beoomea  (comp.  Art  97  en  Aoyy- 
ecnfrev), 

b\ai  +  .  .  +  5„flr„  X6a 
Xv. . .  ocssy  =  — ;  7 —  =  —7-; 

ao  that  the  point  c,  thus  determinc'd,  is  independent  of  the  common  direction  /3,  and 
coincides  will)  what  is  usually  calK  I  the  Centre  of  Parallel  Forces. 

(16.)  The  conditions  of  equilibrium  (1.).  which  have  been  already  expressed  by 
the  formula  1.,  may  also  be  included  in  this  other  <|uatemion  equation, 

XVI. . .  Total  i/onual  a  £a/3  «  a  tealar  eontttmlt^ 

of  which  the  ooliHe  is  independent  of  the  origin  ;  and  which,  with  ita  a^  changed 
rspreeents  what  may  perhaps  be  called  the  Total  Teneimt  of  the  system. 

(  1  7.)  Ani/  injinitehj  small  cliant/e,  in  the  position  of  a  rigidbodf^  is  OQaivalenttO 

the  alteration  of  each  of  its  vectors  a  to  another  of  the  form, 

XVII. . .  a  +  ^a»a-f  s  +  Vm, 

ff  and  ft  bsing  Ivo  arbitraiy  bnt  infinitesimal  Teeton^  wUdi  do  not  vaiy  in  the  paa^ 
aage  from  one  pohkt  A  of  the  body  to  another :  andthnathacendftjisM^cyinliMMNi 
(1.)  msy  be  eoqpiessed  bgr  this  other  Cnrmola, 

XVIII. .  •  SS/S^asO, 

whicb  contahH^  for  the  case  here  oonaidered,  theiVjRe^  ^  Vhtml  FefociNM,  and 
•dmila  of  being  eztended  easily  to  other  caaea  of  Statioa. 

417.  The  genef  aI  EqwAwn  of  Dynamka  may  be  thus  written, 

L. .  2wS(D;a-0^««0, 
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with  significations  of  the  symbols  which  will  soon  be  stated ;  but  as 
we  only  propose  (416)  to  give  here  some  specimens  of  physical  appli- 
cation, we  shall  aim  chie6y,  in  the  following  tub-articles,  at  the  de- 
duction of  a  few  formulo  and  theorems,  respecting  Axe9  and  Jfo- 
mmtt  of /fMrfio,  and  subjects  therewith  connected. 

(I.)  In  the  formula  T.,  a  is  the  vector  of  podlion,  at  the  time  t,  of  an  element 
m  of  the  system ;  Sa  is  any  variation  of  that  vector,  geometrically  compatible  with 
the  miitii:il  cnnnoxion*  h.-fw.-cn  tht»  parts  of  that  system;  the  vci  tnr  represatt 
a  moving  force,  «r  ;  an  u  celoraling  fon  t*,  >\  Inch  acts  on  the  elemt  nt  m  of  niais;  D 
and  S  arc  marks,  as  usual,  of  dcrivatint,'  nml  taking  the  scalar;  and  the  suramali<>n 
denoted  by  £  exteoUs  to  all  the  eleuteiit.H,  and  is  generally  oqui^'alent  to  a  triple  in- 
tegration, or  to  ta  addftion  of  triple  integrala  in  apsoai  Aad  tbm  fbrmola  it  ob- 
tainod  (comp.  416,  (17.)),  by  aMmlunatioii  of  D*Aleaib«t*s  principle  with  the  prin- 
ciple of  virCiMl  Telocitieii  whtoh  it  analogous  to  that  onplofsd  ia  tlio  M^emmifm 
AuafyHfrn  by  Lagrangeu 

(t.)  Fte*  tko  case  of  a>^  bnt  rt^'<f  6o<ir,  wemay  Mibiljtabeteia  IfaaoxiMi* 
sion  f +  Yia,  assigned  by  416,  XTII. ;  and  then,  on  account  of  the  iiiMtreilPMI 
of  tho  two  inflnitwiimal  vedois  t  and  t,  tbe  formula  I.  biwka  opinio  th« two fioll0»- 
ingt 

II.  .  .  2m(D,»a- 0  =  0;        III.  .  .  SmVaCD^'a  -  {)  =  0  ; 

which  correspond  to  the  two  statical  equation:*  1 1  (1,  11.  and  III.,  and  contain  re- 
spectively the  law  of  motion  of  the  centre  of  gravity,  and  tlie  law  of  deecripttoo  of 
areas. 

(;}.)  If  the  body  have  a  Jixtd pointy  which  we  may  take  for  the  orii;in  o,  we 
elimintle the  Maetioa at tiiak  pt^t,  by  attending  only  to  the  equation  III.;  and 
may  then  expnm  the  eonnexiooa  between  the  elemeote  m  by  the  fbrmolay 

IV.  .  .  D<a  =  Via,    whence    V. . .  D^a  =  »Vui    VuD.i ; 

(  being  the  Vector-Axis  of  instantaneoui  Hotulion  of  the  body,  in  the  bcn-^o  that  it£ 
versor  Ui  represents  the  direction  of  the  axis,  and  that  its  tensor  Ti  repreaejita  Iha 
angular  velocity,  of  such  rotation  at  the  time  t. 
(4.)  By  v.,  tlie  equation  III.  becomes, 

VI.  .  .  XmaVaDii  =  i:m(ViaS,a  -  Va^)  . 

and  other  easy  combiaatioua  give  the  laws  of  areas  and  living  force^  under  the  tan», 

TIL..  SaMtDia-SMyja(d<=cyBaconataat vector; 
Till. . .  }S«(Dia)*  -  Sm8/ia4dl »  ea a  consUnt  icabr. 

(5.)  When  the  applied  feroei  ▼aush,  or  bsltnee  each  other,  or  more  gcaenQy 
whan  th^eompovad  themadTee  iato  a  aisgle  fcroe  actiog  at  tbe  llacd  point,  so  that 
in  eadi  case  the  condition 

IZ...  £RiYa4«0 

b  aalialled,  tho  oqoatioos  (4.)  am  ahnpUliad;  aad  trwelatfodoco  a  ]ioear,'Toelor, 
and  aelf-«oi|lagata  ftmctioa  ^  aaeh  that 

X.  .  .        £maV/i(  =iSM4i''-2iNaSai. 
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and  mila  i^tn-fc,  Um^  taka  the  fbnnt, 

7  and  A  being  two  real  constants,  of  the  vector  and  scalar  kinds,  connected  with  each 
otber  and  nitli  c  by  the  relatfon, 

XIV.  .  .  Siy  +  A«  =  0 ;    also    XV.  .  .  <f>D,t  =  Yiy. 

It  may  be  added  that  y  is  now  the  vector  sum  of  the  doubled  areal  velocities  of  all  the 
elements  of  the  body,  multiplied  each  by  the  mass  m  of  that  element,  and  e.ich  re- 
presented by  a  riffht  line  aV>>n  perpendicular  to  the  i  laiia  uf  the  aro;i  dp>cribcd 
round  the  Qxcd  point  o  in  the  time  d/ ;  and  tbutA^  is  the  living  force^  ur  viir  vira  of 
the  body,  namely  the  positive  ttm  ti ell  the  pirodiiete  obtahied  bj  multiplying  each 
ileiiMDk  M     the  e^iiart  of  tte  fiMor  velocity,  regarded  ee  a  §cakw  (TDia). 

(6.)  When  i  ie  icgerded  ee  e  Taiieble  veetor,  the  eqnetieii  ZIIL  lepreeente  en 
eO^pioid;  wMch  ie/red  m  the  bot^,  bat  mmteM  with  il ;  end  the  eqnetioii  XIV. 
lepneante  e  tat^eitt plane  to  tbie  eUipeoid,  which  plane  hjlxed  Ie  tpaee,  hot  ekmgee 
in  general  its  position  rdetiYely  to  the  body.  And  thus  the  motion  of  that  body  may 
generally  be  conceived,  as  was  -nhown  by  Poinsot,  to  be  performed  by  the  rolling 
{ynthout  gliding)  of  an  ellipsoid  upon  a  plane  ;  the  fonncr  carrying  the  body  with  it, 
while  ltd  centrt  o  remains  ^rrc/  .-  and  the  iemidiatneter  (t^  of  contact  being  the  MO- 
tor-axis  (3.)  of  instuutttrieous  rotation. 

(7.)  The  ellipsoid  XIII.  may  be  called,  perhaps,  the  Ellipsoid  of  Living  Forccy 
on  eeconnt  of  the  signification  (5.)  of  the  conatent  A*  in  ita  equation  \  and  the  fixed 
plane  XIV.,  on  which  it  roUe,  Ss  parallel  to  what  may  be  called  the  PUune  of 
Aretu  (Sty  ■>  0) :  no  nee  whatever  haybig  hitherto  been  made,  In  thle  Inveatigetion, 
of  aoy  «««  or  aMeiMfa  of  merliie.  But  if  we  here  admit  the  araal  definition  of  sneh 
a  nooment,  we  may  say  that  the  Hfon^cnt  of  Inertia  of  the  body,  with  respect  to  any 
axis  I  through  the  fixed  point,  is  equal  tu  th>  Uping  force  h^dividedlqf  the  efuan* 
efihe  eemidiameter  Tt  of  the  ellipsoid  XIII. ;  because  this  moment  ia, 

XVL . .  Sfli(TTaU<)<«t->S»(Via)'«-Sri^sASTr>. 

(8.)  The  eqnatione  XII.  and  XIII.  gtre, 

XVII.  .  .'O  =  y^Sitpi  -  Ai(^i)»  =  Sf V,    if    XVIII.  .  .  V  =  f<pi  -  h     .  ; 

and  this  equation  XVII.  represents  a  cone  of  the  second  des^ec,  fixed  in  the  body 
(comp.  (6.)),  but  moveable  with  it,  of  which  the  axis  i  is  always  a  tiJe,  and  to  which 
the  noraiai;  aft  any  point  of  that  eide^  hat  the  direetion  of  the  luie  v.   But  it  follows 


*  Henoe  it  may  easily  be  inferred,  with  the  help  of  the  geneval  coeafracfloa  oftui 
el^eaSd  (S17,  (6.;),  illustrated  fay  Fignre  58  hi  page  226,  that  for  eoUdhod^, 

and  any  given  point  a  thereof,  there  can  always  be  found  (indeed  in  more  ways  than 
one)  tvo  othtr  points,  n  and  c,  which  are  likewise  fxed  in  the  bndtj,  and  are  such  that 
the  square-mot  of  the  moment  of  inertia,  round  any  axis  ad,  is  geomctricallv  con- 
structed by  the  line  bd,  if  the  point  d  be  determined  on  the  axis,  by  the  condition  that 
A  and  D  bhall  be  equally  distant  from  C.  Tbid  theorem,  with  some  oilicrs  here  re- 
produoed,  was  given  in  the  AbetraeC  of  a  Paper  read  befne  the  Boyal  Irish  Academy 
on  the  10th  of  Jannaiy,  1848,  and  wae  pnbUahed  in  the  Broetedimge  of  that  date^ 
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tnm  XL,  or  from  XII.  XV.,  and  from  the  properties  of  the  function  ^,  that  Dfi  b 
perpendicular  to  both  and  ^'i,  and  therefore  nbo  by  XVIII.  to  v  :  the  cone  XVII. 
ia  thorc'foro  iotirfird,  along  the  side  i,  by  that  other  cowe,  which  is  the  locus  in  space 
of  the  inshintani nus  axia  of  rotation.  We  are  then  Ird.  by  this  simple  qaaterm<xi 
analysis,  tu  »i  second  represmtation  of  the  mutton  of  the  body,  which  alao  WAS  pn>- 
posed  by  Poinsot :  namely,  as  the  rolling  of  one  cone  on  another. 

(9.)  To  treat  briefly  by  quaternions  some  of  &Iac  CuIIagh's  results  on  this  lab- 
ject,  it  may  be  noted  tbafe  tlie  Hmt  y,  thoagh  fixed  in  space,  dcwribct  m  tkt  ho^  • 
«0M  of  the  woond  degree,  of  which  the  equation  is  by  what  precedes, 

XIX.  .  .  i^^iiy^)  >y  +  AV  =  0,    if   XX.  ..«7-T>,    ur    XXI.  .  .  y«  +  ^  =  0  ; 

while^  if  we  write  y  -  oc,  the  point  c  is  indeed  fixed  in  Mpaee,  but  describes  ■ 
sphero-conic  in  the  body,  which  is  part  of  the  common  intersectioD  ot  the  cmk 
XiX«,  the  sphere  XXL,  and  the  reciprocal  eliiptoid  (comp.  XUL), 

(10.)  AIm^  the  Mrmol  to  the  MW  eoM  (9.),  at  any  point  of  the  aide  y^bM  the 
dinction  oi^f^y  +  A*y,  or  of  i  +  A*y-i  (comp.  XIY.) ;  tad  If  a  Ifaw  fai  thk  dine- 
tionhe  diawn  throngfa  the  fixed  point  it  will  he  the  ddi  cf9mUaet  ^tt»plam 
tfanat  (7.)t  ^ith  the  cone  of  normab  at  o  to  the  cone  XIX. ;  which  Uui  (or  nd- 

procaf)  cone  rolls  on  that  plane  of  areas. 

(11.)  As  regards  the  Area  of  Inert ia,  it  may  be  sufficient  here  to  observe  that 
if  tlie  body  revolve  round  a  permanent  axis,  and  with  a  constant  veloeitjff  the  tec- 
tor  axis  i  is  constant ;  and  roust  therefore  satisfy  the  equation, 

XXllL  . .  Vi^t  s  0,   becaneeXXIV.. .  DneO; 

it  haa  therelbn  hi  general  (comp.  415)  one  or  other  of  Tktn  Mml  md  RuiuMgiim 
JHrttikm,  detcmined  by  the  condition  XXIIL :  namdy,  tlioee  of  the  Jcet  •/ 

/Tyvre  of  either  of  the  two  Reciprocal  EUipwoidB,  XIII.  XXII. 

(12.)  And  the  Three  Principal  Moments,  ttay  A,  B,  C,  corresponding  to  thois 
three  principal  axes,  are  by  XVI.  the  three  scalar  valoea  of  —  ;  80  tliat  tht 
eymbolieal  cubic  (860)  iii  ^  may  be  thus  written, 

XXV.  . .     +  J )  (^  +  iO  (#  +  C)  =  0. 

(18.)  Formhig  then  thia  ^mboUcal  cuIno  by  the  gmtnX  nethod  of  the  8eeli«a 
IILfi.  6«w«  find  that  the  Iftrw  MoaiMit  J,  3,  C,  ave  the  Otm  rvolt  (alw^  imI; 
by  diia  analy^)  of  the  dg^eSrde  and  caAie  ^gutOiem, 

XXVI.  . .  i4« -  «aM«  +  (««  +  n**)  A -(mW*-i^) *  0  j 

in  which,  n',  n'^,  n''*  are  three  positive  scalars,  namely, 

XX Yii.  .  .  »«  =  -  Sma* ;    n  -  =  -  iinan'  (Vaa')«  j       »  =  2»»*'«"(Saa'a*')« i 

and  the  combination  tfln**-~  ie  another  poatUve  scalar,  of  which  the  valne  ■ay 
be  that  ezpreaaedi 

XXVIII. . .  ABC»       .  i»'*t ,  2«Wa*  (Vaa*)* 
+  SSinm'm'*  (TaoTa'a*Ta''o  +  So«'Sa'a^Sa''a>, 

if  a,  a',  a",  &c.  be  the  vectors  of  the  mass-elements  m,  m\  m'\  &c. 
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(14.)  And  bectnae  the  «qiuitioo  ZXV.  gim  thb  other  ^mbdical  molt, 

XXIX  . .  "ABCf'^  ^fH(A  +  B+C)f+BC^CA'^AB, 
UMlmtiuit  XXX.  ..0iO«O; 

and  therefone,  by  XV.,  &c.,  that  if  a  body,  with  a  fixed  point,  kc,  brpin  to  rovolvo 
round  one  of  its  tlireo  principal  axes  of  inertia,  it  vrill  continue  to  revolve  round  that 
aah,  with  an  unchanged  velocitjf  of  rotation. 

(15.)  It  hMMthttte  hmn  wippoiad,  that  all  the  mommtaof  iiwrtia  m>  referred 
to  axM  pudog  through  m^jmIiU  o  of  the  body;  bat  It  It  eoqr  to  lemovo  tUo  re- 
ttrietkn.  For  extmple,  if  wo  dcnolo  tho  moment  XVL  by  /o,  and  if  be  the  eor> 
mpeoding  moment  fbr  an  axis  parattel  lo  i,  but  dnvn  tbroogh  a  tuw  pM  O,  of 
whkh  tho  rector  is  «»,  then 

XXXI. . .  J^«»-"Xin(ViCo-*»))i 

ts  io  +  SSm.  S  (wrHTir)  i  />*  £«, 
If  XXXII.  .  .  K^SmrsYma,    and    XXXIII.  .  .  p-TVwUi, 

6o  that  ic  i>  the  vector  ff  the  centre  of  inertia  (or  of  gravity )  of  the  body,  and  p  is 
the  di$iance  between  Iht  two  parallel  axes. 
(16.)  If  then  we  suppose  that  the  condition 

XXXIV.  . .  VtK  =  0 

is  satisficil,  that  is,  if  the  axis  i  pass  thioogh  the  centre  of  inertia,  we  shall  have  tlia 
very  simple  relatiooi 

XXXV. . .     =  /o  I-  p'Xm  i 
wliich  agrees  with  iinown  results. 

418.  As  a  third  specimen  of  physical  applications  of  quaternions, 
>ve  propose  to  consider  briefly  the  motions  of  a  Si/sttrn  of  Bodies^ 
m,  m\  ?//'....  regarded  us  free  material  points,  of  which  the  variable 
Tectors  are  «,  a\  a'\  . . .  and  which  are  supposed  to  attract  each  other 
according  to  the  law  of  the  inverse  sqasre:  the  fundamental  for- 
mula employed  being  the  following, 

I.  .  .  2TOSD,^aca  +  ^P=  0,     if     II.  .  .  P  =  2  ! 

J  \(X  "  •  ) 

P  thus  denoting  the  Potential  (or  force -function)  of  the  syj^tcm,  uikI 
the  variations  fa,  ra\,..  being  infinitesimal,  but  otherwise  arbi- 
trary. 

(1.)  To  de«Jace  the  formula  I.,  with  the  signification  II.  of  P,  from  the  geutral 
equation  417,  I.  of  dynamics,  we  have  first,  for  the  case  of  two  bodies,  the  following 
•spcesrfooa  tat  the  anfelisnllng  iaiosib 

1IL..|«  ,   '^.^  ,   r-r-A^.   If  r-T(«-a')| 

(« <~a*)r         (o  -a)r  *  ^ 

4  y 
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vlNnoe  fifDowt  the  tmiialbniiatioii,* 

IV.  .  .  -  SCmKSa  +  mXCa)  =.'Z^  S?^^4^-^  — ; 
^  r         a-a  r 

A  ramtt  Mstly  extoiuM,  M  abom  IfttMlowof  Attnellon  wweinppoMddilltetoe, 
tlwra  woaU  teno  difllailty  tn  iiMdil|)^iig  ths  txpraMloii  forth*  potentlil  aooovffinglj. 

(S.)  In  ffemeral,  when  a  Kolar^f  (as  here  P),  it  a  fkmciion  of  one  or  man  mt. 
I«r»,  o.  a', .  . .  ita  vtp-iation  (or  difTercntial)  can  he  expressed  as  a  linear  and  tcalar 
function  of  their  variations  (or  differentials),  of  the  form  S/3^a  +  S/S'ia'  +  ..  (or 
SSr?4la)  ;  in  which  /3,  /J* . . .  are  certain  new  and  /ffnV**  rrctom,  and  are  thftin- 
solvcs  generally /muc/ioim  of  a,  a',  . . .,  derived  from  the  ^/r^n  >cnlur  function  /.  And 
vre  shall  tind  it  convenient  to  extend  the  Notation^  of  Derivatires,  so  as  to  denote 
thejw  derived  vectors  /3,  (S",  &c.,  the  fj/mboU,  D^f,  D^ff  &c.  In  tbb  manner  w« 
•hall  be  able  to  writer 

T...aP«SS(D«P.«a); 

and  the  diAtenUal  eqnattoiM  of  motloD  of  the  bodice  wt^  mf,  m", . .  ^rill  take  b j 
I.  the  fomis : 

VI. . .  mWa  +  D«P«  0,   m'D^a'  4-  D«  P    0,  &c. ; 

or  more  fully. 

•  •     '  (.— vc.-o  +  (.-OT(.- + •  • '  *^ 

(3.)  Thclaw?.  of  the  centre  of  gravity,  of  areas,  and  of  living  force,  result  imme- 
diately ftom  these  equations,  under  the  forme, 

Vlil.  .  .  i:mD,a  =  /3;        IX.  .  .  SmVaD/a  =  y  , 

and  X. ..  r=-^Tm  (!),«)- 

in  which  y  are  constant  vectors,  ^  i»  a  oonstant  scalar,  and  2  T  U  the  living 
force  of  the  system  (comp.  417,  (•'>.)). 

(4.)  One  mode  (comp.  417,  (2.))  of  deducing  the  three  eqnationa,  of  which  ilit^ 
are  the  iirat  integrals,  is  the  following.  To  obtain  Till.,  change  every  variatioo 
^a  la  I.  to  one  eMMioa  but  w^ary  infialteiimal  Teeter,  c  For  IX.,  ciiao(e  ^a 
to  Tio,  9a*  to  Tia't  Ae.  t  <  behig  oMlAer  arbltnij  and  Infinlteiifflal  veetor.  FSnalljr, 
to  arrive  at  X,  diaage  vaHolteae  to  d^firmiH^  (9a  to  do,  fte.)^  and  iotifnite 
onee^  ••  Ibr  the  two  fomer  eqeatioM^  with  letpcct  to  the  time  f. 

(6.)  The  formula  I.  admite  of  befaig  imttgral§d  hf  parity  withoot  anjr  veetrie* 
tloQ  on  the  vorioHoM  jo,  by  meane  of  the  general  transfiinnatioD, 

XI. . .  S(D«*a.^a)aD<S(D|a.^a)-i^.(D|a)^ 

combined  with  the  introduction  of  the  following  definite  lateral  (comp.  X.), 

XII. . .  Fm  r)df. 


•  It  may  not  be  aacleii  here  to  eompare  the  expreiiion  in  page  417,  lor  thedl|^ 
fitmHal  of  a  ptweimitif, 

t  In  this  extended  notation,  ench  a  formula  as  d/|>s  SSvd^  would  gln^ 
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(6.)  In  fact,  if  we  denote  by  ao,  a'o, . .  the  UUtUU  mAim  of  the  vectors  a,  a\  . . 
or  tlieir  viloee  when  f  «  0,  and  by  1^  Dpa't- .  Um  oom^pondfng  valine  of  Dia, 
IVa'f  • .  I  weehellthiiBluive^  aeft  Itiellntegrelof  tbeeqoatioii  I.,  tlie  fimmile, 

Xllf. . .  SaiS(DKi.^a-Dea.9ao)  +  ^Fs  0; 
te'wbidi  no  varietioa  it  ie  aaaigned  to  f,  end  wUeh  csondneto  to  important  conae- 
qnenoee. 

(7.)  To  draw  from  it  some  of  these,  we  may  observe  tbat  if  tlie  masses  m,  m\ . . 
be  treated  as  constant  and  known,  the  completer  integrals  of  the  eqaatione  VI.  or 
VIL  must  bo  conceived  to  give  what  may  be  called  tlie^/ia^  vector$  o( potttion  a, 
ft*, . .  and  of  velocity  Dja,  Dja', .  .  in  terms  of  the  initial  vectors  rto,  aV  •  •  I^  i^i 
Doa', . .  and  of  the  time,  t :  wheuce,  conversely,  we  may  conceive  the  initial  vectors 
of  velocity  to  be  expressible  functions  of  tlic  iuiliiil  and  final  vectors  of  posilion,  and 
of  the  tioMb  Li  this  way,  then,  we  ere  led  to  condder  P,  and  F  as  being  tcalar 
JkmeHama  (wliether  we  an  or  aie  not  prepared  to  expr«M  tiiain  ao  such),  of  a,  a', . . 
aoy  o'oi  and  I;  andihin,  by  (2.X  the  raoent  formula  XIILbfealca  np  into  tlie  two 
toDowiag  flyatems  of  eqnationa: 

XIV.  • .  faDia  +  \>aF- 0,    m'D,a'  +  T>JF=  0,  &«. ; 
and         XV.  ..~»])ea:l-Dfl/'sO,  -ei'Dta'+Da'^FaO,  Ike.; 
whereof  i\it  former  may  be  said  to  be  hUMrmMdUHt  hUegrahf  and  the  latter  to  be 
Jinal  intrgraU,  of  the  di^^rMtiaL  cquatiam  cfnuriwn  of  the  lyeteniy  whidi  are  in- 
cluded in  the  formula  I. 

(8.)  In  fact,  the  equations  XIV.  do  not  involve  the  final  vectors  of  acceleration 
Pf'rr, .  .  as  the  dlfferentiiil  equations  VI.  or  VII.  hajj  done;  and  tho  equations  XV. 
rxpresj",  at  least  theoretically,  the  dependence  of  the ytM«/ vectors  of  poi,iiion  a, . .  on 
the  time,  and  on  the  initial  vectors  of  portion  ao,. .  and  of  velocity  Dua, . .  as  by 
(7.)  the  compUN  intflgrafa  ought  to  do.  And  on  aooonnt  of  tbeie  and  other  inper- 
taot  propertiea,  the  ftinction  here  denoted  by  Fmay  be  called  the  JHiojjpa/*  A«e- 
ti&m  tfMoihm  of  the  ^*m, 

(9.)  If  the  iniliel  veetora  ao»  • .  and  D^, . .  he  #l«ea,  that  ia,  if  we  eonrider  the 
aetval  prtgtitm  in  qiaee  of  the  mutually  attracting  system  of  masses  m, . .  from  one 
set  of  positions  to  another,  then  the  function  Fdapenda  npon  the  time  alone;  and 
by  its  definition  XII.,  its  rate  or  velocity jof  ineraaae^  or  ite  total  deritative  with  re- 
apect  to    ia  tboa  expreaaed, 

XVI.  .  .  lhF=  T. 

(10.)  Hut  we  may  inquire  what  is  the  partial  derivative^  say  (D/F),  of  tho 
s  iuie  defmite  integral/'',  when  regarded(7.)  as  a  fuuction  of  the  final  and  initial  vectors 
of  p<:»sition  a, . .  no»  •  •  which  involves  also  the  time  exjtltcttli/,  and  ia  now  to  be  dcri- 
vatetl  w  iih  respect  only  to  that  variable  <,  at  if  the  final  vectors  a, . .  were  constant  : 
whereas  in  fact  those  vectors  alter  with  the  time^  in  tlie  oonree  of  any  actual  mo- 
lions  of  the  vystem. 


*  This  function  xv:\s  in  fact  so  called,  in  two  K-^says  by  t!ie  present  writer,  "  On 
n  General  Method  in  l>ynaniic.*,"  puMi'-lieil  iu  tiie /Va/y.^oyj/Mca/  Jran^ac/io/i*  (Lon- 
don), for  the  years  1831  and  183i>  i  although  of  course  coordinates^  and  not  {jfua- 
ttrniottSy  were  then  employed,  the  latter  not  having  been  discovered  tutU  1843: 
and  the  notation  S,  nnce  adqUcd  for  fca/ar,  waa  then  used  instead  of 
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(11.)  For  tliifl  pnrpoiei  it  it  floffidait  to  obiem  UmI  tlia  pari  of  Qw  IMof  dM- 
volnw  l>tF,  which  ariiw.  ftom  tho  hut  nentioiwd  efaangot  of  a> h  (hy  ZIV. 
And  X), 

XVII.  .  .  ZS{DaF.Dta}  =  2T; 
and  therefora  (by  XYI.  and  X.),  that  the  remuininn  part  most  bo, 

XVIII.  . .  CD,0=  P-T=-H. 
(12.)  Tbo  ooRipJMe  variation  o£  tho  funcUoo  Fis  theatdott  (ioomp,  XllL),  wiiM 
1 11  woU  Ma,.,  and  ao, ..  is  treated  as  ooiy^, 

(18.)  And  hence,  with  the  help  of  tho  oqnoiioiii  X.  XIY.  XY.,  it  i«  easy  to  infer 
that  the  principal  ftanetkn  i^matt  fttldy  tho  two  f!»lbwi9ff  BartUl  Digamtimi 
Sjuatioiu  in  Qmtamiomt : 

XX.  .  .  (D,F)  -  ir:m-«  (D..F)^  =  P; 
XXI. . .  (D,iP)-i£»-i(D^F)a«P,; 

In  which  Po  denotoi  tho  initlol  Tmlno  of  tho  potontinl  P. 
(14.)  If  wowrito 

XXII..  .  Fb  3111, 

so  that  rroprosenta  Avhat  is  called  ihe  Action,  or  tlic  accumulated  living  force,  •■f 
the  system  dunni,'  the  time  t,  then  by  X.  and  Xil,  the  two  deiiaite  inti^^U  i^and 
V  are  oODBectcd  by  the  very  simple  rekiion, 

XKIII. . .  VmF^tJIi 
wlience  by  XIX.  tllO  eOM|>fele  vtiriatioH  of  I',  considered  as  a  function  of  the  final 
and  faiitial  voeton  of  position,  and  of  tho  oonstant  H  of  living  force,  which  dooo  not 
explicitly  faivdvo  Iho  thne^  may  bo  thos  oxpressed, 

XXIV.  .  .  9V^tdB^  2»aSD,aOa  +  XmSD^coo. 
(15.)  The  partial  derivaiiv€$  of  this  new  function  F,  which  is  for  tome  purposes 
more  narfbl  than     and  may  ho  oaOod^  by  way  of  distinction  from  it,  the  Ckarmc 
Urhtit*  F%m€tUm  of  U»  motion  of  the  system,  are  therefore, 

XXV.  .  .  DaV---mT),a,  &c. ; 

XXVI.  .  .  D„j,r=  +  mDoa,  &c; 
and  XXVII.  .  .  D^^l'  =  /. 

(IG.)  The  intermediate  inteffrah  (7.)  of  the  differential  cqn.itions  of  motion, 
winch  were  before  exprem-d  by  the  fornuilie  XIV.,  may  lu.w,  somewhat  ks?  simply, 
be  regarded  as  the  result  of  the  elimination  of//  between  the  formuhc  XXV.  XXVII. ; 
and  tho/ao/  inttgrul*  of  those  equations  VI.  or  VII.,  which  were  ex pn^^ed  by  XV., 
art  now  to  bo  obtained  hj  cUminating  the  same  consUnt  H  between  the  recent  equa- 
tions XXVL  XXVII. 


*  Tho  ^choN,  r,  was  in  fact  so  called,  hi  tho  two  Essays  menUooed  in  (ho  pfv- 
ceding  Koto.  Tho  properties  of  this  ChoraeteriUk  Fmnttum  tad  been  peicoifcd  by 
tho  writer,  before  thooe  of  that  which  ho  came  afterwards  to  call  the  Primrtpii 
FkBeiiom,  as  above. 
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( 1 7.)  The  Characteristic  Function,  P,  Is  obUgcd  (comp.  (18.))  tO  UtiMfy  tbt  tWO 
foUowiog  partial  dij^tniiai  eqaotimu, 

XXVIIL  . .  ^Xm-i(J>aVy  +  P+S^Oi 
XXIX. . .  4S«i-l(D.^r)«+Po+ JT-O; 

it  Tsniihta,  lifca  whttn  <bO,  at  wfaidi  epoch  a^a^  a'»a'oi  Ite. ;  €aeh  of  these 
two  ftmetknMr  F§ad  F,  depende  $ifwm$lriealfy  on  the  ioitiel  and  final  Tectois  oTpo- 
aition :  and  cadi  doee  fl0|  ooljr  hj  depending  on  the  nutnal  coiifiguratUm  of  olfthote 
initial  and  final  potUiomB, 

(18.)  It  follows  (comp.  (4.),  lee  abo  41fi,  (17.),  and  417,  (2.)),  that  the  fhne- 
tion  F  most  aaU«fy  the  two  eooditionfl^ 

XXX  . .  X(DaP+D^«05      XXXI. . .  SV(aD.P  +  aoD^«0; 

wUcb  aceoidiugly  are  ftmu,  by  XIV.  XV.,  of  tlie  eqoationa  VIIL  and  IX.,  and 
therefore  are  expmeione  Ibr  tlie  law  of  motion  of  the  oentie  of  graTily,  end  the  law  of 
dceoriptien  of  areae.  And,  in  Uke  manner,  tlie  Ainction  V  ie  ohliged  to  eatiaiy  these 
two  anakgooa  oenditiona, 

XXXII.  . .  2(D„F  +  D„^,r)  =  0;      XXXIIL  . .  £V(aDar+  «oT>ao^')  =  0; 

Mhich  accordingly,  by  XXV.  XXVi.,  arc  ocw  forms  of  the  same  cquaiious  Vill.  IX, 
and  consequently  are  new  expressions  of  the  same  two  laws. 

(1 9.)  AU  the  foregoing  conditions  are  satisfied  when  lie  tmolf,  that  ia,  wlien  the 
iimt  of  motion  of  the  agratem  is  »k»tf  by  the  fallowing  approximatt  eagNnesiisM  for  the 
flmetions  J^aml  F,  irtth  tlie  respectiTeljdeiiTed  and  mntnally  eonnected  eaprseriona 
for  Jifandf: 

XXXIV.  ..F«5(l>+i>o)  +  |: 

XXXV.  .  .  K«x,(i>+i>,  +  2iJ>} 
XXXVI.  . .  H»  -  {V,F)  »-  i  (P+  P,) 

XXXVII. . .  t»DMV^9CFi^Fo+  2«)  4; 
a  which  §  denotee  a  real  and  poaitive  eealar,  eneh  that 

XXXVIII.  .  .  *2  =  _  v„,     -  ao)^    or    XXXiX.  .  .  *  =  V  ImT (a  -  a©)*. 

419.  As  a  fourth  specimeti^  wc  sball  take  the  case  of  a  free  point 
or  particle,  attracted  to  a  fixed  centre*  o,  from  "whicli  its  variable 
-vector  is  a,  with  aa  accelerating  force  =  Mr  %  if  r  sTa  =  the  distance 

*  When  two  free  mtttsea,  m  ami  m\  with  variable  vectors  a  and  a\  attract  ench 
Cither  according  to  the  law  of  the  ioTerse  square,  diiTereutial  equation  of  the  re/u- 
tiftt  motitm  of  m  about  m'  is,  by  4t8,  VII., 

l...D\a-  a)  =  (m  +  w*')  (a  -  a)  'r  >,    if   r  =  T(o  -  a) ; 

and  thhi  e(|vatio6  V.  reduces  itself  to  I.,  when  we  write  a  for  «t  -  n%  and  M  far 
m  -I-  m'. 
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of  the  point  from  tho  centre,  while  M  is  tbe  attrtctiog  nwas:  tiie 
differential  equfttion  of  (he  motion  being, 

I. . .  T^a^Ma'^r\ 

if  D  (abridged  from  D|)  be  tbe  sign  of  derivation,  with  respect  to 
the  time  /. 

(1.)  Operating  on  I.  witli  V.Oi  and  integrating,  wd  obtain  immcdiAUly  Uie 
equation  (comp.  336,  (o.))^ 

II.  .  .  VaDa  ~  ft  -  cotisf.  ; 

wliich  expri  >M\s  at  luico  that  the  oibit  is  plane,  and  also  that  the  art  a  Ar  -cnUA  in 
ii  is  proportional  to  the  time ;  being  tbe  fixed  unit-normal  to  tlio  plane,  round 
wliich  the  point,  in  its  angular  motion,  rtwdwn  potUtPefys  and  T/i  representing  in 
quantitj  the  damUt  arcvl  valocity,  which  if  often  denoted  by  e; 

(8.)  And  it  ie  important  to  remaik,  that  tbeee  condnrioae  (1.)  wonid  beoi 
obtained  by  the  aame  analyda,  if  r-i  in  I.  had  been  nplaoed  bj  «iqr  offtcr  aeelar 
/mefjm,  /(r),  <^  the  dUtmnets  that  ie,  for  aiqr  oMir  low  of  etmtrtljbntf  intfaad  ef 
the  law  of  the  morr««  $quar€. 

(8.)  /a  fraerd^  we  have  the  tranaformation, 

III. . .  <r*T<ri«dUa  :Yada, 
beeauae,  by  884,  XV.,  &e.,  we  hava^ 

IV. . .  dUaBV(da.a-0*Uasa-^Ua.Vada8<r>Ta-i.Vada; 
the  equation  I.  may  therefore  by  IT.  be  tnuufimned  as  foUowii, 

V.  ..D3a  =  yDUa,    if  VI. . .  7  «-itf/3  i  i 
and  thna  it  givea,  by  an  Immediate  Integration, 

VII.  ..Daay(Ua-«),  or  VII'. . .  Da«(f-Uo)  y, 

(  being  n  new  constant  vector^  but  one  situated  in  the  plane  of  tbe  orbit,  lo  wbith 
plane  /3  and  y  arc  perpendicular, 

(4.)  But  a,  Da,  D*a  are  here  (comp.  100,  (5.)  (6.)  (7.))thevectonofpoM»m^ 
vetoeUg,  and  occelifwfton  of  the  moving  point ;  and  it  haa  been  defined  (5.)) 
that  It,  for  aay  maUem  of  a  p^t,  the  veetan  ofvelodt^  be  aeC  off  fiom  nay  tommm 
•njjrii*,  the  ewve  on  which  they  ierminaU  is  tbe  ffodagn^*  of  that  motion. 

(5.)  Hence  a  and  Do,  if  the  latter  like  tbe  Tormcr  be  drawn  from  tbe  fixed  point 
i\  :iro  the  vectors. of  corrcfpottifM;^ poimU  of  or6if  and  kodc^rapki  and  lieeaiM  the 
formula  Vil.  gives, 

Vlil. . .  SyDasO,   and   IS. . .  (Da  +  yO*  y^t 

It  followa  that  the  hodograph  ie,  in  the  present  qaeetion,  a  Crrr/e,  In  the  plane  of  the 


*  Compare  Fig.  88,  p.  98;  see  also  pagee  100,  516,  578,  from  the  two  latt*r 
of  which  it  may  be  pertcivc<I,  that  tbe  eoffe<j»lfeit  of  the  hodograph  admite  of  som« 
purely  promHrital  applications. 
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orbit,  with  -  7<  (or  4-  <y)  for  the  vector  of  its  «ra(re,  and  with  Ty  ssMTj3->  for  its 
rudi»$,  which  rndins  we  shall  also  denote  by  h. 

(6.)  The  Law  of  the  Circular*  Hodograph  is  therefore  A' mathematical  conse- 
quence of  (he  Laiv  of  the  Inrerse  Square  ;  and  conversely  it  will  soon  be  proved,  that 
HO  Other  law  of  central  force  would  allow  generally  the  hodograph  to  be  a  circle. 

(7.)  For  the  law  of  nature,  the  Badiu*  (h)  of  the  Hodograph  is  equal,  by  (1.)  and 
(5.)*  to  the  qootiMit  of  the  attracting  mati  (A/),  dividtd  bf  ike  domUe  mnml  9eiocitg 
(Ti3«ro)intbe«rMI;  and  if  wo  write 

this  po.-iiivL-  scalar  e  may  bo  called  the  Elxcentricitrj  of  the  hodograj»h,  regarded  as* 
circle  cxcentricallij  situated,  with  respect  to  \he  fixed  ctn/rr  nf  forcp,  o. 

(8.)  Thus,  if  c  <  1,  the  fixed  pohit  o  is  interior  to  the  hodographic  circle  j  if  e  «  1, 
the  point  o  ii  o«  IA«  dnmmfirtitce ;  and  if  e>  1,  the  centre  o  of  Ibroe  is  then  exte- 
rior to  the  hodograph,  being  howovir,  in  aU  Hum  ttmt,  rftmtod  In  tf«  plane. 

(9.)  The  eqination  YIL  giyee, 

Xr.  .  .  <-Ua=-y-»Da  =  Da.y  » ; 

operating  then  on  this  with  S.  a,  and  writing  tat  abridgment, 

Xlt . .  |> « jSy-i  m  Jtf-rr/S* = <*ir-i,  and  ZIII. . .  8Uai  a  ooe  e, 

io  that  p  ia  a  oonitant  and  poaitiTe  scalar,  while  r  te  the  indination  of  a  to  -  c,  we 
find, 

XIV.  .  .  r +Sat=pi    or    XV.  .  .  r=  ^ 


1  +#coae' 


the  orM  la  dwietora  a  piane  emue,  with  the  eentre  of  fbroe  o  for  afocut,  having  e 
Ibr  Its  txemMtUff  and  |>  for  Ita  ssa^paraaMlir. 

(10.)  And  we  see^  bj  XIL,  that  If  this  semiparaneter  p  be  mMhiplied  by  the 

attracting  mass  If,  the  product  is  the  iguare  of  the  doable  areal  Teloei^  e;  so 

that  this  constant  c  may  be  denoted  by  which  agrees  with  known  reenlts. 

(11.)  If,  on  the  nthor  hand,  we  divide  the  mass  (A/)  by  the  semiparameter  (p\ 
the  quotient  ia  hy  XII.  the  square  of  tlie  radiu.^  (,ffT/3''  or  h)  of  the  hodograph. 

(12.)  And  if  we  multiply  the  same  somipariiiiit  t^  r  p  by  this  radius  .VT/3  '  of 
the  hodograph.,  the  product  is  then,  by  the  same  formula  XII.,  the  constant  T/3  or 
c  of  double  areal  velocity  in  the  orbit ^  so  that  A  =  J/c  >  =  cp  K 

(13.)  If  we  had  operated  with  Y.  a  on  Yir.,  we  should  have  found, 

XVI. . .  j3  «  V. a  («  -  Ua)y  =  (Sas  +  r)  y  I 
which  would  have  condncted  to  the  same  eqoations  ZIY.  ZY.  aa  before. 


*  This  2ew  dreidor  hodograph  was  dednesd  goomHrieailp^  in  a  paper  read 
bcfofe  the  Bojal  Irish  Academy,  by  the  present  anthor,  on  the  14th  of  Deeenber, 
1846;  but  it  was  virtually  contained  in  a  quaternion  firmula,  equivalent  to  the  re- 
cent equation  VII.,  which  had  formed  part  of  an  earlier  commanication,  in  July,  1845. 
(See  the  Proeeedinga  for  thoes  dates;  and  especially  pages  346,  847,  and  xxzbc, 
xlix.,  of  Vol.  III.) 
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(14.)  If  we  operate  on  VII.  with  S.a,  we  find  thii  other  eqiution, 

XVIL  . .  -rDr B  SaDm "  yYat ; 

but  XVIII, . .  -  ya  =  A»  »  -  (by  VI.  aod  XII.,  comp.  (HO), 

and  XIX. . .  -(V«)«a«»r»-Cp-r)i«p(2r-j»-r»a-i). 

if  we  wflia  XX. . .  •  -  ~— i ; 

I  —  ^ 

beiMt  aqoarliig  XVIL,  and  dividing  by  r*,  we  olitain  the  eqnatioo, 

n  '»  )  It  is  obvious  that  this  In&t  iqujuion,  XXI.,  cniin-  jt>  the  distance,  r,  vi:h 
the  time,  t,  as  the  fonnulft  XV.  connects  the  same  distam  .^  r  with  th<  tn/e  anomafy, 
V  ;  that  is,  with  the  angular  elongation  in  the  orbit,  from  the  position,  of  least  du- 
tance.  But  it  would  be  improper  here  to  delay  od  any  of  the  ekmeotary  coue- 
qmnoei  of  Umm  two  known  aqoatiaM:  allliooghitieenedittefaltoaliow,  aaabon^ 
how  the  eiiaatiena  thoniielTea  alglit  eaiOjr  bo  dednoed  by  qu€a«rMiamM,  and  bo  con- 
neded  with  the  thony  of  the  AoAynqvA. 

(16.)  Iho  oqaatioa  II.  naj  be  interpreCad  aa  aapwaeing,  that  tboporoBirfyw 
(eonp.  Fig.  82)  under  the  vectors  a  and  of  position  and  Telocity,  or  rader  any 
two  eorretpondinp  veeton  (5.)  of  the  orbit  and  fn>dopraphi  has  a  conatant  pUtme  »md 
area,  repre^nted  by  the  constant  vector  /3,  which  is perpendintlar  (I .)  to  that  plane. 
lUit  it  is  to  be  obs«!rved  that,  by  (2.),  these  constancies,  and  this  rcprrgenta(i-m,  sr^ 
not  peemUar  to  the  law  of  the  tHterte  iquartf  but  exist  for  all  other  laws  of  ceturai 
/brce. 

(17.)  In  general,  if  any  scalar  function  R  (instead  of  Mr  *)  represent  ihe  acce- 
lerating force  of  attnetion,  at  the  dirtance  r  turn  tlw  dzod  centre  o,  the  diftnnttol 
eqnatioQ  of  modon  will  be  (instead  of  I.), 

XXII.  .  .  D*a  =  i?m  1      -  nVa  ; 

and  if  wostiU  write  VaDa  >     aa  ia  II.,  the  formula  IV.  will  give, 

XXni .  .  D*a      DJ?. Ua  -  Rr  lfSVa,   and  XXIV. . .  V  S!^ = r«iJ : 

iPa 

iu  which  /3  -  cUfS,    i(  c~  7/3,  as  before. 

( 1 8.)  Applying  then  the  general  formula  414, 1.,  we  tuTe,  for  oof  low* 
the  ex|Hreaaiona, 

U*a      D-a  nr* 

XXVI.  .  .  Jiadius  (A)  of  Curvature  of  Uodograpk  =  Rr^c'^ 

Force,  y  Square  of  fHstance 
Double  A  real  I  elocitif  in  Orbit  * 


•  I  ho  general  value  XXVI.,  of  llic  radius  of  cui  valure  of  the  /iodi>graph^  vias 
fftometrically  deduced  in  the  Paper  of  1846,  referred  to  in  a  recent  Note. 


Digitized  by  Google 


CHAP,  lil.j  PRODDCT  OF  OPP.  VRLOCITIB89  POTBNTIAL.  721 


of  whicli  the  last  not  only  conducts,  in  a  new  way,  for  the  law  of  natnrt,  to  the  con- 
stant value  (7.),  h  =  but  alsri  prnvo?^  af*  ^t:lto<l  in  (C),  thnt  for  any  other  luw 
of  central  furcv  the  hodoffraph  cannot  be  u  circle,  unlcs.s  indeed  the  Oibit  1«a|>p»i*t  to 
bo  such,  and  to  have  moreover  the  centre  of  force  at  ita  centre. 

(10.)  CoiitiniDg  ounielves  however  ut  preiieot  to  the  law  of  the  inverao  square, 
and  writiog  for  abridgment  (comp.  (5.)), 

XXVI  I.  .  .  jc  -  OH  =  ly  =  Vector  of  Centr*  R  o/Jdodograph^ 

which  gives,  by  (6.)  and  (7.), 

XXVIir.  .    Tjf  =  e», 

llu;  oriijln  o  of  vectors  l>eing  still  the  centre  of  force,  we  st-e  hy  the  properties  of  the 
circle,  (hat  the  product  of  any  two  oppotile  pelocitiet  in  the  orbit  conttunt  ;  and 
tbat  thU  constant  prodnet*  vmlj  be  cx premised  as  foUowi, 

XXIX.  .  .  («-l)AU«.(«+  1)/»Ujc  =  A^l  Afa 

by  XVIII.  and  XX. 

(20.)  The  expression  XXIX.  may  bo  otlierwise  written  as  k'  -  yS{  and  if  v  be 
Um  ▼actor  of  any  point  D  Mttnu^  to  Hia  cbde^  Imt  in  ita  ptanoi  and  ti  Um  length 
of  a  tmifmU  m  from  Uiat  poiatt  w%  bave  die  anologooa  ftnimila, 
XXX.  .  .  «»=  y2  -  (u  -  r)«=  T  (v-ic)'-**- 

(21.)  Let  r  uud  r'  be  the  vectors  OT,  or'  of  the  two  points  of  contact  of  t&u- 
giBta  Um  dimwn  to  tho  hodograph,  firom  an  esttnial  point  v  in  ita  piano  ^  then 
oaek  mint  aatitiy  the  ijratein  of  tho  tkrt*  Ibllowiiig  scalar  tqnatlont, 

XXXI.  .  .Syr-0;  XXXII.  ..  (r  -  ic)2  -     ;  XXXIII.  .  .  S  (^r  -  k)  (v  -  k)  =  y*  ; 

whereof  tho  fint  ainne.  reprcHents  the  p/an* ;  the  <iro  ^rtf  jointly  represent  (comp. 
(5.))  the  circle  ;  and  the  third  expresses  the  condition  of  cot^fngation  of  the  points 
T  and  u,  and  may  be  regatdsd  as  th>  swfar  oqmaHam  of  tkt  pdaf  of  the  latter  point. 
It  ii  nndeiBtood  that  Syo  sO,  ss  wdl  as  S/aa*  0,  &c.,  baeanoe  y  is  perpendicniar 
(8.>totliaplano. 

(32.)  Solving  tUt  ipten  of  aqnationa  (tt.)t  we  And  tha  two  aTpwloM, 

XXXlV...r««  +  y(y+a)(»-r)-ij   XXXir. r'* Is «)(»-«)-*; 

In  wbidi  the  tcalar  a  has  tba  same  vnlna  as  in  (20.).  As  a  TwUkallon,  flMsa  as* 
prssiioas  givsi  by  what  piaeodsi^ 


•  In  strictness,  it  is  only  for  a  closed  oThit,  that  is,  for  the  case  (8.)  of  the  centre 
of  force  being  interior  to  the  hodograph  (e  <  1).  lliat  two  velocities  can  be  opposite  ; 
their  vectort  having  then,  by  the  fundamental  rules  of  quaternions,  a  tcalar  and  posi- 
tive product^  which  is  here  found  to  boi=  A/a~',  by  XXIX.,  in  consistency  with  the 
hnown  tbaoiy  ^  tll^tU  awMsn,  Tho  nsult  howaror  admiu  of  an  interpreiatiom,  in 
other  cases  alsob  UisohvioostbatwhenthocsntraooffMiosiasaterjor  to  tha  hodo- 
graph, tba polar  of  tbat  point  divides  the  eireb  into  iwopartt,  whensof  onaia  con- 
oitae^  and  tho  other  eoaocv,  towarda  o;  and  tbers  is  no  dUBcidtj  In  seeing^  that  tba 
^/brnur  part  corresponds  to  tlao  branch  of  an  kjfptrhoKe  orbit,  wUdiaan  ba  diseiibed 
under  the  influence  of  an  attracting  force :  while  the  latter  part  answers  to  that 
other  branch  of  the  same  complete  hyperbola,  whereof  tha  description  would  require 
the  force  to  be  repnUwe. 

4  z 
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Md  XZXVI. . .  (r-v)i«(r'-»)*«-t#. 

ta  tall  bftHmd  that 

XXXni.  ..r-vs  «(^« +  7)  («-«)->;  XXXYm..  .T(«4-r)«T(r-ir)j 
and  XXXDL  . .  (r- tf)  (r-K)B«y ; 

« <!- y  bdflg  here  a  qaatamioo. 

(28.)  If  v'betbe  yecCor  ov'  €#  amjf  peSmi  0',  on  the  fohr  of  the  point  u  with 

r\\-ipcct  to  the  circle,  then  changing  r  to  v',  and  u  to  s,  in  XXXIV.,  mfind  thia  werttir 
form  (oomp.  C^l*))  equatiom  of  tkmt  polar, 

XL.. .  »^«K+y(y  +  0(»-«H 
or,  hj  an  eaqr  tiandSmnation, 

XU. . .     +  **v-)-«i«K+«r(«- v)> 

in  wUdk  a  ia  aa  arUtraiy  lealar. 

(Si.)  If  then  wo  enppoM  Chat  ii  the  iitUntetlom  of  the  duid  with  the 
light  Une  oc,  the  condition 

XLII.  .  .  Vi't;  =  0    wUi  give    XLIII.  .  .  «y  =  ; 

but  XLIV.  .  .  Vkv  .  (k  -  w)  =  «S      -  V^)  +  vS  (/cu  -  <c«)  ; 

the  coeiTicicnt  then  of  k,  in  the  expanded  expressioQ  for  v\  diaappean  aa  it  oqght  to 
do :  and  we  find,  after  a  few  rednctiona, 

v-v^Skv  ' 

a  result  ivhich  might  have  been  otberwlea  obtained*  by  diminating  a  new  scahv  jr 

between  the  two  equations, 

XLVl. . .  SCrv- ip)  (v-«)«y«. 

(26.)  Introdndng  tlien  two  aviciUaiy  vaetotaf  X,  |i,  indi  tliat 

XLYII. . .  XairiScv,  or  Sav^vXsXv, 
aadthenAtn  XLTU'. . .  X -c^iriVirt;,   ScX«X*,  (X-c)*«c<-X*, 

aid   XLVIIL..;i  =  \^l+^l  +  ^-^^'yj,   whenee  ^1|X,  Oi-K)«=y». 

we  hare  tiia  Teiy  simple  relation, 

XUX. . .  (•  - X)  C«^~X)         X)*,  or  I* . .  LU-LO* BUI*, 

If  XaoL,  andiisoH.  Aoooidiqgly,  the  point  l  Is  the  ftwt  of  the  peipendieaiar  let 

IkH  from  the  centre  11  on  the  right  Une  ou,  wliile  m  Is  one  of  the  two  pointa  K,  x'  of 

intersection  of  that  Une  vrith  the  circle  ;  so  that  the  equation  L.  expresses,  that  the 
points  u,  u'  arc  harmonicaUy  eonjvpate,  with  respect  to  the  chord  JCM',  of  which  L  ia 
the  middle  point,  as  is  otherwise  evident  from  ^oonietr}-. 

(26.)  Tlic  vector  a  of  the  orbit  (or  of  pasititm),  wliith  corresponds  to  the  vector 
r  (=  Da)  of  the  hodograph  (or  of  velocity),  and  of  which  the  length  ia  Ta  =  r  =  the 
dUlance,  may  bo  deduced  from  r  by  tiie  equations, 

LI.  .  .  o -r(K  -  r)         and    LII.  .  .  Vra  =  — /3  =  A/y-ij 
whence  follow  the  ox j>i cations, 

LI  il.  .  .  Potential  =  Mr  ^  =  (eay)       Sr  («  -  r)  =  Sw  («  -  r) i 


1  U2  \ 

XLY. . .  w'«ti  1  + 
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the  8«oond  B»preiiioD  tat  P  baliig  dedooed  fram  tha  Snt,  bjr  BMftU  of  the  idation 

XXXV. 

(27.)  The  firtt  expression  LIIL  for  P  shows  that  the  potantial  is  equal,  1st,  to 
the  rectangle  under  the  radiu$  of  the  hodograph,  ami  the  perpmdirular  from  the 
centre  o  of  force,  on  the  tangent  at  T  to  that  circle  ;  ami  Ilud,  to  the  square  of  the 
tauijcnt  from  the  f.iine  point  t  of  the  hodograpli,  tn  what  may  Ix;  called  the  Circle  nf 
Excentr icily,  namely  to  that  new  circle  which  has  on  for  a  diameter.  And  the  hrat 
of  these  values  of  the  potential  may  be  otherwiBe  deduced  from  the  equality  (7.)  of  the 
IDUS  (0  tba  prodnct  h€  of  tfiendiot  h  of  tlio  hodograph,  moltlpUed  by  the  oomtint 
e  of  double  aieal  vdodfy,  or  bj  theeoiMfaii#jMriaire%raNi  (16.)  mder  uqr  two  eor^ 
leepoodBoi^  vecton. 

(28.)  The  second  ezpraibm  LIII.  for  the  potential  P,  corresponding  to  the 
point  T  of  tfie  hodograph,  may  (by  XXX IV.,  lie.)  be  tbQB  transformod,  with  the 
help  of  a  few  zodoctioiia  of  the  same  kind  as  tbeee  Noenfly  emplojed: 

LI7...P-i-i!^"4^,  If  LT...,=«(r-»). 

q  being  thus  an  auxiliary  quntomion ;  and  in  like  manneTi  for  the  other  point 
lately  considered,  we  have  the  aualogous  value, 


wheucc 


and  therefore, 


andflnally, 


IfiSq-nyYq 

A*  +  «■ 

AT        .   S^'  +  M-u' 

LX.  .  .  — :  =  pTpi=  S«  +  -oT  =  v(X  -»')»00.1I'U 


(89.)  In  fbet,  the  eame  second  ezpcoMion  LIU  shows,  that  if  ▼  and  V  be  the 
ftet  of  perpeodiculan  from  x  and  x'  <m  bl,  then  the  potootiala  are, 

LXL  . .  P=  ou .  TV,    and   P'  =  ou.T'v'; 
flmt  it  ieeeqr  toprore,  geometrically,  that  the  sfrjment  v'l  is  the  harmonic  m«afi  be- 
tween what  nay  be  called  the  ordinatet,  t\'.  I  'v',  to  the  hodiM/rapliic  axis  nL. 

(30.)  If  -^iippose  the  point  t:  to  take  any  new  but  near  position  u,  in  the  plane, 
the  polar  chord  XT',  and  (iu  general;  the  length  u  of  the  tangent  ur,  will  change ;  and 
we  ahall  have  the  differential  relations : 

LXII.  .  .  dr  =  (r  -  vy  '8  (r  -  r)  dw  ; 
LXir.  .  .  dr'  =  (r'  -  w)  »S  (r'  -K)dv  ; 
and  »  LXIIL  . .  dn  •  ir>8  (r  -  v)  dv. 

(31.)  ConceiTing  next  that  u  moves  along  the  line  ou,  or  lu,  so  that  we  may 
write, 


LXIV.  ..ii«(j!-«')(/i-\).   if  *  =  ,-i  =  r?»         *  = 


lu     i.m  ,  i.o 

IM~  VV 

weihellbave, 
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if  V  bt  Qo  LM  prolonged,  tad  if  o  be  on  the  eoneftv*  of  Um  ue  nn^ ;  and  ite^ 
tgr  Un.,  Ih«  dlAnolial  i¥pwwioai  (80.)  iMeone, 

ind  LXVIL  .  .dii8«-i89.(«-0->d«,   with  S?sv(X-»)  ; 

90  thai      LXVill. .  .Tdr«-r^^^,   Tdr'«-^^o   if  4r>0. 

Swh  temtjit  InvOt  of  Um  tvo  iIiM«ary  mm  vt,  and  i^/  of  the  bodognpk, 
iatmptid  MrM  two  aMr  Meaala      and  mrX  drawn  ftom  tha  pola  «  «f  the 

diord  mm',  and  iMTing  U  and  for  their  own  poles ;  and  we  see  t)iat  thaat  ares  an 
proporttooal  to  the  pottmUahf  Paud  P',  or  by  LXl.  to  the  orduM<e«,  tv,  t'v',  or 
finally  to  tiie  luies  nt,  kt'  :  and  accordingly  we  baye  tba 
118^  of  the  two  naaU  tdaaglca  witli  i«  for  vertex, 

at  appeals  an  impaction  of  Uii  aanasad  F^gua  86. 


Fig.  8G. 


(32.)  For  anjr  Motion  of  a  pcitU,  howmr  comploz,  tha  tUmmt  dt  of  time  wbich 
ooiTMpoada  to  a  given  daniat  dDa  of  tliaM<yra/)A,  is  Iband  by  Mdimg  tho  kttcr 
olonMntbj  tba  otcfor  D*a  lit mewiUfttmg firm:  ifthan  wadanoto^dl  and  df  llie 
UaMi  oonaiponding  to  tha  ahoianta  dr  and  dr  (81.),  wa  hava  tba  azpRonoas^ 

Jfd«  rd« 


LXX.  . .  dl  =  Af .  P-«.Tdr  = 


LXX'.  .  .  d<'=i/.P'  2.Tdr'  = 


i\i(«-0"«(»-0* 

Aldx  t^d< 
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becaii<«^,  for  Um  motko  bcira  oouidarad,  the  nuMore  or  qiwntity  ol  tbe  Ibree  fa^  by  I. 
and  Llll., 

LXXI.  .  .  Tina  -  Mr  -'  =  3/ 

(^'^■)  The  /iiwf*  of  hodographicalhj  descrihing  t!ie  /«ro  «»ia//  circular  arct,  T,T 
and  t't/,  are  therefore  inversely  pro|>ortionnl  to  the  pottntiattf  or  dirtciljf  propor- 
tional to  the  dutanee*  in  the  orUti  and  their  sum  is, 

Lxxn. . .  tt+ar^     +  _ )_,  =  ^-^^^ 

that  U,  by  LX.  and  LXIV., 

LXXIIL..d«  +  dr'-j^^^^^  if  LXXiy...p«T(|i'>X}eLif. 

(84.)  We  bftTo  alM  Um  rdaaoot, 

LZXY.  ..n^Ca^-l)!^,    and    LZXVI. . .  ^^(1 -«^)^; 

SO  that  tlie  sum  of  the  two  small  times  may  be  thus  expressed, 

Lxxy,t..*.*..i«ir^.(i^^^, 

or  tiually, 

if  LXXIZ. .  .'9steeip^  or  wa£iii.w  InFfg.  88, 

in  wUch  Fignre  v'w  is  an  Ofdioate  cf  a  Mmicirdc^  whh  Uw  chord  im'  oftlie  hodo- 
graph  for  Its  diameter. 

(86.)  The  two  near  secants  (31.),  from  the  i  olc  x  of  that  chord,  have  been  hero 
suppofied  to  cat  the  half  chord  lm  it$elf,  as  in  the  cited  Figure  86 ;  but  if  they  were 
to  cut  the  other  half  chord  im\  it  is  easy  to  prove  that  the  formula)  LXXVUl. 
LXXIX.  wouM  ^:til)  IxiliI  good,  the  only  difforenco  being  that  the  angle  w,  or  mlw, 
would  be  now  obiuse,  and  its  secant  j"<  —  1. 

^36.)  A  circle^  with  u  fur  centre,  and  u  for  radius,  cuta  the  hoilograph  orihogo- 
naU§  m  the  points  v  and  i^t  and  in  Vk»  manner  a  near  arelg,  with  tr^  for  centre, 
and  « -I-  d»  for  iadin%  f  s  mof  A«r  orthagomalf  cnlting  the  same  liodograph  In  tlie  near 
points  T,  and  t/  (81.).  And  by  concelTing  a  ttrk$  of  snob  ortbogenaIi»  and  obisnF- 
ing  that  the  dilKarenliai  ezpremion  LXXYIII.  depends  only  on  ths/iNir  Mafarv, 
Jf'ltf*,  m,  and  dnr,  which  are  all  known  when  the  «MM  Af  and  ihoJbM  pautl§ 
1^  M,  V,  are  given,  so  that  they  do  not  change  when  we  retain  that  mn.ss  nnd  tho^o 
{K>ints,  but  alter  the  radius  fi  of  the  hodogrnph,  orthf  perpendicular  hi,  let  fall  from 
its  centre  u  on  tlie  fixeil  chord  mm',  we  see  that  the  sum  of  the  times  (comp.  (33  ), 
uf  hodographicaUii  di  scritiinq  nnii  two  circular  arcs,  such  OS  T  T  and  t't/,  evi  ii  if 
they  be  not  Bmali,  Init  intcrceptnl  between  ani/  two  secants  from  the  pole  N  of  tlie 
^fijxd  chord,  is  independent  of  the  radius  (/i),  or  of  tl)«  height  RL  of  the  centre  u  uf 
tbshodograpb. 

(87.)  If  them  two  eiradar  hwIograph§,^iuAk  as  the  two  io  Fig.  88|  Imviaga  eom- 
mom  cAomI  mm',  wluch  panes  tbcongli,  or  tends  towards,  a  Mmaion  tmdrtoffhrve  o, 
wUh  •  ismmsn  mas*  Jf  there  sitoalsd,  be.c«l  ly  rnqt  tmo  cohmmn  wthogomoJ^  the 
mm  of  the  two  timet  of  hodogrmphiealtjf  degerihing  (88.)  tlie  tw  m 
(tmall  or  Isrge)  will  be  the  mm«  for  those  two  bodographs. 
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LXXXII. . .  21m 0f  i^'Tct  t 


(38.)  And  as  a  ease  of  ihis  general  result,  we  have  the  foUowing  Theorem* 
HodograpKic  Itochronism  (or  Synchronism^  : 

**  Jfimo  dradar  kodogn^ihs,  having  a  commot  dkard,  whSdt  ptMetihncmgk,  m 
iatd§  t9ward$f «  mmmam  tmtre  *ffirt«,  5*  tmt  pvpmdietdorig  ly  a  tkird  drck, 
ffttf  Itect  of  hutltfft'ttf^ictittp  AttfAutp  th$  iuttFC^pitd uft9  will h9  9ftinlm* 

For  exaoipla^  in  Tig,  86|  we  bar*  Um  Miiiattoii, 

LXXZ. . .  Tame  ofrm'^tbM  o/winr'. 

(39.)  The  time  of  Urae  deieiibiog  llw  we  ««'  (9%.  89),  iftUe  aiebe  kbiMgh- 
out  tmemn^  toward*  o  (eo  that  «>!>«',  at  in  LZY.^  is  otpmed  (coapN> 
LXXVHL)  by  the  definite  intigval, 

and  the  time  of  deecriUllg  the  wtmuinder  of  tlie  hodographic  circle^  if  this  remaining 
arc  t'm't  be  tliroDgbont  eoneaTa  towarda  tbe  eentre  o  of  force,  ia  eacprtaeed  by  this 
other  integral, 

(40.)  Ilt-nco.  for  tho  cn^e  of  a  clorfd  orbit  («'«  <  1,  «<  1,  «>  0),  if  «  dflOOte  the 
mem  m^lar  9«lociijf,  we  have  the  forraula, 

LXXZIII. . .  AHodS^  SUM  -  ^  =  2  (        (I  -«*»)*  f'  —  ci 

n       \M  I  Jo  (I  - «  ooa ic)2 

or  LXXXI7.  . .  Af aa  naoaL 

The  sauio  result,  for  the  same  case  of  elliptic  motion,  may  be  more  rapidly  obt-iincil, 
by  conceiving  the  chord  mm'  through  o  to  be  per|»€utiicular  to  on  ;  for,  iu  this  posi- 
tion of  that  chord,  ita  middle  point  L  oolnddei  with  o,  and  ^i^Ohj  LXIY. 
(41.)  la  general,  by  LXZVI.,  we  an  at  Ubertj-  to  make  tbe  aabadtotMu, 

aapposing  then  that «' «  >  1,  or  pUciog  o  at  tlie  extremis  m'  of  tbe  dMMd,  we  haT« 
by  LXXXL, 

LXXXV  I. . .  ParMU  !»«•     «*' «  ^  T  7^  - — r; ; 

//•  .'0  (1  +  cos  wy 

for,  when  the  centre  of  force  is  thus  situated  on  the  circumference  of  the  hodographic 
circle,  we  have  by  (8.)  tbe  exeentricity  e  =  1,  and  the  orbit  becomea  by  XV.  a  p«r«- 


*  Thia  Thaetem,  hi  whidi  it  ia  vadenlood  Ihatthe  cotmmm  tenbv  oflfane  (o) 
ie  ooenpied  hf  a  eoaiaioM  man  (AIX  waa  cemmnntcated  to  tbe  Boyal  Iririi  Aca- 
demy on  the  16th  of  March,  1847.  (Seethe  Ptocefrflnrj^^  of  thatdate^Vot.  III.,  pege 
417.)  It  haa  since  been  treated  as  a  subject  of  investigation  by  several  able  writen^ 
to  whom  tho  author  cannot  hope  to  do  joatice  OH  Ihia  aabject,  witliin  tlw  iraiy  alM>t 
fpace  which  now  remains  at  his  disposal. 

t  Compara  the  Kote  to  page  721. 
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Ml.  For  hyperbolic  motion  (y*>  1,  c>  1,  a<0),  the  formula  LXXXI.  (with  Of 
without  Hk'  substitution  LXXXV.)  is  to  he  employed  if  e'<-  1,  that  ia,  if  o  bo  on 
i.m'  prolan ir  l ;  and  tlie  fomuU  LXXXIL,  if  «  >1,  «'<MCW,  that  in,  if  o  be  si- 
tuated between  yi  and  u. 

•  (42.)  YoTany  law  of  central  force,  if  r,  p'  be  the  points  of  the  orbit  which  corre- 
spond to  the  points  x,  x'  of  the  hodograph^  and  if  (j  be  the  poiiit  of  meeting  of  the 
tangenU  to  the  orbit  at  r,  p',  as  In  tiM  Mnwatad  Figure  87,  while  the  tangents  to  the 
hodograph  at  x,  x'  meet  as  befon  io  v,  we  sball  baye  the  panUeUania, 


Fig.  HI, 


LXXX VII.  .  .  OP  II  tx,   or'  jj  t  u,   pq  |l  ox,   qp  \  or* ; 

writing  then, 

LXXXVJIl.  .  .  oi'  =  tt,  op'  —  a',  OT  =  Da  ■=  r,  ox'  =  Do'  =  r',  ou  =     OQ  =  w, 

moat  of  which  notations  have  occnrred  before,  we  have  the  equations, 

LXXXIX.  .  .  0  =  Va(r-t;)  =  Va'(v-r')  =  Vr  (w- a)  =  Vr'(a'-«)  j 
tboa        XC.  .  .  Va u  =  Var  =  ^3  -  Va V  =  Va'w,   a-a\\  v,    pr' ||  ott, 
and      XCI...  Vrw  =  Vra*-/3«VrV  =  Vr'«*',   r-r'||«,  x'xiJoQ. 

Gtomrtrlcalhj,  th^  rnnstant  paraUelogram  (16.)  OOCler  OP(  0T|  Of  under  OP',  Ol',  IS 
equal,  by  LXXXVII.,  to  each  of  the  four  following  parallelograms :  T.  under  or,  otj ; 
11.  under  op',  ou  ;  III.  under  OQ,  OX }  and  lY.  under oQ,  or';  whence  rp'||ou,  and 

x'x[lo<j,  as  Ix-fore. 

(43.)  Tlie  pnrallelitin  XC.  n)ay  bo  otherwise  ilcduced  for  the  law  of  the  inctru 
square^  with  recent  notations,  from  the  quaternion  formula), 

XOIL . .   r  =  ^  =  1    5n  which,    XCII . .  .  »  «  ■  r-, 

r+r      \-v       %  rtr 

and  wliich  najr  be  obtafaied  in  various  ways;  whence  it  may  also  be  intend,  that 
if  a  denote  tbe  ttmgik  IQb^"  a)  of  the  tkurd  pp^  of  Um  orMf,  then  (oomp.  Fig.  86), 

«  u     

XCIII.  . .  ;  =  =-7:  .  =  ui :  Ui,  =  &c.  =  Sin  » ; 

r+r  T(X-v) 

w  being  the  same  auxiliaiy  angle  aa  in  (34.),  &c. 
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^44.)  It  ia  easy  to  provo  that 

whtOM 

XCV...t'~^  =  ^  =  ;,  and  XCVL..l^>(r-A)v»K.P-Kr-X)»; 

r  —  A      i  r 

the  lines  LT,  m'  are  Uu>r<  fort'  in  /r,/r///j  jiroportional  to  th.;  pnlenttah,  P,  P* ;  and 
their  directions  ;in^  fi^iiilh/  inclined  to  that  of  ou,  but  at  opposite  tides  of  it,  s-)  that 
the  line  i,u  bitrctt  the  angle  ti.t'.  Accordingly  (seo  Fig.  8€),  the  thrae  ptrinU  t,  t' 
arc  on  the  eireU  (not  drawn  in  the  Figure)  whidi  htt  HIT  fiw  diniiMlar;  M  tlMi  As 
angles  olt',  tld  an  eqiinl  to  Mch  other,  «a  hdng  napectiv*^  eqoil  to  the 
m\  Tfv,  which  the  ehord  rf  oTthehodograph  nakea  with  the  taagenlsat  He  ck- 
tninitifla:  the  triaqglea  tlt,  t^lt'  ave  therafbie  rfmilar,  andi/riatou^aeTrte 
tV, thaiii^  by LXI.,  aaPtoF^eraii^tor. 
(46.)  Agin^  calcalation  with  qnaleniieiia  ^n$t 

•  —  r  »  —  r 

whence 

XCVIU. . .  T        =  T =  T  —  «UT : ut«aln» ; 

X  -  r      \  -r  \-v 

mch  then  is  the  common  ratio,  of  the  seomenfx  rv\  u't'  of  the  ^nt?  tt'  of  the  tri- 
angle ti.t',  to  the  adjacent  sides  lt,  Lt'.  whiili  are  to  each  other  as  r  to  r  (44.); 
and  becauM  tbia  ratio  is  alao  that  of  s  to  r  t  r',  by  (43.),  wc  have  the  proportiou, 
XCIX.  .  .  Of  :  or' :  W  =  r  :  r' :  #  =  i^x' :  LT  :  TT'j 

and  the  fonnnla  of  inTerae  similarity  (1  IS), 

C. . .  A  lt't  oc  '  opr'. 

Accordingly  (oomp.  the  two  last  Figures),  the  base  angles  opp',  op'p  of  the  amnd 
triangle  arc  respertiv.  ly  o<]ual,  by  the  pfirnllolisms  (42.),  to  the  angles  ttl,  t'cl, 
end  therefore,  by  the  t  irclr  (44.),  to  the  base  angles  it'l.,  t'tl,  of  the  first  trian-:1« 
but  the  two  rotations,  round  o  from  p  to  r',  and  round  l  from  t'  to  t,  are  oppo- 
sitely directed. 

(46.)  The  iorestigations  of  the  three  teat  anhaitklia  have 

ledge  of  the  fofrm  of  the  erUT  (as  elUpHc,  &c),  bat  only  the  law  of  i 

eording  to  the  inaaraa  Bjmartf  or  by  (6.)  the£o»  o/ik$  Cimdtr  J^dagrmpL  AaA 

the  same  general  prinoiplea  give  not  only  the  eatprneaiwi  LXX7L  ftr  the  eoaCaat 

MrS  but  alao  (by  LX.  LXI7.  LXZIY.  LZZIX.)  tUa  other  wrfwaalon, 

2M     ,       .        .  .       ,                    r  +  r' 
CI...  — -=(l-e  coaw)ff*i    whence    CII...-^c-|  r--— i 

whieh  laat  may  be  conatdered  as  a  quadratic  in  e ,  assigning  two  valnao  (real  ar 

imaginary)  for  that  scalar,  when  the  first  member  of  CII.  and  theapglewangiifeB; 

the  sine  of  thi"  l.itfcr  ani^'le  Vk-hi^  alrrady  expressed  by  XCIII. 

(47.)  Abitracting,  then,  from  any  tunbigmUjf*  of  aolnUon,  we  aee,  bj  the  definite 


*  That  there  to  be  aome  auch  ambiguity  ia  evident  finwa  the  conaidaraliwt. 
that  when  a  /bent     and  rwe  pofnt*  P,    of  an  ^Biptie  wrbit  arejiaian,  it  ia  atfi 
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integrals  in  (3l>.),  that  the  time  of  di^scribing  an  arc  it'  of  an  orbits  wUb  Um  Uw 
of  the  inverse  tquare^  in  A  function  (comp.  (36.))  of  the  three  ratiut, 

a'     r  4-          •  ' 
CIIL  . .  -r-^  ,   

which  is  a  form  of  LamberCa  Theorem,  but  presents  itself  here  as  deduced  from  Um 
ret-oiitly  5tatc<l  TTicorwn  o/  HodoffrapkM  J*0eknmi$m  (88.),  m<Ao««  <ib  CMp&fMl 

o/* any  propf-rt;/  of  conic  eecliona. 

(48.)  'J  lie  (litTerenlial  equation  I.  of  the  present  relative  motioa  may  be  tbu* 
written  (coinp.  418,  I.,  and  generally  the  preceding  Series  418)  : 

CIV. . .  S.  D'aca  +     a  0,   whence  CV. .  .  T^Pt 
M  in  418,  X,  if  we  now  write, 

CVL . .  r«-iDa«=-  Ar3,   and  CVII. , ,  ^«  —  , 

in  Ikct  (by  LIII.,  oompw  (20.)  (21.)), 

a 

(49.)  Itttegratiog  CIV.  by  parts,       and  writing  (ai  in  418,  XII.  XXII.), 
CIX...if«j^(r+P)di;   and  CX. . .      £2  Td/, 

so  that  F  may  again  be  called  the  Principal  Ameflra  and  V  the  CWacferiMle 
^Wncf^  of  Uie  motion,  we  have  the  Tariatione, 

CXr. . .  iFT»  Sria  -  Sr'^a'  -  -WJf ;      CXIL  . .  ^     Sr^a  -  Sr'^a'  +  t9Hi 

in  which  a,  a'  (imtoad  of  oo,  «)  denote  now  what  may  be  called  the  iuitUJ  and 
JbuJ  eecfofv  (or,  ot^  of  the  erflii ;  whenee  Mow  the  pariM  dt$iptUiM»t 

CXIII. . .  DaFoDaFar ;      CXIIF. . .  DarF-D^Fo-r*; 
CXIV. . .  (D|F) --J?;      and      CXV. . .  DjrFaf ; 

/'  bting  here  a  scalar  function  of  a,  a',  ^  nvhile  ^  ia  a  scalar  funclion  of  a,  a',  /f, 
if  Af  be  treated  as  given. 

(50.)  The  two  OMfort  a,  a'  can  enter  failo  these  two  aeo/or  JkMetion*^  only 
through  their  dependent  eeelnre  r,  r',  •  (oomp.  418,  (17.)) ;  bnt 

CXVI.  .  .  ^r«-r-'Saf*a,    ^r*  =  - r'  lSa'tfa',    ^«  =  -  «     (a  -  a)  (ou' -  ^a)  ; 

confining  ourselves  then,  for  the  moment,  to  the  function  and  observing  that  we 
have  by  CXI  I.  the  formula, 

CXVII. .  .  S  irSa  -  r'da')  =  D,  T.     4  D,-  V.  ir'  +  D.  V.  ft, 

in  wliidi  the  Tariations  da,  da  are  arbitral/,  we  find  the  expression^ 

CXVIII. . .  r--or-»DrF+(a'-.o)«-»D,F; 
CXVIir. . .  »'-  +  a*f^»Dr'F+(a'-.a)«->DbFj 


permitted  to  conceive  the  motion  to  be  perforuietl  along  either  of  tlie  ttco  elliptic  arc$, 
pp',  p^p,  which  together  make  up  the  whole  periphery.  But  into  details  of  Aio  iiind 
we  cannot  enter  here. 

5  A 
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whick  givt  tlMit  «CIm(% 

CXIX. . .  D^F«rV(«'-a)r:V«i*j 
CXIX*. . ,  I^'F«rT(4i-aOr*:V««'; 
■ad  CZX. . .  D. r  =  $fi:Y0a\ 

btme  Yar-YaV^/S. 
(61.)  Bat,  tor  XCII  .. 

CXXI. . .  rr  +  rV-Cr+Ow'l  »|a'-«, 
tlMdMidTt^ortlwhQdaemph,lttF|gm8e,87,btlagdhrUed  at  iT  Into  MeoKBts 
TU*,  uV,  which  art  inversely  as  the  cUstanoes  r,  r',  or  ■•  the  ttiM  or,  or'  ia  tkt 
orbit;  w« have thenlora tha partial diffareotutl eqnatkn, 

CXZIL..Db^F«lVF,  aadrfnikify,  CXXUL . . Db-Fs IVF; 

aothntMcft  ertlMtwoftuMU0D%  Faod  F,  dqpMda ea the  ACraM r,  r',«afyl7 
dspaadiag  «i  thab' naa,  r  +  r*. 

(68.)  Hcnaa,  If  Ibv  gnitar  gmut^tj  we  now  treat  M  as  variable,  the  I^udpti 
JfaMKonF,  and  thei«bn  hj  CZIY.  ilt  partial  dsrivativa  if  «-(]:>»F),  ■»  fii^ 
tioas  cf  UM/0W  8Ga]a«% 

CXXIY.  ..r4>^  «^  t,  aad  JK 

(53.)  Aadlnlika  namMT,  tka  CkanOtrUHt  FncHom  (ar  <dcfiM»-JFWactiw)  F* 
■ad  &»  putial daiifmliva  (by  CXY.)  tiia  fUM,  laD^F,  may  be  ceoridand  ■• 
ftuctieai  of  thia  viUr  ^ntae  ef  te  aoalan  (comp.  (47.)), 

CXZY...r+»^,  a,  ir,  aad  Jft 
no  knowledge  wbalembafaii  bate  amnad,  ofthetemer  piopertiea  of  tbe  arM^ 
bnt  oaly  of  tbe  lata  of  attneliea. 

(64.)  BttttUadepaadaaea  of  theliaM^  f,  ontbeibaracdan  GXXV.,  b  a  aev 
torn  vtLambtrft  Tktortm  (47.);  whicb  edebimted  thaoiem fa  tbaa  obtaiaoiiBA 
aew  way,  by  the  foregoing  quaternion  analysis. 

(65.)  Squaring  (he  equations  CXVIII.  CXVIII'.,  attending  to  the  nUtioo 
CXXIL,  aad  i*fi"g»«^  ajgnii  we  get  th«ae  new  partial  diflcrcQiial  equations, 

CXXVl. . .  2P+  2fl«(Drr)>  +  (D.r)«  +^^l^^DrF.D,rj 

CXXYI'. .  >  2y -f  2g«  (DrF)*   (P>n*+  '^^  "X  ^  ** 

becanae        CXXVII.  .  .  a*  =  -r»,    a'a  =  -r'«,   (a- = 

Hence,  by  maie^  algebraioel  oombiaatuniB  (bacaaaa  F*MrK  and  r^Mr^  'h 
flad:  ^  ^ 

cxxvra. . .  I  ((ivF)i+ (D.F)«)«ii + j:^^  +rM?r;« 

CXXIX. . ,  D,F.D.F-^^,  - 
. .  (D,F+D.F).-21I+  -J^^=if  (-1^,  -  i} 

cxxr. . .  (iVF-  D.F)«  -  2J5r+  ^-^^  =  '^trTTT-.  -  i) 
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(56.)  Bat,  by  CXIL  CXVU.  CXXIL,  we  have  the  TanatiMi, 

CXZZI...^F-I^J5r»|(D^^+D•F)^(r+✓+•>•l■|(l>f^'-D«F)  ^Cr+i'-*); 

and  the  function  T  vanishes  with  /,  and  therefore  with  *,  at  leaat  at  the  commenoe- 
ment  of  the  motion  ;  whence  it  is  easy  to  infer  the  cxpre.^-iions,* 

Ab  a  TerifleatiMibt  wInd  t  and  t  an  enuill,  and  thnefbm  HMriysr,  we  have 
thai  ttia  apprradniate  valaeei 

czunr. . .  F»  (ap+      -  (2  r)»  • = 2  t<  ; 

in  which  «  may  be  considered  to  be  a  »mall  arc  of  the  orbU^  and  (2  r)i  the  velocity 
with  which  that  arc  is  described. 

(67.)  Son*  not  fnekiiant  fiomlnKfelooi^  dadieed  from  fhaffaioiy  of  tha  faodo- 
grapb,  night  ba  aidgMd  Ibrtha  eaee  of  a  cAmmI  arfttf,  to  wpriMntthoearowrfyfeaiid 
wtmm  mumdkti  hat  whotfaor  the  ofbit  bo  eloeed  or  aoi;  thoore  Tmf  of  tho  M»- 
eirefe,  In  Fig.  86»  lapreienti  tho  are  of  imt  'mmaly  doeeribed:  fbritiob- 
teodf  at  tho  hodograpUo  cmhrt  u  an  <Mfl*  nrr',  wfioh  b  equal  to  tho  mtpthtt  aio- 
Hon  pop'  in  the  orbit 

(58.)  We  may  add  that,  whatever  the  $ptcialform  of  the  orbit  may  be^  thooqoa* 
tiooe  CXVIU.  GXVIU.  give,  bjr  CXXIL, 

CZXXVI. . .  -r«(Ua'+Ua)DrK{ 

from  whkfa  U  frUowtthat  Iho  oJlortf  Tf  of  tho  hodogniph  b  panUa  to  the  UMor 
of  tho  oeylc  POf^  in  the  etbit :  and  thorelbie^  hy  XCI.,  that  thiianglelibieeetedliy 
OQ  ia  Fig.  87,  eo  that  tlie  seymtnU  tb,  bp',  In  that  Fi^re,  of  the  eftofrf  rt^^fthe 
orbit,  are  loeered^  pnparHonal  to  the  o^gmente  nr',  v''f  of  tho  oAord  'nfofih*  ko* 

dograph. 

(59.)  "Wp  arrive  then  thus,  in  a  new  way,  and  a  nfjw  verification,  at  this 
IcDOwn  theorem :  that  if  two  tangeiUa  (qp,  qp')  to  a  conic  section  be  drawn  from 


*  Expressions  by  definite  integrals  equivalent  to  the;<»,  for  the  action  and  time 
ill  the  relative  rootiou  of  u  binary  system,  were  deduced  by  tlie  present  writer,  but  by 
an  entirely  different  analysis,  in  tho  Fini  JBuay,  Ao.,  alnadj  cited,  and  will  be 
«Mmd  in  tho  Pka,  IKpw.  for  1884,  Ftot  IL,  pageo  286,  286.  It  la  enppooed  that 
tho  ndkal  in  CXZXIIL  does  not  beoomo  inflnito  wlthhi  tho  extent  of  tho  intigm* 
tion  t  If  it  did  00  boeome^  trinetomiationt  wonld  be  raqnlfed,  on  whidi  wo  cannot 
entor  hen. 

t  An  analogous  vcriOcation  may  be  applied  to  the  definite  integral  LXXXI. ;  io 
which  however  it  is  to  be  observed  that  hoth  r+  r'  and  s  vary,  along  with  the  va- 
ri  U)U>  w  :  whereat,  in  the  recent  integrals  CXXXU.  CXXXIII.,  r  -f  is  treated  as 
conttant. 
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any  common  point  (q),  they  subtend  equal  angles  at  a  focus  (o),  whatever  tUe  spe- 
cial form  of  the  conic  may  be. 

(60.)  And  ftldioiigli,  la  rnnnl  of  the  prttxding  rab-trttdea,  peomttHttl  ttm* 
$trmHon»  hkrt  htta  wad  oofy  to  tiluMt  (and  ao  to  mmjbm,  if  eonflmatioii  wwa 
neadad)  rctvAa  d«iv«d  throngfa  cttbulsliM  wftA  qmoUnnomt:  yet  the  cndaendj 
iiyyartlx  wrtnw  of  the  pumnt  Gdcohia  enaUee  in  thia  aa  in  many  other  qoea- 
tiona,  to  ii$penie  wUk  its  own  proetaata,  wh*  n  once  they  bay«  indionted  «  definite 
train  of  geometrical  investigation,  to  serve  as  their  substitute. 

(61.)  Thus,  after  haviiifj  in  nny  manner  bc«^n  led  to  perceive  that,  forlhoinoti  a 
above  conBidercd,  the  hodagraph  is  a  circle*  {^.),  of  which  the  radius  HT  is  cqudl 
(7.)  to  the  attractinp  mass  M,  dividtnl  by  the  constant  paralUlogram  (1^>.)  under 
the  vectors  oi*,  u  i  of  position  and  velocity,  iu  the  recent  i^  igures  tiu  and  d7,  which 
paraUelogram  is  eqnil  to  Am  ndta^a  under  the  diatanoe  of  In  the  eitit,  and  the 
perpendiemiar  OS  let  fiill  Awn  the  centra  o  offeree  on  the  teogent  vr  to  die  hodo- 
graph,  wa  aae  gtonMcaMg  that  the  pUttHal  P,  or  the  meaa  divided  I9  the  die- 
taaoei  for  tlie  point  p  of  the  orbit  ooireqiondiQg  to  tlie  point  t  of  the  Itodogmph,  it 
eqoal  (na  in  (S7.))  to  the  rectangle  tinder  Br  and  oz,  and  therefore,  by  the  afauBar 
trian{;les  irrv,  uoi^  to  the  rectangle  under  ou  and  TT  (as  in  (29.))> 

(62.)  In  like  manner,  the  tliree  potentials  corresponding  to  the  second  point  r'  of 
the  first  hodopraph,  nnd  (o  the  j^oints  w  and  w'  of  the  second  hodograph,  in  Fiir.  jj(5, 
are  respwtivtly  e(jual  lu  the  rectangles  under  the  same  line  or,  and  the  ifin  c  other 
perpendiculars  t'v',  wx,  w'x',  on  what  wc  have  called  (29.)  tlie  hodographic  axijt, 
HL ;  ao  that,  for  these  t»o  pairs  of  points^  in  which  the  two  circular  hodographs,  with 
a  •eaumm  akord  mf*,  are  cut  by  a  eooimm  ortAefoiMl  with  v  tut  centre,  ttie  fotsr 
pataniiala  are  dbectly  proportional  to  ihafma^  kodagrapkie  ardmaiaa  (29.). 

(68.)  And  beeanaa  the  fione  (Jfr^)  ia  eqoal  to  the  aqtrnw  of  the  patmtM 
(Jfr-*X  divided  by  the  mmaa  (Jf ),  ^fimrfiataa  an  directly  aa  the  aynra  of  the 
fimr  ordinatta  corresponding  ;  each  force,  when  divided  by  the  aqua  re  of  the  CORO* 
aponding  iiodogniphic  ordinate^  giving  the  conatant  or  coiMMn  qmatitntf 

CXZXTlL..ou*:if. 

(64.)  It  liaa  been  already  aaen  (81.)  to  be  a  geometrical  conaeqnenoe  of  the  two 
pain  of  ahnikr  trianglae,  nrr^  mP'X,  and  smr,  mrV,  that  the  f«o  aeictf  «m  of  the 
JMkadograpky  near  t  and  t',  intercepted  betireen  two  neer  aeeanta  Ihnn  the  pole  » 
aiUhaJbead  chord  mm',  or  between  two  near  orthogonal  drohi^  with  o  and  u^fisr 
centres,  are  proportional  to  the  two  ordinate^,  tv,  t'v". 

(66.)  Aooordingly,  if  we  draw,  as  in  Fig.      the  near  roiiura  (repreacnted  faiy  a 


*  This  follows,  among  other  ways,  from  the  general  value  XXVI.  for  the  i  adiei 
of  curvature  of  the  hodoLTfipli.  with  am/  law  of  central  force  ;  which  value  was  geo- 
metrically deduced,  a-'  ^I;ltt  /i  in  the  Note  to  page  720,  compare  thf*  Noti»  to  pase 
719,  hy  the  present  writer,  in  a  Taper  read  before  the  Royal  Irish  Academy  in  i  s  it, 
nnd  |)ubU.died  in  their  Proceedings,  lu  frtct,  that  general  expression  fur  the  radius 
(»f  hodographic  curvature  may  be  obtained  with  great  ftoility,  by  dividing  the  ele- 
ment /ai  of  the  bodogrepb  (in  which /denotee  the  Ante),  by  the  cornapondii^ 
element  cr  *dl  of  angular  motion  in  the  orbit, 
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dotted  line  from  ii)  of  the  first  hodograpb,  and  also  the  tmall  perpendicular  UT, 
erected  at  the  centre  u  of  the  first  orthogonal  to  the  tantjcnt  tTT,  and  terminated  in 
Y  by  the  tangent  from  the  near  centre  v„  the  two  new  pairs  of  Miuilar  triuigUti  TUlVf 
UTY,  and  THV,  UU,Y,  give  the  proportion, 

CXXXVIII.  ..fr, :fv  =  uu, :  ut; 

which  not  merely  con6rms  what  has  just  been  stated  (64.),  for  the  case  of  the  Jtrti 
hodojiriph,  but  proves  that  the  four  small  nrcs^  of  the  two  circular  hodographs  in 
Fit?.  8G,  intercepted  between  the  two  near  orthQgonal«|  aredirectlj  proportional  to  the 
Jour  ordinates  already  mentioned. 

(G6.)  But  the  time  of  describing  any  small  hodographic  arc  is  the  quotient  (32.) 
of  that  arc  divided  by  the  force;  and  thereforOi  by  (63.),  (65.),  the  four  small  times 
«re  imutrmfjf  proporihmi  to  ttrnjimr  ofdSnofM.  And  ,tht  ktamoide  m*a»  i^h  be- 
tween tb*  two  ordinatM  it,  tV  idibt  Jlnt  hodognpb,  does  not  vaiy  wban  «»  pats 
to  tho  teeamd,  or  to  oay  §ihir  kodofpt^k,  with  tbe  Mm§Jbttd  cAorcT  mc',  and  Iho 
tamt  ortkofdmtA  drtXn  s  it  foUowa  tlwn,  gmmdwm^^  that  tlM«Mii  (88.)  of  the 
two  au^lHmn  i»  the  tame,  in  any  on»  hodograph  as  in  any  ofAfr,  under  tbe  condi- 
tions above  anppoied :  and  that  Uda  soni  ia  equal  to  the  expression, 

nvwiv       2^^.\^J*  2M.\ru'.vL 

wbidi  agieee  with  the  fbnnub  LXXIII. 

(67.)  On  the  nholsb  then,  it  ia  Ibond  that  tfie  I%Mrm  tif  Modogr^Uo  Uothro- 
*     nUm  (88.)  adndta  of  being  ffeomHrieaIfy*  fim&i,  although  fay  prooMass  tm^nUd 

(60.)  by  qaateraiona :  and  suiBdent  hints  hare  been  already  given^  in  connexion 
with  Fignre  87,  as  regards  the  geometrical  pcutag*  from  thai  theoram  to  the  well- 
known  Theortm  o/Lamberif  without  neoeasaiily  emploTing  an/  property  of  conic 

sections. 

420.  As  a  Jijih  speetmerit  we  shall  deduce  by  quaternions  an  equa* 
tion,  Nvhich  is  adapted  to  assist  in  the  determinatiuu  oi*  the  disianct 
of  a  comet,  or  new  plamt^  i  rom  the  cart/u 

(L)  Let  Jf  be  tbe  mass  of  the  son,  or  (sonewliat  more  exactly)  tbe  inni  of  tbe 
masses  of  ann  and  earth;  aad  let  a  and  »  be  tbe  bdiooentric  veetors  of  earth  and 
comet  Write  also^ 

I.  ..Taar,  Twswt  T(*p-a)«t,  U(*»-a)«p, 

ao  tliat  r  and  are  tlie  distancea  of  earth  and  comet  fton  tlie  ann,  while  « is  tlieir 
distance  from  each  other,  and  p  is  tbe  nnit-vector,  directed  from  earth  to  comet. 
Then  (comp.  419, 1.), 


*  It  appears  fhim  an  nnprioted  memoiaiidom,  to  Imve  iMcn  neatly  thus  that  tbe 
author  orally  deduced  tbe  theorem,  in  his  commnnkation  of  March,  1817,  to  tlie 

Royal  Irish  Academy ;  although,  as  usnally  happens  in  cases  of  invention,  his  own 
preirious  proccKtes  of  investigation  had  involved  principles  and  methods,  of  a  much 
lees  simple  character. 
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II.  ,  .  D'a  =  -  Afr-'rt,    D«<a  =  -  'w, 
and  III...  U2.ZP-.  D2(a*-a)  =  Ai(r3-«>  3)u 

with  IV.  .  .  u?>=  -(a  +        =  rJ  +  x'  -  2zSap. 

(2.)  The  vector  n,  with  its  ten-^or  r,  and  the  mas?  .^/.  .trp  pvcn  hv  the  theory  of 
the  earth  (or  i^nu)  ;  .and  p,  Dp,  D^p  are  dtduced  from  tliree  (or  more)  ncir  obser- 
vatioiu  of  the  comet}  operating  then  on  III.  with  S.pDp,  we  arrive  at  the  formaU, 

whidi  baeoniM  bgr  IV.,  wImb  daared  of  ftiotioiit  and  ladical^  and  divided  fqr  x,  aa 
algelmical  cqnatkm  of  the  imolh  digtao,  wlianof  ooerootto  tha  •oogbt  diManoe*  a, 
of  the  comet  (or  plaoet)  ftom  the  earth. 

421.  As  a  sixi/i  specimen^  we  shall  indicate  a  method,  suggested 
by  quaternions,  of  deTeloping  and  geometiioally  decomposing  the 
disturbing  force  of  the  sun  on  the  nuxMit  or  of  a  relatively  superior 
on  a  relatively  inferior  planet. 

(1.)  Let  a,  <T  bo  the  geocentric  vectors  of  moon  and  sun  ;  r,  t  their  geocentric 
di'^tauces  (r  -  Ta,  f  =  Trr)  ;  .^f  the  sum  of  th«  masses  of  earth  and  mocn  ;  and  S  the 
Mi.iss  <>f  tlio  sun ;  then  the  did'erential  e()uutiou  of  motion  of  the  moon  about  the 
earth  may  be  thus  written  (comp.  418,  419), 

I.  .  .  D«a  =  M.pa  +  -     {a  -  a)), 

if  D  be  still  the  mark  of  derivation  relatively  to  the  time,  and 

11.  .  .  ^o  =  ^(a)  =  a-»Ta-» ; 

SO  that       is  here  a  rector-function  of  a,  but  not  a  linear  one. 

(2.)  If  we  confine  ourselves  to  the /rrm  M  *  it.  in  tlio  second  memlv^r  of  K, 
fall  back  on  the  equation  4 1 9, 1.,  and  ao  are  conducted  anew  to  the  laws  of  umdittwthed 
relative  elliptic  motion. 

(3.)  If  wc  denote  the  remainder  of  that  second  member  by  17,  then  ^  may  be 
called  the  Kccfor  0/  Distwhiup  Force  ;  and  w«  propose  now  to  dcvelope  thia  vector, 
aooor^g  to  dnendbif  pemra  utT  (9 :  a),  or  aecordlng  to  Qtendinp  powen  of 
the  ^moHeni  r :  t,  of  the  dViCaacfa  of  moon  and  sun  fkom  the  aartli. 

(4.)  The  eatpreeeioii  for  that  vector  may  be  thua  traiufonned : 

ni. .    Vector  of  Dithirbimp  Force  e    «=  D>a  -  Mfa 

«5i-»ff  >  {  1-(1  -n<T  ')-'T(l-a(T  »)-»} 

«  5r»o-i     "(  ^  +  i       +  2TI  ^"'^  ')'  +  ••](  1  +  i*''^  +  (.o-'ay- 


•  Compare  thp  equation  in  the  Mrmnique  C  hste  (Tom.  I.,  p.  241,  new  edi- 
tion, I'aris,  1813).  La(d:uo'>«  rule  fur  determining,  by  inspection  of  a  globe,  which 
of  the  two  bodies  is  the  nearer  to  the  sun,  results  at  once  from  the  fonnola  V. 
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tiMtii,  lY. ..  9a 91-1- 91 -I- 9s 4 Ac, 

S 

If         V...iji  =  -S»  'ff-'  U<T->a  i  ja(r»)  =  ^(a  +  B«wO«»«»»l+»»»»« 

YL,.  tj2  =       (affa-»+  2ff  +  6w«-»<r*)  =  9tf  i-t-  99it+  m»t  5  4c 

the  general  term*  of  this  development  being  easily  a?si^ied. 

C5.)  We  bavB  IhoB  %^tt  group  of  fwo  compooeot  aud  disturbing  foroes,  which 

an  of  the  MOM  Older  m-t;  *Meo«lflf«i9of  lArMMehlbraei^  oftho  aameoidtt 

M       a  third  group  of /mt  foreMb  and  ao  on. 

(6.)  The>!r«f  coiii/>o«fiil  of  Ihe/rfl  proig»  baa  fbe  blloiriiig  tmaor  and  Tonor, 

VIL . .  T91.1-  ^  ^ 

U171, 1  =  Ua ; 

it  if!  therpforo  a  puroly  ahlati- 
tiouM  force  mn,  acting  along  the 
moon*!  gooetnlcio  Tcelor  bm  pro- 
longed, M  in  the  amMnwd  Ft- 

8«»  '  Fig.  88. 

(7.)  The  eecoatf  cMi|»0H«if 
im',  of  the  same  fixetgronis  has  an  axactly  iriph  imtmriip^  WS^^  SBS  i  Had  ila  A> 
Ttction  is  snch  that  the  amglt  ma^f  between  these  two  forces  of  the  first  group,  la 
buteitd  by  a  line  ua'  from  the  moon,  which  ia  panMti  to  the  nmV  gtottnirio  veelor 
ma, 

(8.)  If  then  wc  conceive  a  line  em'  from  the  earth,  having  the  same  direction  as 
the  last  force  MN',  this  new  line  will  njctt  the  heavens  in  what  may  be  called  for  the 
moment  a  fictitious  moon  such  that  the  arc  J)5i  of  a  tjrcal  circle,  connecting  it 
-with  the  true  moon  ])  in  the  heavens,  shall  bo  bisected  by  the  sun  0,  as  represented 
in  Fig.  88. 

(9.)  Praoeadiogto  the  mcom/  group  (6. ),  we  have  by  YI.  for  ih^firtt  compoUmi 
of  thSi  groups 

3S1p«  „  oU<r 


t 


a  line  from  the  earth,  parallel  to  this  new  force,  meets  therefore  the  heavens  In  what 
maj  be  called  %JirMtjiciiikm§  0 1,  such  that  the  arc  of  a  gnat  drde,  00 1,  con- 
necting It  with  the  true  aan,  la  bi$§eitd  ly  ikt  moom  ]>,  aa  hi  the  same  F|g.  88. 


•  Snch  a  gencnd  ttrm  waa  In  Ihet  aaiigned  and  interprelad  in  a  eonnnnnicBtUm 
of  Jmie  14, 1847,  to  tiie  Royal  Irish  Academy  (^J^routdmgB,  Yol.  III.,  p.  614) ; 

and  in  the  Lectures,  page  616.  The  development  may  also  be  obtamcd,  although 
less  easily,  by  Tajflor's  Series  adapted  to  quaternions.  Compare  pp.  427,  428,  4.30, 
43 1  of  the  present  work ;  and  see  page  882,  ftc,  for  the  interpretation  of  each  sym- 
bols as  aaa'  \  aoa  K 
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(iO.)  tlM«Mmrf€oiniM»nciitli)roe,<if  tbetMndMooodgraop^]^ 
MtljdM*  that  of  tlM/r«t  (Tviif  ^Tiya,!);  tnd  In  dirtHhm  ft  b  ptnlld  to  tho 
g<  ocentife  Toetor  bs,  so  that  a  line'drawn  In  ftt  dincdoB  llroni  tho  «nith  woold 
OMet  the  heavens  in  tlie  place  of  the  son  Q)» 

(11.)  The  third  componont  of  the  present  group  has  an  intensify  which  i*;  j^Tf^~ 
c\ie]y  firf-fold  that  of  the  Jir$t  c<)iTii)on(:rit  (T;j;,3  =  5Tt;2.  i)  ;  and  a  iini-  drawn  ia  its 
direction  from  the  earth  niectH  t!i<'  h«  MVi  ns  in  a  second fictitvitit  sun  Q  :,  such  that 
the  arc  0i  Q:»  connecting  tiicse  two  ficUtious  suns,  is  bisected  by  the  true  svn  Q. 

(12.)  There  w  no  diflScalty  in  extending  tbia  analyaia,  and  tbia  interpretation,  to 
nhitqmtiU  grottpM  of  component  dbtnrUog  feiceSy  whldi  fcttM  Utntm  m 
and  SmM»h  in  raltMi^,  in  ptaing  fitom  aiifODa  granp  to  tho  nut;  tbeb  hUtmA-^ 
fjea,  for  ondi  M^NnwIt  group,  beaitog  anaMrterf  y«l^ 
ffoM  bdng  connected  hj  simple  tmgidmt  refaKbiia. 

(IS.)  For  0¥tn»plii^  tha  third $nmp  oonaitU  (6.)  of/bMr  »maB fines,  91,  i  * .  «. 

of  wUch  tlia  lafenanfiff  are  represented  by  — — ,  multiplied  reapecUTely  by  Um  four 

1  Gs-' 

«  wholp  nuinbera,  5,  9,  15,  and  vi  'i  ;  and  wliich  have  direction^  n^spoctively  parallel  to 
lines  drawn  from  the  earth,  towaidsa  second  fictitious  moon  i)^,  the  true  moon,  the 
first  tlctitious  moon  ])i  (8.),  and  a  tiiird  fictitious  moon  D3;  these  thret  fictitioua 
moons^  like  the  two  fictitioua  tun»  lately  considered,  being  all  situated  in  the  mook*- 
tary  plmu  of  tho  lArw  bodu»  s,  u,  8 :  and  tbo  fftm  oakitial  «rc^  ]>2]),  DiD], 
being  eadi  oqnnt  to  donUo  tbo  are  IQ  of  nppnrent  cfoi^fntion  of  Mm  flroo  mooa 
In  tbo  beavena,  ac  Indlcatod  in  the  above  oiled  Ilg.  S8. 

(14.)  An  oznetly  rindlar  metbednuy  be  cmploTod  to  danlopa  or  deoonpoeo  tbo 
diatnrbing  force  of  one  |ilaii«f  on  another,  which  is  nearer  than  it  to  tbo  mn;  and  it 
is  important  to  obeenra  tbat  no  aopporftion  ia  liare  made^  r^fpectlng  any  Minlfnioi 
of  aecmUiieitUM  or  huiUuiiicmi, 

422.  As  a  seventh  specimen  of  the  physical  application  of  quater- 
nions, we  shall  investigate  briefly  the  construction  and  some  ol'tlie 
projuTties  of  Fresncfs  Wave  Surface^  as  deductions  from  his  princi- 
pkfl  or  hypotheses*  respecting  light. 

(1.)  Let  p  be  a  Fedor  if  B^V^ot^^  and  ji  tbo  oonoipopdfag  r«ctf«r 
Wave-SIowneu  (or  Index*  Feefor),  for  propagation  of  lifl^t  firom  an  origin  o,  witbin 
a  biazal  crystal ;  10  tbat 

I. . .  ;      n. . .  Sfi^p mO I  and tbarefon  III.  •  •  BpiftmOt 


*  The  present  writer  desires  to  bo  understood  as  not  expreasing  any  opinion  of 
hia  own,  respecting  theia  or  any  rival  hypothcaeB.  In  tbo  next  Series  (423),  aa  an 
ti^Uh  igMciaira  of  appBoatien,  bo  prapooeo  to  dedaoe^  fimn  a  fidtt  d^^firmU  9tt  4/ 
pAyMealj>rmeq»Iat  ruptdiitg  Ughi,  ezpnawd  liowovor  still  in  tbo  laagnago  of  tiie 
preaent  Calcaloa,  Mac  CoUagb'a  Theorem  of  tlM  IMar  USaaa  ;  Intoo^Ung  tben,  aa  a 
nuith  and  final  ipecimen^  to  give  briefly  a  quaternion  transfom-itio;)  of  a  cdebratod 
equation  in  partial  differential  coenicients,  of  the  first  order  and  second  dcgreei  wbieh 
occara  in  the  theoiy  of  Aeal,  and  in  that  of  the  tittraetum  0/  aphtroidi. 
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If  ?p  and  9fi  be  any  infinitcdiiiial  varintions  of  the  vectors  p  and  ^,  consiBtent  with 
the  scalar  equations  (supposed  to  be  as  yet  unknown),  of  the  Wavt-Svrfaee  and  its 
JReeiproeal  (with  respect  to  the  anit-sphere  round  o),  namely  the  Svrface  of  ii'avt- 
Ship»«§»t  or  (w  it  bat  bam  oUwrwiia  called)  the  ludt»*'Snfuea  :  tha  vdodty  af 
light  in  a  ▼aemiu  being  baia  lapfaamtad  by  unity. 

(2.)  Tha  varfathm  9p  bdng  naxt  eonealvad  to  i^caent  a  mall  dU^atautii, 
tangential  to  tha  wava,  of  a  pwtiela  of  atliar  in  tha  cijnrtaV  it  waa  anppoaed  bjr  FNa> 
nel  that  sueh  a  displacement  dp  gave  rise  to  an  tiastic  forces  say  di,  not  generally  in 
a  direction  exactly  oppoaite  to  that  displacement,  but  still  a  function  thereof,  wbidl 
function  is  of  the  kind  called  by  us  (in  the  Sections  III.  ii.  C,  and  III.  iii.  7)  linear^ 
vector^  and  self- conjugate  ;  and  which  there  will  be  a  convenience  (on  account  of  its 
connexion  with  certain  optical  constants,  a,  h,  c)  in  denoting  here  by  i^'^ip  ^instead 
of  ^^p)  :  so  that  we  shall  have  the  two  converse  formula;, 

TV.  .  .  ^p  =  0^?;       V.  .  .  ?e  =  ^-'?p. 

(3.)  The  ether  being  treated  as  inconij)ressib!t\  in  tbc  theory  lirre  considered,  so 
that  the  normal  component  /i  i^/ic't  of  the  elastic  force  may  be  neglected,  or  rather 
sopprvAted,  tl.ere  remains  only  the  tangential  component^ 

YL . .  n-^Yfidt  ^li-  fi^fUi, 

aa  ftgalating  tha  aioliMi,  tangotial  to  tlia  mm,  of  a  diatobad  and  •<if«f6yjNir- 

ihie. 

(4.)  If  then  it  be  admitted  that,  for  the  propagation  of  a  rer/tliiMcarn'frrafiM, 

tangential  to  a  wave  of  which  the  velocity  is  T/*^,  the  tangential  force  (3.)  must  be 
exactly  opposite  in  direction  to  the  displacement  and  equal  in  qnanlity  to  that 
displaceniciu  niuliiplied  by  the  tquart  (T^**)  of  the  wavt-vtlodty,  we  have,  by  V. 
and  YL,  the  equation, 

VII. . .  f-ijp-  |i->8fiJc  e^-*^^  or  YIU. . .  if) «  (^-»-|»-«)->#»-»S^« ; 

OQOiWnlng  whieb  with  II.,  wa  obtain  at  onoa  thia  jj^raiMeal  #brai  of  tha  aealar 
aqnalion  of  tlia  Jmdm  Surftm, 

Of  b*7  M  aa^  tianBfemation, 

X.. .  I  ■sS/i^K^' -/*'■)"'/*"'; 

or  finally,  ZI. . .  leS/xOi^-^y^/t; 


*  Tliia  briaf  and  aspiaoriTO  nana  waa  proposed  by  tha  late  Prat  Mac  Cnllagh 
(Trana.  B.  I.  A.,  Vol.  XVIII.,  Part  L,  paga  sa),  for  that  rf  eijprocaf  of  tba  waTO-aor- 
Ikea  wUch  tha  pnaent  writer  had  prerioMfy  Mlled  tba  SiM^ot  ^  Compmunta 
Wm9t'Slomne$9f  and  had  employed  for  Tarions  porpoaea:  Ibr  instance,  to  pav  fnm 
the  conical  cuspt  to  the  circular  ridge$  of  the  If  are,  and  SO  to  catablish  a  geometri- 
cal  connexion  between  the  theories  of  the  two  conical  refractions,  internal  and  exterm 
naif  to  which  his  own  nietliod.s  had  conducted  him  (Trans.  K.  I.  A.,  Vol,  XVII  , 
Part  I.,  pages  125-144).    lie  afterwunis  found  that  the  ?4unc  Surface  h.id  lieeu 
otherwise  employed  by  M.  Cauchy  (^Exercises  de  Matht  mattques,  1830  p.  36),  who 
did  not  seem  however  to  have  perceived  its  reciprocal  relation  to  the  WaTO. 

5  B 
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while  the  SneHmt  of  tte  vibration  fp,  for  anj  giren  tangent  plane  to  the  ware,  n 
determined  peneralfy  hj  the  forronla  YXII. 

(5.)  That  ftnmila  Ibr  thedb^laoeiiicot,  eonbiiMd  trttb  th$  vcpnmkm  Y.  Ibr  Ifca 
daitie  fofce  resulting,  givm 

XIL  • .  ip^^frSft^ty   and   XIU. .  .  ^rs— vS/i^<, 
if  XIV. . .  (^-;i»)i»  =  /i,  or  XV. . .  w=  (^-/i-)-»f», 

«  being  thos  an  tiudliary  vector;  and  booanae  the equatkm  XI.  af  theindcsnitet 

glTOt,     

XVI. . .  8|i«B- 1,  while  XVII. . .  Vv^feO,         hf  XHL, 

*  it  (bUowa  that  tha  vaetor  »,  if  dmwii  lika  f  and  |»  from  o,  l«fMtM«Nt  om  CAe  fafwi 

phtne  to  th4  wove,  nnd  is  par  all  1 1  to  the  dtnetiom  itftk*  dmUcfirct, 
(6.)  The  eqnatiooa  XIV.  XYI.  giro, 

XVIII.  .  .  /i«wt_  Sr^w  =  1,    whence    XIX.  .  .  v^Bptift^Sfifv^'-  Si^m 
bacaus«  ^S/cvceO,  by  XVI.,  and  ^Sv^u  =  2S(^v.cv),  bj  the  self- con j ugata  pfO* 

perty  of  </. ;  comparing  then  XIX.  witli  III.,  we  see  that  -f  p  (as  being  -i-  everr  ^fi) 
baa  the  direction  of /i  +       and  therefore,  by  I.  ond  XVI.,  that  we  may  write, 

XX.  .  .p-l  =  -/i  -  XXI. .  .  p-«  =  |»«-»-«;       XXII.  ,.Spw«0; 

which  last  equation  show8,  b}'  (5.),  thnt  the  ray  {$  perptmtSemlar  (cu  Fresid'a  pritt- 
C^dea)  to  the  ehiitic  force  ^f,  produce<i  by  the  displacement  dp, 
(7.)  The  equations  XX.  and  XXI.  show  by  XIV.  that 

XXIII.  .  .  (p-«-0)t/=p-i,    whence    XXIV.  .  .  v=  (p-«-^)-'p  '; 

we  have  therefore,  by  XXII.,  the  fc^owing  SjfmhoHcal  Fvrm  (eomp.  (i.))  aflAf 
mSj^aaium    <A«  Wane  Suifetee, 

XXV. . .  0  »  8p-»  if  -  ; 
or,  bj  traoalbnnatiooa  waalcigoiia  to  X.  and  XI., 

XXVI.  ..imSfifif  -p^)-»p** ;    xxvn. . .  1  e  sp  0^  -  r  0*'p  ? 

and  wo  mo  that  wa  can  ntwrm  tnm  aach  efwHom  9ftkt  wow,  to  tho'eorresponding 
egtMlton  o/<il«  lailnr  cancer,  by  nereljr  changing  p  to  /i,  and  ^  to  f^:  bat  thii 
raaidt  will  soon  be  seen  to  lie  indodad  in  one  mora  ganferal,  wlildi  may  ba  ealkd  tba 
JSalv  9fike  Jmterehanp'x. 

(8.)  Tha  oqoatioo  XXV.  may  alao  bo  thoa  written, 

XXVIIL . .  8p  (f  -  fi^y^p  «>  0  ( 
bat  under  this  laat  form  It  coincides  with  tha  equation  418,  XU. ;  henoa,  by  411; 
(19.)^  tha  Wiam  SmJoM  may  ba  dtrmtd  from  tha  maUmr^  or  GemtnOimfXB^mUf 

XXtX  ..8p^-t, 

by  the  followtaig  C«n§tnuthmt  which  waa  in  ftiet  assigned  by  Fiaand*  himself  but 
as  the  result  of  ht  more  eomplez  eakvlatlons OtU  ike  dHpttUd  (M)  a« 
trary  plane  through  its  centre,  and  at  that  centre  ereei  perpendietitantcikti  fltt^ 
tchich  shall  have  the  lenpthe  of  the  teniiares  of  the  teetim  g  the  loem»  ij^fAe  «j|A«jat» 
tiee  o/ike  perpendiemlar*  to  erected  will  be  the  WMght  wave  tmrfite^. 


*  See  8b  John  F.  W.  BandMra  TmSkb  on  Light,  in  the  Enc^dopmUm 
Ircipotilma,  page  645,  Aft.  1017. 
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(9.)  And  we  see,  by  IX..  that  the  Index  Smrfact  iMy  b«  deHtftd,  bf  U  exaelly 
similar  constraction,  from  tlMt  lUdpuKul  EU^ftmd,  of  wUcb  Um  oqattioo  U|  on 
the  same  pUm, 

XXX. . .  Sp^''ps  1. 

(10.)  If  the  scalar  equations,  XXVIL  and  XI.,  of  the  wave  and  index  auiikcei  be 
denoted  by  the  abridged  forms, 

XXXT.  ..fp  =  l,    and    XXXII. ..  F;4  =  1, 
then  the  relation!  I.  II*  ILL  enable  na  to  infer  the  orpitarioni  (oomp.  the  notation  ta 
418,  (2.)), 

1a  which  (oompw  412,  (86.),  aad  the  Noto  to  that  sob-article), 

XXXV.  . .  iDpfp  =  0)2-^  i)-'p-pSpO>»-r*)^p«-ii-e,»p. 
and      XXXYI. . .  4D,,Ffi«(^t-^)-i^- |i8^(|i«-.f)r*^a-  v- 

i;  being  the  same  auxiliary  vector  XY.  as  before,  and  u>  being  a  new  auxiliary  rec- 
tor, neb  that  (by  XXHT.  XXYII.  and  IX.  XV.X 

XXXVII...  a>«(^-i-p3)  ip  =  ^v;       XXXVUI. . .  8/»w»- 1; 

XXXIX. . .  S|4w  =  0  i 

whence  also  w  ||  ^p  by  XII.,  lo  that  (conp.  (5^))  if  •»  ba  dmwn  (Uke  p,  and  v) 
ftom  the  point  o,  ihi$  new  vector  terminatei  on  the  tangent  plane  to  the  imdete  mtr- 

Jkee^  and  is  paraUd  to  thf  disphictment  on  the  wave S  aliO  dflit^Ul  9, 

(11.)  Hence,  by  XXXIIX.  XXXV.  XXXV  lil., 

XL...u«?i^e2S^— C'^'+P)'.  XLI...-H-«Bp  +  4u  I; 

aod  aiiiiflarly,  by  XXXIV.  XXXYI.  and  XVI., 

^Tr,;^'"  -p-««i»+ir»,  aatexx.? 

■o  that,  with  tho  h*  l]i  of  the  expressions  XV.  and  XXX  VI  I.  for  v  and  w,  the  rny-vee~ 
tor  fi  and  thf  tndu-rector  are  expres£Cd  as  functions  of  each  other:  which  func- 
tions arc  genrratl-/  'i- finite,  although  we  ahall  toon  see  c<mc«,  iu  which  one  or  other 
U.cou)cs  partially  tndetcrminate, 

(12.)  It  it  ea«y  now  to  enunciate  the  nrlr  ^fik*  UUenhangeMf  alluded  to  in  (7.), 
aalbUowa:—/*  mjffummUt  hncMmg  tkt  aedora  p,  /i,  v,  and  the/Wwellffaal 
lyaiftol  f ,  or  aome  of  tham,  it  ia  pennUted  tc  exdumfft  p  wUh  ft,  v  wfkh  i»,  end  f 
wUk  f^i  fiTif^ded  Uiat  wa  at  tha  aama  tima  interchange  dp  with  it  (bnt  aaf* gna- 
nliy  with  9ft)f  whan  aitlMr  ^  or  It  ooeorf. 


*  It  is  true  that,  in  passing  from  II.  to  III.  (instead  of  pa5sing  to  XLIII.),  we 
may  bo  aaid  to  liaTO  exchanged  not  only  p  with  ft,  but  aho  with  ^fi.  Uut  tttti- 
aUpf  in  the  present  investl<;ation,  cp  rt-preftcnts  a  small  ditplucttner.t  (2.),  which 
ia  conceived  to  have  a  definite  direction,  tangential  to  the  wave ;  whereai  ifi 
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Fmt  eztnple,  w«  pM  tboi  from  XXto  ZLL,  and  eoomfy  from  th«  fete 
to  tiM  fomtr;  ftvni  IL  wvpiMbjtlMaAmenife^  toUMlbmnla, 

XUII.  ..SpatBO,  which agMligrZ7ILwilhZXII.s 

•nd,  at  other  TorifleotloDa^  tho  ibilowiag  equatlont  ntj  bo  nolieed, 

XUV.  .  .      =  ;iV^;«  ;       XLV.  .  .  ^l  =  pVp^p  ;        XLVI.  .  .  ^ifl^f  =  SptV 

(13.)  The  relAtioo*  between  the  vectors  may  be  illustnited  by  the  annexed  Jft- 
gm  B9 ;  in  wliidif 

XL VII. .  .  OP  =  p,    OQ  = 

OU  «  V,    OW  = 

and  XLYIII...op'<=-p  >, 
oq'— ii"*,  OW*"  -ir',  ow'b.mM  ; 

in  fact  it  b  evUieot  on  inspection, 
fluit 

XUX. .  •  op.of'boq.osT 
eOV  .  ou' B  ow .  ow' ; 

and  the  eommon  ralno  of  thoM  ftor  •eaior  pradneii  ti  Imm  token  as  negative  unitj. 

(14.)  Ac  oxamplct  of  each  lUnetnitioo,  tho  eqnatioo  XX.  beeomoe  P'obqu'; 
XLI.  beeomet  r  w'p;  XXIII.  may  bo  written  at  m  +  «  or  aa 
fV :0(|B v^o: OP;  Ao.   And  becauae tho  llnea  f^'u  and  qpV  are  eectione oftho 

tangent  planes,  to  the  vrave  at  the  extremitj  r  of  the  ray,  and  to  the  index  aailhco 
at  the  extremity  q  of  the  'uv\vk  vector,  made  by  Ihe  plane  of  those  two  vectors  p  and 
|t,  while  cp  and  it  (as  being  parallel  lo  w  and  i')  l.avf  the  directions  of  r^'and<jt*'; 
we  see  that  the  diaplacemenl  (or  vibration)  !ia««  f/rnmilh/,  in  Fresnel's  ibeorj*,  the 
direction  of  the  projection  of  the  ray  un  the  tanyent  plane  to  the  ware;  and  that  the 
tloMtic  fore*  resulting  hAs  tlic  direction  of  the  projection  of  tkt  imdex  vector  on  tkt 
tangent  pUmt  to  tk»  index  tnrfaee :  neolte  which  night  however  liava  been  oCber> 
wiae  dednced,  from  the  formula  alone. 

(16b)  It  may  be  added,  aa  rcgarda  tho  redproeol  dednetion  of  tho  two  Teetom  |a 
and  p  from  each  other,  that  (Ijy  XLL  XXXTIII.,  and  XX«  XYI.)  wo  havo  tho 

L.  !=«-*V«p,    and   LI. .  .  —  p-'  =  i>"^Vu/»; 

whidi  answer  in  Fig.  89  to  the  relations  thatogT  ie  tho  part  (or  compoMnt)  of  01% 
perpendicular  to  ow  ;  and  that  or'  is,  in  like  manner,  the  pari  of  OQ-t.  on. 
(16.)  We  have  aUo  the  ezpresaicoa, 

UL..-/i-»«er»Ve»o,   and  UIL  ..-<>-»  =  o-»V»«^ 
which  may  bo  rimilarly  iatorpreted ;  and  wliich  condoot  to  the  lofetioni^ 

LIT. . .  -  f  Yvw)*  as  »>p-t  s  ^e^-e  »  Svtt, 

Henoe^  lAe  Laau  of^atk  ^tke  two  Auxiliary  roimta  v  and  w,  in  Fig.  89,  l»« 
^of  ofth»  F\omtk  Deyte;  the  acalar  equatkuis  of  theee  two  lod  befaig, 

LV. . .  (Vw^w)'  4  Svfv  =  0,   and   LVI. . .  (Vw^  'n*)'  +  Sa»^-»«  =  0 ; 


oontinnei^  aa  in  (1.)  to  represont  mmy  injimtnimai  tangtui  to  the  trnfat  aor/acc, 
while  9t  still  denotes  tlw  tttaiic-fartt  (t.),  resnlting  from  tho  dlsplaeemeBt  (p* 
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from  whfeh  tt  would  be  easy  to  drduco  eonstntetions  for  tllONnHhCM^  with tlielielp 
of  the  two  reeiproeiU  tUipmdd$^  XXIX.  and  XXX. 

(17.)  The  equations  XII.  XXII.,  oombinad  with  Uie  adf-conjogate  pcoperty  of 

^,^fO 

LVIl. . .  0  eS(^-V .         or   LVIII.  . .  0  =  ^Sp^->p ; 

hence  (botween  iuitable  limits  of  the  constant),  every  ellipsoid  of  the  form, 

TJX, . .  Sp^''p  =  A*  =  const., 
which  is  thus  eoneentric  and  coaxal  with  the  reciprocal  ellipsoid  XXX.,  being  alM 
similar  to  it,  and  timilarhj  plticeri,  contains  upon  its  surface  what  may  be  called  a 
Line  of  Vibration*  on  the  H'ave  ;  the  intersection  of  this  new  ellipsoid  LIX.  with 
the  wave  surface  being  generally  such,  that  the  tangent  at  each  point  of  that  line  (or 
curve)  has  the  direction  of  Frcsnel's  vibration. 

(18.)  The  fundamental  connexion  (2.)  of  theyiui«<to»  ^  with  the  opUeaX  eon- 
stoHts^  a,  6,  c,  of  the  crystali  is  exprcMcd  by  the  symMieol  €iMe  (comp.  350,  I., 
aad417,XXY.)i 

LX . . .    + f f + 6-*)     +  e^)  »  0 ; 

from  whkh  it  la  eaqr  to  loftr,  by  methoda  alreadj  nphdoad,  thatlf  «ba«|rac«far, 
andifwa  writa^ 

LXI.  .  .  £  =  (e  -  a  »)  («  -  6  «)  («  -  c  '), 
wahava  then  thisybnaicla  o/imvsT$iom, 

(19.)  Changing  tbeo  a  to  -p**,  the  aqoatioii  XXVIIL  of  iha  wsva  baoomei^ 
LXIII.  ..0«p-«+<n4ft-t  +  cr*  +  Sp'^  -  «••*■  V«S|i^*V» « 
|ha  Ifcne  la  thnaliofa  (aa  la  othcrwiaa  known)  a  <Siir^ec  vftht  FomrtkDtgrf:  and 
(aa  la  likawlao  wdl  known),  the  Imie»  Surfitte  la  of  the  aoaie  degree,  Ita  eqnatioa 
(Ibnnd  bj  dianging  p,    a^  5^  e  tn  |f,  f->,  tr\  h''\  «->)  bemg,  on  the  aana  plan, 

LXIY.  • .  0  sii-s-f  ^ f  6*+ a*  +  8|rtf*(/i -<MM£f^f/i. 
(SO.)  Thaaa  aqaatkoa  may  be  Tarioosly  tianaflwaied,  with  the  help  of  tba  eal^ 
'  LX.  in  f,  which  givaa  tha  aoakgona  cnUo  fat 

LXV. . .  (r » +     (f-*  +     (r  *  +       0 ; 

1^  hMCaBoa,  another  fbrm  of  the  eqaatkn  of  tha  wnva  li^ 

LXVL  . .  0  « Sp^  V  +  (p«  +  ««  +  »•  +  c»)  Sp0  'p  -  a-62c> ; 

in  which  it  may  be  remarked  that  Sp0-^p  =  (^~'p)*  <  0,  whereas  Sp^~ip  >  0. 

(21.)  Snbititnthigthen,  for  Sp^  >p  in  LXTL,  ita  Taloa  A*  ftom  (17.),  we  And 
that  thb  ««eomf  mHM*  dltp$oUlt  with  A  for  an  arbitiaty  oenataat  or  panmeCer, 

LXVII. .  .  O=%(0  >p)«  +  A< (p»+«^+W  +  c«)-a«*M, 

contains  upon  ita  surface  the  samt  line  of  tibratiom  as  the  flnt  variable  ellipeoid 
LIX.,  which  InvolTaa  tha  aame  arUtraiy  oonatant  A;  and  therefore  that  tha  Ihu  to 


•  Soch  Kact  a/aiMfon  were  diaenascd  by  tha  pvaaent  writer,  but  by  ncMa  of 
a  qidta  diAaent  analyaia,  to  his  Memoir  of  1832  (T/iird  Supplement  on  S^emt  of 
Ray»\  which  was  pabliafaad  to  the  following  year,  in  the  Tranaactlona  of  the  Boyal 
Iriah  Academy.   See  teforence  in  the  Note  to  page  737. 
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qnestioa  ia  a  qwrtic  cun*^  or  Curve  the  Fourth  Dtgrtc^  M  being  the  iot^^ectiuu 
of  tlMM  ItM  variftbte but  ooniMcted  eiUptoidtt  aad  that  Um  imm  itnlf ii  thftlbtM 
of  all  MidiqiiMtieciimi. 

(Si.)  TlM  GfMnrtuy  jB%MM(Spf^ei  6,  «  for  Its  wninct 

> 0);  and  for  mqf  wtahr  ^,  in  tbs  ^oih  of  ^  w«  bava  tha  ifaMM  yiadhaftV 
(conpw  S58| 

LXyni...(^+ft-«)(f  +  e^)eO.   ar  LXIX  . . -4->e^ief  r«; 

making  tbea  Ibis  last  subt»UiuUou  fur  ^  +  &  '  r  c  ^  in  LXIII.,  we  find,  fur  the  xc- 
tiom  of  the  irtva  bj  this  principal  plane  of  tJie  ellipaoid  XXIX.,  an  equation  which 
bmka  ap  fata  the  fow  /k§l§nt 

LXX. .  .p-«4a-'  =  0,   and    LXXI.  .  .  1  -  *-«e-aSp^-»p  =  0 ; 

whereof  the /fr#f  represents  (the  plane  being  understood)  a  rtrr/tf,  with  raditi$-a^ 
whicli  we  may  call  briefly  the  circle,  (a);  while  the  «ccoii</ represents  (with  the  same 
understanding)  an  elliput,  which  may  by  analogy  be  called  here  the  e//(pac  (a)  :  its 
two  Mmluat  having  tha  lenffth$  of  e  and  A,  bnt  in  Uia  dlntUtmi  of  8  and  «,  for 
wiiich ditoetions f 0  and  ^4  c-*8 0,  rMpecOrel/,  m  tliat  Ost ellipn (a)  b 
merely  the  dHpth  melwi{le)  of  tiM  etHpM  (afteX  ^ww^  UIiwk^  «  oiiyTa 
ia  it*  own  |)lao«^  as  bj  tha  aeaKriMlHm  (8.)  it  evidently  o«^  to  bew  And  an  ex- 
actly rimllar  analysis  thowt,  what  indeed  is  otherwise  known,  that  the  plane  of  «a 
cats  tho  wave  ia  the  system  of  a  circle  (fr),  and  an  ellipse  (b)  ;  and  that  the  phM 
of  ab  cuts  til-'  Pamo  wave  surface,  in  a  circle  (c),  and  an  ellipte  (r). 

(28.)  1  he  circle  (n)  is  entirtiy  t./7fn<.r  to  tlie  ellipse  (a);  and  the  circle  (c) 
wholly  interior  to  the  ellipse  (c)  ;  but  tbe  circle  {b)  cuts  the  ellipse  (6),  in  jomr 
real  pointt,  which  are  therefore  (in  a  sense  to  be  soon  more  fully  examined)  cmtpf 
(or  aoifal  points)  on  the  wava  tar&ce,  or  briefly  Wooe'Cutpt :  and  the  weetott  p,» 
•ay  ±  pu  and  ±  pii  wUeb  are  drawn  Ihm  tha  oentre  o  to  Umo  fimr  ca^M,  may  ha 
aallad  Liaef  tff^mgU  JKoir-  VOotHif^  ot  hMj  <hu^Ba§a. 

(84.)  It  Is  dear,  from  tha  osnslmotion  (8.),  tbat  tfasss  fines  or  injs  must  bsra 
tbedii«etionsortbaiycl(enarMdiieftha«lllpsold(a6a)t  whkb  sivpsuov^ns 
bars  tba  qwlic/brsu, 

LXXIL..fp«^p4VXpX',  mid  LXXni. . . %»fp*^<f 8X|iX>sl, 

forthelbnetionf^andtliaganemtingdlipaoid(8.);  X' bsins  wHItsB,  to  avoid  «sa- 
foslott,  instead  of  the  n  of  867,  fte.,  to  repctsont  tba  sseood  cydia  nocmaL 

(25.)  Changing  tbeQ|itoX',  v  to  and  $t»f^p-*i  in  the  expreirioa  881, 
XXVII.  focjVor  8pf-^¥  I  Ofoating  the  rcsalt  to  zero,  and  resolving  the  equation  so 
obtained,  as  n  qjoadmliabif ;  wa  find  this  ntw/orm  of  the  Sftiaiiom  XXVUL  a/lAa 

LXXIV.  .  .  (7f>»  =  1  +  SXpSX'p  +  TVXpTVX'p  ; 
the  upper  sigu  belonging  to  one  theet,  and  the  lower  sign  to  tho  other  sheet,  of  that 
wave  suriaoe.    The  new  equation  may  »ho  be  thus  written,  as  an  cxpreasioo  for  tb« 
<Mer«a  sjaare  of  tba  r^veloeity  Tp,  or  of  tba  ra^&^-weetor,  say  r,  of  tba  wnva^ 

because,  by  405,  (2.),  (6.),  kc. 

LXXVI.  ..a«B-^r-TXA'.    »St-^4SXX',  c^=-^+TXX*; 
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I  hare  the  verification,  for  a  eutjh-n^  (23.),  that 

LXXVII.  ..^-«  =  6  ^    or   r«Tp-^   it  pNX  or  X'. 
(26.)  If  we  write  (oomp.  XXXI.), 

LXXVUI. . .  f(p     p-s (1   Spfp) + <r*Ar«r4p^->p* 

tiM  eqtMtkw  LXin.  of  tkft  irav»  takes  tlM  ftira, 

UOOX. ».  1^         ^*  4  r>  >»  oouat* ; 

and  we  have  the  partial  derivatiTe  (comp.  XXXV. )> 

LXXX.  .  .  4  Dpfp  =     ( I  +  Sp^p)  -  p-»^p  +  a-*b-*e-^f  >p 
=  p  *  ( 1  -  Vp^p)  +  a-*6-«c-«^-  >p  J 

which  givett  by  XXXIII.  the  expression, 

LXXXI...^-'^     p-*  +  o:«ft«ctSpr'p  • 

and  therefore  a  generoUg  dtfitdU  vabu  (oomp.  (11.))      ^  huUx  eeeftfr  /k,  whea 

Ibe  ray  p  is  given. 

(27.)  If  the  ray  be  in  the  plane  of  ac,  then  (a>mp.  LXIX.), 

LXXXII.  .  .  ^p  +  (<r«  +  c-2)  p  +  fl  V2^  V  =  0. 
whence    LXXXIII.  .  .  Y(i^  =  -a'*c-^\pf-^p=or*ci{^%p^^p  -  p^  V)* 

and  tlierefore  by  LXXXL, 

an  expreiaieD  whkh  givai,  dtfbtitdg, 

LXXXV. . .  p  =  - ^ if  LXXXYL .  .p-«  +  *-««0, 
bol  HOI  LXXXYIL  . .  Spf-ip-a«e^ 

that  is  (oomp.  (22.))>  if  the  raj  terminate'on  the  ctre/e  (hy,  at  aay  point  wUcb  Is 
mot  ako  cm  th»  eUgaae  (6);  and  with  oqaal  d^ffajleaesi^ 

L!CXXynL..|i«*4r«r*^-«p,  If  LXXXYIL  but  w>f  LXXXVL  hold  good, 

that  is»  if  tlii  nj  tennliialB  on  the  ilH|pss  (J6),  at  aj  point  wfaidi  Is  mot  aba  on  the 

€irele. 

(28.)  The  normal  then  to  the  tMM,  in  each  of  the  two  cases  last  mentioned,  co- 
incides with  the  normal  to  the  Mection,  mado  by  the  plane  of  ac;  and  if  we  abstract 
for  a  moment  from  the  cutp$  (23.),  we  set-  thit  the  wave  is  touchctl,  afonq  the  circle 
(ft),  by  the  concentric  #/>Aere  LXXXVI.  with  radius  =  J,  whirh  we  may  aill  the 
rphere  (I*)  ',  and  along  the  ellipse  (6)  by  the  cunceatric  ellipsoid  LXXXVII.  which 
may  on  tbe  aama  plan  be  called  flu  tttipwid  (6). 

(29.)  An  exactly  aimflar  anslysb  dkows  that  tha  wava  b  toocbed  along  the  dr* 
das  (a)  and  (e),  by  two  otlisrooneentfie  sphersi^  witb  ladli  a  and  e,  wUdi  may  bo 
briefly  called  th«  tpktrm  (a)  aarf  (e) ;  and  along  tha  fOipses  (a)  snd  (e)  by  two  other 
coneentric  and  nmllar  ellipsoida,  wbidi  may  by  analogy  be  called  the  ellipsoids  (a) 
and  (c).  And  by  comparing  the  eqoation  LXXXVI  I.  of  tlio  ellipsoid  (b)  with  tha 
form  LIX.,  we  see  that  the  three  elliptic  sections  (a)  (6)  (c)  of  the  wave,  made  by 
the  three  principal  planes  of  the  generntinj^  ellipsoid  (nbc)^  nrc  lines  of  vibration 
(17.);  the  constant  A*  receiTtog  the  three  values,  b^c^,  e>a>,  c^h\  for  these  three 
ellipses  reepectively. 
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(30.)  Bv^^^Ummtp^ht^  tm9  mfuOmBlJCXXWtwoAIJJLZYTL 
tl»  eaipwion  LXXXIV.  for  fi  takii  the  ind§lwmimmtt  form  ^ ;  in  fact,  then  h  ia  • 

thi:>  case  no  reason  for  preferring  either  to  tlie  other  of  the  ttco  vaiuee,  vithim  ih< 
plane  of  ac, 

LXXXIX.  .  . /I  =  - /Oo XC...fi  —  fij,    if    XCl.  .  .  fio- —  a^c'-^'^pj-, 

Ui  which  p.j     the  cusp-ray  (23.),  aad  th^Jint  taIm  of  |(  (wn^oiida  to  the  cinie, 

but  the  tecond  to  the  ellipse  {!>). 

(31.)  The  i«<frt<fr»Mina^ion  of at  a  K  tirf-cr/*/),  is  however  evert  ^reatrr  ihATi 
this.  For,  if  we  observe  that  the  equations  LXXIX.  and  LXXX.  give,  for  this  case, 
hf  LXXZIIL  LXXZVI.  LXZZVn., 

XCIL  . .  Ipo-  tf"*  4- +  e      and   XCIII. . .  Dptp  =  0,  for  p=po, 

wtthaUiNtluiiif  pbeehugodtopo-l-p'inthe  ezprsMloo  LXXVm.  fiori;pi,tBd 
onlf  tanu  whieb  art  of  tbt  mconJ  dimetuion  in  p'  retained,  the  rwult  eqaated  to  nro 

will  represent  a  cone  of  tanpentx  p'.  or  a  Tanpent  Cone  to  the  ffare  at  the  Cicrp  : 
which  cone  is  of  the  $eeond  degree^  and  everi/  normal  fi  to  which,  if  limited  by  the  con- 
dition I.,  is  here  to  be  oooaideied  as  <me  value  of  the  vector  p,  correspoadLog  to  tlio 
%'alue  po  of  p. 

(32.)  And  It  ia  evident,  by  the  law  (12.)  of  transition  from  the  wave  to  the 
das  aorihea,  that  if  i.  vo,  +  vi  ba  the  Zfoti  of  Singh  Narmml  SImmtn,  or  the  Imt 
valuMof/t  which  aiaoiialiyaw*  to  Ilia >biareiiqM«qia^^  ±pi  (28.)|thca,attba 
end  of  each  aneh  nav  Una,  tharannafc  Iw  a  ComUol  Cntp  on  tJu  Index  Smfmce^m^ 
logooa  to  the  Onkal  Oup  (81.)  m  tkt  Warn,  vhidh  ia  in  Uka  mamar  one  af>bap 
tuch  cusps. 

(.33.)  In  forming  and  applying  the  equation  above  indicated  (31.),  ofthafiB- 
gent  cone  to  the  wave  at  a  cui^  the  following  traiufomiatiiHU  are  niafiil : 

XCI7. . .  -0* + py* = - p-«(i  +  p-'pO  '  (1  +  pV)-' 

tha  tanaa  not  ivrittan  Mag  of  fha  third  aadhi^iardfaiMiuioiia  in  p\  and  p,  p'  being 

ea^f  two  vectors  such  that  Tp'<Tp  (comp.  42 1,  (4.)) ;  alao^  wlUloat  na^arting  «»f 
f«rau^  tha  aalf-ooi^i^^ato  •pte^mtj  of  f  giT«a  (comp.  86SX 

XOV. . .  8(p+pO  #(p  +  p')-Spfp+^Sp'#p+^p>l'^ 

with  an  analogooa  tnuufbnnation  for  tha  eomsponding  expreasion  in  f-^ ;  wfallatha 
cubic  LX.  in  f,  or  LXY.  In  fr\  givaa  for  an  trUtrary  p, 

XCVI.  .  .  0(^  +  a-»)  (^  +  c-»)p  =  -6  >(^&  +  a  «)  (^  +  c-!)p, 
XCVII.  .  .  ^-«(0-f  o--)  (^  +  c-a)p  =  -6'^(^  f  o-»)      +  c-»)p; 

and  therefore,  among  other  transformations  of  the  same  kind, 

XCTOI. . .  (♦+«^)»  (f +a->)«p«(«H  -6^  (c-«         (#  +  «"•)  if+h  *)p. 


•  This  word  "  .nn.ilopons"  is  here  more  prnjier  than  "corresponding";  in  fact, 
the  evsps  on  each  of  the  two  surfaces  will  soon  be  seen  to  eorretpond  to  cirtiet  oo 
the  other^  in  virtue  of  the  law  of  rteiprocUg. 


Digitized  by  Google 


C HAF.  UI.]  ,CIBCUIiAR  EIOOSS  DM  WATI  AMD  IH DEX  8URF*  745 


(84.)  In  tfab  mgr  tb«  cgmfjdi  ofikg  tangaai  com  is  tMily  Ibiiiid  to  talw  tha 
forai| 

CI.  .  .  0  =  6«Sp'(^  +  «-')  (^-t  e-')p'-4Sp'poSp'|iO 
and  to  give,  by  opentiiig  with  Dp*  (comp.  (10.)  (26.)  (81.)), 

tbo  KftUr  oocfficieot  x  being  detennined,  for  each  <HreeUon  of  tha  taafgwt  to  tha 
wcfo'at  ^  cwp^  by  the  condiUcm  I.,  which  here  beconca  (Bl.)| 

dlL . .  8|ipo»  i^ftopa«- 1  i 

alaok  bgr  CII.,  fto.,  ire  baiva  aftar  aoma  aUgbk  rediwtkii% 

err. . .  »Snpn^2(jMp'itQ'¥ 8p>a)  i 
CV. . .  «S^Ma~S(Sp'/ie-|i^8fiV)e){ 
CVI.  .  .  j-m'=4(J«/Io*+  l)Sp>oSp>o  +  4(poSp>o  +  A*oSp'p«3* 

t>iit  thb  laat  a«pt— ion  la  aqoal,  by  CIT.  CV.,  to  -d^^po^^S  cqnatlon  of 
tha  MM  ofperprndiculars^  let  fall  from  tha  WMM-ttmin  o  «n  tha  ^rngtmipltnuB  of 
tktttup,  UOm  than  thk  vaiy  aimpla  torn, 

ao  that  fUi  cmc  of  the  aeeond  defrea  haa  tha  two  Teetora  pe  aaA  |ia«toBQalbril^ 
and  qfvlic  momalt  (comp.  406)  (7.)) ;  and  It  la  cirf,  by  the  pkmt  GIIL,  In  a  cirdtf 
of  iriilch  tha  4ieaMl<r 

CVni. . .  TOio  +  po  O - » >(6-« -ri>  («rt 

and  therefore  tubtendsj  at  the  centre  o,  and  in  the  plana  of  ac,  the  angle^ 

ax. -  tan-»  r*)l  («-«- 

(9o.)  And  by  conibining  the  equations  CIIL  CVII.|  wo  see  that  thia  circle  (34.) 
ia  &  amail  circle  of  the  tphere, 

ex.  .  .     =  Sfi/i{H    or   CX'. .  .  S/ji"'/io  =  1 

which  passes  through  the  wavc-ccntrc,  and  baa  the  vector  fio  for  a  diameter,  paaring 
also  through  the  extremity  of  the  vector  -  p,r'. 

(.36.)  Thia  circle  is,  by  III.,  a  curve  of  contact  of  the  plane  Clll.  with  tha  ttir- 
face  of  which  /i  ia  the  vector,  because  every  vector  fi  of  the  curve  corretpondtf  by 
(31.),totheoiic  vector  poo^t^kamnwi  itbthmfDMonaafflMr  Gfroaiar  JMc^eM 
Ifta  Indm  Surface,  tha  tfaiaa  otfaan  having  t^ual  diamtltrt,  and  oonaaponding  to 
tha  thiaa nmaining  «a^p-f«q^  -fa,  pit  ~pi  and tlMva aia^  in lika  manner, 
Fmar  CMUtr  BUgt*  a«i  lite  IToaw,  akng  which  it  la  lendatf  ly  Ifta  jWjiIbk«% 

CXL..8pves-l,  S^o^-Mi  Spna-l,  Qpna-fli 

±vo,±v\  being  the  four  linea  intfodoead  hi  (82.) ;  alio  tfao  aDanaon  hBgA  of  tha 
dfaaufcfv,  of  thaaa  tMir  twtim  on  Mataetee,  is  (oam|».  Ovlll.), 

CXII. . .  T(<ro  +  vo  O  =  (Tffo"  -      =     (a'  -  6')»  (4«  -  c')*. 
wbon  CXni. . .  ^t"-*'«*>«'oi  CXIV. . .  T^o-ft-i,  and  CXV. . .  8tv^—  1 ; 

6c 


Digitized  by  Google 


746 


BLMMBNT8  OP  aVATBRMIOMS*  [bOOK  111. 


finnllj,  -  Vo"'  and  (Tq  are  the  two  valuo^i*  of  p,  in  tlio  plane  of  or,  for  the  first  of  the 
four  new  circles:  and  the  nntfle  between  these  two  voctor!»,  or  the  angle  wliicb  the 
diameter  of  tho  circle,  in  Uie  same  plane,  gubt«md»  ai  the  watfe-centrc^  ia  (comp. 
CIX.), 

(37.)  In  the  recent  calculations  ('^''^  (34.),  the  circle  of  contact  (36.)  on  (he 
index  surface  was  deduced  from  the  tanyent  cone  at  a  wave-cusp,  as  a  section  of  a 
certain  cone  of  normal*  CVII.  to  that  tangent  cone  CI.,  made  by  the  plane  CIII  ; 
but  the  fuUowinp  is  a  siinpkr,  and  perhaps  more  clepnnt  nuiliod,  of  dcdnriri::  and 
reprcseuling  the  same  circlehy  meBin&  of  its  vector  equation  (^comp.  392,  IX.  Otc.^,  and 
mtkemt  aasuming  any  previoM  knowledge  of  the  character,  or  even  the  cxutounc,  of 
Uiat  «0mImI  wv9t'cu$p. 

(88.)  Ia  gaoanJ,  by  dfanhnHng  tlw  tiudliMy  Victor  v  betwwn  XX.  wd  XXIIt» 
we  anivt  at  the  foUowiag^qittlioii, 

CXVII.  .  .     -       0«  4  p-i  V  =  p-1 ; 

which  holds  good  for  every  pair  of  corretponiling  vectort  n  and  fj.  of  the  •n  ave  and 
index  surface.  Am]  in  gtneral,  this  relation  i»  tuffirient,  tu  dt  tu ii;it;c  the  iiidei- 
Tcctor  py  when,  the  ray-vector  p  in  given  :  because  (p  +  *>)  '0  is  generally  =  0. 

(39.)  Bot  when  e  b  •  root  of  tbo  oqmtioii  E=  0,  with  the  ugnification  LXL  of 
J5,  thtn,  bjrtbo  Ibraiiilt of  iaraioii  LXII.,  tho  tjrmbol  (p  -i  e)  '0  takoithe  tndeterad- 

nate  form  ^  ;  and  fbereforo^  fbr  every  point  of  each  of  the  three  eireles  (n)  {h)  (c)  of 

tho  wave,  the  formula  CXVII.  /ai7«  to  determine  p  .  although  it  is  only  at  a  cajp 
(23.),  that  the  value  of/*  becomes  in  fact  indeterminate  (comp.  (27.)  (2«.)  (29.) 
(30.)  (31.)). 

(40.)  At  nwh  •  cusp  (p  =  pt)*  the  equatioa  CXTIL  takco  flw  qmlMBcd  farm, 

CXVUI. .  .  (/i  +  po-i)-»  -    +  6-»)->p«-' = (/lo  +  /»*->)->  +    +        0  i 

|io  foUIning  ita  nont  aignlfioatkii  XCI.,  and  Hm  lymbol  (^  +ft'^)-iO  denotfav  «v 
oMfor  of  Uie/orm  yjS,  If /3  bo  tlM  wom  MOitr  aMniMrit  of  lha  pmarolny  oB^Ntf 
XXIX.,  M  that 

GXIX...S/3#i9-l,  (f-f6^)/9.0,  TiSsft. 

(41.)  Writing  then  for  abridgment  (comp.  XX.), 

CXX...i»to— (Mo  +  Pe-V. 

tbo  FMfor  JBpMltoi  of  the  M»  SU(ft  (86.)  it  obtained  nadtf  the  tdBckatlf 
rimptofonn, 

CXXI, . .  Vi9(^+(i»o->>>  +  V/5i>b=05 
and  thia  equation  doea  in  &ct  represent  a  Cirele  (comp.  296,  (7.)),  which  ia  ea^ 


•  It  is  nt.t  ditBcult  to  show  that  these  are  the  vectors  of  two  points,  in  which  the 
circle  and  ellipse  (6),  wherein  tho  wave  is  cut  by  tho  plane  of  ac,  are  touched  bj  a 
eosMioii  fnii|piiif* 
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proved  to  be  the  mm*  «a  the  eiretilar  section  mm  CYIf .  by  the  pl«m* 

CIIL  $  ita  dknmtttr  CVIII.  beiog  tboa  fonnd  anew  mider  the  fonn, 

cxxn. . .  T»o-i-*Tirxx'a»(&-«-«-«)i 

with  the  significations  (24.)  (25.)  of  X,  X' ;  iu  fact  wo  have  now  the  expreaaioiia, 

CXXIII. . .  fh=  dUX,  tie«pe-'(VXXO-», 
with  the  TtriikatioD,  that 

(12.)  And  by  a  prtciscly  similar  analybis,  we  bave  first  the  neip  general  rrlu- 
titM  (couip.  CXVII.),  fur  any  two  corresponding  veeiorM,  p  and  fi, 

cxxv. . .  cr»-^ 

and  then  in  particular  <oonip.  CXYIII.)}  for   <s  y,, 

CXXVI. . .  0»  +  vo-0'»  =  (^  » +       Vo->  =  (<ro  +  (0  >  4  6«)-»0 ; 

80  that  finally,  if  we  write  for  abridgment  (conip.  XLI.  CXX.), 

CXXVII.  ..uo=-i<ro+  I'o  O"** 
the  Veetar  BjmoHM  of  a  Wmm-Bid^t  ia  fonnd  (oomfk.  CXXI.)  to  b^ 

CXXVIII. . .  V/5(p  +         +  V/J«o  «  0, 

being  still  (as  in  CXIX.)  the  mean  vector  temiaxis  of  the  generating  ellipsoid 
iSptpp  =  1) :  and  tha  diiaai«f«r  CXIL,  of  thia  tirde  ^wOaet  k  the  awe*  with  the 
fli»t  plane  CXI.,  ia  thoa  found  «m«w  (comp.  CXXII.),  atflAoatf  oair  r^ktmf  totmtp$ 
<37.),  as  the  Taloe  of  Two'^ 

(48.)  Several  of  the  fongolng  nsnlts  mty  be  illttitmted,  bj  a  new  ue  of  the 
last  diagnm  (18.).  Thoa  if  w«  rappoae^  In  that  Ffg.  80,  that  w«  have  the  valnea^ 

CXXIX. . .  OP B  pe,   OQ   ^0,  on  «  Vo,   whence  CXXX. . .  op^  ■»—     ,  &c., 

thcu  tl)€  index-ridge  (3G.),  corresponding  to  the  trnve-cvsp  p  (23.),  will  be  the  cir- 
cle w  hich  has  p'q  for  Uiaineler,  iu  a  plane  perpendicular  to  the  plane  of  the  Figure, 
wUeh  ia  Mra  tfia  plane  of  oe;  tha  cone  vfrnamaia  fi  (34.),  to  the /aa^cnl  mm  to  tha 
sevvaatF,  liaathatpaMMMnliwoforilaoer<c0»andrMlfonthalaiC-inentloiieddnlr, 
having  alao  for  a  anbeontnuy  teethn  that  tectmd  Hnh  which  haa  rq'for  diameter, 
mad  haa  ita  plana  in  Uira  manner  at  right  angleato  theplanaof  poq;  alao  If  r  and  a 
be  any  two  points  on  the  aecond  and  first  circles,  such  thatORS  is  a  right  line,  namelj 
A  tide  fi  of  the  cone  here  considered,  then  the  chord  pb  of  the  second  circle  ia /Mr> 
pmdicular  to  this  last  line,  and  has  the  dirertion  of  the  vibration  Sp,  w  hich  answers 
here  to  the  two  vectors  p  ("=  p^)  and  fi :  because  (comp.  (14.))  Ihia  chord  is  perpea- 
dicuiar  to  /i,  but  coinplanar  ^vith  p  aud  fi. 

(41.)  Again,  to  illostratc  the  tlitory  of  the  wave-ridge  (36.),  which  correspomh  to 
a  cusp  (32.)  on  ttio  index-surface^  we  may  suppose  that  this  cu^p  b  at  the  point  Q 
in  Fig.  80,  writing  now  (instead  of  CXXIX.  CXXX.), 

CXXXI. . .  OQ  =  v«t   OP  s       ovv  =  wg,   oq'»=-  vq-i,  &c.  ; 

for  then  the  rUgt  (jateirtle  ofeemiaet)  on  the  woot  will  coincide  with  the  second  circle 
(4.*?.),  and  the  cone  of  rays  p  ttom  O,  which  rests  npon  this  circle,  will  have  the  frtt 
circlo  (43.)  for  a  aab-contraiy  section :  also  the  ri^nHomt  at  ao>*  point  r  of  the  wave- 
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ri'lge,  will  have  the  dixecUoa  of  tlie  ehard  bq',  fos  reuona  of  the  same  kind  w  be* 

fore. 

(15.)  Let  K  aud  K  denote  tlie  hitectiny  points  of  the  Uses  fq'  and  qir\  in  tlx 
aUM  fig.  89 ;  tlien  if  St  tlw  cffsAw  ^tiU  imdtm  ridgt,  in  the  ceee  (43.)t 
tiM  OMe  (44.),  X  ie  tilt  enlM  tff  l«#  MNM^^ 

(46.)  Iiitliejirrt  eflbMetwo  cmm^  Ibt  point  k  it  mT  the  eciifrv  efoiy 
0D  eAJber  ir»?«  or  iadex-tiirlbct  s  but  it  ie  the  centn  of  a  ctrttin  iwicewlrff  and 
Hmdar  itetion  (43.),  of  the  cone  with  o  for  vertex  which  rests  upon  an  indeK-il^^ ; 
■ad  eaeft  of  itt  chords  pr  has  tbedtrrrtioM  (43.)  of  a  Wftraft'on  ^p^j  at  the  HiPf  r«y 
T  corresponding :  so  that  tliis  cuxp-rihration  rerolreSy  in  tbc  jihnte  of  the  drc/e  bnt 
mentioned,  with  exactlj-  half  th*  antntlar  velocity  of  the  rrvvlnng  radius  HR. 

(47.)  And  erery  one  of  those  eusp-vihrations  cp,,,  Avhirh  (as  >ve  have  sctn)  arc 
all  situated  m  one  plane,  namely  in  the  taiunnt  plane  at  the  curjj  v  to  U<e  eliipgoid 
(b)  of  (28.),  IxAH  (aa  by  (14.)  it  ought  to  have)  the  direction  of  the  projection  of  th« 
eusp-ntjf  pot  on  mmu  tangent  plam»  to  the  faii^mf  MM  to  the  wa»e^  at  that  point  r : 
to  tbedelanniimtlonQrirblciilBel  «one,  hy  tome  new  meUiods,  we  porpott  ihottlf 
to  ntmi* 

(48.)  In  Ibo  MCMtf  of  the  two  etiat  (46.),  noBcfy  the  Mtt  (44.),  tq'  it  n 
dSioaitler  of*  iwiot-riil^,  with  k  for  Uie  etmtre  of  thai  ciide,  and  with  a  plan*  (per- 

pcndlcular  to  that  of  the  Figure)  which  touches  the  wave  at  rrrrfr  jPO&if  of  the  atae 
circular  ridge ;  and  the  vibration,  at  any  such  point  R,  has  been  seen  to  hare  the 
direction  of  the  chord  rq',  v  hioh  i^^  in  Uid  the  j»r^'cef um  (14.)  of  the  niy|r  on  apon 
the  tangent  plane  nt  R  to  the  Avavc. 

(19.)  And  wc  see  that^  iu  passing  from  one  point  to  another  of  ihii  icari  -ri<ige^ 
the  vibration  Rq'  rerolres  (comp.  (46.))  round  the  jired  point  g'  of  thai  circle, 
namely  round  ih^/aot  of  the  perpendicular  Jr<m  o  on  the  ridpe-plamef  with  (again) 
hm^tkc  am«lar  vAeUif  of  the  rtpoldng  radim  kb. 

(60.)  ^ete  lam  of  the  fwo  aef*  ^irikmHamtf  at  a  aap  and  ataHUCpe  npoo  the 
taaoe,  aii  Intimately  eomieetad  with  the  hat  cottleal^elBriBBfieM^whiA  aoetmpany 
the  two  otfnlool  r^imtkm»t*  tatthtai  and  iaHwial,  ina  IHnitaf  fiyiftilf  boenaa»,en 
the  one  hand,  the  theoretical  deduction  of  those  two  refraeHmn  la  aaaodat^d  vrith, 
and  was  in  fact  accomplished  by,  the  consideration  of  thoeeewpfandn^pct.*  whiles, 
on  the  othec  hand,  in  the  theoiy  af  Jxaanal,  the  aiirafiaa  iaalwiqra  jMiyMadMar 


*  The  wxiler^  antidpatlon,  flnom  theory,  of  the  two  Genioal  Baftnctioae^  waa 

annonncrd  nt  n  ^Miii  matting  of  the  Royal  Irish  Academy,  on  the  tSnd  of  Octe- 
ber,  1832,  in  the  course  of  a  final  reading  of  that  Third  Supplemmt  on  Systems  of 
Jlaiji,  \vhich  lias  been  cited  5r  a  fomvr  Note  (p.  737).  The  vcrj-  elegant  cxp^n- 
mciits,  by  which  hii^  fricnil,  the  liev.  liumpiircv  T.lnvil,  succeeded  hl:rrt1y  sftcrvrarda 
in  exhibiting  the  exi'ie  tnl  rosidts,  are  detaikd  in  a  I'apcr  On  the  rhmomtna  pre- 
sented by  Light,  in  its  passage  along  the  Axes  of  Biaxal  Cryxtals,  which  was  read 
before  the  same  Academy  on  the  28th  of  January,  1833,  and  is  published  in  the 
uma  Fint  Fait  of  Yolnaa  XVIL  of  thtir  Tknnmctiona.  Dr.  lAofd  haa  alto  gtven 
an  aooonntof  the  tame  phenomena,  inn  ttpamte  work  linee  pnUiilitd,  nnder  ihe 
title  of  an  flnaeafaty  TVeotlif  on  tkt  Ifoae  TAcoff  of  Light  (London^  Longman 
and  Go.,  1867»  Chapter  XI.). 
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to  the  plane  of  polarization.  But  into  the  details  of  such  investigations,  wc  cannot 
enter  here. 

(61.)  It  is  not  difllcnlt  to  show,  by  decomposing  p'  into  two  other  vectors,  p\ 
and  ^o',  perpendicular  and  parallel  to  the  plane  of  ar,  that  we  have  lliQ  general  trans- 
formation, for  any  vector  p', 

CXXXII.  .  .  64Sp'    +  a  2)  (0  +  c-«)p'=  (S/ioPop';' ; 

the  equation  CI.  of  the  tangent  cone  at  a  wave-cutp  may  therefore  be  thus  more 
briefly  written, 

CXXXIII.  .  .  (Spopopy  =  iSpopSfiop'; 

and  under  this  form,  the  cone  in  question  is  easily  proved  to  be  the  loeujt  of  the  nor- 
mals from  the  cvtp,  to  that  oiher  cone  CVII.,  which  ha.s  p  for  a  side,  and  the  tcace- 
eeutre  o  for  its:  vertex  :  while  Uie  same  cone  CVII.  is  now  seen,  more  easily  than  in 
(34.),  to  be  reciprocally  the  locus  of  the  perpendiculars  from  o  on  the  tangent  planes 
to  the  wave  at  the  cusp,  in  virtue  of  the  new  equation  CXXXIII.,  of  the  tangent 
cone  at  that  point 

(52.)  Another  form  of  the  equation  of  the  cusp-cone  may  be  obtained  as  fol- 
lows. The  equation  LXXIV.  of  the  wate  may  be  thus  modified  (comp.  LXXVI.), 
by  the  introduction  of  the  two  uon- opposite  cusp-rays,  po  =  ^UX  (CXXIIL),  and 
pi  =  6UX': 

CXXXIV.  .  .  2a2fc2c2  +  (a2  +  c')  6>p«  +  (a»  -  c')  Spop .  Spip 

=  T(fl«-c»)TVpop.TVp,p; 
where  it  will  be  found  that  the  first  member  vanishes,  as  well  as  the  second,  at  the 
cusp  for  which  p  =  po. 

(53.)  Changing  then  p  to  p^  +  p',  and  retaining  only  terms  of firat  dimension  in 
p*  (comp.  (31.)),  we  find  an  equation  of  unifocal  form  (comp.  369,  &c.), 

CXXXV.  .  .  SiSop'  =  +  TVaop',    or    CXXXV. .  .  (Vaop')»  +  (S/3up')*  =  0 ; 
with  the  two  constant  vectors, 

cxxxvi. . .  ao=(fc-'-o**)*  (c  '-6"')Vo;   cxxxvr. . .  A)=Mo-^>o*'; 

and  this  equation  CXXXV.  or  CXXXV.  represents  the  tangent  cone,  with  p'  for 
side,  S/3op'  being  positive  for  one  sheet,  but  negative  for  the  other. 

(64.)  As  regards  the  calculations  which  conduct  to  the  recent  expressions  for 
oo,  /3o,  it  may  be  sufficient  here  to  observe  that  those  expressions  are  found  to  give 
the  equations, 

CXXXVII.  .  .  2a»62c«aj^=  (fli-  c«)  poTVpoPi ; 
CXXXVir.  .  .  2fl»fc2e«/3o  =2(a^  +  c«)  62po  +  (a*  -  c«)  (poSpoPi  -  6«p0  ; 

and  that,  in  deducing  these,  we  employ  the  values, 

&'S\X'    ^„  62TVXX- 
CXXXVIII.  . .  Spopi=  -^^^  ^^P^'"~T)or'' 

together  with  the  formula  XCIX.,  and  the  following, 

CXXXIX.  .  .  0  (po-  pi)  =  -     CPo  -  pO  ;    0  (Po  +  pO  =  -  c"'  (Po  +  pO- 
(55.)  It  is  not  diflScult  to  show  that  the  equation  CXXXV.  or  CXXXV'.,  of  the 
tangent  cone  at  a  cusp,  can  be  transformed  into  the  equation  CXXXIII. ;  but  it 
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WKf  Iw  mors  intomting  to  mlgn  hw  i»UfpnM6mjm  mtajf^tHm^ 

of  ClM  Mi(^bcaf>bra  Uwt  found  (58.^ 

(56.)  RetalniDg  then,  for  a  momoBt,  the  vae  made  in  (48.)  of  Fig.  89,  as  tarr- 
ing to  illuBtrate  tbc  case  of  a  wave-cusp  at  p,  with  the  signification  (45.)  ortltenew 
point  k'  a*  biserling  tho  line  i-'q,  or  as  being  the  centre  of  the  index-ridge  ;  and 
conceiving  .i  pnraUd  conCf  with  o  instead  of  v  f  r  rrrtrx,  and  with  a  varinblt;  side 
OT  ~  fi' ;  then  the  cusp-ray  or  {—  p„  ||  a„)  is  a  jocal  line  of  tlie  new  cone,  and  the 
line  OK  (=  I  (jiq  -  po  ')  =  i/^o)  directive  normal,  or  the  normal  to  the  dirtdor 

plane  eorroipoiiding ;  and  the  focmnla  CXXXV.  it  found  to  oondnot  to  tho  ftllov- 

CXL. . .  ooixToTsflln  poK'daPOT, 

which  nuqr  ho  colled  o  Chomtirk^  Bqiuiim  i^fikt  Ooqi-Gme:  or  (nwio  fan- 
nodiotely)  of  that  Parmttel  Com,  whkli  hae  (at  ahove)  Its  Tortcx  remoTod  Co  the 

wave-centre  o. 

(67.)  Verifications  of  CXL.  may  be  obtained,  by  supposing  the  f*i.lc  or  to  bo 
CM  of  the  two  right  lines,  pi',  pj',  in  which  the  cone  b  by  Che  |i4a«eof  thefigoit 
(or  of  oc)  i  that  iSf  by  oaaoming  either 

CXLI. .  .OTBpi'«^^.|.pQ-*||oOy  or  CXIl'. .  .or Bps' 4-^-1  flow; 

and  it  is  easy  to  show,  not  only  that  those  iwo  §idcsj  ou,  ow,  make  (as  in  Fig.  S9) 
an  o8l»s«  oaylr  with  saeA  ciktr,  bat  also  that  tfasj  bdong  to  one  eooiaiois  sAccC;  of 
the  cone  hers  ooosidersd,  boeanse  oaeA  makeo  an  oenfe  migit  with  the  direetiTe  nor- 
mal ok'. 

(58.)  Another  w«y  of  arriving  at  tlds  reinit,  is  to  obosrvo  that  the  cqnation 
CXXXIII.  takes  oasity  the  ndaugmlar  firm^ 

CXUI. . .  (8p(U,io+Upo))«  =  (8p'(U/io-Up^)i4  T,Hrf»,(S|>TJ,MV,y 

the  Mlemal  axU  9t  libit  cusp-am§  has  thcnfore  the  diroclioa  of  Ufio+  Up^  thst  i% 
of  the  tatsmol  Miecfor  of  the  angle  foq,  wUle  the  saEfcraal  MsoeCor  of  the  sbom 
angle  is  oa«  of  the  two  cgefemol  omi^  and  theliMaadsisper|wadicahtf  feothe^lBae 

ofpoifio;  but  Sp'(U/io  +  Upo)<0,  whether  p'e pi',  oraapi':  and  therefora  tlMSS 
lam>  «u2e<,  pi'  and  pj',  belong  (as  above)  to  on*  jAssi;  beoRise  «adb  is  inoBned  at  an 

actite  angle  to  the  internal  axia  U/io+  Up^. 

(5y.)  It  is  easy  (o  see  that  the  second  focal  line  of  the  parallel  cone  (f»G.)  is  fi^ 
or  OQ ;  ftnd  that  the  second  directive  normal  corresponding  is  the  Hue  ok  (-15.^,  ia 
the  same  Fig.  89  ;  whence  may  be  derived  (comp.  CXL.)  this  $tcond  gtomeirical 
equation  of  the  cone  at  o, 

CXLIII.  .  .  cos  KOT  =  sin  koq  ain  gox  ;    with    koq  =  pok'. 

(60.)  And  linally,  ns  a  bifocal  but  still  geometrical  form  of  tbo  equation  of  the 
cwjp-con«,  with  its  vertex  Ihua  trans/erred  to  O,  we  may  write, 

CXUV. . .  I  ror   z.  qoTB  const  B  i  wov. 

(€1.)  Atijf  ^HSmmi*  firm  of  anyono  of  the  fimrfiauHcmt,  fp,  fip,  Bpfpt 

!>p0  ip,  when  treated  by  rules  of  the  present  Calculus  which  have  been  alraa^f 

stated  and  exemplified,  not  only  conducts  to  the  connected  forms  of  the  tkrtt  miktr 
ftinoti')!:^  (>{  the  group,  but  also  gives  the  corresponding  focms  of  equation^  of  the 
//  ave  and  the  IndeX'Swface. 
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(62.)  For  instance,  with  the  significations  (32.)  of  vo  and  n,  the  <:calar  func- 
tion Sp0-'o,  which  is  =  J  in  the  equation  XXX.  of  the  Reciprocal  EUip$oid  (9.), 
may  bo  cx^ire^ocd  by  the  following  cyclic  /orw^  with  vq^  vi  for  the  cyc/tc  normaU  of 
that  ellipaoitl, 

CZLY. . .  Spfip  =  -  ft«p*  +  (a*  -  e*)S«8«M^i(> ; 

reciprocating  which  (comp.  361),  wo  arc  led  to  a  bifocal  form  of  tho  function 
Sp0p,  which  fiinction  waa  made  =  1  in  the  equation  XXIX.  of  the  Generating  Ellip' 
9oid  (8.),  and  Is  MW  exprowed  by  thli  other  eqtutioo  (comp.  360,  407), 

4a' a'  +  c* 
CXLVI. . .  ^-j_^^(Sp^p  +  ft-«p»)=(8>v)»  +  (8vip)«-2  -^Si^ipSvip; 

vo,  vi  being  hero  the  two  (r9tl)/oeal  Umu  of  the  mom  eUipomd  (8.),  or  of  ita  (ima- 
ginary) asjniptotic  cone. 

(63.)  Substituting  then  these  forms  ((12.),  o(  Sppp  ami  6p(p  'p>  ^^'^^  ciiuation 
LXIIL,  we  find  (after  a  few  reductions)  this  new  form  of  the  Equation  of  the 
Wave : 

CXLV II. . .  (2p«  -  (03  -  c«)  SvopSvip  +  a«  +  c«)« = (a»  -  c>)'  { 1  -  (Svof>)«} 

{l-(Sv,p)M; 

whence  it  follows  at  once,  that  each  o  f  (he  four  planes  CXI.  touches  thewave,  along 
the  circle  in  which  it  cuts  the  (juadric,  with  vo,  v\  for  cyclic  normals,  which  is  found 
by  equating  to  zero  the  expression  stjuarcd  in  the  first  member  of  CXLVII.  For 
example,  the  Jirat  plane  CXI.  touches  the  wave  along  that  ctrc/e,  or  wave-ridge^ 
of' whicb  on  thii  plan  tiio  eqnttioiu  tre, 

CXLVIII. .  .  SvoP  +1  =  0,   2p«  +  (a«  -  ^  Svip  -  (a«  +  c*)  Svop  =  0 ; 
■ndtMcavw 

CXLIX. . .  ^(yo+yOB-«r*(y«4-  vi),  ^(vo-»»i)«-r«(ro-»i), 
•ad  thttiCoM,  with  the  t«1iw  CZIII.  of  ^e* 

CL.  .  .  ffo  =  -  tf'c^vo  =  }  ((«•  4  c»)  vo  -      -  c*)**!), 

the  Mcond  eqnation  CXLVIII.  represents  (comp.  CX.)  the  diacentric  tpheret 

CLI. . .  p*is Svfipi   or  CLI'. . .  S<ro(>-'  » 1| 

whioh  passes  throog^  the  wave-centre  o,  and  of  which  the  ridge  hrro  considered  is  a 
tectlon.  The  diameter  of  that  ridge  may  thus  be  shown  again  to  hava  tha  valoa 
CXU.  %  and  it  may  be  obeerrad  that  the  circle  is  a  eectioo  also  of  the  com, 

CLII. . .  8ya^«p  "  -  P*t  er  CUF. .  *  SvopS9«p^>  ib  - 1. 

(64.)  It  waa  shown  in  (17.)  that  the  ei(nalfo»  ,at  eui^paba  of  tha  wave- 
sorfiMe^  «r  at  the  end  of  oaf  rnqr  p,  ie  peipendlcabr  to  f>  V,  at  well  as  to  ^  bgr  II. ; 
and  ltthenflM«teiv«iiMtoaieTariablec%i0Ml  UX.,a8weU  aa  to  the  hwm  itielf. 
Hence  it  is  essf  to  inftr,  that  dns  Tibration  most  hare  generally  the  direction  of  the 
•nxiliary  vector  <i>,  because  not  only  S/ito>  =  0,  by  XXXIX.,  but  also  Sca^~*p 
B  Sp0  i(o  =  S()t/  =  0,  by  XXII.  and  XXXVII.  Indeed,  this  paialleUsm  of  to  m 
xesults  at  once  by  XXXVII.  from  XII. 

(65.)  If  then  we  denote  by  cp  an  infinitesimal  vector,  such  as  pSp,  which  is  tan- 
gential to  the  wave^  but  perpendicular  to  the  vibration  Ip^  the  parallelism  ip\ta 
will  give, 
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CLIIL ('p  =  n^p  fifiM'^p,  bteann  CLIII'. . .  Spftu  =  0; 

1^  boace   CUT. .  .  SpS'p  =  0,    S'Tp  =  0,   or   CLV. ,  .  Tf>  =  r  =  coast., 

for  thU  ncu'  illrfction  ^'p  of  motion  npon  the  wave. 

And  thas  (or  otherwise)  it  may  be  shown,  that  the  Ortho^nnal  Trajedo- 
lifs  /'»  t/ie  Lines  of  \'ihrati"n  (17.)  are  the  curves  in  which  the  H'ace  i»  cut  by 
CoHcciUrtc  Siiheret,  such  as  CLV. ;  that  is,  by  the  spheres  p'  +  r'  =  0,  in  which  the 
radius  r  is  eomttamt  for  any  ok«,  but  ranV«  in  passing  from  one  to  attoUktr. 

(67.)  The  iphtriMit  oww  (r),  wbieh  we  time  ortho^onat  to  wbit  m  hvf 
celled  the  ttwe  (i>)  of  ▼ihmtoa,af»y*tri  twim  w  the  wave;  eittaor  beeeaao eoeb 
saeh  enm  (r)    hgr  ZZVIIL,  dtnoled  oa  a  eeMtnlritf  tmd  fmine  com^  SMDCfy; 

CLVT. . .  0-Spf^  +  r «)  'p; 

or  beCMlM,  by  XXVI1.|  it     on  this  other  concentric  quadric^ 

CLVIL  .  .  -  1  =  Sp  (^- '  +r>)  »p. 

(68.)  It  is  easy  to  prove  (oomp.  LXXV.))  that,  for  any  real  poiot  of  the  ware, 
r'  cannot  be  less  than  c',  nor  greater  than     ;  and  that  the  s^iuares  of  the  scalar 
eemiaxcs  of  the  new  quadric  CLVII.  are,  in  algebraically  ascending  order,  r-  — 
r*-  6*,  r-  -  r> ;  so  that  this  surface  is  generally  an  kj/ptrboloidf  with  one  sktti  er 
with  two,  according  as  r  >  or  <6. 

(G9.)  And  wc       at  the  same  tune,  that  the  conjvgeU*  l^ptrbdoid^ 

CLVIII. .  .  +  l=Sp(^-»  +ra)-ip, 

which  h.is  two  theett  Of  one,  ia  the  Mum  two  CUM^  r>l^        aod  hae(hdiwia 

ing  order)  the  valiiee, 

CLIX.  .  .  o>  -  r«.    6--r2,  c3-r«, 

for  the  squares  of  tit  scalar  semiaxes,  is  eonfocal  with  the  generating  ellipmid 
XXIX.  :  so  that  the  quadric  CLVII.  itself  is  the  conjugate  of  Auch  a  canfocal. 

(70).  To  form  a  distinct  conoi  pt  ion  (comp.  (67.))  of  the  course  <■,{  n  cnrve  (r) 
upon  the  wave,  it  may  be  convenient  to  distinguish  the  Jive  following  cases  : 

CLX. ..  (a)..p>«{  ((3)..r<«|>i}  (y)..r«ii  (J)..r<^><;  (e)..r«e 

(71.)  In  each  of  the  three  cases  (a)  (y)  (s),  the  conte  (r)  becooMe  e  cfrdf^  is 
one  or  other  of  the  three  principol  pUuiM :  luunely  the  circle  (o)^  for  the  ciae  (■)  ; 
(b)  for  (y);  and  (c)  for  (t). 

(72.)  In  the  case  (/3),  the  curi  e  (r)  Is  one  o{  double  currature,  and  conastd  of 
two  closed  ovals,  opposite  to  each  other  on  the  waw,  and  separated  by  the  plane  (a), 
which  plane  is  not  (really)  met,  in  <ri?y  point,  by  the  complete  sphcro-come  (r) ;  and 
eacA  separate  oval  eros*e*  the  plane  (Jb)  perpendicularly,  in  two  (real)  points  of  the 
«mp«e  (6),  which  m  eaEfsmsf  to  the  cirelt  (6) :  whOo  the  mmi  eeaf  efoeese  gfii  the 
jilffM  (e)  ot  r%rlK  oi^ee,  hi  Mme  fwe  nd  poiati  of  the  eU^pee  (e). 

(78.)  FinaOyi  in  tlio  temaintog  oaw  (4),  tbo  ovale  aia  aspuafed  bj  the  pieaa 
(e),  and  each  evoMes  the  piano  (6)  at  right  aaglea,  ia  two  pointa  of  tha  ellipN  (Y^ 
which  are  interior  to  the  circle  {b) ;  oTOMdag  alM  perpMdisalai^  the  plane  (c).  In 
two  points  of  the  ellipse  (a). 

(74.)  ^Vnalogous  remarks  apply  to  the  lines  of  rihration  (h)\  which  sr?  either 
the  ellipses  (a)  (6)  (c),  or  else  orthogonah  to  the  circles  (»/ )  •  6j  ^cj,  and  gaaeraUy 
to  the  tphero-eonict  (r),  as  appears  easily  from  foregoing  reDulls. 
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(75.)  It  maj  be  here  obaemd,  that  whea  W6  only  know  the  direeliom  (Vfi), 
bat  not  the  Im^fA  (T/i),  of  an  indtx-teetor  fi,  to  that  we  bavo  iwo  parallel  tangent 
planet  to  the  rr are,  at  one  common  $ult  Of  the  centre,  the  directions  of  the  vibrationt 
dp  dtfftr  generally  for  these  law  plam^  acoonling  to  a  law  which  it  le  eaay  to  ae- 

sign  as  Tolluws. 

(7G.)  The  second  lalues  of  fi  and  ( p  beinir  draotofl  In'  //,  and  dp,^  wo  have,  by 
the  equation  IX.  of  the  index-surface,  theie  twu  otiicr  erjuaiiond  : 

CLXI. . .  0 = S|i -  i      CLXr. . .  0  »  S/»    I  -  ; 

of  which  the  diiBnenoe  givee,  tupprauhig  the  factor  /t;^~fir*t 

CLXII.  .  .  0  =  S;i  (^-i-^  -:)-!  (0-1  ; 

or  CLXir.  ..o  =  S(f, /I  O  '/'C'p 

because  ('^''' — as  a  functional  i  p' mNir.  is  self  conjugate,  so  that  ;i  may  be 
transferred  from  one  side  of  it  to  the  other ;  just  a-,  if  v  =      be  such  a  self-conju- 
gate function  of  p,  tlicn      =  Sr^p  =  Sn^f  =  ^^p^»-p,  &c. 
•  (77.)  I5at,  by  VIII.,  we  have  the  paralleliMns, 

CLXm. . .     II       - M        ?      CLXIir.  .  .  Sp,  \\  (^-t  -  ; 
hance,  by  CLZir.,  we  have  the  very  simple  relation, 

CLXIV.  .  .  S^p  ^p.  =  0; 

that  is,  '/i<?        vihratious,  in  tlie  rM»o  parallel  planes,  are  uxniuttily  rectangular. 

(78.)  The  full  . Willi;  (piitc-  diflferent  method  has  however  the  advantage  of  not 
only  proving  anew  this  hnousn  rtlatio»  reeUMgularitf^  but  also  of  assigning  qua^ 
iernion  expresnwM  for  the  t»o  direetiou$  gepuratefy:  and,  at  the  same  time,  that 
of  leading  easily  to  what  appears  to  be  a  n«»  and  elegant  GeomHrical  Contiruetiom^ 
simpler  in  some  respects  than  the  Amowk  one,  which  can  indeed  be  deduced  from  It. 

(79.)  By  the  first  principles  of  Fresners  theory  (comp.  (3.)),  the  rihmiion  (^p), 
OO  any  eae  tangent  plane  tu  the  wave,  U  situated  in  the  no)  mat platu  (through  fi), 
which  contains  the  direction  (it)  of  the  thutie  force  ;  that  is  to  say,  we  have  the 
EquattOH  of  Complanarity^ 

CI.XV. . .      ^p    B  0.  • 
(80*)  We  have  then,  by  II.  and  Y.,  the  system  of  the  two  equations, 

CLXVI.  .  .  S/i(V  =  0,    S;i^p^&-'^p  =  0; 
eompaiing  which  with  the  equations  of  tlie  same  form, 

8vr=0,   Si^r^r=0,  410,  V.  VI. 

w«  deriva  at  once  the  foUowhig  C«««fni«l»0a,  wAt'eA  may  also  be  ezpieieed  as  a  The- 
orem .*— 

*^  Ai  eithtr  ^tho  two  poimts  QoftkoBodpraetU  Ellipsoid  XXX.,  the  tangent 
piano  Oi  wAteA  U  paraUol  to        at  (he  gioon  point  v  of  the  //arc,  the  tangents  to 
the  Lines  of  Curvature  on  the  Ellipsoid  are  parallel  to  Uw  (angmts  tn  the  Lines  of 
Vibration  on  the  Ware;"  namely,  to  one  at  that  given  i>oint  r  its' If  and  to  another 
at  the  other  point  r',  on  the  same  side  of  the  centre,  at  which  the  tangent  plane  is 
purallel  to  each  of  the  two  others  above  incntioued. 

5  I) 
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(81.)  Thus  for  eacA  of  the  txro  poinU  r,  r  the  line  of  vUfration  b  parallei  to 
«M  of  Um  liiwt  of  atruUun  at  «j ;  and  it  ia  evldont,  fnm  what  jmcedes,  that  tk€ 
ptker  of  tbrae  Unt  lines  liaa  tbo  dlracUoo  of  tin  oorrMpOttdiag  Ortkcftmmi  (CS.)  at 
F  or  P* ;  nor  It  tb«r«  My  danger  of  oonfaaloo. 

(82.)  A«  regards  qmattnUem  erpr«t$iom$^  for  tfao  two  ojftral&mf  on  a  fiMm  mmr- 
front,  the  sub-artlcio,  410,  (S  ),  with  noCationa  aaitabljr  nodlllad,  abowi  li^  ita  ftr- 
mobs  XIX.  XXII.  that  wo  havo  bore  tba  aqoatioaf, 


if  Vq,  vi  be,  as  in  earlier  formulae  of  the  pre^i^nt  Series  422,  the  cyclic  normals  of  the 
rteiprocat  ellipsoid^  wblch  ara  oAan  callad  tba        jfxtt  of  tbo  Crf/tilal. 

(8S.)  And  henoe  may  be  deduced  tbo  knoma  constmctlfin,  namely,  tbat  **  for 
any  ptvca  Jireetiom  of  wnt-firomt^  tbo  two  plamei  of  potarixatkm,  porpendieolar 
reapeotlvdy  to  tbo  two  ribrationa  in  Fresnora  tbeory,  ftuecf  the  two  tmppbmemi^ 

and  diedral  auglt$^  Wbich  the  ty^o  optic  axea  subtend  at  the  normal  U)  the  front  :** 

orthat  tlie^e  [tinned  of  polariziition  bisect,  UUwmnlljf  and  twlvnallp^  tbo  an£^ 
tween  the  two  planrg,  ftVQ  and  pvi. 

(81.)  It  may  not  be  irrelevant  here  to  roniark,  that  if  /i  ainl  p,  any  two  in- 
dr  x-N-iHrtors,  which  have  (asin  (7(?.))  the  mine  tlirfction.  hut  n'->t  the  tame  length,  the 
cquatiou  LXIV.  enables  U'^  to  establish  the  two  couver^ie  relaiious: 

CLXIX. . .  abclfi^ «  (Sm^/a)^  i      CLXIX'.  . .  a^T^  «(S^.^^«)  i 

(85.)  Klher  by  dianging  a,  e,  f  ,  |i  to  ar\  h'\  e  f\  p»  or  by  treating  tbo 
f^  LXIIL,  la  (19.),  of  the  Syuatiom  oftkt  Wave,  aa  we  hare  jast  treated  tlfia 

form  LXrV.,  of  the  eqoation  of  Index  Stirfnce.  in  t!)c  same  sub-article  (19.)|  wa  MO 
that  if  p  and  p«  be  any  two  eomdirectioiud  rag*  (Up«=  Up),  then, 

CLXX.  ..(a6«)-iTp,e(Spf-ip)  l,  or,  o^Tp^^ » (Sp^- V> ; 

and       CLXX'..  .(flftO-iTpeSCp^r'pO*^         «*«Tp->  =  (Sp.f » 

(80.)  A  aomewbat  interesting  geometrical  oonaaqoanco  may  bo  dednced  from 
tbeae  laat  formate,  wbon  combined  with  the  oqnatioo  LIX.  of  tbat  oariaMrclNpcaid; 
Bp^-*p  B  A*,  wfaleh  emtM  the  aaooe  in  a  fiae  ^  viArotiba  (A).  For  if  wo  introdaoe  tbia 
aymbol  k*  for  Spf -'p,  and  writo  r,  fautoad  of  Tp,  to  denote  tbo  longtk  of  tbo  nomd 
roff  p,,  tbo  lint  aqnatlon  CLXX.  wOl  tako  thia  aimplo  form. 


which  shows  at  onct^  that  and  h  are  together  coH$tant,  or  together  vat  table :  and 
therefore,  that  "a  Line  of  Vibration  on  one  Sheet  of  the  If'at^e  is  projected  into  am 
Ortkogomai  Trajectory  to  all  tuek  Limot  on  tk*  otkorSkett,  and  eomverooig  tkokHtr 
Mo  tko  former,  byjht  Vector/ p  nftke  Wave  ao  tbat  om  of  tbaae  Iwo  emnee  would 
appear  to  bo  euperpoeed  npon  the  otAer,  to  an  eye  placed  at  the  JTaoo.  Ceutre  o. 

(87.)  Tito  oienal  eooe,  here  conedred,  ia  represented  by  tbo  equation  CLTI., 
with  some  constant  value  of  i*;  and  as  being  a  aorfaoeof  tiie  second  degmi,  it  ought 
to  eat  <Ae»aat,  wbich  is  one  of  the  fourth,  in  fiome  curve  of  the  eigktk  decree  ;  or  in 
some  i^item  of  cnnrea,  nhich  have  the  product  of  their  dimenslona  equal  to  ciyAl. 


and 


CLXYII. . .  0  «S|i ^p  «•  jp  vi 

*»8pipVo  Sfi  9p  -¥  Bp  ^p  vi  Sr«  Sp, 
CXVIII. . .  ^pD  UV^r^^UV^iri, 


CLXXI. . .  r  sa6eA-s, 
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Accordingly  vre  now  see  that  the  complete  intersection,  of  the  cone  CLVI.  with  iLe 
trare,  consists  of  two  eurvet,  each  of  the  fourth  degrtS  ;  «««  of  these  being,  as  in 
(67.),  a  complete  tpktro-coMie  (r),  and  the  otktr  A  complete  Kno  qf^Sbratiom  (h}t 
tk  new  geometrical  being  ibne  estobliebed  between  these  two  ^narii'e 

(88.)  As  additional  veri(i€aU<nui»  we  may  regaid  the  th^  priueipai  planes,  as 
Kmih  of  the  cuttit,;/  couen :  for  then,  in  the  p/ane  (a)  for  instance,  the  circle  (n)  and 
the  ellipte  (rt),  which  an-  (in  a  sense)  projtetioms  of  each  other,  and  of  %\  hii  li  the 
latter  has  been  seen  to  be  a  /i'm  ofvibratiom,  are  represented  respectively  by  the  two 
equations, 

CLXXII.  .  .  r=a,    and    CLXXIl'.  .  .  6c=  A', 

in  agreement  with  CLXXI. ;  and  .similarly  for  the  two  other  pluncs. 

(89.)  It  vra^  an  early  result  of  the  quaternion?,  that  an  ellipsoid  with  its  centre 
at  tiie  orii^sn  might  be  adet^uatcly  represented  by  the  equation  (comp.  281,  XXIX., 
or  2b2,  XiX.), 

CLXXIll.  ..TCv  +  pic)***-*',   if  Ti>Tje5 

or,  witliont  restriction  on  the  two  rector  constants^  s,  k,  by  this  otAcr  eqna- 
tion,« 

CLXXUl'. . .  T  («p  +       =»  («"  - 

(90.)  Comparing  thb  with  Bp^p=l,  as  the  cqtiatioa  ZXIZ.  of  the  Generating 
£llipsoid,  we  see  that  W6  art  to  Bstiaiy,  imd^tttdentlg  q/p,  or  as  ao  idtmtUg,  the  re- 
lation (oomp.  836) : 

CLXXIV.  ..(«•-     Bpfp  »  {tp  +  pc)  (pi  +  Kp 

e(i^-|-K*)p4-2Sipcp; 

which  is  done  by  assuming  (com  p.  sgain  836)  this  cyclic  form  tot  f, 

CLXXV.  ..(«:*«  t»)2     =  (is  +  V-)  p  4  2Yvpc 

■  («  -  «)  V  +  2tScp  +  2«Stp  i 

or  as  in  (S4.)  eomp.  859,  lit.  lY., 

=^/>  +  VApX ,   Sp^p  =  ^p'  -i-  SXpX'p  =  1 ;    LXXII.  LXXIII. 


*  This  eqaatioo,  CLXXIII'.  or  CLXXII.,  which  hsd  been  assigned  by  the 
aathor  as  a  form  <^  the  equation  of  an  ellipsoid,  luw  been  selected  by  his  ftiend 
Proftasor  Peter  Gnthrie  Tait,  now  of  Edinburgh,  as  the  basis  of  an  adndrable 
Paper,  entitled:  ** Quaternion  Investigations  connected  with  FrDsnePs  Wave-Sur- 
face," which  appeared  in  the  May  number  for  18Gj,  of  the  Qvarterli/  Journal  of 
Pare  and  .  lp}>lied  .)fat hematics ;  and  whicii  the  present  writer  can  stronj,'ly  rc- 
co:nmend  to  the  careful  pprn  -:il  of  all  I'l  itornion  6tn<li  iit>i.  Indeed,  Professor  Tait, 
who  has  already  puMi.-^ht  d  tracts  on  o//ier  applications  uf  (Quaternions,  matheinatical 
and  physical,  including  sonic  ou  Electro-Dynamics,  appf\ir«i  to  tin-  writer  oMiiiii  ntly 
fitted  to  carry  ou,  happily  and  usefully,  thi;»  new  branch  uf  luathe^natical  science: 
an41ilcely  to  become  in  it,  if  the  e&pression  may  bo  allowed,  one  of  the  chief  sueoss* 
sors  to  its  inrentor. 
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with  expressions  far  the  coii'tanU^,  X,  \',  which  give,  by  LXXVl.,  the  foUoviog 
values  for  the  scalar  semiaxca,* 

c*  -  I* 

CLXZVI. . .  ««T«  +  Tc:    hr:  ~        i  csTi-Tr; 

T(t-K) 

whence  conversely, 

CLXXVII...Ti«?i!i  T«=^^;   T(«-«)  =  ^;«c. 

(91.)  Knowincc  thus  the  form  CLXXV.  of  the  function  ^,  which  answers  in  the 
present  case  to  the  j^ivcn  equation  CLXXIII.  of  the  pencratinp  ellipsoid,  there 
would  1h5  no  difficulty  iu  carrying  on  the  calculattoa.o,  so  as  to  reproduce,  in  connexioa 
with  the  /wo  oonsUnU  i,  r,  all  the  preceding  tbeonmt  tiid  forniiiUft  of  Iha  pnwal 
Series,  rapecting  the  Wave  and  the  Index-Snrface.  But  It  may  be  more  neelol  te 
show  briedy,  before  we  oondiide  the  Series,  how  we  cen  pots  firaro  QmmUrml0m$  te 
Cerfeaiaa  Oh^trdinatf^  in  aaj  queetion  or  formala,  of  the  hbid  laJtdj  oonsidend. 

(92.)  The  thr$»  italic  UiUr»^  yk,  cooceived  to  be  connected  bj  theater /mmdm- 
mmtai  rdaitiom*^ 

H:=j2=k*=^yh  =  -l,  (A),  IW. 

were  oHfimdng  the  emlg  pttmUnr  ^mM$  of  the  present  Calenlos;  and  altheo^ 
thaj  are  not  now  m  much  osed,  as  in  the  ear/jr  praef iee  of  qaatendons,  because  eer- 
tafai  general  §^»a  aff^pmfiimty  each  as  S,  Y,  T,  U,  K,  have  sinoe  been  introdoeed, 
yet  they  (the  symbols  i;*)  may  be  supposed  to  be  sll// famUitw  to  aatndcnt,  as  ImI» 

between  qnaiemiont  and  cOmWdimates. 

(93.)  We  shall  then  furt^  morely  write  down  here  pomo  loading  expressions,  of 
which  tlie  mcnnini^  and  utility  sootn  lilit  ly  to  be  at  once  perceived,  especially  after 
the  Cdloulatiiiiii  above  performed  in  this  S^^ric'*. 

(94  .)  The  vector  stmiaxcs  of  the  gencratingelUpsoid  being  called  a, y  (comp. 
(40.)  (42.))i  ^«  "J^y  "write, 

CLXXVIII.  .  .  a  =  w,    /3=>6,  7=*c; 
CLXXIX.  .  .  0p  =  a->Sa->p  +  f3-'S/3  V  +  r  'Sy  V  =  Sa  'Sn-V  =  -  2£<l-**; 
CLXXX. . .  Sp0p  =  2  (Sa-»p>  =  -a  --r' ;      CLXXXI.  . .  Sp^-»p« 
CLXXXIL  . .     +  0  p  =  Sa  (a  *  +  ♦)  Sa  V  i 


•  The  reader,  at  tliis  stai;o,  might  porh.ip.s  usornlly  tiirn  back  to  that  Comlruc- 
tinn  of  the  Ellipsoid,  illustrated  by  Fig.  03  (p.  22  Gj,  with  the  K<inarka  thereon, 
which  were  given  in  the  few  last  Series  of  the  Section  11.  i.  13,  pages  228>88S.  It 
will  be  seen  there  that  the  three  veeton^  i,  c,  i  -c,  of  whkh  the  lengths  ars  ex- 
prsned  by  CLXXVIf ars  the  tkree  tidee,  en,  OA,  ab,  of  what  may  be  ealled  the 
Genentiuf  THumgle  abo  In  the  Figure;  and  that  the  dednetion  CLXZVI.,  ef  the 
fibree  semtiiaect,  afte,-  from  the  tew  veetcr  constant  i,  «,  with  many  connected 
r.  -idt-i,  can  be  very  simply  cxhilMtc  !  by  GeoMthy.  The  whole  jubject,  of  the  eqan> 
tiou  r  (ip  +  pic)  =  ic2  - 1'-*  of  the  ellipsoid,  was  very  fully  treated  in  the  Leetvret  ; 
and  the  calculations  may  be  made  more  general,  by  the  tr.T!i«fomn!ions  a.^sigct^d  in 
the  loni;  but  important  Section  III.  ii.  H  of  the  present  Elements,  so  that  it  seems 
unnecessary  to  dwell  more  on  it  in  this  place. 
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CLXXXIIL  , .     + «yip s  Sa  («■« + «)-« S«-ip ; 
CLXXXIV. . .  if  y«  s  Tp*  -  S«*,  tbeo  v = i't(^  +  r*ytp 

c  r-22  ^-  =  -  S  : 

CLXXXV. . .  far  Wave.  OaSpve S  =   +  — 2--  +  — — ~  . 


«»  v' 


r»-<i»    r»-a>    r»-A»  r^-e** 

and  the  Index-Surface  may  be  trMlad  tlmflarlf,  or  obtaSned  from  tiM  Waae  by 
cbanging  abe  to  their  reciprocals* 

423.  As  an  eighlh  specimen  of  physical  fipplication  we  shall  in- 
vestigate, by  quaternions,  MacCullagirs  Tluortm  of  the  Polar  Plane  * 
and  some  things  therewith  connected,  for  an  important  case  of  inci- 
dence of  polarized  light  on  a  biaxal  crystal:  namelyi  for  what  wab 
cftiled  by  him  the  case  of  uniradial  vibrations* 

(1.)  Let  homogeneous  light  in  air  (or  in  a  vacuum),  with  a  velocityf  taken  for 
unity,  fall  on  a  plane  face  <tf  a  doubly  refracting  crystal,  with  such  a  polarization 
tbat  only  om  redacted  ray  aball  resnlt ;  let  p,  p',  p"  denote  tbe  veetore  ofray-vdo» 
tUjf  of  the  incident,  refracted,  and  reflected  llghte  respeetirely,  p  having  the  diree- 
tion  of  the  indent  ray,  prolonged  wiihin  Ike  trf&ttd,  bat  p"  tbat  of  the  refined 
raif  emtride  ;  and  let  ^'  be  the  nector  of  wave-eiewueeef  or  the  index-veeiM^  (compi 
422,  for  the  refracted  light :  these  fottr  vectors  being  all  drawn  from  a  giYeo 
point  of  incidence  o,  and  p',  like  p',  being  within  the  crystal. 

(2.)  Thon.  l>y  aliX  uMtve  iheoHet  of  light,  translated  into  the  ^went  notation, 
we  have  the  eqoatioua, 

L  . .  p«  =  S/l'p'  =  p"'  =  -  1  ; 
II.  .  .  p"=--  »'pi/-',    with    ir.  .  .  v=p'-  p, 
where  v  is  a  mormai  to  the  face  ;  whence  also, 

IIL  . .  p-a  pS  -  2/i'S  -i-  ; 

IV.  ..p"+p  =  2i.    if    IV'.  .  .  i  =  r 'V;,'p  =  y-lVyp; 
and  V.  ..p"-p»-2i'Spi'  i=-2v  iSpv; 


•  See  pp.  39,  40  of  the  Paper  by  that  great  mathematical  and  phy  sical  philo- 
sopher, ^'  On  the  LawM  of  Crtfttatline  Befiexum  and  RefraHum,^  already  referred 
to  Id  the  Note  to  page  737  (Trans.  R.  L  A.,  Vol.  XVIIL,  Part  L). 

t  Of  eoofse,  Iqr  a  suitable  choice  of  tbe  tmito  of  time  and  ^aoe,  the  velociiiee  and 
afomwsssct,  here  spoken  of;  may  be  represented  by  fines  as  sAorl  aa  nay  be  thought 
convenient. 

%  These  equations  may  be  deduced,  for  example,  from  the  principles  of  Hoy- 
gbens,  as  stated  in  his  Traetalme  de  Lumime  (Opera  reliqua,  Amst.,  1728). 
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M  fhat  tlw  tknt  Mclpr«,  p,  ^\  p",  termliMte  «•  •««  riffkt  line,  whidi  h  perpmdi- 

eular  to  the  face  oftkt  crystal :  and  the  bisector  of  the  anf;le  between  the  Jirst  and 
third  of  them,  or  between  the  incident  and  reflected  nye,  is  the  imteneetiom  «  oC  Um 

ptane  nf  incidence  with  tbo  <^w'  plan*^  facp. 

('^.)  Let  r.  r',  r"  be  tlie  vrcl<>rs  nf  vibration  for  the  three  rays  o.  n",  crn- 
ceiv.d  to  be  .irawn  from  their  ri>siK*.uve  extremities;  then,  by  all*  tbeorie^^ uf  tas- 
gential  vibration,  wo  liave  the  cjuatioiis, 

VI.  ..Sor  =  0;       VII.  .  .  S/i'r'  =  0;       VIII.  .  .  Sji"r"  =  0  ; 

to  which  Mac  CuUagh  adds  tho  jsupposition  ('?),  that  the  vibration  in  iht  Cfy«teiil 
p9rf«udicMlar  to  IA«  refraettd  rajf :  or,  with  the  present  sy mboU,  that 

IZ. . .  Bffr^  =  0  J   whence  X. . .  r'  ||  T/tV, 

tlM  <lir«cfle»  of  the  r^fiwitd  vfftrafidn  r'  heing  thm  in  general  rftlu  mimt^  when 
thoM  of  Um  Teeton  p'  and    aio  giTon. 

(4.]|  To  doduoe  llrom  tho  I10O  cthtr  Tihrationa,  r  and  r",  Mao  Cnllagh  ae> 
■iinie^  (6),  the  lViMqi»<<f  ofEqmvahfU  ViknUwrntf  oxpreiMd  hero  hgr  tho  ftmnli, 

XL  . .  r-r'+r^cO, 

inTirtno  of  which  the  three  vibrations  are  panJM  to  one  common  plane,  and  the  re- 
flnacCed  ▼fbndoii  ia tho  otetor  mm  (or  rtwmltattt)  of  theothar  two ;  (c),  tbo  PHmmpIt 
o/ikt  Fit  Ftoo,  hr  vhkh  tho  re^UeUd  and  nfraeUd  Ugkt9  are  fflyca«r«9«»ltolhe 
tiicMlmf  which  ie  eonealTod  to haTO ooofMr  them;  ond  (d),  the  Moc^ 
CoMtmt  Dentin  ^ftk*  AAcr,  wherel^  the  www  o/elAcr,  dirtorbed  hj  the  diw 
/ipAf^,  are  iiaply  proportional  to  thdr  voftoMt;  tho  liee  Uut  hypotheeeef  bdog 
here  Jointly  oxpnaaed  by  tho  eqaatioo, 

Xn. . .  SvCprt-pV*  +p-r'^)-0. 

(6.)  EUatoathig  p^  and  r**  firora  XII.  Ij  Y.  and XI.,  r*  gocioff ;  oodwo  fia^ 
iHth  the  help  of  L  and  IF.,  the  fidlowhig  lioesr  equatum  in  r, 

XIII..  .  2S^=1  +  |!^  =  |^,    if  Xlir. •''su'-p*; 

Svp     Spp  ^ 

«  weoiitf  anch  oqoation  <a  obtained  by  diminating  p"  and  r"  by  IlL  and  XT.  fron 
y III.,  and  attendfaig  to  L  V I.  YIL,  namely, 

XIV. . .  SSpvSfiVe  (p«  -  n'*)  Spr'ts  -  S/t't^r' ; 

and  a  fftMUnear  equation  in  r  ia  given  immediately  by  VI. 


«  The  eqoatlons  VI.  TIL  YIII.  hold  good,  for  Inatanoe,  on  Freniel'a  principles; 
but  Freenel^  tangential  viluration  in  tho  crystal  baa  a  direction  ptrpettdiemUpr  to  that 

adopted  by  5Iac  Cullft£;l». 

t  III  the  coQcludin^  Note  (p.  7  t)  to  this  Paper,  Professor  Mac  CulUgh  refers  lo 
an  elaborate  Memoir  by  Professor  NeMniann,  ]iul-n>lu'(l  in  1837  (in  the  Berlin  Tracs- 
acti'm-5  r>r  1833),  a?  containing  proristly  the  sai»^  syilem  of  hypothetical  principles 
respecting  Light,  l^it  there  was  fV!<I<'iitly  a  complete  mutual  independence,  in  the 
researches  of  those  two  eminent  tiKii.  Some  remarks  on  this  subject  will  be  fooad 
in  the  Procttdingt  of  the  R.  I.  A.,  Vol.  I.,  pp.  232,  374,  and  Vol.  II.,  p.  96. 
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(6.)  Solving  then  for  r,  bj  the  nil«i  of  tin  pramt  Galenlos,  this  qraten  of  tbo 
thfM  liDMT  and  aedar  equations  VI.  XIIL  ZIV.,  wa  iind  for  th»  imadent  wMmii 
tba  Adioiriog  Mefor  expreuiom,* 

Yovf  ' 

XV. . .  r^-^^  ;  or  XY'. . .  2rSpv»r'Spv' -  ✓Spr'j 

and  arciirdingly  it  mny  be  vorifi.  il  by  mcro  inspection,  with  tbehclj)  of  Vlf.  and  IX., 
that  this  vector  value  uf  r  satisfies  the  three  scalar  equations  (5.).  And  when  the 
imtykHt  vibration  ha«  been  thus  deduced  from  the  refracted  vibration  r',  the  refitcUd 
vibratitm     !■  at  onea  ^van  by  the  formnla  XI. ,  or  by  the  expression, 

XVI...r"«r'-ri 

(7.)  Tfaa  relation  XV.  givas  at  onoe  tba  tfuatum  oftoa^fiwutriig, 

X\ II.  .  .  Sv'rr' =  0,    or  the  formula    XVIII.  .  . /i' —  p' [jj  r,  r' ; 

if  then  n  plane  he  anywhere  so  drawn,  a«;  to  be  para/Id  (1.)  to  the  tftree  vihrationt 
r,  r  ,  r  ,  it  \\ill  be  jtaralh  l  nl'-o  t'>  ih  '  lino  fi'  -  (>',  w  liich  cufinects  two  correspond- 
ing point',  on  the  u?<iie  and  imit  x  surface  in  the  crystal:  but  thi-i  \>.  one  form  of 
enuuciatiun  uf  Professor  Mac  Culi.igh's  Theorem  of  the  Polur  Plane,  whicli  theorem 
is  thusdedaced  with  great  nnipliclty  by  quatarniona,  from  the  piinciples  above  sup- 
posed. 

X8.)  For  example,  if  we  •uppoee  that  op  and  OQ,  In  Fig.  89,  repraaent  the  ra- 
/wcfetf  ray  ^,  and  the  indt»  vector  |i'  comspondlng,  and  if  wa  draw  through  the 
line  PQ  a  plana  perpendicular  to  the  plane  of  the  Fignrc,  then  the  plane  so  drawn 
will  eoxfoii*  (on  the  principles  here  considered)  the  refracted  vibration  r',  and  will 
bt  parallr!  to  Imlh  tlie  incident  ri!>rntiun  r  and  the  rejh  ctcd  vibration  t";  whence 
the  directions  "t  lh  '  two  latter  vibration'^  tn:iy  l»e  in  n<  ral  deternuncd,  as  being 
al«T  perpendicular  re.-pectively  to  the  incident  and  rijh  rteil  rays,  (j  and  p''  :  and  then 
the  relative  intemsitiex  ('Vr',  Tr  *,  Tr"*)  of  the  three  liyht$  may  be  d  duced  from  the 
relative  ampiitudes  (IV,  Tr ,  Tr")  of  the  three  m*5ratioiM,  which  may  thein  elves  be 
found  from  the  three  compUnutr  direethms,  by  a  simple  reioItOion  of  one  line  r  into 
two  Others,  of  which  It  is  the  vector  fum,  cm  i/  the  vibrations  were  fireet, 

(0.)  The  equations  IF.  IV'.  V.  and  Xlir.  enable  ns  to  express  the  (bar  rectoia,  • 
K  («  P  +  v>  « («p  -  v'Svp).  p"  («  P  -  2iriSi'p),  and  p'  (s  p  +  r  -  »' ),  in  tenna 
of  tlis  three  ▼eetoia  p,  y,  p%  whidi  ars  connected  with  each  other  hy  the  rdation, 

X I X.  .  .  t  (=  p  -  v-»Svp),    p"  (=  p  -  2irlS>'p),    and    p'  (=  p  +  v  -  v'), 
XIX.  .  .     +  2S»'p  =  S**'  (p  +  v),   beeanse   XIX'. . .  Svp'=  S  (v*  -  v)p, 


•  The  expressions  XV.  XVI  ennble  us  to  determine,  not  only  l\iO  ilirtclions  L'r, 
Ur"  of  the  incident  ar.d  r' fli  rted  vibrations,  but  also  their  aiiipliludes  1  r,  Tr",  or 
tlic  i«/<M.«iVjM  Tr»,  Tr  -  oi  ;iie  incident  and  redecied for  any  given  or  assumed 
amplitude  Tr'  of  the  refracted  vibrutiom,  or  intensity  Tr^  of  the  refracted  ligkt^ 
after  having  determined  the  diroetiom  Ur'  of  the  refracted  vibration  by  means  of  the 
formnla  X. 
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MiiiXUL,wlMeaiiM|i'*-(iS«8fi'0  by  L  «id  Xni'.;  and  with  wbicb  r'  to 
oomectsd  (VII.  «Dd  IX.),  by  the  two  equattoiMi 

ZX...80>+v)i^«0,  and  XXI. . .  fli^r'aO; 

while  r  and  r**  art  ooiin«cked  with  the  same  three  rectors,  and  with  r',  bj  tha  trfa- 
ttons  VL  niL  XL  XIII.,  which  conduct,  by  eUmlnaaaa  of  r",  to  tha  lUlowiag 
qritcm  (eomp.  (6.))  ofthiw  linear  and  scalar  eqnationa  In  r, 

XXII. . .  Spr~0;   iSvpSvr  =  Sv'0»+  v)  Svr'i  2Si'f>Sr'-»r«8r>; 

and  therefore  to  the  vector  ezpreeeion, 

2rSvp  «  VpvV,  aa  in  XV. 

(10.)  By  these  or  other  trau^sfoinaiioiiii,  there  ia  no  difficulty  in  deducing  this 
new  equalioii,  in  which  u  may  be  aiiy  vector, 

XXIII. . .  VvV  { (p  -  «)  r  -  (p'  -  «)  r  +  (p"  -  w)  n"  }  r'  =  0  ; 

and  conversely,  when  (m  is  thus  treated  as  arbitrary,  the  formttU  XXIII.,  with  the 
relations  (9.)  between  the  vectors  p,  p',  p",  »',  v',  /x',  but  without  any  lartiiUiuu  («' 
etpl  t<M{0  <^  tMfficiaU  to  give  the  f »o  vector  equ«tiooe» 

XL..r-T>r^«0,  and   XXIV. . .  pr-pV+|rr*««ir« +  y, 

in  wluch 

XXV.  .  .  af  =  S»'(pr-p'r'4pV')  =  S»  »  'r',  aiul  XXI. . .  y  =  S  (pr -p'rV  +  p'O ; 
and  which  conduct  to  the  two  sca\:\x  eiiiiat 'ons  (among  others), 

XXVII.  .  .  S,  '  .r  -  p'r'  +  p"r")  =  0,    if    XXVII'.  .  .  Scy 

and  XXViil. . .  Svp (Spr -  SpV)  »  Svp'Vr't 

ao  that  if  we  now  Bttppoae  the  eqnatfona  VI.  VIII.  IX.  to  be^lpM,  tha  eqaatlon 
VII.  wiU /Mow,  by  XXVIII. ;  while,  aa  a  com  of  XXVIL,  aod  with  the  aignifca- 
tion  IV.  or  IV.  of  c,  wa  have  the  equation, 

XXIX. . .  Si"(pr-pV<-p-O-0- 
(U.)  And  thus  (or  otherwiaa)  it  may  bo  shown,  that  the  lAreo  aealar  anoidoae 

*VL  VIII.  IX.,  combined  with  the  one  veetor  formola  XXIII.,  which  (on  aoeoont  of 
the  arbitrary  a»)  I*  eqnivalent  to  fiv  aealar  equations,  are  snffldent  to  give  the  «oai» 
tUnetiom  of  r',  and  tin  Mine  dqitemdemMi  of  r  and     thereon,  as  thoee  expreeeed  by 

jthe  oquadona  X.  XV.  XVI. ;  and  therefore  (among  other  consequences),  to  tha  (br- 
mol«  XII.  and  XVII. 

(12.)  RtJt  the  equations  VI.  VIII.  IX.  contain  what  may  be  called  the  PrtHci- 
pff  of  Hectanpular  Vibrations  (^or  o(  vihrnliont  rectangular  forays);  and  the  for- 
niulii  XXIII.  i«i  oi-ily  iiitcriiretcd  as  exiiressiiig  what  may  be  tt-rnied  the 

Trinciph  of  (lie  ll'mitnut  Couple  :  namely  the  theorem,  that  if  the  three  vihrattons 
(or  displacements),  r,  r',  r",  be  regarded  at  three  forces^  rt,  bV,  v.  x'\  acting  at  the 
tndt  ofth*  tkrtt  rays^  p,  p',  p'',  or  OB,  or',  or"  (drawn  in  the  directions  (1.)  from 
the  polat  of  incidence  o)»  thtn  tkit  other  tgtttm  of  three  forete^  rt, — itV,  n'V  (con- 
ceived as  applied  to  a  eolid  body),  ieefmioaleiU  to  «  rimgleevt^e^  o/rhiek  Aephm 
U  paratlel  (or  the  a»s  peipendicolar)  fo  the  faee  o/the  crjfM, 
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(1.1.)  It  foUoirs  then,  bv  (10.)  and  (11.),  that  from  Umm  two  principlM,*  (1.) 

aotl  (II.),  wo  can  infer  all  Jlif  followin-^  : 

(III.)  \)xQ  Principle  of  Tangential  Vibration*  (or  of  vibrations  tangential  to  the 
waves) ;  * 

^IV.)  the  Prineiplt  of  E^hivalemi  Vihration$  (4.) ; 

(V.)  the  Principle  oftkt  Vi$  Ftra,  as  expressed  (in  oooJancUen  «kb  that  of  the  • 
CbiMfejil  De$uil]f  efthe  Ether)  by  the  equation  XII. ; 
(VX.)  the  Frine^^e  (or  Theorem)  of  the  Polar  Ptames 
And  (VII.)  what  may  be  called  the  PtiAcipteofEfuiwatent  MomeutM^f  namelT 


*  The  \rord  Priaciple*'  is  here  employed  with  the  usual  latitude,  as  reprc^cuiing 
cftAcr  an  hypotheeStatiumed^  or  a  theorem  dedmeedf  bat  made  a  ground  oieiAseqiient 
dsdoctioo.  The  principle  (I.)  of  reelengular  oibration*  eoineide§f  for  the  case  of  an 
ordinary  medium,  with  the  principle  (III.)  of  tomgeniial  vibrations ;  but,  for  an  ez- 
trmerdmn-jf  mediam,  except  for  the  ease  (not  here  consldiaed)  otordinarjfrope  in  an 

tmiaxal  crystal,  these  tWO  principles  are  diatiiict,  although  both  were  assumed  by 
5Iac  CiiHagU  and  Neumann.  The  pr(?scnt  writer  has  already  dischiimed  (in  the  Note 
to  page  736)  .my  re-'ponsibilily  for  llio  jihijsical  htjpothcxrs  ;  f^o  tliat  t!i'>  r.  -mI's  ^iven 
above  are  oir.  rc  l  nu  rcly  iu^taaee$  ui'  muthrmatical  deduction  a.ad. g eneralization 
attained  tlirough  the  Caleulc^  (>f  nuatornion.-*. 

t  In  a  very  clear  and  able  I^Icmoir,  by  Arthur  Cayley,  Esq.  (now  Professor 
Cayley),    On  Pkofeseor  Mac  Cullagh's  Theorem  of  the  Pohr  Plane,"  which  was 
read  before  the  Boyal  Irish  Academy  on  the  2Srd  of  February,  1857,  and  has  been 
printed  in  Vol.  VI.  of  the  Proeee^ng*  of  that  Academy  (pagee  481-491),  this  name 
**|>cindple  of  eqniTalent  moments,"  is  given  to  a  statement  (p.  489),  tliat  **thr 
moment  of  Xf  round  the  axis  A  If,  is  equal  to  the  sum  of  the  moments  of  lit  and 
round  the  same  axi:*";  the  line  AH  being  (p.  487)  the  intersection  of  the 
plane  of  incidence  with  tlip  [il  l  rn- (  f  ?rpnrat  i  n  of  the  two  media,  that  is,  with  the 
/of^  nf  the  crystal:  whW-  J:t,  It't',  A*"/'  are  liin-s  rr  prp-*enting  (p.  .188)  the  three 
ttbrtttioni  (inci'i(nt.  rofr  icted,  and  rfllec!f^<l\  at  the  ends  of  [he  thref  rayx  AH,  Al( 
Alt  .  wliich  arc  drawu  from  Iho  point  of  iucitlcuce  A,  so  as  to  lie,  all  three  (p.  187), 
within  the  eryttal.    And  in  fact,  if  this  i>tateineut  bo  modided,  either  by  changing 
the  eign  of  the  moment  of  S^'t"  (p.  iO  1),  or  by  drawing  the  reflected  rag  AK\  lilce 
the  tfaM  ob"  of  the  present  investigation  in  the  air  (or  in  vae«o),  inetead  of  prolong" 
ing  it  haekwarde  within  the  blaxal  crystal,  it  aj^eee  with  the  cose  ZXIX.  of  the 
mora  general  formula  XXVII.,  which  is  itesif  included  in  what  has  been  called  above 
the  Principle  of  the  JUsultant  Couple.    In  venturing  thus  to  pi^nt  out,  aa  the  sub- 
ject obliged  him  '  i  i  >,  what  seemed  to  him  to  l»e  a  ■♦li^'ht  inadvertence  in  a  I'aporof 
8Ui'h  interest  an  l  value,  the  present  writer  h  >jn'S  tliat  he  will  not  bo  su['p  <s  -d  to  he 
d'.licirint  in  thi' a  itniration  (long  .^ince  puldii  ly  e.\pros-ic'<l  by  him),  which  Ls  due  lu  the 
vast  attainments  of  a  nmlhomatician  .so  <  inim.nt  an  Profc'isor  Caylov. 

Siuce  ti>e  preceding  Seriod  42  J,  including  ila  Noted  (so  far),  was  copied  aiul  icnt 
to  the  priuterd,  the  writer's  attention  has  been  drawn  to  a  later  Vaper  by  Mac  Cnl. 
lagh  (read  December  9th,  1889,  and  published  m  VoL  XXI.,  Part  I.,  of  the  Tratis. 
actioas  of  the  Royal  Irish  Academy,  pp.  17-60),  entitled  **An  Eeeag  towarde  a 
Dgntmieat  Theorg  tfcrgetalUme  S^exion  and  Hefhiotion  ;**  in  which  thera  is  given 
at  pb  48)  a  theorem  eeeentially  equivalent  to  the  above-stated    Principle  of  the 
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til  irotn  that  the  ^fnment  of  the  Befracted  Vihrntinn  (r't^  ii  equal  to  the  Sttm  r^f 
thi  Moments  of  the  Incirh  nt  and  J^rthcted  Vibrations  (RTandB'T*^  wUk  rtip€Ct  to 
any  iintj  which  is  on,  or  parallel      t/tr  Face  of  the  Cryttal. 

•  «»••«•• 
«••••••• 

[It  appears  by  the  Table  of  luitial  Pages  (see  p.  lix.),  that  the  Author  had  in- 
toided  to  complett  the  wwk  hj  the  addition  of  Sevea  Articlee.] 


Resultant  Couple,"  but  expressed  so  as  to  incln  lo  the  ctm^  where  the  vibradons  are 
not  uniradiul,  so  that  th-*  double  refractiou  of  tli  '  crystal  is  allowed  to  manifext  if?  ;f. 
Mnc  Cull.ifjh  speakti,  in  liis  enunciation  of  the  ll>eorein,  of  nie.isurinijj  oach  ray.  m  the 
dtrtct'iKH  of  propagation  :  which  agrees  with,  but  of  course  autit^ipates,  tho  direc- 
tion of  the  refleeted  rat/,  adopted  in  the  preceding  iovestigatioa.  The  writer  Ulieves 
that  snbaeqiient  experiments,  by  Jamin  and  otbec%  an  oonaidefed  to  dimuiid&niiidi 
the  phyiM  voftia  of  tho  tbeoiy  abors  diaenaied. 
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Barox  Bunsen,  D.C.L.  Translated  by 
C.  H.  CoTiBBLL,  ILA.  with  AdditisM  by 
&  Bdrcu,  LLJ>.  6Tela.8fo.  fildfcML 
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of  Universal  Hi.^ton-,  and  a  Series  of|B^ 
rate  Histories.  Fcp.  10«.6dL 
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the  Ri^^ht  Hon.  l^rd  Macaulay  : — 
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from  the  Ascension  of  <  1iri-t  to  the  Conver- 
sion of  Conf^tantine.  By  li.  BuBTON,.D.D. 
hite  Kcgiua  Prof,  of  Dhriuity  In  tlic  Unl- 
mlly of Oxfoid.  Fcp.8e.6iL 


Biography  z 
^«lue  Iiife  and  I*etters  of  Faraday. 

"By  Dr.  Bence  Jones,  Secretary  <rf  tho 
Koyal  Institutioiu  2  vols.  8v©.  with  Por- 
trait. M». 

Iiifo  of  Oliver  Cromwell, 
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Life  of  the  Third  Earl  ^of 

Shaftesbury,  compiled  from  TTnpubMilwd 
Doeoments;  with  a  Review  of  the  I'liilo- 
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I     Memdn,  by  W.  L.  B.  Cxtes.  F«p.  Vk,U, 
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Sri  AKT  Mil  T  .    I'irtli  IMition.    8vo.  \s. 

The  Subjection  of  Women.  By 
Jonx  Stuart  Mill.  New  EditioD.  Post 
5s. 
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K.  Williams,  B.A.  Fellow  and  late  Lec- 
tur.T  of  Merlon  ColKge,  aiul  sonutimc 
Student  of  Christ  Church,  Oxford,  bvo.l-'*. 
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By  the  same.  Part  I.  Outlines  wilh  Exer- 
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tmm  Ukm  OomrMMmAxr,  aiany  yaan 
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VtauT  and  Saooim  Sbbibi^  8f .  ML  cadL 

VbiB  HUfmf^^iMT  PbUoaQplMir  In 
Town  and  Coontiy.  Gkmm  8vOb  fo.  6dL 

Ii6iaTur«  Hoon  In  Town  ;  Kssays  Consola- 
tor}%/'&>tthc<ticnl.  Moral,  8ocial|  and  DaaMfltic. 

Cnnvn  8vo.  3s.  ikl. 

The  Autnnm  Holidays  of  a  Ooiuitry 
Fanoo.  Growii  8«a.  Sk.  ML 

Vh»  Onrrar  VhofatfiOm  of  a  Country 

Pnr^on.  Fikst  and  SbOOKD  f?*^Tlt,  CTOWn 
8ro.  8c.  Od.  each* 

Oritlcfil  Essays  of  a  Country  Parson, 
selected  bvm  Essays  contributed  to  Jt^nuer'B 
MmfOMimt,  down  8m  8s.  6A 

Sunday  Aftemoona  at  the  Parish 
Church  of  a  SoMUk  Ut^imaitf  City. 
Otawm  8vo.  d«.  6d. 

Iiensons  of  Middle  Apre,  with  s/^mr 
Account  of   varioos   Cities  and  Men. 

Crown  8vo.  Si.  M, 

Counsel  and  Comfort  Spoken  from  a 
Qty  Fidptt.  Crown  8fe.  Ss.  Ml 

Changed  Aapeots  of  Unchanged 
IHilhs;  Mwieriili ef  8t  Aadwin  Oiuiiaya. 
(^own  8voi>  8s.  6<f. 


Short  Studies  on  Great  Subjects. 

By  Jamrs  Anthony  Froiu^  liJk.  late 
Fellow  of  Exeler  College,  (mnL  TkM 
Sditioa.  SvoblSs. 

Lord  MaoMiUiy%  Winnlliionp 

Wri  line's:  — 

LiBRABT  EnmoK,  2  vols.  8yo.  Portiaiit  2U. 
Peoi'le's  Et»mos,  1  voL  crown  9my.  4a.  ML 

The  Bev.  Sydney  Smith's  Mit» 
oillaiMetts  Works;  uidnding  hb  Coatiiba- 
tions  to  the  Edmbtayk  Bnitm.    I  1P«L 

crown  8vo.  G*. 


Tha  Wit  and  Wisdom  ot 
drmntr  Smni:  a  flshaien  «r  tha  Besl 

memorable  Fanage-s  in  his  Wdtnifi  and 
ConversatioB.  ltex».  Is.  6d. 

The  Silver  Store.    Cutlectovl  from 

Mcdia'val  Chiistiau  and  Jowisli  Mine?.  Dy 
the  Rev.  S.  Baulsg-Gollu,  M.A.  Crown 
8ra.8s.M. 

of  Places  ;  with  a  Vocabnlarv  of  the  Roots 
out  f'f  M'hirh  Vamri  of  I'l.Mcr  in  Knrlnnd 
and  Waloi  arc  tormcd.  liy  Fuavux 
EomnriM.  Oown  8v«.7«.ML 


tions  to  the  Edinburgh  Review.    By '. 
lionvn^.    Second  Edition.    8  vel(«.  fcf  ^7  ? 

Beaaon  and  Vaitti,  their  daima  and 
CoDflleliL  ffy  thft  warn  Atfttar.  New 
Editioiiy  icvised.  Crown  8vo.  pries  6is»  8dL 
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The  Eclipso  of  Faith ;  or,  a  Visit  to  a 
ILeligiutui  Sceptic  By  Ui!;ji(aY  IkxifUiS. 
Biiwuth  Editioa.  ¥tp.&*. 

D«fiBno«  of  the  Eclipse  of  Faith,  by  ita 

Author.    Thir  l  !  j!iti'>ii.    i'cp.  lis.  G</. 

Seleotions  from  th&  Correspoudence 
flrR.B.H.GreyMa.  fi^  tlw  sum  AuUor. 

Third  Edition.   Crown  Hvo.  7>.  ''.-/. 

f^amilies  of  Speech,  iv  u-  J.-r'.uros 

d«livcr«d  at  the  ICoyai  Luoiiluliua  ui  Circat 
BliUiii;  vith  TaUflt  aodalUp.  BjFth« 
finr.  F.  W.  VAiflAB,  BLA.  F.IL&  F^t 

8vo.  r„^*f<;r/r/  rra<lij. 

Chips  from  a  German  Workshop  ; 
Uiug  h8»ay.s  on  thu  iScicnce  of  Kdi^iuu, 
and  OD  Hydiologj.  TnkHtloiia,  nid  Ciuloiiifl. 

By  Max  M  b  lleb,  M.A.  Fellow  of  All  Souls 
CoUcg<>,  Oxford.  Second  Edition,  revised, 
with  an  Index,    2  vols.  &\  o.  21*. 

Word  Gossip;  &  Series  of  Familiar 
Eaeaya  on  Words  and  thUr  Peculiarities. 
^  tlie  Bev.  W.  JL  Blacklbt,  ILA.  Fcp. 

8vo.  5«. 

Menes  and  Cheops  identified  in  Uib- 

tory  under  Different  Names ;  with  other 
Cosas.  By  Carl  Vox  Rikart.  8ro.with 
5  IHmtralions,  price  10».  6rf. 

An  Xntroduotlon  to  Mental  Phi- 
losophy, on  the  Inductive  Method.  By 
J.  D.  lioBBLL,  M  JL  LUD.  8to.  12s. 

Mla—ientn  of  Payohologi^,  eontaMng  the 

Analv'-i^  of  th^  Intellectual  Powers  By 
the  Bxune  Author.    Post  8vo.  7».  Gtl, 

The  Secret  of  Hegel:  being  the 

Ilegelixui  System  in  Origin,  Principle*  Form, 
aiid  Matter.  By  JjkMMB  UvKtamm  Siir- 
LixG.   2  Tok.  8tqw  28«. 

The   Senses  and  the  Intellect. 

By  AxF.x  v.NKi.R  Baix,  LL.D.  Prof,  of  Lo^ic 
in  the  Luiv.  of  Aberdoeu.   Third  Edition. 

The  Bmotioxia  and  the  Will,  by  the 

same  Author,    becond  Kditiou.    Svo.  15«. 

Oxi  thm  Btady  of  Oharaoter,  iuoiuding 
m  Ertimate  of  Fbniwlogy.  By  tlw  same 


Mental  and  Moral  Science :  a 

Compendium  of  Psydiology  and  Etlucs. 
Bj  tlw  iina  Ambor.  SM«od  Edition. 
Crown  Svo.  lOt.  €A 

Strong  and  Vree;  or,  Pint  Sfceps 

j  towarfls  Sncial  Srirnce.  Bv  the  Author  of 
*  My  Life  and  What  ahall  1  do  with  it? ' 
Svo.  10«.  Grf. 

The  Philosophy  of  Necessity;  or, 
Katanl  Law  at  applicnUe  to  Iknta^  IfoaraL 

and  Social  Science.   By  Cbablbs  Bbat, 

'      Second  Edition.   Svo.  9t. 

The  Education  of  the  Feelings  and 
AiTectiona.  By  the  same  Author.  Tiiird 
Edition.  Svo.  8s.  6tL 

Ob  Vomo^  ita  Mental  aad  Moral  Cooore* 
ktai.  BjrtteMBMAnthoB.  t«a.«c 

Kind  and  Manner^  or  DiToraities  of 
<      Eifo.   By  Jambs  Flakabk.    Foit  dvo. 

I       7s.  ijd. 

,  Characteristics  of  Men,  Manners. 

j  Opinions,  Times.  By  Antuomt,  Third 
Earl  of  SnAFTBaBUBT.  Published  from  the 
Edition  of  1718,  with  Engravings  designed 
by  the  Author;  and  Edited,  with  Mnrpiml 
Analysis,  Notes,  and  Illustrations,  by  the 
Kev.  W.  M.  Hatch,  MjV.  FeUow  of  New 
CoBega,  Osfind.  8  vols.  8vOb  Yoi^  L 
price  14m, 

A  TrmMm  on  Human  Nature; 

being  an  Attempt  to  Tntrf)durp  the  K.xito- 
rimental  Method  of  Keattouiug  into  Moral 
I     SubfaelB.  Bjr  Datid  Hrme.  EdUad,  with 
I      a  Preliminary  Dinii^rtation  and  Notes,  by 
I      T.  H.  Greex,  Fellow.  an«!  T.  H.  Gbobb^ 

late  Scholar,  of  Balliol  College,  Oxford. 
I  [    the  furut, 

I  Essays  Moral,  Political,  and  Li- 
I  terar>'.  By  Datid  Hvmk.  By  the  aane 
I      Editors.  [^im  i/te  prt$$. 

Tlip  nlK)ve  will  form  a  now  edition  of 
;  David  lltMB'a  Pkilotophical  Workt,  com- 
I  plala  in  Fonr  TolnaBai^  to  Im  had  in  Two 
I  separate  SaetioDS  at  annooMid. 


AMrmMmy^  M$i0orology,  Poptilar  Geography^ 


Oiitlin68  ad  Astronomy*    By  Sir 

J.  F.  W.  Hbbscbsl,  Bart.  M.A.  New 
Edition,  rcviiedi  with  Plates  and  Woodcato. 

8vo.  18*. 

Saturn  and  its  System.  By  Bicu- 
AMD  A.  Pboctob,  RA.  lata  flilMlar  af  8t. 

John's  Coll.  Camb.  and  Kin|^s  CdL  LaDdOB. 

8vo.  with  M  lMat(*9,  lit. 

The  £[andbook  of  the  Stars.  Bjf  thoaamo 
Avtbor.  Square  fcp.  Svo.  with  8  Maps, 
pcten  5e> 


Celestial  Otjeots  torn  Oommon 

IVU scpo-..  By  T.  W.  VVebw,  M.A.  F.R.A.a 
S-i-on  !  Edition,  revisixi  and  fnlari^ed.  with 
Map  of  tlM  Moon  oad  Woodcuta.  l^aio. 
price  7s.  6dL  . 

Kavigation  and  Nautical  As- 
tronomy (Practical,  Tl^cof  tiral,  Sri*^ntitir) 
for  the  Udc  of  Studeuiti  and  I'racticai  Men. 
By  J.  Mbbbibikia  FJLAJS.  and  H. 
Eybbi.  8n>.14«, 
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A  General  Dictionary  of  Geo- 

gr;ipli.v,  Dowriptive,  Pliysiral,  SUtutical,  I 

and   Historical  ;     fonning    n   complete  ' 

<^i7:fttoor  of  the  World.     By  A.  Ki-fTil  ' 

Jt>ii»i!fTOjf,  F.K.i>.E.  Kew  Edition.   8vo.  I 

price  8If.  6rf.  j 

li*CiLlloch's  Dictionary,  Gtoogra-  . 

pihieal,  Staliatical,  and  Hi.Hti>rical,  of  the  I 

various  Countries,  Plnoes,  and  principal 

Natural  Objects  in  the  World.     Revised  j 
Edition,  with  the  Statistical  Information 
throogbont  broofflit  up  to  tin  lat<  st  returns. 

By  FiiKHKin'  K  M artijc,  4  vol*.  8to.  with  I 

cclouri'd  Miij)s,  £1  4s.  j 

A  Manual  of  Geography,  Physical,  ! 

Industrial,  and  rolitical.    By  W.  Hi*giie.s,  | 

F.BjQJB.  Prof,  of  Geog.  in  King's  C  oll.  and  in  ; 

Qoccn'a  CoU.  Lor.d.  With  6  Maps.  Fq>.  7$,  6d,  i 


The  States  of  the  Biver  Plate:  I 

their  Indnstriea  and  Coniincrce,  Sbe^ 
Fanning,  Sheep  Breeding,  Cattle  Fodia^ 
and  Mvat  Prcscrvinir ;  t!ip  FmplnyTnent  d 
Capital,  Land  and  6tock  and  their  YalaiA, 
Lahonr  and  its  Bewqnera  tioii.  ^jrWiLran 
Latiiam,  BncnoB  Ayna.  Second  EdilisB. 
8vo.  lii. 

Haunder's  Treasury  of  Geogra- 
phy, Physical,  Historical,  DeaeriptiTe,  and 

Political  Edit«^l  hv  W.  Hrr.iTEs,  F.R-Gic 
With  7  Maps  and  16  Platen.  Fcp.  lOn.  U. 


Physical  Geography  for  Schools 
and  ticncral  Keadt-rs.  liy  M.  ¥.  Maiev, 
LL.IX  Fcp.  with  2  Charts  2a.,6A 


Natural  History  8 

Ganot's  Elementary  Treatise  on 

Physics,  Kxpcrimcntal  and  Applied,  for  the 
me  of  Colleges  and  Schools.  Translated  and 
Edited  with   the  Author's  sanction  by 

E.  Atkins»)N,  Ph.n.  F.<".S.  NVw  IMition, 
rcvi!*wl  and  enlarged ;  with  a  Coloured  Plate 
atul  G20  Woodcuts.    Po«t  Bvo.  lof. 

The  Elements   of    Physios  or 

Natural  Philosophy.  By  Skil  .Vunott, 
1I.D.  F.BA  Phjndolan-Extniordinarj  to 
tho  Queen.  Sixth  Edition,  re-writtcn  and 
completed.  2  Parts,  8vo.  21ff. 

Dove's  IaW  of  Storms,  considered  in 
connexion  with  the  ordinary  Movements  of 
tho  Atmosphere.  Translated  by  K.  II. 
Scott,  M.A.  T.C.D.  Sto.  lOf.  M. 

Sound:  a  Course  of  Eight  Lectures  de- 
livered at  tho  Royal  Institution  of  Great 
Britain.  By  Protasor  Jomt  Tyndali^ 
LL.D.  F.Tt.S.  Crown  8vo.  with  Portrait 
and  Woodcuts,  9s. 

Heat  Considered  as  a  Mode  of 

Motion.  By  Professor  Jons  Tysdam., 
LL.D.  F.R.S.  Third  Edition.  Crown  8vo. 
with  Woodcnta,  lOs.  6dL 

Ijight:  its  lutiuenoo  on  Life  and  Health. 
By  Fonnna  Vfrnrnxtw,  M.D.  D.CX.  Ozon. 
(Hon.)  Fep.8iro.6s. 

A  Treatise  on  Electricity,  in 
Theory  and  Practioe.  By  A.  Dn  La  Kivk, 

Prttf.  in  the  Acadciuy  of  ("n  n.  v.n.  Trans- 
lated by  C.  V.  Wai'kkh,  F.lt,S.  3  vok. 
8vo.  with  Woojicuts,  £3  ].">#. 


1  Popular  Science, 

The    Correlation    of  Physical 

Forces.  By  W.  R.  Gkovi;.  i^r.  Y.P.K  " 
Fifth  Edition,  revised,  and  Augmenltd  by  a 
Discourse  on  Continuity,  am.  16k.  €d. 
The  Discount  o»  C^nHmmilf^  scpantdNr, 

price  2<t.  Of/. 

Manual  of  Geology .  ByS.  UAraHToN 

M.D.  F.R.S.  i  cUuw  of  Irin.  ColL  and  Pro- 
of G«oL  in  the  Unlr.  of  DnfaliB.  Seesad 
Bdition,  with  66  Woodeats.  Fc9u7a.«dl 

A  Guide  to  Godogy.  ByJ.BmxiPs. 

M.A.  Prof,  of  G<>oI.  in  the  Uuhr.  aT  OsM. 

Fiftli  Edition.    Fop.  4*. 

The  Scenery  of  England  and 

Wales,  its  Character  and  Origin ;  being  aa 
Attempt  to  trace  the  Katore  of  tbe  Gao- 

logical  Causes,  espedaUy  Denudaticm,  If 
wiiicli  tlii>  Physi.  jil  Features  of  the  <  >  j  try 
have  been  Produced.  By  D.  MACKX^n^t*. 
P.O.S.   Post  Sra  with  89  WbodeotK.  1^. 

The  Student's  Manual  of  Zoology 

and  Comparative  I*hy8iologj-.  By  J.  Bca- 
m:v  Yko^  M.B.  Resident '  Medical  TmSttt 
and  Lecturrr  nn  Animal  Physi  O  ia 
King's  College,  London.    £A'«v/jr  rr—^. 

Van  Ber  Hooven's  Haadbocdc  of 

/mii.oov.  Tr.in-latod  from  the  Scvrr  1 
Dutch  Edition  bv  the  Rev.  W.  Ci-ifck, 
M.I>.  F.R.Sw  3  Tola.  8to.  wHh  M  Halas^f 
Figures,  60s. 

Professor  Owen's  Ijeotaxes  on 

the  Comparative  Anatom}' and  "Ph^ikl'tsj 
of  Ihc  Invertebrate  Animad*.  SeeocJ 
Edition,  with  2.1.i  Woodcuts.   iJ\-o.  21*. 
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The  Comparativo  Anatomy  and 

Phjniolog^'  of  the  Vertebrate  Animals,  liy 
Richard  Ownr,  F.R&.  D.C.L.  With 
1^72  Woodcnta.  8  Tola.  8vo.  £3  18*. 

The  Primitive  Inhabitants  of 

Scandinavi;!.  (VintniniPLf  a  I>p.'«oription  <>f 
the  Implement,  Dwc]lin;^M,  Tombis  and 
Mode  €#  LHng  of  the  Savn.i;o5  in  the  North 
of  Bofope  durinpj  the  Stone  A^'e.  By  Svkn 
NiLSSos.  With  an  Introdnction  by  Sir 
John  LunBot.-K,  16  Plat<»  of  Figures  and 
8  Woodenta.  8vo.  18*. 

Homes  without  Hands :  a  Deacrip- 
tlon  of  the  Habitations  of  Animate^  daased 

according;  to  their  rrincijde  of  ('<instrurtion. 
By  Kcv.  J.  c;.  Wood,  MJi,  F.L.S.  With 
aboat  140  Vignettea  on  Wood  (20  Adl  aizc 
of  page).  New  Edition.  8vo.  2U* 

Bible  Anlmalfl ;  beingr  a  Deaeription  of 

Evcrv  T-iviri::^  (^ri  ritiire  mentioned  in  the 
Scriptiin«,  from  the  Ap<'  to  tin*  CoraJ.  By 
the  liev.  J.  G.  W<x)n,  M.A.  F.L.S.  With 
■boat  100  yignettea  on  Wood  (20  ftell  aixe 
of  page).   8vo.  2ls. 

The  Harmonies  of  Kature  and 

Unity  of  ("nation.  By  Dr.  G.  IIautwio, 
8vo.  Vi'nh  nuiiuTous  Ilhistrationn, 

Tlie  Sea  and  ita  Living  Wondera.  By 
the  aame  Author.  Third  Edition,  enlaxged. 
evo.  with  many  lllastrations,  21«. 

The  Tropical  World.  By  the  sarao  .Author. 
With  8  Cluromoxylographa  and  172  Wood* 
cota.  8to.  21t. 

The  Pdlnr  World :  a  Popular  Doaerf  pHon  of 

Man  and  Nature  in  tho  Arc  tic  and  Anf.irctic 
B^onn  of  theGloho.  By  the  same  Autlmr. 
Witii  8  Ghronioxylographii,  3  Majjti,  and  bo 
Woodenta.  8vo.  21«. 


Familiar  History  of  Birds. 
By  £.  Stanlky,  D.D.  late  Lord  IKahop  of 
Xovwidi.  Fcp.  with  Woodcuta,  8$.  Gd. 

XDrby  and  Spence's  Introduction 

to  Entoinolorjy,  or  FJoment-s  of  th.^  N'atural 
History  of  Insects.   Crown  bvo.  ba. 


Maunder's  Treai^nry  of  Natural 

llibtory,  or  Popular  Dictionary  of  Zoology. 
Beriaed  and  oonected  bv  T.  Si.  (TonaoLii, 
]i.D.  Fcp.  with  900  Woodenta,  10a. 

The  Elements  of  Botany  fbr 

Families  and  Schools.  Tenth  Edition,  re- 
vised by  Tiio>tA3  HooRE,  F.L.S.  Fcp. 
with  154  Woodcttti,  2*.  «rf. 

The  Treasury  of  Botany,  or 
Popular  Dictionary  of  the  Ycgetable  Kli^- 

dom  ;  with  whi.  h  Is  incorporated  a  Glos- 
sary of  J^otaiiical  Terms.  Edited  by 
J.  LiNDLEY,  F.K..S.  and  T.  Muouk,  F.L.S. 
aaaiated  by  eminent  Contributors.  Pp. 
1,274,  with  27  {  Woodeuts  and  20  Steel 
riat.-.    Two  V  xn  v-.  f  p. 8vo.  20*. 

The  British  Flora ;  comprtsiner  tlio 
Pluenogamous  or  Flowering  I'lunto  and  llxc 
Feme.  By  Sir  W.  J.  Hookrr,  K.H.  and 
G.  A.  Walkeb-Arxott,  LL.D.  12mo. 
with  12  Platee,  14*.  or  coloured,  21*. 

The  Hose  Amatetir*s  Guide.  By 

Thomas  K'n  krs.    New  Edition.    Fcp.  4*-, 

Loudon's  Encyclops&dia  of  Plants ; 

compriaing  the  Spe^  itic  Cliaractcr,  Do^K'rip- 
tiott,  (Culture,  History,  &c.  of  aU  the  Planta 
found  in  Gn  at  Britain.    With  upwards  Of 

12,000  Woodcuts.    8vo.  12*. 

Uaunder's  Scientlflc  and  Lite- 
rary Treaatir}';  a  Popular  Encyclopaedia  c»t 
Science,  Literature,  and  Art  New  Edi  tion , 
thoroughly  revised  and  in  great  part  j<- 
written,  with  aI»ove  1,000  new  arlirie.'*,  by 
J.  Y.  J»>liNsox,  Lurr.  M.Z  S.    Fep.  lO.v.  (]  f, 

A  Dictionary  of  Science,  Iiitera- 
tuxe,  and  Art.  Fourth  Edition,  re-cditetl 

by  the  late  W.  T.  Bka.m.i;  (the  Author) 
and  Gi.oitr.r  W.  Cox,M.A,  d  vols,  medium 
8vo.  priri;  »;;?.«.  doth. 

The  Quarterly  Journal  of  Science, 

Edited  by  JAMKsSAHCRtsoN  and  Wilua.m 
CROOKE8,  F.R.S.  Published  quarterly  m 
January,  .Vjiril,  -Tnly,  and  Octoln  r.  8vo. 
with  llliuDtratiotui,  price  u».  each  Number. 


Chemistry,  Medicine^  Siinjeri/,  and  the  Allied  Sciences, 


Jl  IDictionary  of  Chemistry  and  i 
tho  Allied  Branehea  of  other  Sdenoea.  By  j 

HrNHY  Watts  F.CS.  assisted  by  eminent 
ScientilU^  and  I'ractiail  Chemista.    5  vols.  ' 
tncdittm  8vo.  price  jii 


handbook  of  Chemical  Analysis, 

adapted  to  the  Unitan/  Sj/«tiin  of  Notation. 
By  F,  T.  OnniroTosf,  H.A.  F.CXS.  Fbst 
8viow  7«.6dl 

Coixixifirton'a    Table*  of  Qualitative 
jinaijfti*,  to  accompany  the  above,  2*.  ed. 


Elements  of  Chemistry,  Theorc* 
tieal  and  PraetieaL    By  Wiluam  A. 

Mn.LKu,  M.D.  LL.D.  Professor  of  (liemi- 
try,  Kinfx's  Colle^^e,  London.  Fourth  Edi- 
tion.   3  vols.  8vo.  jC3. 

Past  I.  Chemicai.  Pimica,  15*. 

PaUT  II.  iNOnOAXIC  ClIEMISTUY,  21*. 

Paut  III.  OnoAMc;  Ciikmistky,  24j'. 

A  Manual  of  Chemistry,  De- 
acriptive  and  TheontieaL    9y  Willtam 

Ot.i  !N.:.  M.B.  F.B.S.  Pabt  I,  8to.  9*. 
Paut  II.  nearly  ready. 
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A  Courso  of  Practical  Chemistry, 

for  the  use  of  Medical  Students.  Uy 
W.ODLnio,]C.B.FJL&  NewEditioiuirith 
70  torn  Woodcota.  Grown  8to.  Tp.  6A 

OatUnes  of  Obamistry ;  or.  Brief 

Notes  of  CbemicAl  FacU.  B7  tht  MBie 
Author.  Crown  8vo.  7t.  Gd. 

IfOctures  oa  Animal  Chemistry  Df  Hvorrd 
At  the  Hoyal  Culicgc  of  I'hj  siciiuiii  in  1865. 
By  the  mam  Author.  Crown  tvo.  4*.  Sd, 

Lectures  on  the  Chemical 
Vbaagm  of  Carboa,  dellrmd  at  tho  Roral 

Inatitution  nf  Great  Britain.  By  \v. 
Oni.iN-<i,  M.».  F.R.S.  Reprintctl  from  the 
Chemical  A'ew*,  with  Notes,  by  \W  {Jrookks^ 

Chemical  Notes  for  the  Lccturo 

Room.  Bj  Thomas  Wood,  F.C.S.  2  vols, 
crown  8vo.  I.  on  Heat,  ie,  ffioa  9$,  6d 
II.  on  tiwMeUls,  piko  60; 

▲  TresftiM  <m  Medleal  Sleo- 

tricity,  Tl.(  r  1i  ,il  and  Practical;  and  its 
Uee  in  the  Treatment  of  Paralysis  Ncu- 
ral^a,  and  other  Diseases.  By  Jruis 
Althauh,  M.D.  M.B.CJP.  fte.;  Senior  Phy- 
sician  to  the  Inflrmnry  for  Ejiilopsy  and 
Paralysis.  Second  Edition,  revised  and 
mlarged  and  for  the  most  part  re-written  ; 
witk  Plata  Md  tt  Woodeali*  Ftat  070^ 
9riaalts.eA 

The  Ptognortii  Pifliology,  wd 

TreatmentofDiaeatea  of  Women ;  including 
tiie  Din^oaia  of  Pregnancy.  By  (Ikau.y 
Hkwitt,  M  J).  &c  President  of  the  Ob^tc- 
trioal  Society  of  Loaden.  Saoood  Edition, 
enlaigad;  with  116  Woodonta.  avo.  Sis. 

Ziectures  on  the  Diseases  of  In- 
fancy and  Childhf"*!.  Hy  Charles  Wear, 
M.D.  &c.    Fifth  r.aiiiun!    8vo.  16s. 

On  the  Surgical  Treatment  of 

Children's  Dis*fases.    By  T.  Uul^les,  M.A.  j 
Bbo.  lata  Sorgeon  to  tbe  Hoipital  for  Sick 
Children.   Second  Edition,  wiUi  9  Plates 
and  113  Wowiciita.  8to.  iU, 

A  System  of  Surgery,  Theoretical  | 

and   Practical,  in   Treatises  by  Various 
Authors.   JuUtcd  by  T.  iiout£.s  M.A.  &c.  I 
Surgeon  and  Leatinu  on  Sitfgcry  at  St. 
George's  Hospital,  and  Sorgoon-in-Chief  to 
the  Metropolitan  Ptilio«e.     Second  Edition.  , 
thoroughly  revised,  with  numerous  lUua-  j 
traUoua.  l^^tiihi  Sro.  itB  69,  | 

Lectures  on  the  Pxinoiplefl  and 
Praetiea  of  Phyric  By  Sir  TnoitAa  Wat- 
son, Bart  M.D.  PhyHician-Extraocdinaiy 
tothaQnan.  New  Edition  in  pnpafitloo. 


Lectores  on  Surgical  Pathology. 

By  J.  Paget,  F.R.S.  Surgctm-Extrmoniiaary 

tothaQoatn.  Edlt8dl9>W.Ti7B«tlLB< 
Now  Bditkn  in  piapancioo. 

Coofier's  Diotioiiaryof  Flrsotioil 

Surf(er}'  and  Encyclopedia  of  Soigscsl 
Science.  New  Edition,  broucht  down  to 
the  present  Lime.  By  &  A.LjkXE,Saigoaat6 
St.  Mar>''s,  and  Cenaoltiiig  Surgean  ta  the 
Lock  liospiutLt;  Lecturer  on  Sugary  at 
St.  Mary  's  Hospital  ;  aansted  by  rariom 
Eminent  Suigeons.  Vou  II.  jSvo.  oon- 
pleting  the  worir.  {Earff  m  ISTiL 

On  Chronic  Bronclntis,  e*pecialljr 
as  connected  wit  It  Ui/ut,  EmphjMau,  and 
j      Diseases  of  the  Heart.   By  E.  HsAOCAJt 

The  Climate  of  the  South  of 
France  as  Snitad  to  Invalids ;  with  Notkci 

of  Mediterranean  ami  other  Winter  Sta- 
tions. By  C.  T.  WuxiAMs  M-A.  M.D. 
Oxon.  Assistant-Pbysidan  to  the  Uotspiul 
for  Consumption  at  Brompton.  $ecoo<! 
I  Edition,  with  ftnnti^kiaee  and  Map.  Ct. 
8vo.  6s. 

Pulmonary    Consumption ;  ii> 

Nature.  Treatment,  and  L>untLii>a  txesn- 
plitied  by  an  Analysis  of  Ouo  Thommad 
Cases  aalaetad  lh>m  upwards  of  Twoafy 
Thousand.  By  C.  J.  B.  Wii.LiAii-s  M.P 
F.R.S.  Consulting  PhyMcian  to  the  Hos- 
pital for  Consumption  at  Bromptoo;  and 
C.  T.  WiLUAWb  M  .A.  MJK  Om. 

([^■r^fnn^pL 

A  TiMdto  on  tbm  Cteffrtimwd 

Fevers  of  Great  Britain.  By  C.  MtmcHiBOS. 
M.D.  Phy-ician  and  Lecturer  nn  th'  TVictur 
of  Medidnc,  Middlesex  HosspiuL  New 
Edition  in  preparation. 

CUnioal  Lrootures  on  Diaenaaa  o£  Uu 
Liver,  JannAo%  and  Abdanrinal  Diapaf. 

Bv  tho  same  Author.  Boat  •no^  wilk  S 
Woodsata,  10s.  &£. 

Amtomy,  DiiB0i'lp4iw6  and  Bmv 

gical.    By  Hkxrt  (.iw,  PJLS.  With 
about  410  Woo«icut8 from  Di^jsertion*^  Ft^h 
Edition,  by  T.  Uouisa.  M^.  Cantab.  W 
nNawIntaadnctlaBbytbe  Bdilv.  B^al 

Clinical  Notes  on  Diseases  of 
tha  Laiynac  investlgatad  and  aanlai  with 

the  ajwistancc  of  the  LarvntT'^^-  T" 
W.  Makckt.  M.D.  F.R.S.'  Asfci^taut-l^v  | 
si<  iau  t^^  the  Hospital  for  Consamptka  and 
niiMWi  af  tha  Chert,  Broaai— ^  Qnws 
Sm.  with  6  lithogiaplMb  U, 
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The  House  I  Live  in ;  or.  Popular 

Illustrations  of  the  Structure  and  Functions 
of  the  H  uman  Body.  Edited  by  T.  6.  GiBTni. 
New  KditioD,  vith  25  Woodeatik  16mo. 
price  Si.  6tf. 

Outlines  of  Physiology,  Humaii 

and  Comparttiva.  By  JoHli  ICabshaix, 

F.R.C.S.  Professor  of  Surgery  in  IJnivcreity 
College,  London,  and  Surpron  to  the  Uni- 
versity College  Hospital.  2  vols,  crown  «vo. 
with  122  Woodents,  S2§. 

Fhysiological  Anatomy  and  Phy- 

siolop\-  of  Man.  By  the  late  B.  B.  Todd, 
M.D.  'F.R.S.  and  W.  BowMAV,  F.RA  of 
King**  CoDege.  With  nomcroiu  lUtutm- 
tkoi.  Toi..  IL  8v<».  26i. 

Toi*  T.  New  Edidon  l»y  Dr.  Ltokei.  S. 
Bkai.t,  F.R.S.  in  conrsc  of  poblicetkA} 
Pabt  1.  with  8  Platca,  7f. 

A  Dictionary  of  Prftotioal  Medi> 

cine.     By  J.  Copland,  M.D.  F.R.S. 

Abrid;,'r<l  from  the  l:ir'X(T  work  by  the 
Author,  assisted  by  J.  C.  CorLAJiD,M.li.C.S5. 
Pp.  l,i^CO,  in  8vo.  price  8&$, 


The  Theory  of  Ocular  Defeotfi 

and  of  Spectacles.  Translated  from  fhe 
Gemian  of  Dr.  H.  Sobxptlbb  by  B.  B. 
Cabtbb,  F.R.CS.  Post  8vo.  7f.  6J. 

A  Manual  of  Materia  Medioa 

and  Tluraiieutics,  abridged  from  Dr. 
pEaEUtA  s  Elements  by  F.  J.  Farre,  M.D. 
aaaiited  by  R.  Brntley,  M.R.C.S.  and  by 
R.  Warixgton,  F.RA    1  Toi  8vo.  with 

90  Woodcuts,  21 5. 

Thomson's  Conspectus  of  the 
British  PharnuusopaBie.  Twentj-AIUi  Edi- 
tion, coneeind  by  £.  Llotd  Bibkbtt,  M  J). 

Manual  of  the  Domestic  Practice 
of  Medidne.  By  W.  B.  Kestevkn, 
F.1L(XSJB.  Third  Editioa«  therangUy 
reriaedy  with  AdditioDS.  Fq>. 

EssayB  on  Physiological  Subjects. 

By  Gilbert  W.  Cini.u,  M.A.  F.L.S.  F.C.S. 
Second  Edition.  Crown  8vo.  with  Wood- 
enta,  7«.  6dL 

Gymnasts  and  Gynmastios.  By 

John  II.  Howard,  late  Profi  s^  r  of  Gym- 
nastics, Comm.  Coll.  IJipiwnden.  Second 
Edition,  with  136  Woodcuts.    Crown  8ro* 

10c  6d: 


The  Fine  Arts^  and  Illustrated  Editions, 


In  Fairyland  ;  Pictures  from  the  Elf-  I 
World.    By  Ri<  HARD  Doyi.f..     With  a 
Poeui  by  W.  Alllngiiam.    With  Sixteen 
Plates,   containing   Thirty-six  Designa 
printed  in  Golonra.  Folio,  81«.6A 

I«2fe  of  John  Gibson,  B.A. 
Bealptor.  Edited  by  Lady  EAvrLAKE. 
8TO.10s.6ce. 

Materials  for  a  History  of  Oil 

Painting.  By  Sir  Charles  Locke  ILvbt- 
LAKK,  sometime  Preaideat  oif  the  Boyal 
.Acadangr*  TouU.8to.14iw 

JUhBtt  Dnrer,    his   Life  and 

Works  ;  includiii{?  Autobi(»grai»hical  Pa[K  rs 
and  Complete  Catalogues.  By  Willia.m 
B.  Scott.  With  Six  Etchings  by  the 
Awthoc  and  other  Dbiatvakiaiia.  8fn,lfa. 

Half-Hour  Lectures  on  the  His- 
tory and  Praetioe  of  the  Fine  and  Orna- 
mental Arts.  By.  W.  B.  Scott.  Second 
Efliti'»n.  Crown  8vo.  with  50  Woodcnt 
UIu»tration!>,  St.  6c/. 

The  Lord's  Prayer  Illustrated 
by  F.  R.  Piciuuwoiix,  ILA.  and  Ujssrv 
Ai^roRD,  D.D.  Data  of  Oanttibniy.  laap. 
4to.  81a. 


The  Chorale  Book  for  England ; 

a  complete  Ilymn-Book  in  accordance  with 
the  Scr%'ices  and  Festtvais  of  the  Cbofch  of 
Eni^d :  the  Hymna  Tiwulated  by  Miss 

C.  WiNKWORTii;  the  Tunes  arran^e<l  by 
Prof.  W.  S.  Be.\m:tt  and  Oxxo  GouD- 
SCHMIDT.     Fcp.  4to.  12*.  GJ. 

Six  Lectures  on  Harmony.  De- 
livered at  the  Royal  Inatitntion  of  Great 
Britain.  ByG.A.MACrARREN.  8vo.  10«.6<f. 

Lyra  Oermanica,  the  Christian  Year. 
Translated  by  Catukbuib  WuNK-woHTUi 
with  125  Ulaatrariona  on  Wood  drcwn  by 
J.  LnoBMir,  F.SJL  Qaarto,Sl«. 

Lyra  Germanica.  the  Christian  Life. 
Translate<l  by  Cathebinb  W ujk worth  ; 
with  abont  800  Woodeni  Dlnatntioaa  bgr 
J.  LsioBTOir,  F.8JL  and  other  Arliala. 
Quarto,  21f. 

The  New  Testament,  illustrated  with 
Wood  Engravings  after  the  EarlyMasUn, 
chiefly  of  the  Italian  SehooL  Gwwadte. 
68a.  dothy  gilt  top  I  or  £6  8a.  movooco. 

Tlie  Life  of  Kan  Symbolised  by 

the  Months  of  the  Year  in  their  Seasons 
and  Phaae*.  Text  selected  by  Richaxd 
PiGOT.  25  IDiiilvntaoM  ea  Wood  from 
Original  Dorilgns  by  JOHM  Liumiuii* 
FJSJk.  Qnarto^iSa. 


Digitized  by  Google 


12 


NKW  WOUK^  fiBLisiiKU  UY  LONGMANS  a.\u  CO. 


Cats*  and  Farlio's   Moral  Em- 

l/lciui;  with  AphurUuus  Ada|;es,  and  Tro- 
verlis  of  oil  N«tioiu:  oompriidnK  IHas- 
tratioiis  on  Wood  by  J.  LEUiii  ion,  F.S.A. 
with  nn  npi.ropri.ite  Text  by  B.  PlOOT. 

imi>  rial  S\o.  G</. 

Shakspoare's  Midsummor  Night's 

Driain,  illuiitratcd  with  24  Siliiuuettcs  or 
Shadow  PieturM  by  P.  Konkwk  a,  engraved 
cm  Wood  bj  A.  VooBL.  Foiio.  31«.  64I. 

Shikapeare^s    Sentiments  and 

Slmilt  s  rrint»<I  iti  Black  and  Gold,  and  illu- 
uiinatedin  tho  Misnnl  style  by  Henhy  Xoki, 
ilL  Mi  iiUKVs,  lu  nias»i\ e  covers, contaiuing 
the  ModtUion  and  Cypher  of  Shakspeaie. 
Square  poat  8vo.  2U.  ^  * 

Goldsmith's  Poetical  Works,  il- 
lustrated with  Wood  Eagraviogiii  from 
D<^^i^^ns  bv  Members  of  the  £tc1UNO  Clvb. 
luip.  iOiUO.  In.  {id. 


Sacred  and  Legendary  Art.  Br 

Mrs.  Jamf^n.  With  uuiueroiu  Euhic;^ 
and  Woodcat  ffltutrations.  6  tqIs. 

cro\m  8vo.  price  £5  15*.  Cud.  doth,  or 
£12  ]  _'«.  bwund  in  moroco  by  liivit-rc.  To 
be  had  aho  in  cloth  only,  in  Ir'oi  a  SFKficai 
as  fbllowa : — 

Legends  of  the  Saints  and  Martyrs. 

Fifth  Edition,  with  19  Etrhinj^  and  1^7 
Woodcuts.  2  V0I&  square  crown  Sro. 
8U.  6dL 

Iiecandsof  thalloBMtSeOrdera.  Toiid 

Edition,  with  11  Etching  and88  WooMi. 

1  vol.  square  crown  8vo.  21/. 

Xjegonda  oi  the  Madoima.  Third  CUitioa. 
uriCh  87  Etchings  and  166  WoodenlL  I 

Vol.  square  crown  8vo.  21*. 

The  History  of  Our  Lord,  CTcmr.H?'»J 
iu  Works  of  Art.  Completed  by  Lady 
Eactlaue.  Beviaed  Kditkia,  tiri&  ill 
Etchings  and  281  Woodents.  2  Tok 
square  crown  8vo.  42*. 


The  Use/ul  Arts^  Manufactures^  ^'c* 


Drftwing  from  Katore.  By  Gkobob 

H.VKNAi:i>,  rinf(  v<,,r  of  Drawing'  nt  RiiKhy 
.School,  \^'it!l  IS  Lithofjraphic  Pl  itcs  and 
1U8  Wootl  llut^ravings.  Imp.  Bvo.  2b$.  or 
in  Three  Parti,  royal  Svo.  7*.  M.  each. 

Owilt'fl  Encyclopeedia  of  Archi- 
tecture. Kiflh  IMit it'll,  with  Alterations 
and  considerable  Additions,  by  Wtatt 
PAJPwonrn.  Additionany  iUnatrated  irith 
nearly 400  Wootl  Engraving* by  C).  Jkwitt, 
and  upwards  of  100  Other  BOW  Woodcuts. 
ISvo.  his.  {'«{. 

Italian  Sculptors:  being  a  iiihiury  of 

Seulptnre  in  Northeni,  Southern,  and  ^ut- 

orn  Italy.  Hy  C.  C.  Pkickixs.  With  80 
Etcliiri;^s  and  13  Wood  Engravings.  Im- 

Itcvijl  8vo.  '12*. 

Tuscan  Soulpton,  their  Lives, 

Workn,  and  Tiroes,  lly  the  same  Author. 
With  b')  Ktcbinfxs  and  28  Woodcuts  from 
Original  Drawings  and  I'hotognpbs.  2 
vols,  imperial  8vo.  68s. 

Hints  on  Housebold  Taste  in 

Furniture,  Upholstery,  and  Other  Detail*. 
Hy   Chaii!  i  s   L.   Easti.Akk.  .\rchitect. 
Second  Editiofi,  with  about  i^O  Illustrations. 
Square  crown  Svio.  ISi. 
Tlie  Bngiineer's  Handbook ;  eac- 

[•lainiii;^'  the  principles  which  should  fruido 
the  youny  Kuj^ineer  in  the  Construction  of 
Machinery.  By  C.  S.  I-.owni>K!*.  PostSvo.  5*. 

Iiaihes  and  Turning,  Simple,  Me- 

chanioel,  and  Ornamental.  Uy  W.  Hehrt 
NottrnooTT.  W  ithalK)ut  240  lUustnitiona 
on  Steel  and  Wood.  ttvo.  la*. 


Principles  of  Meehaniam, 

for  the  use  of  Students  in  the 
and  fur  Engineerinji:  Students  tr^nerally. 
Ily  R.  Willis,  MA.  F.U.S.  ^c.  Jsck,«oisp 
Professor  ef  Natural  and  EzpetiaCBtal 
Philosophy  in  the  University  of  CaafendgS^ 
A  new  and  enlaiged  Edition.  8vo. 

Handbook  of  Practical  Tele- 
graphy, published  with  the  aaneCieii  ef  the 

Chaimian  and  Directors  of  the  fieetik 
and  Intcniational  Tcb-grapli  Company,  sod 
adopted  by  the  Department  of  Tekgrapk^ 
for  India. '  By  K.  S.  CtOLBT.  lliid  Edi- 
tion. Svo.  IftL  6dL 

Ure's  Dictionary  of  Arts,  Hanu- 

picture,  and  Mines.  Sixth  Edition,  chief y 
re-written  and  greatly  enlarged  by  Roiseei 
Hu>'T,  F.R.S.  assisted  by  numerous  Q<m- 
tribntors  eihinent  in  Science  and  the  Aru, 
and  familiar  with  Manufacturer.  With 
2,000  Woodcuts.  3  vols,  mcdiuaa  Sro. 
£4  14*.  6rf. 

Treatise  on  Mills  and  MiiiwoKk. 
By  Sir  W.  Fairb.\iiu«,  F.R.a  With  19 
Phitea and 822 Woodeula.  2vnk.Sva.Bb 


Uaeftil  InforBttation  for  gnglnewra.  By 

the  same  Author.  First,  Si  <^'N't\  srJ 
TiiiRi)  Sehiks,  with  many  Plates  srd 
Woodcuts.    3  vols,  crown  8vo.  !0,«.6dL  es-^- 

The  Appliofttion  of  Cast  and  Wroo«ht 
Iron  to  Boilding  Pnrpoeea.  Bty  tha  mm 
Author.  New  Edition,  prsfiaiiqg  far  fiib- 

licaiiuu. 
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Iron  Ship  Building,  its  History  , 
And  Prugrcs:*,  as  contifriMd  m  a  Series  of 
Kxperimenta]  ReseaK'hos  on  the  Laws  of 
Strain  :  the  8troii;;t!i'%  Ktiriiis,  niul  otlior 
c^^DiiitMu-,  of  the  Matciiiil ;  aud  an  luijuiry 
into  the  rn-tiit  and  Prospective  State  of 
titt  Navy,  including  the  E-\i)eriuieutul 
lU'Sults  on  the  i;c>i>tiu{i  Powers  of  Annonr 
Plates  aud  Shot  at  High  Velocities.  Py  Sir 
W.  Fairoairx,  F.R.S.  With  4  Vlaics 
and  130  Woodcuts,  8vo.  ISt, 

Encyclopsedia  of  Civil  Engineer- 

iiifj,  Historical.  Theoretical,  and  I'lactical. 
Hy  E.  Ctov,  C.E.  With  above  3,000 
Woodentfl.  8ro.  42i. 

The  Artisan  Ohib's  Treatise  on 

the  Steam  Engine,  in  it>  various  Applicn-  i 
lions  to  Mines,  Mills.  Sccau)  Naviiratiun, 
Kailuav.",  and  Agriculture.  PyJ.  Poi  unk,  , 
CE.  New  Edition;  with  Portrait,  87  Plates,  ' 
and  54C  WixMicttts.  4to. 
A  Treatise  on  the  Screw  Pro- 
peller, tlx-rcw  ^  C'mL*,  ond  Screw  Engines, 
ss  adapted  for  i  ui  po^iCS  of  Peace  and  War ; 
with  notices  of  oilier  Methods  of  Proptdsion,  i 
Tahh-s  of  the  Dimensions  and  Perfonnniu-c  ' 
of  bcrew  Sicamcrn,  and  Detoiicd  Spcciiica-  ' 
lloos  of  Shi|).s  and  Engines.    Ily  Joitx 
BuuRXE^CE.  Third  Edition,  with  M  Pbtes 

.t:  1  287  Wooiloiit-*.    Quarto,  (jjy.  I 

Catechism  of  the  Steam  Engine, 

ia  ita  various^  Applicationd  to  Mhics,  Milb,  | 

Steam  Narigaftion.  BatlwavH,  and  Agricol-  | 

ton.  Py  John  P><»(  i:nk,  C.K.  New  Edi-  , 
tion,  with  80  \Vo'"l"Mit-.    I'cp.  Os. 

Recent   Improvements    in  the 

Steam*Enginc  in  it:»  various  applicuiions  to  ^ 
Uinee,  MUls,  Steam  Navigation,  Kaitwat-fs  i 
and  A^icalture;  By  Joiix  Pi»ritM:,  C.E.  | 
hf-inc;  a  St  r'i'i.K'MKN"  r  to  his  '  ( ";itt'.  !ii5ui  t»f 
the  Steam- Engine.'     New    Edition,  in- 
eiuding  many  New   Examid^  s  among 
which  are  several  of  the  nio>t  remarkable 
KxGiURs  cxhil»ite<l  in  I'ari.s  in  18(i7  $  with 
1_M  \V'oodfUt>.    Pep.  8vo.  Os. 

Bourne's  Examples  of  Hodern 

Steam,  Air,  and  Gas  Engines  of  the  most 

Approved  T\  ]>•■-,  h  employed  for  Pumping, 
for  Driving  M;i>  liiiierr,   At  l^ocoinolit.ti. 
and  for  AgriciUlure^  uuuulely  aud  prac- 
tically dc8cribc<1.  Ulitstnted  by  Worltlng 
Drawing?),  an  I  embodying  a  Critical  Ac- 
conrt  of  jUl  Projects  of  Pccent  ImprMVc  v.cnt 
in  Furnace*,  iloilcrs,  and  Enginea.  in  course  . 
of  puliBcation,  to  be  completed  in  Twenty-  | 
four  Partn,  price  2*.  CuL  each,  forming  One 
\  olume,  with  about  dO  Plates  aud  400 
Woodcuts. 


Handbook  of  tho  Stoam  Engine. 

by  Joiisr  BoLKNb,  C.E.  lorming  a  Key  to 
the  Author*8  Catechism  of  the  Stoim  Engine. 
With  67  Woodcuts.  Fcp.  9s. 

A    History    of  the  Maciiine- 

Wro tight  Hosiery  and  Lace  Manufactures. 

Py  William  Fllkin,  F.I.  S.  T  .S.S.  With 
3  Steel  Platea,  10  Eithographic  Plates  of 
Machinery,  aud  10  Coloured  Impressions  of 
Pattenia  of  Lace.  Itoyal  9vo,  21s; 

Mitchell's  Manual  of  Practical 

Aimy iiig.  Third  Ediiiou,  for  the  mo«t  part 
le-written,  with  all  the  recent  IMseovwiM 
incorporated.  By  W.  CbookeS,  FJL0. 
With  m  Woodcuts.  »vo. 

Boimann's  Handbook  of  Aniltne 

and  its  Derivative.s;  a  Treat  I;«c  on  the 
Manufacture  of  Aniline  anil  Aniline  Colour!'. 
Kcvihed  and  edited  by  Willlvm  Cuuorks, 
F.RJS.  Svo.  with  5  Woodcuts,  lOff.  «fC 

Practical  Treatise  on  Metallurgy, 

adapted  from  the  last  German  Edition  of 
Plufessor  Kkrl**!  Metallmrpy  by  W. 
CROOKE.S,  F.P.S.  &e.  and  E.  p'oiiRio, 
Ph.D.  M.F.  In  Tliree  \'(dunies,  8v'i>.  with 
62o  W  ootleut-s.  Vol,  I.  price  31$.  dd. 
Vol.  IL  price  86s.  Vol.  IIL  price  Sit.  6if. 

The  Art  of  Perfumery  ;  the  History 
and  Theory  of  Odourp,  and  the  Methods  of 
E.xtracting  the  Aromas  of  PUntS.  BfDt, 
PiKssK,  F.C.S.     Third  Edition,  wftb  69 

Wooilcuts.    Crown  8vo.  lOa,  Gi/. 

Chemioal,  Natural,  and  Physical  MagiG, 
for  JuvenUcs  during  the  H«»lidays.  By  the 
name  Author.  Third  Edition,  enlarged  with 
88  Woodcuts.  Fcp.  6s. 

Loudon's  Encyclopsedia  of  Agri- 
culture :  oompri.sing  the  Laying-out,  Im- 
provement, and  ^luDOgcuieut  of  Landed 
Property,  and  the  Cultivation  and  Economy 
of  the  PfLHluctions  of  .Xgriculturc.  With 
1,100  Woodcuts.  8vo.  21«. 

Itoudon's  Enoyclopa}dia  Of  Gardening : 
comprijung  the  Theory  aud  Practice  of 
Horticulture,  Ftoriculturp,  Arlmricultnre, 
and  Landscape  Gardeiung.  With  1,000 
Woodcut&  8vo.  21s. 

Bayidon's  Art  of  Valuing  Bents 

and  Tillages,  and  (1  am.  of  Tenants  upon 

Quitting  Forms,  both  at  Michaulmn»  and 
Lndy-Day.  E^^hth  Edition,  revised  by 
J.  C.  Mo'sTox.  8vo.  10s.  ed. 
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lielijious  and 
An  Exposition  of  the  80  Articdm, 

Historical  and  Doctrinal.  By  E.  II  vnoi.n 
BRon-sE,  D.D.  LordBiahopof  £ly.  KighUi 

Edition.    8vo.  \(js. 

Ssuunixuttion-QuMtioxu  on  '  Biahop 
Bnm^  Bxpodlam  of  tbt  ArdelMi  By 
fli6llcT.J.GoBUi,lfJL  F«|k.at.6A 

Archbishop  Loighton's  Sormons 

auti  Lbarges.  With  Additions  and  Corrcc- 
tiMW  fton  lfS&  ud  with  Hiitorioal  and 

other  Illiuitrative  Notes  by  William  Wbst, 
Incumbcat  of  S.  ColumtM'a,  NlilB.  8vo. 

price  15?. 

Bishop  Cotton's  Instructions  in 

tiie  i*riiiciplc3  and  Practice  of  Christianity, 
inttiidtd  dkiefly  as  an  IntitHluctiou  to  Con- 
flnoAtiOB.  Sixth  Edition  18BO.2a.6d: 

The  AotB  of  the  Apostles ;  with  a 

ComoMntary,  and  Practical  and  Devotional 
Suggestions  for  Readers  and  Stndcola  of  tkc 
En-lish  lliblp.  By  the  Rev.  F.  C.  Cook, 
M.A.  Canon  of  Exetor,  &c.  Now  Ediiion, 

The  Life  and  Epistles  of  St. 

Paul.  Bjr  the  Rev.  W.  J.  Coxtbkark, 
M^.  and  tbo  Ytry  lUv.  J.  &  How8o:«» 
IXD.  Deao  of  Chcotor 

Library  Editiok,  with  all  Uia  Ori;;inal 
Illustrations,  Mnps  Landscapes  on  Steel, 
Woodcttt8|&c  2  vob.  4io.  48«. 

TxTKRMr.niATr  Entrioy,  -ivith  a  Selection 
of  Mapa,  Plates,  and  Woodcuts.  2  vols, 
iquare  oiown  8m  81a.  Bd. 

PbopleIb  EDinoxy  revised  and  con- 
densed, with  46  Illustratioiu  and  Maps.  2 
vols,  crown  8ro.  12a. 

The  Voyage  and  Shipwreck  of 

St.  Paul ;  with  INasertations  on  the  Ships 
and  Kavi^'ni ion  of  the  Ancients.  By  Jajcbs 
8anTH,F.B.a  Crown  8to.  Gharta,  lte.6cf. 

Evidence  of  the  Truth  of  the 
Chri9tian  Bdigioa  derived  fttmi  the  LItcnl 

Fulfilment  of  Prophecy.  By  Alkxandek 
Keitii,  D.D.  37th  Edition,  with  numerous 
Plates,  in  square  3vo.  125.  Gc/.;  also  the 
89th  Bditloo,  In  poet  8vo.  with  6  Platai,  8*. 

Tho  History  and.  Destiny  of  the  World 
and  of  the  Church,  according  to  Seriptim. 
By  the  same  Author.  Sqoave  8T0b  with  40 
lUostrations,  10s. 


Moral  Works. 

Xwald*B  HiBtory  of  Imel  to  the 

Doatfi  of  !Most\-».  Translated  from  the  G«r- 
maa.  Kditod,  with  a  Preface  and  an  .Ky- 
pcndix,  by  RiiisKLL  Mautinkau,  JLA. 
Professor  of  Hebrew  in  Ifandiesler  Kev 

Collofjo,  London.  Second  Edition,  contiMfti 
to  the  Curamencemont  of  the  Mooarchj.  i 
vols.  8vo. 

Five  Years  in  a  Protestant  Sis- 
terhood and  Tm  Teats  in  a  CAtholie  Csa- 
T«nt ;  an  Antobiogniphjr.  Post  8va  U. 

The  Xiife  of  Margazvt  Ktrj 

Hallahan,  better  known  in  the  rdi- 
trious  world  by  the  name  of  Motb<=:  Mar- 
garet By  her  REuoiors  Cuili>U3U 
With  II  PN&ee  hj  the  Bishop  of  Bina^ 
ham.  8vo.  with  Fortnit,  Ite. 

The  See  of  Borne  in  the  Middle 

Ages.  T^y  tho  Rev.  Oswald  J.  Rcichbl, 
B.C.L.  nn.l  M.A.  Vioe-Princi{.  il  f  r-i'l.!.- 

doa  (.oIii>;e.    8vo.  [AVar/^  rasd^ 

The  Evidonco  for  the  Papacy 

as  derived  from  the  Holy  Scriptures  and 
from  FkinitlTe  Antiquity ;  uritli  an  Intro- 
dtictoiy  Xliistfe.  By  the  Hon.  Oou« 
LmotAr.  %w»  [ifcw^M^ 

A  Oritioal  and  Grammatioal  Oonfe- 

nicntary  on  St.  Pa  il  -  Kpi^itle^.    By  C.  J. 
Ellioott,  D.D.  Lord  Bishop  of  GloooaMcr 
andBristoL  8m 
Qalatiana,  Fourth  BdKion,  la.  8A 

Epheaians,  F  urth  Fditinn,  S#.  6c/. 

Faatoral  Epistles,  Fuuriii  Editi  r\  l«Xt.  fid. 

Fhilippiana,  Colossiana,  and  Philemoa. 
Third  Edition,  10a.  fidL 

TheaaaloniaaSt  Third  ^HfHim,  T«.M. 
Historical  Iiectures  on  the  Iiifa  of 

Our  Lord  Jesnis  Christ :  beinsr  the  Hulaean 
Lectures  for  18o9.  By  C.  J.  JjU^xjoott,  IXD. 
Lovd  Bishop  of  fMnanistst  aad  MliL 
Fifth  Edition.  8m  12a. 

The  DMliiiy  of  the  Creature  ;  and  efher 
Sermons  preached  before  th-?  UniTersity  of 
Canil)rid<,'e.    By  the  «ame.    Post  Hto.  5*. 

An  Introduction  to  the  Study  of 
the  New  TesUmcnt,  Critical,  Exeg«tical, 
and  TheologifiaL  1^  the  Bar.  a  Datum, 
IXD.LL.D.  2TOls.8m80K, 

TheQreek  Testament;  withHotoa, 

Grammatical  and  Exe^jetical.  Bv  the  Rrr. 
W.  Wkbstsb,  M.A.  and  the  Rev.  W.  F. 
WlucnrsoK,  M  JL   2  robi.  8to.  £2  4«. 

Vol.  L  the  Gospels  and  Acta,  20s. 

Tou  IL  the  Epistles  and  Apocalypss^  Ms. 
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Bev.  T.  H.  Home's  Introduction 
to  the  Criueal  Stody  9nA  Knowledge  of  the 
Holy  Scriptofct.  Twdfth  Edftkm,  m  M 
WVM  UuPOnghout.  With  4  Maps  and  22 
Woodeot*  and  FacaimilM.  4  vob.  9ro,  42«. 

Ber.  T.  H.  Home's  Compendious  In- 
tnHluction  to  the  Study  ot  the  Bible,  being 
an  Analysis  of  the  larger  work  by  the  MUne 
Avtkor.  Re^lited  bv  the  Rev.  Joiw  Atbs, 
MJL  WithMa]M,&e.  P<»fe8m6ff. 

The  Treasury  of  BStiLe  Know- 
ledge; bcini?  a  Dictionary  of  the  Books, 
PereoDs,  Place?,  Events,  and  other  Matters 
of  which  menticm  ii  mad*  In  Holy  Scrip-  | 
tarn  lotOkded  to  e^tabli-sh  its  Authority 
and  illustrate  its  Contents.  By  Rev.  J. 
Ayrk,  M.A.  With  Maps,  16  Plates,  and 
numerous  Woodcuts.   Fcp.  lOt,  6A 

Every-day  Soripture  Diffloiilties 

expkined  and  illtiBtrated.  ByJ.E.PM£a- 
OOTT,  MJL   Vol.  I.  Matthtw  and  Mark ; 
Vol.  II.  Ldhe  and  John,  2  toIb.  8vo.  price  | 
9«.  each. 

The  Pentateuch   and  Book  of 

Joshua  Critically  Examined.  By  the  Right 
Bar.  J.  W.  CoLSMBO,  D.D.Lord  Blahop  of 
KataL  Crown  8vo.  price  6s. 

The  Church  and  the  'Wofrid;  Tbwe 

flerlea  of  fi^ys  on  Questions  of  the  Day, 
by  varions  Writers.  K(!it4-<1  1>y  tho  Rev. 
OaBY  Shipley,  M.A.  3  voU.  .h\  ...  10*-. « ;u-h.  | 

The  Formation  of  Christendom.  ! 
By  T.  W.  Alliks.  PABxa  1.  and  11.  8vo.  I 
price        each.  •  I 

Christendom's  Divisions;  a  Philo- 
sophical Sketch  of  the  DivisioDa  of  the 
GfarittiM  FamOy  in  Bait  and  West.  By 

Edxcnp  S.  FForLKES  formerly  Fellow  and 
T^tar  of  Jaaw  ColL  Oxford.  Post  8vo.  7s.  6*/. 

Christendom's  Divisions,  Paut  II. 

Greeks  and  I^itins,  hx'iu'^  a  History  of  their 
DisBcnaions  and  Overtures  for  Peace  down  , 
to  Hm  Refonnatioii.  Jtj  tba  aame  Author. 
Float  8vo.Ua. 

The  Hidden  Wisdom  of  Christ 

and  the  Key  of  Knowledge;  or.  History  of 
the  AiMicrypha.    By  KlUIsax  D«  BUM8«X. 

2  voli.  Hvu.  28jf. 

Tbo  Keya  of  St.  PetoT ;  or,  the  Hooaa  of 
^^^nli■^.  eoanected  with  the  HIatory  of 
Srmbolbm  and  Idolatiy.  tha  aame 
Anthor.  8vo. 

The  Power  of  the  Soul  over  the 

Botlv.   Bv  r.EO.  MooRK,  M.D.  M.R.C.P.L. 
&c  Sixth  Edition.  Crown  8vo.  8*.  Gd. 


The  Types  of  C^enesis  briefly  con- 
sidered as  Revealing  the  Devdopmant  of 
Hunaa  Natnia.  By  Andrew  JuKxa. 
Saaond  Edilioa.  Qtown  8n».  7a.  M 

The  Second  Death  and  the  Hestitution 
of  AU  Things,  with  sume  Preliminaiy  lie- 
marks  on  the  Nature  and  Inapbrathni  of 
Holy  Scripture.  By  the  same  AudMMT. 
Second  £dition.  Crown  8to.  8f. 

Essays  and  Beviews.  By  the  Ror. 

W.  Temple,  D.D.  the  Rev.  R.  Williams. 
B.D.  the  Bev.  B.  Powell,  M.A.  the  Rev. 
H.  B.  Wn-soK,  B.D.  C.  W.  Goodwiw,  ILA* 

the  Rov.  :M.  rATTisoN,  B.D.  and  the  Rov. 
B.  JowETT,  M.A.    12lh  Edition.   Fcp.  6». 

Beligious  Republics  ;  J^ix  Essays  on 
Cooigr^ationaLism.  By  W.  M.  Fawcbtt, 
T.M .  HmtmntT,  M.A.  E.  O.  HsBBBiiT,LL.B. 

T.  II.  Pattim.v,  p.  II.  Ptk-Smitti,  M.D. 
B.A.  and  J.  Asstik.  U  A.  Sv.  ],rlcc  8s.  6rf. 

Passing  Thoughts  on  Religion* 
By  the  Author  of  *Amy  iierbert.'  New 
Edition.  Fcp.  6c 

Belf-exajnination  before  Conflrmatloii* 
By  the  same  Author.    32mo.  1".  •'"/. 

Headings  for  a  Month  Preparatory  tO 
Conflrmation  flrom  Writan  of  the  Early  aad 
ISnc^iah  Church.   By  the  same.   Fcp.  4s. 

Hoadinga  for  Every  Day  fn  Iient,  com- 
piled from  the  Writiiigd  of  Bldiop  Jeb&MT 
TATiiOS.  By  the  aame.  Fcp.  6t. 

Preparation  for  the  Holy  Communion; 
the  Devotions  chietiy  from  the  works  of 
Jeue-my  Taylor.  By  the  same.  82mo.8a. 

Thoughts  for  the  Holy  Week, 
tot  Toong  Pafaona.  ^y  the  aame  Anthai; 
New  Edition.  Fcp.8ro.2t. 

Frinoiiilss  <tf  Education  drawn 

from  Nature  and  Revtlatinn,  and  Applied 
to  Female  Education  in  the  Upper  Classes. 
By  the  same  Author.  2  Tola,  fbp.  12t.  6A 

Bishop  Jeremy  Taylor's  Bntlr» 

Work^:  with  Life  by  Bi^iiop  IIkbeu. 
Rcvise<l  and  <  »rr(     d  by  the  Rev.  C.  P. 

1*!pkn.    10  vol.-*.  £0  0*. 

England  and  Christendom.  By 
AncHBiaaor  llunmiOy  D,D.  Poet  8vo. 
price  ISf .  9d. 

The  Wili^S  Vsnual ;  or,  Prayers. 

Thoui:ht.-»,  and  Songs  on  Si  vcral  Occn«iona 
of  a  Matron's  LitV.  By  the  Rev.  W.  Cau- 
VERT,  M.A.    Crown  8vo.  10s.  6dL 

Singers  and  Souga  of  the  Churohs 
heing  BiograpUcal  Sketches  of  the  Ilymn- 
Writers  in  iH  the  principal  Collections; 
with  Notes  on  their  Piialms  and  Hymns. 
By  JosiAii  MiLLKu,  M.A.  Secood  E^tion* 
enlarged.  Poet  8to.  10a.  (Ml 
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*  Spiritual  Songs '  for  the  Sundays 

and  lli>liijaya  tliroughout  the  Year,  liy 
J.  B.  MoicBBix,  LL.D.  TicMr  of  ^^hmi 
and  Rnr.-il  Donn.  Fourth  Edition*  Sixth 
Thotuand.  Tq).  price  1$,  6d. 

Vh9  Beatitudes :  Abasompnt  before  God : 
Sorrow  for  Sin  ;  Aloekncss  of  S|>irit ;  Desire 
fur  Holiness;  GentJoness;  Purity  of  Heart ; 
the  PMce-oiaken ;  Soffeiings  for  Christ. 
By  the  mmc  Author.  Third  Edition,  re> 
riaed.  i  cp.  3«.  6d, 

His  Presence  not  his  Memory,  IS'.*). 
Bv  tho  s.nno  Author,  in  memory  of  his  Son. 
Sixth  Kth'tion.    IGmo.  Is. 

Ijyra  Germanica;  Two  Select  ionw  of 
Household  llyinuH,  trautilated  from  the 
Ctomm  by  Mifli  Gathbriiib  WnrmvoRrn. 

Filter  Skrikr,  the  Vhrint'mn  Fear,  Hymns 
for  the  Sundays  and  Chief  Feiitivals  of  the 
Church ;  i>Ki:oND  Skrik8,  the  ChrixtiuH 
JJ/^  Fqtb  8vo.  price  St.  $d.  etch  Skrie!i. 


Lyra  Euchoristica  ;    Hymns  ar<l 

Verses  on  the  Holy  Conuuunion,  Aueient 
and  Modem :  with  other  Poem.  Edited  hy 
the  Kov.  Okby  SrnPLBY,  ILA.  Seeoott 

Kdition.  r<'p. 

Shipley's  L3rTa  Messinnica.   Fcp.  5#. 
Shipley's  Lyra  Mysticn..   Yep.  5j. 

Endeavours  after  the  Christian 
Life:  Discourses,  liy  .Iames  Maktcieai  . 
Fourth  and  rheapor  Edition,  earduDy  rr- 

vised  ;  th«>  Two  S«  ri«  s  eonoplete  in  One 

Volume.    l'"-t  '*^  <>.  7«.  (JJ. 

Invocation  of  Saints  and  Angels ; 

forthe  use  of  Members  of  th«  Knglish  Chun^^t'. 
Etlited  by  the  liev,  Onur  Shu'ley,  M^V- 
S4mo.  8f .  6c£, 

Introduotory  LeMonB  on  tha 

History  of  Itiligious  Worship  ;    Ixing  a 
Sequel  to  thp  same  Author's  •  L<-><^)ns  r 
Christian  Kvidcnce!*,'      liy    J:  1 1  ii  a  h  o 
WHATBI.T.D.D.  New  Edition.  ISncSklWI 


Travels^  Voyages^  4'c. 


JSngland  to  Delhi;  a  NamitiTo  of 
Indian  Tntyel.  By  Jomr  MATnEM>x, 
Glasgow.  Imperial  8yo.  with  very  name- 
mm  lUiutratioBs. 

Letters  from  Australia.  By  Jomv 
liARTiinEAF.  Poet  Sto.  price  7s.  Sd» 

Travels  in  the  Central  Cauoasns 

and  Ha^lian,  inchidingf  Visit.H  to  Aranit  and 
Tahreoz  and  .Vscents  of  Kaxbek  and  Elbruz. 
By  D0CGI-A8  \V.  FitEsiiFiKMt.  With  3 
Maps,  2  Panoramas  of  Summits,  4  fuU-page 
Wood  1mi ^'ravings,  and  16  Woodcota. 
Square  crown  8vo.  18*. 

Cadore  or  Titian's  Country.  Y>y 

JosiAii  Gii.BivUT,  one  of  the  Authors  of  the 
•Dolomite  Mountains.'  With  Hap,  Fac- 
simile, and  40  Ulnstrationa.  Inip.8vo.81s.6<f. 

The  Dolomite  Ifountains.  Exour- 

slons  through  Tyrol,  Carintbia,  Camiola, 

and  Friuli.  By  J.  Gii.iu  it  r  and  G.  C. 
Thi  i!«  nn.L,  F.K.Ci.S.  With  num<  rous 
lllu^tr.itions.    Square  rrown  8vo.  i.'!*. 

Pilgrimages  in  tho  Pyrenees  and 

Landes:  Their  Sanctuaries}  and  Shrirus. 
By  Dkwtb  Sryxb  Lawlor.    Po-^t  >*\-o. 

Pictures  in  Tyrol  and  Elsewhere. 

From  a  Family  Skctch-Book.  By  the 
Author  of  'A  Yoyag*  en  Zlfpsag,*  &c. 
Second  Kditimi.  4to.  with  many  lUustra* 
tions, 


How  we  Spent  the  Summer;  or, 
a  Voyage  en  Zigxag  in  Switaoland  and 

Tyrol  with  some  Mendx-rs  of  the  Aupiitb 
Ci.i'H.  Third  Fdition.  re-drawn.  InoUoQg 
4to.  with  al>out  3t)0  Illustrations,  1.^. 

Beaten  Tracks;  or,  Pen  and  Pencil 
Sketches  In  Italy.  By  the  Authoresa  tf 
*A  Voyage  en  Zij^zajr.'  With  42  Plates, 
containinij  about  Sk-  ji  h.-.  from  Draw- 
ings madt"  on  the  Spot.    JSvo.  Ul*. 

The  Alpine  Club  Map  of  the  Chain 

of  Mont  Blanc,  from  an  artosl  Snrvvy  in 
IS';.".  — J864.      Ry  A.  Adahs- REiLtT, 

F.K/I.S.  ^I.A.r.  In  (^hromolithography  on 
extra  stout  drawing  paper  28in.  x  17iD. 
price  10s.  or  mounted  on  canraa  in  a  iUdiBg 
case,  12s.  M. 

PioneerlDg  in  the  Pampas;  c- 

thc  Fir.-'t  Four  Years  uf  n  S.^ttlcr'f  Exj^- 
rienco  in  the  I*a  Plata  Camps.  By  R.  A. 
Sbvmour.  Second  Edition.  Post  8va  with 
MaptOs^ 

Tho    Paraguayan    War:  wrtli 

Skt'tolios  of  the  History  of  r;irn;:r«sy,  srd 
of  the  Manners  and  Cuj»tom5  of  tb«  People; 
and  Notes  on  the  Military  Enginearinir  cf 

the  Wnr.  By  GK«>rj<;K  TuoMr-^^v.  V.V.. 
With  H  Ma]vs  and  Plans  and  a  Portrait  vf 

Lopez,    post  Hvo.  ]2x.M. 

Notes  on  Burgundy.  By  Chjou-s. 
BicHARi>  Wkld.  ISdited  by  his  Widow; 
with  Portrait  and  Memoir.    Post  Sro. 

price  8«.  6dL 
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HiBtory    of  Discovery  in  our 

AustraliiJiian  Colonies,  Australia,  Tasmania, 
and  New  Zealand,  firom  the  Earliest  Date  to 
the  Present  Day,  By  Wiluam  Howirr. 

With  3  Maps  of  the  Receut  Kxpluratiuns 

from  Ofti'-i.'il  Si  in cos.    2  voli*.  Hvo.  "20.*. 

The  Capital  of  the  Tycoon ;  a 

JXarrative  of  a  3  Years'  Rcsidt-nce  in  Jupau. 
JSy  Sir  Rvtbufobo  Autock,  K.CJB. 
2  vols.  Bva,  frith,  ntunerone  niaatretioiia,  42». 

Guide  to  tiia  Pyrenees,  for  the  use 

r.f  Motintninwrs.  liy  Ciiaules  I'ackk. 
becoud  EditioOyAvithMaps,  Slc.  and  Appeu- 
diz.  Crown  8ro.  7t.  6d. 

The  Alpine  Ouide.   By  John  Ball, 
M.E.I     late  Pxeddent  of  the  Alpiiie  Clab. 

Past  8vo.  witli  M.ips  am!  (  tin  r  lUu-strations. 
Ouide  to  the  Ea«teru  Alps,  i  rice  lo.«. (h/. 
Guide  to  tb.e  Weatern  AJps,  iiicludiug 

Mont  Blanc,  Monte  Rom,  Zerautt,  &c. 

\»rice  6«.  6d. 

Ouide  to  the  Central  Alps,  including 
all  the  Oberland  District,  price  7».  (id. 

Xntroduetton  on  Aliyina  Trftvelliiks  in 

Kcnor.i],  and  on  the  Genlnfry  of  the  Alp?, 
price  Is.  Either  of  the  Tliree  Volunn-s  or 
Parts  of  the  Alpine  Guide  umy  he  had  with 
this  iBmoDuonoN  prefixed,  price  U,  extra. 

Boma  Sotterranea;  or,  an  Acoonnt 

"t'  the  Roman  C'atacomUs,  especially  of  the 
C'l'tuctt  ry  of  San  < ':t!'ir;f d.  Coiiipikd  from 
the  Works  of  Conuncudatoro  G.  B.  De  K<»s.«ir, 
V  the  RcT.  J.  9u  KoBTOOOTE,  D.D.  and  the 
Itev,  W.  B.  Browxlow.  With  Plans  and 
numerous  other  Illustrations.  8to.  31s.  Gd, 

Hemorials  of  London  and  Lon- 
don Life  in  the  13lh,  14th,  and  15th  Cen- 
turies ;  being  a  Series  of  Extracts,  Local, 
Social,  and  PoUtical,  from  the  Archives 
of  the  City  df  London,  a.h.  liTG-HlO. 
Sjlectt'd,  trnu^laled,  and  edited  by  11.  T, 
IttLKv,  M.A.  Roral  9ro.  Sis. 


Commentaries  on  the  History, 

C<«ii>tituti-tn,  and  Cliartered  Franchises  of 
the  City  oi  Loudou.  By  Gkukue  Nukxox, 
formerlj  one  of  the  Common  Plenden  of  the 
City  of  London.   Third  Editiun.  8v«.  14s, 

Curiosities  of  London:  exhibiting 
the  most  Rare  and  Remarkable  Objects  o 

Interest  in  the  Metropolis;  with  nearly 
Sixty  Years'  Personal  Recollections.  By 
Joiix  TiMBs,  F.S.A.  New  Edition,  cor- 
rected and  enlarged.  8vo.  Portrait,  21*. 

Tho  Northern  Heights  of  Lon- 
don; or,  Historical  Asiiociatious  of  llauip- 
Stead,  Hi^'hgatc,  Muswdl  Hill,  Hoinaey, 
and  IsliiJiiton.  By  William  HowtTT. 
AVith  about  40  Woodcuts.  Square  cxowa 

The    Rural   Life  of  England. 

By  the  same  Author.  With  Woodcuts  by 
BewidcandWilUams.  Medium,  8vo.  12*.  6c/, 

Visits  to  Remarkablo  Places: 

Old  liulLs,  Battle-Fields,  and  i>i.eucs  iiluh- 
trative  of  striking  Passages  in  English 
History  and  Poetry.  By  the  same  Author. 
2  vols.  6<}uare  crown  8vo.  with  Wood  En- 
gravings, 25*. 

Narrative  of  the  Euphrates  Ex- 
pedition carried  on  by  Order  of  the  Bntiaii 
Qoremment  during  the  years  1885,  188G, 
and  1837.  By  (ieneral  V.  R.  Cuksxkv. 
F.R.S.  With  2  Maps,  46  Plates,  and  la 
Woodcuts.    8vo.  2-ls. 

The  German  Working  Man ;  bein^^ 
an  Account  of  the  Daily  Life,  Amusements, 
and  Unions  tar  Culture  and  Material  Pro- 
gress of  the  Artisan^  >>r  North  and  South 
(Jennsny  and  Switzcilaud.  By  Jamks 
Samlkusox.  Crown  8vo.  with  Frontis- 
piece, 3s. 


Work8  of  Fiction. 


Vikram  and  the  Vampire;  or. 

Tales  of  IIin;l(«  Devilry.  A»laj)t>(1  1y 
l{u  ii.\RD  F.  Bi  HTox,  F.ILG-S.  &c.  With 
lUnstntions  by  Ernest  Onset.  Crown 
8V0.9B. 

Mabeldean,  or  Christianity  Ke- 

Vf.Tscd ;  being  thi*  Hi-fury  of  n  Noblo 
Family  ;  a  Social,  ruiiiical,  und  Theological 
Novd.  fijr  Owen  Gowbr,  of  Gaybrook. 
9  vols. post  8vo.  '-u.  r.j. 

Tbioiigb  the  Night ;  a  Tale  of  the 
Times.  To  which  is  added  ON  WARD,  or 
»  SUMMER  SKETCH.  By  Waltkk 
HwBicTiuK,  BA.  2  Tola,  post  8vo.  21s. 


Stories  and  Tales  by  the  Author 

of  'Amy  Herbert,'  uniform  Edition*  each 

Tale  or  M*)i  y  a  single  voluojc 

Amy  llKiuiKur,  2s.  G</.  ,  Katiiakine  AjsIITOX, 
(}KRTRri>K,  2».  6</. 


:{.».  (id. 
Makoahet 


Pkbci- 


VAL,  i>S. 

Lanlio:,  Pak90X- 

Aon.,  4s.  (kU 
Ursula,  4s.  8dL 


Eakl's  Dauouteb, 
2*.  G<i. 

E.M-KKiKscs  OP  Life, 

2s.  Of/. 
Clevk  Hall,  8s.  6A 
IvoBS,  8s.  6dL 

A  Glimpse  of  the  World.   I  cp.  "Js.  Gd. 
Journal  of  a  Home  Life.  V>  ->t  Svo,  9j.  Cr/. 
After  liife ;  a  Sequel  to  tlie  'Journal  ol  u  Home 
Life.'  PMt8ml8s.6A 
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The  Warden  ;  a  Novel.   By  AjTTHoirr 

BwdhMter  Towers;  a  SafOBl  to  'Hm 

"  Wtrden.'   Crown  8vo.  2#. 

Unole  Peter's  Fairy  Tale  for  the 

XlXtb  Century.  Edited  by  Euzabetu 
If  .  Sbwsll,  Author  of  *  Amjr  SEoibert,*  &c 

Becker's  Gtallus ;  or,  Roman  Soenee  of 
the  Time  of  Augustus.   Post  8vo.  7s.  Bd. 

Becker's  Charicles :  Illustrntive  of 
I'hvate  Life  of  the  Ancient  Greeks.  Tost 
tvo.7«.<dL 

Tales  of  Anoient  Oreeoe.  By  George 
W.  Cox,  ILA.  lato  SebdUr  of  TitkL  ColL 

Oxford.  Being  a  collective  Edition  of  the 
Author's  Clasfii-al  Series  anil  Tales,  com- 
plete in  One  Volume.   Crown  8vo.  6s.  dd. 


A  Manual  of  Mythology,  in  tht 

Obomb  W.  Cox,  M.A.  Ute  Scholv  of 
Trinity  College,  Oxford.   Fcpw  9$, 

Cabinet  Edition  of  'NoveHB  and 

Tales  by  J.  G.  Wuyte  Melville  : — 
The  Gladl/itors,  5*.  lIoLa*BY  IIocsE,  5«, 

DiGBY  GUANP,  5».  jGOODrORNf»Tmi»G,<f». 

Kate  Covkntry,      (^h  r:i:\*s  !Mai:if^,  6*. 
^JeneralSoi  NCK,  5?.  Thk  Lmkki'Iu:tkr.  5f. 

Doctor  Harold's  Note>Book.  By 
Mrs.  GAacoioxE,  Author  of  *The  Next 
Door  ISTeff^hbour.'  Pipp.  9fO>  Ci« 

Our  Ciiildren'a  Story.  By  One  ol 
their  QoMips.  By  the  Anthor  oT  'Toytft 

en  ZijT^'  in^,'  'Pirfurr'!  in  Trrol,'  Small 
4to.  with  Sixty  lUustntkma  tg- the  Antlwr, 
price  10$.  (kL 


Poetry  and 

Thomas  Moore's  Poetical  Works, 

the  only  K<iiUouti  coiiUuning  the  Author '3 

talt  Copyright  AddtttieMs-. 
Shamrock  Edition,  price  8iu  6dL 
Ruby  Etlition,  with  Portrait,  6*. 
Cabinet  Edition,  10  vob.  fcp.  8vo.  3d«. 
FMpk%  BiUioB,  BNtmil,  &e.  WL 
lAfwy  BdMon,  FortnitftyigMtto,  14*. 

Moore's  Lalla  Hookh,  TcDuioi  s  Kdi- 
tion*  witti  88  Wood  Bngnivingft  froni 
Original  Drawiogo  aid  ottor  DluiiaatiuMa. 
Fcp.4to.2U. 

Hoore*B  Irish  Melodies,  Maclise's 

Edition,  with  161  Steel  Platos  from  C^igiMl 
Drawinjj;?*.    Super-royal  8vo.  31a.  Qd. 

Miniature  Sditlon  of  Moore's  Irish. 
JUelo€iu9f  with  Macliso'a  lllustrationsi  (as 
abore),  reduced  in  Lilhognqihf.  Imp. 
19mo»  10$,  9d, 

Southey's  Poetical  Workl»  witli 

the  Author'ri  l.'i>t  Corn-ctions  and  oop^Ti^'ht 
Additions.  Library  Edition.  Medium  8to. 
-with  Portndc  and  Ylgnette,  14a. 

Ijays  of  Ancient  Borne ;  with  Jvry 
and  the  Armmdn,  By  the  Bl|^  Hdb  Lo«p 
KMUtULAT.    ItOM.  4i.  <dL 

Ijord  Maattolay's   I»ays   of  Anoient 

Rome.  With  90  Illustrations  on  Wood, 
Original  and  from  the  Antique,  from 
Drawings  by  G.  Schaw.   Fcp.  4to.  21«. 

Miniature  Edition  of  Lord  Mac<ivilay'a 
Laya  of  Ancient  Rome,  with  Scharfs 
Illoatrationa  (as  above)  reduood  in  Litho- 
giaphy.   Imp.  16nM>.  10a.  6</. 


The  Drama. 

:  Gtoldsmith's  Poetical  Works,  Iilu>- 
trated  with  W  ood  i^iigravrngs  irom  i>«»ign5 

byMoMbiri  of  tiie  Emin  Guam,  lap. 
18DMw7«k8A 

Boems.  By  Jmuk  Imoilov.  Fifteenth 
Editien.  Fepti  Svow  8iL 

Foema  by  Jean  Ingelow.  A  New 

Edition,  with  nearly  1"^  !lln<tritions  by 
Eminent  Ariiats,  engraved  on  Wood  by  the 
Brothers  Dalziel.  Fcp.  4to.  Sit. 

Mopsa  the  Fairy.  By  Jkak  i.xoelow. 
With  Bight  lUnotoatiaM  OBgnvid  «B  Weed. 
Fcp.  8vn.  8t> 

A  Story  of  Doom*  and  other  Poems. 
By  Jbam  Ixoslow.  ThM  EdUoo.  Wef, 

Poetical  Works  of  I«etitia  £liza- 
beih  Landon  (L.EX.)   S  roh,  Ifkoo. 

Bowdler's  Family  Shakapeare, 
j      cheaper  Genuine  Edition,  eompiete  in  1  «oL 
large  ty|>e,  with  36  Woodcut  Illustratioai^ 
I     price  14*.  or  in  6  pocket  ▼ola.fla.  6d,  aadL 

i  Amndines  Cand.  OoUegitatque  edidit 

II.  DitLRY,  M.A.  Editio  Scxta,  curavit  IT. 
J.  IloDGSox,  M.A.  Crown  bvo.  price  Is.  6d. 

Horatii  Opera,  Pocket  Edition,  with 
carefully  corrected  Text,  Mar^^nal  Beftr- 
enoes^and  Introdnetloii.  Edited  by  the  Bar. 
J.  B.  ToMOB,  MJL  Sqiuare  18)00.  da. 

Hmtii  Opera,  lihniy  Edition,  vitt 

Copious  English  NolO^Maiginal  RefereiMOl 
and  Varioas  Headings.  Edited  hy  the  BtT. 
J.  E.  Y02CCK,  MJL  Svo.  21a. 
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The  Xneid  of  Virgil  Twiwiiited  into 

Enirltsh  Vf^ric.  By  John  Costhotos,  M.A. 
Corpus  PFoieajtM)rof  Latm  ia  the  Univenity 
of  OiLiioxcL  Crova  dvo^  9c 

Tb0  dsd  of  Homer  in  "Rngltth 

Hexameter  Vrrv*.  By  J.  HssntT  Dart, 
ILA.  of  Exeter  College,  Oxford.  Siinn 
crown  tvo*  31t> 


The  mad  of 

into  Blank  Yene.  Bj- IciLAnoi>  Charimi 
^V'uIGUT,  M.A-    2  Yola.  crowa  8vo.  2U. 

Dante's  Divine  Comedy,  translated 

in  English  Terza  Kima  by  Joim  DAYMASf 
M.A.   Wkh  tbe  lulian  Tsxt.  8m  m 

Hunting  Songs  and  Miscellane- 
ous Verses.  By  R,  E.  Eokuton  Wakbub- 
,  Editioo.  Fop*  9f9t  6$» 


Sural  Sports^  <^c. 


JfaiQjfefepflodia  of  Hnral  Sports ; 

a  Complete  Accoant,  Historical,  Practical, 
and  D«t>criptive,  of  Hunting,  Shooting, 
tUamg,  Eaaiag,  te.  Bj  a  P.  Buamm. 
With  above  600  WoodeuU  (2ateniM<BS 

by  JuiiN  Leech).    8vo.  42«. 

CloL  Hawker's  Instmctions  to 
Young  b^rtsmoa  in  all  thai  relates  to  Guns 
adSbootiog.  B0ffjMdt7th«AathaK^8aiT. 
8vm  MMvn  8r«»  with  llfaMtMlioii^  ISfc 

The  Dead  Bh0l»  «  Bpoatmsad*  Oom- 

pleteGoidt;  aTrirtw  on  tho  Use  of  the 

Gun,  Dog -breaking,  Pi^r-on  shooting,  Stc. 
By  Marksmax.    Fcp.  witii  i'UUc*,  bt. 

A  Book  on  An^Ung:  being  a  Cum- 
(kte  TMtiw  oa  the  Art  of  Angling  in 
Cfcry  branch,   including  fuU  Illustrated 

l-istsdf  Salmon  Flit^.  By  Fuakcis  Fiiaxcis. 
Second  Edition,  with  Portrait  and  15  other 

WOoookt^t  8ea-V!Uheniiaii:  eom- 

prising  the  Chief  Methods  of  Hook  and  Line 
Fishing  in  the  British  an<l  other  S«*ii!*,  a 
glance  at  Nets*  and  remarka  on  Bouu  and 
BoMing.  Swond  mmm,  ealHgei,  with 
8»Wood«l&  Fiit8m.lSi.UL 

The  Pty-Ffrim^  Entomology. 

liy  Ai.raro  Ronatos.  With  colouretl 
JUepreeentatioiia  of  the  Natural  and  Artiti- 
dal  hMML  8bdkUitioB»iritk  90  ooloiMDed 

Hatfli.  tmuMe. 
Btaiii0^  Veterinary  Art :  a  TMiae 

on  the  Anatomy,  Physiology,  and  Cnrative 
Tivatrntnt  of  the  Diseaaas  of  the  Uorsc, 
Neat  Cattle,  and  Sheep.  SeTOOth  Bdition, 
MtiMd  Md  ealMged  ^  C.  Stssl.  Svo. 
vith  FhUi  and  WMdeal^  Ue. 


Horsea  and  Sfeablm.  By 

F.  FiTJiwYORAir,  XV.  the  King's  Haaaan. 
Pp.  624;  with  24  Platea  of  lUaatntiMH, 
coataiBiig  vciy  nnBnant  V^phmb  ta* 
graTed  om  Wood.  t«<a  Ifie. 

Yonatt  on  the  Hone.  Hev^iaed  aad 
enUui^  by  W.  WAnoihM.R.C.y.a  tW. 
with  numerous  Woodcuts,  lis.  Od. 

Touatt  on  the  Dog.  ( By  the  Mune  Aathor.) 
tfow  wMi  BWMtwv  Woodoat^  da 

TheHorae"t  VooMndhoirtolDaap 

it  Sound.  By  W.  Miles,  Esq.  Ninth  Edi- 
tion, with  Illustrations.    Imp.  8vo.  r?<i.  6</. 

A  Plain  Treatise  on  Horee-ehoeing.  By 
the  same  Author.  Sixth  Edition,  post  8vo. 
vith  Btaniallaai^  Ilk  drfL 

Stables  and  Stable  FittinKS.  HflbOMM* 

Imp.  8vo.  with  13  Plates,  15*. 

BemorkB  on  Horses'  Teeth,  addressed  to 

PurchuBcrs.  By  the  same.  Post  8»0.  If.  da. 

Bobbins'8  Cavalry  Cateehiam;  or, 
Instmctioos  «a  Cavalry  Elxerdae  and  Field 

Movements,  Bri^e  Movements,  Out  fKi-«t 
Duty,  Cavalry  t<tipiM>rting  Artillery,  Artil- 
lery attached  to  Cavairy.    TJiuu.  b$. 

The  Dog  in  Health  and  Diaease. 

By  &To:iEHE««GE.  With  70  Wood  En- 
Kiafiugi.  Jffeif  EdWcNL  8^mm  woiwa 
8to.  lOt.  ddL 
The  Orevhound.  T^y  thn  ^me  Author. 
Kevi*ed  Edition,  with  24  i'orUuitik  of  Grey- 
keaads.  tqMaa  cbmsb  tva.  10a.  dA 

The  Ox,  hii  Diseaaoi  and  their  Trm^ 
meat;  with  an  Essay  on  P  uturition  in  the 

Cow.  By  J.  R.  Donsf'x.  M.R.C.YA  CraWA 
8vo.  with  UlL^ations^  7s,  dd. 


Commerce,  Navigation, 

The  Theory  and  Practice  of 
Banking.  By  Usmrt  Duiimjio  Macukod, 
MA.  BanirtMt^Lav.  Sseood  Edition. 
Hiiilj  iiMiiilJlid  STofa.tvo.dOfc 


and  Mereaniile  Afiavn. 

The  Elements  of  Banking.  By 
BaimT  DuMW  Maclboo,  1I.A.  ef  Trt- 

nitv  College,  Cambridgp,  .nid  of  the  Inmr 
T«Dapl%  Btnisur4a-Law.   Post  8vo. 
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The  Law  of  Nations  ConBidered 
«•  Indspondait  Pdlltlod  Oominiiiiitiei.  By 
Sir  Tbatbbs  TwisHy  D.C.L.  2  vols.  8vo. 
Ms.  or  separatelv,  Pabt  I  Ftaee,  lit. 
Tart  II.  W^ar.  18*. 

Practical  Qidde  for  BritiBh  Ship- 
masters to  United  States  Ports.  By  PutR- 
AKToara  £dwaiu>s.  Vtat  8vo.  St.  6d. 


M'Cullooh*8  Dictionary,  Prac- 
tlcal^  Hieoretieal,  aod  UUtorical,  of  Com- 
merce and  Commercul  Kavigatioii.  Kev 

Edition,  revised  throughout  tin<\  c  nrctp-! 
to  the  JPresent  Time ;  with  a  Buj^rAphic^i 
Kotim  of  tbe  Aathor.  Edited  by  U.  G. 
BstO^  BimUry  to  Mr.  M'Cidlodl  for  i 
jmn,  8ro.  price  65s.  doth. 


Works  of  UtHity  and  General  Information. 


Modern  Cookery  for  Private 
Familiefl,  reduced  to  a  S}'stem  of  Easy 
Practice  in  a  Scries  of  carefully-ti'^tcil  Ke- 
ceipts.  By  Eliza  Acton.  Newly  re\i!»ed 
A»d  enlarged;  with  8  Plates,  Figures,  aud 
150  Woodcota.  Fcpu  U, 

On  Food,  its  Varieties,  Chemical  Com- 
poeUJon,  Nutritive  Valae,  Compenftive  Di- 
gestibility. I'hysiolopical  Functions  aud 
Use:'.  rre[>arati<)n,  Culinary  Treatment, 
rrc-»crvation,  Adulteration,  &c.  Being  the 
SnbBtaaoe  of  Four  Cantor  Lectoies  deli- 
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